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Introduction

In this thesis, we explore the role of symmetry and the beauty it reveals in geometri-
cal mechanics. One way of describing the geometrical motion of a physical system is
the classical Newtonian way F = mẍ, where m is the mass and ẍ is the acceleration
and F is the force. When F derives from a potential, this can equivalently be de-
scribed by the principle of least action, which is derived by setting the first variation
of the action, i.e. the time integral of kinetic energy minus potential energy, to zero.
That means we have the following equivalence

δ
∫

(T − V )dt = 0 ⇐⇒ mẍ(t) = −∂V

∂x
(x(t))

where T represent the kinetic energy and V the potential energy. When we move
beyond the flat geometry of Euclidean space and want to understand the motion on
curved spaces, we need a general framework to work on. So we introduce manifolds,
symplectic manifolds, and Poisson manifolds, where geometric structure is integrated
directly into the description of dynamics. In this framework, the same variational
principle yields the Euler-Lagrange equations given by the equivalence

δ
∫
L(q, q̇)dt = 0 ⇐⇒ d

dt

∂L

∂q̇i

= ∂L

∂qi

where L : TQ → R is a smooth function called Lagrangian defined on the tangent
bundle TQ of a smooth manifold Q. Now, let us introduce a map FL : TQ −→ T ∗Q

between the tangent bundle TQ and the cotangent bundle T ∗Q, called the Legendre
transformation and assume that it is a diffeomorphism. Thus, we get an equivalent
reformulation of the dynamics in terms of Hamiltonian equations with the Legendre
transformation. So, the dynamics are given by a smooth function H : T ∗Q → R
called Hamiltonian given by H(q, p) = 〈p, v〉 − L(q, v) where (q, v) = (FL)−1(q, p),
which is usually taken as the total energy of the system. Hence, we get an equivalent
description of dynamics in terms of the Hamiltonian equations by the following
equivalence

d

dt

∂L

∂q̇i

= ∂L

∂qi

⇐⇒ q̇ = ∂H

∂p
, ṗ = −∂H

∂q

Mathematically, symmetry is described by groups. However, in the geometric
setting of mechanics, symmetries are continuous and act on manifolds. That requires
groups that themselves possess a smooth structure. These are the Lie groups G and
their infinitesimal counterparts are Lie algebras g.
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To motivate the use of symmetry in mechanics, let us consider an example: the
Euler equations for the rigid body, which are given by

I1Ω̇1 = (I2 − I3)Π2Π3, I2Ω̇2 = (I3 − I1)Π3Π1, I3Ω̇3 = (I1 − I2)Π1Π2

where Ωi are the components of the angular velocity and Ii are the moments of iner-
tia. Nevertheless, these equations can not be solved in the sense of the Hamiltonian
equations, since there is odd number of equations which can not be described by
even number of canonical coordinates. One can use the Euler angles to describe the
dynamics, but then we get 6 equations instead of 3, which are more complicated to
solve. But, instead we can introduce the Lagrangian as

L = 1
2(I1Ω2

1 + I2Ω2
2 + I3Ω2

3)

Then the "reduced" Euler-Lagrange equations, the Euler-Poincaré equations, are
given by

d

dt

∂L

∂Ω = ∂L

∂Ω × Ω

Hence the dynamics of the rigid body can be described by the Euler-Poincaré equa-
tions with only 3 equations instead of 6. This is the main motivation for using
symmetry in mechanics, which allows us to reduce the number of equations and to
get a simpler description of the dynamics.

Having now the essential tools and after seeing the concrete example of the rigid
body, we can now proceed to the reduction process in the more general setting of Lie
groups and Lie algebras. First, we assume that the Lagrangian L is invariant under
the action of a Lie group G. This means the dynamics of the system are symmetric
with respect to the transformations in G. Then, we define a reduced Lagrangian
l : g → R by l(ξ) = L(e, ξ). Hence, by setting the first variation of the action to
zero and by using the variations of the form δξ = η̇ + [ξ, η], we get the variational
principle for the Euler–Poincaré reduction on the Lie algebra g as

δ
∫
l(ξ(t))dt = 0 ⇐⇒ d

dt

δl

δξ
= ad∗

ξ

δl

δξ

Furthermore, by applying the reduced Legendre transformation fl : g → g∗ to the
reduced Lagrangian l, and by assuming it to be a diffeomorphism, we get the reduced
Hamiltonian h : g∗ → R defined by h(µ) = 〈µ, ξ〉− l(ξ) where ξ = (fl)−1(µ) and 〈·, ·〉
is the natural pairing between g∗ and g. Hence, this gives an equivalent formulation
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of the dynamics in terms of the Lie–Poisson reduction as

d

dt

δl

δξ
= ad∗

ξ

δl

δξ
⇐⇒ µ̇ = ad∗

δh
δµ
µ

The aim of this thesis is to understand the reduction processes, Lie-Poisson and
Euler-Poincaré reduction, in the general setting of Lie groups and Lie algebras.

The thesis is organised as follows: The first chapter introduces the La-
grangian and Hamiltonian formalism of the dynamics, followed by the Symplectic
and Poisson structures in the second chapter. In the third chapter, we will present
momentum maps, which are essential to prove the Lie–Poisson reduction theorem,
and will explicitly compute the Poisson bracket on the quotient space called the
Lie–Poisson bracket by identifying the dual of the Lie algebra g∗ with the quotient
space T ∗G/G. Then, we will introduce the Euler–Poincaré reduction, which is the
Lagrangian counterpart of Lie–Poisson reduction. In the fourth chapter, we will
describe the dynamics of the rigid body and apply these reduction theorems to it as
an example. As an appendix, we also provide an introduction to Lie groups and Lie
algebras to make the thesis self contained. We will mainly follow the book Introduc-
tion to Mechanics and Symmetry by Marsden and Ratiu [MR99] and use additional
sources to complement the material, which are listed in the bibliography.
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1 Lagrangian Mechanics and Variational Princi-
ples

In this section we first present the Newtonian mechanics in the setting of N particles
in Euclidean space and show how the equations of motion can be derived from the
principle of least action. Then we generalize it to the smooth manifolds and give
an equivalent formulation in terms of the Lagrangian on the tangent bundle TQ.
Then we will introduce the Legendre transformation, which allows us to reformulate
the dynamics in terms of the Hamiltonian on the cotangent bundle T ∗Q. Lastly, we
will show that for a hyperregular Lagrangian, Hamilton’s equations are equivalent
to the Euler-Lagrange equations and reformulate the variational principle for the
Hamiltonian.

1.1 Newton’s Equation of Motion and Principle of Least
Action

Newton’s second law states that the motion of a particle of mass m under a force
field F : Rn −→ Rn is described by the second order differential equation

F (x(t)) = m
d2x

dt2
(t)

where t 7→ x(t) is the trajectory of the particle. The work of a path γ : [a, b] → Rn

with γ(a) = q0 and γ(b) = q1 is defined by

Wγ =
∫ b

a
F (γ(t))dγ(t)

dt
dt

By assuming F is conservative, i.e. F = −∇V for some potential function V , and
fixing a base point q0 ∈ Rn, we may define the potential energy as

V : Rn −→ R, V (q1) := Wγ

Thus, we can rewrite Newton’s second law as

m
d2x

dt2
(t) = −∂V

∂x
(x(t)) (1)
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Define for now the action as the kinetic energy T = 1
2mẋ(t)2 minus the potential

energy V (x) integrated over time as

Ax =
∫ b

a
T − V dt =

∫ b

a
(1
2mẋ(t)2 − V (x(t)))dt

Principle of least Action: The physical path x(t) joining q0 to q1 is the path
for which the action Ax is minimal.

So by the principle of least action, the actual physical path x(t) is locally an ex-
tremum of A. In other words, infinitesimal variations of x(t), keeping endpoints
fixed, do not change A to first order. So by varying the time dependent coordinate
by small ε(t) with ε(a) = 0 = ε(b) we get

Ax+ε − Ax =
∫ b

a

[1
2m(ẋ+ ε̇)2 − V (x+ ε)

]
dt−

∫ b

a

[1
2mẋ

2 − V (x)
]
dt

By expanding V (x+ε) in Taylor series around x we get V (x+ε) = V (x)+ ∂V
∂x

(x)ε+
O(ε2), where O(ε2) denotes the second order terms and higher. Hence

Ax+ε − Ax =
∫ b

a

[1
2m(ẋ2 + 2ẋε̇+ ε̇2) − V (x) − ∂V

∂x
(x)ε+O(ε2)

]
dt−

∫ b

a

[1
2mẋ

2 − V (x)
]
dt

=
∫ b

a

[
mẋε̇− ∂V

∂x
(x)ε+O(ε2)

]
dt

Integrating by parts
∫ b

a
mẋε̇dt =

[
mẋε

]b
a

−m
∫ b

a
ẍεdt = −m

∫ b

a
ẍεdt

and discarding O(ε2) terms we get the first variation of the action as

δA = −
∫ b

a

[
mẍ(t) + ∂V

∂x
(x(t))

]
ε(t)dt

By the principle of least action one has δA = 0 for any arbitrary ε(t). Thus

mẍ(t) + ∂V

∂x
(x(t)) = 0

That is exactly Newton’s law (1) we derived earlier!
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1.2 Lagrangian - Hamiltonian Mechanics

As we have seen above, where we derived Newton’s second law from the principle of
least action by taking the first variation of the action, we would like to do a similar
approach in the manifold setting. For this, we start by defining the action.

Definition 1.1. Let Q be a n dimensional smooth manifold and L : TQ → R be a
smooth function called Lagrangian. The action of a curve γ : [a, b] → Q is defined
as

Aγ =
∫ b

a
(γ̃∗L)(t)dt =

∫ b

a
L(γ(t), dγ

dt
(t))dt

where γ̃ : [a, b] 7→ TQ, t 7→ (γ(t), dγ
dt

(t)) is called the lift of γ to TQ.

For fixed q0, q1 ∈ Q let P(a, b, q0, q1) := {γ ∈ C∞([a, b], Q) | γ(a) = q0, γ(b) = q1}.

Proposition 1.2. The tangent space TγP(a, b, q0, q1) at a given curve γ ∈ P(a, b, q0, q1)
consists of all smooth vector fields v : [a, b] → TQ along γ satisfying τQ ◦ v = γ with
vanishing end points v(a) = 0 and v(b) = 0, where τQ : TQ → Q is the tangent
bundle projection.

Proof. Let γ ∈ P(a, b, q0, q1) and η : [a, b] × (−ε, ε) → Q be a smooth map s.t.
η(t, 0) = γ(t) for all t ∈ [a, b] and η(a, ε) = q0 and η(b, ε) = q1 for all ε ∈ (−ε, ε).
Let us set γε = η(·, ε) ∈ P(a, b, q0, q1) a variation of the curve γ. Then the tangent
vector to the curve ε 7→ γε in P(a, b, q0, q1) at s = 0 is given by the vector field
v : [a, b] → TQ along γ0 = γ defined by

v(t) = ∂

∂ε

∣∣∣∣∣
ε=0

γε

By construction, τQ(v(t)) = γ(t) for all t ∈ [a, b], since v(t) ∈ Tc(t)Q. Moreover

v(a) = ∂

∂s

∣∣∣∣∣
s=0

γε(a) = ∂

∂s

∣∣∣∣∣
s=0

q1 = 0

and similarly v(b) = 0.

Such a vector field v is called an infinitesimal variation of the curve γ that
preserves the endpoints. v is denoted by

v = δγ
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Having now defined both the action functional and the infinitesimal variation of a
curve on a manifold, we want to proceed in the same sense as in section 1.1. So we
set the first variation of the action to zero. Then this condition yields the Euler-
Lagrange equations, which provides an equivalent description of the dynamics of a
particle moving on the manifold.

