GEORG-AUGUST-UNIVERSITAT
- GOTTINGEN

GEORG-AUGUST-UNIVERSITAT GOTTINGEN

MATHEMATISCHES INSTITUT

Lie—Poisson and Euler—Poincare

Reductions

BACHELORARBEIT

im Studiengang Mathematik

eingereicht von

Fatih Sayin

Erstgutachter: Prof. Dr. Chenchang Zhu
Zweitgutachter: Dr. Oscar Cosserat
Datum der Einreichung: 01.03.2026



Contents

Introduction . . . . . . . ..o 2
1 Lagrangian Mechanics and Variational Principles . . . . . . .. . .. )
1.1 Newton’s Equation of Motion and Principle of Least Action . 5
1.2 Lagrangian - Hamiltonian Mechanics . . . . . .. .. ... .. 7
2 Symplectic Geometry and Poisson Geometry . . . . . . . .. ... .. 12
2.1 Symplectic Manifolds . . . . . .. ... ..o 12
2.2 Poisson Manifolds . . . . . . . .. .. ... 14
3 Symmetry and Reduction . . . . ... ... oL 17
3.1 Momentum maps . . . . . . . .. ... 17
3.2 Lie-Poisson Reduction . . . . .. ... ... ... ... .. .. 25
3.3 Euler-Poincaré Reduction . . . . .. ... .. .. ... . ... 29
4 The Free Rigid Body . . . . .. .. .. ... ... . 33
Appendix: Lie Groups . . . . . . . . . ... 38
Lie Groups and Lie Algebras . . . . . . . . .. ... ... ... .... 38
The Exponential Map . . . . . . .. . ... ... L. 43
Lie Group Action . . . . . . . . ..o 45



Contents 2

Introduction

In this thesis, we explore the role of symmetry and the beauty it reveals in geometri-
cal mechanics. One way of describing the geometrical motion of a physical system is
the classical Newtonian way F' = mi, where m is the mass and & is the acceleration
and F' is the force. When F' derives from a potential, this can equivalently be de-
scribed by the principle of least action, which is derived by setting the first variation
of the action, i.e. the time integral of kinetic energy minus potential energy, to zero.

That means we have the following equivalence

5/auwmﬁ:o — mﬂﬂ:—ggﬂm

where T represent the kinetic energy and V' the potential energy. When we move
beyond the flat geometry of Euclidean space and want to understand the motion on
curved spaces, we need a general framework to work on. So we introduce manifolds,
symplectic manifolds, and Poisson manifolds, where geometric structure is integrated
directly into the description of dynamics. In this framework, the same variational

principle yields the Euler-Lagrange equations given by the equivalence

doL 0L

5/M%®ﬁ:0

where L : T'QQ — R is a smooth function called Lagrangian defined on the tangent
bundle T'Q) of a smooth manifold (). Now, let us introduce a map FL : T'Q) — T*Q
between the tangent bundle T'Q) and the cotangent bundle 7@, called the Legendre
transformation and assume that it is a diffeomorphism. Thus, we get an equivalent
reformulation of the dynamics in terms of Hamiltonian equations with the Legendre
transformation. So, the dynamics are given by a smooth function H : T*Q — R
called Hamiltonian given by H(q,p) = (p,v) — L(q,v) where (¢,v) = (FL)"(q, p),
which is usually taken as the total energy of the system. Hence, we get an equivalent
description of dynamics in terms of the Hamiltonian equations by the following

equivalence

dor_or . _oH . oH
dtdg;  Oq; B

Mathematically, symmetry is described by groups. However, in the geometric
setting of mechanics, symmetries are continuous and act on manifolds. That requires
groups that themselves possess a smooth structure. These are the Lie groups G and

their infinitesimal counterparts are Lie algebras g.



Contents 3

To motivate the use of symmetry in mechanics, let us consider an example: the

Euler equations for the rigid body, which are given by
L = (I = L)L, L = (I = IILIL, Ly = (I — L)L

where €2; are the components of the angular velocity and I; are the moments of iner-
tia. Nevertheless, these equations can not be solved in the sense of the Hamiltonian
equations, since there is odd number of equations which can not be described by
even number of canonical coordinates. One can use the Fuler angles to describe the
dynamics, but then we get 6 equations instead of 3, which are more complicated to

solve. But, instead we can introduce the Lagrangian as
1 2 2 2

Then the "reduced" Euler-Lagrange equations, the Euler-Poincaré equations, are

given by

doL 0L

—— =—x0

dt o2 0N
Hence the dynamics of the rigid body can be described by the Euler-Poincaré equa-
tions with only 3 equations instead of 6. This is the main motivation for using
symmetry in mechanics, which allows us to reduce the number of equations and to

get a simpler description of the dynamics.

Having now the essential tools and after seeing the concrete example of the rigid
body, we can now proceed to the reduction process in the more general setting of Lie
groups and Lie algebras. First, we assume that the Lagrangian L is invariant under
the action of a Lie group GG. This means the dynamics of the system are symmetric
with respect to the transformations in G. Then, we define a reduced Lagrangian
l:g— Rbyl(§) = Le,&). Hence, by setting the first variation of the action to
zero and by using the variations of the form 0§ = 1 + [£, 7], we get the variational

principle for the Euler—Poincaré reduction on the Lie algebra g as

d 4l ol
5/l(§(t))dt =0 = ge=adiy

Furthermore, by applying the reduced Legendre transformation fl : g — g* to the
reduced Lagrangian [, and by assuming it to be a diffeomorphism, we get the reduced
Hamiltonian h : g* — R defined by h(p) = (i, £) —1(€) where &€ = (§)7*(u) and (-, -)

is the natural pairing between g* and g. Hence, this gives an equivalent formulation
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of the dynamics in terms of the Lie-Poisson reduction as

d ol & ol - T
—— =ad; — =a

dtoc ¢ e p=adatt

The aim of this thesis is to understand the reduction processes, Lie-Poisson and

Euler-Poincaré reduction, in the general setting of Lie groups and Lie algebras.

The thesis is organised as follows: The first chapter introduces the La-
grangian and Hamiltonian formalism of the dynamics, followed by the Symplectic
and Poisson structures in the second chapter. In the third chapter, we will present
momentum maps, which are essential to prove the Lie—Poisson reduction theorem,
and will explicitly compute the Poisson bracket on the quotient space called the
Lie—Poisson bracket by identifying the dual of the Lie algebra g* with the quotient
space T*G/G. Then, we will introduce the Euler—Poincaré reduction, which is the
Lagrangian counterpart of Lie-Poisson reduction. In the fourth chapter, we will
describe the dynamics of the rigid body and apply these reduction theorems to it as
an example. As an appendix, we also provide an introduction to Lie groups and Lie
algebras to make the thesis self contained. We will mainly follow the book Introduc-
tion to Mechanics and Symmetry by Marsden and Ratiu [MR99] and use additional

sources to complement the material, which are listed in the bibliography.
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1 Lagrangian Mechanics and Variational Princi-

ples

In this section we first present the Newtonian mechanics in the setting of N particles
in Euclidean space and show how the equations of motion can be derived from the
principle of least action. Then we generalize it to the smooth manifolds and give
an equivalent formulation in terms of the Lagrangian on the tangent bundle 7'Q).
Then we will introduce the Legendre transformation, which allows us to reformulate
the dynamics in terms of the Hamiltonian on the cotangent bundle 7*@). Lastly, we
will show that for a hyperregular Lagrangian, Hamilton’s equations are equivalent
to the Euler-Lagrange equations and reformulate the variational principle for the

Hamiltonian.

1.1 Newton’s Equation of Motion and Principle of Least

Action

Newton’s second law states that the motion of a particle of mass m under a force

field F' : R* — R" is described by the second order differential equation

Fa(t)) = m 2 ()

where t — z(t) is the trajectory of the particle. The work of a path v : [a,b] — R™
with v(a) = qo and y(b) = ¢ is defined by

w, = [ o) 2

By assuming F' is conservative, i.e. ' = —VV for some potential function V', and

fixing a base point ¢y € R", we may define the potential energy as
V:R"—R, V(g):=W,

Thus, we can rewrite Newton’s second law as

d*z oV
m-m (1) = =5 - (2(t)) (1)
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Define for now the action as the kinetic energy T = %mi(t)Q minus the potential

energy V' (x) integrated over time as
b b1
A, :/ T -Vt :/ (mi(t)? =V (w(t)))dt

Principle of least Action: The physical path x(t) joining gy to ¢; is the path

for which the action A, is minimal.

So by the principle of least action, the actual physical path z(t) is locally an ex-
tremum of A. In other words, infinitesimal variations of z(t), keeping endpoints
fixed, do not change A to first order. So by varying the time dependent coordinate
by small e(t) with e(a) = 0 = £(b) we get

dt

br1 br1
Apye — Ay = /a {2m(:'c +&)? —V(z+ 6)]dt — /a §mj:2 —V(x)

By expanding V(z+¢) in Taylor series around x we get V(z+¢) = V() + - (z)e +

O(g?), where O(£?) denotes the second order terms and higher. Hence

A, — A, _/bB (47 +2:'E€'—|—€'2)—V(:v) g‘;( Je +O(e )]dt—/amegaZ—V(x)}dt

= / {mma — —(z)e + O(eﬂdt
Integrating by parts
b b b b
/ maedt = [ma’ca} — m/ Tedt = —m/ Zedt
and discarding O(e?) terms we get the first variation of the action as

5A—-[

By the principle of least action one has A = 0 for any arbitrary e(¢). Thus

mi(t) + (1)

mi(t) + é;x/(x(t)) ~0

That is exactly Newton’s law (1) we derived earlier!
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1.2 Lagrangian - Hamiltonian Mechanics

As we have seen above, where we derived Newton’s second law from the principle of
least action by taking the first variation of the action, we would like to do a similar

approach in the manifold setting. For this, we start by defining the action.

