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Abstract. We prove a common slot lemma for symbols in top cohomology classes
over semiglobal fields. Furthermore, we prove that period and index agree for gen-
eral top cohomology classes over such fields. We discuss applications to quadratic
forms and related open problems.

1. Introduction

Let F be a field and fix a separable closure F of F . The Galois group Gal
(
F/F

)
will be denoted by GF . Let µm be the group of m-th roots of unity in F , considered
as a module over GF , and denote by µ⊗i

m its i-fold tensor product. The Galois
cohomology groups H i (GF , µ

⊗i
m ) will be denoted H i (F, µ⊗i

m ) throughout. For any
field extension E of F , the profinite group GE is a subgroup of GF and so there are
natural restriction maps

res : H i
(
F, µ⊗i

m

)
! H i

(
E, µ⊗i

m

)
. (1.1)

that take a cohomology class ξ to its restriction ξE. If ξE = 0, we call E a splitting
field of ξ.

We call an element ξ ∈ H i (F, µ⊗i
m ) a symbol if it is in the image of the i-fold cup

product map
H1 (F, µm)× · · · ×H1 (F, µm) ! H i

(
F, µ⊗i

m

)
.

If µm ⊂ F , then µ⊗i
m

∼= µm as GF -modules, so that there is a notion of symbols
in H i (F, µm). In the case that i = m = 2, a symbol in H2

(
F, µ⊗2

2

)
determines a

quaternion algebra over F and vice versa. Tate’s common slot lemma states that if F
is a number field, then any finite set of symbols in H2 (F, µ⊗2

m ) can be split by a single
extension F of degree dividing m [Tat76, Theorem 4.4 and the remarks following the
theorem]. In particular, any finite set of quaternion algebras over a number field may
be split by a single quadratic extension of F . A semiglobal field F is a function field
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in one variable over a complete discretely valued field K. We prove an analogue of
Tate’s common slot lemma in the setting of semiglobal fields in Theorem 4.3.

Understanding the splitting fields of general cohomology classes, as in Tate’s com-
mon slot lemma, has been an interesting problem in the study of Galois cohomology.
This motivates the notion of the index of ξ ∈ H i(F, µm) as the greatest common
divisor of the degrees of field extensions E of F so that ξ splits over E. For an
element ξ in H i(F, µm), we can also define the period of ξ to be its order, which is
denoted by per(ξ). It is known that the period divides the index and that they have
the same prime factors ([Pie82], Proposition 14.4(b)(ii)). The period-index question
asks for the smallest number r so that

ind(ξ)| per(ξ)r

for all ξ ∈ H i(F, µm). There has been much progress toward answering this problem
over various fields. In the case that F is a local or global field, period and index agree
in the Brauer group (i = 2) by the Albert–Brauer–Hasse–Noether Theorem [BNH32].
Recent important results have been obtained in the case of degree 3 cohomology,
where [PS98] showed that period and index coincide in H3 (F, µm) if F is the function
field of a p-adic curve or the function field of a surface over a finite field. Furthermore,
this coincidence has been settled for function fields of curves over imaginary number
fields in [Sur20]. In [HHK23], the authors obtain bounds on the index in terms of
the period for F a semiglobal field.

Throughout this paper, F is a semiglobal field, i.e. a function field in one variable
over a complete discretely valued field K with residue field k. Let m be a number co-
prime to the characteristic of k, and n be the largest number such that Hn(k, µm) does
not vanish. We investigate the cohomology groups Hn+2(F, µm). Since H i(F, µm)
vanishes for any i > n + 2, we call Hn+2(F, µm) the top cohomology. For classes
ξ ∈ Hn+2(F, µm), Gosavi proved in [Gos22, Corollary 3.3] that ind(ξ)| per(ξ)2 for m
an odd prime and ind(ξ)| per(ξ)3 for m = 2. In Theorem 4.8, we prove that period
and index agree in top cohomology for semiglobal fields for any m coprime to the
characteristic of k. In fact, for a class ξ ∈ Hn+2(F, µm), we construct a field extension
L of F of degree dividing m that is a splitting field of ξ.

This paper is organized as follows. In Section 2, we give necessary background
on cohomological dimension, the period-index problem, semiglobal fields, and the
local-global principle. Let K be a complete discretely valued field with residue field
k of characteristic coprime to m and suppose that k has cohomological dimension n.
In Section 3, we explore the top cohomology groups Hn+1(K,µm) of the complete
discretely valued field K. In particular, we prove Lemma 3.1, which provides a de-
composition of elements in H i(K,µm) that is crucial to our proofs. Using this decom-
position, we show that period and index agree in the top cohomology Hn+1(K,µm)
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groups in Lemma 3.4. In Section 4, we state and prove our two main theorems.
First, we prove an analogue of Tate’s common slot lemma over semiglobal fields in
Theorem 4.3. We show that for any finite set S of symbols in Hn+2 (F, µ⊗n+2

m ), there
is a field extension L of F of degree dividing m so that all s ∈ S are split over L. The
proof relies on the local-global principle discussed in Theorem 2.11. More precisely,
we show that for any discrete valuation ω on L with restriction ν to F , the restriction
sFν splits over sLω for all s ∈ S. Finally, we show in Theorem 4.8 that period and
index agree in top cohomology of Hn+2 (F, µm). We conclude the paper by discussing
some open questions on top cohomology and connections of period-index questions
with the u-invariant of quadratic forms in Section 5.
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2. Preliminaries

2.1. Cohomological dimension. For a profinite group G and a G-module A, we
denote by H i(G,A) the i-th profinite cohomology group. If GF is the absolute Galois
group of a field F , we also call A an F -module and write H i(F,A) = H i(GF , A) (see
for instance [Ser73, Chapter I §2.2 and Chapter II]). The cohomological dimension is
an important invariant associated with a field (for more details, we refer the reader
to [Ser73, Chapter I §3 and Chapter II §4]).

Definition 2.1. For a prime ℓ, the ℓ-cohomological dimension of F, cdℓ(F ), is the
smallest integer R for which the ℓ-primary component of H i+R(F,A) is zero for any
integer i ≥ 1 and for every torsion F -module A. If no such R exists, we say that
cdℓ(F ) = ∞. Analogously, the cohomological dimension cd(F ) of F is the smallest
integer R so that H i+R(F,A) = 0 for any i ≥ 1 and for any torsion F -module A. If
no such R exists, we say that cd(F ) = ∞.

In this paper, we are only interested in the groups H i(F, µm) for m ∈ Z, m ≥ 2,
(m, char(F )) = 1. We remark that if the characteristic of F is different from ℓ, for ℓ
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prime, then by [Ser73, Proposition 4, Chapter II, §2.3] the following are equivalent
for any n ≥ 1:

(a) cdℓ(F ) ≤ n;
(b) For any finite separable extension L of F of degree prime to ℓ,

Hn+1(L, µℓ) = 0

An algebraically closed field has cohomological dimension 0. Finite fields and the
Laurent series field k((t)) with k algebraically closed of characteristic 0 have cohomo-
logical dimension 1. More generally, the cohomological dimension is invariant under
finite field extensions (see Lemma 2.2 below) and increases as the transcendental
degree increases (see Lemma 2.3 below).

