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Abstract of the Thesis

Beyond ΛCDM: Investigating Alternative
Dark Energy Models with Weak Lensing

Probes

by

Kunhao Zhong

Stony Brook University

2023

Current weak lensing surveys provide valuable data that enables
us to test models beyond the standard ΛCDM. The correlation
between different data sets requires us to understand the possi-
ble tensions. In this M.A. thesis, we study various aspects of dark
energy physics and provide new perspectives on the current cosmol-
ogy tensions. We start with the key project of the thesis: splitting
geometry and growth to test the smooth dark energy paradigm,
which offers a model-independent test of a large scope of dark en-
ergy theories. We then discuss two specific models that include
anisotropic stress in the dark energy fluid description and non-
canonical terms in the scalar field description. We also study the
early dark energy as the solution to the Hubble tension with the
marginalization of the late time expansion. In the end, we present
a power emulator between cosmological parameters and weak lens-
ing data vectors, using the state-of-the-art deep learning model,
transformers. With all the tools and theories developed, we show
how the upcoming data could revolutionize our understanding of
the growth of cosmic structures and theories of dark energy.
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Chapter 1

Introduction

“The effort to understand the universe is one of the very few things that
lifts human life a little above the level of farce, and gives it some of the
grace of tragedy.”

Steven Weinberg

1.1 Introduction

Cosmology is a thriving field that combines theory and observation to under-
stand the fundamental nature of the universe. It is an exciting time for both
theory and observation. Our standard model of cosmology is challenged by
new data, with two tensions that could hint at new physics. In the upcoming
years, advances in observational techniques and the advent of new telescopes
and instruments will open up new avenues of research, including the search
for evidence of inflation, the study of the growth of cosmic structures, and the
exploration of the nature of dark matter and dark energy.

With only a few fundamental parameters, the ΛCDM predicts the temper-
ature and polarization anisotropy of Cosmic Microwave Background (CMB),
measured in high accuracy by Planck [1, 2], which in turn enable us to con-
strain the cosmological parameters with small error bars such as the energy
density of matter Ωm. The sky surveys also show increasing power to constrain
cosmological parameters from the evolution of large-scale structures (LSS).
The current generation, called Stage-III, includes Dark Energy Survey(DES)1

[3–6], the Kilo-Degree Survey(KiDS) 2 [7, 8], the Hyper Suprime-Cam Sub-

1https://www.darkenergysurvey.org/
2https://kids.strw.leidenuniv.nl/
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aru Strategic Program (HSC) 3 [9–11], and the Extended Baryon Oscillation
Spectroscopic Survey (eBOSS) 4 [12].

Yet, the origin of dark energy is still unknown. The cosmological constant
as a vacuum energy is very fine-tuned, and its value is too small to any known
quantum field theory [13]. A dynamical field, called quintessence, was pro-
posed to solve either the fine-tuning problem or the coincidence problem [14],
through a dynamical system approach. Models with a non-canonical kinetic
term, k-essence, were proposed to solve the two problems simultaneously [15].
Modified gravity is also a way to explain the acceleration of the universe with-
out introducing a new component. But none of them are confirmed by the
current observation yet.

On the other hand, two cosmological tensions have become more and more
significant in recent years, indicating an inevitable modification to the standard
cosmological model ΛCDM. The value of two commonly used parameters, H0

and S8, is in a discrepancy between the inferred value from the early universe
and the direct measurement of the late universe. The Hubble constant H0 is
now at 5σ discrepancy between the value inferred from CMB anisotropy and
local direct measurement [16]. The value of S8 ≡ σ8

√
Ωm/0.3, where σ8 is the

root mean variance of matter perturbation within 8 Mpc/h, is also different
from the CMB measurement in local LSS probe, at about 2 − 3σ level. Sev-
eral different late-time probes favor a lower value of S8, including galaxy weak
lensing and clustering [17], redshift-space distortions(RSD)[18] and abundance
of galaxy clusters [19]. These probes do not assume a specific early universe
model but rather directly measure the structure of galaxies and mass and
their evolution. For instance, the two-point correlation between galaxy po-
sitions (galaxy clustering) gave early evidence of dark energy [20] 25 years
before the confirmation from Type Ia Supernovae. With the correlation of
galaxy shear (galaxy-galaxy lensing), it can now give cosmological constraints
comparable to other probes [21–23], despite the complexity of galaxy bias and
other systematics. Cross-correlation between galaxy shears (cosmic shear), on
the other hand, is directly related to the mass distribution and thus avoids the
non-linearities in small scale [24]. As all the probes combined, the evidence
for the possible tension in ΛCDM is stronger.

Several upcoming cosmological surveys are poised to revolutionize our un-
derstanding of the universe. The Large Synoptic Survey Telescope (LSST) in
Chile will image the entire southern sky in multiple wavelengths, detecting
billions of galaxies and measuring their properties with unprecedented accu-
racy. The Dark Energy Spectroscopic Instrument (DESI) in Arizona will use

3https://www.naoj.org/Projects/HSC/
4https://www.sdss.org/surveys/eboss/
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fiber-optic cables to measure the distances to millions of galaxies and quasars,
creating a three-dimensional map of the universe. The Euclid satellite mis-
sion, led by the European Space Agency, will measure the shapes and dis-
tances of billions of galaxies using both visible and near-infrared light. The
Spectro-Photometer for the History of the Universe, Epoch of Reionization,
and Ices Explorer (SPHEREx) will probe inflation physics that is imprinted in
the galaxy formation history. Finally, the Roman Space Telescope, formerly
known as WFIRST, will study the properties of dark energy and dark matter,
surveying large sky areas in both visible and infrared light. Together, these
surveys will provide a wealth of new data that will help us refine our models
of the universe and address some of the biggest questions in cosmology.

Despite their immense scientific potential, the data from upcoming cosmo-
logical surveys will pose significant challenges for analysis. The vast data these
surveys produce will require sophisticated algorithms and computing resources
to process and analyze. Additionally, the accuracy of the measurements will
be limited by various systematic effects, including atmospheric turbulence,
instrument noise, and calibration errors. To overcome these challenges, cos-
mologists must develop new statistical techniques and modeling frameworks to
account for these systematic effects and accurately extract the desired cosmo-
logical parameters from the data. Furthermore, given the complexity and size
of these data sets, collaboration and sharing of resources will be essential, re-
quiring a concerted effort from the scientific community to develop open and
transparent data analysis pipelines. Despite these challenges, the potential
rewards of these surveys make an effort to analyze their data well worth it.

1.2 Chapter Summaries

In Chapter 2 we discuss the probes to the universe. We focus on galaxy
weak lensing and galaxy clustering and introduce the theories of large-scale
structure imaging surveys. We show the precision measurement of CMB and
how it complements weak lensing survey. We briefly discuss other distance or
geometry measurements such as BAO, SNIa, and BBN. We end the chapter
by briefly discussing other probes and future surveys.

In Chapter 3 we show the main result of my master research: splitting
geometry and growth and test the consistency of the smooth dark energy
paradigm. Following the discussion in Chapter 2, we discuss how we choose
data set combinations to separate growth and geometry information and present
the formalism with various validation steps on synthetic data. We show the
results with DES data in 3.3.

In Chapter 4 and Chapter 5 we discuss two extension models to dark

3



energy: dark energy fluid with anisotropic stress and non-canonical scalar
field. We show their effect on cosmic probes, mainly on large-scale structures,
with our modified version of the Boltzmann code. We present the constraints
on these models with current DES data and future survey forecasts.

Finally, in Chapter 7, we discuss how we utilize a machine-learning-based
algorithm to boost the computation of weak lensing analysis. We validate the
results and compare our choices to previous emulators. We end the chapter
with an example of its application and illustrate why it benefits the upcoming
analysis.

4



Chapter 2

Probes to the Universe

In this chapter, we briefly discuss different probes to the universe, with a
focus on galaxy weak lensing, galaxy clustering, and CMB lensing. As we
will see, probes to the universe can be divided into two categories, one probes
the geometry of the cosmological evolution, and the other probes the growth
of structures. This is the motivation for the split formalism we discuss in
Chapter 3.

2.1 Weak lensing and Galaxy clustering

Large Scale Structure measurements can be roughly divided into spectroscopic
and photometric. In this section, we introduce the key quality in photometric
survey summary statistics: the 3x2pt function.

Weak lensing probes the small-scale perturbation. Because weak lensing
depends on the gravitational potential, the transformation between the shear
field and matter power spectrum is rather linear. It is not easy, however, to
measure the shear field because a galaxy has its own shape, and the shapes
themselves are poorly understood. That is the reason why weak lensing surveys
need large sky coverage and need hundreds of millions of galaxies to reach
statistical significance.

Galaxy clustering, on the other hand, assumes galaxies as tracers to the
underlying matter field (mostly dark matter) and thus is more non-linear.
Their correlation, so-called galaxy-galaxy lensing, associates these two fields.
Together, these three measurements are called 3x2pt and are the main result
of photometric surveys such as KiDs and DES.

In this subsection, we go through the key derivations of 3x2pt, including
the basics, measurement, and systematics. We start with the basics of gravi-
tational lensing.

5



2.1.1 Gravitational Lensing

Although the idea of gravitational lensing is familiar to most of the audience
since it is one of the three classical tests of general relativity, we give the
formalism here in the cosmological context. By the end of the section, it will
be clear why we would consider the anisotropic stress of dark energy and how
it relates to weak lensing. This section mostly follows section 10.2 of Ref [25].

Let the photon traveling in the universe have position x, x3 being the
radial distance χ, and the transverse components equal to χθ. The geodesic
equation follows:

d2xi

dλ2
= −Γiαβ

dxα

dλ

dxβ

dλ
, (2.1)

where λ is the affine parameter. In FRW cosmology, we have

dχ

dλ
=
dχ

dt

dt

dλ
=

−1

a
p(1 − Ψ), (2.2)

where p is the space-space component of the photon, and Ψ is the perturbation
of the time-time component of the metric in Newtonian gauge 1. The geodesic
equation 2.2 thus reduces to

Γiαβ
dxα

dλ

dxβ

dλ
=
(p
a

)2
(1 − Ψ)2Γiαβ

dxα

dχ

dxβ

dχ
. (2.3)

Collecting the transverse component and neglecting second-order terms gives
the transverse displacement

d2

dχ2
(χθi) = Φ − Ψ, (2.4)

and integrating the displacement equation twice (be careful with the integral
range) we have the difference between the observed angle θi, and the real angle
θiS:

θiS = θi +

∫ χ

0

dχ′ (Φ,i (x (χ′)) − Ψ,i (x (χ′)))

(
1 − χ′

χ

)
. (2.5)

Similar to the formalism in CMB polarization split to E mode and B mode,
we can define a 2 x 2 symmetric transformation matrix with two fields, con-

1The Newtonian gauge is defined as ds2 = −(1 + 2Φ)dt2 + a2(t)(1− 2Ψ)δabdx
adxb. For

a light-like curve like the geodesic of photon, we have P 2 = 0 = −(1+ 2Ψ)(P 0)2 + p2 where

P is the 4-momentum Pµ ≡ dxµ

dλ
. So assuming the gravitational field is first order gives

P 0 = p(1−Ψ)

6



vergence κ and shear γ, as:

Aij ≡
∂θiS
∂θj

≡
(

1 − κ− γ1 −γ2
−γ2 1 − κ+ γ1

)
, (2.6)

then the shear field γ is:

γ1 = −A11 − A22

2
γ2 = −A12

(2.7)

Since the only θi dependent variable of Eq 2.5 is x(χ′) = χ′θ, d/dθi = χ′d/dxi.
The shear field is then fully determined by the gravitational potential:

ψij ≡ Aij − δij =

∫ χ

0

dχ′ (Φ,ij (x) − Ψ,ij (x))χ′
(

1 − χ′

χ

)
, (2.8)

where ψij is called distortion tensor. In ΛCDM, there is no late-time anisotropic
stress, namely Ψ = −Φ. In Sec. 4.3.1 we relax this requirement and test the
shear stress term induced by dark energy.

Similar to CMB angular correlations, a galaxy survey has a window func-
tion that contains the information of redshift distribution W (χ), such that∫
dχW (χ) = 1. So,

ψij(θ) =

∫ χ∞

0

dχΦ,ij(x(χ))q(χ), (2.9)

where

q(χ) ≡ 2χ

∫ χ∞

χ

dχ′
(

1 − χ

χ′

)
W (χ′) . (2.10)

The naming convention here differs in literature, but most of them call q(χ)
as the weighting function, and the window function in a photometric survey
usually takes the form:

W (χ′) =
nig(z(χ))

n̄ig

dz

dχ
, (2.11)

where n̄ig/κ =
∫
dz nig/κ(z) is the angular number density of galaxies in the

redshift bin i. We will summarize the notation from matter power spectrum
to angular two-point correlation functions in the end, or see Ref [26] for a
comprehensive summary. For now, let’s continue on how angular correlation
functions are related to two-point correlation functions. Then in Sec. 2.1.3 we
would discuss how this is measured.
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2.1.2 Two-Point Correlation Functions

The power spectrum of the gravitational potential in the momentum space is
defined as:

kikjk
′
lk

′
m

〈
Φ̃(k)Φ̃∗ (k′)

〉
= (2π)3kikjklkmδ

3 (k − k′)PΦ(k). (2.12)

In this section, we assume the normal Poisson equation in the Newtonian gauge

k2Φ = 4πGa2
∑
a

(δρa) , (2.13)

and thus the power spectrum of Newtonian potential is proportional to the
matter power spectrum.

Under the small angle approximation (Limber approximation, see Ref [27,
28] for details), l/χ 1/(χθ) ≫ 1/χ, only modes with k3 smaller than χ−1

contributes to angular correlation. Then the 3D power spectrum transforms
to the 2D projected version, or the angular power spectrum:〈

ψ̃ij(l)ψ̃lm(l)
〉

= (2π)2δ2 (l− l′)Pψ
ijlm(l), (2.14)

with

Pψ
ijlm(l) =

∫ χ∞

0

dχ
g2(χ)

χ2

liljlllm
χ4

PΦ(l/χ). (2.15)

Noticing that γ1 = (ψ22 − ψ11) /2 and decomposing l to the radial coordinate
l, ϕl we have:

Pγ1 (l, ϕl) =
(
sin4 ϕl + cos4 ϕl − 2 sin2 ϕl cos2 ϕl

) [ l4
4

∫ χ∞

0

dχ
q2(χ)

χ6
PΦ(l/χ)

]
,

(2.16)
where ϕl is the angle between Fourier vector l and the first axis. One can show
the bracket is equal to the power spectrum of the convergence field:

Pκ =
l4

4

∫ χ∞

0

dχ
g2(χ)

χ6
PΦ(l/χ). (2.17)

In the literature of weak lensing and most of the LSS surveys, the correlations
are calculated and compared with measurements in real space, namely an
angular scale in the sky θ. Here we summarize one example of cosmic shear.
The Fourier transform can be algebraically complicated when relaxing the flat-
sky assumption or with an angular scale binning. For that, see Ref [29–31].
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Figure 2.1: Illustration of different angle defined between real space angle θ,
and Fourier vector l. The choice of basis ê1/2 is arbitraty.

The Fourier transform of Eq. 2.16 is:

ζγ1(θ) ≡
∫

d2l

(2π)2
eil·θ cos2 (2ϕl)

[
l4

4

∫ χ∞

0

dχ
g2(χ)

χ6
PΦ(l/χ)

]
. (2.18)

The integral of the exponential function can be largely simplified by inte-
grating over the difference between l and θ, and call it ϕ′. Then:

ζγ1(θ) =

∫ ∞

0

dl

(2π)2
l5

4

∫ χ

0

dχ
g2(χ)

χ6
PΦ(l/χ)

∫ 2π

0

dϕ′eilθ cosϕ
′
[cos (2 (ϕ′ + ϕ))]

2
.

(2.19)
Expanding the trigonometric functions and using the equation of Bessel func-
tion integrals:

Jn(x) =
i−n

π

∫ π

0

dθeix cos θ cos(nθ), (2.20)

we have:

ζγ1(θ) =
1

16π

∫ ∞

0

dll5
∫ χ∞

0

dχ
g2(χ)

χ6
PΦ(l/χ)

×
{

cos2(2ϕ) [J0(lθ) + J4(lθ)] + sin2(2ϕ) [J0(lθ) − J4(lθ)]
} (2.21)

The first axis ê1 is usually taken as the line that connects galaxy pairs of
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measurement, namely ϕ = 0. Thus:

ζγ1(θ) =
1

16π

∫ ∞

0

dll5
∫ χ∞

0

dχ
g2(χ)

χ6
PΦ(l/χ) × {J0(lθ) + J4(lθ)} (2.22)

Conventional Notations in Weak Lensing Survey
Using the relation that Pm = 9Ω2

mH
4
0 (1 + z)2/ (4k4)PΦ, and k = l/χ, we see

that Eq.2.21 has the same form of weight on χ. The usual 2PCF of shear-shear
(cosmic shear) is decomposed into two parts ξ± ,defined in the literature as:

ξij+/−(θ) =

∫
dll

2π
J0/4(lθ)

∫
dχ
qiκ(χ)qjκ(χ)

χ2
PNL

(
l + 1/2

χ
, z(χ)

)
. (2.23)

One caveat is that there’s a correction to the k value evaluation in power
spectrum, k is taken in (l + 0.5)/χ instead of l/χ. For details of discussion,
see Ref. [31]

Instead of a shear field, galaxy overdensity δg is also a tracer of matter
distribution, being a scalar instead of the spin-2 field as the distortion tensor.
For a scalar field,

xi(n̂) =

∫
d2l

(2π)2
xi(l)e

il·n̂, (2.24)

and its auto-correlation and cross-correlation are called galaxy clustering and
galaxy-galaxy lensing, usually denoted as w(θ) and γt(θ). The w(θ) here is
not the same as the Fourier transform as given in the example above. Their
relation to the matter power spectrum is similar to the cosmic shear ξ±, with
the difference in window function and Bessel function.

