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Abstract

This thesis introduces the framework of Lie algebroids, foliations, horizontal cohomology,
and Dirac geometry, and their applications to classical mechanics. Dirac structures are
particular cases of Lie algebroids. Poisson, and in particular symplectic structures are
specific examples of Dirac structures. Every Lie algebroid also induces a foliation of its base
manifold, which in turn gives rise to the notion of horizontal Lie algebroid cohomology. This
cohomological framework provides a natural setting for a generalized variational principle
that extends the classical Principle of Least Action in Hamiltonian Mechanics. Using
horizontal cohomology, we investigate this generalized variational principle on symplectic
and Poisson structures.
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Chapter 1

Introduction

The Principle of Least Action is one of the fundamental principles of classical mechanics.
In Hamiltonian mechanics, the dynamics of a system with configuration manifold Q and
Hamiltonian function H : T ⇤Q! R are determined by Hamilton’s equations. A classical
result states that these equations admit the following variational characterization: a solution

�(t) = (q(t), p(t)) : [t0, t1] �! T ⇤Q

of Hamilton’s equations is a critical point of the action functional

A(�) =

Z
t1

t0

p dq �H dt,

with respect to variations fixing the configuration endpoints. This formulation, which can
be found for example in [1], provides a geometric interpretation of Hamiltonian dynamics.

The aim of this thesis is to place this classical variational principle into a more general
geometric framework, which was done in [6]. The central objects are Lie algebroids,
which generalize both Lie algebras and tangent bundles. Every Dirac structure naturally
carries the structure of a Lie algebroid. At the same time, the symplectic and Poisson
formalisms of classical mechanics give rise to canonical examples of Dirac structures. Dirac
geometry therefore provides a common framework encompassing both symplectic and
Poisson geometry, in which one may try to extend the former variational principle.

A Lie algebroid naturally induces a foliation of its base manifold. This additional structure
leads to the notion of horizontal Lie algebroid cohomology, which plays a central role in
the variational theory developed in [6]. Under suitable cohomological assumptions, we
establish a generalized variational principle for Hamiltonian curves on Dirac structures. As
applications, we recover the classical Principle of Least Action in Hamiltonian mechanics.
Further, we construct a second family of examples arising from Lie-Poisson structures, a
family of examples mentioned in [6] but made concrete in this text.

The thesis is organized as follows. We begin by introducing the necessary background on
Lie algebroids, and Dirac structures. After developing the required cohomological tools, we
prove the general variational principle. The final chapters illustrate this theory through
the two principal examples mentioned above.

Conventions. Throughout this thesis, all manifolds are assumed to be smooth, real, finite-
dimensional, Hausdorff, and second countable. In particular, they are paracompact. Unless
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1. INTRODUCTION 2

stated otherwise, the word ’smooth’ will be omitted. Vector bundles and maps between
manifolds are always assumed to be smooth. All vector spaces and Lie algebras are real
and finite-dimensional.

Acknowledgements: I would like to express my sincere gratitude to Madeleine Jotz for her
helpful correspondence and valuable comments, in particular for pointing out that compati-
bility with the exterior differential follows directly from the definition of a Lie algebroid
morphism adopted in this thesis. I am also grateful to Florian Zeiser for enlightening
discussions on Lie-Poisson structures admitting a primitive, namely the Euler vector field.
He explained the obstruction arising in the case of compact semisimple Lie algebras and
drew my attention to the interesting question of whether the Euler vector field can be
modified by a Poisson vector field to obtain a primitive that is tangent to the characteristic
foliation. Finally, I would like to thank my supervisor, Oscar Cosserat, for his guidance,
encouragement, and patience throughout this project. I am especially grateful for the open
and supportive atmosphere he created, in which no question ever felt too simple or too
naive to ask.



Chapter 2

Lie Algebroids

For a concise presentation of Lie algebroids we refer to [9] and [17]. Further we adopted
also examples from [6].

Definition 2.1. [9] A Lie algebroid (A, ⇢, [·,·]) is a vector bundle A over M , together with
a bundle homomorphism ⇢ : A ! TM and a bilinear, skew-symmetric map [·,·] : �(A) ⇥
�(A)! �(A) such that [·,·] satisfies the Jacobi identity and the Leibniz rule

[s,fs0] = f [s,s0] + ⇢⇤(s)(f) · s
0, for all f 2 C1(M), s, s0 2 �(A).

We refer to [·,·] as the (Lie) bracket of the Lie algebroid, and ⇢ is called the anchor map.
Further, we call the anchor map transitive when ⇢ is surjective, i.e., when Im(⇢) = TM .

In particular, the anchor map ⇢ is a bundle homomorphism that extends to ⇢⇤ : �(A)!
�(TM), as stated in Remark A.9. The Leibniz rule and the Jacobi identity imply that ⇢⇤
is a Lie algebra homomorphism. Indeed, let ↵,�, � 2 �(A) and f 2 C1(M). We conclude
([9]):

0 = [[↵,�],f�] + [[�,f�],↵] + [[f�,↵],↵]

= f [[↵,�],�] + ⇢⇤([↵,�])(f)�

+ f [[�,�],↵]� ⇢⇤(↵)(f)[�,�] + ⇢⇤(�)(f)[�,↵]� ⇢⇤(↵)(⇢⇤(�)(f))�

+ f [[�,↵],�]� ⇢⇤(�)(f)[�,↵] + ⇢⇤(↵)(f)[�,�]� ⇢⇤(�)(⇢⇤(↵)(f))�

= ⇢⇤([↵,�])(f)� � [⇢⇤(↵),⇢⇤(�)](f)�.

(2.1)

We used the Jacobi identity in the last equation.

Example 2.2. Consider the tangent bundle ⇡ : TM !M of M . By combining the bracket
[·,·]X(M) on vector fields �(TM) = X(M) and anchor map ⇢ = idTM , one obtains the
tangent Lie algebroid (TM, [·,·]X(M), idTM ).

Example 2.3 [9]. Given a Poisson manifold (M,⇡). The cotangent bundle T ⇤M carries a
natural Lie algebroid structure. We define the anchor map by ⇢ := ⇡] : T ⇤M ! TM . We
will revisit the map ⇡] later. Note that �(T ⇤M) = ⌦1(M). We define a bracket on ⌦1(M)
as follows:

[·,·]⇡ : ⌦1(M)⇥ ⌦1(M)! ⌦1(M)
(↵ , �) 7! L⇢⇤(↵)� � L⇢⇤(�)↵� d⇡(↵,�)

The Lie algebroid (T ⇤M, [·,·]⇡,⇡]) is called the cotangent Lie algebroid of the Poisson
manifold (M,⇡).
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2. LIE ALGEBROIDS 4

Example 2.4. Let (g, [·,·]) be a Lie algebra. Let M = {⇤} be a one-point manifold. Hence,
TM ' {⇤}⇥ {0}. Then, g can be considered as a Lie algebroid over M as follows.
The vector bundle structure E = {⇤} ⇥ g ' g is determined by the projection ⇡g =
const⇤ : g! {⇤}. The anchor map is given by ⇢ = const(⇤,0) : g! TM . Note that �(g) ' g.
Therefore, we can define a Lie bracket on the vector bundle g by using the Lie bracket of
the Lie algebra (g, [·,·]). (g, [·,·], ⇢) becomes a Lie algebroid.