Theorem 1.3. Let (U, q1, . . . , qn) be a coordinate chart on Q. Let γ : [a, b] →
TU, t 7→ (γ1(t), . . . , γn(t)) with variations δγi(a) = 0 = δγi(b) for i = 1, . . . , n and
let L : TQ → R be a Lagrangian. Then the following are equivalent

1) γ satisfies the Euler-Lagrange equations:

∂L

∂qi

(γ, γ̇) = d

dt

∂L

∂q̇i

(γ, γ̇)

where (q1, . . . , qn, q̇1, . . . , q̇n) ∈ TU associated with a trivialization of TU by
∂

∂q1
, . . . , ∂

∂qn
.

2) δ
∫ b

a L(γ(t), γ̇(t))dt = 0

Proof. Suppose γ : [a, b] → TU, t 7→ (γ1(t), . . . , γn(t)) and δγ1, ..., δγn ∈ C∞([a, b])
with δγi(a) = δγi(b) = 0 for i = 1, . . . , n and define

γε(t) = (γ1(t) + εδγ1(t), ..., γn(t) + εδγn(t)), t ∈ [a, b]

for small ε. Now compute the first variation of the action as follows

δ
∫ b

a
L(γ(t), γ̇(t))dt = dAγε

dε

∣∣∣∣∣
ε=0

=
∫ b

a

∂

∂ε

∣∣∣∣∣
ε=0

L(γ1 + εδγ1, . . . , γn + εδγn, γ̇1 + εδγ̇1, . . . , γ̇n + εδγ̇n)dt

=
∫ b

a

n∑
i=1

[
∂L

∂qi

(γ, γ̇) ∂
∂ε

(γi + εδγi)
∣∣∣
ε=0

+ ∂L

∂q̇i

(γ, γ̇) ∂
∂ε

(γ̇i + εδγ̇i)
∣∣∣
ε=0

]
dt

=
∫ b

a

n∑
i=1

[
∂L

∂qi

(γ, γ̇)δγi + ∂L

∂q̇i

(γ, γ̇)δγ̇i

]
dt

Integrate the second term by parts with δγi(a) = δγi(b) = 0

∫ b

a

∂L

∂q̇i

(γ, γ̇)δγ̇idt =
[∂L
∂q̇i

(γ, γ̇)δγi

]b
a

−
∫ b

a

d

dt

∂L

∂q̇i

(γ, γ̇)δγi(t)dt



1. Lagrangian Mechanics and Variational Principles 9

= −
∫ b

a

d

dt

∂L

∂q̇i

(γ, γ̇)δγidt

Thus

dAγε

dε

∣∣∣∣∣
ε=0

=
∫ b

a

n∑
i=1

[
∂L

∂qi

(γ, γ̇)δγi − d

dt

∂L

∂q̇i

(γ, γ̇)δγi

]
dt

=
∫ b

a

n∑
i=1

(∂L
∂qi

− d

dt

∂L

∂q̇i

)(γ(t), γ̇(t))δγi(t)dt

Since this is satisfied for all smooth δγi with vanishing endpoints δγi(a) = δγi(b) = 0.
This implies

δ
∫ b

a
L(γ(t), γ̇(t))dt = 0 ⇔ ∂L

∂qi

(γ(t), γ̇(t)) = d

dt

∂L

∂q̇i

(γ(t), γ̇(t))

Remark. As a consequence of this theorem the Euler-Lagrange equations are invari-
ant under any coordinate change.

So the Euler-Lagrange equations give us a description of the dynamics of a phys-
ical system on the tangent bundle TQ, where the Lagrangian is defined as a smooth
function L : TQ → R. We now define the Legendre transformation to obtain an
equivalent formulation of the dynamics but this time on the cotangent bundle T ∗Q.
In this setting, the equations of motion become Hamiltons equations, which are
expressed in terms of a smooth function H : T ∗Q → R called Hamiltonian. The
Hamiltonian in mechanics is usually taken as the total energy of the system, which
is the sum of kinetic and potential energy.

Definition 1.4. Let L : TQ → R be a Lagrangian. Define the Legendre trans-
formation FL : TQ −→ T ∗Q as

〈FL(q, v), w〉 := d

dε

∣∣∣∣∣
ε=0

L(q, v + εw)

where v, w ∈ TqQ and 〈·, ·〉 denotes the natural duality pairing between covectors
and vectors.

Remark. Notice that, the Legendre transformation is just defined as the fiber deriva-
tive of the Lagrangian L with respect to the velocity variable v.
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Now assume FL : TQ → T ∗Q to be a diffeomorphism (i.e. L to be hyperregular),
then for each αq ∈ T ∗

q Q, there exists a unique velocity v = (FL)−1(αq) ∈ TqQ

allowing us to define the dynamics by a Hamiltonian H : T ∗Q → R as follows.

Definition 1.5. For a hyperregular Lagrangian L : TQ → R the Hamiltonian is
defined by

H := E ◦ (FL)−1 : T ∗Q → R

with the energy E(q, v) = 〈FL(q, v), v〉 − L(q, v). Equivalently

H(q, αq) = 〈αq, v〉 − L(q, v), v = (FL)−1(αq)

Let (U, q1, . . . , qn) be any local chart around q ∈ Q that induce local coordinates
(qi, q̇i) on TU we get for any w ∈ TqQ

〈FL(q,q̇), w〉 = d

dε

∣∣∣∣∣
ε=0

L(q1, . . . , qn, q̇1 + εw1, . . . , q̇n + εwn)

=
n∑

i=1

∂L

∂q̇i

(q, q̇)wi

Thus
FL(qi, q̇i) = (qi, pi), pi = ∂L

∂q̇i

The Hamiltonian in these coordinates is therefore

H(q, p) =
n∑

i=1
piq̇i − L(q, q̇), pi = ∂L

∂q̇i

Now using the chain rule, we compute the partial derivatives of H

∂H

∂qj

(q, p) =
∑

i

pi
∂q̇i

∂qj

− ∂L

∂qj

−
∑

i

∂L

∂q̇i

∂q̇i

∂qj

= − ∂L

∂qj

∂H

∂pj

(q, p) = q̇j +
∑

i

pi
∂q̇i

∂pj

−
∑

i

∂L

∂q̇i

∂q̇i

∂pj

= q̇j

Recall the Euler–Lagrange equations d
dt

∂L
∂q̇i

− ∂L
∂qi

= 0 and consequently

ṗi = ∂L

∂qi

Thus, substituting the expressions derived above, we obtain the Hamilton’s equa-
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tions
q̇i = ∂H

∂pi

, ṗi = −∂H

∂qi

for i = 1, . . . , n. Hence, we have shown that Hamilton’s equations on T ∗Q are
equivalent to the Euler–Lagrange equations on TQ for a hyperregular Lagrangian.
Thus, for a hyperregular Lagrangian, we can reformulate the variational principle
directly in terms of the Hamiltonian.

Theorem 1.6. Let (U, q1, . . . , qn) be a coordinate chart on Q. Let γ : [a, b] →
T ∗U, t 7→ (q1(t), . . . , qn(t), p1(t), . . . pn(t)) with variations δqi(a) = 0 = δqi(b) for
i = 1, . . . , n and let H : T ∗Q → R be a Hamiltonian. Then the following are
equivalent:

1) γ satisfies the Hamilton’s equations:

q̇i = ∂H

∂pi

, ṗi = −∂H

∂qi

2) δ
∫ b

a (∑n
i=1 piq̇i −H(q, p))dt = 0

Proof. It is a direct result of previous calculations, but to be precise, we consider
an arbitrary variation of the curve γ in T ∗U of the form

qi(t) → qi(t) + εδqi(t), pi(t) → pi(t) + εδpi(t)

where ε is sufficiently small and δqi, δpi are smooth functions with δqi(a) = 0 = δqi(b)
for all i = 1, . . . , n. Then

δ
∫ b

a
(

n∑
i=1

piq̇i −H(q, p))dt =
n∑

i=1

∫ b

a
δpiq̇i + piδq̇i − ∂H

∂qi

δqi − ∂H

∂pi

δpidt

=
n∑

i=1
[piδqi |ba +

∫ b

a
δpiq̇i − ṗiδqi − ∂H

∂qi

δqi − ∂H

∂pi

δpidt]

=
n∑

i=1

∫ b

a
(q̇i − ∂H

∂pi

)δpi − (ṗi + ∂H

∂qi

)δqidt

Since this is satisfied for all smooth δpi and δqi, this implies

q̇i = ∂H

∂pi

, ṗi = −∂H

∂qi

⇔ δ
∫ b

a
(

n∑
i=1

piq̇i −H(q, p))dt = 0
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2 Symplectic Geometry and Poisson Geometry

We first introduce the notion of symplectic manifold. Then we define Poisson man-
ifolds, which are a more general setting and are particularly useful in the context of
reduction by symmetries.

2.1 Symplectic Manifolds

Let M be a smooth manifold endowed with a 2-form ω ∈ Ω2(M) defined on it

Definition 2.1. ω is called a symplectic form, if dω = 0 and ωx are non-
degenerate for all x ∈ M , i.e.

TxM → T ∗
xM

v 7→ ivωx = ωx(v, ·)

is an isomorphism.

A smooth manifold equipped with a symplectic form is called a symplectic man-
ifold.

Definition 2.2. A symplectic manifold is a pair (M,ω) where M is a manifold
and ω is a symplectic form on M .

Remark. Since ωx is a nondegenerate skew symmetric bilinear form on TxM for each
x ∈ M , dimTxM = dimM is even. Thus finite dimensional symplectic manifolds
are always even dimensional.

Definition 2.3. Let (M1, ω1) and (M2, ω2) be symplectic manifolds and let ϕ : M1 →
M2 be a smooth map. Then ϕ is a symplectic if

ϕ∗ω2 = ω1

i.e.
(ω2)ϕ(x)(dϕx(v1), dϕx(v2)) = (ω1)x(v1, v2)

for all x ∈ M1 and all v1, v2 ∈ TxM1. If ϕ is a diffeomorphism, then it is called a
symplectomorphism.

Now we would like to classify symplectic manifolds up to symplectomorphism.
Locally, this classification is given by the Darboux theorem below, and the only local
invariant is the dimension of the manifold.



2. Symplectic Geometry and Poisson Geometry 13

Theorem 2.4 (Darboux). Let (M,ω) be a 2n-dimensional symplectic Manifold and
let x ∈ M . Then, there is local coordinates (q1, . . . , qn, p1, . . . , pn) in a neighborhood
of x such that

ω =
n∑

i=1
dqi ∧ dpi

The local coordinates (q1, . . . , qn, p1, . . . , pn) are called canonical coordinates and
the 2-form ω is called the canonical symplectic form.

Proof. See [MR99, Corollary 5.1.3.] or [CdS01, Theorem 8.1].

Remark. Let π : T ∗Q → Q be the canonical projection. Then we can define the
Liouville 1-form Θ on T ∗Q by

Θα(w) = 〈α, Tπ(w)〉, ∀α ∈ T ∗Q, w ∈ TαT
∗Q

We can now define the canonical symplectic form ω on T ∗Q with the Liouville
1-form Θ by

ω = −dΘ

Take any local coordinates (q1, . . . , qn) on Q and lift them to the local coordinates
(q1, . . . , qn, p1, . . . , pn) on T ∗Q. Then the Liouville 1-form Θ in these coordinates is
given by

Θ :=
n∑

i=1
pi dqi

and the canonical symplectic form ω is given by

ω =
n∑

i=1
dqi ∧ dpi

Note that the definition is independent of the choice of local coordinates.