We omit the detail calculation here, but a simple observation is that in-
stead of cos2(ϕ) as in the shear-shear case, there is only one cos(θ) for cross-
correlation and thus give J2(lθ) according to Eq. 2.20. Similar to Eq. 2.23, we
have:

wi(θ) =

∫
dll

2π
J0(lθ)

∫
dχ
qiδg

(
l+1/2
χ
, χ
)
qjδg

(
l+1/2
χ
, χ
)

χ2
× PNL

(
l + 1/2

χ
, z(χ)

)
(2.25)

for galaxy clustering (position-position), and

γijt (θ) =

∫
dll

2π
J2(lθ)

∫
dχ
qiδg

(
l+1/2
χ
, χ
)
qjκ(χ)

χ2
× PNL

(
l + 1/2

χ
, z(χ)

)
(2.26)

for galaxy-galaxy lensing (shear-position).
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The radial weight function, qδg , for density fluctuation is similar as defined
above, but with redshift binning and usually with a linear galaxy bias b(k, z)
that characterizes the mass difference between the galaxy and the actual halo:

qiδg(k, χ) = bi(k, z(χ))
nig(z(χ))

n̄ig

dz

dχ
(2.27)

and for lensing efficiency:

qiκ(χ) =
3H2

0Ωm

2c2
χ

a(χ)

∫ χh

χ

dχ′n
i
κ (z (χ′)) dz/dχ′

n̄iκ

χ′ − χ

χ′ . (2.28)

For how redshift or tomographic binning affect the weak lensing survey, see
Ref. [32].

The above formulae are under the assumption of flat-sky and small angles.
For the bin-averaged curved sky, the 2PCF in real space is related to the
angular power spectrum by:

wiθ(θ) =
∑
ℓ

2ℓ+ 1

4π
PℓC

ii
δδ(ℓ) , (2.29)

γijt (θ) =
∑
ℓ

2ℓ+ 1

4πℓ(ℓ+ 1)
P 2
ℓ C

ij
δE(ℓ) , (2.30)

ξij±(θ) =
∑
ℓ

2ℓ+ 1

2πℓ2(ℓ+ 1)2
[G+

ℓ,2 ±G−
ℓ,2]
[
Cij
EE(ℓ) ± Cij

BB(ℓ)
]
,

where

Pℓ(cos θ) → P̄ℓ(cos θ) =
[Pℓ+1(x) − Pℓ−1(x)]cos θmin

cos θmax

(2ℓ+ 1)(cos θmin − cos θmax)
. (2.31)

is the bin-averaged Legendre polynomials. The analytical expressions for Leg-

endre and associated Legendre polynomials Pℓ and G±
ℓ,2 are calculated in [31].

The angular correlation Cii
δδ(ℓ), C

ij
δE, and Cij

EE/BB(ℓ) are shorthand as the sec-
ond integral in Eqs. 2.23, 2.25, and 2.26. The E mode and B mode decompo-
sition is similar to the idea introduced above and the definition can be found
in the DES-Y3 methods paper [33].

2.1.3 Measurements and Estimators

The shear field can be traced by the ellipticity of galaxies. For an imaging sur-
vey, one can define the quadrupole moments as the integral over the intensity
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of an image centered at θx, θy:

qij ≡
∫
d2θIobs(θ)θiθj. (2.32)

Since an circular image has qxy = 0 and qxx = qyy, the ellipsity can be defined
as:

ϵ1 ≡
qxx − qyy
qxx + qyy

, , ϵ2 ≡
2qxy

qxx + qyy
. (2.33)

It can be shown that (See Ref. [25] Section 10.3), at the approximation of a
small distortion tensor,

ϵ1 ≃ 2γ1. (2.34)

Thus, the ellipticity of galaxies can be the tracers of the shear field.
To really get a measurement of the two-point function, we need what’s

called an estimator. For simplicity, we introduce the estimator for galaxy
clustering as an example. In the case of spin-2 fields (cosmic shear), things
can be more complicated than a scalar (galaxy position). We refer the readers
to [34] and references therein.

The two-point function that we wish to capture the clustering effect is the
excess of the probability of finding galaxies over a random/Poisson distribu-
tion, namely:

dP = n[1 + w(r)]dV (2.35)

where n is the mean number density of galaxies, as in Ref. [35]. In order to
make the measurement or catalog that we have over a certain area of the sky,
we need a ”random” catalog that shares the same properties, for example,
the sky coverage and redshift information, but the distribution is manifestly
random. Then we can make measurements over the data catalog and random
catalog, and the ratio reflects the correlation w(r). The estimator of doing
such measurements is not unique, and they have different systematic errors.
The earliest estimator proposed is [36]:

ξ =
nR
nD

DD

DR
− 1, (2.36)

where nR/D is the number density of random and data galaxies, and DD
and DR is the count of galaxies between data-data and data-random catalog.
Another estimator in the early days is [36]:

ξ =
DDRR

(DR)2
− 1. (2.37)
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The most widely used estimator now is called Landy and Szalay estimator [37]:

ξ =
1

RR

[
DD

(
nR
nD

)2

− 2DR

(
nR
nD

)
+RR

]
. (2.38)

which has a small systematic error and is also insensitive to the measurement
at the edge of the sky map.

As we can already see from the three estimators above, the computational
cost is getting larger and larger. In the LZ estimator, we need to count each
galaxy pair between data-data, random-random, and data-random, and the
pair counts increase exponentially with the total galaxy numbers.

Making the measurement is a highly non-trivial task. The most common
method (and probably the only method) in the community now is to use a
tree algorithm ( a popular code is called TreeCorr [34]). Tree-algorithm is
a data structure that allows an extremely efficient of finding and calculating
information of two points pair. For the n-point correlation function of particle
number N , an effective tree algorithm can reduce the complexity of a brute-
force approach O(Nn) to roughly O(N log(N)).

The calculation we present above does not have tomographic binning in-
formation. For a review, see Ref [38]. The two-point functions of galaxy
clustering are shown in Fig 2.2, where we show the measurement provided by
DES collaboration and the measurement using TreeCorr. The last piece
that makes the measurement complete is the covariance matrix of the 2PCF,
where its diagonal component gives the error that are included in Fig. 2.2
(in this example of w(θ) the error bar is kind of small to see). Unlike in the
literature of CMB, the weak lensing analysis often use analytical modeling
to calculate the non-gaussian part of the covariance matrix. The covariance
matrix is defined as usual:

Cij ≡
〈
P̂iP̂j

〉
−
〈
P̂i

〉〈
P̂j

〉
, (2.39)

and since it is the product of the power spectrum, one would expect the co-
variance depends on the trispectrum, defined similarly as:

⟨δ (k1) . . . δ (k4)⟩c = (2π)3δD (k1234)T (k1,k2,k3,k4) . (2.40)

During the past few decades, people have developed a complete theory to
calculate each term and the part that follows the halo model. The covariance
between each probe, for example, the off-diagonal term of cosmic shear and
galaxy clustering, was also studied extensively. Unfortunately, the details of
the calculation and validation of the covariance matrix are beyond the scope
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Figure 2.2: Weak lensing two-point correlation function measured from the
catalog using TreeCorr.
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of this thesis. For details, see [39] and the references within.

2.1.4 Systematics of 3x2pt Analysis

In this subsection, we briefly summarize the systematics that we need to con-
sider in a DES-Y3-like survey. As the measurement becomes more precise, new
techniques (mostly simulation) and more complicated modeling of the same
effect will become necessary.

Galaxy Bias: The linear galaxy bias is parameterized by a scalar for each
redshift bin, i.e. bi(k, z) = bi, for four redshift bins. It is possible to consider
non-linear galaxy bias or scale-dependent bias. See Ref. [40] for the discussion
and comparison within DES samples.

Apart from galaxy bias, Halo Occupation Distribution (HOD) is also a way
to model the galaxy-halo relation via the probability of Ng galaxies in a halo of
given mass M . We give a brief introduction here. For detailed derivation and
simulation-based validation, see Ref [41–43]. Here we follow the work of [43]
where the Ng is split into central galaxy number Ncen, and that of satellite
galaxy Nsat, and their expectation values are modeled as:

⟨Ncen(M)⟩ =
1

2

[
1 + erf

(
logM − logMmin

σlnM

)]
⟨Nsat(M)⟩ = Θ (M −M0)

(
M −M0

M ′
1

)αsat
(2.41)

where erf is the error function and Θ a step function. So there are 5 free
parameters. It is also possible to include an overall factor fc in ⟨Ncen(M)⟩ to
model the incompleteness in the selectio of LRGs [44]. Thus the total galaxy
occupation is modeled as:

⟨Ng(M)⟩ = ⟨Nc(M)⟩ [fc + ⟨Ns(M)⟩] (2.42)

The galaxy-matter and galaxy-galaxy power spectrum is related to the mat-
ter power spectrum as a linear relation plus the integral of the occupation
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probability above:

Pgm(k, z) = bHOD(z)Plin(k, z)

+

∫
dM dn

dM
Mum(k,M) ⟨Nc(M)⟩ ⟨Ns(M)⟩us(k,M)

ρ̄
∫
dM dn

dM
⟨Ng(M)⟩

Pgg(k, z) = (bHOD(z))2 Plin(k, z)

+

∫
dM dn

dM
⟨{Nc(M) [fc +Ns(M)ũs(k,M))]}2

〉(∫
dM dn

dM
⟨Ng(M)⟩

)2
(2.43)

With HOD model, it is possible to push to small scales Rmin = 0.1Mpc/h,
where a linear bias adopted by DES is of the order Rmin ≈ 10Mpc/h [39]. The
HOD model thus substantially increases the constraining power.

Intrinsic Alignment of Galaxy: The Tidal Alignment and Tidal Torquing
(TATT) [45] is used to model the intrinsic alignment of galaxies for DES-Y3
data, which is a generalization to the previously used non-linear alignment
model (NLA). Under this framework, the intrinsic shape of galaxies is writ-
ten as a collection of independent terms that describe tidal alignment, tidal
torquing, and density weighting:

γIij = C1sij︸ ︷︷ ︸
Tidal Alignment

+C1δ (δ × sij)︸ ︷︷ ︸
Density Weighting

+C2

[
2∑

k=0

sikskj −
1

3
δijs

2

]
︸ ︷︷ ︸

Tidal Torquing

+ . . . . (2.44)

The TATT model contains five parameters: the amplitude Ai and power law
index ηi, with some pivot redshift plus the effective source galaxy bias bTA.
The TATT model is reduced to NLA when A2 = bTA = 0. We also marginal-
ized them by a conservative prior: ai, ηi ∈ (−5, 5), bTA ∈ (0, 2), and we fix the
pivot redshift at z0 = 0.62.

Multiplicative shear calibration: Shear estimation can give a significant
bias in cosmological analysis from week lensing [46]. DES-Y3 model the shear
calibration with a marginalized parameter mi for each redshift bin, which af-
fects the cosmic shear and galaxy-galaxy correlation function by:

ξij±(θ) −→ (1 +mi) (1 +mj) ξij±(θ). (2.45)

The priors used for mi are calibrated with simulated data in DES-Y3 analysis
[47]. As shown in [48], the cross-correlation with CMB lensing generates con-
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straints from data only, and it is consistent with the priors from simulated data.

Photometric redshift uncertainties: The uncertainties in photometric red-
shift distribution for both source and lens galaxies are usually modeled by a
shift in each redshift bin:

nix(z) = n̂ix
(
z − ∆i

z,x

)
, x ∈ {source, lens}. (2.46)

In [49] we do not model the stretch in lens photo-z by an additional parameter
σiz as in the DES-Y3 key project.

An alternative way is to sample over a large number of realizations of the
full posteriors [50]. A recent analysis using Bayesian resampling shows that
the shift model is good enough for current data [51].

Impact of lensing magnification on lens galaxy density: Magnifica-
tion of gravitational lensing affects the number of galaxies observed in a given
area of sky. As detailed in [33], a parameter Ci

l is defined to describe the
foreground mass effects on the observed number density projection of lens
galaxies. Comparison of three calibration methods using Balrog image sim-
ulation, analytic perturbation of flux, and N-Body simulation Buzzard v2.0
was made recently in Elvin-Poole et al. [52]. This effect is not considered in
the DES-Y1 analysis.

Non-local effects in galaxy-galaxy lensing: For year 3 specifically, we
use the marginalization approach developed in MacCrann et al. [53] to ad-
dress the effect of lens mass on ⟨δgκ⟩, where the data covariance is modified.
The effect of lens mass is non-local; namely, it will propagate from small scale
to large scale. A less stringent scale cut is thus required with this marginal-
ization method. We use an informative prior of the point-mass parameter
Bi ∈ U(−5, 5). Such systematics is not considered in DES-Y1, where different
scale cuts are used.

2.2 Cosmic Microwave Background

2.2.1 A Very Brief Introduction to CMB

Regarding the focus of this thesis, we would not discuss the details of CMB
physics, despite it being the most powerful tool in cosmology in terms of con-
straining power so far. However, we would try to provide some good references
for beginners, discuss why we choose primary CMB as a supplement for LSS
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study, and discuss CMB lensing in more detail in Sec 2.2.2.
Ref. [54] gives a good overall introduction to CMB physics. It also includes

nice figures explaining different effects to the temperature anisotropy (SW +
Doppler + ISW). The physics of recombination is more complicated and can
be found in [55]. We outline the basic perturbation equations in Sec. 4.2. The
Boltzmann equation with the collision term thus lies the physical foundations
of recombination theory. If the theory itself is easy enough, the coding should
change your idea, especially the line-of-sight integral, which is a key question in
cosmology last century. There are also different approximation schemes under
this calculation, and either of the two Boltzmann codes CAMB or CLASS
requires a lot of effort to understand. We thus omit the discussions here in
this thesis.

The state-of-the-art CMB likelihood, Planck 2018 is a powerful tool. How-
ever, two things need to be noted. First, it has two slight internal inconsisten-
cies; one related to low-ℓ TT and another related to the lensing suppression
of the TT power spectrum. Specifically, the suppression characterized by AL
is smaller than expected from the reconstructed lensing likelihood from the
four-point function. Second, it shows inconsistency with the more recent ACT
data, especially when early dark energy is present.

For the purpose of our study, we use low-ℓ EE polarization data (ℓ < 30)
in combination with the high-ℓ TTTEEE spectra truncated right after the
first peak (35 < ℓ < 396) as our primary CMB (CMBP). This choice removes
late-time Integrated Sachs Wolfe information and also removes CMB lensing
effects (by the truncation at ℓ = 396). This choice is not conventional as most
of the extension studies try to gain more constraining power by including more
acoustic peaks. We show in [49] that it does not have tension with other priors,
but still provides enough information, especially that related to inflation.

2.2.2 CMB Lensing and Cross-Correlations with Galaxy
Weak Lensing

Similar to the shear field inferred by galaxy image distortion, we could similarly
use the distortion of CMB and study its cross-correlation with galaxy shear.
CMB lensing provides extra information mainly due to the different window
function, which peaks around z 2 and ranges to z 10. This reflects that the
source of CMB (photons from the last-scattering surface) is much further from
us, which gives roughly z = 2 as the mid-point in the comoving distance.