Example 2.5 [9]. A Lie algebra action of a Lie algebra (g,[·,·]g) on M is a Lie algebra
homomorphism � : g ! X1(M). Such an action induces the so called transformation
algebroid gnM as follows.
The vector bundle structure is given by the trivial vector bundle A = g ⇥M over M .
Further, by defining

⇢ : A! TM, (⇠,p) 7! �(⇠)p

and
[·,·] : C1(M, g)⇥ C1(M, g)! C1(M, g)

[↵,�](p) := [↵(p),�(p)]g + (�(↵(p)))p(�)� (�(�(p)))p(↵), for all p 2M,

we obtain a Lie algebroid (A, ⇢, [·,·]). Note that we used the identification �(g ⇥M) '
{s : M ! g | s smooth} =: C1(M, g). For a one-point manifold M = {⇤}, the resulting
Lie algebroid in this example is the same as in the previous example.

Remark 2.6. Suppose we have a left action � : G⇥M !M, (g,p) 7! g.p of a Lie group G
on M . Let ⇠ 2 g be an element of the associated Lie algebra of G. The fundamental vector
field K⇠ of the action induced by ⇠ is given at a point p 2M by

K⇠

p =
d

dt

����
t=0

exp(t⇠).p,

where exp: g! G is the exponential map. This construction gives us a map

✓̂ : g! X1(M)

⇠ 7! �K⇠,

which is a Lie algebra action on M ([16]). Therefore, we obtain a corresponding transfor-
mation algebroid.

Example 2.7 [6]. Let F ✓ TM be an involutive subbundle, i.e.,

[�(F ),�(F )] ✓ �(F ).

In particular, �(F ) is a Lie subalgebra of X(M). Consequently, the Lie algebroid structure
on TM over M can be restricted to one on F over M .

2.1 Regular and Singular Distributions

Now, we consider a Lie algebroid (A, ⇢, [·,·]) over M . Let D(A) := Im(⇢) ✓ TM . Thus,

D(A)x = Im(⇢x : Ax ! TxM) ✓ TxM, for all x 2M.

As the rank of ⇢ may not be constant, the set D(A) is no subbundle of TM in general.
Examples will follow. Therefore, the standard discussion of integrating an involutive
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distribution using the Frobenius theorem cannot be applied here. However, there is an
alternative approach. We will relax the definition and will distinguish between regular
distributions, which are treated in standard differential geometry textbooks, and singular
distributions. We will introduce this concept now, following [9]. In this section, it is useful to
be more precise with the term ’smooth’. This is because, when talking about distributions,
one might assume that one simply means the general assignment of subspaces to tangent
spaces.

Definition 2.8 (distribution). A smooth singular distribution on M is an assignment

M 3 p 7! Dp ✓ TpM

such that Dp is a vector subspace of TpM for each p 2 M , and for all points p 2 M
and vectors v 2 Dp, there is a neighborhood Up ✓ M of p and a smooth vector field
X 2 �(TM |

Up
) with Xp = v which is tangent to the distribution, i.e.,

Xq 2 Dq, for all q 2 Up.

Note that dim(Dp) depends on p 2M .
If it does not depend on p 2M , we call D a regular distribution. In particular, a regular
distribution is a singular one.

Definition 2.9. Let M be n-dimensional and F = {N⌫} a partition of M into a disjoint
union of immersed submanifolds N⌫ ✓M . Let p 2M and Np 2 F such that p 2 Np. Set
k := dim(N⌫̂). F fulfils the local foliation property at p if and only if there is a chart (U,�)
with coordinates x1, . . . , xn such that

• �(U) is a cube in Rn.

•
�
(x1, . . . , xn) | xk+1 = . . . = xn = 0

 
= [p] 2 ⇡0(N⌫̂ \ U).

• For all c 2 Rn�k, there exists N⌫̂ 2 F for which
�
(x1, . . . , xn) 2 Rn

| (xk+1, . . . , xn) = c
 
✓ N⌫̂ .

Definition 2.10 (singular foliation). A smooth singular foliation of M is a partition
F = {N⌫} of M into a disjoint union of immersed connected submanifolds N⌫ , called
leaves, which satisfies the local foliation property at each p 2M .
If dim(N⌫) is the same for all N⌫ 2 F , we call F a regular foliation. Note that a regular
foliation is, in particular, a singular one.

Let F = {N⌫} be a smooth singular foliation of M . M has a natural smooth distribution
DF

M ◆ N⌫ 3 p 7! TpN⌫ ,

which we call the natural associated tangent distribution of F .

Note: From now on, we will omit the word ’smooth’ again. Therefore, when we refer to
singular foliations, we mean smooth ones, and so on.

Definition 2.11. Let D be a singular distribution on M . A connected immersed submani-
fold N ✓M is called an integral submanifold of D if

TyN ✓ Dy is a vector subspace

for all y 2 N . Furthermore, an integral submanifold N is said to be
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• maximal if it is not contained within any other integral submanifold.

• of maximal dimension if TyN = Dy for every y 2 N .

Definition 2.12. Let D be a singular distribution on M and let X 2 X(M). Further, let
C = {Xi : i 2 I} ✓ X(M) be a family of vector fields.

• D is called integrable if each point p 2 M is contained in a maximal integral
submanifold of D of maximum dimension.

• D is generated by C if Dp = spani2I{Xi|p} for each p 2M .

• D is called invariant with respect to X if for the local flow 'X of X there holds

d't

X |p(Dp) = D'
t

X
(p)

for all p 2M and t 2 R such that 't

X
(p) is well-defined.

• D is called invariant with respect to C if D is invariant with respect to each Y 2 C.

Theorem 2.13 (Stefan-Sussmann),[9]. Let D be a singular distribution on a manifold M .
Then the following three conditions are equivalent:

(i) D is integrable.

(ii) D is generated by a family C of vector fields, and is invariant with respect to C.

(iii) D is the tangent distribution DF of a singular foliation F .

Proof. (i))(ii). Suppose that D is integrable. Let C be the family of all smooth vector
fields on M which are tangent to D . This family exists by smoothness of D and using
partition of unity. Even better: smoothness of D implies that D is generated by C. We
will show invariancy with respect to C by showing that D is invariant with respect to an
arbitray smooth vector field X, which is tangent to D . Let X be such a vector field. Let
p 2M be arbitrary, and denote by Fp ✓M the maximal integral submanifold of maximum
dimension through p, which exists by integrability of D . Maximal dimension implies that

TyFp = Dy, for all y 2 Fp. (2.2)

Hence, X|Fp
is tangent to Fp. In particular, the local flow 'X can be restricted to Fp.