Lemma 2.2 ([Ser73, Proposition 10, Chapter II, §4.1]). Let L be an algebraic exten-
sion of the field F and ℓ a prime number. Assume [L : F ] < ∞ and cdℓ(F ) < ∞, then
cdℓ(L) = cdℓ(F ). In particular, if [L : F ] < ∞ and cd(F ) < ∞, then cd(L) = cd(F ).

Lemma 2.3 ([Ser73, Proposition 11, Chapter II, §4.2]). Let L be an extension of K,
then

cdℓ(L) ≤ cdℓ(K) + trdegK(L)

for any prime ℓ. There is equality if L is finitely generated over K, cdℓ(K) < ∞,
and ℓ is coprime to the characteristic of K.

Let K be a complete discretely valued field with residue field k and suppose that
char(k) ̸= ℓ. For n ≥ 1, we consider the following exact sequence in Galois cohomol-
ogy

0 ! Hn+1(k, µℓ) ! Hn+1(K,µℓ) ! Hn(k,Z/ℓZ) ! 0. (2.1)
This sequence is obtained combining the surjective homomorphism between Hn(k, µℓ)
and Hn(k,Z/ℓZ) given in 4.3 [Ser97] and residue maps (see 6.8 [GS17]). Using this
sequence, we deduce the following relationship between the cohomological dimension
of K and k, respectively.

Lemma 2.4. Let K be a complete discretely valued field with residue field k and
suppose that char(k) ̸= ℓ. If cdℓ(k) ≤ n, then cdℓ(K) ≤ n+ 1.

Proof. Let L be a finite separable extension of K of degree coprime to ℓ with residue
field l, containing k. As cd(k) ≤ n and l is a finite extension of k of degree coprime
to ℓ, we deduce from Lemma 2.2 that cdℓ(l) = cdℓ(k) ≤ n. In particular, we see that
Hn+1(l,Z/ℓZ) = 0. The sequence in (2.1) implies that Hn+2(L, µℓ) = 0. As this
holds for any finite extension L of K, we conclude that cd(K) ≤ n+ 1. □

Lemma 2.5. Let K be a complete discretely valued field with residue field k and
suppose that char(k) ̸= ℓ. If cdℓ(k) = n, then cdℓ(K) = n+ 1.
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Proof. By Lemma 2.4, it remains to show that cdℓ(K) ≥ n+ 1, or equivalently, that
there is some finite field extension L of K of degree coprime to ℓ so that Hn+1(L, µℓ) ̸=
0.
By assumption cdℓ(k) = n and so there exists a finite separable field extension l of k
of degree coprime to ℓ so that Hn(l, µℓ) ̸= 0. Let ρ be a primitive ℓ-th root of unity
in the algebraic closure of l. We remark that l[ρ] is a separable extension of l of
degree coprime to ℓ. Replacing l by l[ρ], we may assume without loss of generality,
that ρ is contained in l. Therefore

Hn(l,Z/ℓZ) = Hn(l, µℓ) ̸= 0. (2.2)

By the primitive element theorem, there is some α ∈ l so that l = k(α). Denote by
f(x) ∈ k[x] the minimal polynomial of α over k. Let f(x) ∈ K[x] be a monic lift
of f(x) and consider L = K(α) = K[x]/(f(x)). Then L/K is a separable extension
of degree coprime to ℓ that lifts l/k. The short exact sequence in (2.1) for L and l
together with equation (2.2) implies that Hn+1(L, µℓ) does not vanish. □

Let F = K(C) be the function field of an algebraic curve over a complete dis-
cretely valued field K with residue field k. Then F is a semiglobal field in the sense
discussed below in Section 2.3. If ℓ is a prime number which is coprime to the char-
acteristic of the residue field k, then it is also coprime to the characteristic of K and
F . In particular, we may apply Lemmas 2.3 and 2.5 to F and K in this setting to
deduce that if cdℓ(k) = n, then cdℓ(K) = n+ 1 and cdℓ(F ) = n+ 2. Furthermore, if
cd(k) = n, then cdℓ(K) ≤ n+ 1 and cdℓ(F ) ≤ n+ 2 for any prime ℓ coprime to the
residue characteristic.

For a field F with cd(F ) = n and A a torsion G-module, the top cohomology with
coefficients in A is the cohomology group Hn (F,A). Throughout this paper, A will
often be the Galois module arising from roots of unity.

2.2. Period-index problem and Voevodsky’s Theorem. Let F be a field and
let m be any number coprime to the characteristic of F . Fix a separable closure
F of F and denote by GF its absolute Galois group. Consider the Kummer exact
sequence of GF -modules

1 // µm
// F

× a7!am // F
× // 1 .

The induced long exact sequence of cohomology in conjunction with Hilbert 90 gives
an isomorphism

H1 (F, µm)
∼
−! F×/(F×)m. (2.3)
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There is an i-fold cup-product from the product of i copies of H1(F, µm) to H i(F, µm)
for any i > 1

∪ : H1 (F, µm)× · · · ×H1 (F, µm) −! H i (F, µm) . (2.4)

For elements a1, . . . , ai ∈ F×/(F×)m, we denote by (a1, . . . , ai) ∈ H i (F, µm) the
image under the composition of the isomorphism in (2.3) and the cup product in
(2.4). Such an element in H i (F, µm) is called a symbol. Abusing notation, we will
consider a1, . . . , ai ∈ F× throughout. The cup-product map in (2.4) is alternating
and we have the following relations for any a, b ∈ F× and n ∈ Z

−(a, b) = (b, a)

n(a, b) = (a, bn) = (an, b)

(a, a) = (−1, a)

(2.5)

(see e.g. [GS17, Chapter 3.4 and Chapter 4.6]).
Let KM

i (F ) denote the i-th Milnor K-group of F (see H. Bass’s Algebraic K-
theory). Let ℓ be a prime not equal to char(F ). Suppose that F contains the ℓ-th
roots of unity µℓ. By a celebrated result of Voevodsky [Voe03], the norm-residue
map determines an isomorphism between Milnor’s K-groups and cohomology

KM
i (F )⊗ Z/ℓZ ∼

−! H i (F, µℓ) .