Definition 1.1. Let @ be a n dimensional smooth manifold and L : T'¢Q) — R be a
smooth function called Lagrangian. The action of a curve v : [a,b] — @ is defined
as
b b dy
A, = [(Gro@de = [ L), @)

a

where 7 : [a,b] — TQ, t — (7(1), %Z(t)) is called the lift of v to T'Q.

For fixed 4o, q1 € Q let P(CL, b7 QOaQ1) = {7 € Ooo([a’ b]7Q) | ’7(@) = qo, V(b) = 91}

Proposition 1.2. The tangent space T,/P(a, b, qo, q1) at a given curvey € P(a,b, g0, ¢1)
consists of all smooth vector fields v : [a,b] — T'Q along 7 satisfying 7g ov = v with
vanishing end points v(a) = 0 and v(b) = 0, where 79 : TQ — Q is the tangent

bundle projection.

Proof. Let v € P(a,b,qo,q1) and n : [a,b] X (—€,¢) — @ be a smooth map s.t.
n(t,0) = ~(t) for all t € [a,b] and n(a,e) = qo and n(b,e) = ¢, for all £ € (—e¢,¢€).
Let us set 7. = n(-,¢) € P(a, b, qo,q1) a variation of the curve v. Then the tangent
vector to the curve € — 4. in P(a,b,qo,q1) at s = 0 is given by the vector field
v : [a,b] = TQ along vy = 7 defined by

v(t) = —

By construction, 7g(v(t)) = ~(t) for all ¢ € [a, b], since v(t) € T, Q. Moreover

0
Ye(a) = s

s=0

¢1=20
s=0

v(a) = —

O0s

and similarly v(b) = 0. O

Such a vector field v is called an infinitesimal variation of the curve ~ that

preserves the endpoints. v is denoted by

v =0y
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Having now defined both the action functional and the infinitesimal variation of a
curve on a manifold, we want to proceed in the same sense as in section 1.1. So we
set the first variation of the action to zero. Then this condition yields the Euler-
Lagrange equations, which provides an equivalent description of the dynamics of a

particle moving on the manifold.

Theorem 1.3. Let (U,q1,...,q,) be a coordinate chart on Q. Let 7 : [a,b] —
TU, t— (71(t),...,va(t)) with variations év;(a) = 0 = §v;(b) fori=1,...,n and
let L:TQ — R be a Lagrangian. Then the following are equivalent

1) ~ satisfies the Euler-Lagrange equations:

2 ) =29

where (q1, .. qn,G1,---,4n) € TU associated with a trivialization of TU by

0 e
017" "7 Ogn”

2) 6 [ L(y(t),4(t))dt = 0

Proof. Suppose 7 : [a,b] — TU, t +— (7(t),...,v.(t)) and 67, ...,07, € C>([a,b])
with 07;(a) = d7;(b) = 0 for i = 1,...,n and define

e(t) = (m(t) +€0m(t), .., m(t) +07(t), T € [ab]

for small e. Now compute the first variation of the action as follows

b _ dA,
3 [ L3 = ")
b0 . . . .
= % L(71+55717"'7’yn+€5777,771+€5717"')77‘L+667n>dt
a e=0
b [OL, . 0 oL .9
— P, 4 L (s + 67, T2 A L+ e6%)| at
3 S i) g o]y + S g <5
b rdL oL
_ Oy, Ao + ,'5'i]dt
’ ;_aqi(v )0 8%(7 7)8%

Integrate the second term by parts with dv;(a) = §v;(b) =0

b b d oL

b oL .
-/ @@(7,7)5%@)%

el oL, .
; {qu«(% ¥)Yidt = [@(7’ 4)57i)

a
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b d oL

= [ L0y 5ot
; dtaq.i(%v) ¥

Thus

dA,,
de

b TOL doL, |
B —/a ;[a%(v,'y)é% - %afq.i(%v)&n dt

=[G, - o 0

Since this is satisfied for all smooth §-; with vanishing endpoints §v;(a) = §v;(b) = 0.
This implies

§ [ La@A0=0 & SEA04(0) = 55 60.0)

]

Remark. As a consequence of this theorem the Euler-Lagrange equations are invari-

ant under any coordinate change.

So the Euler-Lagrange equations give us a description of the dynamics of a phys-
ical system on the tangent bundle T'Q), where the Lagrangian is defined as a smooth
function L : T'Q) — R. We now define the Legendre transformation to obtain an
equivalent formulation of the dynamics but this time on the cotangent bundle 7%Q).
In this setting, the equations of motion become Hamiltons equations, which are
expressed in terms of a smooth function H : T*(Q) — R called Hamiltonian. The
Hamiltonian in mechanics is usually taken as the total energy of the system, which

is the sum of kinetic and potential energy.

Definition 1.4. Let L : TQ) — R be a Lagrangian. Define the Legendre trans-
formation FL : TQ) — T*Q as
d
<FL<Q7U)7 w> = L(q,v—i—éw)
de|__,
where v,w € T,Q and (-,-) denotes the natural duality pairing between covectors

and vectors.

Remark. Notice that, the Legendre transformation is just defined as the fiber deriva-

tive of the Lagrangian L with respect to the velocity variable v.
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Now assume FL : TQ) — T*Q to be a diffeomorphism (i.e. L to be hyperregular),
then for each o, € T;Q, there exists a unique velocity v = (FL) Hoy) € T,Q
allowing us to define the dynamics by a Hamiltonian H : T#@) — R as follows.

Definition 1.5. For a hyperregular Lagrangian L : T'() — R the Hamiltonian is
defined by
H:=Eo(FL)":T"Q - R

with the energy F(q,v) = (FL(q,v),v) — L(q,v). Equivalently
H(q,aq) = {ag,v) = L(g,v), v =(FL) ()

Let (U, q1,---,qn) be any local chart around ¢ € @ that induce local coordinates
(gi, 4;) on TU we get for any w € T,Q)

. d . .
<IFL(q,q)? > di L(qla"'vqnvch+€w1>"'7Qn+€wn)
e= 0
; an (@ 4w
Thus oL
FL 2 ‘i - iy i)y P — N
(¢, ) = (g, i), P 9
The Hamiltonian in these coordinates is therefore
Z _ oL
pz% 7 7 pl - an

Now using the chain rule, we compute the partial derivatives of H

aﬂ(q p)—ZPOQi _OL - 0OLO4 0L
dq; ~"0q;  Oq; 5 9¢; 9q; dq;
8H a% 8L a%

P _28%8293 %

a qJ+Z

Recall the Fuler-Lagrange equations %g—(’; — g—; = (0 and consequently

oL
dq;

i =

Thus, substituting the expressions derived above, we obtain the Hamilton’s equa-
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tions
. OH . OH
QZ - 8p1’7 pl - aql
for 2 = 1,...,n. Hence, we have shown that Hamilton’s equations on 77*() are

equivalent to the Euler-Lagrange equations on 7T'Q) for a hyperregular Lagrangian.

Thus, for a hyperregular Lagrangian, we can reformulate the variational principle
directly in terms of the Hamiltonian.

Theorem 1.6. Let (U,q1,...,q,) be a coordinate chart on Q. Let v : [a,b] —
U, t — (q1(t),. .., qu(t),p1(t),...pa(t)) with variations dq;(a) = 0 = dq;(b) for
i =1,....,n and let H : T*QQ — R be a Hamiltonian. Then the following are
equivalent:

1) ~ satisfies the Hamilton’s equations:

. OH . 0H

q; = 3]9@-’ pi:_aqi

2) 6 [ pids — H(g, p))dt = 0

Proof. 1t is a direct result of previous calculations, but to be precise, we consider

an arbitrary variation of the curve v in 7*U of the form
qi(t) — qi(t) +€0qi(t), pi(t) = pi(t) +€dpi(?)

where ¢ is sufficiently small and d¢;, dp; are smooth functions with d¢;(a) = 0 = d¢;(b)
foralli =1,...,n. Then

b 2 b . 0H 0H
5/ (E :Pi%' — H(q,p))dt = E , Opid; + pidG; — ——0q; — ——O0p;dt
a ;1 i=17a an ap’L
" b OH OH
= i04: |. /51"1‘—'1'51'—751'— opidt
;Zl[p qla+a P = Didds = 506 = 5 -0p ]
noogb OH OH
= li — opi — (i + 5 )dqidt
;:1: / (¢ é)pi) pi— (P aqi) q

Since this is satisfied for all smooth dp; and d¢;, this implies

OH OH b I
o D o © / (;pq (¢,p))

i
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2 Symplectic Geometry and Poisson Geometry

We first introduce the notion of symplectic manifold. Then we define Poisson man-
ifolds, which are a more general setting and are particularly useful in the context of

reduction by symmetries.

2.1 Symplectic Manifolds

Let M be a smooth manifold endowed with a 2-form w € Q*(M) defined on it

Definition 2.1. w is called a symplectic form, if dw = 0 and w, are non-

degenerate for all z € M, i.e.

T,M — T*M

V= Wy = we (v, -)
is an isomorphism.

A smooth manifold equipped with a symplectic form is called a symplectic man-
ifold.

Definition 2.2. A symplectic manifold is a pair (M,w) where M is a manifold

and w is a symplectic form on M.

Remark. Since w, is a nondegenerate skew symmetric bilinear form on 7, M for each
xr € M, dimT,M = dim M is even. Thus finite dimensional symplectic manifolds

are always even dimensional.

Definition 2.3. Let (M, w;) and (Ms, wsy) be symplectic manifolds and let ¢: M; —
M; be a smooth map. Then ¢ is a symplectic if

*
Y Wo = W
ie.

(w2)<p(x)(d90x<vl)a dpg(v2)) = (wW1)a(v1,v2)

for all x € My and all vy,vy € T, M;. If ¢ is a diffeomorphism, then it is called a

symplectomorphism.