In the work under preparation, we adopt a similar lensing likelihood mod-
eling to the one used in [56]. We use the CMB lensing band-power CκCMBκCMB

Lb

estimated using the minimum-variance estimator on the reference lensing con-
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vergence reconstruction map in Planck Collaboration et al. [56]. Here Lb is
the weighted L mode in the angular multipole L bins. The likelihood data
(data vector, binning function and its correction, linear correction, covariance
matrix, binning definition) can be downloaded from https://pla.esac.esa.int.
The model vector prediction of CκCMBκCMB

Lb
is evaluated as:

CκCMBκCMB
Lb

=
∑
L

BLi CκCMBκCMB,th
L , (2.47)

where BLi is the binning matrix for optimal band-power estimates provided
by [56]. CκCMBκCMB,th

L is the theoretical expectation of the the quadratic es-

timator ĈκCMBκCMB
L , which is a biased estimation of CκCMBκCMB

L . The bias is
generally complicated to evaluate and is cosmology-dependent. We follow the
method in [56] to linearize the bias and marginalize it over cosmological pa-
rameters. The actual recipe used to calculate the model vector is:

CκCMBκCMB
Lb

=
∑
L

L2(L+ 1)2

4
BLi C̄ϕϕ,th

L

≈
∑
L

L2(L+ 1)2

4

[(
BLi +Mϕ,L

i

)
Cϕϕ
L

∣∣∣
θ

−Mϕ,L
i Cϕϕ

L

∣∣∣
fid

+MX,ℓ
i

(
ĈX
ℓ − CX

ℓ

∣∣
fid

)]
,

(2.48)

where Cϕϕ
L

∣∣∣
θ
, Cϕϕ

L

∣∣∣
fid

are the theoretical CMB lensing potential power spectrum

evaluated at cosmological parameters θ and the fiducial cosmology assumed
in [56]. Ma,ℓ

i is the linear correction matrix defined in equation 31-32 in [56].
ĈX
ℓ and CX

ℓ

∣∣
fid

are primary CMB power spectra estimated values and predic-
tions at the [56] fiducial cosmology. X here is summed over the eight lensing
estimators (TT, EE, TE, TB, EB, ET, BT, and BE).

The only dependence on cosmology in equation 2.48 is coming from

CκCMBκCMB
L |θ =

L2(L+ 1)2

4
Cϕϕ
L

∣∣∣
θ

(2.49)

which is calculated as equation (2.23) but with weighting function

qκCMB
(χ) =

3H2
0Ωm

2c2
χ

a(χ)

χ∗ − χ

χ∗
, (2.50)

where χ∗ is the comoving distance to the last scattering surface. All the other
terms are pre-computed at the fiducial cosmology or evaluated from data. The
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Figure 2.3: Upper : Glaxy position cross CMB lensing power spectrum. Lower :
Glaxy shear cross CMB lensing power spectrum.

covariance matrix is estimated from FFP10 simulations(an updated version of
FFP8 as detailed in Planck Collaboration et al. [57]) and with the Hartlap
factor considered [58].

The measurement from the catalog is not trivial, given the footprint bound-
aries of DES-Y3 and Planck is very close in some regions. Figure 2.3 shows
an example of this measurement. Cross-correlations with SPT and ACT have
also been made by the collaboration [48].

2.3 BAO, SNIa, and BBN

Baryon Acoustic Oscillation (BAO) and Supernovae type Ia (SNIa) are both
clean channels to measure the evolution of the geometry of the universe. They
are called standard rulers and standard candles respectively. Since they are not
the focus of this thesis, we refer the readers to other articles for further details.
Both BAO and SNIa do not contain information about the baryon density
Ωb, and we introduce the astrophysical probe of Big Bang Nucleosynthesis to
accommodate this missing information.

2.3.1 Baryon Accoustic Oscillation

Baryon Acoustic Oscillation is the imprint on matter distribution of the scale
set of the sound horizon at radiation drag time. The sound horizon rdrag
at baryon drag is a standard ruler that we can measure from the clustering
of galaxies (the 2PCF is enhanced by 10% at the scale of 100h−1 Mpc).
Fig.1 of Ref [59] provides a good illustration of how BAO feature forms. The
line of sight direction and its transverse direction BAO feature constrains two
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parameter combinations separately: H(z)rdrag and DM(z)/rdrag where DM(z)
is the comoving angular diameter distance. For a review of BAO theory and
measurement, see Ref [60].

Although the BAO feature is measured from structure growth, it is in fact
a distance relation measurement as the calculation doesn’t assume any per-
turbation theory. In practice, the BAO constraints come from the comparison
between the observed scale of BAO feature and the sound horizon rdrag. Thus,
as a distance measurement of the late universe, we consider BAO as pure ge-
ometry information. The BAO data set we use in Chapter 3 includes SDSS
DR7 main galaxy sample [61] and the 6dF galaxy survey [62] at zeff = 0.15
and zeff = 0.106 respectively, and the SDSS BOSS DR12 optimally combined
LOWZ and CMASS galaxy samples at z = 0.38, 0.51, 0.61 [63].

2.3.2 Supernovae Type Ia

Type Ia Supernovae (SNIa) are the most important probe of the local ex-
pansion rate. As a ”standard candle”, each SNIa gives an independent mea-
surement of the magnitude-redshift relation. The apparent magnitude of a
supernova is mth(z) = 5 log10 (H0DL(z)) + M, where M is a nuisance param-
eter account for the unknown absolute magnitude of the supernova. Thus, by
marginalizing M, SNIa luminosity measurement constrains the luminosity dis-
tance DL(z). As they don’t involve any knowledge of the large-scale structure,
we refer to them as geometry information. In Ref [49], we use the Patheon
samples[64], which is a combination of Pan-STARRS1 MDS and other sur-
veys, resulting in a total of 1048 SN Ia ranging from 0.01 < z < 2.3. Note that
an updated version of the new Phanteon+ sample [65] is available, which
includes SNIa observed with the DES survey.

2.3.3 Big Bang Nucleosynthesis

BIG Bang Nucleosynthesis, or BBN, is one of the most successful predictions
of particle physics to the early universe. With the nuclear reaction rate mea-
sured on earth, the theory predicts the helium mass fraction of the universe to
be about 25%. This prediction, together with that of deuterium, agrees with
astrophysical measurement to very high precision. Although the 7Li measure-
ment is in a discrepancy of the current measurement [66], it does not affect the
tremendous success of this theory that describes the universe as early as just a
minute after the big bang. The precise measurement from astrophysics in turn
allows us to constrain cosmological parameters. It also suggests that model
constructors of the early universe do better not violates some basic assump-
tions of the BBN, such as at that early time the universe should be dominated
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by radiation rather than some scalar field.
The detailed calculation involving deuterium and lithium requires some ex-

tra work, but the essence is the same as calculating the Helium abundance. We
shall give a brief introduction to this calculation largely following the notes 2,
and discuss one of the first measurement [67]. A more detailed calculation can
be found at [25].

Protons and neutrons are in equilibrium when T ≫ MeV through inter-
actions νe + n ↔ p + e− and e+ + n ↔ p + ν̄e. At this time neutron decay
can be ignored because of the neutron lifetime τn ≃ 15 min. Since at chemical
equilibrium µn + µν = µp + µe, the neutron-proton ratio can be written as:

nn
np

= exp [−(mn −mp)/T + (µe − µν) /T ] (2.51)

Since at equilibrium µe/T ∼ (ne− − ne+) /nγ = np/nγ ∼ η ≪ 1, the ratio at
equilibrium is: (

n

p

)
eq

= e−(mn−mp)/T (2.52)

The free-out temperature can be numerically shown to be T 0.8MeV (similar
to the calculation of the freeze-out temperature of other relics). The freeze-out
ratio is thus exp(−1.293/0.8) ≈ 1/6. Taking the neutron decay into account,
this ratio is reduced to 1/7. Then the majority of the neutrons end up in 4He,
with the abundance:

X4 =
4nH
nN

=
4 (nn/2)

nn + np
=

2(n/p)

1 + (n/p)
≃ 0.25 (2.53)

A more detailed calculation shows this relation as a function of the baryon
density Ωb. The QSO light absorbed by the neutral hydrogen system provides
a measurement of the deuterium since at a redshift as high as z ≈ 3 almost
no astrophysical process can change the deuterium abundance. As shown in
Ref. [67], the steep decline of the D(γ) function transfers a large error bar in
D/H measurement to a relatively small error to Ωb. A recent measurement
gives [68]:

100ΩBh
2 = 2.156 ± 0.020 (2.54)

2Week 3: Thermal History of the Universe
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2.4 Discussion

There are other interesting probes that provide additional cosmological in-
formation at different redshifts and scales. For example, galaxy clusters, as
the largest virialized system in the universe, is another channel of probing
structure growth. Cluster number counts, or the one-point function, is very
sensitive to late-time evolution history, but their systematics is also very hard
to describe.

A lot of other interesting probes are beyond the scope of this thesis. There
are probes that have been studied for decades, such as Lyman-α forest, ISM,
and strong lensing system. As new technology arises, telescopes such as JWST
can go much deeper than we used to do. In fact, at present time, JWST
observed more giant galaxies with high redshifts than ΛCDM predicts, which
could indicate another tension in cosmology, or some calibration issue with
our most expensive toy ever built.

The near future of cosmology is indeed exciting, as a lot of new surveys
are expected to take new data. LSST, DESI, Roman telescope, SPHEREx,
and 21cm surveys, are all opening new channels for us to study the history
of the universe. Apart from weak lensing, there are a lot of other interesting
and important quantities to study, such as primordial non-gaussianity. New
analytic tools are also emerging, for example, field-level inference and pertur-
bation theory beyond first order (EFT and Hybrid-PT). All these questions
are challenging but rewarding to explore.

The assumption of cold dark matter that this thesis trying not to violate,
is also being challenged by multiple experiments. We still do not find any
evidence about WIMP, we do not have a good description of axions, and
yet we find interesting things like the Galactic Center GeV Excess (GCE).
Tabletop experiment trying to detect dark matter beyond the WIMP region is
thriving, and a lot of people are trying to bring the discussion of dark matter
to the surveys that were originally built for dark energy.

I often regard the study of cosmology as an ant trying to figure out the
structure of the earth. Right now we are pretty sure that the earth is composed
of 70% of ocean and 30% of land. It is already quite an achievement for species
that could not move beyond their very own territory. But where is the ocean
coming from, and what do other places in the land look like, all these questions
we are trying to answer are what makes the ant’s life a little bit more interesting
than the others.
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Chapter 3

Growth-Geometry Split as a
Model Independent Test

In this work, we use parameter splitting of Ωgrowth
m and w to test the consistency

between the background evolution and structure growth. In the standard
model of ΛCDM, we have the same matter density that controls both how
fast the universe expands and how fast the large-scale structure in the late
universe forms. By using different data sets that contain either geometry or
growth information, we can check the consistency inside ΛCDM and wCDM
model, or more generally the smooth dark energy paradigm.

3.1 Growth and Geometry of the Cosmic Evo-

lution

In this section, we discuss how geometry predicts growth in the ΛCDM model.
In ΛCDM and most of the modifications for the standard theory, the back-

ground evolution is controlled by certain quantities, such as the energy density
of matter Ωm, and the Hubble constant H0. The universe is largely homoge-
neous and isotropic, which is confirmed by various observations, and thus most
of the modified models do not change it. In CDM and smooth dark energy sce-
narios like quintessence, the evolution of linear growth structure is independent
of scale and given by

d2δm
d ln a2

+

[
d lnH

d ln a
+ 2

]
dδm
d ln a

− 3ΩmH
2
0

2a3H2
δm = 0, (3.1)

where δ is the linear perturbation of matter (δm ≡ δρm/ρm ≪ 1). The evolu-
tion of δ is thus governed only by Ωm if the background of the geometry of the
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model is fixed, i.e. with fixed H(a).
The matter power spectrum can be written as the product of inflation, the

transfer function of δm, and growth function:

P (z, k) =
2π2

k3
4

25
As

(
k

knorm

)ns−1(
k

H0

)4

T 2(k)

(
G(z)

Ωm(1 + z)

)2

. (3.2)

The growth function G(z) (and what’s usually called the growth factor D(z) ≡
a × G(z)) can be defined as it describes the redshift evolution of the matter
power spectrum. Such a definition is equivalent to:

Φ(a)

Φ (alate )
≡ D1(a)

a
(a > alate ) . (3.3)

The Poisson equation then gives

δm(a) = δm(0) ×D(a). (3.4)

Note that this is consistent with the assumption that in the late universe, all
the modes enter the horizon, and dark matter is pressureless. Since there’s no
pressure to smooth out the inhomogeneities, the growth of the matter power
spectrum is uniform in all scales.

By Substituting Eq. 3.4 into Eq. 3.1 we have the evolution equation of
growth function:

G′′ +

(
4 +

H ′

H

)
G′ +

[
3 +

H ′

H
− 3

2
Ωm(z)

]
G = 0, (3.5)

where the prime denotes the derivative with respect to ln a. The initial condi-
tion is taken to be zini = 1000 in the matter dominated era, and Gini = 1, and

G′
ini = −3

5
(1 − w)ΩDE(zini) [69].

The Report of the Dark Energy Task Force [70] gives a review of different
geometry and growth probes. The main geometry probes are BAO and SNIa,
and the main growth probes are Weak Lensing and Cluster number counts.
CMB and its secondaries, as introduced in Sec. 2.2 have both geometry and
growth effects.
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3.2 Split Growth and Geometry

3.2.1 Analysis Choices

Parameter splitting is widely used in cosmology studies. [71] tested how baryon
number density affects ionization by splitting Ωb, and found they are consis-
tent. In [72] the authors split Ωm into three parameters that represent different
aspects of type Ia supernova. [73] studies Early Dark Energy with LSS data
and splits the primordial amplitude As into one from CMB and an effective
one from Effective Field Theory(EFT) of LSS, and points out that there’s a
discrepancy between the current data between BOSS and CMB. There are also
several existing works in studying geometry and growth by splitting Ωm and
w. Our analysis is most similar to the DES-Y1 paper [74], aiming to test if
the information on cosmological evolution (geometry) is inconsistent with the
information from DES and other external LSS probes. The Kilo-Degree Sur-
vey(KiDS) group also performed such analysis for their data set [75]. Other
groups performed a more general test using all the data available up to date,
such as [76–78]. Tests [79] and forecasts [69, 80] focusing on falsifying smooth
dark energy scenarios were also done with various data set combinations. Since
we assume a flat universe, tests of matter density are equivalent to the test of
dark energy.

In our paper [49], we split the matter density Ωm and also w to test the
consistency between geometry and growth. Since P (z, k) ∝ G2(z), we can
define the split matter power spectrum to be:

P split(k, z) = P geo(k, z) ×
G2

growth(z)

G2
geo(z)

, (3.6)

such that P split(k, z) follows Ggrowth(z) that is disentangled from eq 3.21. It
reduced to normal P geo(k, z) if Ωm, w

growth = Ωm, w
geo. Models that intro-

duce clustering of dark energy in general break this relation in a way that
dark energy affects structure growth in addition to background expansion, as
shown explicitly with some modified gravity model [81, 82]. Thus, the growth
geometry split serves as a model-independent test of the smooth dark energy
paradigm. In this work, we study the case with a constant dark energy equa-
tion of state. It can be generalized to marginalized background expansion w(z)
by Figure of Merit method [80, 83].

1There is a technical difference when we implement the split formalism into the weak
lensing pipeline Cocoa. For details, see [49]
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3.2.2 Non-linearities, Neutrinos, and Comparison to Other
Split Formalism

To account for non-linearities in the split power spectrum, we use the Euclid
emulator2. We test in [49] that at power spectrum level Halofit and
Euclid Emulator are differed within 5%, and they don’t affect inferring
standard cosmological parameters in a DES-Y3-like survey. However, such
a difference at the power spectrum level transfers as χ2 ≈ 20 in an LSST-
Y1-like survey. For this reason, we should either use the updated HMcode,
or Euclid Emulator to account for non-linearities in the next-generation
surveys. In the growth-geometry split, it is straightforward to use the emulator
by replacing the parameters with growth counterparts.

Massive Neutrinos being non-relativistic today but still moving very fast
will in general give a scale-dependent modification to the matter power spec-
trum. On small scales where the mean free path of neutrinos is large, the
overdensity of cold dark matter and baryons do not retain neutrinos. On a
larger scale, where neutrino don’t travel far compared with cold dark mat-
ter and baryons, neutrinos do contribute to the gravitational potential. An
approximation is given by [84]:

P (k, z) =


(
G(z)
G(0)

)2
P (k, 0) for aH < k < knr(

G(z)
G(0)

)2p
P (k, 0) for k ≫ knr

(3.7)

where p ≈ 1 − 3Ων/5Ωm, and knr is the characteristic scale that neutrinos
become non-relativistic:

knr ≈ 0.018Ω1/2
m

( m

1eV

)1/2
hMpc−1 (3.8)

Ref. [85, 86] give an analytical function that also describes the scales in the
transition region of 3.7.

In terms of the splitting matter power spectrum, we do not need to use the
analytical equations above, since we first get the linear power spectrum from
Boltzmann code CAMB, and the scale-dependent part is taken into account
by numerical integration. We only need to include the factor that makes the
growth function source term excluding neutrinos. So 3.5 becomes:

G′′ +

(
4 +

H ′

H

)
G′ +

[
3 +

H ′

H
− 3

2
Ωm(z) (1 − fν)

]
G = 0, (3.9)

2https://github.com/miknab/EuclidEmulator2
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Figure 3.1: The different effects of geometry and growth parameters on power
spectrum. When changing one parameter, we keep the other at the value Ωm

at 0.3.

where fν =
Ων

Ωm

, and the rest of the Hubble parameter still contains the con-

tribution from massive neutrino, as in [86]. The same equation is also used in
Boltzmann code CLASS (and CAMB) to compute the growth function.