In particular, any element ξ in H i (F, µℓ) may be written as a sum of symbols

ξ =
r∑

j=1

(aj,1, . . . , aj,i) ,

with aj,1, . . . , aj,i ∈ F× for 1 ≤ j ≤ r. Related to this presentation, the symbol length
of the i-th cohomology group H i (F, µℓ), denoted symbℓ

i(F ), is defined as the minimal
number r such that any element ξ ∈ H i(F, µℓ) is expressible as a sum of at most r
symbols. Investigating the symbol lengths symbℓ

i(F ) for fields F is of interest. For
more background and open problems related to the symbol lengths of fields, we refer
the interested reader to [ABGV11]. We note that by definition, the symbol length
symbℓ

1(F ) = 1 for any field F . For n = 2, the second cohomology group H2(F, µℓ) is
isomorphic to the ℓ-torsion of the Brauer group Br(F ). For a p-adic local field F , the
Brauer group Br(F ) ∼= Q/Z [Ser97, Chapter XII] and if µℓ ⊂ F , then symbℓ

2(F ) = 1.
Using this together with the Albert–Brauer–Hasse–Noether Theorem [BNH32], we
deduce that symbℓ

2(F ) = 1 for any totally imaginary global field F . In either of the
two previous cases cd(F ) = 2 and so in summary

symbℓ
n(F ) =

{
1 n = 1, 2

0 n > 2



PERIOD-INDEX IN TOP COHOMOLOGY OVER SEMIGLOBAL FIELDS 7

for a local or a totally imaginary global field F containing µℓ. Now, let F be the
function field of a p-adic curve, and let ℓ be a prime which is coprime to p, then the
symbol length symbℓ

2(F ) is 2 [Sal97, Sal98] and symbℓ
3(F ) = 1 [PS10].

Remark 2.6. We recall that a cohomology class ξ ∈ H i(F,A) for a field F and
a Galois module A has splitting field L if the restriction ξL as defined in (1.1) is
trivial. For example, any symbol (a, b) in H2(F, µm) is split by the degree m extension
L = F ( m

√
a) since

0 = m
(

m
√
a, b
)
L

(2.5)
=
((

m
√
a
)m

, b
)
L
= (a, b)L ,

where the first equality holds as Hn(L, µm) is m-torsion. More generally, a symbol
(a1, . . . , ai) ∈ H i(F, µm) splits over the degree m extension F ( m

√
aj) for any 1 ≤ j ≤ i.

The index of a cohomology class gives a measure for splitting.

Definition 2.7. Let F be a field and ξ ∈ H i (F,A). The index of ξ is

ind(ξ) = gcd {[L : F ] : ξL splits} .

The period-index question discussed in the introduction explores the relationship
between symbol lengths and the degrees of splitting field extensions for symbols. In
Section 5.2 we will explain the connection between symbol lengths and the u-invariant
of a field.

2.3. Semiglobal fields and a local-global principle. One of the main tools we
build on in this paper is patching in semiglobal fields. We follow [HHK14] in the
following definitions.

Definition 2.8 (semiglobal fields). Let K be a complete discretely valued field. A
semiglobal field over K is a one-variable function field F over K.

Example 2.9. Examples of semiglobal fields are F = Qp(x), F = k((t))(x) for any
field k, and any finite extension of these.

Let F be a semiglobal field, that is F is the function field of a smooth projective
curve C over K. Let OK be the corresponding valuation ring, π ∈ OK a (fixed)
uniformizing parameter and k the residue field. A regular proper model of C is
a proper, flat, projective OK-scheme X with function field F that is regular as a
scheme. We denote its reduced closed fiber by Xk. By [Lip78, Main Theorem] such
a regular proper model exists and by [Lip75, page 193], we may assume that the
reduced closed fiber Xk is a union of regular curves with normal crossings. We call
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such a model a normal crossings model of F .

C //

��

X

��

Xk
oo

��
Spec(K) // Spec(OK) Spec(k)oo

For each prime divisor D, we can look at the discretely valued ring OD,X and get a
corresponding discrete valuation vD on F . Such valuations are known as divisorial.

Definition 2.10. The divisorial set of places of F corresponding to the model X is
the set

ΩF,X = {vD | D prime divisor on X} .
We call vD with D as above a divisorial valuation on F . The set of all divisorial
valuations vD, on all regular models X of F , will be denoted by ΩF .

A new approach to local-global principles for homogeneous varieties over function
fields of curves defined over complete discretely valued fields was introduced by Har-
bater, Hartmann, and Krashen in [HHK14] via patching. Further, Parimala and
Suresh, building on the results of Hartmann, Harbater, and Krashen, proved the
following Theorem that will fundamentally be used later in our paper:

Theorem 2.11 (Theorem 4.3, [HKP21]). Let F be a semiglobal field, ℓ be a prime
number, ΩF the set of divisorial places of F , and let r be any integer. Suppose that
char(k) ̸= ℓ, and let i ≥ 2. Then

Xi
ΩF

:= Ker

(
H i
(
F, µ⊗r

ℓ

)
!

∏
ω∈ΩF

H i
(
Fω, µ

⊗r
ℓ

))
= 0.

3. Complete discretely valued field of cohomological dimension
n+ 1

Let K be a complete discretely valued field, OK its ring of integers, π its local
uniformizer, and k its residue field. Throughout this section, we suppose that ℓ is a
prime which is coprime to the residue characteristic and cdℓ(k) = n. By Lemma 2.5,
we see that cdℓ(K) = n + 1. As a result, the expression top cohomology of K will
refer to Hn+1(K,µℓ). The aim of this section is to prove that period and index agree
in top cohomology in this setting.

We first assume that µℓ ⊂ k, which implies that µℓ ⊂ K by Hensel’s lemma, using
that ℓ is coprime to the characteristic of k. We recall that that there is an exact
sequence on Galois cohomology

0 // Hn+1
et (OK , µℓ)

r // Hn+1 (K,µℓ)
δ // Hn (k, µℓ) , (3.1)
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where r is induced by restriction and δ is a residue map (see e.g. [GS17, Chapter
6.8]). An element ξ in Hn+1 (K,µℓ) is called unramified if it lies in the kernel of δ,
or equivalently in the image of r. Otherwise, we say that ξ is ramified.

We show that any cohomology class splits into a sum of ramified and unramified
parts. We recall from Section 2.2 that there is a cup-product map from ⊗mH1(K,µℓ)
to Hm(K,µℓ) and that H1(K,µℓ) ∼= K×/(K×)ℓ.

Lemma 3.1. Let K be a discrete valued field, OK its ring of integers, and k its
residue field. Suppose that µℓ ⊂ k and denote by π the local uniformizer in OK. Any
element ξ ∈ Hm (K,µℓ) decomposes as

ξ = ξ1 + (ξ2, π)

with ξ1 ∈ Hm(K,µℓ) and ξ2 ∈ Hm−1(K,µℓ) unramified for any m > 0. In the above
equation (ξ2, π) denotes the cup product of ξ2 with the symbol (π) ∈ H1 (K,µℓ).

Proof. Let ξ ∈ Hm(K,µℓ) and suppose first that ξ is a symbol, that is ξ = (a1, . . . , am)
with ai ∈ K×. Write ai = uiπ

ji with ui a unit in OK and 0 ≤ ji ≤ ℓ− 1. Using the
relations in (2.5), we see that

ξ =(a1, . . . , am)

=
(
u1π

j1 , . . . , umπ
jm
)

=
(
u1, u2π

j2 , . . . , umπ
jm
)
+
(
πj1 , u2π

j2 , . . . , umπ
jm
)

=
(
u1, u2, u3π

j3 , . . . , umπ
jm
)
+
(
u1, π

j2 , u3π
j3 , . . . , umπ

jm
)

+
(
πj1 , u2, u3π

j3 , . . . , umπ
jm
)
+
(
πj1 , πj2 , u3π

j3 , . . . , umπ
jm
)

=
(
u1, u2, u3π

j3 , . . . , ujm
m

)
+
(

u
j2
1

u
j1
2

, π, u3π
j3 , . . . , umπ

jm
)

+
(
(−1)j1+j2 , π, u3π

j3 , . . . , umπ
jm
)

...