The non-degeneracy of the symplectic form ω guarantees that for every Hamil-
tonian function H ∈ C∞(M) there exists a unique vector field XH ∈ X(M), called
the Hamiltonian vector field of the Hamiltonian H, satisfying

iXH
ω = ω(XH , ·) = dH

In lifted local coordinates (q1, . . . , qn, p1, . . . , pn) on T ∗Q, the Hamiltonian vector
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field XH is then given by

XH =
n∑

i=1

(
∂H

∂pi

∂

∂qi

− ∂H

∂qi

∂

∂pi

)

2.2 Poisson Manifolds

Definition 2.5. A Poisson manifold is any manifold P endowed with a R-bilinear
map, called Poisson bracket

{·, ·} : C∞(P ) × C∞(P ) → C∞(P ), (f, g) 7→ {f, g}

satisfying

1) {f, g} = −{g, f} (Skew-Symmetry)

2) {f, {g, h}} + {g, {h, f}} + {h, {f, g}} = 0 (Jacobi identity)

3) {f, g · h} = g · {f, h} + {f, g} · h (Leibniz rule)

for all f, g, h ∈ C∞(P ). So the Poisson bracket {·, ·} is a Lie bracket on C∞(P )
satisfying the Leibniz rule.

Remark. In a local chart (U, x1, . . . , xn) a Poisson bracket {·, ·} takes the form

{f, g}|U =
n∑

i,j=1
πij

∂f

∂xi

∂g

∂xj

where πij = {xi, xj}|U ∈ C∞(U). Thus a Poisson bracket is completely determined
by the functions πij. Note also that every symplectic manifold is a Poisson manifold
with the Poisson bracket defined by {f, g} = ω(Xf , Xg). However, not every Pois-
son manifold is symplectic. For instance, any manifold M with the trivial Poisson
bracket {f, g} = 0 for all f, g ∈ C∞(P ) is a Poisson manifold but it is not symplectic,
since the Poisson bracket is degenerate unless P is trivial.

Now we can extend the notion of Hamiltonian vector fields to Poisson manifolds.
In fact, the Leibniz rule implies that the map f 7→ {H, f} is a derivation on C∞(P )
for all H ∈ C∞(P ). Thus, by the identification of vector fields with derivations on
C∞(P ), we can associate a Hamiltonian vector field XH to each Hamiltonian
function H by

{H, f} = Xf (H) = −XH(f), ∀f ∈ C∞(P )
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Denote now the set of all Hamiltonian vector fields by XHam(P ). Then we have the
following result.

Proposition 2.6. For a Poisson manifold (P, {·, ·}), the map

C∞(P ) → XHam(P )

f 7→ Xf

is a Lie algebra anti homomorphism, i.e. for any f, g ∈ C∞(P ) we have

[Xf , Xg] = −X{f,g}

Proof. Let f, g ∈ C∞(P ), then

[Xf , Xg](h) = Xf (Xg(h)) −Xg(Xf (h))

= Xf ({h, g}) −Xg({h, f})

= {{h, g}, f} − {{h, f}, g}

= {f, {g, h}} + {g, {h, f}} skew-symmetry

= −{h, {f, g}} Jacobi identity

= −X{f,g}(h)

Remark. Note that the Jacobi identity of Poisson bracket is equivalent to the con-
dition [Xf , Xg] = −X{f,g} for all f, g ∈ C∞(P ). So we could have defined a Poisson
manifold with that condition replacing the Jacobi identity.

Proposition 2.7. Let (P, {·, ·}) be a Poisson manifold and let ϕt be a flow on P .
Furthermore, assume H ∈ C∞(P ) to be a Hamiltonian and U ⊂ P to be an open
set. Then the following are equivalent

1) ϕt is the flow of XH

2) d
dt

(F ◦ ϕt) = {F ◦ ϕt, H} = {F,H} ◦ ϕt for all F ∈ C∞(U)

We denote the 2nd condition shortly by Ḟ = {F,H} along all integral curves of XH .

Proof. See [MR99, Proposition 10.2.3]

As an example, we reformulate Hamilton’s equations in terms of the canonical
Poisson bracket on the cotangent bundle T ∗Q.
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Example 2.8. Take the lifted local coordinates (q1, . . . , qn, p1, . . . , pn) on T ∗Q then
we get the Poisson bracket {·, ·} on T ∗Q by

{f, g} = ω(Xf , Xg) =
n∑

i=1
dqi ∧ dpi(Xf , Xg) =

n∑
i=1

∂f

∂qi

∂g

∂pi

− ∂f

∂pi

∂g

∂qi

Let (q(t), p(t)) be a integral curve of XH , then

Ḟ = d
dtF (q(t), p(t)) =

∑
i

∂F

∂qi
q̇i + ∂F

∂pi

ṗi

!=
∑

i

∂F

∂qi

∂H

∂pi

− ∂F

∂pi

∂H

∂qi

= {F,H}

This is true if and only if ∂H
∂pi

= q̇i and ∂H
∂qi = −ṗi, which are exactly the Hamilton’s

equations.

Definition 2.9. A Poisson homomorphism between Poisson manifolds (P1, {·, ·}1)
and (P2, {·, ·}2) is a smooth map φ : P1 → P2 such that

{f ◦ φ, g ◦ φ}1 = {f, g}2 ◦ φ

for all f, g ∈ C∞(P2).

Remark. If G acts on a Poisson manifold P by Poisson homomorphisms, then we
say that the action is canonical (or we say G acts canonically on P ).

As we are interested in studying symmetries, we want to consider quotient spaces
obtained by factoring out symmetry group actions. But these quotients are not nec-
essarily smooth manifolds. So we need to impose some conditions on the group
action to ensure that the quotient is a smooth manifold. Assuming that the group
action is free and proper1, we can guarantee that the quotient is a smooth manifold
and the projection map is a submersion. The following theorem shows that, these
quotients inherit a Poisson structure under the assumption that the group action is
canonical, free and proper. We will later apply this theorem to cotangent bundles
with symmetry, where the reduced space can be identified with the dual of a Lie al-
gebra g∗ and explicitly compute the resulting Poisson bracket called the Lie-Poisson
bracket.

Theorem 2.10 (Poisson Reduction Theorem). Let G be a Lie group acting canon-
ically on the Poisson Manifold P . Suppose also that the action is free and proper.

1See the disscusion before the Definition 0.25 and the Proposition 0.26 for more details.
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Then there is a unique reduced Poisson structure on P/G denoted {·, ·}P/G such that
the projection π : P → P/G is a Poisson map, i.e.

{f, g}P/G ◦ π = {f ◦ π, g ◦ π}, ∀f, g ∈ C∞(P/G)

Proof. See [MR99, Theorem 10.5.1].

3 Symmetry and Reduction

In this section we first introduce the concept of momentum maps, which helps us
to prove the Lie–Poisson reduction 3.11. Then we will show that the reduced space
T ∗G/G obtained by factoring out the symmetry group action can be identified with
the dual of a Lie algebra g∗ and we will explicitly compute the resulting Poisson
bracket on g∗, which is called the Lie–Poisson bracket (6). That then gives us the
Lie–Poisson equations (7) describing the dynamics on g∗. Then we will introduce the
Euler–Poincaré reduction 3.13, which is a Lagrangian analogue of the Lie–Poisson
reduction. That is, we will reformulate the variational principle on g and obtain the
Euler–Poincaré equations. Lastly, we will show that the resulting Euler–Poincaré
equations are equivalent to the Lie–Poisson equations on g∗.

3.1 Momentum maps

Assume that the Lie group G acts on the Poisson manifold P canonically on the
left by φ : G → Diff(P ) and denote the action as φg : P 7→ P, φg(p) = g · p
for g ∈ G. To get the induced canonical infinitesimal action of this, differentiate
φ∗

g{f, h} = {φ∗
gf, φ

∗
gh} with respect to g ∈ G in the direction ξ ∈ g. On left hand

side we have

d

dt

∣∣∣∣∣
t=0
φ∗

exp(tξ){f, h} = ξP ({f, h})

where ξP is the infinitesimal generator of the action corresponding to ξ ∈ g 2, and
on the right hand side

d

dt

∣∣∣∣∣
t=0

{φ∗
exp(tξ)f, φ

∗
exp(tξ)h} = { d

dt

∣∣∣∣∣
t=0
φ∗

exp(tξ)f, φ
∗
eh} + {φ∗

ef,
d

dt

∣∣∣∣∣
t=0
φ∗

exp(tξ)h}

= {ξP (f), h} + {f, ξP (h)}
2See the definition 0.27 for the definition of the infinitesimal generator of the action.
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Thus we obtain the condition

ξP ({f, h}) = {ξP (f), h} + {f, ξP (h)} (2)

When this condition holds for every ξ ∈ g, we say that the Lie algebra g acts
canonically on P . Now let us define the moment map of the action of g on P .

Definition 3.1. Let the Lie algebra g act canonically on the Poisson manifold P

by ξ 7→ ξP 3 and let µ : g → C∞(P ) be the linear map such that

Xµ(ξ) = ξP , ∀ξ ∈ g

i.e. µ(ξ) is the hamiltonian function of the vector field ξP . Then the map J : P → g∗

defined by
〈J(p), ξ〉 = µ(ξ)(p), ∀ξ ∈ g,∀p ∈ P

is called momentum map of the action.

Example 3.2. Let G ⊂ GLn(R) be a matrix Lie group. Let us consider the action of
G on Rn given by matrix multiplication φA(q) = Aq for A ∈ G and q ∈ Rn. So first
we are going to lift the action to the cotangent bundle. For that first differentiate
φA with respect to q ∈ Rn in the direction v ∈ TqRn to get the tangent lift of the
action

TqφA(v) = d

dt

∣∣∣∣∣
t=0
φA(q + tv) = d

dt

∣∣∣∣∣
t=0
A(q + tv) = Av, ∀v ∈ TqRn ' Rn

Thus TφA : TRn → TRn, (q, v) 7→ (Aq,Av). Then the cotangent lift of this is
given by the usual duality pairing

〈T ∗φA(αs), v〉 = 〈αs, TφA(v)〉 = 〈αs, A · v〉 = 〈ATαs, ·v〉

where αs ∈ T ∗
s Rn, v ∈ TqRn and s = Aq. To obtain a proper lift, we rebase the

cotangent map to the original point q, which gives the lifted action on T ∗Rn as

T ∗
AqφA−1 : T ∗

q Rn → T ∗
AqRn

(q, p) 7→ A · (q, p) = (Aq, (AT )−1p) (3)

To compute the infinitiesimal generator corresponding to ξ ∈ g, we differentiate (3)
with respect to A ∈ G in direction ξ. That is, we consider A(t) = exp(tξ) and

3See the definition 0.31 for the definition of the Lie algebra action.
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differentiate it at t = 0

ξT ∗Rn(q, p) = d

dt

∣∣∣∣∣
t=0

(exp(tξ)q, (exp(tξ)T )−1p) = (ξq,−ξTp)

Furthermore, by the definition of the canonical symplectic structure on T ∗Rn we
have

Xµ(ξ)(q, p) = (∂µ(ξ)
∂pi

,−∂µ(ξ)
∂qi

)

Then, Xµ(ξ)(q, p) = ξT ∗Rn(q, p) implies that

∂µ(ξ)
∂p

= ξq,
∂µ(ξ)
∂q

= ξTp

Then a solution is given by µ(ξ)(q, p) = (ξq) · p. Hence 〈J(p), ξ〉 = (ξq) · p. For
example, for the case of the special orthogonal group G = SO(3) acting on R3 we
obtain J(q, p) = q × p for all (q, p) ∈ T ∗R3.

Definition 3.3. We denote by P : X(Q) → C∞(T ∗Q) the momentum function
defined for any X ∈ X(Q) and αq ∈ T ∗

q Q by

P(X)(αq) = 〈αq, Xq〉

In local coordinates αq = (q, p) one has P(X)(qi, pi) = ∑
j X

j(qi)pj.

Let L (T ∗Q) denote the space of fiberwise-linear functions on T ∗Q, i.e.

L (T ∗Q) = {F ∈ C∞(T ∗Q) | F (αq) is linear in αq ∈ T ∗
q Q for each q ∈ Q}

Since L (T ∗Q) is closed under the canonical Poisson bracket on T ∗Q, it forms a Lie
subalgebra of C∞(T ∗Q) with the Poisson bracket as the Lie bracket.

