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1 The Simplest Case
Consider the infinitesimal generator

A =
1

2

d2

dx2

of a diffusion processXt defined onR. Take the domain ofA to be a subset of the continuous and bounded functions
on R, denoted C(R). Consider the KBE

∂

∂t
pt(x, y) = Apt(x, y),

where pt(x, y) is the transition probability density function, and assume the initial condition

lim
t→0

pt(x, y) = δy(x).

Take the Laplace transform of the KBE with respect to time, t. We get

(λ−A)
∼
pλ(x, y) = δx(y)

where ∼
pλ(x, y) is the Laplace transform of pt(x, y) w.r.t. t. To see why, integrate by parts with u(t) = e−λt and

dv(t) =
∂

∂t
pt(x, y)dt and use the initial condition. We will solve for ∼

pλ(x, y) using Green’s function techniques.
Then we will undo the Laplace transform to recover pt(x, y).

First consider the homogeneous equation

(λ−A)ϕ(x) = 0

which simplifies to
d2

dx2
ϕ(x) = 2λϕ(x).

Then
ϕ(x) = C1e

√
2λx + C2e

−
√
2λx.

For x < y, ∼pλ(x, y) must be a solution to the homogeneous equation and moreover it must vanish as x → −∞.
Similarly for x > y, ∼pλ(x, y) must vanish as x → ∞. So we have

∼
pλ(x, y) =

{
C2e

−
√
2λx, x < y

C1e
√
2λx, x > y.

Continuity at x = y is assumed, and thus we have the relation

C1e
√
2λy = C2e

−
√
2λy.

Further, there is a jump in the derivative of ∼pλ(x, y) implied by the delta function in (λ−A)
∼
pλ(x, y) = δx(y):

∂

∂x

∼
pλ(x, y)|x=y+ − ∂

∂x

∼
pλ(x, y)|x=y− = 1.
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This becomes
C1

√
2λe

√
2λy − (−C2

√
2λe−

√
2λy) = 1.

Then some algebraic manipulation gives

C1 =
1

2
√
2λ

e−
√
2λy, C2 =

1

2
√
2λ

e
√
2λy.

Then the Green’s function is

∼
pλ(x, y) =


1

2
√
2λ

e
√
2λ(y−x), x < y

1

2
√
2λ

e
√
2λ(x−y), x > y.

Now consider the identity

L
[
1√
t
e−a/t

]
(λ) =

√
π√
λ
e−2

√
aλ

which can be found in Roberts and Kaufman’s Table of Laplace Transforms p.22. We assume that this gives the
inverse identity

L−1

[√
π√
λ
e−2

√
aλ

]
(t) =

1√
t
e−a/t.

Taking a = (x− y)2/2 and multiplying on both sides of the identity by (2
√
2π)−1, we get

pt(x, y) =
1

2
√
2πt

e−(x−y)2/2t.

In the language of the more general case, the boundary points for the functions in the domain of the operator
A, −∞ and ∞, are inaccessible. This condition is in logical correspondence with A being a contractive semi-group
in C([−∞,∞]), and this in turn is in logical correspondence with the equation (λ− A)

∼
pλ(x, y) = δx(y) having a

unique solution in the domain of A.

2 The equation λF −DmD
+
p F = f has a unique solution

These notes follow the work done by Mandl, Feller, DT94. We need some definitions first.
A transition function P (t, x;B) will be called Fellerian if for f ∈ C(I)

Ttf(x) =

∫
f(y)P (t, x; dy) ∈ C(I)

and if the semi group {Tt} associated with P (t, x;B) is strongly continuous in C(I).
If {Tt} is a strongly continuous semi group and A is defined by

Af = lim
t→0

Ttf − f

t

where D(A) contains all functions for which the limit exists, then A is the infinitesimal operator of the semi group
{Tt}. For those f ∈ D(A) we have, for t ≥ 0, Ttf ∈ D(A) and

d

dt
Ttf = ATtf = TtAf.

A strongly continuous semi group in C ′ (a closed linear subspace of C(I)) is contractive if ||Tt|| ≤ 1 and if f(x) ≥ 0
for x ∈ I , then Ttf(x) ≥ 0 for x ∈ I . There is a one to one correspondence between Fellerian transition functions
and contractive semi groups in C(I).

A linear operator A is the infinitesimal operator of a contractive semi group in C ′ if and only if

1. D(A) is dense in C ′.
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2. For f ∈ C ′ and λ > 0, the equation λF −AF = f has a unique solution.