=(u1, u2, . . . , um) +
∑
t

(
vt1, v

t
2, . . . , v

t
m−1, π

)
for some units vts in OK . Since µℓ ⊂ k, any cohomology class ξ ∈ Hn+1 (K,µℓ) may
be decomposed as a sum of symbols ξ =

∑
i(ai,1, . . . , ai,m) by Voevodsky’s Theorem

(see Section 2.2). We decompose each summand of ξ as above to write

ξ =
∑
i

(ai,1, . . . , ai,m) =
∑
i

(ui,1, . . . , ui,m) +
∑
i,t

(vti,1, . . . , v
t
i,m−1, π) = ξ1 + (ξ2, π),

which finishes the proof. □
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Using the description from the previous Lemma, we are now able to explicitly
determine a splitting field of ξ ∈ Hn+1 (K,µℓ). We recall from Remark 2.6, that a
symbol (a1, . . . , an) ∈ Hn(K,µℓ) may be split by the extension L = K( ℓ

√
ai) for any

1 ≤ i ≤ n.

Lemma 3.2. Let K be a complete discretely valued field, π its local uniformizer, and
k its residue field. Suppose that cdℓ(k) = n. Assume additionally that µℓ ⊂ k. Then
any element ξ ∈ Hn+1(K,µℓ) is split by the degree ℓ field extension K( ℓ

√
π) of K. In

particular, it has index bounded above by ℓ.

Proof. We note that as cdℓ(k) = n, by Lemma 2.5, we have cdℓ(K) = n + 1. Let
ξ ∈ Hn+1(K,µℓ). By Lemma 3.1, ξ can be written as ξ = ξ1 + (ξ2, π) for some
unramified ξ1 ∈ Hn+1

et (OK , µℓ) and ξ2 ∈ Hn
et(OK , µℓ). We note that if ξ is unramified,

then ξ = ξ1. Since OK is Henselian, we remark that Hm
et (OK , µℓ) ∼= Hm(k, µℓ) for

any m. Together with the fact that cdℓ(k) = n, we deduce that ξ1 = 0. In particular,
if ξ is unramified, then ξ = ξ1 = 0 is already split over K so that ind(ξ) = 0 ≤ ℓ. In
general, we write any ξ = (ξ2, π) with ξ2 as before. This cohomology class is split by
the degree ℓ field extension K( ℓ

√
π) of K so that ind(ξ) is again bounded above by

ℓ. □

The following lemma extends Lemma 3.2 to the case µℓ ̸⊂ k.

Lemma 3.3. Let K be a complete discretely valued field, π its local uniformizer, and
k its residue field. Suppose that cdℓ(k) = n and assume that the characteristic of k
is coprime to ℓ, but possibly µℓ ̸⊂ k. Then any element ξ ∈ Hn+1 (K,µℓ) is split by
the degree ℓ field extension K( ℓ

√
π) of K. In particular, it has index bounded above

by ℓ.

Proof. We note that as cdℓ(k) = n, by Lemma 2.5, we have cdℓ(K) = n+1. Since K
does not contain µℓ, let us first consider the degree ℓ− 1 extension E = K(ρ) where
ρ is a generator of µℓ. We remark that the characteristic of k is coprime to ℓ, so that
the cyclotomic extension E over K is unramified and thus π is a local uniformizer
for E as well [Cas86, Equation (5.5) in the proof of Lemma 5.4]. By Lemma 3.2,
after restricting to E, ξ is split by the extension E( ℓ

√
π). Now consider the following

diagram of field extensions

E( ℓ
√
π)

ℓ−1 ℓ

K( ℓ
√
π)

ℓ

E

ℓ−1

K
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The composition

Hn+1 (K( ℓ
√
π), µℓ)

res // Hn+1 (E( ℓ
√
π), µℓ)

cor // Hn+1 (K( ℓ
√
π), µℓ)

is multiplication by [E( ℓ
√
π) : K( ℓ

√
π)] = ℓ− 1 [NSW08, Corollary 1.5.7]. Thus

(ℓ− 1)ξK( ℓ√π) = cor ◦ res
(
ξK( ℓ√π)

)
= cor(0) = 0.

As ℓ and ℓ − 1 are coprime, we deduce that ξK( ℓ√π) = 0 as well and so K( ℓ
√
π) is a

splitting field for ξ. □

Finally, using induction on the number of prime factors, we prove the general
period-index result for complete discretely valued fields.

Lemma 3.4. Let K be a complete discretely valued field and k its residue field.
Suppose that the characteristic of k is coprime to an integer m > 1. Suppose that
cd(k) = n. Then any element ξ ∈ Hn+1(K,µm) has index bounded above by m.

Since m is coprime to the residue characteristic and cdℓ(k) ≤ cd(k) = n for any
prime divisor ℓ of m, by Lemma 2.2 and Lemma 2.5, we remark that cdℓ(K) ≤ n+1
and so Hr (K,µm) = 0 for any r > n + 1. This motivates the term top cohomology
for Hn+1 (K,µm) in this setting.

Proof. We use induction on the number of prime factors of m. For m = ℓ prime, the
result follows from Lemma 3.3. If m = sℓ for some prime ℓ, consider the short exact
sequence of K-modules

0 // µℓ
// µm

ℓ // µs
// 0 . (3.2)

For any ξ ∈ Hn+1 (K,µm), let ξ̃ be its image under the map

Hn+1 (K,µm) // Hn+1 (K,µs)

arising from the long exact sequence in cohomology. By the inductive hypothesis,
there is an extension L1 of K of degree at most s such that L1 splits ξ̃. By exactness
of the long exact sequence of cohomology induced by (3.2), the restriction ξL1 of ξ
to L1 lifts to an element η ∈ Hn+1 (L1, µℓ).

Hn+1 (L1, µℓ) // Hn+1 (L1, µm) // Hn+1 (L1, µs)

Hn+1 (K,µℓ) //

res

OO

Hn+1 (K,µm)

res

OO

// Hn+1 (K,µs)

res

OO

By Lemma 3.3, there is a field extension L of L1 of degree at most ℓ so that L splits
η. As a result, ξL = ηL = 0 and so L is a splitting field of ξ of degree

[L : K] = [L : L1][L1 : K] ≤ ℓs = m.
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The statement follows. □

4. The main theorems

In this section, we prove our two main theorems. First, we prove an analogue of
Tate’s common slot lemma over semiglobal fields. When considering coefficients in
µℓ for ℓ prime, we assume that cdℓ(k) = n. For non-prime m, there is no notion of
m-cohomological dimension and therefore we assume instead that cd(k) = n.