Lemma 3.4. Let P : X(Q) → C∞(T ∗Q), X 7→ P(X) be the momentum map with
P(X)(αq) = 〈αq, Xq〉. Then it follows that

1) The momentum map P is a Lie algebra anti-isomorphism between the Lie
algebra of vector fields (X(Q), [·, ·]) and the Lie Algebra (L (T ∗Q), {·, ·})

(X(Q), [·, ·]) ∼= (L (T ∗Q), {·, ·})

2) The map F 7→ XF is a Lie algebra anti-isomorphism between the Lie algebra
(L (T ∗Q), {·, ·}) and the Lie algebra of Hamiltonian vector fields generated by
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fiberwise-linear functions, i.e.

(L (T ∗Q), {·, ·}) ∼= ({XF ∈ X(T ∗Q) | F ∈ L (T ∗Q)}, [·, ·])

Proof. (1) By construction P (X) : T ∗Q → R is smooth and linear on each fiber
T ∗

q Q for fixed q ∈ Q. Moreover, to show that P (X) is injective, let P (X) = 0, then
〈αq, Xq〉 = αq(Xq) = 0 for each q ∈ Q and each αq ∈ T ∗

q Q. Thus Xq = 0 for every
q ∈ Q and therefore X = 0. Furthermore for each F ∈ L (T ∗Q), one can define a
vector field XF ∈ X(Q) by

F (αq) = 〈αq, X
F
q 〉, ∀αq ∈ T ∗

q Q

Thus P (XF ) = F by

P (XF )(αq) = 〈αq, X
F
q 〉 = F (αq), ∀αq ∈ T ∗

q Q

showing the surjectivity. Furthermore, in local coordinates αq = (q, p) on T ∗
q Q one

has
P(X)(q, p) =

∑
i

X i(q)pi, P(Y )(q, p) =
∑

i

Y i(q)pi

Hence the Poisson bracket is

{P(X),P(Y )}(q, p) =
∑

k

∂P(X)
∂qk

∂P(Y )
∂pk

− ∂P(X)
∂pk

∂P(Y )
∂qk

=
∑

k

(∑
i

pi
∂X i

∂qk

)
Y k −

∑
k

Xk
(∑

i

pi
∂Y i

∂qk

)

=
∑
i,k

pi
∂X i

∂qk
Y k −

∑
i,k

piX
k ∂Y

i

∂qk

=
∑

i

pi

∑
k

(
Y k ∂X

i

∂qk
−Xk ∂Y

i

∂qk

)
=
∑

i

pi[Y,X]i(q)

= −P([X,Y ])(q, p)

Thus {P(X),P(Y )} = −P([X,Y ])
(2) Recall that for any two functions F,G ∈ C∞(T ∗Q), we have [XF , XG] =
−X{F,G}. Furthermore, the map F 7→ XF is surjective by definition, since every
Hamiltonian vector field XF is generated by some function F . To see that it is also
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injective, suppose XF = 0. Then, for any G ∈ L (T ∗Q), we have

{F,G} = XG(F ) = 0

Thus F must be constant on each fiber. But F is linear on each fiber and the only
linear function that is constant is zero. Hence F = 0 and F 7→ XF is injective.

Proposition 3.5. The flow of the Hamiltonian vector field XP(X) ∈ X(T ∗Q) asso-
ciated to the momentum function P(X) ∈ C∞(T ∗Q) is given by the cotangent lift
of the flow of X ∈ X(Q), i.e. if φt is the flow of the vector field X, then the flow of
the Hamiltonian vector field XP(X) is given by T ∗φ−t : T ∗

q Q → T ∗
φt(q)Q.

Proof. Let πQ : T ∗Q → Q be the projection and let φt : Q → Q be the flow of the
vector field X ∈ X(Q). Then the cotangent lift of φt is given by T ∗φ−t : T ∗

q Q →
T ∗

φt(q)Q. Thus
πQ ◦ T ∗φ−t(αq) = φt(q) = φt ◦ πQ(αq)

for all αq ∈ T ∗
q Q. Therefore

πQ ◦ T ∗φ−t = φt ◦ πQ

Differentiating at t = 0 gives

TπQ ◦ Y = X ◦ πQ

where
Y (α) = d

dt

∣∣∣∣∣
t=0
T ∗φ−t(α) ∈ Tα(T ∗Q)

Now use the fact that for any diffeomorphism ψ on Q, the cotangent lift preserves
the Liouville one-form on T ∗Q, i.e. (T ∗ψ)∗Θ = Θ. Now apply this to ψ = φ−t and
differentiate at t = 0

LY Θ = d

dt

∣∣∣∣∣
t=0

(T ∗φ−t)∗(Θ) = d

dt

∣∣∣∣∣
t=0

Θ = 0

Using Cartan’s formula and ω = −dΘ we get

0 = LY Θ

= d(iY Θ) + iY dΘ

= d(iY Θ) − iY ω

⇒ iY ω = d(iY Θ)
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Thus, by definition of the Liouville 1-form Θ, it follows that for any αq ∈ T ∗
q Q

(iY Θ)(αq) = 〈Θ(αq), Y (αq)〉

= 〈αq, TπQ(Y (αq))〉 Definition of Θ

= 〈αq, X(πQ(αq))〉 Using the relation we derived above

= P(X)(αq) Definition of P(X)

Hence iY ω = dP(X), so that Y = XP(X).

XP(X) ∈ X(T ∗Q) is called the cotangent lift of X ∈ X(Q) denoted by X ′ :=
XP(X). Furthermore

[X ′, Y ′] = [XP(X), XP(Y )]

= −X{P(X),P(Y )}

= −X−P[X,Y ]

= [X,Y ]′

Thus, the cotangent lift is a Lie algebra homomorphism X(Q) → X(T ∗Q), X 7→ X ′.

Definition 3.6. Momentum maps J : P → g∗ are called infinitesimally equiv-
ariant, if one of the following equivalent conditions are satisfied

1) TzJ · ηP (z) = − ad∗
η J(z) for all η ∈ g and z ∈ P

2) The map µ : g → C∞(P ) associated to J satisfies µ([ξ, η]) = {µ(ξ), µ(η)} for
all ξ, η ∈ g

Furthermore, Lie algebra actions admitting infinitesimally equivariant momentum
maps are called Hamiltonian actions. Moreover, assume that the Lie group G acts
canonically on P . Then its Lie algebra g acts canonically on P by ξ 7→ ξP for any
ξ ∈ g. The momentum map J : P → g∗ corresponding to this induced canonical Lie
algebra action is called equivariant if

Ad∗
g−1 ◦ J = J ◦ φg, ∀g ∈ G

To compute the momentum map in an easier and straightforward way for cotan-
gent lifted actions, we have the following theorem.

Theorem 3.7 (Momentum Maps for Lifted Actions). Let P = T ∗Q be the cotangent
bundle of a manifold Q equipped with the canonical symplectic structure. Suppose
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that the Lie algebra g acts on the manifold Q by vector fields ξ 7→ ξQ for ξ ∈ g.
Then g acts on P on the left by the cotangent lifted action ξ 7→ ξP = (ξQ)′. This
lifted action on P is Hamiltonian with infinitesimally equivariant momentum map
J : P → g∗ given by

〈J(αq), ξ〉 = 〈αq, ξ
Q(q)〉 = P(ξQ)(αq) (4)

Moreover, if g is the Lie algebra of a Lie group G that acts on Q, then the cotangent
lifted action of G on P is Hamiltonian with equivariant momentum map J : P → g∗

given by the same formula (4) above.

Proof. We first show that g → T ∗Q, ξ 7→ ξP is indeed a canonical Lie algebra
action. Let ξ, η ∈ g

[ξ, η]P = ([ξ, η]Q)′

= −[ξQ, ηQ]′

= −[(ξQ)′, (ηQ)′]

= −[ξP , ηP ]

Furthermore, for any F,H ∈ C∞(T ∗Q) we have

ξP ({F,H}) = XP(ξQ)({F,H})

= {XP(ξQ)(F ), H} + {F,XP(ξQ)(H)}

= {ξP (F ), H} + {F, ξP (H)}

Thus ξ 7→ ξP is a canonical Lie algebra action. By using the Proposition 3.5, if φt

is the flow of ξQ, the flow of ξP = (ξQ)′ = XP(ξQ) is T ∗φ−t. Thus µ(ξ) = P(ξQ)
is a induced "comoment map". Furthermore, using the fact that P is a Lie algebra
anti-isomorphism, we get

{µ(ξ), µ(η)} = {P(ξQ),P(ηQ)}

= −P([ξQ, ηQ])

= P([ξ, η]Q)

= µ([ξ, η])

Hence J is the infinitisemally equivariant momentum map. Now assume that g is
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the Lie algebra of the Lie group G that acts on Q. Then

〈J(g · αq), ξ〉 = 〈g · αq, ξ
Q(g · q)〉

= 〈T ∗
gqφ

−1
g (αq), ξQ(φg(q)〉

= 〈αq, Tgqφ
−1
g (ξQ(φg(q))〉

= 〈αq, φ
∗
gξ

Q(q)〉

Using the relation φ∗
gξ

Q(q) = (Adg−1 ξ)Q(q) proven in Proposition 0.30, we get

〈J(g · αq), ξ〉 = 〈αq, (Adg−1 ξ)Q(q)〉

= 〈J(αq),Adg−1 ξ〉

= 〈Ad∗
g−1 J(αq), ξ〉

Thus J ◦ Φg = Ad∗
g−1 ◦J .

Example 3.8. Let G ⊂ GLn(R) be a matrix Lie group. Let us again consider the
action of G on Rn given by matrix multiplication φA(q) = Aq for A ∈ G and q ∈ Rn.
As in the example 3.2, the infinitesimal generator of this action is then given by

ξR
n

q = ξq

for ξ ∈ g. By the above theorem, the cotangent lift of this action to T ∗Rn has an
equivariant momentum map J : T ∗Rn → g∗ given by

〈J(q, p), ξ〉 = p · (ξq)

As we can see, that was easier compared to Example 3.2

Example 3.9 (Momentum map of the left action). Let G be a Lie group and recall
the left translation map

Lg : G → G

h 7→ gh

Its tangent lift is given by

TLg : TG → TG

vh 7→ (gh, ThLg(vh))



3. Symmetry and Reduction 25

Hence its infinitesimal Lie algebra action is given by

ξG(g) = d

dt

∣∣∣∣
t=0

exp(tξ)g = ξg = TeRg(ξ)

for ξ ∈ g. Then the momentum map for the cotangent lift of the left translation
action is equal to

〈JL(αg), ξ〉 = 〈αg, ξ
G(g)〉 = 〈αg, TeRg(ξ)〉 = 〈T ∗

eRg(αg), ξ〉

that is
JL(αg) = T ∗

eRg(αg)

Notice that JL is right invariant and is a equivariant momentum map, so they are
Poisson maps according the following theorem

Theorem 3.10. If J : P → g∗ is an infinitesimally equivariant momentum map for
a left Hamiltonian action of the Lie algebra g on any Poisson manifold P , then J

is a Poisson map, i.e. for all F1, F2 ∈ C∞(g∗) we have

J∗{F1, F2}LP = {J∗F1, J
∗F2}

where {·, ·}LP denotes the Lie–Poisson bracket given in the Theorem 3.11.