Now we would like to classify symplectic manifolds up to symplectomorphism.
Locally, this classification is given by the Darboux theorem below, and the only local

invariant is the dimension of the manifold.
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Theorem 2.4 (Darboux). Let (M,w) be a 2n-dimensional symplectic Manifold and
let x € M. Then, there is local coordinates (q1,-..,qn,P1,---,Dn) in a neighborhood
of x such that

w =Y dg Ndp;
i=1

The local coordinates (qu, ..., Gn,P1,---,Pn) are called canonical coordinates and

the 2-form w is called the canonical symplectic form.

Proof. See [MR99, Corollary 5.1.3.] or [CdS01, Theorem 8.1]. O

Remark. Let m : T*(Q) — @ be the canonical projection. Then we can define the
Liouville 1-form © on 7*(Q by

O, (w) = (a, T(w)), Vo e T'Q, w e T,T*Q

We can now define the canonical symplectic form w on 7*(Q) with the Liouville
1-form © by
w=—do

Take any local coordinates (qi,...,q,) on @ and lift them to the local coordinates
(1. GqnsP1s---,pn) on T*Q. Then the Liouville 1-form © in these coordinates is
given by

O := sz‘d%

i=1

and the canonical symplectic form w is given by

w:Zin/\dpi

i=1
Note that the definition is independent of the choice of local coordinates.

The non-degeneracy of the symplectic form w guarantees that for every Hamil-
tonian function H € C*°(M) there exists a unique vector field Xy € X(M), called

the Hamiltonian vector field of the Hamiltonian H, satisfying
iXHw = W(XH, ) =dH

In lifted local coordinates (qi,...,qn,P1,---,0n) on T*Q, the Hamiltonian vector
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field X is then given by

”(8H8 8H8)

2.2 Poisson Manifolds

Definition 2.5. A Poisson manifold is any manifold P endowed with a R-bilinear

map, called Poisson bracket

{}: C=(P) x C=(P) = C=(P),  (f,9) = {[. g}

satisfying
) {f.9t=—{g, f} (Skew-Symmetry)
2) {f:{g.h}} +{g.{h, f}} +{h{f.g}} =0 (Jacobi identity)
) {fog-hy=g-{f, b} +{f.9}-h (Leibniz rule)

for all f,g,h € C*(P). So the Poisson bracket {-,-} is a Lie bracket on C'*°(P)

satisfying the Leibniz rule.

Remark. In a local chart (U, z1,...,z,) a Poisson bracket {-,-} takes the form
_ . 9f 9
{f7 g}‘U — iJZ:1 Tij axz 8xj

where 7;; = {z;,2;}|v € C*(U). Thus a Poisson bracket is completely determined
by the functions 7;;. Note also that every symplectic manifold is a Poisson manifold
with the Poisson bracket defined by {f, ¢} = w(Xy, X,). However, not every Pois-
son manifold is symplectic. For instance, any manifold M with the trivial Poisson
bracket {f, g} = 0 forall f, g € C*°(P) is a Poisson manifold but it is not symplectic,

since the Poisson bracket is degenerate unless P is trivial.

Now we can extend the notion of Hamiltonian vector fields to Poisson manifolds.
In fact, the Leibniz rule implies that the map f +— {H, f} is a derivation on C*°(P)
for all H € C*°(P). Thus, by the identification of vector fields with derivations on
C>(P), we can associate a Hamiltonian vector field Xy to each Hamiltonian
function H by
{H, [} = X;(H) = =Xu(f), VfeC™(P)
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Denote now the set of all Hamiltonian vector fields by X" (P). Then we have the

following result.
Proposition 2.6. For a Poisson manifold (P,{-,-}), the map

C=(P) — x"m™(P)
f —> Xf

is a Lie algebra anti homomorphism, i.e. for any f,g € C*°(P) we have
[(Xp, Xg] = = Xi1.0)
Proof. Let f,g € C*°(P), then

(X5, Xl (h) = Xy (Xg(h)) = X,(X;(h))
= X;({h, 9}) = Xy({h, f})
= {{h7g}7f} - {{h7f}7g}

= {f7 {ga h}} + {ga {hv f}} Skew—symmetry
=—{h,{f,9}} Jacobi identity

= _X{f,g}(h)
O]

Remark. Note that the Jacobi identity of Poisson bracket is equivalent to the con-
dition [ X, Xy] = =Xy for all f,g € C*(P). So we could have defined a Poisson
manifold with that condition replacing the Jacobi identity.

Proposition 2.7. Let (P,{-,-}) be a Poisson manifold and let ¢; be a flow on P.
Furthermore, assume H € C*(P) to be a Hamiltonian and U C P to be an open

set. Then the following are equivalent

1) ¢y is the flow of Xy

2) 4(Foyp,)={Foyp,H}={F H}op forall F € C*(U)
We denote the 2nd condition shortly by F' = {F,H} along all integral curves of Xpg.
Proof. See [MR99, Proposition 10.2.3] O

As an example, we reformulate Hamilton’s equations in terms of the canonical

Poisson bracket on the cotangent bundle T*Q).
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Example 2.8. Take the lifted local coordinates (q1, ..., Gn, P1, - - .,Pn) o0 T*Q then
we get the Poisson bracket {-,-} on T*Q by

- & | \~0f9g Of 0g
{9 = w(Xp X) = Yo dai A dpXp X)) = 3 5o ol = oo

i=1 i=1

Let (q(t),p(t)) be a integral curve of Xy, then

4 OF , OF
F= GFa.p0) =3 554+ 5 b
. OFOH OFOH

aqi Op; Op; aqi

This is true if and only if g—f = ¢' and g—é{ = —p;, which are exactly the Hamilton’s

equations.

Definition 2.9. A Poisson homomorphism between Poisson manifolds (P, {-,-}1)
and (Pz,{-,-}2) is a smooth map ¢ : P, — P, such that

{f0¢,g0¢}1:{f,g}20¢

for all f,g € C®(F2).

Remark. If G acts on a Poisson manifold P by Poisson homomorphisms, then we

say that the action is canonical (or we say G acts canonically on P).

As we are interested in studying symmetries, we want to consider quotient spaces
obtained by factoring out symmetry group actions. But these quotients are not nec-
essarily smooth manifolds. So we need to impose some conditions on the group
action to ensure that the quotient is a smooth manifold. Assuming that the group
action is free and proper!, we can guarantee that the quotient is a smooth manifold
and the projection map is a submersion. The following theorem shows that, these
quotients inherit a Poisson structure under the assumption that the group action is
canonical, free and proper. We will later apply this theorem to cotangent bundles
with symmetry, where the reduced space can be identified with the dual of a Lie al-
gebra g* and explicitly compute the resulting Poisson bracket called the Lie-Poisson
bracket.

Theorem 2.10 (Poisson Reduction Theorem). Let G' be a Lie group acting canon-

ically on the Poisson Manifold P. Suppose also that the action is free and proper.

1See the disscusion before the Definition 0.25 and the Proposition 0.26 for more details.
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Then there is a unique reduced Poisson structure on P/G denoted {-,-}p;c such that

the projection m: P — P/G is a Poisson map, i.e.

{f.g9}pigom={fomgor}, VfgecC(P/G)

Proof. See [MR99, Theorem 10.5.1]. O

3 Symmetry and Reduction

In this section we first introduce the concept of momentum maps, which helps us
to prove the Lie—Poisson reduction 3.11. Then we will show that the reduced space
T*G /G obtained by factoring out the symmetry group action can be identified with
the dual of a Lie algebra g* and we will explicitly compute the resulting Poisson
bracket on g*, which is called the Lie-Poisson bracket (6). That then gives us the
Lie—Poisson equations (7) describing the dynamics on g*. Then we will introduce the
Euler—Poincaré reduction 3.13, which is a Lagrangian analogue of the Lie—Poisson
reduction. That is, we will reformulate the variational principle on g and obtain the
Euler—Poincaré equations. Lastly, we will show that the resulting Euler—Poincaré

equations are equivalent to the Lie—Poisson equations on g*.

3.1 Momentum maps

Assume that the Lie group G acts on the Poisson manifold P canonically on the
left by ¢ : G — Diff(P) and denote the action as ¢, : P +— P, ¢4(p) = g-p
for g € G. To get the induced canonical infinitesimal action of this, differentiate
¢iif,h} = {#,f, ¢;h} with respect to g € G in the direction § € g. On left hand

side we have

d

% ¢pr(t§){f7 h} = fp({fv h})

t=0

where £7 is the infinitesimal generator of the action corresponding to & € g 2, and
on the right hand side

d

* * d
14 {¢exp(t£)f7 ¢exp(t£)h} = {%

* * * d *
dt o (bexp(t{)f? ¢eh} + {¢ef7 % ¢exp(t£)h}

={&"(N), h} +{f.6"(n)}

2See the definition 0.27 for the definition of the infinitesimal generator of the action.
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Thus we obtain the condition

TS ) =7 (). ny +{f.6" ()} (2)

When this condition holds for every ¢ € g, we say that the Lie algebra g acts

canonically on P. Now let us define the moment map of the action of g on P.

Definition 3.1. Let the Lie algebra g act canonically on the Poisson manifold P
by &+ &P 3 and let pu: g — C°°(P) be the linear map such that

Xue) = gp’ vEeg

i.e. u(€) is the hamiltonian function of the vector field ¢, Then the map J : P — g*
defined by

(J(p),&) = w(&)(p), VEegVpeP

is called momentum map of the action.

Example 3.2. Let G C GL,(R) be a matrix Lie group. Let us consider the action of
G on R” given by matrix multiplication ¢4(q) = Aq for A € G and ¢ € R™. So first
we are going to lift the action to the cotangent bundle. For that first differentiate
¢4 with respect to ¢ € R™ in the direction v € T;R" to get the tangent lift of the

action

d
dalqg+tv) = p Alg+tv) = Av, Yo e T,R" ~R"

t=0 t=0

d
Typa(v) = it

Thus T¢4 : TR™ — TR", (q,v) — (Ag, Av). Then the cotangent lift of this is
given by the usual duality pairing

(T*pa(),v) = (s, Toa(v)) = (as, A~ v) = (A0, )

where a;, € TYR", v € T,R" and s = Aq. To obtain a proper lift, we rebase the

cotangent map to the original point ¢, which gives the lifted action on T*R" as

T 6ar : TIR" = T R
(¢,p) — A~ (q,p) = (Agq, (AT) " 'p) (3)

To compute the infinitiesimal generator corresponding to £ € g, we differentiate (3)

with respect to A € G in direction . That is, we consider A(t) = exp(t{) and

3See the definition 0.31 for the definition of the Lie algebra action.