Therefore, Fp is invariant for 'X . Let ⌧ 2 R>0 be such that '⌧
X
(p) is well-defined. Denote

M⌧ := {p 2M : (⌧, p) 2 D} where D ✓ R⇥M is the flow domain of 'X . As Fp is maximal,
it follows that '⌧

X
(p) 2 Fp. X is tangent to Fp and '⌧

X
|Fp\M⌧

is a diffeomorphism.
Consequently, uniqueness of the flow implies that

d'⌧X |p(TpFp) = T'⌧

X
(p)Fp.

Using (2.2) for y = '⌧
X
(p) and noticing that TpFp = Dp implies that d't

X
|p(Dp) = D'

t

X
(p).

Because p is arbitrary, we conclude that D is invariant with respect to C.

(ii))(iii). Suppose that D is generated by a family C of vector fields, and that D is
invariant with respect to C. We prepare the situation: Let p 2M and d := dim(Dp). Let
X1, . . . , Xd 2 C with Dp = spani2{1,...,d}{Xi|p}. Denote the local flows of X1, . . . , Xd by
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'X1 , . . . ,'Xd
, respectively.

We obtain a map

 :
Rd
◆ Q! N

(t1, . . . , td) 7! 't1
X1
� · · · � 'td

Xd
(p),

which is a local diffeomorphism between a d-dimensional cuboid Q onto a d-dimensional
submanifold N ✓M that contains p.
Let ek 2 Rd be the k-th standard basis vector and x := (s1, . . . , sd) 2 Rd. We denote
 sl

:=  (0, . . . , 0, sl, . . . , sd) and 'tl,...,td
:= 'tl

Xl
� · · · �'td

Xd
for l 2 {1, . . . , d} and obtain for

each x 2 Rd by using Rd
' TxRd:

d x(ek) =
d

dt

����
t=0

's1
X1
� · · · � 'sk+t

Xk
� · · · � 'sd

Xd
(p)

= d't1
X1

| s
d
� · · · � d'

tk�1

Xk�1
| s

k�1
(Xk|'t

k+1,...,td (p)
).

Using the fact that D is invariant with respect to {X1, . . . , Xd} and that X1, . . . , Xd span
D at p, it follows that N ✓ M is an integral submanifold of maximum dimension. We
then glue these local integral submanifolds together wherever they intersect, in order to
obtain a partition of M into a disjoint union of connected, immersed integral submanifolds
of maximum dimension. These submanifolds are called leaves. The maximum dimension
implies that D is the tangent distribution to the singular foliation formed by the partition
above, provided that the constructed partition fulfils the local foliation property. It therefore
remains to show that the local foliation property holds.
We proceed by induction on the dimension of Dp. If dim(Dp) = 0, there is nothing to show
because the local foliation property at p is empty. For the case when dim(Dp) > 0, there is
a vector field X 2 C such that Xp 6= 0, i.e., p is a regular point of X. The Canonical Form
Near a Regular Point ([16]) tells us that there exist coordinates (xi) in a neighborhood U
of p such that X has the coordinate representation @/@x1. The trajectories of X lie on
the leaves. Taking the quotient ⇡ : U ! U/s of U by the trajectories of X reduces the
dimension of M and of the leaves by 1. Note that in these coordinates ⇡ reads just as the
projection (x1, . . . , xn) 7! (x2, . . . , xn). We define D̃[p] := d⇡p(Dp) for each p 2 U . The
invariance of D with respect to X implies well-definedness of D̃ : Given [p] = [q] 2 U/s,
we obtain p = 't

X
(q) for some t 2 R. Therefore

D̃[p] = d⇡'t

X
(q)(D'

t

X
(q))

= d(⇡ � 't

X)q(Dq)

= D̃[q].

For the coordinates (xi), take the slice through p (just assume that x1(p) = 0), i.e., take
V := {x1 = 0} ' U/s. Let Y 2 C and define

Ỹx := d⇡x(Yx), x 2 V.

We obtain a family C̃ of vector fields on V ' U/s. C̃ generates D̃ because C generates D .
Moreover, D̃ is invariant with respect to C̃. By the induction hypothesis, D̃ has the local
foliation property at [p] 2 U/s. Using the representation of ⇡ in the coordinates (xi), we
deduce that D has the local foliation property at p 2M .

(iii))(i). Remind that a foliation is in particular a partition F = {N⌫} of M into a
disjoint union of smooth immersed connected submanifolds N⌫ ✓ M . If D = DF is the
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tangent distribution of a singular foliation F , then DF
p = TpN⌫ for N⌫ ✓M with p 2 N⌫ .

Therefore the leaves of F are integral submanifolds of maximum dimension for D .

Remark 2.14. Let D be a regular distribution. Suppose D is involutive, i.e.,

[�(D),�(D)] ✓ �(D).

One can show that D is invariant to the family of vector fields which are tangent to D .
Then the Frobenius Theorem can be seen as a special case of the Stefan-Sussmann Theorem.

2.2 The Characteristic Distribution of a Lie Algebroid

Given a Lie algebroid (A, ⇢, [·,·]) over M . We define the characteristic distribution of A as

D(A) : p 7! Im(⇢p : Ap ! TpM), p 2M.

In general, the characteristic distribution is a singular distribution because the rank of ⇢
may vary.

Lemma 2.15. Let (A, ⇢, [·,·]) be a Lie algebroid over M . The characteristic distribution
D(A) of A is smooth.

Proof. We denote the rank of the vector bundle A by k. Let p 2M and v 2 ⇢p(Ap). Let
w 2 ⇢�1

p (v). The existence of local frames (see Lemma A.2) provides a neighborhood U of p
and local sections (�i : U ! A) 2 �(A|

U
), where i 2 {1, . . . , k}, such that w =

P
k

i=1 �i�i(p)
for some �i 2 R. For all q 2 U , let fi(q) := �i and denote ⇠i := ⇢⇤(�i). The section

X :=
kX

i=1

fi⇠i 2 �(TM |
U
) = X(U)

satisfies Xp = v and is tangent to D(A). Since p and v were arbitrary, this proves that
D(A) is smooth.

The image of the induced map ⇢ : �(A)! X(M) provides a family of vector fields on M .
We denote this family by

C(A) := Im(⇢⇤) = {⇢⇤(⇠) | ⇠ 2 �(A)} .

Lemma 2.16. The family C(A) ✓ X(M) generates D(A). Furthermore, D(A) is invariant
with respect to C(A).

