
ValuativeCriterion.
For a left Famo variety X,
X is la-stable > for all the divisor

E over X
S

By(E) > O
-4 n-semisable - By(E) = O

-- -polystable
-- Bx(E) = 0
and Bx(E) = 0

only when orde
jus a product
valuation

.

throughout this talk, X RLt Face

variety.

Def (B - invariant) :

2 : positive integer s. t. -UKx is

Cartier ,
v : -valued valuation of X

By(v)i= Ax(v) - Sx(V)
.

Ax(V) bog discrepancy.
IX . dimGH" (x, -mrkx)Sx(V) : = Cm Sup ne
m . dim H°X,

-mykx)

1 A decreasing filtration of V is

-" - FX V2 FX+ V ? - .
-

X

grEv =
FoY Ex+ V S

Sx(v) is actually a limit.
If v = orde , Bx(E) := AxlE)-SXCE)



Prop I :
M : Y -> X is a proper birational
morphism /

Y : regular
E : prime divisor over

Y

.

Sx(E) = 1VoLC-M*Kx-tE]det
.

Co can be replaced by the pseudo-
effective threshold of - kx w. r. t. E.
[c(E) : = sup9+ / VoLIL-tE) > O?

Proof : X . dimGH"(X, -mrkx)

= X(dim #x H °
(X, -mrKx) -

dim FX+ Ho CX . -mrkx)

= dim F Ho(X , -mrkx)
remem

(2)

Ho <Y , -M*mrkx - xE)
,

= dim Ho<Y -M*mrkx - xE)

= 9 dim Ho <Y, -M
*mrkx-itTE) dut.

8

= mr% dimH"CY
, -r
*mrKx-TTE) det



SYCE) :=WSuprmmxtt
me

2/

By definition of volume
,

himsupdmCY-mkx-E
him Ho(X

,

-mrk)

= VoL(Y
,
-M
*
mikx - tE)

vo((-kx)

By domnant convergence the

Sx(E) = So
· VoL(Y

,
-MmrKx- tE) at

vo((-kx)
e

=C-Kx)"
,
for let

Famo X
. of him n.

Bx(E) = AX(E) - 1: VoL(Y, -MmrKx-tE) det
vo((-kx)



Prop 2 :
(X , -KX/) : test configuration of Get

Jano X with integral Xo.

DF(X, -Kx(2) = Bx(Vxo)
= c . (Ax(E) - Sx(E))

when V = C. OrdE.

2 (boal - b,do]

Proof : DF(X, - kXA7) := -2 =

as
2

we Ho(Xo , -mrkyo) =: Wm with gett.
m . dim Ho (X

,
mKx) =: Nm .. ai

bi

- Fo + F, m
-
+ - -

- - ,

-

-

Wm = X 1X ,
m -kx() - x(X, -mkx).

ample. C - [x(z)n+
↓ RR,

~
+
If
bo

(n+1)) 2

- kxnL= Num -m +(
- kx)h+n- 0T - -

N ! z(hel) ! ~

For Famo X,

DF(X, -KX(7) = - Fo



we Ho(Xo , -mrKNo
= IX : dimgr Ho(X , -mrkx)

·xt

For Ult Famo X with integral Xo.
X n+max(vo0(

. mc)
.

Ex. 2 Ho (X
,
m() = Fro
xthAx(Vo)

= X . dim grF Ho(X
,

-mrkx)
[ z(x-mAx(Vo)) dim grHo(X, -milXE

=zX. dimgr Ho (X, -mi
XEE

- mAx(Vo) edimgrHo(X, -mi
em

dim Ho (X, -mrkx).
we Ho(Xo , -mrKNo
m . dim Ho (X

,
mKx)

= Sx(E) - Ax(Vo),

so -Fo = Ax(vo) - Sx(E) = Px(E),



Ex : X : = BLpIp -> P2
, P pt.

Ein exceptional dowsor over X
L : = pullback of a line on 1P2.

Ingeneral, Kx
= ↑*KIP2 + /N-1)E

,
n = dim.X

,

- kX = 32 - E
Zariski decomposition.

/

↑ = 131-E-tE)2
Sx(E) = S ER)

2,
Vol(32 - E-tE)det

8-

2
TSo 19-1-2t-t2)det

= 3
Bx(E) = Ax(E) - Sx(E) = 1 -20

,

#
X not K-stable,