Proof. See [MR99, Theorem 12.4.1]

3.2 Lie–Poisson Reduction

Let G be a Lie group and consider the cotangent bundle T ∗G. We now want to
compute the Poisson bracket on the reduced space T ∗G/G obtained by factoring
out the left translation action of G on T ∗G. Recall that, a smooth function FL :
T ∗G → R is called left-invariant if for every g ∈ G

FL ◦ T ∗Lg = FL

Let F ∈ C∞(g∗), then we can extend it to a left invariant smooth function FL :
T ∗G → R by

FL(αg) = F (T ∗
e Lg · αg) = (F ◦ JR)(αg)

where, for all αg ∈ T ∗G, the momentum map JR : T ∗G → g∗ is defined by

JR(αg) = T ∗
e Lg · αg
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Furthermore, note that the trivialization of T ∗G by left translations given by

T ∗
gG → G× g∗

αg 7→ (g, T ∗
e Lg · αg) = (g, JR(αg))

So this trivialization identifies the contagent lift of left translation action on T ∗G

with the left action on G× g∗ given by

g · (h, µ) = (gh, µ), ∀g, h ∈ G and µ ∈ g∗

This means that G acts trivially on the g∗-component, so that the quotient T ∗G/G is
diffeomorphic to g∗. Thus, we can regard JR : T ∗G → g∗ as the canonical projection
T ∗G → T ∗G/G and endow g∗ with the unique Poisson structure that makes JR a
Poisson map by the Poisson reduction theorem. Thus, g∗ inherits a Poisson structure
{·, ·}LP uniquely given by

{F,H}LP ◦ JR = {F ◦ JR, H ◦ JR} = {FL, HL} (5)

Now we would like to compute this Poisson structure called the Lie-Poisson
structure.

Theorem 3.11 (Lie-Poisson Reduction). Let F,H ∈ C∞(g∗) and extend them to
left invariant functions FL : T ∗G → R and HL : T ∗G → R respectively. Then the
restriction of the canonical Poisson bracket {FL, HL} on T ∗G to g∗ endows g∗ with
a Poisson structure {·, ·}LP given by

{F,H}LP (µ) = −
〈
µ,

[
δF

δµ
,
δH

δµ

]〉
(6)

for all µ ∈ g∗. Here, δF
δµ

∈ g is defined by

〈
δµ,

δF

δµ

〉
= d

dε

∣∣∣∣∣
ε=0

F (µ+ εδµ), ∀δµ ∈ g∗

So (g∗, {·, ·}LP ) is a Poisson manifold and the bracket {·, ·}LP is called the Lie-
Poisson bracket.

Proof. Let C∞
L (T ∗G) be the space of left-invariant functions on T ∗G, so it is iso-

morphic to C∞(g∗) by the isomorphism

C∞(g∗) → C∞
L (T ∗G), F 7→ FL
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where FL(αg) = F (JR(αg)) = F (T ∗
e Lg ·αg). Indeed, the inverse is just the restriction

to the fiber over the identity

C∞
L (T ∗G) → C∞(g∗), F 7→ F

∣∣∣
T ∗

e G

Moreover, T ∗Lg is a symplectic map for each g ∈ G, thus the space C∞
L (T ∗G) is

closed under the Poisson bracket on T ∗G. Therefore C∞(g∗) gets endowed with
a unique Poisson structure by the Poisson reduction theorem. Furthermore, the
Poisson bracket {F,H} for F,H ∈ C∞(g∗) depends only on the differentials of F
and H at each point. Thus, to determine the bracket {·, ·}LP on g∗ we can assume
that F and H are linear functions on g∗ of a particular point. So let F ∈ C∞(g∗)
be linear, we can then write F (µ) = 〈µ, δF

δµ
〉, where δF

δµ
is a constant in g and µ ∈ g∗.

Now let µ = T ∗
e Lg · αg, then

FL(αg) = F (T ∗
e Lg · αg)

=
〈
T ∗

e Lg · αg,
δF

δµ

〉

=
〈
αg, TeLg · δF

δµ

〉

=
〈
αg,

(
δF

δµ

)
L

(g)
〉

= P
((

δF

δµ

)
L

)
(αg)

where
(

δF
δµ

)
L

(g) = TeLg · δF
δµ

is the left-invariant vector field on G generated by δF
δµ

.
Similarly, we can write HL(αg) = P

((
δH
δµ

)
L

)
(αg) for some δH

δµ
∈ g. Moreover, recall

that {P(X),P(Y )} = −P([X,Y ]) for any vector fields X,Y . Using this and the
fact that

(
δF
δµ

)
L

and
(

δH
δµ

)
L

are left-invariant vector fields4, we get

{FL, HL}(αg) =
{

P
((

δF

δµ

)
L

)
,P

((
δH

δµ

)
L

)}
(αg)

= −P
([(

δF

δµ

)
L

,

(
δH

δµ

)
L

])
(αg)

= −P
([
δF

δµ
,
δH

δµ

]
L

)
(αg)

= −
〈
αg,

[
δF

δµ
,
δH

δµ

]
L

(g)
〉

4Left invariant vector fields are closed under the Lie bracket, see Definition 0.11 and the remark
right after that
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= −
〈
αg, TeLg ·

[
δF

δµ
,
δH

δµ

]〉

= −
〈
T ∗

e Lg · αg,

[
δF

δµ
,
δH

δµ

]〉

= −
〈
µ,

[
δF

δµ
,
δH

δµ

]〉

Finally, using the fact that F ◦ JR = FL and H ◦ JR = HL and the characterization
of the Lie-Poisson bracket given by the equality (5) we have

{F,H}LP (µ) = {F,H}LP ◦ JR(αg)

= {F ◦ JR, H ◦ JR}(αg)

= {FL, HL}(αg)

= −
〈
µ,

[
δF

δµ
,
δH

δµ

]〉

which proves the Equation (6).

Example 3.12. Let us apply the above theorem for the Lie group G = SO(3) and
its Lie algebra g = so(3). Using the identification so(3) ∼= R3 derived in example
0.15 and identifying R3 ∼= (R3)∗ via the standard inner product, the Lie-Poisson
bracket on R3 is given by

{F,H}(Π) = −Π · (∇F (Π) × ∇H(Π))

for F,H ∈ C∞(R3) and Π ∈ R3. We call this bracket the rigid body bracket.

Remark. Instead of extending F and H to left invariant functions, we can restrict
the functions to a coadjoint orbit Oµ of µ ∈ g∗, which is given by

Oµ = {Ad∗
g−1 µ : g ∈ G} := G · µ

Then we get an induced symplectic structure ω on Oµ given by

ω(µ)(ξg∗(µ), ηg∗(µ)) = −〈µ, [ξ, η]〉, ∀µ ∈ Oµ, ξ, η ∈ g

This symplectic structure induces also a Poisson structure {·, ·} on Oµ given by

{F,H}(µ) = −
〈
µ,

[
δF

δµ
,
δH

δµ

]〉
, ∀F,H ∈ C∞(Oµ), µ ∈ Oµ

which is exactly the Lie-Poisson structure on Oµ as a submanifold of g∗. For more
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details, see [[MR99], Section 14].

Now having this Lie-Poisson structure on g∗ in our hands, we can write the
Hamilton’s equations Ḟ = {F,H}LP for a Hamiltonian H ∈ C∞(g∗) and any F ∈
C∞(g∗). Again by assuming that F is linear, we can write F (µ) = 〈µ, δF

δµ
〉 for some

δF
δµ

∈ g and µ ∈ g∗. Then

〈
µ̇,
δF

δµ

〉
= Ḟ (µ) = {F,H}LP (µ)

= −
〈
µ,

[
δF

δµ
,
δH

δµ

]〉

=
〈
µ, ad δH

δµ

δF

δµ

〉

=
〈

ad∗
δH
δµ
µ,
δF

δµ

〉

Since this holds for all δF
δµ

∈ g, we get

µ̇ = ad∗
δH
δµ
µ (7)

which is called the Lie-Poisson equation.

3.3 Euler–Poincaré Reduction

Let G be a Lie group and and consider its tangent bundle TG. When a Lagrangian
L : TG → R is invariant under left translations, then this symmetry naturally leads
to reduced equations of motion on the Lie algebra g. Recall that a Lagrangian
L : TG → R is called left-invariant if for every g ∈ G we have

L ◦ TLg = L

that is
L(gh, ThLgḣ) = L(h, ḣ)

Left-invariance of L implies that L is determined by its value at the identity, i.e.

L(g, ġ) = L(g−1g, g−1ġ) = L(e, ξ)
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where ξ = g−1ġ = TgLg−1 ġ ∈ g. Thus the restriction of L in g defines a reduced
Lagrangian l : g → R such that

l(ξ) = L(e, ξ) = L(g, ġ), ∀g ∈ G, ξ = g−1ġ ∈ g

The following theorem shows that the Euler–Lagrange equations for L on G are
equivalent to the Euler–Poincaré equations for l on g with their respective variational
principles.

Theorem 3.13 (Euler–Poincaré Reduction). Let G be a Lie group and let L :
TG → R be a left-invariant Lagrangian. Let g : [a, b] → G be any smooth curve with
variations δg(a) = δg(b) = 0 and set ξ(t) = g(t)−1ġ(t). Let l : g → R be the reduced
Lagrangian defined by l(ξ) = L(e, ξ). Then the following are equivalent

1) The curve g(t) satisfies the Euler–Lagrange equations for L on G

2) The variational principle with fixed endpoints holds

δ
∫ b

a
L(g(t), ġ(t))dt = 0

3) The Euler–Poincaré equations hold along the curve ξ(t)

d

dt

δl

δξ
= ad∗

ξ

δl

δξ

4) The variational principle on g holds

δ
∫ b

a
l(ξ(t))dt = 0

using variations of the form

δξ = η̇ + [ξ, η]

where η vanishes at the endpoints, η(a) = η(b) = 0.

Proof. We have already shown the equivalence (1) ⇔ (2) in the Theorem 1.3. Now
let us show that (2) ⇔ (4). For that we assume G ⊂ GLnR.5 Since l uniquely
determines L, we just need to prove that all variations δg(t) ∈ Tg(t)G of g(t) with
δg(a) = δg(b) = 0 are exactly induced by variations δξ(t) of ξ(t) of the form δξ = η̇+

5For the general proof see [BKMM96]
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[ξ, η], where η(t) vanishes at the endpoints, η(a) = η(b) = 0. Let gλ ∈ P(a, b, q1, q2)
be a variation of the curve g s.t. δg = ∂

∂λ

∣∣∣
λ=0

gλ. Then

δξ = ∂

∂λ

∣∣∣∣∣
λ=0

(g−1
λ ġλ)

= ( ∂
∂λ
g−1

λ )ġλ + g−1
λ ( ∂

∂λ
ġλ)
∣∣∣∣∣
λ=0

Since gλg
−1
λ = e, one has d

dλ
(gλ)g−1

λ +gλ
d

dλ
(g−1

λ ) = 0. Therefore d
dλ

(g−1
λ ) = −g−1

λ
d

dλ
(gλ)g−1

λ .
Thus

δξ = −g−1
λ

d

dλ
(gλ)g−1

λ ġλ + g−1
λ ( ∂

∂λ
ġλ)
∣∣∣∣∣
λ=0

= (−g−1δgg−1)ġ + g−1( ∂
∂λ

∣∣∣∣∣
λ=0

ġλ)

Now let η = g−1δg. Thus

δξ = ηξ + g−1 ( ∂
∂λ

∣∣∣∣∣
λ=0

ġλ)

Furthermore

η̇ = d

dt
(g−1δg)

= (−g−1ġg−1)δg + g−1 d

dt
( ∂
∂λ

∣∣∣∣∣
λ=0

gλ)

= −ξη + g−1 ( ∂
∂λ

∣∣∣∣∣
λ=0

ġλ)

Hence δξ − η̇ = [ξ, η]. Conversely, given δξ of the form δξ = η̇ + [ξ, η] where η
vanishes at the endpoints, we can define δg = gη. Then δg is a variation of g with
fixed endpoints and it induces the given δξ. This shows the equivalence (2) ⇔ (4).