The methodology and data set selection aim to separate geometry and
growth is not unique. Apart from the growth split using similar methods we
adopted in this paper, there are other approaches that target different model
paradigms and redshift. For example, in [87], the authors do the splitting of
CMB from the source function, so different Ωgrowth

m would give a very different
CMB power spectrum, and thus constrains the growth parameter with CMB
information only. Also, they treat matter power spectrum to only depend on
growth parameters, which is very different from our splitting formalism, where
the shape of P (k) is determined by geometry parameters. Their method is
more like completely separating background geometry and standard pertur-
bation theory, while our approach focuses more on the late time structure
evolution. The method used in [88, 89] is similar to ours but uses parameter
split on the growth index γ, which is a single parameter that approximately
describes the growth history at low redshift.

Efforts to fully reconstruct the growth function G(z) were also explored
with both current data and future forecasts. In the DES-Y3 extensions to
ΛCDM paper[90], one model is binned σ8, i.e. floating σ8 with different redshift
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Figure 3.2: σ8 change under the split parameter change. The solid line shows
the change of growth and geometry parameter Ωm or w simultaneously, same as
in the unsplit case, whereas the dashed line is changing the growth parameter
only and keeping the geometry parameter the same. It can be seen that
the change of growth parameter Ωgrowth

m results in a smaller change of σ8(z),
whereas wgrowth gives a larger change compared with their geometry parameter
counterparts.

region, and they found a small deviation on the highest redshift bin (z ≈ 0.8).
The idea is similar in [91], but with reconstruction on the growth function
D(z) instead of σ8, and a forecast on 6x2pt with CMB lensing analyze this
method with synergies between the Nancy Grace Roman Space Telescope and
CMB lensing data [92]. However, the constraining power of current data does
not allow us to fully reconstruct the growth history of structures.

3.2.3 Effects of the Split

The result of the split matter power spectrum and consequently the σ8 are
shown in Fig. 3.1 and Fig. 3.2. The split formalism allows growth parameters
Ωgrowth

m and wgrowth to only control the late time evolution where large scale
structure evolves, namely how P (k, z) evolves with z, while Ωgeo

m changes the
matter power spectrum shape by Poisson equation:

k2Φ(k, z) = 4πGδρm, (3.10)

where Φ is the gravitational potential fluctuation. Thus the overall effect of
Ωgeo

m is a suppression on the large scale where P (k) ∝ k, and a boost on the
smaller scale, where weak lensing mainly probes. On the other hand, the
growth parameters only gives an overall scaling as to eq 3.6, until the non-
linearity breaks the scale-independent relation.
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Figure 3.3: Parameter derivative of 2PCF. The derivative is taken around the
fiducial value and approximated with 0.1% for all parameters. Both the data
and theoretical prediction shown above are after the standard scale cut and
using the Y3 modeling method.

The meta-parameter Ωgrowth
m and wgrowth affects the summary statistics

(data-vector) also through the intrinsic alignment (IA) model. This choice
is not unique, and in [49] we mainly follow the DES-Y1 analysis [74] and we
defer the comparison of choices to future investigation.

To show the effects of growth parameters on the 2PCF of 3x2pt, we calcu-
late the parameter derivative normalized with the variance. In fig 3.3, we plot
the change of 2PCF with respect to four parameters, inflationary parameters
As, ns, and geometry and growth Ωm. Here σ is defined to be the uncertainty
of the 2PCF at the angle (i.e. the square root of the diagonalized element of
the covariance matrix): σ2 ≡ Diag(Cov).

We do not further normalize here the derivative with the standard deviation
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of the parameter as in Obied et al. [93], due to the different constraining power
we have from the geometry priors.

The result reflects the change in the split matter power spectrum. The
change of primordial amplitude As gives an overall scaling, and the tilt param-
eter ns has a tiny but scale-dependent effect. The change of Ωgeo

m dominates all
2PCF. The growth parameter Ωgrowth

m gives similar scaling as As but the effects
are larger, as it changes directly the growth function G(z), and also controls
other effects such as intrinsic alignment. The plot also shows their relative
change along different redshifts, a direct reflection of fig 3.2. The difference
is larger when we change Ωgeo

m compared with Ωgrowth
m . Also, the behavior for

different redshift bins breaks the degeneracy between As and Ωgrowth
m , as the

parameter derivative of As is mostly the same for each redshift bin. Similar
effects also exist for cosmic shear ξ± and galaxy-galaxy lensing γ. This is
where our constraining power of growth parameters comes from using DES
weak lensing and clustering data.

3.3 Results with DES-Y1/Y3

In this section, we summarize the results of [49] and some future planned
analyses. The baseline conclusion is we find no inconsistency between geometry
and growth in cosmic shear analysis, and we attribute the tension in 2x2pt to
residual systematics in the DES-Y3 RedMagic galaxy sample rather than to
new physics. For a detailed discussion of the full results, see [49].

3.3.1 Baseline Results

LCDM Results

As the main probe target for most of the current and future LSS surveys, the
3x2pt is expected to give the most constraining power on the growth history of
the universe, as we show in the noiseless synthetic data vector [49]. As shown
in the left panel of fig 3.4, we find geometry and growth are consistent in both
Y1 and Y3 3x2pt data.

However, we notice some preference of lower Ωm in different combinations
of 2PCF for Y3 data specifically. As shown in the right panel of fig 3.4, except
cosmic shear + galaxy-galaxy lensing, other 2PCF combinations along with
cosmic shear only give a trend that Ωgrowth

m < Ωgeo
m . In the case of w(θ) + γt

(2x2pt), we find a slight tension that ∆Ωm < 0. The result is, however,
consistent in the Y3KP that redMaGiC lens samples 2x2pt gives a smaller
S8, as shown in figure 11 of Abbott et al. [6].
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Figure 3.4: Cosmological constraints on split ΛCDM. On the left is 3x2pt with
Y1 and Y3 data, and on the right is Y3 data with different combinations of
2PCF and cosmic shear only. The dashed grey line on each plot corresponds
to Ωgrowth

m = Ωgeo
m .

The combination of different priors on geometry information provides us
with information to break the degeneracy between constraints on growth in-
formation and the primordial power spectrum. As can be seen in most dashed
and dotted lines in figure 11 of [49], CMB gives a prior on the primordial pa-
rameter As and ns, while BAO+SN+BBN give priors on Ωgeo

m . In most cases,
the 2 sets of priors are consistent. For example, DES+BAO+SN+BBN gives
a large posterior on As and ns, allowing most of the information on these
two parameters to come from CMB. The only exception is Y3 2x2pt, where
DES+BAO+SN+BBN itself already gives a tight constraint on As and the
value is not in agreement with that given by CMB prior. This could be re-
lated to the fact that Y3 2x2pt itself prefers a lower growth today, since the
same likelihood with CMB prior that gives a higher As still prefers a lower
σsplit
8 and ωgrowth

m . On the other hand, the Y1 counterpart does not show the
same trend, and the 2x2pt combinations are more consistent with each other.

wCDM Results

The degeneracy between wgrowth and Ωgrowth
m can be seen from eq 3.5, or from

fig 3.2. In fact, most all of the previous studies on the growth geometry split
literature finds no constraining power in the wgrowth itself. We quantify this
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Figure 3.5: The cosmological constraints on wCDM. We also show the combi-
nation of the difference between growth and geometry, i.e. ∆w ≡ wgrowth−wgeo

and ∆Ωm ≡ Ωgrowth
m − Ωgeo

m

degeneracy with principal component analysis (PCA). PCA is commonly used
in data science to reduce the dimension of parameter space and to find the
best-constrained parameter combination. Based on our synthetic DES data
chains, we create a principal component and find the following combination
of ∆w ≡ wgrowth − wgeo and ∆Ωm ≡ Ωgrowth

m − Ωgeo
m is best constrained in our

growth split formalism:

PC1 = −0.7071∆w + 0.7071∆Ωm. (3.11)

The results are as expected since, intuitively, more matter or less dark
energy(dark energy being more phantom) produces more structure, and this
result confirms that the two parameters are positively correlated with the same
weights. Since the weight on the two parameters is the same, we just show the
combination −∆w + ∆Ωm in figure 13 of [49].

3.3.2 Tensions

To evaluate the tension, we use the parameter difference method [94, 95].
Given two chains θ1 and θ2 and their corresponding posteriors P1(θ1) and
P2(θ2) and begin by computing the difference between these two chains, de-
noted with ∆θ = θ1 − θ2. Using this difference chain we can write P2(θ2) =
P2(θ1 − ∆θ). By marginalizing over θ1, we get the parameter difference pos-
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terior

P(∆θ) =

∫
VΠ

P1(θ1)P2(θ1 − ∆θ)dθ1, (3.12)

where VΠ is the subset of the domain covered by the prior. As θ1 → θ2, the
means µ1 → µ2 thus µ → 0. Thus the volume of the regions with P(∆θ) >
P(0) approaches 0. We can approximate the tension using

∆ =

∫
P(∆θ)>P(0)

P(∆θ)d∆θ. (3.13)

This volume is interpreted as a probability of parameter shift, denoted ∆. If ∆
comes from a Gaussian distribution, the number of standard deviations from
0 is given by

nσ =
√

2Erf−1(∆) (3.14)

To estimate the posterior, we use Masked Autoregressive Flows (MAFs)
[94, 96]. The flow is generated by a series of Masked Autoencoders for Density
Estimation (MADEs). Each made receives a masked input

x1:i−1 = (x1, . . . , xi−1, 0, . . . , 0) (3.15)

and the resulting point is given by

yi = T (x1:i−1) + S(x1:i−1)xi (3.16)

where T and S are invertible functions parameterized by neural networks. The
loss function is the negative log probability of y from a Gaussian. Due to the
autoregressive property, the Jacobian is triangular and thus the determinant
is tractable to compute even for a large number of dimensions. Thus we can
estimate the posterior as a reparameterization of a Gaussian and thus find the
log probablity of arbitrary points.

Before training the neural network, we follow the implementation in [94] to
apply a linear transformation to ∆θ given from the Gaussian approximation
for P(∆θ)

∆θ′ = C−1(∆θ − µ) (3.17)

with C the covariance and µ the mean of P(∆θ). This enhances the conver-
gence rate of the gradient descent in the neural networks.

To compute the integral in eq. 3.13 we use Monte Carlo integration. Using
the MAF we randomly sample from the posterior and calculate the log proba-
bility. The fraction of generated points that land in the region P(∆θ) > P(0)
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Figure 3.6: Internal Tension of split LCDM cosmology under DES-Y1/Y3 with
different geometry priors.

are counted. The estimate of the error is given by the Clopper-Pearson interval
for a binomial distribution.

The reported tension nσ is summarized in Fig 3.6. As can be seen from the
color bar, only the Y3 2x2pt with BAO+SNIa+BBN prior is in tension with
other data set combinations.

3.4 Discussion

In a work under preparation, we investigate the limit of this growth geometry
splitting formalism with an LSST-Y1-like survey. We forecast the difference
in constraining power between cosmic shear and 3x2pt. We also show the
mapping between a generalized w(z) function and the meta-parameter split
of Ωm and Ωm + w. The key question we are trying to answer is as follows:
the formalism is designed to test any breakdown between geometry-growth
relation (or the breakdown of GR and smooth dark energy), but such a split
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is performed only under a constant equation of state. Would this split give
Geometry ̸= Growth if the cosmology has a very general equation of state?
As we would show, if the DE EoS follows w0 − wa, such formalism picks up
inconsistency only if the dark energy model is non-smooth (e.g. anisotropic
stress). However, if the background evolution is generalized to binned w,
the formalism fails to tell if Geometry ̸= Growth is from the change of the
background or other physics.

That question aside, there are still some interesting points that we would
like to study with current DES-Y3 data in the near future. We summarize
some of the possibilities below:

Priors and external data: we have demonstrated the importance of
restricting the primordial power spectrum parameters with external CMB
data. Expanding the allowed range on the CMB temperature and polariza-
tion power spectra without adding CMB lensing information that constrains
growth parameters will demand either the implementation of either delensing
techniques [97, 98] or marginalization over lensing principal component param-
eters [99]. Of course, we won’t need these calculations when combining DES-
Y3 3x2pt with CMB lensing in the so-called 6x2pt multi-probe analysis. The
wCDM split would also benefit from extra information on wgeo from the ob-
served DES Type IA supernova included in the new Phanteon+ sample [65].
DES-Y3 constraints on growth parameters in wCDM split are severely prior
limited; overcoming that will also require additional information on large-scale
structure evolution. We also plan to implement the growth-geometry split in
the galaxy two-point functions in the SDSS BOSS survey via Lagrangian per-
turbation theory [100].

Small scales: we have adopted standard DES-Y1 and DES-Y3 scale cuts in
this analysis, following the DES collaboration leading papers; however, DES
has once explored methods to add small-scale data in both Cosmic Shear and
2x2pt two-point correlation functions [40, 101]. The infrastructure for such
an increase in the number of data points adopted in a growth-geometry study
is present in CosmoLike. Current quadratic bias can model the 2x2pt data
vector up to kmax ≈ 0.3 h/Mpc, and newly developed hybrid effect field theory
approaches could expand the range of applicability even more to kmax ≈ 0.7
h/Mpc [102]. We first plan to expand 2x2pt towards smaller scales using Halo
Occupation Distribution [39, 103, 104].

Lens galaxy samples: the highest priority follow-up study involves an in-
depth comparison between RedMagic and MagLim lensing galaxy samples.
The RedMagic induced behavior on the DES-Y3 2x2pt correlation function
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is likely responsible for the observed shifts in the growth parameters towards
∆Ωm ̸= 0 in ΛCDM and ∆Ωm−∆w ̸= 0 in wCDM splits. The cross-correlation
between 2x2pt and cosmic shear considerably minimizes these shifts, which jus-
tified our choice of fixing Xlens = 1. However, the question of how the split
parameters correlate with Xlens is unanswered. We also plan to add one Xlens

per redshift bin and include the highest MagLim bins 5 and 6 not incorpo-
rated in the DES fiducial analysis. Finally, there have been recent a-posteriori,
data-driven changes to RedMagic lens sample. We plan to investigate how
post-blinding changes in the DES-Y3 pipeline and data products affect the
split parameters [40].

Additional cross-correlations: we plan to combine DES-Y1 and KiDS-1000
cosmic shear data to improve its constraints. This is an important cross-check
against DES-Y3 as the RedMagic lens sample seems better behaved on DES-
Y1 [105, 106]. The absence of overlapping sky between KiDS-1000 and DES-Y1
greatly simplifies the analysis, dispensing the need for cross-covariances. We
intend to employ the cross-correlation between DES-Y1 and DES-Y3 3x2pt
against Planck and ACT lensing data. We also plan to add in the DES-Y1
cross-correlation between cluster positions and galaxy shapes and positions.
We also plan to add the cluster position autocorrelation and number counts.
The DES collaboration already studied the introduction of these 2PCF using
CosmoLike infrastructure [107].

These improvements are part of an ambitious research effort involving con-
straining the growth geometry split parameters with state-of-the-art weak
lensing and galaxy clustering data. They are also the backbone infrastruc-
ture work for the final DES-Y6 release, emphasizing theories that have not
been assessed in DES-Y3 analysis on extended cosmological models [90]. The
Cobaya-Cosmolike Architecture contains several adaptations that solved
critical problems that halted past DES progress in constraining many-parameter
extensions to ΛCDM, the need for faster pipelines without losing modeling
generality being the primary one.

The many single and multi-core optimizations we implemented in Cos-
moLike allowed us to study the growth-geometry split without employing
the Multinest [108] and Polychord [109] nested sampling methods that require
hundreds of CPU cores to provide results in a reasonable time. We explored
multiple external data set combinations and redid the DES-Y1 official analy-
sis [74] with several improvements, including adopting the latest Planck 2018
CMB data, the non-limber calculation on large-scale galaxy clustering and the
full-sky computation of the two-point real 3x2pt correlation functions. There
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is still much work to be done in probing exotic models with the current gen-
eration of observatories. This manuscript is a step towards a comprehensive
beyond ΛCDM research that fully employs the information available in the
DES-Y1 and DES-Y3 data.
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Chapter 4

Models of Dark Energy I: Fluids

4.1 Problems of ΛCDM

The standard ΛCDM model describes the current data extremely well. The
model uses the cosmological constant Λ to account for the current accelerat-
ing expansion of the Universe. However, there are two ”problems” with the
cosmological constant explanation:

• Fine-tuning [13]: we do not have an explanation of why the cosmological
constant is such small.

• Coincidence problem: the initial condition for what we observed today
is extremely constrained. Why the dark energy and dark matter energy
density is so similar today? This question is not natural without an
anthropic argument [110].

To see the fine-tuning problem, let us do some crude estimation. The order
of the energy density as observed today is:

ρΛ ≈
Λm2

pl

8π
≈
H2

0m
2
pl

8π
≈ 10−47GeV4 ≈ 10−123m4

pl, (4.1)

However, the typical vacuum energy of a field theory of mass m valid up to a
cut-off scale kmax ≫ m is

ρvac =

∫ kmax

0

4πk2 dk

(2π)3
1

2

√
k2 +m2 ≈ k4max

16π2
. (4.2)

If the cut-off scale is Planck scale mpl, then:

ρvac ≃ 1074GeV4, (4.3)
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which is 121 orders of magnitude larger than the observed value! Remind the
readers that the hierarchy problem in the particle physics community often
refers to the question of why electro-weak force is 1024 times stronger than
gravity. A problem of even 100 orders more severe sounds a bit hopeless.