3. Symmetry and Reduction 19

differentiate it at t = 0

7 (q.p) = ) (@Dl (expt€)) ) = (€0, ~€"D)

Furthermore, by the definition of the canonical symplectic structure on T*R" we

have

(&) _(9u(£))
opi Jq;

Xue(g,p) = (

Then, X, (q,p) = £ *" (¢, p) implies that

Then a solution is given by wu(§)(¢,p) = (£q) - p. Hence (J(p),&) = (&q) - p. For
example, for the case of the special orthogonal group G' = SO(3) acting on R3 we

obtain J(q,p) = q x p for all (¢,p) € T*R3.

Definition 3.3. We denote by P : X(Q) — C*°(T*Q) the momentum function
defined for any X € X(Q) and o, € T;Q by

P(X)(ag) = {og, Xg)
In local coordinates o, = (¢, p) one has P(X)(g;, pi) = >; X7 (¢:)p;-
Let Z(T*Q) denote the space of fiberwise-linear functions on 7*Q), i.e.
L(T°Q) = {F € C*(T"Q) | F(ay) is linear in oy € T;Q for each ¢ € Q}

Since Z(T*Q) is closed under the canonical Poisson bracket on T*@), it forms a Lie
subalgebra of C*°(T*Q) with the Poisson bracket as the Lie bracket.

Lemma 3.4. Let P: X(Q) — C>*(T*Q), X — P(X) be the momentum map with
P(X)(ay) = {ay, X,). Then it follows that

1) The momentum map P is a Lie algebra anti-isomorphism between the Lie

algebra of vector fields (X(Q), [-,-]) and the Lie Algebra (£ (T*Q),{-,-})

2) The map F +— Xp is a Lie algebra anti-isomorphism between the Lie algebra
(Z(T*Q),{:,-}) and the Lie algebra of Hamiltonian vector fields generated by



3. Symmetry and Reduction 20

fiberwise-linear functions, i.e.

Proof. (1) By construction P(X) : T*Q — R is smooth and linear on each fiber
T7Q for fixed ¢ € Q. Moreover, to show that P(X) is injective, let P(X) = 0, then
(g, Xy) = ay(X,) = 0 for each ¢ € @ and each o, € T/Q. Thus X, = 0 for every
g € @ and therefore X = 0. Furthermore for each F' € Z(T*(Q), one can define a
vector field X" € X(Q) by

Flag) = <O‘q7X5>7 Va, € T;Q
Thus P(X¥) = F by
P(X")(aq) = {ag, X)) = Flay), Yoy € T;Q

showing the surjectivity. Furthermore, in local coordinates o, = (g, p) on T;(Q) one

has

P(X)(q.p) =2 X' (@)pi. P(Y)(a.p) =3 Y'(a)p
Hence the Poisson bracket is

OP(X)oP(Y) OP(X)oP(Y)

(POOPIYar) = X555 = = 5 =
=3 (e ) - ()
—%pz(gj Z X’“g}:
“Tag(r 8’1’—%2”2)
ZpZYX
—P([X,Y])(g,p)

Thus {P(X),P(Y)} = =P([X,Y])
(2) Recall that for any two functions F,G € C*(T*Q), we have [Xp, Xg] =
—X{rgy. Furthermore, the map F' — Xp is surjective by definition, since every

Hamiltonian vector field Xy is generated by some function F. To see that it is also
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injective, suppose X = 0. Then, for any G € Z(T*Q), we have
{F,G} = Xg(F)=0

Thus F must be constant on each fiber. But F' is linear on each fiber and the only

linear function that is constant is zero. Hence F' = 0 and F' +— Xp is injective. [J

Proposition 3.5. The flow of the Hamiltonian vector field Xpx) € X(T*Q) asso-
ciated to the momentum function P(X) € C(T*Q) is given by the cotangent lift
of the flow of X € X(Q), i.e. if ¢y is the flow of the vector field X, then the flow of
the Hamiltonian vector field Xp(x) is given by T"¢_, : T;Q) — T(Z‘t(q)Q.

Proof. Let mg : T*Q — @ be the projection and let ¢, : Q — @ be the flow of the
vector field X € X(Q). Then the cotangent lift of ¢; is given by T*¢_; : TyQ —
T;‘t(q)Q. Thus

TQ © T*ﬁb—t(aq) = ¢u(q) = ¢r 0 7TQ(Oéq)

for all oy € T;Q. Therefore
oo T g = ¢romg
Differentiating at t = 0 gives
TrngoY = X omg

where

d

Vi) =4

T"¢4(a) € T(T"Q)

t=0

Now use the fact that for any diffeomorphism ¢ on @), the cotangent lift preserves
the Liouville one-form on T*@Q, i.e. (T*1)*© = ©. Now apply this to ) = ¢_; and
differentiate at t =0

d d
Ly =—| (T"¢_)"(O©)=—] ©=0
dt|,_, dt|,_,
Using Cartan’s formula and w = —d© we get
0=£y0
= d(iy©) + iydO©
== d(Zy@) - iyw

= lyw = d(Zy@)
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Thus, by definition of the Liouville 1-form ©, it follows that for any o, € T;Q)

(
= (ag, Tmo(Y(ay))) Definition of ©
(

= (0, X (mg(ay))) Using the relation we derived above
=P(X)(ay) Definition of P(X)
Hence iyw = dP(X), so that Y = Xp(x). O

Xpxy € X(T7Q) is called the cotangent lift of X € X(Q) denoted by X' :=

Xp(x). Furthermore

(X", Y] = [Xpx), Xp)]
= —Xpx),P(r)}

= —X_px,y]
= [Xv Y]/

Thus, the cotangent lift is a Lie algebra homomorphism X(Q) — X(7*Q), X — X'.

Definition 3.6. Momentum maps J : P — g* are called infinitesimally equiv-

ariant, if one of the following equivalent conditions are satisfied

1) T.J-n"(z) = —ad; J(z) for all n € gand z € P

2) The map p : g — C°°(P) associated to J satisfies p([&,n]) = {w(&), u(n)} for
all E,neg

Furthermore, Lie algebra actions admitting infinitesimally equivariant momentum
maps are called Hamiltonian actions. Moreover, assume that the Lie group G acts
canonically on P. Then its Lie algebra g acts canonically on P by & s ¢F for any
¢ € g. The momentum map J : P — g* corresponding to this induced canonical Lie

algebra action is called equivariant if

AdyroJ=Jo¢,, VgeG

To compute the momentum map in an easier and straightforward way for cotan-

gent lifted actions, we have the following theorem.

Theorem 3.7 (Momentum Maps for Lifted Actions). Let P = T*Q be the cotangent

bundle of a manifold QQ equipped with the canonical symplectic structure. Suppose
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that the Lie algebra g acts on the manifold Q by vector fields & — &9 for € € g.
Then g acts on P on the left by the cotangent lifted action & v &P = (€9)'. This
lifted action on P is Hamiltonian with infinitesimally equivariant momentum map

J: P — g given by

(J(ag), &) = (g, £%(a)) = P(£9) () (4)

Moreover, if g is the Lie algebra of a Lie group G that acts on Q, then the cotangent
lifted action of G on P is Hamiltonian with equivariant momentum map J : P — g*

given by the same formula (4) above.

Proof. We first show that g — T%Q, ¢ +— &P is indeed a canonical Lie algebra
action. Let &, n € g

Furthermore, for any F, H € C*°(T*Q) we have

§"({F, H}) = Xpeo)({F. H})
= {Xpa)(F), H} + {F, Xpo)(H)}
= {¢"(F), H} + {F.¢"(H)}

Thus ¢ — £F is a canonical Lie algebra action. By using the Proposition 3.5, if ¢,
is the flow of £%, the flow of £¥ = (€9) = Xpa) is T*¢_,. Thus u() = P(£9)
is a induced "comoment map". Furthermore, using the fact that P is a Lie algebra

anti-isomorphism, we get

{1(&), u(m)} = {P(9), P(n?)}
= —P([¢9, 1))
= P([&n]9)
= p([€,n])

Hence J is the infinitisemally equivariant momentum map. Now assume that g is
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the Lie algebra of the Lie group G that acts on (). Then

9-q,6%g - q))

(J(g - aq) &) =
= (T5,05 " (aq), 6% (4(a))
=
=

g, Tyety (gQ(¢g( )
ag, ¢ SQ( )

Using the relation ¢7¢9(q) = (Ady-1 £)%(g) proven in Proposition 0.30, we get

(J(g - q),§) = (g, (Adg— QQ(Q»
= (J(ag), Adg-1§)

= (Adj-1 J(ay), )
Thus Jo &, = Ad;—l oJ. O

Example 3.8. Let G C GL,(R) be a matrix Lie group. Let us again consider the
action of G on R" given by matrix multiplication ¢4(q) = Ag for A € G and ¢ € R".