Let us now show (3) ⇔ (4) by using the variational principle. We have

δ
∫ b

a
l(ξ)dt =

∫ b

a

〈
δl

δξ
, δξ

〉
dt

=
∫ b

a

〈
δl

δξ
, η̇ + adξη

〉
dt

=
[〈

d

dt

δl

δξ
, η

〉]b

a
−
∫ b

a

〈
d

dt

δl

δξ
, η

〉
dt+

∫ b

a

〈
ad∗

ξ

δl

δξ
, η

〉
dt
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= −
∫ b

a

〈
d

dt

δl

δξ
, η

〉
dt+

∫ b

a

〈
ad∗

ξ

δl

δξ
, η

〉
dt

=
∫ b

a

〈
− d

dt

δl

δξ
+ ad∗

ξ

δl

δξ
, η

〉
dt

for all variations η vanishing at the endpoints. Since they are arbitrary, we get

δ
∫ b

a
l(ξ)dt = 0 ⇔ − d

dt

δl

δξ
+ ad∗

ξ

δl

δξ
= 0

The Legendre Transformation. Since in the hyperregular case (i.e. FL is a
diffeomorphism) the Euler-Lagrange and Hamilton equations on TQ and T ∗Q are
equivalent, it follows that the Lie–Poisson and Euler–Poincaré equations are also
equivalent. To see this directly, we define the reduced Legendre transform

Definition 3.14. Let l : g → R be the reduced Lagrangian defined by l(ξ) = L(e, ξ).
Assuming L is hyperregular, define the reduced Legendre transform as

fl : g → g∗, 〈fl(ξ), η〉 := d

ds

∣∣∣∣∣
s=0

l(ξ + sη) =
〈
δl

δξ
, η

〉

for all ξ, η ∈ g. Thus, by definition, we have fl(ξ) = δl
δξ

. Note that, since

FL(e, ξ) = (e, fl(ξ))

the map fl is the restriction of FL to g. Thus, if L is hyperregular, then fl is a
diffeomorphism.

Definition 3.15. For a hyperregular Lagrangian L : TQ → R and its reduced
Lagrangian l(ξ) = L(e, ξ), the reduced Hamiltonian h : g∗ → R is defined by

h := e ◦ (fl)−1

with the energy e(ξ) = 〈fl(ξ), ξ〉 − l(ξ). Equivalently

h(µ) = 〈µ, ξ〉 − l(ξ), ξ = (fl)−1(µ)

Note that

δh

δµ
= ξ +

〈
µ,
δξ

δµ

〉
−
〈
δl

δξ
,
δξ

δµ

〉
= ξ +

〈
µ,
δξ

δµ

〉
−
〈
µ,
δξ

δµ

〉
= ξ
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Since we can write the Euler-Poincaré equations in the new variable µ, this proves
the following proposition

Proposition 3.16. Euler-Poincare Equations are equivalent to the Lie-Poisson
equations, i.e. the following two equations are equivalent

1) d
dt

δl
δξ

= ad∗
ξ

δl
δξ

2) µ̇ = ad∗
δh/δµ µ

with µ, h and l as defined above.

4 The Free Rigid Body

A rigid body is a mechanical system that is constrained to move in such a way
that the distance between any two points of the body remains constant during the
motion. We assume that the body rotates about its center of mass taken as the
origin of the coordinate system in R3. We fix a reference configuration of the body
B, which is the closure of an open set in R3. Then the position of each particle is
given by X = (X1, X2, X3) ∈ B in the reference configuration. Furthermore, assume
that there are no external forces or torques acting on the body, meaning that it is a
free rigid body. A configuration of the body is then given by a map B → R3 that is
C1 and invertible on its image. Moreover, the configuration space of this system is
the Lie group SO(3), since it describes all possible rotations about the origin in R3.
Thus, the velocity phase space is the tangent bundle TSO(3), and the momentum
phase space is the cotangent bundle T ∗SO(3).

The motion of the free rigid body can be described by time dependent family
of configurations given by a curve x(X, t) in R3, which is related to the reference
configuration X by a rotation matrix R(t) ∈ SO(3), i.e.

x(X, t) = R(t)X

The velocity V (X, t) in the reference configuration is then obtained by differentiating
the above relation with respect to time, which gives

V (X, t) = ẋ(X, t) = Ṙ(t)X

Then the Lagrangian L : TSO(3) → R is given by the kinetic energy of the system.
But, if we had a system of N particles with masses mi and positions xi, then the
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kinetic energy would have been given by ∑N
i=1 mi‖ẋi‖2/2. Nevertheless, in the case

of a rigid body, we have infinitely many particles, so the mass of each particle at the
position X is given by a mass density function ρ(X) and the mass of the body is
given by the integral of the mass density function over the reference configuration,
that is

∫
B ρ(X)d3X. Thus, the Lagrangian L : TSO(3) → R is given by

L(R, Ṙ) = 1
2

∫
B
ρ(X)‖ẋ‖2d3X

= 1
2

∫
B
ρ(X)‖ṘX‖2d3X

= 1
2

∫
B
ρ(X)tr

(
(ṘX)(ṘX)T

)
d3X

= 1
2tr

( ∫
B
ρ(X)(ṘX)(XT ṘT )d3X

)
= 1

2tr
(

Ṙ
( ∫

B
ρ(X)XXTd3X

)
ṘT

)
= 1

2tr(ṘIṘT )

where the inertia tensor I of the body, with respect to the origin, is given by

I =
∫

B
ρ(X)XXTd3X

which is symmetric and constant. Now, let us show that the Lagrangian L is left
invariant. For that, let Q ∈ SO(3), then

L(QR,QṘ) = 1
2tr((QṘ)(QṘ)T )

= 1
2tr(QṘṘT QT )

= 1
2tr(ṘṘT )

= L(R, Ṙ)

Now, by identifying TRSO(3) with the Lie algebra so(3) via left or right translation,
the differentials of left and right multiplication by R−1 gives

TLR−1(R, Ṙ) = (I,R−1Ṙ), TRR−1(R, Ṙ) = (I, ṘR−1)

for any (R, Ṙ) ∈ TSO(3). Therefore, R−1Ṙ, ṘR−1 ∈ so(3)., thus they both are
skew symmetric. By using the hat map ·̂ : R3 → so(3) defined in the Example 0.15
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define the spatial angular velocity ω ∈ R3 by

ω̂ = ṘR−1

Note that this implies
ẋ = ω̂x = ω × x

The body angular velocity Ω ∈ R3 is then given by

Ω = R−1ω

Thus, we get

Ω̂X = Ω ×X = R−1ω × R−1x = R−1(ω × x) = R−1ṘR−1x = R−1ṘX

Hence, Ω̂ = R−1Ṙ, thus the reduced Lagrangian l : so(3) → R is given by

l(Ω̂) = L(e, Ω̂) = 1
2tr(Ω̂IΩ̂T ) = 1

2tr((R
−1Ṙ)I(R−1Ṙ)T ) = 1

2tr(ṘIṘT ) = L(R, Ṙ)

Furthermore, notice that

l(Ω̂) = L(R, Ṙ) = 1
2

∫
B
ρ(X)‖ẋ‖2d3X

= 1
2

∫
B
ρ(X)‖ω × x‖2d3X

= 1
2

∫
B
ρ(X)‖R−1(ω × x)‖2d3X

= 1
2

∫
B
ρ(X)‖Ω ×X‖2d3X

= 1
2

∫
B
ρ(X)‖X × Ω‖2d3X

= 1
2

∫
B
ρ(X)‖X̂Ω‖2d3X

= 1
2

∫
B
ρ(X)ΩT X̂T X̂Ωd3X

= 1
2ΩT

(∫
B
ρ(X)X̂T X̂d3X

)
Ω

Consider
X̂T X̂ = −X̂2 = −(X × (X × ·)) = ‖X‖2I −XXT

where we used that X̂T = −X̂ and the vector triple product identity X× (X×y) =
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X(X · y) − ‖X‖2y. Thus

l(Ω̂) = 1
2ΩT

∫
B
ρ(X)X̂T X̂d3XΩ = 1

2ΩT
∫

B
ρ(X)(‖X‖2I −XXT )d3XΩ = 1

2ΩTJΩ

where the moment of inertia tensor J is given by 6

J =
∫

B
ρ(X)(‖X‖2I −XXT )d3X

Using the identification 7 so(3) ' R3 ' so(3)∗, we regard the reduced Lagrangian
l as a function of Ω. Then, for any variation δΩ ∈ R3, the directional derivative is
given by

〈 δl
δΩ , δΩ〉 = d

dε

∣∣∣∣∣
ε=0

l(Ω + εδΩ) = d

dε

∣∣∣∣∣
ε=0

1
2(Ω + εδΩ)TJ(Ω + εδΩ)

= 1
2(δΩTJΩ + ΩTJδΩ)

= 1
2ΩT (J + JT )δΩ

= ΩTJT δΩ since J is symmetric

= 〈JΩ, δΩ〉

Since this holds for all δΩ ∈ R3, we get

δl

δΩ = JΩ

Hence, on the left hand side of the Euler-Poincaré equations we get d
dt

δl
δΩ = JΩ̇ and

on the right hand side

〈ad∗
Ω( δl
δΩ), η〉 = 〈 δl

δΩ , adΩ(η)〉

= 〈JΩ, [Ω, η]〉

= 〈JΩ,Ω × η〉

= (JΩ) · (Ω × η)

= ((JΩ) × Ω) · η

= 〈(JΩ) × Ω, η〉

for any η ∈ R3. Hence, ad∗
Ω( δl

δΩ) = (JΩ) × Ω. Thus, the Euler-Poincaré equation for
6The interia’s are related by the equality tr(ξ̂Iη̂T ) = ξT Jη for any ξ, η ∈ so(3)
7See Example 0.15 and 0.16
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the free rigid body is given by

JΩ̇ = JΩ × Ω

which is exactly the Euler’s equation for the rigid body. The reduced Legendre
transform fl : so(3) → so∗(3), Ω 7→ Π is then given under the identification so(3) '
R3 ' so(3)∗ by

Π = fl(Ω) = δl

δΩ = JΩ

with inverse fl−1(Π) = J−1Π. The reduced energy function e : so(3) → R is

e(Π) = 〈Π,Ω〉 − 1
2〈Ω, JΩ〉 = 〈Π,Ω〉 − 1

2〈JΩ,Ω〉 = 1
2〈Π,Ω〉

Thus, the reduced Hamiltonian is

h : so(3)∗ → R, h(Π) = e ◦ fl−1(Π) = 1
2〈J−1Π,Π〉

and the Lie–Poisson equations are

Π̇ = ad∗
δh/δΠ Π = Π × J−1Π.



4. The Free Rigid Body 38

Appendix: Lie Groups

Lie groups are the mathematical concept that describes the continuously varying
symmetries of a geometrical system. In this section we give the definition of Lie
groups, Lie algebras and exponential map and show how they are related to each
other. Then we introduce the Lie group actions. Finally, we illustrate their relevance
through the example of the Lie group SO(3), particularly useful for the study of
rigid body dynamics.

Lie Groups and Lie Algebras

Definition 0.1. A Lie group is a smooth manifold G with a group structure such
that the group product and the inverse map

G×G → G, (g, h) 7→ gh and G → G, g 7→ g−1

are smooth maps.

Definition 0.2. A Lie group homomorphism is a group homomorphism that is
smooth.

Example 0.3. Consider the general linear group GLnC, which is the set of all
invertible n × n matrices with complex entries. The group operation is given by
matrix multiplication and the inverse map is given by taking the matrix inverse.
Since both operations are smooth maps, GLnC is a Lie group.

Definition 0.4. A matrix Lie group is a closed subgroup of GLnC.

Example 0.5. Some examples of matrix Lie groups are

O(n) = {A ∈ GLnR : ATA = I}

SO(n) = {A ∈ O(n) : det(A) = 1}

U(n) = {A ∈ GLnC : A∗A = I}

SU(n) = {A ∈ U(n) : det(A) = 1}

SL(n) = {A ∈ GLnR : det(A) = 1}

O(n, k) = {A ∈ GLn+kR : AT In,kA = In,k}

SO(n, k) = {A ∈ O(n, k) : det(A) = 1}

where I is the identity matrix and In,k is the diagonal matrix with n entries of 1
and k entries of −1 on the diagonal.
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Later we are going to look more closely into SO(n) since it describes rotations in
n-dimensional space. For n = 3, it contains all possible rotations about the origin
in R3, thus it is the configuration space of the rigid body dynamics. Now let us give
the definition of a Lie algebra.