Let F be a semiglobal field with residue field k. We show in Theorem 4.3 that
any finite set S of r symbols in Hn+2 (F, µ⊗n+2

m ) for m coprime to the characteristic
of k is split by a common extension L of F of degree dividing m. We construct this
extension explicitly in the proof of Theorem 4.3. First, we consider the case that
m = ℓ is prime and we recall from Theorem 2.11 that

Xn+2
ΩL

= Ker

(
Hn+2

(
L, µ⊗r

ℓ

)
!

∏
ω∈ΩL

Hn+2
(
Lω, µ

⊗r
ℓ

))
= 0

for any integer r. By the above, it is sufficient to show that L splits any symbol s ∈ S
locally. More precisely, let ω ∈ ΩL be a discrete valuation and denote its restriction
to F by ν. We show that the restriction sFν splits over Lω. Finally, we extend the
result to the case that m is any number coprime to the characteristic of k.

If µm ⊂ k, then Theorem 4.3 implies that period and index agree in the top coho-
mology for semiglobal fields (see Proposition 4.5 for the precise statement). In the
second part of this section, we remove the assumption that µm ⊂ k while retaining
the equality for period and index in top cohomology. More precisely, in Theorem 4.8
we show that, for a semiglobal field F , any class ξ in Hn+2 (F, µm) has index bounded
above by m.

Recall the following setting for semiglobal fields. Let K be a complete discretely
valued field and denote by OK its ring of valuations. Denote by C a smooth, pro-
jective curve over K, and F = K(C) is the function field of C. In particular, F is a
semiglobal field. Let k be the residue field of K. We discussed models and divisorial
places in Section 2.3, but let us recall:

Definition 4.1 (Model). A regular model of the curve C is a flat, projective, regular,
integral OK-scheme X with XK = X×OK

K = C. We denote the reduced special fiber
by Xk.

C //

��

X

��

Xk
oo

��
Spec(K) // Spec(OK) Spec(k)oo
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In the course of the proof, we will choose an appropriate model X so that the given
cohomology class can only ramify along a divisor with normal crossings. Recall the
notation ΩF from Section 2.3 for the set of divisorial places on F , which is the set of
valuations on F corresponding to codimension one points on all (regular, projective)
models of C. To split the cohomology class, it will suffice to find an extension of F ,
which splits the cohomology class locally everywhere by Theorem 2.11.

We begin with the following. Let A be a complete regular local two-dimensional
ring with field of fractions E and residue field k. For m ≥ 2 and 1 ≤ i ≤ m, we can
write ai ∈ E× as

ai = uiπ
riδsiθℓi

for some units ui ∈ A, integers ri, si ∈ Z with 0 ≤ ri, si ≤ ℓ− 1, and θi ∈ E.

Lemma 4.2. Let A be a complete regular local two-dimensional ring with field of
fractions E and residue field k. Let (π, δ) be the maximal ideal of A, and take
ai ∈ E×, 1 ≤ i ≤ m. Then

(a1, . . . , am) = ξ1 + (ξ2, π) + (ξ3, δ) + (ξ4, π, δ),

where ξ1 ∈ Hn
et(A, µ

⊗m
ℓ ), ξ2, ξ3 ∈ Hn−1

et (A, µ⊗m−1
ℓ ), ξ4 ∈ Hn−2

et (A, µ⊗m−2
ℓ ) are unrami-

fied.

Proof. The proof follows along the same lines as the proof of Lemma 3.1. We remark
that the assumption that µℓ ⊂ k in the proof of Lemma 3.1 is only required to prove
the statement for a general cohomology class, which has to be written as a sum of
symbols first. □

We now prove an analogue of Tate’s common slot lemma for number fields over
semiglobal fields. We remark that the roots of unity µm may not be contained in k
for this result.

Theorem 4.3. Let F be a semiglobal field over a complete discretely valued field K,
with residue field k. Let ℓ be a prime not equal to char(k). Assume that cdℓ(k) = n.
Let

S = {(ai,1, ai,2, . . . , ai,n+2) : 1 ≤ i ≤ r}
be a set of r symbols in Hn+2

(
F, µ⊗n+2

ℓ

)
. Then there is a field extension L of F of

degree ℓ which splits all symbols in S.

Proof. We denote by si = (ai,1, . . . , ai,n+2) for 1 ≤ i ≤ r the symbols in S. By
Theorem 2.11, it suffices to prove the existence of a field extension L of F satisfying
[L : F ] ≤ ℓ with the property that the restriction (si)Lω

of si to Lω is trivial for any
divisorial place ω ∈ ΩL. We will show the stronger statement that this is true for
any discrete valuation ω of L, not just any divisorial valuation.
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We now construct the desired splitting field L. Let X be any model of F so that
the function field of X is F . We recall that Xk denotes the reduced special fiber of
X. Abusing notation, we denote a representative of ai,j in F× by ai,j as well. As an
element in the function field of X, ai,j is a rational function on X. Let Di,j = div(ai,j)
be the corresponding divisor on X. After blowing up, we may assume that there are
regular curves Ci so that

Xk ∪

(⋃
i,j

supp (div(ai,j))

)
⊆
⋃
i

Ci

and the Ci have normal crossings. We denote C = {Ci}. We call a point P on X a
nodal point of C if it lies on both Ci and Cj for some i ̸= j. Choose a finite set of
closed points P = {Pj} that includes all nodal points of C and at least one point on
the components of Xk. We note that even though the Ci may not be on the reduced
special fiber Xk, all closed points Pj in P lie on Xk.

Since X is projective, there is an affine open subscheme U of X that contains the
finite set of closed points P = {Pj}. We denote the affine coordinate ring of U by
A. Since X is regular, A is regular as well. Let R be the semilocalization of A at P .
Because A is regular, we deduce that R is a semilocal regular domain and hence a
unique factorization domain. Therefore each Ci defines a height one prime ideal in
R, whose generator we denote by πi. Finally, let g =

∏
i πi and set L = F ( ℓ

√
g). We

aim to show that L is a splitting field for si for all 1 ≤ i ≤ r. Any discrete valuation
ω on L restricts to a discrete valuation ν on F . Let Oν denote the valuation ring of
F at ν, Fν the completion of F at ν and Lω the completion of L at ω. We claim
that Lω is a splitting field for the restriction (si)Fν

of si to Fν for any 1 ≤ i ≤ r.
Throughout the remainder of the proof, we fix 1 ≤ i ≤ r and we denote s = si. We
remark that by properness of the model X, any discrete valuation ν is centered on
a closed point or on a point of codimension one. For any such P , we can define a
regular local ring OX,P . Let mX,P be the maximal ideal of OX,P , and denote by ÔX,P

the completion of OX,P with respect to this maximal ideal.
• Case 1: Suppose that ν is centered on a codimension one point P

on X. There are two possibilities for P , either P ̸∈ C or P ∈ C.
– Case 1a: Suppose that P ̸= Ci for all i. By definition of the
Ci’s and our hypothesis, aij is a unit in OX,P for all i and j. Thus s is
unramified at the completion ÔX,P and so

sFν ∈ Hn+2
nr

(
Fν , µ

⊗n+2
ℓ

) ∼= Hn+2
et

(
ÔX,P , µ

⊗n+2
ℓ

)
∼= Hn+2

(
kν , µ

⊗n+2
ℓ

)
, (4.1)

where the last isomorphism holds since ÔX,P is Henselian. We remark
that, since P is a codimension one point, the residue field kν of Fν
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has transcendence degree 1 over k, and hence has the property that
cdℓ(kν) = n+1. Using this and (4.1), we have that sFν = 0 and therefore
its restriction sLω also vanishes.