3. If f(x) ≥ 0 for x ∈ I , then F (x) ≥ 0 for x ∈ I .

4. λ||F || ≤ ||f ||.

The Hille-Yosida Theorem is critical for guaranteeing uniqueness of solutions.
Theorem 1 (Hille-Yosida). Let {Tt} be a contractive semi-group with range dense in X . The infinitesimal generator
A is an additive operator whose domain is dense inX and such that to each x ∈ X and to each λ > 0 there exists a
unique yλ ∈ D(A) with

λyλ −Ayλ = x, λ||yλ|| ≤ ||x||
and yλ ≥ 0 whenever x ≥ 0.

We now consider the infinitesimal generator

A =
1

2

d2

dx2
+ k

d

dx

of a diffusion process Xt with drift, and further, we insist that Xt is defined on the interval [r0, r1] where −∞ ≤
r0 < r1 ≤ ∞. The domain of A is a subset of the continuous and bounded functions on the interval [r0, r1] ⊂ R,
C([r0, r1]). As before we transform the KBE to

(λ−A)
∼
pλ(x, y) = δx(y)

and solve this equation for the Laplace transform of pt(x, y) and then for pt(x, y) itself.
Now we define the generalized differential operator DmD+

p and show that A can be written as a special case of
DmD+

p . Let p(x) be a strictly increasing function on the interior of I . Let m(x) be a continuous on the right and
strictly increasing function on the interior of I . Let x be in the interior of I and take a function real valued f defined
in a neighborhood of x. Then

D+
p f(x) = lim

y→x+

f(y)− f(x)

p(y)− p(x)
and Dmf(x) = lim

y→x

f(y)− f(x)

m(y)−m(x)

provided that the limits exist. A function f ∈ C(I) belongs to the domain of the operator DmD+
p if DmD+

p f(x)
exists and is continuous in the interior of I and if the limits DmD+

p f(ri) exist for i = 0, 1, i.e., DmD+
p f ∈ C(I).

We can formally write the differential operator a(x)
d2

dx2
+ b(x)

d

dx
as a particular case of DmD+

p . Take

B(x) =

∫ x

b(y)a(y)−1dy,

dm(x) = a(x)−1eB(x)dx, and dp(x) = e−B(x)dx,

where Dm = d
dm(x) and Dp = d

dp(x) . We will continue with a more general situation before specializing to A =

1/2 d
dx2 + k d

dx in section 5.

The boundary points r0, r1 of the interval I will be called the boundaries of the operator DmD+
p . Their classifi-

cation depends on two values:

u1(x) =

∫ x

0

m(s)dp(s) and v1(x) =

∫ x

0

p(s)dm(s).

We give conditions for the equation
(λ−DmD+

p )F = f

to have unique solutions. We write A in the form DmD+
p and we show that in order to maintain the operator

DmD+
p ’s (A’s) status as the infinitesimal operator of a contractive semi group (and thusmaintaining unique solutions

to (λ−DmD+
p )F = f ), we must impose boundary conditions on the functions in the domain ofDmD+

p . Moreover
wewill show that the imposed boundary conditions depend on the accessibility of the boundary points of the interval
[r0, r1].
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ri is accessible if u1(ri) < ∞ ri is inaccessible if u1(ri) = ∞
regular if v1(ri) < ∞ natural if v1(ri) < ∞
exit boundary if v1(ri) = ∞ entrance boundary if v1(ri) = ∞

Theorem 2. DmD+
p is the infinitesimal operator of a Fellerian transition function (a contractive semi groups inC(I))

if and only if the boundary points r0 and r1 are both inaccessible.

Proof. Keeping in mind that contractive semi groups are in one to one correspondence with Fellerian transition
functions, we show that the four conditions above hold if and only if r0 and r1 are inaccessible boundaries ofDmD+

p .

1. Claim: D(DmD+
p ) is dense in C(I). Proof: By a change of variables, y = p(x), it suffices to show thatDmD+

x

has dense domain in C(I). Indeed, make a change of variables y = p(x) that maps f(x) ∈ C(I) into

f̂(y) = f(p−1(y)) ∈ C([p(r0), p(r1)]),

and DmD+
p into Dm̂D+

y where m̂(y) = m(p−1(y)). Thus it suffices to prove that DmD+
x has dense domain

in C(I). Next, we use the density of the AC functions in C(I): For f ∈ C(I) and ϵ > 0, there is a g,

g(x) = g(0) +

∫ x

0

g′(y)dy

with ||f − g|| < ϵ. Next there is an h,

h(x) =

∫ x

0

k(y)dm(y), k ∈ C(I)

for which ∫
|g′(x)− h(x)|dx < ϵ.