Proof. Let p 2 M . We have to show that D(A)p = span⇠2�(A){⇢⇤(⇠)p}. As we saw in
the proof of Lemma 2.15, there is a neighborhood U of p and local sections (�i : U !
A) 2 �(A|

U
), where i 2 {1, . . . , k}, such that Ap = spani2{1,...,k}{�i(p)}. The Existence of

Smooth Bump Functions ([16]) provides a function  2 C1(M) such that  (p) = 1 and
supp( ) ✓ U . We define

⇠i(q) :=

(
 (q)�i(q), q 2 U

0, else

for each q 2M , which defines sections ⇠i 2 �(A) with

D(A)p = spani2{1,...,k}{⇢⇤(⇠i)p}.
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As p was arbitrary, this shows that D(A) is generated by C(A).

Now, we show that D(A) is invariant with respect to C(A) by following an argument of
[26]. Let X = ⇢⇤(⇠̂) 2 C(A) and p 2 M . We denote Jp := {t0 2 R | (t0, p) 2 D} where
D ✓ R⇥M is the flow domain of the flow ' of X. Similarly to the construction above, let
Yi := ⇢⇤(⇠i) 2 C(A), where i 2 {1, . . . , k}, such that D(A)p = spani2{1,...,k}{Yi|p}. Remind
that the anchor map is a Lie algebra homomorphism (see 2.1). Further, remind that the
diffeomorphism 't induces a pushforward 't

⇤ : X(M)! X(M) on vector fields. It follows
that

d

dt

����
t=t0

'�t

⇤ (Yi)p = '�t0
⇤ (LX(Yi))p (2.3)

= '�t0
⇤ ([⇢⇤(⇠̂), ⇢⇤(⇠i)])p

= '�t0
⇤ (⇢⇤[⇠̂, ⇠i])p

for all t0 2Jp and each i 2 {1, . . . , k}. In the first equation we used a fact from differenatial
geometry (see Proposition C.2). But X̂i := ⇢⇤([⇠̂, ⇠i]) 2 C(A) and there are functions
f i

j
2 C1(M) such that

X̂i

���
p

=
kX

j=1

f i

j(p) Yj |p .

Hence, by denoting Wi(t) := '�t
⇤ (Yi)p for each i 2 {1, . . . , k}, Equation (2.3) boils down to

the differential equation

d

dt

����
t=t0

Wi(t) =
kX

j=1

f i

j(p)Wj(t0), t0 2Jp (2.4)

with initial condition Wi(0) = Yi|p. As it is done for linear systems of ODEs as in [5], we
write the Wi(t)’s into a vector

W (t) :=

0

B@
W1(t)

...
Wk(t)

1

CA 2 Rn·k, t 2Jp,

where n := dim(M). Denoting Ik 2 Rk⇥k for the identity matrix we can rewrite (2.4) as

d

dt

����
t=t0

W (t) = (A⌦ Ik)W (t0), t0 2Jp (2.5)

for some A 2 Rn⇥n. The ⌦ indicates the Kronecker product of matrices†. The theory for
ODEs ([5]) gives a solution for (2.5) by use of the matrix exponential

W (t) = exp(t(A⌦ Ik))W (0) (2.6)
=
�
exp(tA)⌦ Ik

�
W (0), t 2Jp.

†For matrices A 2 Rm⇥n, B 2 Rk⇥l we define the Kronecker product of A and B as

A⌦B :=

0

B@

a11B · · · a1nB
...

. . .
...

am1B · · · amnB

1

CA 2 Rmk⇥nl
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Here, we used the fact that if we have a matrix A 2 Rm⇥m and the identity matrix
Ik 2 Rk⇥k, then we have exp(A⌦ Ik) = exp(A)⌦ Ik (see, for example, [23]). Equation (2.6)
implies that we can express Wi(0) by the vectors {W1(t), . . . ,Wk(t)} for each i 2 {1, . . . , k}
and t 2 Jp. Because {Wi(0) | i 2 {1, . . . , k}} = {Yi|p | i 2 {1, . . . , k}} spans Dp and
because exp(t(A⌦ Ik)) is invertible for all t 2Jp, we conclude that

{W1(t), . . . ,Wk(t)} =
�
'�t

⇤ (Yi)p | i 2 {1, . . . , k}
 

spans Dp for all t 2Jp, too. As '�t0 is a diffeomorphism and d't0 |p

�
'�t0
⇤ (Yi)p

�
= Yi|'t0 (p),

we conclude that
d't0 |p

�
Dp

�
= D't0 (p)

for all t0 2 Jp. As p was arbitrary, we showed that D(A) is invariant with respect to
C(A).

Let (A, ⇢, [·,·]) be a Lie algebroid. A consequence of the preceding Lemma is that the
characteristic distribution D(A) is integrable. Even better, according to the Stefan-
Sussmann Theorem, D(A) is the tangent distribution of a singular foliation F . Therefore
we obtain:

Corollary 2.17. Any Lie algebroid A has an associated singular foliation F (A) induced
by its characteristic distribution D(A).

Definition 2.18. The singular foliation F (A) is called the characteristic foliation of the
Lie algebroid A.

2.3 Lie Algebroid Cohomology

Definition 2.19. Let (A, ⇢, [·,·]) be a Lie algebroid. Let dA : �(⇤•A⇤) ! �(⇤•+1A⇤) be
the degree 1 differential defined by

(dA⌘)(⇠1, . . . , ⇠n+1) =
n+1X

i=1

(�1)i+1⇢⇤(⇠i)(⌘(⇠1, . . . , ⇠̂i, . . . , ⇠n+1))

+
X

1i<jn+1

(�1)i+j⌘([⇠i,⇠j ], ⇠1, . . . , ⇠̂i, . . . , ⇠̂j , . . . , ⇠n+1),
(2.7)

where ⌘ 2 �(⇤•A⇤) and ⇠i 2 �(A) for each i 2 {1, . . . , n+ 1}. We call dA the exterior
differential on A. As usual, the hat stands for omitting the respective entry.

The differential dA satisfies dA � dA = 0, which makes (�(⇤•A⇤), dA) into a chain complex
with associated cohomology, the Lie algebroid cohomology :

H•(A) :=
ker(dA : �(⇤•A⇤)! �(⇤•+1A⇤))

Im(dA : �(⇤•�1A⇤)! �(⇤•A⇤))
.

We are already familiar with the Lie algebroid cohomology of some of the examples we
presented at the beginning of this chapter.

Example 2.20. When we apply the definition of Lie algebroid cohomology to the tangent
Lie algebroid TM over M (see Example 2.2), this yields the de Rham cohomology of M ,
i.e., H•(TM) = H•

dR
(M).
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Example 2.21. The Lie algebroid cohomology of the cotangent algebroid (T ⇤M, [·,·]⇡,⇡#)
over M (see Example 2.3) is precisely the Poisson cohomology of M , i.e. H•(T ⇤M) =
H•
⇡(M), which we will revisit later.