– Case 1b: Suppose that P = Ci for some i. Since g is a parameter
at Ci, Fν( ℓ

√
g) = Lω, by Lemma 3.3, sFν are split by the extension Lω.

• Case 2: Suppose that ν is centered on a codimension two point P
on X. Then OX,P ⊂ Oν as a local homomorphism, which is an inclusion
inducing an inclusion of the completions ÔX,P ⊂ Ôν . As a result, the field of
fractions of ÔX,P is contained in the field Fν , which is a complete discretely
valued field.

We distinguish three cases (2a) P is a nodal point of Ci and Cj for some
i ̸= j, (2b) P is a point on exactly one of the Ci, and (2c) P does not lie on
any Ci. Denote by k(P ) the residue field of both OX,P and its completion.

– Case 2a: Suppose that P is a nodal point on
⋃

i Ci. Since X
has normal crossings, a nodal point will be at the intersection of two
distinct curves Ci and Cj. Without loss of generality, assume that P is
the intersection point of C1 and C2. We remark that the maximal ideal
of the local ring OX,P is generated by π1 and π2 and ÔX,P is a complete
local ring of dimension 2. We also note that the residue field k(P ) is a
finite field extension of k, thus cdℓ(k(P )) = cdℓ(k) = n.
By Lemma 4.2, we can decompose sFν as

sFν = ξ1 + (ξ2, π1) + (ξ3, π2) + (ξ4, π1, π2) ,

for unramified cohomology classes ξ1 ∈ Hn+2
et

(
ÔX,P , µ

⊗n+2
ℓ

)
, ξ2, ξ3 ∈

Hn+1
et

(
ÔX,P , µ

⊗n+1
ℓ

)
, and ξ4 ∈ Hn

et

(
ÔX,P , µ

⊗n
ℓ

)
. In conclusion, ξ1, ξ2, ξ3

are unramified at OX,P and vanish over its completion as

Hn+i
et

(
ÔX,P , µ

⊗n+i
ℓ

)
∼= Hn+i

(
k(P ), µ⊗n+i

ℓ

)
for i = 1, 2 and cdℓ k(P ) = n. We conclude that sFν = (ξ4, π1, π2). In
OX,P , we have that g = uπ1π2 and so

sFν = (ξ4, π1, π2)

= (ξ4,−π1, π1π2)

=
(
ξ4,−π1, u

−1g
)

= (ξ4, u,−π1) + (ξ4,−π1, g)

= (ξ4,−π1, g) ,
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where the last equality holds since (ξ4, u) is unramified in

Hn+1
(
ÔX,P , µ

⊗n+1
ℓ

)
∼= Hn+1

(
k(P ), µ⊗n+1

ℓ

)
= 0,

since k(P ) has cohomological dimension n. Using Remark 2.6, we see
that Lω = Fν

(
ℓ
√
g
)

splits sFν .
– Case 2b: Suppose that P is a point on exactly one of the
Ci. Without loss of generality, we may assume that P lies on C1. By
Lemma 4.2, the class sFν becomes

sFν = ξ1 + (ξ2, π1)

for some ξ1 ∈ Hn+2
et

(
ÔX,P , µ

⊗n+2
ℓ

)
and ξ2 ∈ Hn+1

et

(
ÔX,P , µ

⊗n+1
ℓ

)
. As in

Case 2a, s is split by the degree ℓ extension given by attaching an ℓ-th
root of g = uπ1, where π1 is the local uniformizer at C1 for ν.

– Case 2c: Suppose that P does not lie on Ci for any i. Then aij
is a unit in OX,P and therefore sFν is an unramified cohomology class in

Hn+2
et

(
ÔX,P , µ

⊗n+2
ℓ

)
∼= Hn+2

(
k(P ), µ⊗n+2

ℓ

)
.

The residue field k(P ) is a finite extension of k, implying that cdℓ(k(P )) =
cdℓ(k) = n. Hence, the class sÔX,P

vanishes, and so sFν does as well.
□

Corollary 4.4. Let F be a semiglobal field over a complete discretely valued field
K, with residue field k. Let m ≥ 2 be coprime to char(k). Assume that cd(k) = n.
Suppose that µm ⊂ k. Let

S = {(ai,1, ai,2, . . . , ai,n+2) : 1 ≤ i ≤ r}
be a set of r symbols in Hn+2 (F, µ⊗n+2

m ). Then there is a field extension L of F of
degree ℓ which splits all symbols in S.

Proof. We note that the assumption cd(k) = n implies that cdℓ(k) ≤ cd(k) = n
for any prime ℓ dividing m. The proof follows from Theorem 4.3 and arguments
analogous to the proof of Lemma 3.4. □

If k contains µm, the previous theorem implies that period and index agree in top
cohomology. We later remove this assumption.

Proposition 4.5. Let F be the function field of the smooth projective curve C over
the complete discretely valued field K, with residue field k. Assume additionally that
µm ⊂ k, m is coprime to the characteristic of k, and cd(k) = n. Then any element
ξ in Hn+2(F, µm) has index bounded above by m. In fact, there is a field extension
L of F of degree m so that ξL = 0.
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Proof. Suppose m = ℓ is a prime number coprime to the characteristic of k and let
ξ ∈ Hn+2(F, µℓ). By Voevodsky’s result (see Section 2.2), we may write

ξ =
r∑

i=1

(ai,1, . . . , ai,n+1)

for some ai,j ∈ F×. We denote

S = {(ai,1, ai,2, . . . , ai,n+2) : 1 ≤ i ≤ r} .
By Theorem 4.3 there is some field extension L of F of degree ℓ which splits all
symbols in S. As a result, the sum ξ of the symbols in S also splits over L. The
general case m coprime to the characteristic of k with µm ⊂ k follows arguments by
induction analogous to the proof of Lemma 3.4. □

From now on, we no longer require that µm ⊂ k. We first assume that m =
ℓ is a prime number. Consider the field extension F [ρ] obtained by attaching a
primitive ℓ-th root of unity ρ. We denote by G the Galois group of F [ρ] over F .
To descend Theorem 4.7 to this setting, we first need to construct an appropriate
model X for a fixed cohomology class ξ ∈ Hn+2 (F, µℓ) . Consider the restriction
ξF [ρ] ∈ Hn+2 (F [ρ], µℓ). Then ξF [ρ] may be written as the sum of symbols

ξF [ρ] =
r∑

i=1

(ai,1, . . . , ai,n+2)

for some ai,j ∈ F [ρ].