See page 24 of Mandl for an argument for the existence of such an h. Set

g0(x) = g(0) +

∫ x

0

∫ y

r0

k(s)dm(s)dy.

Then g0 ∈ D(DmD+
x ) with DmD+

x g0 = k. Finally,

||f − g0|| ≤ ||f − g||+
∫

|h(y)− g′(y)|dy < 2ϵ.

2. Claim: For f ∈ C(I) and λ > 0, the equation λF − DmD+
p F = f has a unique solution iff r0 and r1 are

inaccessible. Proof: The general form of a solution of the equation λF −DmD+
p F = f is

F (x) =

∫
R0(x, y)f(y)dm(y) + c+u+(x) + c−u−(x).

If r0 is accessible, then u+(x) is in C(I) and the solution of λF −DmD+
p F = f is not unique. Similarly for

r1 being accessible, we get that u−(x) ∈ C(I) and again we lose the uniqueness of the solution. Next, when
both boundaries are inaccessible, we have u+(r0) = u−(r1) = ∞ and c+ = c− = 0, and then

F (x) =

∫
R0(x, y)f(y)dm(y)

is the unique solution of λF −DmD+
p F = f .

3. Claim: f(x) ≥ 0 for x ∈ I implies F (x) ≥ 0 for x ∈ I , if and only if r0 and r1 are inaccessible. Proof: Since
R0(x, y) ≥ 0, and since we know the unique solution must be of the form just written, the result follows.

4. Claim: λ||F || ≤ ||f ||. Proof: Write the unique solution of λF − DmD+
p F = f when f = 1, F (x) = λ−1.

The inequality is satisfied for this pair; see the remark on page 5 of Mandl to see that this suffices to prove the
inequality for any f ∈ C(I).

Thus the equation λF −DmD+
p F = f has a unique solution in C([−∞,∞]).
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3 Solutions of λF −DmD
+
p F = f on [−∞,∞]

We use an iterative method to find solutions of λw −DmD+
p w = 0. Define

u(x, λ) =

∞∑
n=0

λnun(x)

where
u0(x) = 1 and un+1(x) =

∫ x

0

∫ y

0

un(s)dm(s)dp(y).

Proposition 3.1. u(x, y) converges for all λ > 0.

Proof. First, the inequality

uk(x) ≤ uj(x)
u1(x)k−j

(k − j)!

holds for j ≤ k. This follows by induction on k. For k = j the inequality is trivial. Supposing that the inequality
holds for some k, then

uk+1(x) =

∫ x

0

∫ y

0

uk(s)dm(s)dp(y)

≤
∫ x

0

∫ y

0

uj(x)
u1(x)k−j

(k − j)!

= uj(x)

∫ x

0

u1(x)k−j

(k − j)!

∫ y

0

dm(s)dp(y)

= uj(x)

∫ x

0

u1(x)k−j

(k − j)!
du1(y)

= uj(x)
u1(x)k+1−j

(k + 1− j)!

where we used the fact that du1(y) = dm(y)dp(y). Thus the inequality holds for j ≤ k and thus for any n ≥ 0,

un(x) ≤ u1(x)n

n!
.

Hence,

u(x, λ) =

∞∑
n=0

λnun(x)

≤
∞∑

n=0

λnu
1(x)n

n!

= eλu
1(x).

The exponential series converges for all λ > 0 so the result follows.

Proposition 3.2. The function u(x, λ) is a solution of λw −DmD+
p w = 0.
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Proof. We have the relation DmD+
p u

n+1(x) = un(x). Then

λu(x, λ)−DmD+
p u(x, λ) =

∞∑
n=0

λn+1un(x)−
∞∑

n=0

λnDmD+
p u

n(x)

=

∞∑
n=0

λn+1un(x)−
∞∑

n=0

λnun−1(x)

=

∞∑
n=1

λnun−1(x)−
∞∑

n=0

λnun−1(x)

=

∞∑
n=1

λnun−1(x)−

(
1 · u−1(x) +

∞∑
n=1

λnun−1(x)

)
= −u−1(x)

= 0

where the last inequality holds because 0 = DmD+
p u

0(x) = u−1(x).