Example 2.22. As discussed in Example 2.4, a Lie algebra (g, [·,·]) induces a Lie algebroid
structure on g. Noting that �(⇤•g⇤) = ⇤•g⇤, the Lie algebroid cohomology of g is the
cohomology of the differential complex

dg : ⇤
•g⇤ ! ⇤•+1g⇤

with

(dg!)(v1, . . . , vn+1) =
X

1i<jn+1

(�1)i+j!([⇠i,⇠j ]g, v1, . . . , v̂i, . . . , v̂j , . . . , vn+1)

for all vi 2 g, i 2 {1, . . . , n+ 1}. Note that, in this case, the first part of (2.7) vanishes
because the base manifold of g is M = {⇤}. The differential graded complex (⇤•g⇤,dg) is
called the Chevalley-Eilenberg complex. The resulting Lie algebroid cohomology H•(g) is
also known as the Lie algebra cohomology of the Lie algebra g.

Definition 2.23 [10, 24]. Let (A1, ⇢1, [·,·]1) and (A2, ⇢2, [·,·]2) be Lie algebroids over M1

and M2, respectively. A Lie algebroid morphism between A1 and A2 covering f : M1 !M2

is a bundle homomorphism F : A1 ! A2

A1 A2

M1 M2

F

⇡1 ⇡2

f

# (2.8)

compatible with the anchor maps

A1 A2

TM1 TM2

F

⇢1 ⇢2

df

# (2.9)

and compatible with the brackets:

Suppose ↵,� 2 �(A1) can be pushed forward to A2, i.e., there exist ↵0,�0 2 �(A2) such that
F⇤(↵) = ↵0

� f and F⇤(�) = �0 � f . Hence, the way we would like to define compatibility
with the brackets would be

F⇤([↵,�]1) = [↵0,�0]2 � f. (2.10)

Unfortunately, that is not always the case. However, the solution lies in using the pullback
bundle f⇤A2 = {(p,a) 2M1 ⇥A2 | f(p) = ⇡2(a)} of A2 by f :
Let ↵,� 2 �(A1). By using Remark A.13, there is a representation

F⇤(↵) =
nX

i=1

cif
⇤(↵i)

and F⇤(�) =
mX

j=1

c0jf
⇤(�j)

(2.11)
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where ci, c0j 2 C1(M1) and ↵i,�j 2 �(A2). Then, compatibility with the brackets means

F⇤([↵,�]1) =
X

i,j

cic
0
jf

⇤([↵i,�j ]2)

+
X

j

⇢1⇤(↵)(c
0
j)f

⇤(�j)�
X

i

⇢1⇤(�)(ci)f
⇤(↵i).

(2.12)

Remark 2.24. When we come back to the case when we can push forward, i.e., when

F⇤(↵) = ↵0
� f = F⇤(↵) = 1M1f

⇤(↵0)

and F⇤(�) = �0 � f = F⇤(�) = 1M2f
⇤(�0),

the general formula (2.12) reduces to (2.10) because derivations evaluate to zero when they
are applied to constant functions.

Remark 2.25. The composition of Lie algebroid morphisms is again a Lie algebroid
morphism. In particular, the class of Lie algebroids together with Lie algebroid morphisms
forms a category.

Exercise 2.26 [17]. Given a Lie algebroid (A, ⇢, [·,·]), check that the anchor map ⇢ : A!
TM is a Lie algebroid morphism from A to the tangent Lie algebroid TM .

Exercise 2.27 [17]. Given a map f : M ! N between the manifolds M and N . The
tangent map df : TM ! TN is a bundle homomorphism. When considering the tangent
Lie algebroids

�
TM, [·,·]X(M), idTM

�
and

�
TN, [·,·]X(N), idTN

�
, check that df can be seen

as a Lie algebroid morphism.

2.4 Induced Maps in Lie Algebroid Cohomology

Let (A1, ⇢1, [·,·]1) and (A2, ⇢2, [·,·]2) be Lie algebroids over M1 and M2, respectively. Let
F : A1 ! A2 be a Lie algebroid morphism covering f : M1 !M2. In particular, we obtain
the commuting diagrams (2.8) and (2.9), i.e.,

⇡2 � F = f � ⇡1

⇢2 � F = df � ⇢1.

Let k 2 N0. By extending Lemma A.12a, we obtain

f⇤ : �(⇤kA⇤
2)! �(f⇤⇤kA⇤

2)

� 7! [M 3 p 7! (p, (� � f)(p))].

Additionally, with Lemma A.12b we also obtain a map

F⇤ : �(A1)! �(f⇤A2)

� 7! [M 3 p 7! (p, (F � �)(p))].

Let ! 2 �(⇤kA⇤
2). We can combine the two preceding maps in order to define an element

F ⇤! 2 �(⇤kA⇤
1) by

F ⇤!(⇠1, . . . , ⇠k) := (f⇤!)(F⇤(⇠1), . . . , F⇤(⇠k)) 2 C1(M1) (2.13)
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for all ⇠i 2 �(A1), and i 2 {1, . . . , k}.

More concretely, the application of F ⇤ to ! leads to

F ⇤(!)p = !f(p)

�
F |

A1p
( · ), . . . , F |

A1p
( · )
�
: A1p ⇥ · · ·⇥A1p ! R (2.14)

for all p 2M where we used the identification

(f⇤A⇤
2) ⇠= (f⇤A2)

⇤

(p,') 7! [(p, a) 7! '(a)]

Note that for the case when k = 0, we obtain F ⇤(g) = g �f 2 C1(M1), for all g 2 C1(M2).

Example 2.28. It is no coincidence that this looks familiar. Suppose we have the situation
from Exercise 2.27. Let p 2 M . The Lie algebroid morphism df : TM ! TN restricted
to TpM is precisely df |

TpM
= dpf . Therefore, for ↵ 2 �(⇤kT ⇤N) = ⌦k(N), Equation 2.14

yields
(df)⇤(!)p = !f(p) (dfp( · ), . . . , dfp( · )) : TpM ⇥ · · ·⇥ TpM ! R.

As for differential forms, the exterior differential of a Lie algebroid is compatible with Lie
algebroid morphisms. Lie algebroid morphisms are often simply defined to be compatible
with the exterior differential. However, this compatibility is a consequence of the above
definition of a Lie algebroid morphism. It is more instructive to start with a structure-
preserving map, which is automatically compatible. Concretely, we obtain

Theorem 2.29. Let (A1, ⇢1, [·,·]1) and (A2, ⇢2, [·,·]2) be Lie algebroids over M1 and M2,
respectively. Let F : A1 ! A2 be a Lie algebroid morphism covering f : M1 ! M2. The
pullback map

F ⇤ : �(⇤kA⇤
2)! �(⇤kA⇤

1)

! 7! F ⇤!

defined in Equation (2.13) fulfills

dA1F
⇤! = F ⇤dA2!.

In particular, F ⇤ is a cochain map.

