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3.4 - Calculus with Parametric Curves

Think of the curve as the trajectory of a

particle :

Y a (x(t) ,y(t)) is
the location of

-

↑
* the particle at->

S
time t

->X

& is the instantaneous vertical velocity

& is the instantaneous horizontal velocity

↑( is the velocity rectorS J(combines horizontal E
vertical velocity)

The tangent line points in the direction of

the velocityvector , so

slope of tangent =Tline

& t F can pretendleat
the It's cancel



* y' is ambiguous , so
use dy or t

[ Jy(x) y'(t)

eX: Find the equation of thetangent line

corresponding to t= 3 :
"in"
↓ Y

x = 2t
2

+ 1 teIR
/ -E y = 5+3 - t /S

t is a real

number"

slope:
+=s = les= 5

point : plug-in t
=3

x =2 . 9 + 1 = 193(19 ,
6)

y
= a - 3 = 6 postope

tangent line is EtE(x-19)
form



example: S x =
t

&
t IR

=t
3
-3t

Y

(a) Find all points where tangent is
horizontal or vertical.

(b) Find the tangent lines at (3 , 0) .

=range



(a) horizontal tangent Al = O

movement , so#3
Inovertical

flat)

& = 3t - 3 = 0

t
2 = 1

t == I

If t= 1 the point is (1
,
-2)

↑plug in to the
frmuls for Xsiz-z and y

If t = -1
,
the point is (1 ,

2)

-VerticaltringentEd
movement)

dy

at
= 2t =0

t= 0



If t =0
,

X = 0 and y
=0

so point is 10 ,
0

ThFind the tangent lines
thm 13

,
%)

O first find to corresponding to
the point (3, 03

② then compute at the
-
you

found in 1st Step

x = +2 = 3 AD y
= t- 3t = 0

t= 15 t( + - 3) = 0

#O ,
t=3

t =15
y

drop 6 k thisD
Both x and y

doesn't work for

corresponds
to this

point , not
(3 , 0)

matches ,
but not

x)

(y



t =E and t= - 53

slope :My
For +=5, ==

= 5.5
I

= -
53

= 5

For t= -B
,

=
-

==
- 3

=- = -5
-253

tangent lines : point-slope form , point is (3,03

y
- 0 = f(X -3)

y
- 0 = 5(x -3)



Hard WA problem on Mukr/Param.Etem,#4
Find tangent His thu (4 ,

3)
.

E x= 3+
2
+ 1

y
=2 + 1

#
slope : Ay - at= +

"General" equation of a tangent line
(for any t)

:

points have the form (3t ,2 + 1)
Yo

slope is t = m

point-slope form : y -yo
= m (x -Xo)

y
- (2t3+ 1) = t (x - (3E+1)



Means if t =0 tungent line is y-1 = 0[ y
= 1 7

if t= 2 , tangent line is y -(17) = 2(X-13)
etc .

y
- (2E +1) = t(x - (3t2+1))

Plug in X = 4
, y
=3 to see for

what values of t we get the

tangent line goes thu
(4

,
3) :

3 - (2t3+ 1) = t(4 - (352+1))

i algebra

t
3
- 3+ + 2 = 0

Notice : pluy in t= 1 : 1 - 3 + 2 = 0 -

- = 1 is a root

Means (t-1) < ? > = 0
-

quadratic



+t - 2-
t - 1 ( +3 + 0t - 37 + 2

=+3
- t

·
-

S

t - 3 + +2= (t -1)( + + + - z)

= (t -1)(t +2)(t - 1

= (t - 1) (t +2)

↓

tangen4is #, t = -z
↓
t = 1 => slope = 1 & += 1

, get
the point (+.3)

t = -2 => slope = -2

E tat point (4 ,
33

tangen other thr
some ·es

butI



Exam topics : areas between curves

volumes - known cross sections

Method of disks/washers

"shells

work - spring , rope/cable/chain ,
water pumping

center of mass