Let w1(x) and w2(x) be two solutions of λw −DmD+
p w = 0. Write the Wronskian

W (w1, w2)(x) = (D+
p w1(x))w2(x)− (D+

p w2(x))w1(x)

and note that it is independent of x (which confirms the linear independence of w1, w2). Indeed the derivative of the
Wronskian is zero, implying that it is constant:

d

dx
W (w1, w2)(x) =

d

dx

[
(D+

p w1(x))w2(x)− (D+
p w2(x))w1(x)

]
=

d

dx
(D+

p w1(x))w2(x) +D+
p w1(x)

d

dx
w2(x)

− d

dx
(D+

p w2(x))w1(x)−D+
p w2(x)

d

dx
w1(x)

= λw1(x)w2(x)m(x) +D+
p w1(x)λw2(x)− λw2(x)w1(x)m(x)−D+

p w2(x)λw1(x)

= 0.

Let w,w1, w2 be solutions of λw − DmD+
p w = 0 and let the Wronskian be nonzero. Then w can be written

w = c1w1 + c2w2 where c1 and c2 are constants. For λ > 0, define

u+(x, λ) = u(x, λ)

∫ r1

x

u(y, λ)−2dp(y)

and
u−(x, λ) = u(x, λ)

∫ x

r0

u(y, λ)−2dp(y).

We say more about these functions (solutions) in the next section. u(0, λ) = 1 and D+
p u(0, λ) = 0 so we have

W (u, u+) = −D+
p u+(0) = 1. Since the Wronskian is independent of x, a solution to λw −DmD+

p w = 0 must be
of the form w(x) = c1u(x) + c2u+(x).

Now we focus on the non-homogeneous equation. TakeW = W (u−, u+) > 0. Define the kernel

R0(x, y, λ) =

{
W−1u−(x)u+(y), r0 < x ≤ y < r1

W−1u−(y)u+(x), r0 < y ≤ x < r1.

For f ∈ C(Io) (continuous and bounded functions on the interior of I), we have
Proposition 3.3.

F0(x) =

∫
R0(x, y)f(y)dm(y)

satisfies the non-homogeneous equation λF0 −DmD+
p F0 = f .
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Proof. We have

W

∫
R0(x, y)f(y)dm(y) = u+(x)

∫ x

r0

u−(y)f(y)dm(y) + u−(x)

∫ r1

x

u+(y)f(y)dm(y)

= λ−1u+(x)

∫ x

r0

f(y)dD+
p u−(y) + λ−1u−(x)

∫ r1

x

f(y)dD+
p u+(y).

Since D+
p u−(y) and D+

p u+(y) are of bounded variation on [r0, x] and [x, r1] respectively, F0(x) is well-defined in
(r0, r1). Further,

W (F0(x1)− F0(x0)) = W

∫ x1

x0

dF0(x)

=

∫ x1

x0

∫ x

r0

u−(y)f(y)dm(y)du+(x) +

∫ x1

x0

u+(x)u−(x)f(x)dm(x)

+

∫ x1

x0

∫ r1

x

u+(y)f(y)dm(y)du−(x)−
∫ x1

x0

u+(x)u−(x)f(x)dm(x)

=

∫ x1

r0

(∫ x

r0

u−(y)f(y)dm(y)

)
D+

p u+(x)dp(x)

+

∫ x1

x0

(∫ r1

x

u+(y)f(y)dm(y)

)
D+

p u−(x)dp(x)

Thus we have

WD+
p F0(x) = D+

p u+(x)

∫ x

r0

u−(y)f(y)dm(y) +D+
p u−(x)

∫ r1

x

u+(y)f(y)dm(y).

Next apply Dm and since the Wronskian is independent of x we have

WDmD+
p F0(x) = λWF0(x)−Wf(x).

Further, f(ri) = limx→ri f(x) exists =⇒ F0(ri) = limx→ri F0(x) exists.
Proposition 3.4. Next, R0(x, y) solves

(λ−DmD+
p )R

0(x, y) = δy(x)

(
dm(y)

(dy)

)−1

with the boundary conditions

1. R0(x, y) is continuous at x = y.

2. (D+
p R

0(x, y)|x=y+ −D+
p R

0(x, y)|x=y+) = −1.

3. R0(x, y) = 0 at x = r0.

4. D+
p R

0(x, y) = 0 at x = r1.

5. R0(x, y) is increasing (decreasing) in x for x < y(x > y) .

Proof. Let x ≤ y. Then R0(x, y, λ) = W−1u−(x)u+(y) and we have

λR0(x, y, λ)−DmD+
p R

0(x, y, λ) = λW−1u−(x)u+(y)−DmD+
p [W

−1u−(x)u+(y)]

= W−1u+(y)
[
λu−(x)−DmD+

p u−(x)
]
.

