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Introduction

I Introduced by Poul Heegaard in his doctoral thesis (1898).

I Decomposition of compact 3-manifolds into handlebodies.

I Here we deal with closed 3-manifolds.

I First case: S3 = B3 ∪B3, id : ∂B3 −→ ∂B3.
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Definition

Definition
A Heegaard splitting for a 3-manifold M is an ordered triple (Σ, H1, H2)
where

1. H1, H2 are handlebodies of same genus.

2. M = H1 ∪h H2 for some orientation reversing homeomorphism h :
∂H1 −→ ∂H2.

3. Σ = ∂H1 ' ∂H2 is the Heegaard surface.

4. The Heegaard genus of M is the smallest possible genus of a possible
Heegaard splitting of M .
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Existence I

Theorem
Every orientable closed 3-manifold has a Heegaard splitting.

Scheme of the proof:

I Let T be a triangulation for M (Moise-Bing).

I Let K1 be the set of 1-simplexes and N a closed regular neighbor-
hood.

I A graph has regular neighborhood homeomorphic to a handlebody
(by a lemma).

I Let H2 be the complement of N .
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Existence II

a

b c

T

a, b, c ∈ K1

N ∩ T
(N ∩ T )C ∈ H2

I If TD is a tetrahedron, H2 intersects TD in a ball.

I Faces of T form a collection of discs prop. embedded in H2 whose
complements are balls.

I This implies (by a lemma) that H2 is a handlebody.

I Σ = ∂H1 = ∂H2, H1 ' H2.

�

Remark
This proof allows us to produce examples.
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T 3 = S1 × S1 × S1

I S1 = [0, 1]/ ∼: End points identified.

I Torus identified with the cube with opposite faces identified.

I There is a graph with 1 vertex and 3 edges.

I T 3 = H3 ∪H3.

3-handlebody
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S2 × S1

I We based on the previous example.

I Consider the 2-torus S1 × S1.

I We obtain S2 by removing a loop (edge) and adding two discs
(faces).

I S2 × S1 = H2 ∪H2.

S
1

D1 D2

S
2

2-handlebody
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S1 × Sg
I Sg - closed orientable surface of genus g.

I Consider the 2-torus S1 × S1.

I We obtain Sg by removing discs (faces) and adding g − 1-handles
(edges).

I S1 × Sg = H2+g ∪H2+g.

2+g-handlebody
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Reverse Construction

I Let Hg
1 and Hg

2 be two handlebodies of genus g.

I {γi}gi=1 disjoint simple closed curves that cut ∂Hg
1 into S2 with

2n-holes (characteristic curves).

I {mi}gi=1 ⊂ ∂H
g
2 disjoint meridians.

I The closed regular neighborhoods N(γi) and mi × I are identified,
this glues a copy of D2 × I to Hg

1 .

D
2
× S

1

∂D1 ∂D2

S
2
− (D1 ∪D2)

D1 ≃ D2
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Continuation

N(γi)

∂H
g
1

. . .

· · · · · ·

mi × I

∂H
g
2

The resulting manifold M has spheres as boundary components.

N(γ1)

Dm1
× I

· · · · · ·

N(γg)

Dmg
× I

S2 S2

H
g

1

H
g

2

Σ
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Continuation

I For each i we glue a copy of B3 with each component S2 along the
boundary.

I The new manifold has no boundary.

I Hg
2 = M − int(Hg

1 ).

I (Σ, Hg
1 , H

g
2 ), Σ = ∂Hg

1 , is a Heegaard splitting for M .

I Depends on the choices of the curves γi.
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Introduction

I Heegaard splittings of genus one are classified.

I We need to classify maps between simple closed curves and merid-
ians.

Proposition
Let f, f ′ : S1 × S1 −→ S1 × S1 such that f(m) = f ′(m), where m is the
meridian S1 × {0}. Then the manifolds H1

1 ∪f H1
2 and H1

1 ∪f ′ H1
2 are

homeomorphic.

Scheme of the proof:

I Let D be the disc spanned by m. T1 = D2 × S1 and T2 = S1 ×D2.

I We may remove a neighborhood of D2 and glue along the boundary.

I There is a homeomorphism G : D ∪f T2 −→ D ∪f ′ T2.



16/41

Introduction

I Heegaard splittings of genus one are classified.

I We need to classify maps between simple closed curves and merid-
ians.

Proposition
Let f, f ′ : S1 × S1 −→ S1 × S1 such that f(m) = f ′(m), where m is the
meridian S1 × {0}. Then the manifolds H1

1 ∪f H1
2 and H1

1 ∪f ′ H1
2 are

homeomorphic.