Both problems can only be partially solved by including the dynamics of the
”Dark Energy” component. For example, in the tracker quintessence model,
an attractor causes the energy density to track the equation of state (EoS)
so that the evolution is insensitive to the initial energy density. However, it
does require fine-tuning to make sure the dark energy component overtakes
the matter component at the present time [111].

The quintessence model is very interesting in the sense that there are vari-
ous kinds of potentials (freezing, thawing) motivated by particle physics. Some
of them can solve the problem in the ΛCDM model and provide guidance for
future observation.

However, the EoS of quintessence cannot go cross −1. It would be inter-
esting to study the case where the EoS can be smaller than −1. Although this
would violate the weak energy condition, a stable model is not impossible to
construct [112]. It is also important to study this case because the data now
actually favors w < −1. In fact, the parameter fitting from Planck 2013 data
favors a less than -1 value of w, but the new 2018 result does not. On the other
hand, the SNIa data do favor a smaller value of Ωm in ΛCDM model, and this
tension can be relieved by faster fall away than the cosmological constant, i.e.,
w < −1.

In any case, we should keep an open mind to studying dark energy models
beyond vacuum energy.

4.2 Eulerian Perturbation Theory

In this section, we briefly introduce the Eulerian Perturbation Theory, the
cornerstone of modern cosmology. We only discuss the basics of metric per-
turbation, Boltzmann equation/fluid equations, and the simple case of cold
dark matter. For a nice review, see [55]. We do not discuss the interesting
behaviors of photons and recombination. Although in the time of 2020s two
Boltzmann codes CAMB [113, 114] and CLASS [115] largely do the hard work
for us, it would still be beneficial to understand some intuitive relations be-
tween perturbation theory predictions to the observables like CMB. See [54]
for a review.

Most of these discussions, including this section, focus on two gauges: Syn-
chronous gauge, and Newtonian gauge. The synchronous gauge is favored in
the Boltzmann code due to its numerical stability (it would not require a large
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number divided by a tiny number). The Newtonian gauge, on the other hand,
does not have off-diagonal terms and could be easier when working with exten-
sion models. Transforming back and forth between two gauges while focusing
on gauge-invariant terms is extremely useful. A general gauge transforma-
tion and other non-standard assumptions can also be very useful for extension
models. The PPF formalism discussed in Sec. 4.3.1, for example, relies on
another gauge. For a more in-depth review, see [116]. The lecture notes by
Wayne Hu 1 are also good resources for both introduction and more advanced
explanation.

4.2.1 Metric Perturbation

A perturbative FLRW metric is:

ds2 = a2(τ)
{
−(1 + 2A)dτ 2 − 2Bidτdx

i + [(1 − 2D)δij + 2Eij] dx
idxj

}
(4.4)

where the space-space component is separated into trace part D and the trace-
less component Eij.

The total degree of freedom is 1+3+1+5 = 10. But four of them correspond
to the choice of (τ, xi) is arbitrary. Thus, one can remove four degrees of
freedom by specifying some of the quantities to be zero. The procedure is called
gauge choice, exactly like the case in Electrodynamics. Below we introduce
two commonly used gauges.

The conformal Newtonian gauge (longitudinal gauge), or simply Newtonian
gauge, is chosen such that the time-space component vanished:

ds2 = a2(τ)
{
−(1 + 2ψ)dτ 2 + (1 − 2ϕ)dxidxi

}
, (4.5)

where we follow the notation of [55]. Other notations might have ψ = Ψ and
ϕ = −Φ, with a minus sign on the special part. Note that the Newtonian
case is restricted to the scalar mode by construction. That is why it only has
2 degrees of freedom instead of 6. The general form with vector and tensor
degrees of freedom is called the Poisson gauge.

Synchronous gauge, as the name suggests, has a time slicing such that:

ds2 = a2(τ)
{
−dτ 2 + (δij + hij) dx

idxj
}

(4.6)

where hij is a general metric perturbation that we can decompose into scalar,
vector, and tensor modes. We shall only focus on the scalar modes in Fourier

1http://background.uchicago.edu/ whu/
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space, where we define:

hij(x, τ) =

∫
d3keik·x

{
k̂ik̂jh(k, τ) +

(
k̂ik̂j −

1

3
δij

)
6η(k, τ)

}
, k = kk̂

(4.7)
The problem with the synchronous gauge is that the initial condition hypersur-
face is arbitrary, which gives a residual degree of freedom. Usually, we follow
an observer in the comoving frame of cold dark matter and set the initial
velocity of the observable to zero.

The gauge transform follows the usual procedure, we write down the general
coordinate transform and impose the invariance of the line element. We omit
the detailed calculation which can be found in [55]. The result in k−space is:

ψ(k, τ) =
1

2k2

{
ḧ(k, τ) + 6η̈(k, τ) +

ȧ

a
[ḣ(k, τ) + 6η̇(k, τ)]

}
ϕ(k, τ) = η(k, τ) − 1

2k2
ȧ

a
[ḣ(k, τ) + 6η̇(k, τ)].

(4.8)

4.2.2 Einstein Equation and Perfect Fluids

We present here the fluid equations in synchronous gauge. Firstly, after spec-
ifying the metric, the Einstein equation for each component gives:

k2η − 1

2

ȧ

a
ḣ = 4πGa2δT 0

0 (Syn),

k2η̇ = 4πGa2(ρ̄+ P̄ )θ(Syn),

ḧ+ 2
ȧ

a
ḣ− 2k2η = −8πGa2δT ii (Syn),

ḧ+ 6η̈ + 2
ȧ

a
(ḣ+ 6η̇) − 2k2η = −24πGa2(ρ̄+ P̄ )σ(Syn).

(4.9)

where we define the velocity dispersion and anisotropic stress (shear term of
the energy-momentum tensor) as:

(ρ̄+ P̄ )θ ≡ ikjδT 0
j , (ρ̄+ P̄ )σ ≡ −

(
k̂ik̂j −

1

3
δij

)
Σi
j, (4.10)

where T ij = (P̄ + δP )δij + Σi
j. Note that the shear term is related to Π used in

section 4.3.1 with σ = 2ΠP̄ /3(ρ̄+ P̄ ), or:

σ =
2

3

P̄Π

(1 + w)ρ̄
≡ 2

3

ρ̄π

(1 + w)ρ̄
, (4.11)
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where the latter π is a different definition thourgh PΠ = ρπ that is used in
CAMB-fluid module.

For a perfect fluid, the energy-momentum tensor has the form:

T µν = Pgµν + (ρ+ P )UµUν , (4.12)

where Uµ is the four-velocity and the three-velocity related to θ = ikjvj. Then
the conservation equation of the perturbed part, as a result of the Einstein
equation, gives the fluid equations:

δ̇ = −(1 + w)

(
θ +

ḣ

2

)
− 3

ȧ

a

(
δP

δρ
− w

)
δ,

θ̇ = − ȧ
a

(1 − 3w)θ − ẇ

1 + w
θ +

δP/δρ

1 + w
k2δ − k2σ,

(4.13)

where the perturbation of pressure is usually set via effective sound speed:

c2s =
δP

δρ
. (4.14)

Since we did not assume any property for the fluid, being whether dust or
radiation, this equation holds for all components (under the assumption of
GR).

In the special case of cold dark matter, the fluid equation 4.13 for density
and velocity perturbations is a closed system. In synchronous gauge where
we use CDM itself to remove the residual degrees of freedom, the evolution of
CDM is reduced to one single equation:

δ̇c = −1

2
ḣ (4.15)

this simple solution, however, only exists because of the assumption that dark
matter is cold.

4.2.3 Distribution Function and Phase Space

Let us consider a universe composed of CDM, baryon, neutrino, and photon.
We have four sets of fluid equations 4.13 plus two independent Einstein equa-
tions 4.9 (since we used energy conservation to get fluid equations, only two of
the four of them are independent). But since neutrino and photon have non-
vanishing shear components, we have 12 parameters to solve, That is even
before considering the collision terms between photon and baryon. Thus, we
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need more equations to describe the system. Fortunately, we do know the
distribution function at the zeroth order (Fermi-Dirac for fermion and Bose-
Einstein for boson), and the Boltzmann equation provides a link of the collision
terms.

The distribution function in phase space is defined such that f(x,p)d3xd3p
is the probability that there exists a particle in the infinitesimal phase space
volume d3xd3p. For point particles, the distribution function can be written
as:

f(x,p) =
∑
n

δ(3) (x− xn) δ(3) (p−mavn) (4.16)

For photons and neutrinos at first order

f0 = f0(ϵ) =
gs
h3P

1

eϵ/kBT0 ± 1
(4.17)

where ϵ = a (p2 +m2)
1/2

= (P 2 + a2m2)
1/2

, and T0 the temperature today.
The energy-momentum tensor, in any metric and gauge specification, is

defined as:

Tµν =

∫
dP1dP2dP3(−g)−1/2PµPν

P 0
f
(
xi, Pj, τ

)
(4.18)

and thus it integrates into the mass density, momentum density, and kinetic
tensor as:

ρ(x, t) =
m

a3

∫
d3pf(x,p),

πi(x, t) =
1

a4

∫
d3ppif(x,p),

σij(x, t) =
1

ma5

∫
d3ppipjf(x,p).

(4.19)

The Boltzmann equation with a collision term gives:

Df

dτ
=
∂f

∂τ
+
dxi

dτ

∂f

∂xi
+
dq

dτ

∂f

∂q
+
dni
dτ

∂f

∂ni
=

(
∂f

∂τ

)
C

, (4.20)

with qj ≡ apj. The only part that we need to calculate is the dq/dτ term,
which is simple in the synchronous gauge. From the geodesic equation:

dP 0

dλ
+ Γ0

αβP
αP β = 0. (4.21)

we have:
dq

dτ
= −1

2
qḣijninj (4.22)
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The Boltzmann equation is thus:

∂f

∂τ
+ i

q

ϵ
(k · n̂)f +

d ln f

d ln q

[
η̇ − ḣ+ 6η̇

2
(k̂ · n̂)2

]
=

(
∂f

∂τ

)
C

. (4.23)

Note that we have mixed metric perturbation and distribution function pertur-
bation here. The f(x, p, t) can be perturbed, and we can separate the zeroth
order and first-order terms.

Equation 4.23 can also be derived using canonical variables, which is sim-
pler in the Newtonian gauge. The geodesic equation is a bit more complicated
due to non-zero 00 terms. We summarize the result below and kindly leave it
as an exercise for the reader (for reference, see [25] ):

∂f

∂t
+
p̂i

a

∂f

∂xi
− p

∂f

∂p

[
H +

∂ϕ

∂t
− p̂i

a

∂ψ

∂xi

]
=

(
∂f

∂τ

)
C

. (4.24)

The phase space analysis is not very relevant in the context of this thesis
(CDM). It is, however, very useful for photons and neutrinos (see [55]) and nec-
essary for Effective Field Theory of Large Scale Structure (EFTofLSS) [117],
or in general, any calculation going to loop order.

4.3 Dark Energy as a Non-Smooth Fluid

4.3.1 Anisotropic Stress of Dark Energy

In this section, we discuss two ways of studying late-time dark energy anisotropic
stress. The first one involves PPF formalism, and the latter is a direct fluid
description.

PPF Formalism and Effective Anisotropic Stress

The Post-Friedmann Framework(PPF) is often used to study dark energy per-
turbations when the equation of state w = −1 (crossing the phantom divide)
[118]. In the usual framework, a fluid obeys the conservation equation:

u′ = (3w − 1)u+ kH
δp

ρ
+ (1 + w) kHA, (4.25)

where prime is the derivative with respect to ln a, w = ρ/p the equation of
state, kH = k/aH. A denotes the gravitational potential in any gauge, and u
the velocity such that T 0

i ≡ (ρu)i. A divergence appears in the relative fluid

45



velocity v = u/(1 + w) when w = −1. More generally, w = −1 will result in
instability of perturbation evolution [119].

While certain two-field models are possible for dark energy to go cross the
phantom divide [119], the PPF formalism provides a way that keeps the micro-
structure as in fluid description, which enables us to study properties that
vanished in the scalar field, such as anisotropic stress. As detailed in [120], a
general minimal coupled dark energy model requires two closure relations: one
gives anisotropic stress and another relates pressure perturbation and density
of dark energy itself.

The PPF formalism replaces the second closure relation with the relation
between pressure perturbation of fluid dark energy and density of matter(or
all the components other than dark energy) on large scale. It is possible to
do this by noticing the real degrees of freedom of dark energy is the transition
scale such that well below and above this scale dark energy fluid is smooth.
The small-scale perturbation is given by an effective sound speed cΓ.

The PPF formalism is motivated by the Einstein equation:

k2Φ = 4πGa2
∑
a

(
δρa + 3Ha (ρa + Pa)

θa
k2

)
k2(Φ + Ψ) = −8πGa2

∑
a

PaΠa

(4.26)

where θ is the divergence of velocity θ = ikivi, and Π the scalar part of

anisotropic stress Π = −3
2

(
kikj
k2

− 1
3
δij

)
Πij.

The usual µ and σ formalism in studying modified gravity has a correspon-
dence in these equations. Combining the above equations gives the generalized
Poisson equation:

k2(Φ − Ψ) = 4πGa2
(
δρrestT + δρrestde + PdeΠde + PTΠT

)
(4.27)

where the subscript T stands for components other than dark energy.
To introduce the alternative closure relation as described above, one can

introduce two functions on large-scale and small-scale limits:

4πG

H2
(ρde + Pde)

θde − θT
kH

= −1

3
kHθTfζ(a) (kH ≪ 1)

Φ− =
4πGa2

k2
δρrestT + PTΠT

1 + fG
(kH ≫ 1); Φ− ≡ Φ − Ψ

2

(4.28)

and a dynamical parameter that interpolates between the two limits:
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Γ = −4πGa2

k2
(
δρrestde + PdeΠde

)
(4.29)

As described above, this parameter describes the anisotropic stress of dark
energy as the first closure relation:

k2 (Φ− + Γ) = 4πGa2
(
δρrestT + PTΠT

)
(4.30)

To satisfy the scale limit relation 4.28, Γ follows the evolution equation:(
1 + c2Γk

2
H

) [
Γ′ + Γ + c2Γk

2
H (Γ − fGΦ−)

]
= S (4.31)

where:

S =
g′ − 2g

g + 1
Φ− +

4πG

(g + 1)k2
(g
[
(PTΠT )′ + PTΠT

]
− [(g + fζ + gfζ) (ρT + PT ) − (ρde + Pde)]

θT
H

)

(4.32)

and g =
Φ − Ψ

Φ + Ψ
, and ′ denotes the derivative with respect to ln a.

There are three functions that need to be specified in this formalism. fG
describes the evolution of the gravitational constant, which in our case is
usually 0. fξ describes the large-scale behavior and g describes the anisotropy
of the fluid.

Both of the functions g(a, k) and fξ(a, k) as a function of time and scale
can be derived from the first principal, such as f(R) gravity.

Here we study a phenomenological model such that g → 0 at small scales
and become scale independent on large-scale:

g(a, k) =
gSH(a)

1 + (cgkH)2
(4.33)

where the superhorizon gSH evolves as:

gSH(a) = g0 a
1.5. (4.34)

As shown in [121], fξ does not affect anisotropic stress very much, and we take
it to be the same as superhorizon fξ = gSH .

In this formalism of effective anisotropic stress using PPF, there are then
two free parameters: g0 that describes the anisotropic stress today, and cg
the scale when the anisotropic stress vanishes. It is worth noticing that this
formalism is not unique. In fact, the PPF formalism above is not unique, but
the evolution equations and the relations to the perturbations in the absence
of g(a, k) are implemented in the public version of CAMB/CLASS.
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Apart from PPF formalism, we also implemented a fluid description as
in [122]:

πde ≡ eπa
n∆m (4.35)

with ∆ = δ + 3H(1 + w)v/k the perturbation in the comoving gauge. The
drawback of this description is that it cannot have w = −1. However, taking
the limit w → −1 is a good approximation.

Most of the current constraints rely on CMB [122, 123]. The anisotropic
stress of dark energy gives an extra ISW effect with positive g(a, k), specifically:

−k2ISWstress =8πGa2
∑
A

pAΠ̇A − 8πGaH

[
4
∑
A

pAΠA

+
∑
A

(3ρA − pA) ΠA −
∑
A

d lnwA
d ln a

pAΠA

]
.