Given that u−(x) satisfies the homogeneous equation λu−(x)−DmD+
p u−(x) = 0, we have

λR0(x, y, λ)−DmD+
p R

0(x, y, λ) = W−1u+(y) · 0 = 0.
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The case for x > y is the same. When x = y, we check

(λ−DmD+
p )W

−1u−(y)u+(y) =

(
dm(y)

(dy)

)−1

.

This is not done.

Finally, r0 inaccessible and r1 inaccessible implies that F0(x) is the only solution of λF0 − DmD+
p F0 = f .

This will follow from the work done in the next section where we show that the most general solution for the non-
homogeneous equation is of a form that requires accessibility of the boundaries in order for certain terms of the
solution to exist.

4 Solutions of λF −DmD
+
p F = f on [r0, r1]

Now we give some specialized solutions depending on the accessibility of the boundaries r0 and r1.
For λ > 0, define

u+(x, λ) = u(x, λ)

∫ r1

x

u(y, λ)−2dp(y)

and
u−(x, λ) = u(x, λ)

∫ x

r0

u(y, λ)−2dp(y).

The functions u+(x, λ), and u−(x, λ) are well-defined for λ > 0 and they are solutions of λw −DmD+
p w = 0. We

take this and the following claims about these functions as fact, but they can be found in Mandl. We organize the
characteristics of u+ and u− into a table.

u+(x, λ) u−(x, λ)
decreasing function of x increasing function of x
r1 not an entrance boundary =⇒ u+(r1, λ) = 0 r0 not an entrance boundary =⇒ u−(r0, λ) = 0
D+

p u+(x, λ) is increasing in x D+
p u−(x, λ) is decreasing in x

r1 inaccessible =⇒ D+
p u+(r1, λ) = 0. r0 inaccessible =⇒ D+

p u−(r0, λ) = 0.
r1 natural =⇒ u+(r1, λ) = 0 ∧D+

p u+(r1, λ) = 0 r0 natural =⇒ u−(r0, λ) = 0 ∧D+
p u+(r0, λ) = 0

Define
u0(x, λ) = u+(r0, λ)

−1u+(x, λ)

for r0 accessible. Further, for r0 accessible, u0 ∈ C(I). Similarly define

u1(x, λ) = u−(r1, λ)
−1u−(x, λ)

for r1 accessible, and note that for r1 accessible, u1 ∈ C(I).
From the work done in the last section, for f ∈ C(I) the general solution of λF0−DmD+

p F0 = f is of the form

F (x) = F0(x) + c0u0(x) + c1u1(x).

When r0 accessible and r1 inaccessible, u− /∈ C(I) and

F (x) = F0(x) + cu0(x).

When r0 and r1 accessible, u0, u1 ∈ C(I) and

F (x) = F0(x) + c0u0(x) + c1u1(x).

When r0 inaccessible and r1 inaccessible, F0(x) is the only solution of λF0 − DmD+
p F0 = f as we saw in the

previous section.
For ri a regular and accessible boundary point of DmD+

p , we see next that we must introduce boundary con-
ditions on the functions in the domain of DmD+

p . These boundary conditions allow us to solve for the constants
c, c0, c1 in the solutions above.
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Theorem 3. Take A to be the infinitesimal operator of a Fellerian transition function P (t, x;B) with D(A) ⊂
D(DmD+

p ). Assume A agrees with DmD+
p within its domain: For F ∈ D(A), AF = DmD+

p F . Let ri be a
regular and accessible boundary point of DmD+

p . Then all F ∈ D(A) satisfy a non trivial boundary condition

ϕi(F ) = χiF (ri) +

∫
F (ri)− F (x)

|pi(ri)− pi(x)|
dqi(x) + σiDmD+

p F (ri) = 0

where χi and σi are non negative, qi(x) is a non decreasing and bounded function on I , pi(x) is a non decreasing
and continuous function on I . pi(x) is equal to p(x) in a neighborhood of ri.

Further, it must be the case that σi > 0 or
∫ dqi(x)

|pi(ri)− pi(x)|
= ∞.

Proof. In the case when σi = 0 and
∫ dqi(x)

|pi(ri)− pi(x)|
< ∞, then the boundary condition

ϕi(F ) = χiF (ri) +

∫
F (ri)− F (x)

|pi(ri)− pi(x)|
dqi(x) = 0

defines a proper and closed linear subspace of C(I). This contradicts the fact that D(A) is dense in C(I).