Scheme of the proof:

I Let D be the disc spanned by m. T1 = D2 × S1 and T2 = S1 ×D2.

I We may remove a neighborhood of D2 and glue along the boundary.

I There is a homeomorphism G : D ∪f T2 −→ D ∪f ′ T2.



16/41

Introduction

I Heegaard splittings of genus one are classified.

I We need to classify maps between simple closed curves and merid-
ians.

Proposition
Let f, f ′ : S1 × S1 −→ S1 × S1 such that f(m) = f ′(m), where m is the
meridian S1 × {0}. Then the manifolds H1

1 ∪f H1
2 and H1

1 ∪f ′ H1
2 are

homeomorphic.

Scheme of the proof:

I Let D be the disc spanned by m. T1 = D2 × S1 and T2 = S1 ×D2.

I We may remove a neighborhood of D2 and glue along the boundary.

I There is a homeomorphism G : D ∪f T2 −→ D ∪f ′ T2.



16/41

Introduction

I Heegaard splittings of genus one are classified.

I We need to classify maps between simple closed curves and merid-
ians.

Proposition
Let f, f ′ : S1 × S1 −→ S1 × S1 such that f(m) = f ′(m), where m is the
meridian S1 × {0}. Then the manifolds H1

1 ∪f H1
2 and H1

1 ∪f ′ H1
2 are

homeomorphic.

Scheme of the proof:

I Let D be the disc spanned by m. T1 = D2 × S1 and T2 = S1 ×D2.

I We may remove a neighborhood of D2 and glue along the boundary.

I There is a homeomorphism G : D ∪f T2 −→ D ∪f ′ T2.



17/41

Continuation

I T1 ∪f T2 = (D ∪f T2) ∪f (T1 \D)

I T1 \D is a topological ball B3.

I By Alexander, G is extended to B3 and the manifolds are homeo-
morphic.

�

Conjecture
Let {γi}gi=1 be characteristic curves in Hg

1 and h, h′ : ∂Hg
1 −→ ∂Hg

2

homeomorphisms such that h(γi) = h′(γi) for each i. Then the resulting
manifolds glued along h and h′ are homeomorphic.
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Lens Spaces

Definition
Let p, q, r, s ∈ Z with ps − rq = ±1. The lens space Lp,qr,s is the result
gluing two solid torus T1 = D2 × S1 and T2 = S1 × D2 along their
boundaries with respecto to

f : ∂T1 −→ ∂T2

(z, w) 7−→ (zpwr, zqws)
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The case p = 0

Remark
The lens space Lp,qr,s is uniquely determined (up to homeomorphism) by
the numbers p and q.

I p = 0: L0,q
r,s ' L1,0

0,1 −→ f(z, w) = (w, z).

I Identification of meridian disks along the boundaries.

I L1,0
0,1 ' (D2 ∪f D2)× S1 = S2 × S1.

T1 = D2
× S1

S1 S1

T2 = S1
×D2

f

S1

S1
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The case p = 1

I p = 1: L1,q
r,s ' L0,1

1,0 −→ f(z, w) = (z, w).

I L0,1
1,0 ' (D2 × S1) ∪id (S1 ×D2) ' S3.

T1 = D2
× S1

T2 = S1
×D2

f
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Classification

I Let g : ∂H1
1 −→ ∂H1

2 a reversing homeomorphism with g(m) = s.

I m is a meridian and s a simple closed curve in S1 × S1.

I There is a map f of the previous form such that f(m) = g(m).

I Considering the previous Proposition, we have:

Proposition
The Heegaard splittings of genus one are, up to homeomorphism, the
lens spaces.
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More on Lens Spaces

Definition (Construction from a ball)

Let l,m ∈ Z, 1 ≤ l < m and (l,m) = 1. Divide the equator in m
segments [vj , vj+1], where

vj = (cos(2πj/m), sin(2πj/m), 0).

We apply a rotation by 2πl/m in the north hemisphere. After, identify
it with the south hemisphere. The triangle ∆j+l = [vj+l, vj+l+1, N ] is
identified with the triangle ∆j = [vj , vj+1, S].

· · · · · ·

∆j

∆k
∆l

N

S

N

S

2πl/m

N

S

∆j

∆j+l
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Continuation

Definition
The lens space L(l,m) is the quotient of S3 ⊂ C2 by the action of Zm
generated by

(z1, z2) 7−→
(
z1e

2πi/l, z2e
2πim/l

)
.