Definition 0.6. A Lie algebra is a vector space g equipped with a bilinear map
[·, ·] : g × g → g called the Lie bracket satisfying

1) [x, y] = −[y, x] (Skew-Symmetry)

2) [x, [y, z]] + [z, [x, y]] + [y, [z, x]] = 0 (Jacobi Identity)

for all x, y, z ∈ g.

Having defined a Lie algebra, now we would like to find a finite dimensional Lie
algebra g associated to any Lie group G. For that reason define now the following
mappings

Definition 0.7. Let G be a Lie group. For any g ∈ G define the left and right
translations

Lg : G → G, h 7→ gh, Rg : G → G, h 7→ hg

It is easy to show that these mappings have the following properties

Property 1. Let g, h ∈ G

1) Lg ◦ Lh = Lgh and Rg ◦Rh = Rhg

2) (Lg)−1 = Lg−1 and (Rg)−1 = Rg−1

3) Lg ◦Rh = Rh ◦ Lg

It follows from 2 that Lg and Rg are diffeomorphisms on G. Now we can use the
left translation Lg to define left-invariant vector fields on G.8

Definition 0.8. A vector field X ∈ X(G) is called left invariant if for every g ∈ G

we have L∗
g(X) = X, i.e. (ThLg)Xh = Xgh for every h ∈ G

8Analogously, one can define right-invariant vector fields by pulling back via right translation
instead of left translation and proceed in the same way to define the Lie algebra of a Lie group.
Since the results obtained using right-invariant vector fields are analogous to those for left-invariant
vector fields, we fix a convention and work only with the left-invariant ones.
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Definition 0.9. A Lie subalgebra of a Lie algebra g is a subspace of g closed under
the bracket, i.e. X,Y ∈ g ⇒ [X,Y ] ∈ g. Thus any Lie subalgebra is itself a Lie
algebra with the same brackets.

Now we can use the Lie bracket of vector fields to define a Lie algebra structure
on the set of left-invariant vector fields. But first we need to show that the set of
left-invariant vector fields is closed under the Lie bracket so that it becomes a Lie
subalgebra of the Lie algebra of all vector fields on G.

Corollary 0.10. The set of left-invariant vector fields XL(G) = {X ∈ X(G) :
X is left invariant} is closed under the Lie bracket [·, ·] and thus is a Lie subalgebra
of X(G).

Proof. Since Lg is a diffeomorphism, we have

L∗
g[X,Y ] =︸︷︷︸

Lg is diffeomorphism

[L∗
gX,L

∗
gY ] =︸︷︷︸

X,Y left invariant

[X,Y ]

Thus [X,Y ] is left invariant, which implies that XL(G) is closed under the Lie bracket
and hence is a Lie subalgebra of X(G).

Furthermore, notice that every vector field X ∈ XL(G) is uniquely determined
through the vector Xe ∈ TeG, since for any vector ξ ∈ TeG we can define a left-
invariant vector field Xξ ∈ XL(G) by

Xξ
g := TeLg(ξ), ∀g ∈ G

To show that is left invariant, let g, h ∈ G. Then we have

Xξ
gh = TeLgh(ξ) = Te(Lg ◦ Lh)(ξ) = ThLg ◦ TeLh(ξ) = ThLg(Xξ

h)

showing that Xξ is left invariant. Furthermore, define the maps

φ1 : XL(G) → TeG, X → Xe

φ2 : TeG → XL(G), ξ → Xξ

Notice that φ1φ2(ξ) = φ1(Xξ) = Xξ
e = ξ. Thus φ1φ2 = idTeG and similarly φ2φ1 =

idXL(G). Thus we get an isomorphism between vector spaces XL(G) and TeG. This
now enables us to define the Lie algebra of G by passing to the tangent space at
the identity TeG. But we need a meaningful bracket on it. So we equip the tangent
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space TeG with a Lie bracket, which we obtain by using the isomorphism introduced
above in the following way.

Definition 0.11. The tangent vector space TeG of a Lie group G with the Lie
bracket defined by

[ξ, η] := [Xξ, Xη]e, ∀ξ, η ∈ TeG

is called the Lie algebra of G and is denoted by g = TeG.

Remark. By construction, the Lie bracket of two left invariant vector fields Xξ and
Xη is again a left invariant vector field and is given by 9

[Xξ, Xη] = X [ξ,η], ∀ξ, η ∈ TeG

Example 0.12. Consider the Lie group GLnR. The tangent space at the identity
TIGLnR is then given by the set of all n× n matrices MnR and the Lie bracket on
MnR is given by the commutator

[A,B] = AB −BA, A,B ∈ MnR

Thus g := glnR = MnR with the commutator as Lie bracket.

Example 0.13. Consider now the Lie group SO(3). Then the tangent space at
the identity TISO(3) is given by the set of all 3 × 3 skew-symmetric matrices, i.e.
TISO(3) = so(3) = {A ∈ M3R : AT = −A}. To show this, consider the curve
A : (−ε, ε) → SO(3) with A(0) = I. Then we have

d

dt
(A(t)TA(t))

∣∣∣
t=0

= Ȧ(0)T I + IT Ȧ(0) = Ȧ(0)T + Ȧ(0) = 0

Thus Ȧ(0) is skew-symmetric, implying TISO(3) ⊂ {A ∈ M3R : AT = −A}.

Conversely, take any matrix A ∈ M3R with AT = −A and consider the curve
A(t) = exp(tA), where exp is the matrix exponential. Then we have A(0) =
I, A′(0) = A and

(A(t)TA(t)) = exp(tA)T exp(tA) = exp(−tA) exp(tA) = I

Furthermore, AT = −A implies tr(A) = 0. Thus, using the property det(expA) =
9In the proof of Lie Poisson reduction 3.11, we denote the left invariant vector field associated

to ξ ∈ TeG by ξL instead of Xξ and use the fact that [ξL, ηL] = [ξ, η]L for all ξ, η ∈ TeG. This is
exactly the same as the relation stated in the remark, but with different notations.
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exp(tr(A)), we get

det(A(t)) = det(exp(tA)) = exp(tr(tA)) = exp(0) = 1

Thus A(t) ∈ SO(3) for all t, implying A′(0) = A ∈ TISO(3). Hence {A ∈ M3R :
AT = −A} ⊂ TISO(3).

Definition 0.14. Let (g, [·, ·]g), (h, [·, ·]h) be Lie algebras. A Lie algebra homomor-
phism is a linear map φ : g → h such that φ([g1, g2]g) = [φ(g1), φ(g2)]h for all
g1, g2 ∈ g. A Lie algebra isomorphism is a bijective Lie algebra homomorphism.

Example 0.15. The hat map ·̂ : R3 → so(3) defined by

x̂ =


0 −x3 x2

x3 0 −x1

−x2 x1 0

 , for x =


x1

x2

x3

 ∈ R3

is a Lie algebra isomorphism between (R3,×) and (so(3), [·, ·]), where × is the cross
product in R3 and [·, ·] is the matrix commutator defined by [A,B] = AB −BA for
A,B ∈ so(3). First it is clear that the map is linear and bijective, since any skew
symmetric matrix is of that given form 10. Let us show that this is also a Lie algebra
homomorphism. First note that

x̂y =


0 −x3 x2

x3 0 −x1

−x2 x1 0

 ·


y1

y2

y3

 =


−x3y2 + x2y3

x3y1 − x1y3

−x2y1 + x1y2

 = x× y

for any x, y ∈ R3. Thus, for any x, y, z ∈ R3 we have

[x̂, ŷ]z = x̂(ŷz) − ŷ(x̂z) = x× (y × z) − y × (x× z) =︸︷︷︸
Jacobi

(x× y) × z = x̂× yz

That implies [x̂, ŷ] = x̂× y. Hence, the hat map is a Lie algebra isomorphism.

Example 0.16. Now define the breve map (̆·) : R3 → so(3)∗ by

〈Π̆, x̂〉 = ΠT · x = Π1x1 + Π2x2 + Π3x3, for Π =


Π1

Π2

Π3

 ∈ R3 and x =


x1

x2

x3

 ∈ R3

10In Example (0.13) it is shown that so(3) = {A ∈ M3R : AT = −A}
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One can analogously show that the breve map is also a Lie algebra isomorphism.
Furthermore, the hat and breve maps are related by the following identity

tr(Π̂x̂T ) = tr
(

0 −Π3 Π2

Π3 0 −Π1

−Π2 Π1 0

 ·


0 x3 −x2

−x3 0 x1

x2 −x1 0


)

= tr
(

Π3x3 + Π2x2 ∗ ∗
∗ Π3x3 + Π1x1 ∗
∗ ∗ Π2x2 + Π1x1


)

= 2(Π1x1 + Π2x2 + Π3x3) = 2〈Π̆, x̂〉

Thus, we have 〈Π̆, x̂〉 = 1
2tr(Π̂x̂

T ) for any Π, x ∈ R3. Hence, Π̆ corresponds to Π̂
under the identification so(3)∗ ' so(3) given by the trace pairing.

The Exponential Map

Definition 0.17. Let G be a Lie group. A smooth function φ : R → G is called a
one-parameter subgroup of G if

1) φ(0) = e

2) φ(s+ t) = φ(s)φ(t)

Proposition 0.18. Let γξ : R → G be the integral curve of the left-invariant vector
field Xξ ∈ XL(G) generated by ξ ∈ g satisfying

γξ(0) = e,
d

dt
γξ(t) = Xξ(γξ(t))

Then γξ is a one-parameter subgroup generated by Xξ.

Proof. Let s, t ∈ R and differeantiate the curve σ(t) = γξ(s)γξ(t)

d

dt
σ(t) = d

dt
(γξ(s)γξ(t))

= Tγξ(t)Lγξ(s)

(
d

dt
γξ(t)

)
= Tγξ(t)Lγξ(s)(Xξ(γξ(t))) γξ integral curve of Xξ

= Xξ(γξ(s)γξ(t)) Xξ left invariant

= Xξ(σ(t))
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now we fix s and differentiate the curve Σ(t) = γξ(s+ t)

d

dt
Σ(t) = d

dt
γξ(s+ t) = Xξ(γξ(s+ t)) = Xξ(Σ(t))

Let t = 0, then

σ(0) = γξ(0)γξ(s) = eγξ(s) = γξ(s) = γξ(0 + s) = Σ(0)

Thus, both σ(t) and Σ(t) are integral curves of Xξ with the same initial condition
γξ(s). Hence, by uniqueness of integral curves we get γξ(s+ t) = γξ(s)γξ(t).

Definition 0.19. The exponential map exp : g → G is defined by

exp(ξ) = γξ(1)

Example 0.20. As we have seen above, for any matrix Lie group G the exponential
map is given by the matrix exponential

γξ(1) = exp(ξ) =
∞∑

k=0

ξk

k!

for any ξ ∈ g.

Proposition 0.21. The following statements hold

1) The exponential map maps the line {tξ : t ∈ R} ⊂ g onto the one-parameter
subgroup {γξ(t) : t ∈ R} ⊂ G.

2) For any one-parameter subgroup γ : R → G there exists a unique ξ ∈ g such
that γ(t) = {exp(tξ), t ∈ R}.

3) The exponential map exp : g → G is a local diffeomorphism (étale) from a
neighborhood of 0 ∈ g onto a neighborhood of e ∈ G.

Proof. 1. Let t ∈ R, then by definition of the exponential map we have exp(tξ) =
γtξ(1). Now consider the curve σ(s) = γtξ(s), then for a fixed t we have

d

ds
σ(s) = d

ds
γtξ(s)

= X tξ(γtξ(s)) γtξ integral curve of X tξ

= TeLγtξ(s)(tξ) X tξ left invariant

= tTeLγtξ(s)(ξ) TeLg linear
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= tXξ(σ(s)) X tξ left invariant

and σ(0) = γξ(0) = e. Thus σ(s) is the integral curve of X tξ with initial
condition e. Now consider the curve Σ(s) = γξ(ts), then

d

ds
Σ(s) = d

ds

(
γξ(ts)

)
= t

d

d(ts)γξ(ts) Chain rule

= tXξ(Σ(s)) γξ integral curve of Xξ

and Σ(0) = γξ(0) = e. Thus Σ(s) is also an integral curve of X tξ with initial
condition e. Hence by uniqueness of integral curves we get σ(s) = Σ(s). Thus
setting s = 1 we get exp(tξ) = γξ(t).

