
Taylor'sInequality
Tn(x) - nth degree Taylor poly. of f(x)

centered at a

MeTn(x) f(x)
for x near

-

-

approximation the value

We can estimate the error in this approximation
using Taylor's Inequality.

DefineAn(x)= f(x) - Th(x)

A ↑ remainder of
the Taylor
of ata

n f

>



Notice how far off Tn(x) is from X will

depend on X :

error

(Rn(x)) = I using inappmating intx)
Taylor'sInequality : If If **(x3/M for

all x satisfying Ix-aled ,
then

&ma(= (x-al
+

for x satisfying Ix-ald.

e I
2

Ix-ald means distance between

X and a is less than or equal to d

| x -ald

- dex -ad ↳
+ a + a + a

a
=a =
- aa d

X
-
> a+d

"X is in the
"Ix-ald" is equivalent to interval

[a-d ,
a+d)

"



ForsInequality:
If Ifa

| x -a)d, then

(Rn(x)) = )(x-a(n
+ 1

for x satisfying Ix-ald.L
There are several parameters in Taylor's

inequality :

a - the base point
n - degree of the Taylor polynomial
(can think of as the "stopping index"
like in our other remainder estimates)

M - a bound for the (n+1)-th

derivative of f

d - distance from the base point
I tells you where the estimate is valid)

X - a point or range of points



To use Taylor's inequality ,
we need to

determine M Cunless it's given

Depending on the question ,
M may

depend on the other parameters (n ,
xord)



Math 2300: Calculus 2 Taylor’s Inequality Examples

Taylor’s Inequality

The remainder of the Taylor series for f(x) centered at a is defined as

Rn(x) = f(x)� Tn(x),

where Tn(x) denotes the nth degree Taylor polynomial (also centered at a). Taylor’s Inequality says that if��f (n+1)
(x)

��  M for all x satisfying |x� a|  d, then

��Rn(x)
��  M

(n+ 1)!
|x� a|n+1

for x satisfying |x� a|  d.

1. Use Taylor’s Inequality to determine the number of terms of the Maclaurin series for f(x) = sin(x) needed
to compute sin(3

�
) to within 0.000005.

1

C
-

Want :
n approximate +(i) using Tnkx)

Given : f(x) = sinx

a = 0

Need to convert
to radians : 30 · Tradians rad.

f(x) = sinx
,

(f(
+ (x)) = (sinx/cosx) = 1

for all X

Chooset
By Taylor's Inequality ,

n+ 1

(Ra()) =i ! 1- ok
"

=# < 5x10
-3

Ycan't solvebe
and



[60(h
+ 1

want < 0 . 000005
#

0 . 00137 ...
I

2 Lo = 0, 0000239 ...

3

I
= small" - 0 . 00000031....

enough !

#it so use Ty(x) for sinx to approx .

sin (3%
.

t
2n + 1

Remember sinx=+ !
n = 0

Ty(x) = y - y = x - 5x3

sin(3% = f() Ts(
3

= (5) - 5)

= :5335952 ...

↑

~ 0 .
052336
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2. (a) Find the 2nd degree Taylor polynomial, T2(x) for f(x) = x�2
based at a = 1.

(b) Use Taylor’s Inequality to estimate the accuracy of the approximation using T2(x) to estimate f(x) in
the interval [0.9, 1.1].

2

n = 2

-

↑
- = 0. 1

similat symmetric about a
= 1 -/

0-9 I 1.

prob

(a) f(x) = x
- 2 f(1) = 1 [ = 1

f(x) = - 2x
-

3 f'(l) = -2 C
=
- 2

2 =
4 = 3

f"(x) = 6X
- Y

f"(1) = 6 2
.

-5

->
f(x)= 24X

for

Taylor's
in29.

Tz(x) = Co + ( ,
(x -1 + G2(x - 1)

-

= 1 - 2(x -1 + 3(x -12

(b) "estimate the accuracy" means find

the max error

Given : d = 0 .
1 (f(n

+ (x)) = M

a = 1 for Xin

n = 2 Ca-d ,
a+d]



(f(n+ " (x)) = (f" (x)) = 1 - 24x
- ) = (

↑

Find M larger

then
this for

# all X
in

[0 .

9
,

1 . 1]

because f"(x) is decreasing on [0 .

9
,

1 .
13,

the max value is the value at the

left end point

Ig" 30 .9) =K=

Chooset
Now plug in to Taylor's Ineg. x is

in Co .
9

,
1 .
T

-

IRn(x)) <m:X-alt -
-

Ed = 0 . 1

3

- (0.9.
10 . 1) = 0. 00677



Math 2300: Calculus 2 Taylor’s Inequality Examples

If you’re using a Taylor polynomial to approximate f at a particular value of x instead of a range of x, the following
formulation of Taylor’s Inequality is sometimes useful.

Alternate Statement of Taylor’s Inequality

If
��f (n+1)

(x)
��  M for all x between a and x0, then

��Rn(x0)
��  M

(n+ 1)!
|x0 � a|n+1

.

3. How large should n be to guarantee that the approximation of ln(0.5) using an nth degree Taylor polynomial

for ln(1 + x) centered at a = 0 is within 0.0001?

3

= point where you want
to

approximate
-

-

↑ C -

-

HW Wantin

prob
#2

Given : a = 0

f(x) =m(1 +x)

Xo = - 0 .5 In 10 .5) = In (1 -0 .5)

= f( - 0 .5)

Want to determine M. -xsisc)
- 0.5 O

1) fin+(x)) = M for x in [05 ,
07

f(x) = m(1 +x)

-
I

f(x) = x = (1+ x)

- 2

f"(x) = - (1+x)

3

f(x)= ( - 1)
-2)(1+ x)

- 3
=E

f(x)(x) = (- 1)(- 2)( -3)(1+x)
- Y

=↳
-



=
bound for

↓ this for

X in(f(+ (x))=(= [-E
,
o]

it, is always decreasing on [-2 ,
0]

y If((x))= =
+

#
- I =

= n !. 2n
+ 1

ChooseAn! In+

Plug in to Taylor's Inequality ,

IRn(Xo))<:(xo- aln
+

DancelIRatl t



-estimate desired error

ImFt000,
i doo

10000 -n + 1

999an

I #19999
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4. Estimate the range of values of x for which the approximation

ln(x) ⇡ ln 2 +
1

2
(x� 2)� 1

8
(x� 2)

2

is accurate to within 0.01.

4

I want to find d

aand
↑

↑-similar - f(x)
Tz(x) based at a = 2

toHW
U

prob
Given : f(x)= lux Want : d

a = 2

n = 2

Determine M so that If ""(x)1 = M

for x in [a-d ,
a+d)

f(x) = lux

f(x)=

f"(x) = - x
- 2

f' (x) = 2x

- 3= a
If"(x)) = 11 = E = M

Choose tal



Plug in to Taylor's Inequality :

a = 2

(Ra(x)) = (x-al
+

n = 2

IR .
(x)) = (a) . (x-21 for xin

- [2 -d
,
2 +d]

d

set less than· 0.
01
E

desired error

2d3 ↓
&

-d) 100

:
&

d 0.47t
Use%z

Last office hour : 11-noon Thursday


