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DEFINITION
A Heegaard splitting for a 3-manifold M is an ordered triple (X, Hy, Hy)
where

1. Hiy, Hy are handlebodies of same genus.

2. M = Hy Uy Hy for some orientation reversing homeomorphism h :
8H1 — 6H2

3. X = 0H, ~ 0H> is the Heegaard surface.

4. The Heegaard genus of M is the smallest possible genus of a possible
Heegaard splitting of M .
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EXISTENCE 1

THEOREM
Every orientable closed 3-manifold has a Heegaard splitting.

Scheme of the proof:
» Let T be a triangulation for M (Moise-Bing).

» Let K! be the set of 1-simplexes and N a closed regular neighbor-
hood.

» A graph has regular neighborhood homeomorphic to a handlebody
(by a lemma).

> Let Hy be the complement of N.
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EXISTENCE 11

NAT
(NNT)C € Hy

b c
i O

a,b,c € K!

> If Tp is a tetrahedron, H intersects Tp in a ball.

» Faces of T form a collection of discs prop. embedded in Hy whose
complements are balls.

» This implies (by a lemma) that Hs is a handlebody.
> > = 8H1 = 8H2, H1 >~ H2.

REMARK
This proof allows us to produce examples.
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> 73 = H?U H3.
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St x S,

» S, - closed orientable surface of genus g.
» Consider the 2-torus S x S*.

» We obtain S, by removing discs (faces) and adding g — 1-handles
(edges).

> S x S, = H2T9 U H2H9,

o 2+g-handlebody
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REVERSE CONSTRUCTION

» Let H{ and HJ be two handlebodies of genus g.

> {y;}_, disjoint simple closed curves that cut OH{ into S? with
2n-holes (characteristic curves).

> {m;}Y_, C OHj disjoint meridians.

» The closed regular neighborhoods N(v;) and m; x I are identified,
this glues a copy of D? x I to HY.

D?*x St

<>

Dy ~ D,
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CONTINUATION

» For each i we glue a copy of B3 with each component S? along the
boundary.

» The new manifold has no boundary.
> HY = M — int(HY).
> (X, H{,HY), ¥ = 0HY, is a Heegaard splitting for M.

» Depends on the choices of the curves ~;.
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INTRODUCTION

> Heegaard splittings of genus one are classified.

> We need to classify maps between simple closed curves and merid-
ians.

PROPOSITION
Let f, f": St x St — S x St such that f(m) = f'(m), where m is the
meridian S* x {0}. Then the manifolds H Uy Hy and H{ Uy HY are

homeomorphic.
Scheme of the proof:
» Let D be the disc spanned by m. T} = D? x S' and T, = S' x D?.

» We may remove a neighborhood of D? and glue along the boundary.

» There is a homeomorphism G : D Uy To — D Uy T5.
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> T Uy T = (D UfTQ) Ur (Tl \D)
» Ty \ D is a topological ball B3.

» By Alexander, G is extended to B? and the manifolds are homeo-
morphic.

O

CONJECTURE

Let {7;}Y_, be characteristic curves in H{ and h,h' : 0H{ — OH}
homeomorphisms such that h(vy;) = h'(7;) for each i. Then the resulting
manifolds glued along h and h’ are homeomorphic.
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LENS SPACES

DEFINITION

Let p,q,r,s € Z with ps — rq = £1. The lens space LY is the result

gluing two solid torus Ty = D? x S' and Ty = S' x D? along their
boundaries with respecto to

f : 0Ty — OTh

(z,w) — (ZPw", 29w®)

FIGURE 2.1: f maps a meridian curve to a (5,3) torus curve, when |a| =5, |b] = 3.
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THE CASE p=10

REMARK
The lens space LF’¢ is uniquely determined (up to homeomorphism) by
the numbers p and q.