(4.36)

4.3.2 Modifications to the 2PCF in Galaxy Shear and
Overdensity

With anisotropic stress of dark energy, the 2PCF used in the usual 3x2 analysis
need to be modified to the extra distortion that light experience on the way
from the source to the observer. As explained in Sec. 2.1, the transverse
displacement of a source at χθi follows from the geodesic equation:

d2

dχ2
(χθi) = Φ,i − Ψ,i (4.37)

without assuming no anisotropic stress in the late universe Φ + Ψ = 0. From
here, the Limber approximation still holds, which gives the angular power
spectrum for cosmic shear as:

Cij
κκ(ℓ) =

∫
dz
H(z)

χ2(z)
qiκ(z)qjκ(z)PWW

(
l + 1/2

χ(z)
, z

)
, (4.38)

which reduces to the usual form of the matter power spectrum in the absence
of anisotropic stress via the Poisson equation. Notice that our definition of
PWW(k, z) is not really the correlation between Weyl potential, but the rescaled
with the k2 and time dependant factor in the Poisson equation, namely:

PWW(k, z) = ⟨Φ−H
2k2H

8πG
,
Φ−H

2k2H
8πG

⟩. (4.39)

Similarly defined is also the angular power spectrum of cosmic shear and
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Figure 4.1: The power spectrum of Wely-Wely and matter-matter under
LCDM and PPF-anisotropic-stress model.

galaxy over density:

Cij
κδg

(ℓ) =

∫
dz
H(z)

χ2(z)
qiκ(z)qjδg(z)PWM

(
l + 1/2

χ(z)
, z

)
, (4.40)

with the power spectrum between the rescaled Weyl potential and matter
over density PWM. The angular power spectrum of galaxy clustering is not
modified, as it does not evolve the travel of light. The cosmic shear with
Intrinsic Alignment also follows this discussion. The observed shear of the
galaxy is the sum of light distortion and IA: ⟨ϵ+ I, ϵ+ I⟩. The matter power
spectrum of the term. ⟨ϵ, ϵ⟩ is replaced with PWW, and the matter power
spectrum in the cross term is replaced with PWM. This is consistent with the
(µ, σ) or (µ, η) parameterization of modified gravity [124].

Figure 4.1 shows the Weyl-Weyl and matter-matter under LCDM and PPF-
anisotropic-stress model as discussed above. As can be seen from the figure,
under LCDM, there is no difference between the matter and Weyl power spec-
trum. However, when an anisotropic stress term is present, it does not only
change the total power spectrum as an effective sound speed, but it also creates
the difference between Weyl and matter. Since this is not the scale that weak
lensing survey mainly probes, the difference between using Weyl and mat-
ter is small. The choices above is consistent with DES-Y3 extension model
analysis [90].
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Chapter 5

Models of Dark Energy II:
Scalars

5.1 Basics: A general scalar field

The discussion of this section follows mainly with [15, 125], with an effort to
follow the notations close to recent literature.

We start with a general scalar field, which is sometimes referred to k-essence
following the k-inflation theories. It reduced to the usual quintessence when
the kinetic term vanishes. The advantage of k-essence dynamics over a tracker
quintessence model is that it doesn’t require a fine-tuning of initial conditions
or mass parameters in some specific cases.

The action of a general scalar field is:

S =

∫
d4x

√−g
[

1

2κ2
R + P (ϕ,X)

]
+ Sm, (5.1)

where X ≡ ϕ̇2/2, Sm is the matter action, and R is the Ricci scalar. This
action is a subset of the Hordeski Theory [126, 127].

P (ϕ,X) represents the scalar field, which is reduced to the canonical case
(quintessence) if it takes the form:

P (ϕ,X) =
1

2
ϕ̇2 − V (ϕ). (5.2)

There are various models with different kinds of P (ϕ,X). An incomplete
summary of models is presented in Table. 5.1.

There are a lot of other k-essence models. For example, in [128] there’s a
discussion of the purely kinetic model with P = F (X).
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Name of Model Form of P
Low energy effective String K(ϕ)X + L(ϕ)X2

Ghost Condensate −X + eκλϕX2/M4

Tachyon field −V (ϕ)
√
− det (gµν + ∂µϕ∂νϕ)

Dirac–Born–Infeld (DBI) −f(ϕ)−1
√

1 − 2f(ϕ)X + f(ϕ)−1 − V (ϕ)

Table 5.1: An incomplete summary of k-essence models.

For any general k-essence model, the field equation is given by the ac-
tion 5.1:

Rµν −
1

2
gµνR = κ2

(
∂P (ϕ,X)

∂X
∇µϕ∇νϕ+ P (ϕ,X)gµν + T other

µν

)
, (5.3)

from which we can read the energy density and pressure as:

ρϕ = 2X
∂P

∂X
− P,

pϕ = P (ϕ,X).
(5.4)

For any general k-essence model, the extrema of P (ϕ,X) with respect to
X has an EoS same as the cosmological constant: ρ+p = 2X∂p/∂X = 0. The
Friedman equations are:

H2 =
κ2

3
(ρB + ρϕ) =

κ2

3

(
ρB + 2X

∂p

∂X
− p

)
ä = −κ

2

6
(ρB + 3pB + ρϕ + 3pϕ) ,

ρ̇B = −3H (1 + wB) ρB

0 = ϕ̈

(
∂p

∂X
+ ϕ̇2 ∂

2p

∂X2

)
+ 3H

∂p

∂X
ϕ̇+

∂2p

∂X∂ϕ
ϕ̇2 − ∂p

∂ϕ

(5.5)

where the subindex B denotes the background. One can check that the appro-
priate choice of action reduces the equations to the quintessence case.

For the convenience of coding, we also use this form of the Klein-Gordon
Equation:

(P,X +
P,XXϕ

′2

a2
)ϕ′′ + 2Hϕ′ + (P,Xϕ −

Hϕ′

a2
)ϕ′2 − a2P,ϕ = 0, (5.6)

where the prime denotes derivatives with respect to the conformal time.
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5.1.1 Separable Lagrangian

There exists a lot of literature discussing the behavior of a separable La-
grangian P (ϕ,X) = V (ϕ)F (X). The dynamics of the field and attractor
properties are discussed in [15]. For P = V (ϕ)F (X), the EoS is:

wϕ =
F

2XFX − F
(5.7)

where we used pϕ = P , and ρϕ = V (ϕ) [2XF,X − F ]. The sound speed is
defined as following [129]:

c2s ≡
(∂p/∂X)

(∂ρ/∂X)
=

F,X
F,X + 2XF,XX

(5.8)

Notice that the sound speed here is different from the sound speed defined
in eq 68 of [55]. The sound speed here appears as the coefficient of k2/a2.

5.1.2 Field Redefinition

It is very useful to do the following field redefinition for a general action of
form P = K(ϕ)X + L(ϕ)X2 to:

ϕnew =

∫ ϕold

dϕ
L(ϕ)1/2

|K(ϕ)|1/2 (5.9)

where ϕ ≡ ϕnew , X ≡ Xnew = (L/|K|)Xold , and f(ϕ) ≡ K2 (ϕold ) /L (ϕold ).
Which then gives:

p = f(ϕ)
(
−X +X2

)
ρ = 2X

∂p

∂X
− p = f(ϕ)

(
−X + 3X2

) (5.10)

In this way, we can use Eq. 5.10 to analyze a range of general models, and
it’s easier both in coding and phase space analysis. For example, we can rewrite
the diatonic ghost field P = −X + c1e

λϕX2 to P = c2e
−λϕ(−X + X2). Thus,

the scalars of this form also follow our discussion of the separable Lagrangian.

5.2 Properties of k-essence

We discuss in this section the stability condition of a k-essence field, which
leads to the requirement of building an attractor model. We provide dilatonic
ghost field as an example.
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5.2.1 Stability

It is useful to define F (X) = g(y)/y, with y = X−1/2. Thus, in terms of the
new variable y:

wϕ = − g(y)

yg′(y)
, c2s =

g(y) − yg′(y)

y2g′′(y)
(5.11)

The positivity of energy density requires [2XF,X − F ] > 0, or:

−g′ > 0 (5.12)

The stability only requires c2s > 0 in classical fluctuations. However, we
require both the numerator and the denominator to be positive for the stability
of quantum fluctuations [112]:

y3g′′ > 0

g(y) − yg′(y) > 0
(5.13)

Causality also requires the sound speed to be less than 1:

g(y) − yg′(y) ≤ y2g′′(y) (5.14)

More discussions need to be made for whether a superluminal propagation
would break causality structure or not [130].

5.2.2 Attractors

The tracker field [131] is an idea to solve the coincidence problem by which the
dark energy field follows the energy density of other components. The tracker
field often has an attractor-like solution to allow the scalar field to have a
wide range of initial conditions. Note that this is not the only solution to the
coincidence problem or fine-tuning problem. We present here the conditions
in the case of the k-essence field.

Conditions for an Attractor

The conservation law (the third equation in eq 5.5) in terms of variable y is:

dy

dN
=

3

2

(wϕ(y) − 1)

r′(y)

[
r(y) + σ

K,ϕ

2K3/2

√
ρϕ
ρtot

]
, (5.15)

where

r(y) ≡
(
−9

8
g′
)1/2

y (1 + wϕ) =
3

2
√

2

(g − g′y)√−g′ . (5.16)
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and σ ≡ sign(dφ/dN).
For a tracking solution of the matter-dominated era, we require:

wϕ(y) = − g

yg′ = wm, (5.17)

and we see from Eq. 5.15 that we should have P = g(y)/ϕ2y as a scaling
solution for the matter-dominated era.

In this case, the evolution equation 5.15 reduced to:

dy

dN
=

2
√

−6g′(y)

yg′′(y)

[
r(y) −

√
Ωϕ

]
dΩϕ

dN
= 3Ωϕ (1 − Ωϕ) (wrm − wϕ)

dwrm
dN

= wrm (3wrm − 1)

(5.18)

where:

r(y) ≡
√

6

4

g(y) − yg′(y)√
−g′(y)

, Ωϕ ≡
ρϕ

3H2
, wrm ≡ ρr

3 (ρr + ρm)
(5.19)

In order to find the attractors, let us expand the field derivative and energy
density with perturbations: y(N) = ym + δy, and Ω(N) = Ωm + δΩ. Substi-
tuting into first two equations of 5.18 and take derivative gives:

d2δy

dN2
+

3

2
(1 − wm)

dδy

dN
+

9

2

(
1 − r2m

)
(1 + wm)

(
c2S − wm

)
δy = 0 (5.20)

where the index ”m” denotes the evaluation at ym.
This second-order differential equation has two exponential solutions. It’s

easy to see the condition for both solutions to be exponentially decay given
|wm| < 1 is:

c2s =
g(y) − yg′(y)

y2g′′(y)
> wm (5.21)

So an attractor can be easily made by imposing a small second derivative of
g(y).

Trackers and Fixed point

In this section, we assume the action of the form P = g(y)/ϕ2y
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A. Radiation Era

Similar to the scaling solution of the matter-dominated era, for radiation
tracker wϕ = wrm = 1/3, we have:

yrg
′ (yr) = −3g (yr) , (5.22)

and Ωϕ(yr) = r2(yr) < 0.045 from BBN bound. The bound is constrained
well as detailed in 2.3.3. If the energy density is too much smaller, then there
would not be enough DE at the onset of the matter-dominated era, and DE
would not overtake matter today.

B. Matter Era

The calculation can be similarly carried to the matter-dominated era. We omit
the calculation procedure and summarize the conclusions below. For details,
see Ref. [15].

There are two kinds of fixed points in this model:

• de Sitter Fixed Point: wrm = 0, and Ωϕ = r2(ym) ≈ 0, which gives
wϕ = −1

• Dust Fixed Point: wrm = wϕ = 0, but Ωϕ(ym) ̸= 0.

C. Acceleration Era

There exists a k-essence acceleration attractor that the equation will finally
reach: wrm = 0, and −1 < wϕ < 1, and Ωϕ(yk) ≈ 1

In general, if r(y0) > 1 for some y0 so there exits an attractor such at
r(yS) = 0 (also called the S-attractor). Due to continuity of r(y), there exits
a k-attractor yk such that y0 < yk < yS.

5.2.3 Dilatonic Ghost Condensate: A Example

The phase space analysis of dilatonic ghost field in CLASS units 1 is easier
by defining the following combinations:

x1 =
ϕ′

√
2aH

, x2 =
eλϕϕ′2c1
2a2H2

0

, x3 =

√
ρr

H
(5.23)

1CLASS adopts a non-standard unit system such that H2 =
∑

ρCLASS. This definition
makes the density to be 1/3 of the physical density, and thus some terms in the field equations
differ by a factor. One should pay extra attention when implementing the equations to
CLASS.
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The fixed points can be determined by:

weff = −1 − 2Ḣ

3H2
= −x21 + x21x2 +

1

3
x23, wϕ =

Pϕ
ρϕ

=
1 − x2
1 − 3x2

(5.24)

If we have P = −X + eλϕX2c1/H2
0 , and thus the saddle points are the same

as in [125]:

• Radiation point: (x1, x2, x3) = (0, 1/2, 1)

• Matter point (x1, x2, x3) = (0, 1/2, 0)

• acceleration point (x1, x2, x3) =
(
−
√

6λf−(λ)/4, 1/2 + λ2f+(λ)/16, 0
)

where:
f±(λ) ≡ 1 ±

√
1 + 16/ (3λ2) (5.25)

5.2.4 Phantom Behavior

As discussed in [132], the power model with some value can lead to phantom
behavior, i.e., with w < −1. However, k-essence, although more general than
quintessence, can still not pass the w = −1 point; the equation of state can
only always be greater than or smaller than -1. The models that have this
feature is called ”quintom”; they often require two scalar fields or vector field.

Also, the w < −1, in general, suffers from the quantum and classical
instability [112], although phenomenological, it seems the only way to solve
the H0 tension with a late-time modification is to allow phantom. We do not
further discuss this question in this thesis.

5.3 Perturbations in k-essence

5.3.1 Perturbation Equations In Newtonian Gauge

In this section, we derive the perturbation equations for a general scalar field.
In order to follow Ref. [133] which derived the equations in Newtonian

gauge, we rewrite the metric in Newtonian gauge as ds2 = (−1 + 2Φ)dt2 +
δija

2(t)(1 + 2Ψ)dxidxj, and flip the definition of the action with K(ϕ,X) ≡
−P (ϕ,X).

The first-order perturbed Einstein equation, including the generalized k-
essence action part, is then:
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−6H2Φ − 2
k2

a2
Ψ − 6HΨ̇ =κ2

{(
P,X − ϕ̇2P,XX

)(
ϕ̇2Φ + ϕ̇δϕ̇

)
−
(
−P,ϕ + ϕ̇2P,Xϕ + 2ϕ̇P,X∂0

)
δϕ

−2Φϕ̇2P,X − δρ
}
,

2∂i(HΦ + Ψ̇) =κ2
{
−ϕ̇P,X∂iδϕ+ (ρ+ p)δui

}
,

k2(Φ − Ψ) =0,(
k2

a2
+
∂i∂i
a2

− 2H∂0 − 4Ḣ − 6H2

)
Φ −

(
k2

a2
+
∂i∂i
a2

+ 2∂0∂0 + 6H∂0

)
Ψ

=κ2
{
P,X

(
ϕ̇2Φ + ϕ̇δϕ̇

)
+ P,ϕδϕ+ δp

}
,

(5.26)
which reduced to equation 23 of [55] in Fourier mode if P vanishes and assum-
ing vanished shear terms. Otherwise, the third equation would have the shear
stress contribution on the right-hand side.

The perturbative equations of matter given by continuity equation at first
order T µν,µ is:

δρ̇+ 3H(δρ+ δp) + a−2∂i {(ρ+ p)δui} + 3Ψ̇(ρ+ p) = 0

a−3∂0
{
a3(ρ+ p)δui

}
+ ∂iδp− (ρ+ p)∂iΦ = 0

(5.27)

which reduces to equation 30 of [55].
The generalized part is the scalar field evolution equation:(
ϕ̇2P,XX + P,X

)
δϕ̈ = −3ϕ̇P,XΨ̇+(

−ϕ̇P,X∂0 − ϕ̇3P,XX∂0 − 6Hϕ̇P,X − 2ϕ̈P,X − 2ϕ̇K̇,X

−3Hϕ̇3P,XX − 3ϕ̇2ϕ̈P,XX − ϕ̇3Ṗ,XX + ϕ̇2P,ϕX

)
Φ

−
(

3HP,X + Ṗ,X + 3Hϕ̇2P,XX + 2ϕ̇ϕ̈P,XX + ϕ̇2ṖXX

)
δϕ̇

+

(
−P,X

k2

a2
− 3Hϕ̇P,Xϕ − ϕ̇Ṗ,Xϕ − ϕ̈P,Xϕ + P,ϕϕ

)
δϕ

(5.28)
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5.3.2 Subhorizon approximation

In the subhorizon approximation, H2, H∂0, ∂
2
0 ≪ k2/a2. If we further adopt

δp = 0, then from equation 5.28, we have:

|Ψ| ≫ |δϕ/ϕ|. (5.29)

Then from the first equation of 5.26, we have the desired Poisson equation:

2
k2

κ2a2
Ψ = δρ (5.30)

Thus, the scalar dark energy sector P (ϕ,X) does not contribute in the sub-
horizon scale, and the perturbation equations should remain the same as in
the ΛCDM model.

However, here we actually adopt two approximations. First, the small scale
H2 ≪ k2/A2. Second, ∂0Ψ ≃ HΨ, which is only valid if the propagation speed
of metric perturbation is much smaller than the speed of light.