As in the example 3.2, the infinitesimal generator of this action is then given by
& =¢&q

for £ € g. By the above theorem, the cotangent lift of this action to T*R"™ has an

equivariant momentum map J: T*R"™ — g* given by

(J(q,p), &) =p-(q)

As we can see, that was easier compared to Example 3.2

Example 3.9 (Momentum map of the left action). Let G be a Lie group and recall

the left translation map

Ly:G—=G
h — gh

Its tangent lift is given by

TL,: TG — TG
Vp (gh,Tth(vh))
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Hence its infinitesimal Lie algebra action is given by

d
£%(g) = il xP(E)g = &g = TRy (€)

for £ € g. Then the momentum map for the cotangent lift of the left translation

action is equal to

(Ji(ag), &) = <agv€G(9)> = (ag, Te Ry (§)) = (17 Ry(ay), §)

that is
JL(ag) = T:Rg(ag)

Notice that Jp, is right invariant and is a equivariant momentum map, so they are

Poisson maps according the following theorem

Theorem 3.10. If J : P — g* is an infinitesimally equivariant momentum map for
a left Hamiltonian action of the Lie algebra g on any Poisson manifold P, then J

is a Poisson map, i.e. for all Fy, Fy, € C*(g*) we have
J*{Fla F2}LP = {J*Fla J*FZ}
where {-,-}p denotes the Lie—Poisson bracket given in the Theorem 3.11.

Proof. See [MR99, Theorem 12.4.1] O

3.2 Lie—Poisson Reduction

Let G be a Lie group and consider the cotangent bundle 7*G. We now want to
compute the Poisson bracket on the reduced space T*G/G obtained by factoring
out the left translation action of G on T*G. Recall that, a smooth function Fp, :

T*G — R is called left-invariant if for every g € G
FL e} T*Lg = FL

Let F' € C*(g*), then we can extend it to a left invariant smooth function Fj, :
T°G — R by
Fi(ag) = F(T7 Ly - ag) = (F'o Jg)(ay)

where, for all o, € T*G, the momentum map Jg : TG — g* is defined by

Jr(ay) =T7 Ly - ay
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Furthermore, note that the trivialization of T*G by left translations given by

Tg*G -G xg"
ag = (9, T, Ly - ag) = (g, Jr(ay))

So this trivialization identifies the contagent lift of left translation action on T*G

with the left action on G x g* given by
g (h,pu) = (gh,u), Vg,he€Gandpcg

This means that G acts trivially on the g*-component, so that the quotient 7*G /G is
diffeomorphic to g*. Thus, we can regard Ji : T*G — g* as the canonical projection
T*G — T*G/G and endow g* with the unique Poisson structure that makes Jg a
Poisson map by the Poisson reduction theorem. Thus, g* inherits a Poisson structure

{-,-}Lp uniquely given by

(F\HYpoJr={FolJp Holgt={F, H} (5)

Now we would like to compute this Poisson structure called the Lie-Poisson

structure.

Theorem 3.11 (Lie-Poisson Reduction). Let F, H € C*(g*) and extend them to
left invariant functions Fy : T*G — R and Hy : T*G — R respectively. Then the
restriction of the canonical Poisson bracket {Fr, Hp} on T*G to g* endows g* with

a Poisson structure {-,-}pp given by

{F> H}LP(:“) == <HJ7 lii? (;[;r| > (6)

for all € g*. Here, ‘;—5 € g is defined by

5F d \
<5u7 5u> = dELOF(u +edp), Voueg

So (g*,{-,-}rp) is a Poisson manifold and the bracket {-,-}pp is called the Lie-

Poisson bracket.

Proof. Let C°(T*G) be the space of left-invariant functions on 7*G, so it is iso-
morphic to C*°(g*) by the isomorphism

C*(g") —» C°(I"G), Fw Fy
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where F(ay) = F(Jr(ay)) = F(T!L,-a,). Indeed, the inverse is just the restriction
to the fiber over the identity

CX(T*G) — C®(g*), F s F

TG

e

Moreover, T*L, is a symplectic map for each g € G, thus the space Cp°(T*G) is
closed under the Poisson bracket on 7*G. Therefore C*(g*) gets endowed with
a unique Poisson structure by the Poisson reduction theorem. Furthermore, the
Poisson bracket {F, H} for I, H € C*(g*) depends only on the differentials of F
and H at each point. Thus, to determine the bracket {-,-},p on g* we can assume
that F' and H are linear functions on g* of a particular point. So let F' € C*°(g*)
be linear, we can then write F'(1) = (u, ‘;—5), where ‘;—5 is a constant in g and p € g*.
Now let i =T>L, - oy, then

where (J—F)L (9) =T.L, - ‘;—5 is the left-invariant vector field on G generated by %—5.

oy
Similarly, we can write Hp(ay) = P ((%)L) (o) for some %—Z € g. Moreover, recall

that {P(X),P(Y)} = —P([X,Y]) for any vector fields X,Y. Using this and the

fact that (‘%)L and (‘;—ZI)L are left-invariant vector fields*, we get

s~ {(£)) #(() o
(), ()]
(]

(e ] )

4Left invariant vector fields are closed under the Lie bracket, see Definition 0.11 and the remark
right after that
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Finally, using the fact that F'o Jp = F, and H o Jg = Hy, and the characterization
of the Lie-Poisson bracket given by the equality (5) we have

{F,H}ypp(n) = {F,H}rp o Jr(ay)
={FoJg Ho JR}(ag)
= {F, Hr} ()

L)

which proves the Equation (6). O

Example 3.12. Let us apply the above theorem for the Lie group G = SO(3) and
its Lie algebra g = s0(3). Using the identification s0(3) = R? derived in example
0.15 and identifying R* = (R3)* via the standard inner product, the Lie-Poisson
bracket on R? is given by

{F, H}(IT) = —II - (VF(II) x VH(IT))

for I, H € C*°(R?) and IT € R3. We call this bracket the rigid body bracket.

Remark. Instead of extending F' and H to left invariant functions, we can restrict

the functions to a coadjoint orbit O, of y1 € g*, which is given by
O, ={Adjp:ge G} =G p
Then we get an induced symplectic structure w on O, given by
W)€ (W), 1" (0) = —(u.[&m). Ve O, Eneg

This symplectic structure induces also a Poisson structure {-,-} on O, given by

5F 6H N
{F,H}(u)——<u, [MMD, VEH € C%(0,), n €0,

which is exactly the Lie-Poisson structure on O, as a submanifold of g*. For more
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details, see [[MR99], Section 14].

Now having this Lie-Poisson structure on g* in our hands, we can write the

Hamilton’s equations F' = {F, H};p for a Hamiltonian H € C*(g*) and any F €
C>(g*). Again by assuming that F is linear, we can write F'(u) = (u, %> for some

‘;—5 €gand p € g*. Then
. OF .
<u,5> = F(p) ={F, H}Lp(p)
1

0F 6H

= =\ M|
o’ o

oF
= <M’ad%ﬁl5ﬂ>

., OF
(g )

Since this holds for all ‘;—F € g, we get
“w

[ = adf‘%; 1 (7)

which is called the Lie-Poisson equation.

3.3 Euler—Poincaré Reduction

Let G be a Lie group and and consider its tangent bundle T'G. When a Lagrangian
L : TG — R is invariant under left translations, then this symmetry naturally leads
to reduced equations of motion on the Lie algebra g. Recall that a Lagrangian
L : TG — R is called left-invariant if for every g € G we have

LoTL,=L

that is
L(gh, TyLyh) = L(h, h)

Left-invariance of L implies that L is determined by its value at the identity, i.e.

L(g,9) = L(g~'g,97"g) = L(e,€)
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where £ = g7'g = T,L,~1g € g. Thus the restriction of L in g defines a reduced
Lagrangian [ : ¢ — R such that

(€)= L(e,&) = L(g,9), VgeG, =g 'geg

The following theorem shows that the Euler-Lagrange equations for L on G are
equivalent to the Euler—Poincaré equations for [ on g with their respective variational

principles.

Theorem 3.13 (Euler—Poincaré Reduction). Let G be a Lie group and let L :
TG — R be a left-invariant Lagrangian. Let g : [a,b] — G be any smooth curve with
variations 6g(a) = dg(b) = 0 and set £(t) = g(t)"'g(t). Letl: g — R be the reduced
Lagrangian defined by 1(§) = L(e,&). Then the following are equivalent

1) The curve g(t) satisfies the Euler—Lagrange equations for L on G

2) The variational principle with fized endpoints holds
b .
5 [ Liglt),3(0)dt =0

3) The Euler—Poincaré equations hold along the curve £(t)

ot _ w0
dtoe ¢ 5e

4) The variational principle on g holds
b
5/uamﬁ=o
using variations of the form
0§ =1+ [&, 7]
where 1 vanishes at the endpoints, n(a) = n(b) = 0.

Proof. We have already shown the equivalence (1) < (2) in the Theorem 1.3. Now
let us show that (2) < (4). For that we assume G C GL,R.> Since | uniquely
determines L, we just need to prove that all variations dg(t) € TG of g(t) with
dg(a) = dg(b) = 0 are exactly induced by variations §£(t) of £(t) of the form 6 = n+

SFor the general proof see [BKMM96]
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[€, 1], where 7(t) vanishes at the endpoints, n(a) = n(b) = 0. Let g\ € P(a,b, q1,q2)
. . _ o
be a variation of the curve g s.t. g = 87‘,\20 gx. Then

0

= o (95 ')

A=0

0¢

o 0
= (5792 )i+ 95 (5700
oA ARONTYL L,

Since grgy ' = e, one has % (g2) gy '+9r2(gx ") = 0. Therefore & (g5") = —g5 ' % (g2) 95 -
Thus

. d . ., 0.
6 = —QAIE(QA)Q,\IQA + gxl(agx)

A=0

0
I S AT v o :
(=g~ 699 )g+g (5M209A)
Now let n = g~*dg. Thus

0 .
&=né+g ! (55| )
A=0

Furthermore

o d,
n—dt(g g)

! 9,\)

A=0

=(—g"'g97")og+ g~

4.0
dt "o\
N

9
=—n+g ' (5| ¢
A=0

O\

Hence 0§ —n = [£,n]. Conversely, given d¢ of the form d§ = n + [, n] where n
vanishes at the endpoints, we can define g = gn. Then dg is a variation of g with

fixed endpoints and it induces the given §¢. This shows the equivalence (2) < (4).