Lemma 4.6. With the notation as above, there is a regular proper model X over OK

of F such that the following conditions are satisfied:
(a) The base change X[ρ] of X to OK[ρ] is a regular proper model of F [ρ];
(b) There are distinct irreducible curves C1, . . . , Cr on X[ρ] so that

(X[ρ])k[ρ] ∪

(⋃
i,j

supp (div(ai,j))

)
⊆
⋃

1≤i≤r
σ∈G

Cσ
i , (4.2)

where Cσ
i denotes the Galois conjugate of Ci;

(c) For the projection π : X[ρ] ! X, we have that π(Ci) = Di for 1 ≤ i ≤ r are
distinct irreducible curves on X; and

(d)
∑

i,σ C
σ
i on X[ρ] and

∑
i Di on X are divisors with normal crossings.

Proof. Let X be a regular proper model of F over OK as discussed in Section 2.3 and
denote by X[ρ] its base change to OK[ρ]. We remark that the projection π : X[ρ] ! X
is a finite étale morphism. We may choose distinct irreducible curves D1, . . . , Dr on
X so that if C1, . . . , Cr are distinct irreducible curves on X[ρ] with π(Ci) = Di, then
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(b) is satisfied.
We remark that the model X does not necessarily satisfy (d). Let b : X̃ ! X be
a blow up such that b∗ (

∑r
i=1Di) is a normal crossing divisor on X̃. We denote by

X̃[ρ] the base change, by π̃ : X̃[ρ] ! X̃ the corresponding étale projection, and by
b[ρ] : X̃[ρ] ! X[ρ] the base change of b. Then the following diagram commutes

X̃[ρ]

π̃
��

b[ρ]
// X[ρ]

π

��
X̃

b // X

and therefore

π̃∗b∗

(
r∑

i=1

Di

)
= (b[ρ])∗ π∗

(
r∑

i=1

Di

)
= (b[ρ])∗

∑
1≤i≤r
σ∈G

Cσ
i

 .

Since b∗ (
∑r

i=1Di) is a normal crossing divisor on X̃ and π̃ : X̃[ρ] ! X̃ is finite étale,
the pullback (b[ρ])∗

(∑
i,σ C

σ
i

)
is a divisor with normal crossings on X̃[ρ]. This shows

that the model X̃ satisfies the conditions (a)-(d) in the statement. □

We are now ready to split the cohomology class ξ ∈ Hn+2 (F, µℓ) using the model
constructed in the previous lemma.

Theorem 4.7. Let F be a semiglobal field over a complete discrete-valued field K
with residue field k. Let ℓ be a prime number coprime to the characteristic of the
residue field k, and suppose that cdℓ(k) = n. Any element ξ in Hn+2 (F, µℓ) is split
in a field extension L of F of degree ≤ ℓ so that ind(ξ) divides ℓ.

Proof. In view of Proposition 4.5, we may assume that F does not contain a primitive
ℓ-th root of unity. Let ρ be a primitive ℓ-th root of unity in F̄ and remark that
[F [ρ] : F ] = ℓ− 1. We write ξF [ρ] =

∑
1≤i≤s (ai,1, . . . , ai,n+2) , with ai,j ∈ F [ρ]. Let X

be a regular proper model chosen as in the previous Lemma, i.e. satisfying conditions
(a)-(d). We denote C = {C1, . . . , Cr} and Cσ = {Cσ

i : 1 ≤ i ≤ r, σ ∈ G}, where G is
the Galois group of F [ρ] over F .

As in the proof of Proposition 4.5, we take g ∈ F [ρ] so that

divX[ρ](g) =
∑
i,σ

Cσ
i + E, (4.3)

where E is a divisor on X[ρ] whose support does not contain any Cσ
i and no com-

ponent of supp(E) passes through a nodal point of Cσ. Let N : F [ρ] ! F denote
the norm map and we recall that π : X[ρ] ! X denotes the projection. Let us also
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denote k(C) (resp. k(D)) the residue field at the codimension one point C on the
2-dimensional scheme X[ρ] (resp. X). Then

divX[ρ] (N(g)) = π∗π∗
(
divX[ρ](g)

)
(4.3)
= π∗π∗

(∑
i,σ

Cσ
i + E

)

= π∗

(∑
i

figiDi

)
+ π∗π∗E

= (ℓ− 1)
∑
i,σ

Cσ
i + π∗π∗E,

(4.4)

where fi is the degree of the residue field extension [k(Ci) : k(Di)] and gi is the
number of conjugates Cσ

i of Ci. For the last equality, we remark that

figi = [F [ρ] : F ] = (ℓ− 1).

We now prove that no component of π∗π∗E passes through a nodal point of Cσ.
Each component of π∗π∗E is of the form Eτ

r , with Er a component of supp(E) and
τ ∈ G. Suppose that Eτ

r passes through a nodal point Cσ1
i ∩ Cσ2

j of Cσ. Then Er

passes through Cσ1τ
i ∩ Cσ2τ

j which is a nodal point of Cσ contradicting that no com-
ponent of E passes through a nodal point of Cσ.

As in the proof of Theorem 4.3, let P be a set of closed points on X[ρ] that includes
all nodal points of C and at least one point on each component. We denote the set
Pσ = {P σ : P ∈ P , σ ∈ G}. Let U be an open subscheme of X[ρ] that contains Pσ

and denote its affine coordinate ring by A. In the semilocalization R of A that corre-
sponds to U−Pσ each Cσ

i defines defines a height one prime ideal whose generator we
denote by πσ

i . Without loss of generality, we may assume that σ(πi) = πσ
i . We denote

L = F
(

ℓ
√
N(g)

)
and we claim that L[ρ] splits ξF [ρ]. Let ω be a discrete valuation of

L[ρ] and denote its restriction to F [ρ] by ν. If ν is centered on a codimension one
point P on X[ρ] so that P ̸∈ C, then the argument in the proof of Theorem 4.3 Case
1a applies to show that ξF [ρ]ν splits over ξL[ρ]ω . If P is centered on Cσ

i for some i and
some σ, then we remark that N(g) = u (πσ

i )
fi for some unit u ∈ OX[ρ],Cσ

i
. Since fi is

coprime to ℓ, the ℓ-torsion symbol (ξ2, πi) for ξ2 ∈ Hn+1
(
ÔX,Cσ

i
, µℓ

)
is split if and

only if the symbol
(
ξ2, (π

σ
i )

fi
)
= (ξ2, π

σ
i )

fi is split. Thus the argument in the proof of
Theorem 4.3 Case 1b implies that ξF [ρ]ν splits over L[ρ]ω. A similar reasoning shows
the local splitting if ν is centered on a codimension-two point on X[ρ]. We conclude



20 DIJOLS, PARIMALA, RAMDORAI, AND URE

that L[ρ] splits ξF [ρ. It remains to show that ξ is already split over L.

We consider the following commutative diagram

Hn+2 (L, µℓ)
� � res // Hn+2 (L[ρ], µℓ)

Hn+2 (F, µℓ)
� � res //

res

OO

Hn+2 (F [ρ], µℓ)

res

OO
.

The horizontal restriction maps are injective since [F [ρ] : F ] = [L[ρ] : L]ℓ − 1 is
coprime to ℓ. Since ξ splits over L[ρ], it also splits over the degree ℓ extension L of
F by injectivity. □

We note that we have therefore, in effect, proved the following theorem.