> p=0: L) ~ Lé:? — f(z,w) = (w, 2).
» Identification of meridian disks along the boundaries.
> Lo~ (D2Uy D?) x St = §2 x S,

Ty =D?x S* ¥

—
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> p=1: L ~ L(lj:é — f(z,w) = (z,w).
> L(l]:(l) ~ (D2 X Sl) Uid (Sl X D2) ~ §3,

Ty =D*x S* J;

T, = S x D?
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CLASSIFICATION

» Let g: 0H{ — OHJ a reversing homeomorphism with g(m) = s.
» m is a meridian and s a simple closed curve in S x S*.
» There is a map f of the previous form such that f(m) = g(m).

» Considering the previous Proposition, we have:

PROPOSITION
The Heegaard splittings of genus one are, up to homeomorphism, the
lens spaces.



MORE ON LENS SPACES

DEFINITION (CONSTRUCTION FROM A BALL)

Let Ibm € Z, 1 <1 < m and (I,m) = 1. Divide the equator in m
segments [vj,vj+1], where

vj = (cos(2mj/m),sin(27j/m),0).

We apply a rotation by 2wl/m in the north hemisphere. After, identify
it with the south hemisphere. The triangle Aj i = [vjiq, Vjyir1, N] s
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DEFINITION (CONSTRUCTION FROM A BALL)

Let Ibm € Z, 1 <1 < m and (I,m) = 1. Divide the equator in m
segments [vj,vj+1], where

vj = (cos(2mj/m),sin(27j/m),0).

We apply a rotation by 2wl/m in the north hemisphere. After, identify
it with the south hemisphere. The triangle Aj i = [vjiq, Vjyir1, N] s
identified with the triangle Aj = [vj,vj41,5].

N
N

AN,
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CONTINUATION

DEFINITION
The lens space L(I,m) is the quotient of S® C C? by the action of Zn,
generated by

(21, 22) (Zlem/z’ z2e2m'm/l) '

REMARK
> m1(Lim) >~ L,

» L(1,2) = RP?

> Two torus solid glued with respect to a homeomorphism which takes
meridians into a path (2,1).
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> More generally, let {a;}?_; unknotted and unlinked arcs.
> S8 = (Bl — Uiint(N(ai))) U(BQ U UZN(OéZ))
General construction

» Let M be a closed orientable manifold M with H.S (X, Hy, H).
> Let o C H; an unknotted arc and N; a regular neighborhood.

> 3 C 3 such that 0D = a U B, D a disc.

Hl Hl

Ny Ny

H, H,
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» N, C Hi — Nj is a regular neighborhood of D — Nj.
» N; and Ny are balls. N7 U Ns is a ball (gluing along intersection).

> N intersects Hs in two discs, then Hé = HyUN; is a g + 1-
handlebody.

» (N1 UNy)N Hyp is a disc. Ny intersects Hy in two discs.
» H{ = (H; — (N1 UN3))UNs is a g + 1-handlebody.
» H{ = H; — Nj is a g + 1-handlebody.

> (Y, H), H}) , S = 0H| ~ 9H}, is a H.S.
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REMARKS

DEFINITION

Any Heegaard splitting constructed by iterating this procedure one or
more times, possibly reversing the roles of Hy and Hs, is called a stabi-
lization of (X, Hy, Ha).

REMARK

» Depends on the choice of arcs.

» This construction allows us to compare differents splittings of a
same manifold.

» Let h: 0Hy — 0Hy be a homeomorphism.

» Extension to b’ : 9H] — OH), considering a homeomorphism
between ON; and ONs.
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THEOREM

If (X', Hy, H}) and (X", H{, HY) are stabilizations of the same Heegaard
splitting (3, Hy, Ha) and ¥’ and X" have the same genus, then they are
isotopic in M.

Scheme of the proof:

» > and X" are the result of a single stabilization (induction).
» «, [ defining ¥ and X", respectively.
> We may suppose 3 C Hq, up to isotopy, as follows.
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» There exists an isotopy that changes E' and E and is extendable
to 2.