This then implies that
F (ri)− F (x)

|pi(ri)− pi(x)|
|x=ri = (−1)i+1D+

p F (ri).

Here is the proof of the theorem.

Proof. From the relation D(A) ⊂ D(DmD+
p ) we indeed have AF = DmD+

p F . For F ∈ D(A),

DmD+
p F (ri) = AF (ri) = lim

t→0

TtF (ri)− F (ri)

t

= lim
t→0

∫
F (y)P (t, ri; dy)− F (ri)

t

= lim
t→0

−
∫
(F (ri)− F (y))P (t, ri; dy)− r(t)F (ri)

t

where r(t) = 1 − P (t, ri; I). Let pi(x) be a function equal to p(x) in a neighborhood of ri, non-decreasing and
continuous on I . Define

q(t) =

∫
|pi(ri)− pi(x)|P (t, ri; dx) and∫

[r0,x]

|pi(ri)− pi(y)|P (t, ri; dy) = q(t)χ(x, t)

for r0 ≤ x ≤ r1. Then we have

DmD+
p F (ri) = lim

t→0

−
∫
(F (ri)− F (y))P (t, ri; dy)− r(t)F (ri)

t

⇐⇒

lim
t→0

[∫
F (ri)− F (x)

|pi(ri)− pi(x)|
χ(t, dx)

q(t)

t
+ F (ri)

r(t)

t
+DmD+

p F (ri)

]
= 0.

Now take τ = {tk} ⊂ R where limk→∞ tk = 0 and such that the following limits exist, but may not be finite:

lim
t∈τ

q(t)

t
= Q, lim

t∈τ

r(t)

t
= R,

9



and
lim
t∈τ

q(t)

r(t)
= S.

Further, we insist that the sequence {χ(x, t) : t ∈ τ} converges to a distribution function k(x) in every continuity
point of this function (essential convergence). Such a sequence {χ(x, t) : t ∈ τ} exists due to Helly’s Theorem.
Thus,

lim
t∈τ

∫
f(x)χ(t, x) =

∫
f(x)dk(x)

for f ∈ C(I). We have
F (ri)− F (x)

|pi(ri)− pi(x)|
∈ C(I)

for F ∈ D(DmD+
p ). Suppose that Q+R < ∞.Then from the limit

lim
t→0

[∫
F (ri)− F (x)

|pi(ri)− pi(x)|
χ(t, dx)

q(t)

t
+ F (ri)

r(t)

t
+DmD+

p F (ri)

]
= 0

we have
Q

∫
F (ri)− F (x)

|pi(ri)− pi(x)|
dk(x) +RF (ri) +DmD+

p F (ri) = 0.

If Q+R = ∞ then divide the quantity in the limit by
q(t) + r(t)

t
. We get

S

S + 1

∫
F (ri)− F (x)

|pi(ri)− pi(x)|
dk(x) + F (ri)

1

1 + S
= 0.

These last two displayed equations are of the form of the boundary condition in the statement of the theorem.

Proposition 4.1. For r0 regular and r1 inaccessible, and with a boundary condition of the form above, (write ϕ0(F ) =
0), the non homogeneous equation λF −DmD+

p F = f has a unique solution.

Proof. We have the general form of the solution as

F (x) =

∫
R0(x, y)f(y)dm(y) + cu0(x)

since r1 is inaccessible. We can evaluate ϕ0(F ) = 0 since for any g ∈ D(DmD+
p ), ϕ0(g) < ∞ and ϕ0(u0) > 0.

Thus we find the relationship that uniquely defines the constant c:

c = −ϕ0(F0)ϕ0(u0)
−1.

5 The Half Line Case
The above theory supports finding pdf’s for a variety of boundary conditions. We left out further analysis of the
r0, r1 both accessible case, but it is similar to the r0, r1 accessible,inaccessible case except that one must find two
unique constants determined by the boundary condition instead of one. We also skipped the analysis for the cases
when r0 and r1 are exit or entrance boundaries since regular boundaries are of more interest. Note that this theory
does not seem to be sufficient to study one-dimensional diffusions that have a “boundary” in the middle of their
domain, e.g., a sticky diffusion on all of R with a sticky point at 0.

We now consider the special case of an infinitesimal generator

A =
1

2

d2

dx2
+ k

d

dx

10



of a diffusion process Xt defined on [0,∞). The goal is still to get the probability density function, so, as before we
solve

(λ−A)
∼
pλ(x, y) = δx(y).