Remark

I π1(Ll,m) ' Zm

I L(1, 2) = RP3

I Two torus solid glued with respect to a homeomorphism which takes
meridians into a path (2, 1).



23/41

Continuation

Definition
The lens space L(l,m) is the quotient of S3 ⊂ C2 by the action of Zm
generated by

(z1, z2) 7−→
(
z1e

2πi/l, z2e
2πim/l

)
.

Remark

I π1(Ll,m) ' Zm

I L(1, 2) = RP3

I Two torus solid glued with respect to a homeomorphism which takes
meridians into a path (2, 1).



24/41

Contents

Introduction

Examples

Heegaard Diagrams

Genus One Case

Stabilization

Stabilizations of S3

Further Results and Remarks



25/41

New Splittings of S3

I S3 = B1 ∪id B2.

I Let α be an unknotted arc and embedded arc.

I That is, there exists an arc β ⊂ ∂B3 = S2 such that ∂D = α ∪ β
for some disc D.

I N(α) regular neighborhood and H1 = B1− int(N(α)) (solid torus).

I H2 = B2 ∪N(α) (solid torus).

I S3 = H1 ∪id H2.

αβ ⊂ S
2

D

B
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Construction I
I More generally, let {αi}gi=1 unknotted and unlinked arcs.

I S3 = (B1 − ∪iint(N(αi)))
⋃

(B2 ∪ ∪iN(αi)).

General construction

I Let M be a closed orientable manifold M with H.S (Σ, H1, H2).

I Let α ⊂ H1 an unknotted arc and N1 a regular neighborhood.

I β ⊂ Σ such that ∂D = α ∪ β, D a disc.
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Construction II

I N2 ⊂ H1 −N1 is a regular neighborhood of D −N1.

I N1 and N2 are balls. N1 ∪N2 is a ball (gluing along intersection).

I N1 intersects H2 in two discs, then H ′2 = H2 ∪ N1 is a g + 1-
handlebody.

I (N1 ∪N2) ∩H1 is a disc. N2 intersects H1 in two discs.

I H ′1 = (H1 − (N1 ∪N2)) ∪N2 is a g + 1-handlebody.

I H ′1 = H1 −N1 is a g + 1-handlebody.

I (Σ′, H ′1, H
′
2) , Σ = ∂H ′1 ' ∂H ′2, is a H.S.
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Remarks

Definition
Any Heegaard splitting constructed by iterating this procedure one or
more times, possibly reversing the roles of H1 and H2, is called a stabi-
lization of (Σ, H1, H2).

Remark

I Depends on the choice of arcs.

I This construction allows us to compare differents splittings of a
same manifold.

I Let h : ∂H1 −→ ∂H2 be a homeomorphism.

I Extension to h′ : ∂H ′1 −→ ∂H ′2 considering a homeomorphism
between ∂N1 and ∂N2.
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A Property

Theorem
If (Σ′, H ′1, H

′
2) and (Σ′′, H ′′1 , H

′′
2 ) are stabilizations of the same Heegaard

splitting (Σ, H1, H2) and Σ′ and Σ′′ have the same genus, then they are
isotopic in M .

Scheme of the proof:

I Σ′ and Σ′′ are the result of a single stabilization (induction).

I α, β defining Σ′ and Σ′′, respectively.

I We may suppose β ⊂ H1, up to isotopy, as follows.

α
′

α

N
′

1

D

Σ

H1

H2

N
′

2

E
′

E

Σ

E
′

E

N
′′

1
∪N

′′

2
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Scheme of the Proof
I There exists an isotopy that changes E′ and E and is extendable

to Σ.

I Applying to β we obtain β′ ⊂ H1 which defines a stabilization
isotopic to (Σ′′, H ′′1 , H

′′
2 ).

βα
N

′′

1

D1

Σ

H1

H2

N
′′

2

D
′

E
′

N
′

1

N
′

2

D2

I There exists an isotopy of M between the balls N ′1∪N ′2 and N ′′1 ∪N ′′2 .

I Σ′ ' Σ ∪ ∂N ′1, Σ′′ ' Σ ∪ ∂N ′′1 .

I General case: Σ′′g = Σ′g−1 ∪ ∂N ′1, Σ′′′g = Σ′′g−1 ∪ ∂N ′′1 .
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Stabilized Splittings

Definition
A Heegaard splitting (Σ′, H ′1, H

′
2) is stabilized if there is a pair of essen-

tial, properly embedded disks D′1 ⊂ H ′1, D′2 ⊂ H ′2 such that ∂D′1 ∩ ∂D′2
consists of a single point.