» Applying to 8 we obtain 8’ C H; which defines a stabilization
isotopic to (X", H{, HY).
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SCHEME OF THE PROOF

» There exists an isotopy that changes E' and E and is extendable
to 2.

» Applying to 8 we obtain 8’ C H; which defines a stabilization
isotopic to (X", H{, HY).
B

D
N Dy D' N 2 B
2 2 _/
)
H,

» There exists an isotopy of M between the balls N{UN; and N{UNY .
> S~ SUIN,, X ~ S UIN.
> General case: Xy =¥ | UON], ¥/ = 57 | UONY.
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STABILIZED SPLITTINGS

DEFINITION

A Heegaard splitting (X', Hy, H})) is stabilized if there is a pair of essen-
tial, properly embedded disks D} C H{, Dy C HY such that 9D} N 0D}
consists of a single point.

. NiAN,
/ H, ———=

N

Hy

LEMMA

A Heegaard splitting is stabilized if and only if it is a stabilization of
some Heegard splitting (3, Hy, Ha).
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WALDHAUSEN’S THEOREM

THEOREM (1968)
Every positive genus Heegaard splitting of S® is stabilized.

REMARK

That is, if (X, H], H}) is a H.S with genus g > 1 of S3, then there
exists a H.S (X, Hy, H2) such that the first one derives. Here we use the
previous lemma.

COROLLARY
Every Heegaard splitting of S® is a stabilization of a genus zero Heegaard
splitting.

> Let (X', H], Hy) be a H.S of genus g > 1.

» By the Theorem there exists (X", H{, HY) of genus g — 1 such that
(X', H{, H)) derives from.
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CONTINUATION

> Applying the same argument, let go be the minimal genus associated
with a surface 3.

> If 3 is stabilized, go is not minimal. This implies gg = 0.

COROLLARY
Any two Heegaard splittings of S® of the same genus are isotopic.

Scheme of the proof:

» Since S3 is connected, for any two points (spines) there exists an
isotopy between them.

» By a lemma, the two Heegard surfaces 3, ¥’ of genus 0 are isotopic.
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CONTINUATION

» Consider two surfaces with genus g > 1.

» They are stabilizations of some H.S’s of genus 0, which are
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THEOREM (REIDEMEISTER-SINGER, 1933)
Let (X, Hy, Ha) and (X', H{, H)) be two Heegard splittings of a compact
3-manifold M not necessarily of the same genus. Then there is a Hee-

gaard splitting surface X" which is isotopic to both a stabilization of X
and a stabilization of X'.

Independence up to isotopy Reidemeister-Singer

(S, Hy, Hy) (=, Hl Hy) — M — (', H|, H})

|
g1-stab. (T, Gy, Gy) l go-stab.
g-stab.
(=, H, HZ) (%, HY, Hy)

E/ H/ H2 S A - Z” Hr/ Hé/ /
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REMARK
» Concrete examples where more than one stabilization is required
are not known until 2007.

» For non-Haken manifolds there is a bound linear with respect to
the genus.

CLASSIFICATION PROBLEM
> Classification of Heegaard splittings of a compact 3-manifold.

» Examples of non-isotopic Heegaard splitting of same genus.

» Exclusion of genus one for lens spaces (Bonahon-Otal).



FURTHER REMARKS II

THEOREM (CASSON-GORDON, 80’S)

There is a 3-manifold M which has non-isotopic minimal Heegaard
splittings.



FURTHER REMARKS II

THEOREM (CASSON-GORDON, 80’S)

There is a 3-manifold M which has non-isotopic minimal Heegaard
splittings.

» 52 x S - two Heegaard splittings.

» 53 - g Heegaard splittings for any g.



FURTHER REMARKS II

THEOREM (CASSON-GORDON, 80’S)

There is a 3-manifold M which has non-isotopic minimal Heegaard
splittings.

» 52 x S - two Heegaard splittings.

» 53 - g Heegaard splittings for any g.

» Applications in minimal surfaces, symplectic geometry, hyperbolic
geometry...
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