We take dm(x) = 2e2kxdx and dp(x) = e−2kxdx so that we can write A = DmD+
p . Further we have that r0 = 0

is accessible and regular, and, r1 = ∞ is inaccessible and natural. From the work above we must have a solution of
the form

F (x) = F0(x)−
ϕ0(F0)

ϕ0(u0)
· u+(x, λ)

u+(r0, λ)

where ∫
R0(x, y)f(y)dm(y) and R0(x, y, λ) =

{
W−1u−(x)u+(y), r0 < x ≤ y < r1

W−1u−(y)u+(x), r0 < y ≤ x < r1.

We will solve for R0(x, y). From the work above, R0(x, y) solves(
−1

2

d2

dx2
− k

d

dx
+ λ

)
R0(x, y) =

1

2
δy(x)e

−2ky

with the boundary conditions listed above.
For x ̸= y, the general solution is of the form

R0(x, y) =

{
Ae−kx+

√
k2+2λx +Be−kx−

√
k2+2λx, for x < y,

Ce−kx+
√
k2+2λx +De−kx−

√
k2+2λx, for x > y.

Continuity at x = y implies

Ae−ky+
√
k2+2λy +Be−ky−

√
k2+2λy = Ce−ky+

√
k2+2λy +De−ky−

√
k2+2λy.

The discontinuity in the derivative is

e2ky
(
C(−k +

√
k2 + 2λ)e−ky+

√
k2+2λy +D(−k −

√
k2 + 2λ)e−ky−

√
k2+2λy

)
− e2ky

(
A(−k +

√
k2 + 2λ)e−ky+

√
k2+2λy +B(−k −

√
k2 + 2λ)e−ky−

√
k2+2λy

)
= −1.

This cleans up to(
(−k +

√
k2 + 2λ)(C −A)eky+

√
k2+2λy − (−k −

√
k2 + 2λ)(D −B)eky−

√
k2+2λy

)
= −1.

Next, R0(0, y) = 0 implies A = −B and e2kx d
dxR

0(x, y) = 0 as x → ∞ implies C = −D and thusD = −B. Thus
we have

R0(x, y) =

B
(
e−kx−

√
k2+2λx − e−kx+

√
k2+2λx

)
, for x < y,

B
(
e−ky+

√
k2+2λy − e−ky−

√
k2+2λy

)
, for x > y.

Then the jump condition in the derivative allows us to solve for B:

B = − 1

2
√
k2 + 2λ

e−ky−
√
k2+2λy.

Thus we have

R0(x, y) =


e−ky−

√
k2+2λy

2
√
k2+2λ

(
e−kx+

√
k2+2λx − e−kx−

√
k2+2λx

)
, for x ≤ y,

e−kx−
√

k2+2λx

2
√
k2+2λ

(
e−ky+

√
k2+2λy − e−ky−

√
k2+2λy

)
, for x ≥ y.

.

This is where we would move straight to the step of inverting the Laplace transform if we had both boundaries
being inaccessible. Since we have r0 accessible (and regular) we now move to finding the constant that uniquely
determines the solution.
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Now we recall that

R0(x, y, λ) =

{
W−1u−(x)u+(y), r0 < x ≤ y < r1

W−1u−(y)u+(x), r0 < y ≤ x < r1.

With this representation of R0 we can find u+ and u−. Up to a constant α ≥ 0,

u− =
1

α
√
k2 + 2λ

(
e−kx+

√
k2+2λx − e−kx−

√
k2+2λx

)
, and u+ = αe−kx−

√
k2+2λx.

Now we find the next component of the solution −ϕ0(F0)

ϕ0(u0)
.We have

−ϕ0(F0) = π0

∫ ∞

0

e−ky−
√
k2+2λyf(y)2e2kydy + σ0f(0)

and
ϕ0(u0) = χ0 + π0(k +

√
k2 + 2λ) + λσ0.

These come from direct calculations like this:
For x ≤ y,

F0(x) =

∫ r1

x

e−ky−
√
k2+2λy

2
√
k2 + 2λ

(
e−kx+

√
k2+2λx − e−kx−

√
k2+2λx

)
f(y)2e2ky dy.

We apply the operator D+
p = d

dp(x) = e2kx
d

dx
.