2. Let γ : R → G be a one-parameter subgroup, then γ(0) = e and γ(s + t) =
γ(s)γ(t) for all s, t ∈ R. Thus γ is an integral curve of Xξ for ξ = γ̇(0), since

d

dt
γ(t) = d

ds

∣∣∣∣
s=0

γ(t+ s) = d

ds

∣∣∣∣
s=0

γ(t)γ(s) = TeLγ(t)(γ̇(0)) = Xξ(γ(t))

and γ(0) = e. Hence, γ(t) = γξ(t) for all t ∈ R and thus γ(t) = exp(tξ) by the
first part.

3. We have T0 exp(ξ) = Xξ(e) = ξ for any ξ ∈ g. Hence, T0 exp = idg. That
implies that exp : g → G is a local diffeomorphism from a neighborhood of
0 ∈ g onto a neighborhood of e ∈ G by the inverse function theorem.

Lie Group Action

Definition 0.22. Let M be a manifold and G be a Lie Group. Then a (left) action
of a Lie group GyM is a smooth map φ : G×M → M such that

1) φ(e, x) = x

2) φ(g, φ(h, x)) = φ(gh, x)

for any g, h ∈ G and x ∈ M .

Remark. For every g ∈ G let φg : M → M, x 7→ φ(g, x), then (1) and (2) above are
equivalent to the following two properties
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1’) φe = idM

2’) φg ◦ φh = φgh

Thus a (left) action of a Lie group GyM is a Lie group homomorphism

φ : G → Diff(M), g → φg

where Diff(M) denotes the group of diffeomorphisms of M .

Example 0.23. As an example, consider SO(3) acting on R3 by matrix multipli-
cation

φ : SO(3) × R3 → R3, (R, x) 7→ Rx

It is easy to see that it is a Lie group action, since for any R1, R2 ∈ SO(3) and
x ∈ R3 we have

1) φ(I, x) = Ix = x

2) φ(R1, φ(R2, x)) = R1(R2x) = (R1R2)x = φ(R1R2, x)

See that, it leaves the two-sphere S2 invariant, since for any R ∈ SO(3) and x ∈ S2

we have
||φ(R, x)||2 = xTRTRx = xT Ix = xTx = ||x||2 = 1

Thus the restricted action φ : SO(3) × S2 → S2 is also a Lie group action.

Definition 0.24. Let φ : G → Diff(M), g 7→ φg be any Lie group action.

The orbit of G through x ∈ M is defined by Ox = {φg(x) : g ∈ G} ⊂ M

The stabilizer (or isotropy) of x ∈ M is defined by Gx := {g ∈ G : φg(x) =
x} ⊂ G

Remark. Notice that Gx = φ−1
g (x) is a closed subgroup of G, since φg is a continuous

map and {x} is closed in M . Thus Gx is a regular Lie subgroup.11

Let us define a orbit equivalence relation by

x ∼ y ⇔ ∃g ∈ G s.t. φg(x) = y, i.e. x and y are in the same orbit
11A regular Lie subgroup H ⊂ G is a subgroup of a Lie group G that is also a submanifold of

G such that the inclusion map i : H → G is an injective immersion. Moreover, closedness of H is
equivalent to being a regular Lie subgroup, see [MR99, Theorem 9.1.14.].
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Then we can define the orbit space as the space of orbits M/ ∼ = M/G with the
point-orbit projection

π : M → M/G, x 7→ Ox

We can naturally equip the orbit space M/G with the structure of a topological space
by endowing it with the quotient topology induced by the point-orbit projection map
π, i.e. a subset U ⊂ M/G is open iff π−1(U) is open in M . Nevertheless, in that
topology M/G is not necessarily a smooth manifold. For instance, for a Lie group
action φ : R×R → R, (g, x) 7→ φg(x) = egx one obtain thee distinct orbits, namely

O0 = {0}, Ox>0 = (0,∞), Ox<0 = (−∞, 0)

Thus R/R = {[0], [1], [−1]}. So the orbit [0] has no open neighborhood other than
the whole quotient space R/R and the orbits [1] and [−1] can not be separated by
disjoint open sets in the quotient. Thus R/R is not Hausdorff. To overcome this
issue and to get a smooth manifold structure on the orbit space, we will see that it
is sufficient to assume that the action φ is proper and free. Now, let us define these
properties.

Definition 0.25. An action φ is said to be

transitive, if ∀x, y ∈ M, ∃g ∈ G s.t. gx = y, equivalently, there is just one
orbit.

free, if φg(x) = x implies g = e , equivalently, all stabilizers are trivial Gx =
{e}, ∀x ∈ M .

faithful if φg = idM implies g = e, that is φ is injective.

proper, if the map φ̃ : G×M → M ×M defined by

φ̃(g, x) = (x, φ(g, x))

is proper.12

Remark. Notice that every free action is faithful.

Proposition 0.26. If φ : G×M → M is a proper and free Lie group action, then
M/G is a smooth manifold and the point-orbit projection π : M → M/G is a smooth
submersion.

12A map is proper if the preimage of any compact set is compact.
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Proof. See [[MR99], Proposition 9.3.2].

Definition 0.27. For each ξ ∈ g the infinitesimal generator is defined by left
invariant vector field ξM ∈ X(G) given by

ξM
x = d

dt

∣∣∣∣∣
t=0
φexp(tξ)(x), ∀x ∈ M

where φ : G×M → M is a Lie group action

Example 0.28. Let φ : G × Rn → Rn, (g, x) 7→ gx be a Lie group action for a
matrix Lie group G, then the infinitesimal generator is given by

ξM
x = d

dt

∣∣∣∣∣
t=0

exp(tξ)x = ξx, ∀x ∈ Rn

For any g ∈ G, define the inner automorphism by

Ig : G → G, h 7→ LgRg−1(h) = ghg−1

The adjoint representation ofG on g is the homomorphism Ad : G → GL (g), g 7→
Adg defined by differentiating Ig at e

Adg : g → g, ξ 7→ TeIgξ = Te(LgRg−1)ξ

We define coadjoint representation Ad∗ : G → GL(g∗) by the map g 7→ Ad∗
g

defined by

Ad∗
g : g∗ → g∗, 〈Ad∗

gα, ξ〉 := 〈Ad∗
g−1 α, ξ〉 = 〈α,Adg−1 ξ〉, ∀α ∈ g∗, ξ ∈ g

where 〈·, ·〉 denotes the natural pairing between g∗ and g. By differentiating the
adjoint representation Ad : G → GL(g) at e ∈ G along a direction ξ ∈ g we get the
adjoint Lie algebra representation ad : g → gl(g), ξ 7→ adξ defined by

adξ : g → g, η 7→ adξη := [ξ, η]

Again by differentiating the coadjoint representation Ad∗ : G → GL(g∗) at e ∈ G

we obtain the coadjoint Lie algebra representation ad∗ : g → gl(g∗) by the map
ξ 7→ ad∗

ξ defined by

ad∗
ξ : g∗ → g∗, 〈ad∗

ξα, η〉 := −〈ad∗
ξ α, η〉 = −〈α, adξη〉, ∀α ∈ g∗, η ∈ g
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Example 0.29. Take the matrix Lie group G = SO(n) and take a path A :
(−ε, ε) → G with A(0) = I and A′(0) = ξ ∈ so(n). Then the adjoint represen-
tation of G is given by

AdB ξ = TeIA(t)ξ = d

dt

∣∣∣∣
t=0
IB(A(t)) = d

dt

∣∣∣∣
t=0
BA(t)B−1

= BξB−1

for any B ∈ G. The coadjoint representation is given by

〈Ad∗
Bα, ξ〉 = 〈α,AdB−1 ξ〉 = 〈α,B−1ξB〉, ∀α ∈ so(n)∗, ξ ∈ so(n)

Now identify α ∈ so(n)∗ with a matrix α ∈ so(n) via trace pairing we get

〈Ad∗
Bα, ξ〉 = 〈α,B−1ξB〉 = tr(αBT ξTB−T ) = tr(B−TαBT ξT ) = 〈B−TαBT , ξ〉

Hence Ad∗
Bα = B−TαBT = BαBT . As we already have given above, the adjoint

Lie algebra representation is given by adξη = [ξ, η] for all ξ, η ∈ so(n). Then the
coadjoint Lie algebra representation is given by

〈ad∗
ξα, η〉 = −〈α, adξη〉 = −〈α, ξη − ηξ〉 = 〈α, ηξ − ξη〉, ∀α ∈ so(n)∗, η ∈ so(n)

Again identifying α ∈ so(n)∗ with a matrix α ∈ so(n) via trace pairing we get

〈ad∗
ξα, η〉 = 〈α, ηξ − ξη〉 = tr(α(ηξ − ξη)T )

= tr(α(ξTηT − ηT ξT )) = tr((ξTα− αξT )ηT )

= 〈ξTα− αξT , η〉

Hence ad∗
ξα = ξTα− αξT = −[α, ξT ]. Since ξ = −ξT we get ad∗

ξα = [α, ξ].

Now we can relate the Lie algebra bracket on g with the usual Lie bracket of
vector fields on M by the following Theorem

Theorem 0.30. Let the Lie group G act on the manifold M . Then the map g →
X(M), ξ 7→ ξM is a Lie algebra antihomomorphism,i.e.

(aξ + bη)M = aξM + bηM , [ξM , ηM ] = −[ξ, η]M

for all ξ, η ∈ g and all a, b ∈ R.

Proof. Denote the action by φ and denote φx(g) = φ(g, x) for all g ∈ G and x ∈ M .
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Then we have for all x ∈ M

ξM
x = d

dt

∣∣∣∣∣
t=0
φexp(tξ)(x)

= d

dt

∣∣∣∣∣
t=0
φx(exp(tξ))

= Teφ
x( d
dt

∣∣∣∣∣
t=0

exp(tξ))

= Teφ
x(ξ)

Hence

(aξ + bµ)M
x = Teφ

x(aξ + bµ) = aTeφ
x(ξ) + bTeφ

x(µ) = aξM
x + bµM

x

Furthermore

[ξM , ηM ] = [−ηM , ξM ] = LξM (−ηM) = d

dt

∣∣∣∣∣
t=0
φ∗

exp(−tη)ξ
M

Now claim (Adg ξ)M = φ∗
g−1ξM . Indeed, we have for all x ∈ M

(Adg ξ)M
x = d

dt

∣∣∣∣∣
t=0
φexp(t Adg ξ)(x)

= d

dt

∣∣∣∣∣
t=0
φ(exp(tgξg−1), x)

= d

dt

∣∣∣∣∣
t=0
φ(g exp(tξ)g−1, x)

= d

dt

∣∣∣∣∣
t=0

(φg ◦ φexp(tξ) ◦ φg−1)(x)

= T(φe◦φg−1 )(x)φg

(
d

dt

∣∣∣∣∣
t=0
φexp(tξ)

(
φg−1(x)

))
= Tφg−1 (x)φg(ξM

φg−1 (x))

= (φ∗
g−1ξM)x

Thus the claim. So

[ξM , ηM ] = d

dt

∣∣∣∣∣
t=0
φ∗

exp(−tη)ξ
M

= d

dt

∣∣∣∣∣
t=0

(Adexp(tη) ξ)M
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= [η, ξ]M

= −[ξ, η]M

Using this theorem we can now define an action of the Lie algebra g

Definition 0.31. Let g be a Lie algebra and M be a manifold. Define the left Lie
algebra action as a Lie algebra anti-homomorphism

g → X(M), ξ 7→ ξM

such that the map g ×M → TM, (ξ, x) 7→ ξM
x is smooth.
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