Let us now show (3) < (4) by using the variational principle. We have

54%@&:[<§ﬁ§ﬁ
:/ab<§é,7'7—l—ad§77>dt
= {<i(§én>]2_/€bb<i§é,n> dt+/ab <ad2§éﬂ7> dt
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b/ d ol
S dt / d:
/a<dt6£ > * <“f(5§ >
b d ol ol
= ad;— dt
/ < dioe o >
for all variations 7 vanishing at the endpoints. Since they are arbitrary, we get

b d 4l 5l
6/al(§)dt—0 & e Todisg =0

]

The Legendre Transformation. Since in the hyperregular case (i.e. FL is a
diffeomorphism) the Euler-Lagrange and Hamilton equations on 7'Q) and T*Q are
equivalent, it follows that the Lie-Poisson and Euler—Poincaré equations are also

equivalent. To see this directly, we define the reduced Legendre transform

Definition 3.14. Let [ : g — R be the reduced Lagrangian defined by I(£) = L(e, £).

Assuming L is hyperregular, define the reduced Legendre transform as

ol
1§+ = <, >
» (§+sn) 5!

for all £, € g. Thus, by definition, we have fl(£) = g—é. Note that, since

gt (€)=

FL(e, &) = (e, fl(E))

the map fl is the restriction of FL to g. Thus, if L is hyperregular, then fl is a

diffeomorphism.

Definition 3.15. For a hyperregular Lagrangian L : T'(Q — R and its reduced
Lagrangian [(§) = L(e, &), the reduced Hamiltonian A : g* — R is defined by

o (f)~*

with the energy e(§) = (fI(§),&) — I(§). Equivalently
h(p) = (1, €) = 1(6), &= (f)~"(w)

Note that

Sh 8¢ ol o\ U3 08\ _
e~ (e —er ()~ (i) =
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Since we can write the Fuler-Poincaré equations in the new variable p, this proves

the following proposition

Proposition 3.16. Fuler-Poincare Equations are equivalent to the Lie-Poisson
equations, i.e. the following two equations are equivalent
d sl _ 3% 6l

2) /L = ad;h/ﬁu K

with u, h and | as defined above.

4 The Free Rigid Body

A rigid body is a mechanical system that is constrained to move in such a way
that the distance between any two points of the body remains constant during the
motion. We assume that the body rotates about its center of mass taken as the
origin of the coordinate system in R3. We fix a reference configuration of the body
B, which is the closure of an open set in R3. Then the position of each particle is
given by X = (X3, X5, X3) € B in the reference configuration. Furthermore, assume
that there are no external forces or torques acting on the body, meaning that it is a
free rigid body. A configuration of the body is then given by a map B — R3 that is
C' and invertible on its image. Moreover, the configuration space of this system is
the Lie group SO(3), since it describes all possible rotations about the origin in R3.
Thus, the velocity phase space is the tangent bundle 7'SO(3), and the momentum
phase space is the cotangent bundle 7*SO(3).

The motion of the free rigid body can be described by time dependent family
of configurations given by a curve z(X,t) in R3, which is related to the reference
configuration X by a rotation matrix R(t) € SO(3), i.e.

2(X,1) = R()X

The velocity V (X, t) in the reference configuration is then obtained by differentiating

the above relation with respect to time, which gives

V(X,t) = i(X,t) = R()X

Then the Lagrangian L : TSO(3) — R is given by the kinetic energy of the system.

But, if we had a system of N particles with masses m; and positions x;, then the
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kinetic energy would have been given by SN, m;||4,]|?/2. Nevertheless, in the case
of a rigid body, we have infinitely many particles, so the mass of each particle at the
position X is given by a mass density function p(X) and the mass of the body is
given by the integral of the mass density function over the reference configuration,
that is [z p(X)d®*X. Thus, the Lagrangian L : TSO(3) — R is given by

LRR) = [ o))l x

1 .
== [ p(X)|RX|Pd’X
5 [P RX 2
1 . .
-5/ p(X)tr((RX)(RX)T>d3X
B
1 . .
_ 22&7’( / p(X)(RX)(XTRT)d3X>
B
1 : T B3yv\RT
- 2tr<R(/Bp(X)XX #X)R )
1 ..
= itr(R]IRT)
where the inertia tensor I of the body, with respect to the origin, is given by

I= / p(X)XXTdX
B

which is symmetric and constant. Now, let us show that the Lagrangian L is left
invariant. For that, let Q € SO(3), then

LIQR, QR) = 51r((QR)(QR)")
= ;tr(QRRTQT)
= Ltr(RR)
= L(R,R)

Now, by identifying Tr SO(3) with the Lie algebra so(3) via left or right translation,
the differentials of left and right multiplication by R™! gives

TLg-+(R,R)=(I,R'R), TRr(R,R)=(I,RR™)

for any (R,R) € TSO(3). Therefore, R"'R, RR~! € 50(3)., thus they both are
skew symmetric. By using the hat map * : R® — s0(3) defined in the Example 0.15
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define the spatial angular velocity w € R? by
& =RR™

Note that this implies

T=Q0r=wXZx

The body angular velocity 2 € R3 is then given by
Q=R 'w
Thus, we get
OX=0xX=R'wxR'2=R Y wxz)=R'RR 'z =R 'RX

Hence, Q) = R™!R, thus the reduced Lagrangian [ : 50(3) — R is given by

1) = L(e,0) = Jr(@107) = Jor((RTRIRMR)T) = Jir(RIRT) = L(R,R)

Furthermore, notice that

. 1 .
R) = [ pC0laldx

=)
I

=
s

p(X)[lw x z||*d*X

p(X)IR™ (w x 2)|I*d*X

p(X)II x X|Pd*X

p(X)[IX x Q|*d*X

pXOIXQYPd*X

p(X)QTXTXQd®X

T~ o

N RN RN RN RN RN RN

Qr ( /B p(X)XTXd3X>Q

Consider
XTX = —X?= (X x (X x)) = | X||’T — xXT

where we used that X7 = —X and the vector triple product identity X x (X xy) =
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X(X -y) — | X[y Thus
() = ;QT [ o)X %@ x0 = ;QT [ oI~ XXT)ix0 = ;QTJQ
where the moment of inertia tensor J is given by ¢
U= [ o)X - XXX

Using the identification 7 s0(3) ~ R? ~ s0(3)*, we regard the reduced Lagrangian
[ as a function of Q. Then, for any variation d2 € R?, the directional derivative is
given by

d

() o) = —
6:0( +208) de

;m +e6Q)TI(Q + £6Q)

e=0

= ;(5QTJQ + Q7J60)

ol d
2 sy = &
<(5Q’6 ) de

1
= 5QT(J +J7)60
= Q7760 since J is symmetric
= (JQ,00)
Since this holds for all 5 € R3, we get

ol

10

o0 J

Hence, on the left hand side of the Euler-Poincaré equations we get %(;% = JQ and

on the right hand side

for any 1 € R®. Hence, adgy(35) = (JQ) x Q. Thus, the Euler-Poincaré equation for

6The interia’s are related by the equality tr(£177) = ¢7Jn for any &, 7 € so(3)
“See Example 0.15 and 0.16
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the free rigid body is given by
JQ=J2xQ

which is exactly the Euler’s equation for the rigid body. The reduced Legendre
transform fl : s0(3) — s0*(3), Q — Il is then given under the identification so(3) ~
R3 ~ 50(3)* by
il
I=5(Q) =— =JQ
fi() = o =3
with inverse f/~'(IT) = J~'II. The reduced energy function ¢ : s0(3) — R is

e(IT) = (IT,2) — 1(©,30) = {IL0) — (I, ) = {11,

1
2
Thus, the reduced Hamiltonian is

heso(3)" =R, A(IT) = cofi™ () = (3T 1)

and the Lie—Poisson equations are

11 = adj, s 1T =11 x J 'L
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Appendix: Lie Groups

Lie groups are the mathematical concept that describes the continuously varying
symmetries of a geometrical system. In this section we give the definition of Lie
groups, Lie algebras and exponential map and show how they are related to each
other. Then we introduce the Lie group actions. Finally, we illustrate their relevance
through the example of the Lie group SO(3), particularly useful for the study of
rigid body dynamics.

Lie Groups and Lie Algebras

Definition 0.1. A Lie group is a smooth manifold G with a group structure such

that the group product and the inverse map
GxG—G, (g,h)—gh and G—G, g g*

are smooth maps.

Definition 0.2. A Lie group homomorphism is a group homomorphism that is

smooth.

Example 0.3. Consider the general linear group GL,C, which is the set of all
invertible n x n matrices with complex entries. The group operation is given by
matrix multiplication and the inverse map is given by taking the matrix inverse.

Since both operations are smooth maps, GL,C is a Lie group.
Definition 0.4. A matrix Lie group is a closed subgroup of GL,,C.

Example 0.5. Some examples of matrix Lie groups are

O(n) = {A e GLR: ATA=1I}
SO(n) ={A € O(n):det(A) =1}
Un)={AeGL,C: A*A=1}

(

(

SU(n)={Ae€U(n):det(A) =1}

SL(n) ={A € GL,R : det(A) =1}

O(n, k) ={A € GL, R : ATL A= 1,;}
SO(n, k) ={A € O(n,k):det(A) =1}

where [ is the identity matrix and I, is the diagonal matrix with n entries of 1

and k entries of —1 on the diagonal.
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Later we are going to look more closely into SO(n) since it describes rotations in
n-dimensional space. For n = 3, it contains all possible rotations about the origin
in R3, thus it is the configuration space of the rigid body dynamics. Now let us give

the definition of a Lie algebra.

Definition 0.6. A Lie algebra is a vector space g equipped with a bilinear map

[,] : g x g — g called the Lie bracket satisfying

1) [z,y] = —[y, 7] (Skew-Symmetry)

2) [ZE, [ya ZH + [27 [l’, y” + [?/, [27 $H =0 (J&CObi Identlty)
for all z,y,z € g.