Proof. We start with the case when k = 0.
Applying Lemma A.12a to the commuting diagram in (2.9) yields the following commuting
diagram:

�(A1) �(f⇤A2)

�(TM1) �(f⇤TM2),

F⇤

⇢1⇤ ⇢̂2⇤

df⇤

#

where we set ⇢̂2 := ⇢2|f⇤A2
. Remember that dfp(v)(g) = v(g � f) for all p 2M , v 2 TpM

and g 2 C1(M2). Therefore,

X(g � f) = df⇤(X)(g) � f

for all X 2 X(M1) and g 2 C1(M2).
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Now, let g 2 C1(N) and ⇠ 2 �(A). It follows that

dA1F
⇤g(⇠) = dA1(g � f)(⇠)

= ⇢1⇤(⇠)(g � f)

= df⇤(⇢1⇤(⇠))(g) � f

= ⇢̂2⇤(F⇤(⇠))(g) � f

= f⇤(dA2g)(F⇤(⇠)) = F ⇤(dA2g)(⇠).

(2.15)

Therefore, dA1F
⇤g = F ⇤dA2g, for all g 2 C1(M2).

We continue with the case when k = 1.
Let ! 2 �(A⇤

2) and ⇠1, ⇠2 2 �(A1). Applying the definition of the exterior differential on A1

yields (2.7):

dA1F
⇤!(⇠1, ⇠2) = ⇢1⇤(⇠1)(F

⇤!(⇠2))� ⇢1⇤(⇠2)(F
⇤!(⇠1)) (2.16)

� F ⇤! ([⇠1,⇠2]1) . (2.17)

Again, because �(f⇤A2) is generated by Im(f⇤ : �(A1)! �(f⇤A2)) as a C1(M1)-module,
this yields a representation

F⇤(⇠1) =
nX

i=1

cif
⇤(↵i) and F⇤(⇠2) =

mX

j=1

c0jf
⇤(�j), (2.18)

where ci, c0j 2 C1(M1) and ↵i,�j 2 �(A2). Therefore, by using C1(M1)-linearity and the
fact that the vector field ⇢1⇤(⇠2) can be regarded as a derivation, we conclude that

⇢1⇤(⇠2)(F
⇤!(⇠1)) = ⇢1⇤(⇠2)(f

⇤!(F⇤(⇠1)))

=
nX

i=1

⇢1⇤(⇠2)(cif
⇤!(f⇤↵i))

=
nX

i=1

⇢1⇤(⇠2)(ci)f
⇤(!(↵i)) +

nX

i=1

ci⇢1⇤(⇠2)
�
f⇤(!(↵i))

�
.

The procedure for ⇢1⇤(⇠1)(F ⇤!(⇠2)) is similar. By applying (2.12), we deduce using
C1(M1)-linearity:

F ⇤! ([⇠1,⇠2]1) = f⇤!(F⇤([⇠1,⇠2]1))

=
X

i,j

cic
0
jf

⇤(!([↵i,�j ]2))

+
X

j

⇢1⇤(⇠1)(c
0
j)f

⇤(!(�j))�
X

i

⇢1⇤(⇠2)(ci)f
⇤(!(↵i)).

Thus, by combining the preceding two equations, (2.16) becomes

dA1F
⇤!(⇠1, ⇠2) = �

X

i,j

cic
0
jf

⇤(!([↵i,�j ]2))

�

nX

i=1

ci⇢1⇤(⇠2)
�
f⇤(!(↵i))

�
+
X

j

c0j⇢1⇤(⇠1)
�
f⇤(!(�j))

�
.



2. LIE ALGEBROIDS 15

By using (2.15), the preceding equation yields

dA1F
⇤!(⇠1, ⇠2) =

X

i,j

cic
0
jf

⇤
⇣
�!([↵i,�j ]2)� ⇢2⇤(�j)(!(↵i)) + ⇢2⇤(↵i)(!(�j))

⌘
.

On the other hand, by inserting (2.18), we obtain

F ⇤(dA2!)(⇠1, ⇠2) = f⇤(dA2!)(F⇤(⇠1), F⇤(⇠2))

=
X

i,j

cic
0
jf

⇤(dA2!)(↵i,�j)

=
X

i,j

cic
0
jf

⇤
⇣
⇢2⇤(↵i)(!(�j))

� ⇢2⇤(�j)(!(↵i))� !([↵i,�j ]2)
⌘
.

Therefore, dA1F
⇤! = F ⇤dA2! for all ! 2 �(A2).

The general formula,

dA1F
⇤! = F ⇤dA2! for all ! 2 �(⇤kA⇤

2),

follows analogously.

Lemma 2.30. Let (Ai, ⇢i, [·,·]i) be Lie algebroids over Mi where i 2 {1, 2, 3}. Consider
Lie algebroid morphisms F : A1 ! A2 and G : A2 ! A3 covering the maps f : M1 ! M2

and g : M2 !M3, respectively. Then, the pullback is (contravariantly) functorial, i.e.,

(idA1)
⇤ = id�(⇤•A⇤

1)

and
(G � F )⇤ = F ⇤

�G⇤ : �(⇤•A⇤
3)! �(⇤•A⇤

1)

Proof. The assertion about the identity follows from applying the definitions.

As the composition of Lie algebroid morphisms is again a Lie algebroid morphism, (G �F )⇤

is well-defined.

Let k 2 N. For the case when k = 0, let h 2 C1(M3). By definition, it follows that
(G � F )⇤(h) = h � (g � f) = F ⇤(G⇤(h)).

Now, consider the case when k > 0. Let ↵ 2 �(⇤kA⇤
3). Again, due to C1(M3)-linearity

it suffices to show the equality pointwise. Therefore, let p 2 M1 and ⇠j 2 A1|p, where
j 2 {1, . . . , k}. We conclude that

(F ⇤
�G⇤)(↵)p(⇠1, . . . , ⇠k) = G⇤(↵)f(p)(F |

p
(⇠1), . . . , F |

p
(⇠k))

= ↵g(f(p))(G|
f(p) (F |

p
(⇠1)), . . . , G|

f(p) (F |
p
(⇠k)))

= (G � F )⇤(↵)p(⇠1, . . . , ⇠k).

Corollary 2.31. Let F : A1 ! A2 and G : A2 ! A3 be Lie algebroid morphisms as in
Lemma 2.30. The map

H•(F ) : H•(A2)! H•(A1)

[↵] 7! [F ⇤↵]
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is well-defined. The brackets mark the respective equivalence classes.

Moreover, H•(·) is (contravariantly) functorial, meaning that

H•(idA1) = idH•(A)

and
H•(G � F ) = H•(F ) �H•(G).

2.5 The Pullback Lie Algebroid

Let f : M ! N be a map between the manifolds M and N . Let (A, ⇢, [·,·]A) be a Lie
algebroid over N . Suppose that the fiber product

f !A := A⇥TN TM = {(a, v) 2 A⇥ TM | ⇢(a) = df(v)}

with projection

⇡f !A :
f !A!M

(a, v) 7! p, where (a, v) 2 Af(p) ⇥ TpM
(2.19)

is a vector subbundle of ⇡ : A⇥N TM !M .