β

α

N1

D2

N2

H1

H2

Σ

D1 N1 ∩N2

Lemma
A Heegaard splitting is stabilized if and only if it is a stabilization of
some Heegard splitting (Σ, H1, H2).
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Waldhausen’s Theorem

Theorem (1968)

Every positive genus Heegaard splitting of S3 is stabilized.

Remark
That is, if (Σ′, H ′1, H

′
2) is a H.S with genus g ≥ 1 of S3, then there

exists a H.S (Σ, H1, H2) such that the first one derives. Here we use the
previous lemma.

Corollary
Every Heegaard splitting of S3 is a stabilization of a genus zero Heegaard
splitting.

I Let (Σ′, H ′1, H
′
2) be a H.S of genus g ≥ 1.

I By the Theorem there exists (Σ′′, H ′′1 , H
′′
2 ) of genus g − 1 such that

(Σ′, H ′1, H
′
2) derives from.
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Continuation

I Applying the same argument, let g0 be the minimal genus associated
with a surface Σ.

I If Σ is stabilized, g0 is not minimal. This implies g0 = 0.

�

Corollary
Any two Heegaard splittings of S3 of the same genus are isotopic.

Scheme of the proof:

I Since S3 is connected, for any two points (spines) there exists an
isotopy between them.

I By a lemma, the two Heegard surfaces Σ, Σ′ of genus 0 are isotopic.



34/41

Continuation

I Applying the same argument, let g0 be the minimal genus associated
with a surface Σ.

I If Σ is stabilized, g0 is not minimal. This implies g0 = 0.

�

Corollary
Any two Heegaard splittings of S3 of the same genus are isotopic.

Scheme of the proof:

I Since S3 is connected, for any two points (spines) there exists an
isotopy between them.

I By a lemma, the two Heegard surfaces Σ, Σ′ of genus 0 are isotopic.



34/41

Continuation

I Applying the same argument, let g0 be the minimal genus associated
with a surface Σ.

I If Σ is stabilized, g0 is not minimal. This implies g0 = 0.

�

Corollary
Any two Heegaard splittings of S3 of the same genus are isotopic.

Scheme of the proof:

I Since S3 is connected, for any two points (spines) there exists an
isotopy between them.

I By a lemma, the two Heegard surfaces Σ, Σ′ of genus 0 are isotopic.



34/41

Continuation

I Applying the same argument, let g0 be the minimal genus associated
with a surface Σ.

I If Σ is stabilized, g0 is not minimal. This implies g0 = 0.

�

Corollary
Any two Heegaard splittings of S3 of the same genus are isotopic.

Scheme of the proof:

I Since S3 is connected, for any two points (spines) there exists an
isotopy between them.

I By a lemma, the two Heegard surfaces Σ, Σ′ of genus 0 are isotopic.



35/41

Continuation

I Consider two surfaces with genus g ≥ 1.

I They are stabilizations of some H.S’s of genus 0, which are
isotopic (previous Corollary).

I Σ, Σ′ are derived, up to isotopy, from the same H.S.

I The result follows from a previous Theorem.

�
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Further Results

Theorem (Bonahon-Otal)

Let M be a lens space not equal to S3 or S2×S1. Then any two Heegaard
splittings of genus one of M are isotopic.

Theorem (Reidemeister-Singer, 1933)

Let (Σ, H1, H2) and (Σ′, H ′1, H
′
2) be two Heegard splittings of a compact

3-manifold M not necessarily of the same genus. Then there is a Hee-
gaard splitting surface Σ′′ which is isotopic to both a stabilization of Σ
and a stabilization of Σ′.

M (Σ, H1, H2)

(Σ′, H ′

1, H
′

2) (Σ′′, H ′′

1 , H
′′

2 )

g-stab.

Σ
′
≃ Σ

′′

M(Σ, H1, H2) (Σ′, H ′

1, H
′

2)

g1-stab. g2-stab.

(Σ̃, H̃1, H̃2) (Σ̃′, H̃ ′

1, H̃
′

2)

(Γ, G1, G2)

Σ̃
′
≃ Γ ≃ Σ̃

Reidemeister-SingerIndependence up to isotopy
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Further Remarks I

Remark

I Concrete examples where more than one stabilization is required
are not known until 2007.

I For non-Haken manifolds there is a bound linear with respect to
the genus.

Classification Problem

I Classification of Heegaard splittings of a compact 3-manifold.

I Examples of non-isotopic Heegaard splitting of same genus.

I Exclusion of genus one for lens spaces (Bonahon-Otal).
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