Having defined a Lie algebra, now we would like to find a finite dimensional Lie
algebra g associated to any Lie group G. For that reason define now the following

mappings

Definition 0.7. Let G be a Lie group. For any g € G define the left and right
translations
Ly:G— G, h— gh, R,:G— G, h— hg

It is easy to show that these mappings have the following properties

Property 1. Let g,h € G

]) LgOLh:Lgh anngORh:Rhg

2) (L)™' = Ly and (Ry)™' = Ry

3) LgORh:RhOLg

It follows from 2 that L, and R, are diffeomorphisms on G. Now we can use the
left translation L, to define left-invariant vector fields on G38

Definition 0.8. A vector field X € X(G) is called left invariant if for every g € G
we have L;(X) = X, ie. (TiLy)X, = Xy, for every h € G

8 Analogously, one can define right-invariant vector fields by pulling back via right translation
instead of left translation and proceed in the same way to define the Lie algebra of a Lie group.
Since the results obtained using right-invariant vector fields are analogous to those for left-invariant
vector fields, we fix a convention and work only with the left-invariant ones.
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Definition 0.9. A Lie subalgebra of a Lie algebra g is a subspace of g closed under
the bracket, i.e. X,Y € g = [X,Y] € g. Thus any Lie subalgebra is itself a Lie

algebra with the same brackets.

Now we can use the Lie bracket of vector fields to define a Lie algebra structure
on the set of left-invariant vector fields. But first we need to show that the set of
left-invariant vector fields is closed under the Lie bracket so that it becomes a Lie

subalgebra of the Lie algebra of all vector fields on G.

Corollary 0.10. The set of left-invariant vector fields X.,(G) = {X € X(G) :

X is left invariant} is closed under the Lie bracket |-,-] and thus is a Lie subalgebra

of X(G).
Proof. Since L, is a diffeomorphism, we have

LiX,Y] = X LY] = [XY]

Ly is diffeomorphism X,Y left invariant

Thus [X, Y] is left invariant, which implies that X (G) is closed under the Lie bracket
and hence is a Lie subalgebra of X(G). O

Furthermore, notice that every vector field X € X, (G) is uniquely determined
through the vector X, € T.G, since for any vector £ € T.G we can define a left-
invariant vector field X¢ € X.(G) by

XE=T.L,&), VgeG
To show that is left invariant, let g, h € G. Then we have

th = TeLgn(§) = Te(Lg o Ln)(§) = ThLg o TeLy(§) = Tth(XE)

g

showing that X¢ is left invariant. Furthermore, define the maps

qbl Z{L(G) — TeG, X =X,
¢y : T.G — X1(G), € = X©

Notice that ¢1¢2(€) = ¢1(X¢) = X = €. Thus ¢1¢y = idr,¢ and similarly ¢og =
idx, (). Thus we get an isomorphism between vector spaces X (G) and T.G. This
now enables us to define the Lie algebra of G by passing to the tangent space at
the identity 7.G. But we need a meaningful bracket on it. So we equip the tangent
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space T,G with a Lie bracket, which we obtain by using the isomorphism introduced

above in the following way.

Definition 0.11. The tangent vector space T.G of a Lie group G with the Lie
bracket defined by
[5777] = [X£7X77]67 v£77] S TeG

is called the Lie algebra of G and is denoted by g = T.G.

Remark. By construction, the Lie bracket of two left invariant vector fields X¢ and

X" is again a left invariant vector field and is given by °
[(X¢, X" = X6 veneT.G

Example 0.12. Consider the Lie group GL,R. The tangent space at the identity
TrGL,R is then given by the set of all n x n matrices M,R and the Lie bracket on

M,R is given by the commutator
[A,B] = AB— BA, A,Be€ MR

Thus g := g[,R = M,R with the commutator as Lie bracket.

Example 0.13. Consider now the Lie group SO(3). Then the tangent space at
the identity 77.50(3) is given by the set of all 3 x 3 skew-symmetric matrices, i.e.
T1SO3) = s0(3) = {A € M3R : AT = —A}. To show this, consider the curve
A:(—e,e) = SO(3) with A(0) = I. Then we have

d

%(A(t)TA(t))‘ = A(0)TT + ITA(0) = A(0)" + A(0) =0

t=0

Thus A(0) is skew-symmetric, implying T;.S0(3) € {A € MsR : AT = —A}.

Conversely, take any matrix A € MsR with AT = —A and consider the curve
A(t) = exp(tA), where exp is the matrix exponential. Then we have A(0) =
I, A'(0) = A and

(A(t)TA(t)) = exp(tA)T exp(tA) = exp(—tA) exp(tA) = I

Furthermore, AT = —A implies tr(A) = 0. Thus, using the property det(exp A) =

9In the proof of Lie Poisson reduction 3.11, we denote the left invariant vector field associated
to £ € T.G by &1, instead of X¢ and use the fact that [, nz] = [€,7]r for all £, € T.G. This is
exactly the same as the relation stated in the remark, but with different notations.
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exp(tr(A)), we get
det(A(t)) = det(exp(tA)) = exp(tr(tA)) = exp(0) =1

Thus A(t) € SO(3) for all ¢, implying A'(0) = A € T;50(3). Hence {A € M3R :
AT = —A} C T1SO(3).

Definition 0.14. Let (g, [-,]4), (b, [, ]s) be Lie algebras. A Lie algebra homomor-

phism is a linear map ¢ : g — b such that ¢([g1,92]q) = [0(91), ¢(g2)]y for all
g1, 92 € g. A Lie algebra isomorphism is a bijective Lie algebra homomorphism.

Example 0.15. The hat map > : R* — s0(3) defined by

0 —XI3 i) I
= 3 0 -z, for v = x| € R?
—XT9 I 0 I3
is a Lie algebra isomorphism between (R?, x) and (s0(3), [+, -]), where X is the cross

product in R? and [+, -] is the matrix commutator defined by [A, B] = AB — BA for
A, B € s0(3). First it is clear that the map is linear and bijective, since any skew
symmetric matrix is of that given form '°. Let us show that this is also a Lie algebra

homomorphism. First note that

0 —mz3 @9 Y1 —X3Y2 + T2Y3
Ty=| w3 0 —a|- |y =| 231 —T1Yy3 | =T XY
—T2 T 0 Y3 —T2Y1 + T1Y2

for any x,y € R®. Thus, for any z,y, 2 € R® we have

\:/(xxy)xz:m,z

Jacobi

A A

[2,9]z = 2(§2) —§(82) =z x (y X 2) —y X (z X 2)

That implies [Z, §] = z x y. Hence, the hat map is a Lie algebra isomorphism.

Example 0.16. Now define the breve map (%) : R* — s0(3)* by

1 T
<f[, 2y =" - o =z + Hyzy + a3, for I = |II,| € R* and 2 = |z,| € R?
H3 T3

10Tn Example (0.13) it is shown that so(3) = {A € M3R : AT = —A}
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One can analogously show that the breve map is also a Lie algebra isomorphism.

Furthermore, the hat and breve maps are related by the following identity

0 —II3 I, 0 T3 —Xo
tr(1127) = tr< I; 0 —IL|-|-23 0 >
—II, 1II 0 ro —x1 0
_H3I3 + [lhxs * *
= tr( * 323 + 112y * )
I * * IIyxs + 11124

= 2(1_[13:'1 + HQZL'Q + H3£C3) = 2<ﬁ, i')

Thus, we have (IT, 2) = %tr(ﬂiT) for any II, z € R3. Hence, II corresponds to II
~$5

under the identification s0(3)* ~ s0(3) given by the trace pairing.

The Exponential Map

Definition 0.17. Let G be a Lie group. A smooth function ¢ : R — G is called a
one-parameter subgroup of G if

1) ¢(0) =e

2) ¢(s+1t) = o(s)o(t)

Proposition 0.18. Let v¢ : R — G be the integral curve of the left-invariant vector
field X¢ € X1(G) generated by & € g satisfying

WO =, Soelt) = XE(e(1)

Then ¢ is a one-parameter subgroup generated by X°©.

Proof. Let s,t € R and differeantiate the curve o(t) = ve(s)7ve(t)

Lo(t) = = (e(s)e(t)

d
= Tvg(t)ng(s) (C#'Yg(t))
= T () L (s) (X $(v(1))) 7e integral curve of X*¢
=X E(’Vﬁ (5)7¢(1)) X¢ left invariant
= X%(o (1))
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now we fix s and differentiate the curve X(t) = y¢(s + t)

I(t) = Srels +1) = X¥(rels + 1)) = XE(E()

Let t =0, then

(0) = 7£(0)7e(s) = e7e(s) = Ye(s) = 7€(0 + 5) = £(0)

Thus, both o(t) and X(¢) are integral curves of X¢ with the same initial condition

Y¢(s). Hence, by uniqueness of integral curves we get ve(s +t) = ve(s)ve(t). O

Definition 0.19. The exponential map exp : g — G is defined by

exp(§) = 7¢(1)

Example 0.20. As we have seen above, for any matrix Lie group G the exponential

map is given by the matrix exponential

(1) = exp(& Z 5—
o !

for any € € g.

Proposition 0.21. The following statements hold

1) The exponential map maps the line {t : t € R} C g onto the one-parameter
subgroup {~¢(t) : t € R} C G.

2) For any one-parameter subgroup v : R — G there exists a unique § € g such
that y(t) = {exp(t§), t € R}.

3) The exponential map exp : g — G is a local diffeomorphism (étale) from a
neighborhood of 0 € g onto a neighborhood of e € G.

Proof. 1. Let t € R, then by definition of the exponential map we have exp(t§) =
Ye(1). Now consider the curve o(s) = y(s), then for a fixed ¢ we have

d d
%0(3) = £7t5(5)

= X% (y5¢(s)) 7i¢ integral curve of X'
= TeLn, (5 (t€) X' left invariant
= 1Te L, (5)(€) T.L, linear
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= tX%(o(s)) X' left invariant

and 0(0) = 7(0) = e. Thus o(s) is the integral curve of X% with initial

condition e. Now consider the curve X(s) = 7¢(ts), then

d d
2-5(s) = - (ve(ts))
=t——r hai 1
td(ts)%(ts) Chain rule
=tX5(2(s)) 7¢ integral curve of X*

and X(0) = ~¢(0) = e. Thus X(s) is also an integral curve of X% with initial
condition e. Hence by uniqueness of integral curves we get o(s) = X(s). Thus

setting s = 1 we get exp(t§) = 7¢(1).