Define the anchor
⇢f !A := pr2 : f

!A! TM.

Additionally, define the bracket

[·,·]f !A : �(f !A)⇥ �(f !A)! �(f !A)

by using the formula

[(f⇤(↵), X),(f⇤(�), Y )]f !A := (f⇤([↵,�]A), [X,Y ]) (2.20)

for all ↵,� 2 �(A) and X,Y 2 X(M). The bracket on general sections of f !A is obtained
by extending (2.20) using the Leibniz identity. We get ([24]):

h⇣X

i

cif
⇤(↵i), X

⌘
,
⇣X

j

c0jf
⇤(�j), Y

⌘i

f !A

=
⇣X

i,j

cic
0
jf

⇤([↵i,�j ]A) +
X

j

X(c0j)f
⇤(�j)�

X

i

Y (ci)f
⇤(↵i), [X,Y ]

⌘ (2.21)

for all ↵i,�j 2 �(A), X,Y 2 X(M) and ci, c0j 2 C1(M). The sums in (2.21) are finite.
This representation is justified by the fact that �(f⇤A) is generated by Remark A.13 and
�(f !A) ' �(f⇤A)� �(TM).

Definition 2.32 (Pullback algebroid),[7]. The vector bundle f !A together with ⇢f !A and
[·,·]f !A becomes a Lie algebroid. We call f !A the pullback Lie algebroid of A induced by
f : M ! N .



2. LIE ALGEBROIDS 17

The following diagrams commute by the definition of:

f !A A

M N

pr2

⇡
f !A ⇡A

f

#

f !A A

TM TN

⇢
f !A

pr2

⇢

df

#

Furthermore, by comparing (2.21) and (2.12), compatibility with the brackets is fulfilled.
Hence, we obtain

Corollary 2.33. The projection pr2 : f
!A ! A is a Lie algebroid morphism covering

f : M ! N .

Let (A, ⇢, [·,·]) be a Lie algebroid over M with characteristic foliation F (A) = {N⌫}. First,
we note that

TN⌫ = ⇢(A)|
N⌫

= {⇢p(Ap) | p 2 N⌫} . (2.22)

Let N⌫ be a leaf with injective immersion i : N⌫ ,!M . By using (2.22), i induces

i!A = A⇥TM TN⌫ = {(a, v) 2 A⇥ TN⌫ | ⇢(a) = di(v)}

' {a 2 Ap | p 2 N⌫}

' i⇤A,

(2.23)

which is a smooth vector bundle. Hence, we get a well-defined pullback Lie algebroid

A|
N⌫

:= i!A

with anchor

⇢|
N⌫

:= ⇢i!A : i⇤A! TN⌫

(a, x) 7! ⇢x(a)

and bracket
[(↵|

N⌫
, X),(�|

N⌫
, Y )]i!A := (( [↵,�]A|N⌫

), [X,Y ]),

where ↵,� 2 �(A) and X,Y 2 X(N⌫). We set ⌘|
N⌫

:= i⇤⌘ for all ⌘ 2 �(A).

Remark 2.34. When using Corollary 2.33 and the identification in (2.23), the map
pr2 : i

!A! A becomes

iA|
N⌫

: {a 2 Ap | p 2 N⌫} ,! A

a 7! a.

The definition of the pullback on forms in (2.13) yields that we can interpret i as a Lie
algebroid morphism, namely we obtain

i⇤⌘ = i⇤
A|

N⌫

⌘ (2.24)

for all ⌘ 2 �(A).
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2.6 The Horizontal Cohomology of a Lie Algebroid

Suppose we have a Lie algebroid (A, ⇢, [·,·]). After we introduced the cochain complex
(�(⇤•A⇤), dA), we now take a look at an interesting subcomplex, the subcomplex of ⇢-
horizontal forms.

Definition 2.35 [6]. Let (A, ⇢, [·,·]) be a Lie algebroid over M . We define

• the subspace of ⇢-horizontal multilinear forms at p 2M as
�
⇤•A⇤

p

�
hor

:=
n
↵ 2 ⇤•A⇤

p

��� ◆v↵ = 0, for all v 2 ker
�
⇢|

p
: Ap ! TpM

�o
. (2.25)

• the subspace of ⇢-horizontal forms as

�
�
⇤•A⇤�hor := {↵ 2 �(⇤•A⇤) | ↵p and (dA↵)p are horizontal for all p 2M} .

We set �
�
⇤0A⇤�hor := C1(M). Further, �

�
⇤kA⇤�hor := 0 for all k 2 Z<0.

• the horizontal cohomology of A as the quotient

H•
hor

(A) :=
ker(dA : �(⇤•A⇤)hor ! �(⇤•+1A⇤)hor)

Im(dA : �(⇤•�1A⇤)hor ! �(⇤•A⇤)hor)
.

By definition, the exterior differential dA (see (2.7)) restricts to the ⇢-horizontal forms
�
�
⇤•A⇤�hor. In particular, (�

�
⇤•A⇤�hor, dA) is a subcomplex of (�(⇤•A⇤), dA) such

that H•
hor

(A) is well-defined.

Proposition 2.36. Let (A1, ⇢1, [·,·]1) and (A2, ⇢2, [·,·]2) be Lie algebroids over M1 and M2,
respectively. Let F : A1 ! A2 be a Lie algebroid morphism covering the map f : M1 !M2.

Then, the cochain map F ⇤ : �(⇤•A⇤
2) ! �(⇤•A⇤

1) restricts to the ⇢-horizontal forms. In
particular, it induces a well-defined map

H•
hor

(F ) : H•
hor

(A2)! H•
hor

(A1).

Proof. For the case when k = 0, we obtain

�
�
⇤0A⇤

i

�
hor = �

�
⇤0A⇤

i

�
= C1(Mi)

for each i 2 {1, 2}. Therefore, we conclude that F ⇤ restricts for the case when k = 0.

Now, let k 2 N>0 and ↵ 2 �
�
⇤kA⇤

2

�
hor. Further, let p 2 M1 and v 2 ker(⇢1|p) ✓ A1|p.

Because the diagram (2.9) commutes, this implies that Fp(v) 2 ker(⇢2|f(p)) and therefore

◆v(F
⇤↵)p = ◆Fp(v)↵f(p) = 0.

Additionally, by using Theorem 2.29 we obtain

◆v(dA1F
⇤↵)p = ◆v(F

⇤dA2↵)p = ◆Fp(v)(dA2↵)f(p) = 0.

Note that, in both equations, we used the fact that ↵ is ⇢2-horizontal.

Example 2.37. Again, consider the tangent Lie algebroid (TM, [·,·]X(M), idTM ) (see Exam-
ple 2.2). The horizontal and Lie algebroid cohomologies coincide since ker

�
idTM |

p
: TpM !