D+
p F0(x) = e2kx

d

dx

[∫ r1

x

e−ky−
√
k2+2λy

2
√
k2 + 2λ

(
e−kx+

√
k2+2λx − e−kx−

√
k2+2λx

)
f(y)2e2ky dy

]

=

∫ r1

x

e2kx · e
−ky−

√
k2+2λy

2
√
k2 + 2λ

[(
−k +

√
k2 + 2λ

)
· e−kx+

√
k2+2λx + · · ·

· · ·+
(
k +

√
k2 + 2λ

)
· e−kx−

√
k2+2λx

]
f(y) · 2e2ky dy.

Evaluating at x = 0 and setting r1 = ∞ we get

D+
p F0(0) =

∫ r1

0

(
2
√
k2 + 2λ · e

−ky−
√
k2+2λy

2
√
k2 + 2λ

)
f(y)2e2ky dy

=

∫ r1

0

e−ky−
√
k2+2λyf(y)2e2ky dy.

The calculations F0(0) = 0 andDmD+
p F0(0) = f(0) together with the one just computed give the claimed form of

ϕ0(F0) above. ϕ0(u0) follows by similar calculations.
Now we have all of the pieces to write

F (x) = F0(x)−
ϕ0(F0)

ϕ0(u0)
· u+(x, λ)

u+(r0, λ)
,

and once we recall that the original equation to solve was

(λ−A)
∼
pλ(x, y) = δx(y),

we see that we have

∼
pλ(x, y) =

(
e−kx+

√
k2+2λx

√
k2 + 2λ

− e−kx−
√
k2+2λx

√
k2 + 2λ

)
eky−

√
k2+2λy

+
2π0e

ky−
√
k2+2λye−kx−

√
k2+2λx + σ0δy(0)e

−kx−
√
k2+2λx

χ0 + π0(k +
√
k2 + 2λ) + λσ0

12



for x < y and

∼
pλ(x, y) =

(
eky+

√
k2+2λy

√
k2 + 2λ

− eky−
√
k2+2λy

√
k2 + 2λ

)
e−kx−

√
k2+2λx

+
2π0e

ky−
√
k2+2λye−kx−

√
k2+2λx + σ0δy(0)e

−kx−
√
k2+2λx

χ0 + π0(k +
√
k2 + 2λ) + λσ0

for x > y.
Now we recover pt(x, y) by recalling that ∼

pλ(x, y) is the Laplace transform w.r.t time of pt(x, y). Write

χ0 + π0(k +
√

k2 + 2λ) + λσ0 = σ0(p
1/2 + α)(p1/2 + β)

where p = (k2 + 2λ)/2 and where

α =
π0√
2σ0

+

√
π2
0

2σ2
0

−
(
χ0 + kπ0 − k2/2σ0

σ0

)
and β =

π0√
2σ0

−

√
π2
0

2σ2
0

−
(
χ0 + kπ0 − k2/2σ0

σ0

)
.

Then by the method of partial fractions and using the identity

L−1
p

(
exp (−σp1/2)

1 + γ1/2p1/2

)
(t) =

(
1 + γ1/2 ∂

∂σ

)
L−1
p

(
(1− γp)−1 exp (−σp1/2)

)
(t)

=
1

π1/2γ1/2t1/2
exp

(
−σ2

4t

)
− 1

γ
exp

(
σ

γ1/2
+

t

γ

)
Erfc

(
σ

2t1/2
+

t1/2

γ1/2

)
, t > 0

where the complement to the error function is defined

Erfc(z) =
2√
π

∫ ∞

z

e−u2

du,

we can recover pt(x, y).

pt(x, y) =
1√
2πt

ek(y−x)−k2t/2
(
e−(y−x)2/2t − e−(y+x)2/2t

)
+

2π0α

(α− β)σ0
ek(y−x)−k2t/2eα

2t+
√
2α(x+y)Erfc

[
x+ y√

2t
+ α

√
t

]
− 2π0β

(α− β)σ0
ek(y−x)−k2t/2eβ

2t+
√
2β(x+y)Erfc

[
x+ y√

2t
+ β

√
t

]
+

δy(0)α

(α− β)σ0
e−kx−k2t/2eα

2t+
√
2αxErfc

[
x√
2t

+ α
√
t

]
− δy(0)β

(α− β)σ0
e−kx−k2t/2eβ

2t+
√
2βxErfc

[
x√
2t

+ β
√
t

]
.

Next we present the graph of the probability density function for a diffusion with drift k = 0.5 that starts at
x = 1 and has a sticky boundary at 0 with a stickiness coefficient of 1. We can see how the density dissipates over
time and is pushed to the right by the positive drift. Moreover, the spike at 0 represents the stickiness at 0, and the
fact that there is always a nonzero chance that the particle can be found stuck at 0.
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