Theorem 4.8. Let F be a semiglobal field over K a discrete valued field and denote
k the residue field of the latter. Let m be any positive integer. Suppose that the char-
acteristic of k is coprime to m and cd(k) = n. Then any element ξ ∈ Hn+2 (F, µm)
has index bounded above by m.

Proof. Same argumentation as in Lemma 3.4, using Theorem 4.7 for the inductive
assumption. □

5. Open questions

In this section, we discuss related results and open questions. We first propose a
conjecture which extends our results on bounded index for the top cohomology for
semiglobal fields. Secondly, we highlight the relationship between symbol length and
the u-invariant for quadratic forms.

5.1. Questions on top cohomology. Let F be any field and fix a prime number
ℓ that is coprime to the characteristic of F . We assume that cdℓ(F ) = n, so that
Hn+r(F, µℓ) = 0 for any r > 0. We call Hn(F, µℓ) the top cohomology of F .
We remark that in this generality, there is no uniform bound for indices of elements in
top cohomology Hn(F, µℓ). More precisely, in [Mer91], Merkurjev produces examples
of fields F with cd(F ) = 2 which admit division algebras that are tensor products of
n quaternion algebras for any given n. These algebras have index 2n in H2(F, µ2).
We are interested in uniform bounds for indices in top cohomology. As a first step
in this program, we highlight the following conjecture.

Conjecture 5.1. Let K be a field with cdℓ(K) = n and fix a prime ℓ coprime to the
characteristic of K. Let F be a function field of a curve over K. If the indices in
Hn(K,µℓ) are bounded, then the indices in Hn+1(F, µℓ) are bounded.
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We prove the conjecture if F is a semiglobal field. The conjecture also has a
positive answer if K is a global field of characteristic different from ℓ [Sur20].

We recall that the diophantine dimension dd(F ) of a field F is the smallest integer
r ≥ 0 such that any n-form of degree d ≥ 1 has a nontrivial zero in F , whenever
n > dr. If no such r exists, we say that dd(F ) = ∞. The following conjecture was
posed by Krashen in [Kra16, Conjecture 1, p. 997].

Conjecture 5.2. Suppose that dd(F ) ≤ d. Then for elements ξ ∈ Hd
(
F, µ⊗d

ℓ

)
, the

index ind(ξ) divides ℓ.

Our main result may be viewed as an analogue of this conjecture with the assump-
tion dd(F ) ≤ d replaced by cd(k) ≤ d− 2, which implies cd(F ) ≤ d, for a semiglobal
field F .

5.2. Quadratic forms and u-invariant. It is well-known that classical invariants
of quadratic forms take values in the Galois cohomology groups. In 1970, Milnor pro-
posed higher invariants for quadratic forms which could determine the isomorphism
class of a quadratic form up to hyperbolic planes.

Let W (K) be the Witt ring of a field K and denote by I(K) the fundamental ideal
of W (K) of even dimensional forms. The ideal In(K) is generate by n-fold Pfister
forms

⟨⟨a1, . . . , an⟩⟩ = ⟨1,−a1⟩ ⊗ ⟨1,−a2⟩ ⊗ · · · ⊗ ⟨1,−an⟩ .
For every n > 0, Milnor defined a map

In(K) ! Hn (K,µ2)

that takes the Pfister form ⟨⟨a1, . . . , an⟩⟩ to the symbol (a1, . . . , an). Milnor con-
jectured that these maps are well-defined and onto with kernel precisely In+1(K).
Milnor’s conjecture was proved by Voevodsky in [Voe03].

Another invariant of fields associated with quadratic forms is the u-invariant which
is defined as the maximum dimension of an anisotropic quadratic form over K. In
the case that K is a complete discretely valued field with residue field k, Springer
shows in [Spr55] that u(K) = 2u(k). Here, we focus on the case of a semiglobal field
F , which is the function field of a curve C over K. Suppose that char(k) ̸= 2. If
u(l) ≤ d for any finite extension l of the residue field k and u(k(C)) ≤ 2d, where
C is any curve over k, then u(F ) ≤ 4d by [HHK09]. The case that K is a p-adic
field was proved in [PS10]. On the other hand, if k is perfect with char(k) = 2, then
Parimala and Suresh show in [PS14] that if F is the function field of a curve over
a complete discretely valued field K of characteristic zero, then u(F ) ≤ 8. Further,
they conjecture that with the exact same hypothesis, but that of k being perfect,
u(F ) ≤ 8[k : k2]. Equivalently, the question is whether every quadratic form in at
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least nine variables over the function field of a curve over a local field has a nontrivial
zero.

We now recall two main results in the area. The first of Krashen, [Kra16, 4.2],
relates the bounds on indices of Galois cohomology classes for any field to bounds
on the symbol length in Galois cohomology. The second result relates the bound on
symbol length in µ2-cohomology to bounds on the u-invariant. Recall the notation
from Section 2.2 on the symbol length of an element in Hn(F, µm) as symbm

n (F ).

Theorem 5.3 ([Kra16]). Let K be a field, ℓ a prime not equal to the characteristic
of K and n ≥ 1. Suppose that there exists an integer N such that for every finite
extension L of K and for all β ∈ Hd(L, µ⊗d

ℓ ), 1 ≤ d ≤ n, ind(β) ≤ N . Then, for any
α ∈ Hn(K,µ⊗n

ℓ ), the symbol length of α is bounded in terms of ind(α), N and n.

The following theorem is a consequence of a theorem of Orlov, Vishik, and Vo-
evodsky [OVV07] on the Milnor conjecture (see also [PS15]).

Theorem 5.4 ([OVV07]). Let K be a field of characteristic not equal to 2. Suppose
that there exist integers M ≥ 1 and N such that HM(K,µ2) = 0 and symb2d(K)(α) ≤
N for all α ∈ Hd(K,µ2), 1 ≤ d < M . Then the u-invariant is bounded by a function
of M and N .

If we could show that the index is bounded for elements in H i(F, µ2) for all i ≤
n + 2, then using Theorems 5.3 and 5.4, it would follow that the u-invariant of F
is bounded. In this paper, letting cd(K) = n + 1 for a discrete valued field K, we
have shown that in the top cohomology (i.e degree n + 2) and in the context of a
semiglobal fields F over K, the index is necessarily bounded. If we were to show that
the index is bounded for all i-cohomology, i ≤ cd(K), then we would obtain a bound
depending on this index for each α ∈ Hn+1(F, µ⊗n+1

ℓ ). Then applying Theorem 5.4,
with M = n+ 2, we would obtain a bound on the u-invariant as a function of three
variables: the integer n + 2, some homogeneous bound on the indices for all finite
extensions of F (in all degrees) and the index of the element in Hn+1(F, µ⊗n+1

ℓ ).
Finally, we remark that the converse also holds: The finiteness of the u-invariant

for µ2-cohomology implies the boundedness of the index in all degrees, as proven in
[Sal15]. Further, if the u-invariant of F is bounded by 2n where cd2(F ) = n, then by
[Kra16, Proposition 5.2(ii)], the index of elements in Hn(F, µ2) is at most 2.
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