2. Let 7 : R — G be a one-parameter subgroup, then v(0) = e and v(s + t) =
v(s)y(t) for all s,t € R. Thus 7 is an integral curve of X¢ for & = 4(0), since

d d

pri) Gt +) = | s = TeLy(7(0)) = X*(y(t)

dS s=0 dS s=0

and v(0) = e. Hence, y(t) = 7¢(t) for all ¢ € R and thus () = exp(t£) by the
first part.

3. We have Tpexp(¢) = X¢(e) = € for any & € g. Hence, Tyexp = idy. That
implies that exp : g — G is a local diffeomorphism from a neighborhood of

0 € g onto a neighborhood of e € G by the inverse function theorem.

Lie Group Action

Definition 0.22. Let M be a manifold and G be a Lie Group. Then a (left) action
of a Lie group G ~ M is a smooth map ¢ : G x M — M such that

1) ¢le,z) ==
2) ¢(g,¢(h,x)) = d(gh, )
for any g,h € G and z € M.

Remark. For every g € G let ¢y : M — M, x+— ¢(g,x), then (1) and (2) above are

equivalent to the following two properties
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1) ¢ =idy
2') @g 0 dn = Pgn
Thus a (left) action of a Lie group G ~ M is a Lie group homomorphism
¢: G — Diff(M), g — ¢,

where Diff (M) denotes the group of diffeomorphisms of M.

Example 0.23. As an example, consider SO(3) acting on R* by matrix multipli-

cation
¢:S0(3) x R®* - R* (R,z)— Rx

It is easy to see that it is a Lie group action, since for any Ry, Ry € SO(3) and

x € R? we have

1) ¢o(l,2) =1z ==x

2) ¢(Ry1,¢(Re, 7)) = Ri(Rex) = (R1R2)x = ¢(R1 Ry, )

See that, it leaves the two-sphere S? invariant, since for any R € SO(3) and z € S*

we have
l|o(R,x)||* = 2" R"Re = 2" o = 272 = ||2]* = 1

Thus the restricted action ¢ : SO(3) x S — S? is also a Lie group action.

Definition 0.24. Let ¢ : G — Diff(M), g — ¢, be any Lie group action.

The orbit of G through x € M is defined by O, = {¢y4(z) : g € G} C M

The stabilizer (or isotropy) of x € M is defined by G, := {g € G : ¢4(x) =
x} CG

Remark. Notice that G, = ¢gl(x) is a closed subgroup of G, since ¢, is a continuous

map and {z} is closed in M. Thus G, is a regular Lie subgroup.!!

Let us define a orbit equivalence relation by

r~y & 3Jg€Gst ¢4(xr) =y, ie xandy arein the same orbit

LA regular Lie subgroup H C G is a subgroup of a Lie group G that is also a submanifold of
G such that the inclusion map i : H — G is an injective immersion. Moreover, closedness of H is
equivalent to being a regular Lie subgroup, see [MR99, Theorem 9.1.14.].
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Then we can define the orbit space as the space of orbits M/ ~ = M /G with the
point-orbit projection

m:M— M/G, z— O,

We can naturally equip the orbit space M /G with the structure of a topological space
by endowing it with the quotient topology induced by the point-orbit projection map
7, i.e. a subset U C M/G is open iff 771(U) is open in M. Nevertheless, in that
topology M/G is not necessarily a smooth manifold. For instance, for a Lie group

action ¢ : RxR — R, (g,2) — ¢4(x) = ez one obtain thee distinct orbits, namely
OO = {0}7 O-Z’>0 = (Oa 00)7 Oq}<0 = (_OO7 0)

Thus R/R = {[0], [1],[—1]}. So the orbit [0] has no open neighborhood other than
the whole quotient space R/R and the orbits [1] and [—1] can not be separated by
disjoint open sets in the quotient. Thus R/R is not Hausdorff. To overcome this
issue and to get a smooth manifold structure on the orbit space, we will see that it
is sufficient to assume that the action ¢ is proper and free. Now, let us define these

properties.

Definition 0.25. An action ¢ is said to be

transitive, if Vx,y € M, dg € G s.t. gz = y, equivalently, there is just one
orbit.

free, if ¢,(z) = = implies g = e , equivalently, all stabilizers are trivial G, =
{e}, Vo € M.

faithful if ¢, = idy, implies g = e, that is ¢ is injective.

proper, if the map ¢ : G x M — M x M defined by

¢(g,z) = (z,9(g, 7))

is proper.!?

Remark. Notice that every free action is faithful.

Proposition 0.26. If ¢ : G x M — M 1is a proper and free Lie group action, then
M/G is a smooth manifold and the point-orbit projection 7 : M — M /G is a smooth

submersion.

12A map is proper if the preimage of any compact set is compact.
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Proof. See [[MR99], Proposition 9.3.2]. O

Definition 0.27. For each £ € g the infinitesimal generator is defined by left
invariant vector field £M € X(G) given by

d
M—i
fﬂc_dt

¢exp(t£)(l’), Ve e M
t=0

where ¢ : G x M — M is a Lie group action

Example 0.28. Let ¢ : G x R" — R", (g,z) — gz be a Lie group action for a

matrix Lie group G, then the infinitesimal generator is given by

S

r = exp(té)r = &x, VreR"

t=0

For any g € G, define the inner automorphism by
I,:G— G, hw LyR,1(h)=ghg™!

The adjoint representation of G on g is the homomorphism Ad : G — GL (g), g —
Ad, defined by differentiating I, at e

Adg:g—g, & Tl =T (LyRy1)E

We define coadjoint representation Ad* : G — GL(g*) by the map g — 2A0
defined by

R0, 1 g" — g, (A0, &) = (Adj1 o, §) = (o, Adg1 §), Vaeg', {€g

where (-,-) denotes the natural pairing between ¢g* and g. By differentiating the
adjoint representation Ad : G — GL(g) at e € G along a direction £ € g we get the
adjoint Lie algebra representation ad : g — gl(g), £ — ad, defined by

ade g — g, n aden:=I[E 7

Again by differentiating the coadjoint representation Ad* : G — GL(g*) at e € G
we obtain the coadjoint Lie algebra representation ad” : g — gl(g*) by the map
§ —> adg defined by

abz : g* - 9*7 <a°§0¢,77> = _<adz Ct,?]) = _<a7ad§n>7 Va € g*a negy
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Example 0.29. Take the matrix Lie group G = SO(n) and take a path A :
(—e,e) — G with A(0) = I and A'(0) = £ € so(n). Then the adjoint represen-
tation of G is given by

d d

7 tZOIB(A(t)) = 1t:OBA(t)B’1

AdBf = TeIA(t)f =

= B¢B™
for any B € G. The coadjoint representation is given by
A05a, &) = (a, Adg1 &) = (a, BTYB), Va € s0(n)*, € € so(n)
Now identify a € so(n)* with a matrix « € so(n) via trace pairing we get
Aoy, &) = (a, BYEB) = tr(aB"¢"B™") = tr(B~"aB"¢") = (B"TaB"¢)

Hence 2050 = B~TaBT = BaBT. As we already have given above, the adjoint
Lie algebra representation is given by aden = [£, 7] for all £, € so(n). Then the

coadjoint Lie algebra representation is given by

(@dga, ) = —(a, aden) = —(a, &n — n&) = (., n§ —&n),  Va € s0(n)*,n € so(n)

Again identifying a € so(n)* with a matrix a € so(n) via trace pairing we get

(adfa,m) = {a, ng — &n) = tr(a(né —&n)")
= tr(a(™n" —n"Eh)) = tr((€a —agh)n’)
- <§T05 - a§T7 77>
Hence adia = Mo — a&’ = —[a,&"]. Since £ = —¢" we get adia = [, ¢].

Now we can relate the Lie algebra bracket on g with the usual Lie bracket of

vector fields on M by the following Theorem

Theorem 0.30. Let the Lie group G act on the manifold M. Then the map g —
X(M), & &M s a Lie algebra antihomomorphism,i.e.

(@& + o)™ =ac™ + 0™, M M = [, M
forall&,m € g and all a,b € R.

Proof. Denote the action by ¢ and denote ¢*(g) = ¢(g,x) for all g € G and x € M.
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Then we have for all x €¢ M

d
fi\/[ - % t:O¢exp(t§) ("L‘)
=, 0" (E()
N/
= e¢ (% . eXp(tS»
= e¢x(€)
Hence
(a€ + b))} = T.6" (a€ + bu) = aTo™(€) + bT.¢" (1) = a&l' + bul
Furthermore
d
[5M>77M] = [_nvaM] = ££M(_77M) = % (bep(—tn)gM
t=0

Now claim (Ad, )M = gb;,lﬁM. Indeed, we have for all x € M

d

(Adg f)fv\/l = % ¢exp(t Ady §) (27)
t=0

=—|  olexp(tgéyg™"), x)
t=0

=—| (gexp(t&)g ', z)
t=0

= — | (¢g 0 Pexp(ie) © Pg-1)()

t=0

d
= Tige0,-1)(@)Pg <dt

gbexp(tf) (gbg’l (l‘)>)

t=0
- T¢g—1 () g (f%,l (m))

= <¢;—15M)w
Thus the claim. So

d

d

T dt

* M
¢exp(—tn)§
t=0

(Adexp(tn) f) M

t=0
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Using this theorem we can now define an action of the Lie algebra g

Definition 0.31. Let g be a Lie algebra and M be a manifold. Define the left Lie

algebra action as a Lie algebra anti-homomorphism
g X(M), &M

such that the map g x M — TM, (&, )~ &M is smooth.
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