5.3.3 Perturbation Equations in Synchronous Gauge

We use the following Synchronous Gauge convention:

ds2 = a2(τ)
[
−dτ 2 + (δij + 2HLδij + 2HT ij) dx

idxj
]
. (5.31)

For quintessence, it is easy to write done

δρ =
1

a2

(
ϕ̇0

˙δϕ
)

+ V ′ (ϕ0) δϕ, (5.32)

following the definition ρ = −1/2guvϕ,uϕ,v + V .
In k-essence with the synchronous gauge, δg00 = 0, we can perturb density

and pressure 5.4 as:

δp = P,XδX + P,ϕδϕ

δρ = −δP + 2δXP,X + 2XP,XXδX + 2XP,Xϕδϕ

= P,XδX − P,ϕδϕ+ 2XP,XXδX + 2XP,Xϕδϕ

(5.33)

where δX =
1

a2
ϕ′δϕ′.

To determine the perturbative equations of motion, we start with the non-
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perturbative equation of motion:

P,ϕ + ∇µ (P,X∂
µϕ) = 0, (5.34)

one can check that this is the same as the last equation of 5.5.
The perturbative equations before specifying the metric is:

0 = P,ϕϕδϕ+P,ϕXδX +∇µ (δP,X∂
µϕ+ P,X∂αϕδg

αµ + P,X∂
µδϕ) + δΓµµλP,X∂

λϕ
(5.35)

In synchronous gauge, the non-zero Christoffel Symbol includes

Γµ0ν = Hδµν

δΓµ0,ν =
1

2
(gijδgij,0 + δgijgij,0) = 1/2(3

1

a2
(2a2H ′

L + 4aa′HL) − 2HL

a
2aa′ × 3)

= 3H ′
L

(5.36)
For the convenience of coding, instead of arranging the terms as in the Klein-
Gordan equation, we first write the equation of motion as:

Aφ′′ +B + C + +D + E(h, η) = 0 (5.37)

where:
φ = δϕ

A = −P,XXϕ′2/a4 − P,X/a
2

B = +P,XX
ϕ′2

a2
φ′′ + (∇µ(δP,X∂

µϕ))

C = +P,Xφ
′′/a2 + ∇µ(P,X∂

µδϕ)

D = P,ϕϕδϕ+ P,ϕXδX + ∇µ(P,X∂αϕδg
αµ)

E = δΓµµλP,X∂
λϕ

(5.38)

The reason for writing in this way is to separate the φ′′ term and make it easy
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to track. After specifying the metric, we have:

B = −4Hϕ′(δP,X)/a2 + δP,Xϕ
′(+

2a′

a3
) +B∗ = B∗ − 2Hϕ′(δP,X)/a2

C = (−P,XXX ′ − P,Xϕϕ
′ − 4HP,X)φ′/a2 − P,X

k2

a2
φ+ 2P,X

φ′a′

a3

= −2
H
a2
P,Xφ

′ − φ′

a2
(P,XXX

′ + P,Xϕϕ
′) − P,X

k2

a2
φ

D = P,ϕϕφ+ P,ϕXδX

E = −3H ′
LP,Xϕ

′/a2

δP,X = P,XXδX + P,Xϕφ

(δP,X)′ = P,XXXX
′δX + P,XXϕϕ

′δX + P,XXδX
′

+ P,XϕXX
′φ+ P,Xϕϕϕ

′φ+ P,Xϕφ
′

δX =
1

a2
ϕ′φ′

(δX)′ =
ϕ′

a2
φ′′ +

ϕ′′φ′

a2
− 2a′ϕ′φ′

a3

X ′ =
ϕ′ϕ′′ −Hϕ′2

a2

B∗ = +δP,X(−ϕ
′′

a2
) − ϕ′

a2
(δP,X)′ + P,XX

ϕ′2

a2
φ′′

= −ϕ′

a2
(P,XXXX

′δX + P,XXϕϕ
′δX + P,XϕXX

′φ+ P,Xϕϕϕ
′φ+ P,Xϕφ

′

+ P,XX(
ϕ′′φ′

a2
− 2a′ϕ′φ′

a3
)) + δP,X(−ϕ

′′

a2
)

(5.39)
Note that B* is defined in the first line so that the calculation can be simplified.
The equation written in this form is easier to track if one do all the calculations
by hand. It’s tedious but should be clear.

To make the equation more familiar with the quintessence Klein Gordon
equation, we define:

Ãφ′′ + B̃φ′ + C̃φ+ D̃ = 0 (5.40)
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where:

φ = δϕ

Ã = P,XXϕ
′2/a2 + P,X

B̃ = 2HP,X + P,XXX
X ′ϕ′2

2
+ P,XXϕ

ϕ′3

a2
+ P,XX(+3

ϕ′ϕ′′

a2
− Hϕ′2

a2
) + P,Xϕϕ

′

C̃ = −a2P,ϕϕ + P,Xk
2 + P,XXϕX

′ϕ′ + P,Xϕϕ
′′ + P,ϕϕXϕ

′2 + 2HP,Xϕϕ′

D̃ = 3H ′
LP,Xϕ

′

(5.41)
In order to get (P + ρ)θ, it’s easier to work on the energy-momentum tensor
(within synchronous gauge):

Tab = Pgab + P,X∂aϕ∂bϕ

δTab = P,XδXgab + Pϕφgab + P,XXδX∂aϕ∂bϕ

+ P,Xϕφ∂aϕ∂bϕ+ P,X∂aϕ∂bφP,X∂bϕ∂aφ

δTi0 = P,Xϕ
′kiφ

(ρ+ p)θ ≡ kiδT
i
0 = P,X

k2

a2
ϕ′φ

(5.42)

The above equations have been checked with the Mathematica program X-
pand and implemented in CLASS-GSF.

Figure 5.1 shows the effect of the dilatonic ghost field [134] on the linear
matter power spectrum. At redshift zero, the effect is strongly correlated with
other variables, but in the evolution history, such a model is distinguishable
from the cosmological constant due to the change of expansion history.

5.4 Discussion

One of the largest missing parts of studying the non-perfect fluid and scalar
dark energy model is the non-linearity calculation.

Non-linearity in the standard LCDM model is usually calculated with halo
model-inspired code such as Halofit or HMcode [135]. They both provide
fitting formulas that aim to relate the cosmological parameters with N-body
simulation. Nonstandard but smooth dark energy models are also considered
with the so-called Casarini prescription [136]. The essential step is to emulate
the effective comoving distance under the modified expansion history to that
of the wCDM case. We also adopt this method in our study of Early+Late
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Figure 5.1: Effects of a Dilatonic Ghost Field on the linear matter power
spectrum. a is the amplitude of the second-order derivative term.

dark energy.
In recent years people have developed emulators of the non-linear boost

factor built on high-resolution N-body simulation. A good example is the
EuclidEmulator [137]. The cosmological parameters are restricted to a
relatively small range where they trained and validated the emulator. In our
study of growth and geometry split, we adopt this method [49]. The Eu-
clidEmulator provides some minimal extension scenarios such as w0 − wa
and the massive neutrino model, but this method cannot be generalized into
an arbitrary expansion rate similar to Casarini’s prescription.

The inclusion of non-smooth dark energy or modified gravity makes the
non-linear calculation difficult. There is recent progress in emulating non-
linearities within the Hordeski effective theory called Hi-Cola [138]. In the-
ory, people can do similar Cola simulations on specific models, and such work
will be essential as future surveys dramatically increase the constraining power
only if the observable is in the non-linear regime. Unfortunately, this discus-
sion is beyond the scope of this thesis.
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Chapter 6

The Hubble Tension and Early
Dark Energy

The Hubble tension refers to a discrepancy in measurements of the expansion
rate of the universe. It remains the most serious problem of the ΛCDM model.
For a recent review, see Ref.??. In this chapter, we introduce the Hubble
tension with a focus on the CMB inferred value. We then discuss two possible
solutions and our effort to see how late time expansion could change the early
dark energy predictions [139].

6.1 Hubble Tension

6.1.1 Hubble Constant Inferred from CMB

The relation that links the CMB measurement to the local expansion rate is:

θ∗ =
r∗

D(z∗)
(6.1)

where the subscript * means the time and corresponding quantity. In CMB,
this is where the optical depth of Thomson scattering reaches unity, i.e, the
last scattering surface. θ∗ is the angular size of the sound horizon, which can
be inferred from the spacing between acoustic peaks, and is extremely well
constrained by CMB measurement. r∗ is the sound horizon at recombination
or the comoving distance that a sound wave can travel from the Big Bang to
the recombination. D∗ is the comoving distance from the observer to the last
scattering surface.
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Similar to the recombination, the BAO obeys the same rule:

θBAO
⊥ (zobs) ≡

rd
D (zobs)

, (6.2)

thus the method below would be valid for both CMB and BAO measurement.
The sound horizon at CMB is:

r⋆s =

∫ t⋆

0

dt

a(t)
cs(t) =

∫ ∞

z⋆

dz

H(z)
cs(t) (6.3)

where cs(t) is the sound speed of the photon-baryon fluid. The comoving
distance is:

D(z∗) =

∫ z∗

0

cdz/H(z) (6.4)

where the redshift dependence of the Hubble parameter is model dependent,
and in ΛCDM model the Friedman equation gives:

H(z) =
√

ΩrH2
0 (1 + z)4 + ΩmH2

0 (1 + z)3 + ΩΛH2
0 (6.5)

Given a cosmological model, all the parameters except H(z) can be inferred
from observation or calculated by theory. Thus, Eq. 6.1 allows us to determine
the Hubble constant on all redshift values. And below is how each parameter
is determined.

First, the sound photon-baryon sound speed cs depends on the ratio of
baryon to photon density. Photon and neutrino density Ωrh

2
0 can be measured

precisely with present-day CMB temperature and standard models of BBN.
Thus, cs dependence reduced to baryon density ωb ≡ Ωbh

2
0.

Second, the total matter density and baryon density can be determined
from the shape of the CMB spectrum, and this is indeed how we measure the
CDM density Ωcdm = Ωm − Ωb. A detailed review can be found in section 4
of [140], or section 2 of [54]. To fully understand the theory we need to look
closely at the analytical functions of CMB anisotropy. The basic idea is that
Ωm is related to the early Integrated Sachs-Wolfe (ISW) effect and can be
inferred from the envelope of the power spectrum, while Ωb affects the scale of
odd-even damping peaks.

The closure relation Ωm + Ωr + ΩΛ = 1 completes the last corner to deter-
mine H0. And we can immediately see from here that there are several places
we can try to alter in order to give a different H0 value. One direction is to
change relation 6.5. We need to be careful with the observational constraints
when trying to test any model beyond ΛCDM.
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6.1.2 Tension between Local Measurement and Possible
Solutions

Another way, or rather Hubble’s way, of measuring the Hubble constant is
the local distance ladder. One only needs the local distance and speed if the
object is close enough such that the two qualities are proportional. Usually,
the speed can be easily measured with the spectrum redshift, but distance is
tricky. That is where we need the so-called standard candle (or standard siren
in case of the gravitational wave), such that the intrinsic brightness is known,
and the distance can be inferred by measuring its apparent brightness. As
introduced in Sec 2.3.2, SNIa is such an object. In reality, this observation is
usually calibrated using Cepheid variable stars [141, 142].

The two kinds of unrelated measurement, CMB and local distance ladder,
are in the tension of about 5σ [16, 143, 144]. Specifically, CMB predicts
H0 = (67.4 ± 0.5)kms−1Mpc−1, while SH0ES team predicts H0 = 73.04 ±
1.04 km s−1Mpc−1.

In this thesis, we do not discuss the possible systematics that may bias
the results. For this possibility, see [145] for example. Rather, we discuss
the possibility that such tension might hint new physics that we need to add
to our standard model of ΛCDM. For a detailed review of possible solutions,
see [146].

The first and most obvious solution is the change of the dark energy equa-
tion of state, which changes the expansion history needed for CMB measure-
ment through Eq. 6.5. There are two challenges to this solution. First, this
modification would require a phantom behavior w < −1; as can be seen from
Eq. 6.5 and 6.1, one need to increase D(z) and thus decrease H(z). The the-
oretical difficulty of phantom behavior is discussed in Sec. 5.2.4. Second, such
a model would be very difficult to solve the save distance relation of BAO
inference Eq. 6.2, which is the same thing, but the redshift is at z ≈ 1.

Other solutions without changing the expansion history are also studied.
For example, one can modify the standard physics process of recombination,
namely a higher temperature that reduces the baryon drag epoch zd. An-
other possibility is to modify the distance duality relation. All these solutions,
together called pre-recombination solutions, face their theoretical and experi-
mental challenges [146? ].

Instead of decreasing matter density at late time, one can also increase
the density at the early time (and early time only, namely, it diffuses away
faster than the other components). By early here, we mean the time before
recombination. One can do this with some neutrino coupling or study phe-
nomenologically with a scalar field, which is usually called ”Early Dark Energy
(EDE)” [147]. We shall discuss this in more detail next section.
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6.2 Models of Early Dark Energy

Following the discussion of scalar fields in Chapter 5, we assume a potential
of the form:

V = V0(1 − cos(ϕ/f))n , V0 ≡ m2f 2 (6.6)

which has a local minimum of V ∼ ϕ2n. The oscillation at the local minimum
gives an equation of state

wϕ =
n− 1

n+ 1
. (6.7)

For reasons discussed in [148], we usually take n = 3 as an example, but in
principle, they can all do the work of early dark energy as long as it diffuses
away faster than that of matter component.

”Rock’n Roll” EDE [149] is another similar potential that mimics the min-
imum behavior and is only designed to study Hubble tension:

V (ϕ) = V0

(
ϕ

Mpl

)2n

, (6.8)

but such a scalar field does not oscillate.
Scalars of other forms can also realize early dark energy. For instance,

there are Acoustic EDE [150], New EDE [151], Chameleon EDE [152], Chain
EDE [153], and a lot more type that has coupling to the other components of
the universe [154].

All these models behave very similarly at the background level but differ
at the perturbation level. In this section, we only discuss the background
behavior and its potential to solve or alleviate the Hubble tension. On the
other hand, as we would also show later, such a simple extension may worsen
the S8 tension [155].

Figure 6.1 shows the fractional density of early dark energy fluid fede ≡
ρede/ρtotal. In order to restore cosmological concordance, such a quality needs
to reach a maximum of 10% at redshift around matter-radiation equality.

This requirement, however, is not favored if one does not add a prior on
the H0 parameter. Specifically, Planck CMB data do not predict a non-zero
fede. While the ACT data does [156], such a preference vanished when people
add the full multiple Planck data into ACT data. It is not clear if this means
there is an inconsistency between Planck and ACT temperature anisotropy at
ℓ > 650.

When the late-time large-scale structure data are added, the evidence for
non-zero early dark energy drops below 2σ [155]. In the original literature and
a lot of other analyses, this likelihood is simply added as a prior on S8. As
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Figure 6.1: The relative density of early dark energy fluid. A peak value of
about 10% around z = 3000 is the preferred value in resolving the Hubble
tension. The figure is retrieved by class-ede

shown in Fig. 6.2, we found the same conclusion when the S8 prior is replaced
by weak lensing observable 3x2pt. This effect is mainly due to the shift of Ωm

in the presence of EDE and via the early ISW effect. A new component in
the energy budget means Ωm should be smaller, which leads to a larger Ωc to
compensate for the CMB measurement. This finally means more clustering in
the late universe and worsens the S8 tension [6]. A natural question is then:
can this problem be solved when we allow the late-time dark energy to have a
varying equation of state? We discuss this possibility in Sec. 6.4.

6.3 Interacting Neutrinos

Before discussing our result of marginalizing early-dark energy constraints over
a late-time smooth dark energy behavior, we show in this section another
intriguing solution to the Hubble tension: Strong Interacting Neutrinos (SIµ).

Assuming a simple toy model of neutrino self-interaction, with rate Γν ∝
G2

effT
5
ν , the posterior of Geff under CMB temperature spectrum is characterized

by two islands. First a moderately interactive Geff ∼ 10−4MeV−2 MIµ, and a
strong interacting case Geff ∼ 10−1.5MeV−2, SIµ. Such distribution is due to
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the degeneracy with parameters θ∗, As, and ns [157].
With SNµ prefers a higher value of Neff , it solves the Hubble tension in

the same way as early dark energy. However, this solution is disfavored by the
Planck polarization data [158–160]. When replacing Planck with ACT+WMAP,
SNµ is compatible with data at 2 − 3σ level [161], pointing another inconsis-
tency between Planck and ACT at high multiple (this time for polarization at
700 < ℓ < 1000).

Recently, a ”step” model was proposed to give a distinguishable high-ℓ and
low-ℓ behavior [162, 163]. In this model, the radiation coupling is mediated by
a complex scalar which becomes non-relativistic. The dark radiation undergoes
a ”step” where it receives energy from the mediator. The process is very
similar to photon gains energy from electron-positron annihilation. The high-
ℓ and low-ℓ modes behave differently depending on whether they enter the
horizon before or after the step occurs. The detailed study of its effect on
the perturbation of photon fluid shows that it improves the CMB fit alone
compared with the standard SNµ case.

We do not go further than these simple discussions in this thesis. We just
want to emphasize that there exist other possibilities of the pre-recombination
solutions to the Hubble tension other than early dark energy. Considering the
potential type of Eq. 6.6, we should keep an open eye on these interesting
ideas.

6.4 Early + Later Dark Energy

In this section, we present the methodology and results of [139]. The question
we are trying to answer is, if the presence of Early Dark Energy does not restore
cosmological concordance with Λ being dark energy, does a very general time-
varying dark energy fluid solve this problem? A spoiler before all the analysis
is: no.

We consider a piecewise dark energy equation of state:

w(z) =


w0, if 0 ≤ z < z1

...

wn−1, if zn−1 ≤ z < zn

wn = −1, if z ≥ zn.

(6.9)

We test three different binning choices:

• zi = {0.7, 1.4, 2.1},

• zi = {0.5, 1.0, 1.5, 2.0, 3.0},
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1: CMB (ACT+Planck) + BAO + SNe + CMB-lensing. DC2 includes every
data set as in DC1 except CMB-lensing.

• zi = {0.3, 0.6, 0.9, 1.2, 1.5, 1.8, 2.1, 2.4, 2.7, 3.0}.

This choice is made such that at the second bin it could escape from the
constraints of SNIa. The current SNIa does not provide much information for
z > 0.7. We could test a smooth transition between each bin such as a tanh
function type transition, but this model is sufficient to model the non-standard
expansion history at the late universe and its effect on EDE constraints.

The main results are summarized in Fig. 6.3. DC1 contains CMB + BAO
+ SNe + CMBL, while DC2 does not have CMB lensing (CMBL). By com-
paring solid and dashed lines in the last column of fEDE, we could conclude
that when no CMB lensing is included, the varying w(z) could indeed increase
the value of fEDE, although the increment is marginal. When CBML is added,
however, the varying w(z) basically does not do anything to the prediction of
EDE parameters. This is not surprising as CMB lensing has a much longer
window function and peaks at a much higher redshift z ≈ 2. The detailed
discussion can be found in the paper [139], including the tension evaluation
and a comparison between different EDE models. Since the binned w(z) rep-
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resents a very general dark energy scenario in the smooth paradigm, this work
shows that in order to solve the Hubble tension by reducing the sound horizon
near recombination, we must also change the mechanisms for the clustering of
matter to compensate for S8.

6.5 Discussion

Hubble tension is one of the most discussed questions in cosmology in recent
years. When I first heard such tension, the sigma is about 4, and now it
grows to about 5.2σ. People have also realized it is very difficult to solve the
tension, even by introducing some completely new component. The origin
of the component is also suspicious, as the potential of the scalar field is not
natural. There are new independent ways to measure the Hubble constant such
as TRGB and through the time delay of a strong lensing system. New ways of
measurement cannot reach the accuracy compared to SNIa yet. For some of
them, we should not simply assume they will eventually one day be accurate
enough. However, they do provide new perspectives and the measurement is
with completely different systematics.

The problem of Hubble tension is also related to other cosmological ten-
sions, as introduced in Sec. 6.4. Statistical tools such as tension metrics also
need to be investigated to ensure the robustness of conclusions either against
or for any solutions to the tension. Although the appearance of such tension
does break the simpleness of the ΛCDM model, we should be excited about it
as it may represent a chance of finding new physics.

71



Chapter 7

Emulator with Deep Learning
to Boost Cosmological Inference

In this chapter, we summarize the attempt to create a machine-learning-based
algorithm that emulates directly from the cosmological and astrophysical pa-
rameters to the data vector of 3x2pt. The bayesian process of cosmological
parameter inference usually takes about 106 theoretical computation, which in-
cludes complicated integrals that takes a lot of computational resources. For
the future survey, such a problem would become more severe with the need
for more accuracy. For example, the DES analysis of the growth-geometry
split takes months due to different prior and two-point function combinations.
Such an analysis would be impossible without the help of computational re-
sources at the University of Arizona. If we want to do an LSST forecast, the
estimated time will go as high as more than a year, and we would possibly
lose the potential to do an interesting analysis.

With an emulator, as we will show at the end of the chapter, an LSST
Bayesian inference can be made in a few minutes and a few hours with external
data. Due to trivial parallelization, the time to generate data vectors for
training is only a few hours on the cluster at Stony Brook University.

In this section, we mainly present the result and validation of the emulator
for LSST-Y1 3x2pt with the entire parameter space, where the cosmological
parameters have the same bound as the EuclidEmulator [137]. We use
another approach to generate the training samples. The result of this work
is to be published soon. In Sec. 7.1, we introduce the basic ideas of neural
networks, with a focus on the Transformer model [164]. In Sec. 7.2, we discuss
the design of our emulator for both LSST. In Sec. 7.3.1, we show the validation
and results of cosmological inference with the Emulator approach.
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7.1 Neural Network

A Neural Network (NN) is usually comprised of an input layer, several hidden
layers, and an output layer. Each layer has a certain number of nodes (or
neurons), and each node of different layers is connected with weights and a
nonlinear activation function. The key difference between a Neural Network
and a simple linear algebra operation is that there exists a lot of algorithms
designed for the Network to learn and improve with training data.

Some key ideas in training a Neural Network include loss function, back-
propagation, and stochastic gradient descent. The proof of why the algorithm
can ”learn” from data is beyond the scope of this thesis. For a review, see [165].

For our use of machine learning in training an emulator, we use the stan-
dard algorithm for backpropagation and stochastic gradient descent, Adam
Optimizer [166]. The main component we need to modify is the loss function
and preprocessing of data. As we show in Sec. 7.2, these designs are made
according to our knowledge of physics.

The Network Model we use is called Transformer [164], which is probably
the most influential idea in machine learning in the past few years. As the
name suggests, ”Attention is all you need”, the groundbreaking idea is to use a
self-attention mechanism to replace complicated nonlinear functions. The self-
attention has enough representational power in terms of non-linearities, such
that it brings the community to reconsider ”simple” models. Transformer is
also the building block of ChatGPT 1. The huge improvement when adding
the TransformerBlock to existing architectures is what makes it widely used
in a variety of deep learning problems.

7.2 Emulator Design

In this section, we summarize the pre-processing and hyperparameter choices.
We start by emphasizing that, there is no one-fit-for-all choice in deep learning.
The optimization process requires a lot of trials and experiments, but we hope
a working example could help to build some intuition in designing a cosmology
emulator.

7.2.1 Latin HyperCube

Latin HyperCube Sampling (LHS) is broadly used in emulator training due to
its space-filling property. In a 2-D grid, the Latin Square fills the space if and
only if there is one sample in each row and each column. Latin HyperCube

1https://openai.com/blog/chatgpt
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generates this idea into multi-dimensions. An Orthonormal Sampling is a
minimal extension to the LHS that ensures each subspace is sampled with the
same density. In this work, we use PyODE 2 to sample the Latin hypercube
on the full prior.

The validation is also performed over the entire prior, which greatly gen-
eralized the use of the emulator to not only the high-likelihood region. This
is essential when the emulator is used not only around the fiducial point, such
as doing tension calibration. Since a cube has a much larger volume, the re-
quired number of training points is also much larger. However, due to the
fact that this computation is trivially parallelizable, the generation of training
data vectors can be completed in a few hours.

We do not train the emulator with parameters that only give a linear
addition or multiplication of the data vector. For 3x2pt we have multiplicative
shear calibration acting on the data vector as:

ξij± →
(
1 +mi

) (
1 +mj

)
ξij±

γijt →
(
1 +mj

)
γijt

(7.1)

and for linear galaxy bias:
wi → b2(i)w

i

γit → b(i)γt.
(7.2)

Thus, we can manually add these two systematics after the result given by
the neural network. This greatly reduces the input dimension and makes the
training much easier. However, we emphasize that linear galaxy bias bi is O(1)
parameter, and thus the error propagates to a larger value as the sampled bias
is larger than the fiducial bias. For this reason, we only retain the sampling
near the fiducial galaxy bias.

7.2.2 Loss Function and Data Pre-Processing

We define the loss function to be directly the average ∆χ2 between Emulator
and Cocoa:

L(w) =
〈

(DNN −Dmodel)C
−1 (DNN −Dmodel)

T
〉
, (7.3)

which is the closest choice to the standard of whether the emulator is accurate
enough. By taking into the covariance of the data vector, the emulator can be
extra accurate for the data points with a small error bar, and can also be less
accurate with more noisy data points.

2https://pythonhosted.org/pyDOE/index.html

74



The input parameters include cosmological parameters and astrophysical
parameters of different magnitudes. We normalize them according to the prior
range such that they are all between [0, 1]:

θ̃ =
Θ−Θmin

Θmax −Θmin

(7.4)

For the pre-processing of data vectors, we first make the change of basis:

ȳ → yQ (7.5)

where Q is the eigenvectors of the covariance matrix:

C ≡ QΛQ−1 (7.6)

we then normalize the data vector in the new basis as:

D =
ȳ − ȳmean

σy
(7.7)

where ȳmean is the mean of the data vectors and σd =
√

diag[C] is the standard
deviation.

This pre-processing of the data vector is equivalent to Cholesky decompo-
sition. The two-step procedure makes the PCA truncation straightforward,
but we keep all the principal components in this study. We find the above
pre-processing of input and output data significantly increases the training
accuracy.

7.2.3 Transformer: Attention is all you need

We use the state-of-the-art Nearaul Network design Transformer [164], which
is also the building block of ChatGPT. We find this design gives orders of
magnitude increase in performance, which allows us to train the 3x2pt data
vector across the entire parameter space.

The transformer model is designed to address some of the limitations of
recurrent neural networks (RNNs) and convolutional neural networks (CNNs)
in processing sequential data, such as language and time series data, and in our
case the emulation between cosmological parameters and data vectors. The
key innovation of the transformer model is the self-attention mechanism. Self-
attention is a way of computing a weighted sum of a sequence of input vectors,
where the weights are determined by the similarity between each input vector
and a query vector. The query vector is typically a learned parameter of the
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Figure 7.1: Architecture of the Neural Network using transformer block. Upper
panel : In this work, our input dimension is 18 for LCDM and 20 for wCDM.
The output dimension of the 3x2pt data vector is 1560. We use the 16 embed-
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model. To compute the attention weights, the input sequence is transformed
into three types of vectors: query vectors, key vectors, and value vectors.
The query vectors are used to compute the similarity between each input
vector and the query vector. The key vectors are used to represent the input
vectors, and the value vectors are the vectors that will be weighted by the
attention weights. The attention weights are computed by taking the dot
product between the query vector and each key vector and then applying
a softmax function to normalize the weights. The self-attention mechanism
allows the transformer model to process sequential data more efficiently than
RNNs and CNNs because it can capture long-range dependencies between
elements of the sequence without requiring the computation of a large number
of sequential operations. In our case, the long-range similarities between each
tomographic bin are also well captured by this mechanism.

The design is plotted in Fig. 7.1. We use the 16 embedding vectors with
each of them having a dimension of 128. The total trainable parameters are
about 3.5 million. After the self-attention layer and the multi-head MLP lay-
ers, we also apply the layer norm, which is a generalization to the conventional
batch norm. Again, we do not claim this architecture is the best for all em-
ulators, but we do see a massive improvement over the residual network and
fully connected MLP as used in previous emulator work [167, 168].

Besides using the original transformer block, we also find that self-attention
can boost the accuracy of existing networks. In a work under preparation, we
replace the embedding layer with three residual blocks. We find the self-
attention mechanism allows us to train the emulator with a high temperature
T = 64. This allows us to do the calibration of the tension metric with noise-
injected data vectors. The comparison of different network models aiming for
this problem is shown in Fig. 7.1.

7.3 Usage of the Emulator

7.3.1 Validations of the Emulator

The validation result is shown in Fig. 7.2. With 800,000 training points, we
are able to reach the accuracy of χ2 ≈ 0.3 after the standard scale cut. More
significantly, the emulator can be used with the entire prior. This is tested
with a shifted data vector as shown in the lower panel of Fig. 7.2. The shifted
data vector with anisotropic stress is generated as described in Sec. 4.3.1.

The emulator dramatically saves the MCMC chain running time. A stan-
dard LSST-Y1 with CMB priors without a good parameter covariance to start
with could take over a month, whereas the same MCMC chains with emulators

77



2.85 2.90 2.95 3.00 3.05 3.10 3.15 3.20
log A

0.24

0.26

0.28

0.30

0.32

0.34

0.36

0.38

0.40

m

2 between emulator and cocoa
10 1

100

101

0.3
0

0.3
2

geo
m

10

15

20

25

2 lss
t

0.26

0.30

0.34

0.38

gr
ow

th
m

0.2
6

0.3
0

0.3
4

0.3
8

growth
m

10 15 20 25

2
lsst

LSST-Y1 (CS)+P2; Cocoa
LSST-Y1 (CS)+P2; NN (LHS)

Figure 7.2: Upper Panel : The χ2 difference between the emulator and Cosmo-
Like. The average χ2 is about 0.3 after the standard scale cut. Lower Panel :
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As should be expected from the χ2 plot, there is no difference even near the
boundary of the prior range. Note that this is actually a less stringent test
since even a larger χ2 difference at each point could produce the same posterior
distribution.
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finished within two days. The difference in time is even larger when running
the chains without external data since in that case we do not need to call the
Boltzmann code.

7.3.2 Mapping the growth geometry split to other ex-
pansion history

In this section, we present an example where the investigation of such a prob-
lem is only possible with the help of an emulator.

The split formalism of growth and geometry probe is designed to test if
geometry predicts growth as expected in ΛCDM and wCDM, and thus serve
as a model-independent test of smooth dark energy paradigm. Given the split
is performed only by assuming a constant dark energy equation of state, how
would the growth parameters behave if the true underlying cosmology is with
smooth but dynamic dark energy?

To answer this question, we create a mapping between split ΛCDM and
non-split w0waCDM. The result is shown in Fig. 7.3. We first take a chain
constraining w0wa cosmology with Planck2018+BAO+SNIa [2], then for each
point, we generate a data vector. We run the minimizer assuming split growth
and geometry but maintain w = −1 for each data vector. In this way, we
quantize what is the limit of the split ΛCDM formalism if the underlying
background evolution is w0wa instead of w = −1. The lower panel of Fig. 7.3
shows that the results are centered around the line of growth = geometry, and
thus the formalism would not give a bias result even if we did not assume a
correct background evolution.

More discussion of this mapping idea will be included in the paper to be
published soon. Here we first discuss why the calculation is impossible without
the help of the emulator. The 3x2pt calculation of Cocoa/Cosmolike could
take up to 3 seconds. Each minimizer needs around 5000 evaluations with the
Py-BOBYQA minimizer integrated in Cobaya. In order to make a plot that
well describes the 2σ region, we need at least 5000 such minimizations. That
together requires 3×5000×5000 sec = 868days. This is too slow, even with the
help of MPI parallelization. With the help of the emulator, each evaluation is
about 100 times faster, and we can easily finish the calculation within a day.

7.4 Discussion

The demand to create an emulator first came from the study of scale cut, which
requires hundreds of MCMC chains [167]. The emulator trained there used an
iterative method that requires much fewer points than we have. As a result,
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the emulator can only be used within a small region near the center. For the
study of tension metric, the noise injection could shift the contours well outside
the validated region. We soon find that the state-of-the-art transformer model
helps the training process dramatically and enables us to train the emulator
for the entire parameter space.

However, we still face difficulties when the prior is too large. For example,
we have not yet validated the emulator on the DES ∆z prior, which is about
10 times larger than the LSST-Y1 prior. In that regard, the training strategy
based on chain sampling with high temperatures can be generalized to more
cases. Extra effort is still needed if the emulator is designed for real data, even
if the emulator passes the above test. Since the posterior can shift well beyond
the fiducial point, error propagation, like the galaxy bias, can be severe. A
possible solution is to include these parameters in training as well. Although
it may not be possible with the survey accuracy now, an emulator could be a
helpful tool for future surveys that has a much more stringent prior on nuisance
parameters and are more computationally difficult.
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92



M. Gatti, G. Giannini, D. Gruen, R. A. Gruendl, I. Harrison, W. G.
Hartley, E. M. Huff, D. Huterer, A. Kovacs, P. F. Leget, J. McCullough,
J. Muir, J. Myles, A. Navarro-Alsina, Y. Omori, R. P. Rollins, A. Rood-
man, R. Rosenfeld, I. Sevilla-Noarbe, E. Sheldon, T. Shin, A. Troja,
I. Tutusaus, T. N. Varga, R. H. Wechsler, B. Yanny, B. Yin, Y. Zhang,
J. Zuntz, T. M. C. Abbott, M. Aguena, S. Allam, J. Annis, D. Ba-
con, E. Bertin, D. Brooks, D. L. Burke, J. Carretero, C. Conselice,
M. Costanzi, L. N. da Costa, M. E. S. Pereira, J. De Vicente, J. P. Diet-
rich, P. Doel, A. E. Evrard, I. Ferrero, B. Flaugher, J. Frieman, J. Garćıa-
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