TpM
�
= 0 for all p 2M (see (2.25)). Therefore, using Example 2.20, we conclude that

H•
hor

(TM) = H•
dR

(M) = H•(TM).
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Proposition 2.38. Let (A1, ⇢1, [·,·]1) and (A2, ⇢2, [·,·]2) be Lie algebroids over M1 and M2,
respectively, and a Lie algebroid morphism F : A1 ! A2 covering the map f : M1 !M2, as
in Proposition 2.36.

(i) The anchor map induces a natural map

H•
hor

(⇢1) : H
•
dR

(M1)! H•
hor

(A1)

(ii) We have a well-defined natural map

◆̂A1 : H
•
hor

(A1)! H•(A1)

[[↵]] 7! [↵],

where [[·]] refers to the equivalence class in the quotient H•
hor

(A1) and [·] in H•(A1).

Naturality in (i) and (ii) refers respectively to the commutativity of the diagrams

H•
dR

(M2) H•
hor

(A2)

H•
dR

(M1) H•
hor

(A1)

H
•
hor

(⇢2)

H
•
dR

(f) H
•
hor

(F )

H
•
hor

(⇢1)

# and

H•
hor

(A2) H•(A2)

H•
hor

(A1) H•(A1).

◆̂A2

H
•
hor

(F ) H
•(F )

◆̂A1

#

Proof. (i) The anchor map and the tangent map df are Lie algebroid morphisms by
Exercises 2.26 and 2.27. Because F is a Lie algebroid morphism, we conclude
F � ⇢2 = ⇢1 � df . Naturality then follows from Corollary 2.31.

(ii) By definition, (�
�
⇤•A⇤�hor, dA) is a subcomplex of (�

�
⇤•A⇤�, dA). Therefore, it

follows that ◆̂A1 is well-defined.
Now, let ↵ 2 ker(dA : �(⇤•A⇤)hor ! �(⇤•+1A⇤)hor). We conclude that

F ⇤(◆̂A1 [[↵]]) = F ⇤[↵] = [F ⇤(↵)] = ◆̂A2 [[F
⇤(↵)]] = ◆̂A2F

⇤[[↵]].

This shows naturality.

Lemma 2.39. Let (A, ⇢, [·,·]) be a transitive Lie algebroid over M . The anchor map induces
an isomorphism

Hk

dR
(M) ' Hk

hor
(A)

for all k 2 N0.

Proof. The case when k = 0 is clear. Indeed, it holds that

⌦0(M) = C1(M) = �(⇤0A⇤)hor.

Let k = 1. We will show that the induced map ⇢⇤ : ⌦1(M) ! �(A⇤) restricts to an
isomorphism

⇢⇤ : ⌦1(M)
⇠
�! �(A⇤)hor



2. LIE ALGEBROIDS 20

on complexes. This will show that H1
dR

(M) ' H1
hor

(A). At first, we show that ⇢⇤ indeed
maps into the ⇢-horizontal forms. Let ↵ 2 ⌦1(M). Since ⇢⇤(↵) = ↵(⇢(·)), the covector
⇢⇤(↵)p is ⇢-horizontal for each p 2M . Furthermore, Theorem 2.29 implies that

dA⇢
⇤(↵) = ⇢⇤d↵.

Therefore, dA⇢⇤(↵)p is also ⇢-horizontal for each p 2M , and hence Im(⇢̂⇤) ✓ �(A⇤)hor.

Now, let ↵,� 2 ⌦1(M) such that ⇢⇤(↵) = ⇢⇤(�). Because differential forms are C1(M)-
linear, they do only depend on their values at each point p 2 M . For each p 2 M , we
conclude from

↵p(⇢p(·)) = �p(⇢p(·))

that ↵ and � coincide because ⇢p is onto. It follows that ⇢⇤ is injective.

Let ⇢0 : T ⇤M ! A⇤ be the dual bundle homomorphism of ⇢. Because ⇢ is onto, ⇢0 has
constant rank and is injective. We therefore obtain a vector bundle isomorphism

⇢0 : T ⇤M
⇠
�! Im(⇢0)

from which it follows that
�(Im(⇢0)) = Im(⇢⇤). (2.26)

Because ⇢ is surjective, it has constant rank and hence ker(⇢) ✓ A is a vector subbundle.
Furthermore, vector bundle theory implies that

ker ⇢� = Im(⇢0), (2.27)

where ker ⇢� denotes the annihilator subbundle

ker ⇢� =
a

p2M
{a 2 A⇤

p | a(v) = 0 for all v 2 ker ⇢p} ✓ A⇤.

Let ! 2 �(A⇤)hor. It follows that ! is a section of ker ⇢�. By combining (2.26) and (2.27),
we conclude that ! 2 Im(⇢⇤). Hence, Im(⇢⇤) = �(A⇤)hor.

The discussion for a general k 2 N is analogous. The surjectivity may not be immediately
clear. The idea is to first show �(⇤kA⇤)hor ✓ �(⇤k(ker(⇢)�)). Then, using ⇤k(ker(⇢)�) =
Im(⇤k⇢0) and �(Im(⇤k⇢0)) = Im(⇢⇤), one shows that any element of �(⇤kA⇤)hor lies in the
image of

⇢⇤ : ⌦k(M)! �(⇤kA⇤)hor.

Lemma 2.40 [6]. Let (A, ⇢, [·,·]) be a Lie algebroid over the manifold M . Let N ✓M be a
leaf of A with immersion i : N ,!M , and let ⌘ 2 �

�
⇤kA⇤�hor a ⇢-horizontal form. Then

the following hold:

(i) ⌘|
N

is a ⇢|
N

-horizontal k-form on A|
N

and induces a unique k-form ⌘N 2 ⌦k(N).

(ii) ⌘ is completely determined by the collection {⌘N | N leaf of A}.

(iii) The exterior differential respects the construction in (i), i.e., (dA⌘)N = d(⌘N ).

(iv) Let [⌘] = 0 2 Hk

hor
(A), then [⌘N ] = 0 2 Hk

dR
(N).
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Proof. (i) Let p 2 N and v 2 ker((⇢|
N
)p : Ap ! TpN ✓ TpM). Then,

◆v(⌘|N )p = ◆v(i
⇤⌘)p = ◆v⌘p = 0.

When we consider (2.22), we deduce that (A|
N
, ⇢N , [·,·]i!A) is transitive. Hence,

Lemma 2.39 provides a unique k-form ⌘N 2 ⌦k(M), such that ⇢⇤|N (⌘N ) = ⌘|
N

.

(ii) Let p 2M . Let i : N ,!M be the leaf through p. Let vj 2 Ap, where j 2 {1, . . . , k}.
Remark 2.34 yields

⌘p(v1, . . . , vk) = (i⇤
A|

N

⌘)p(v1, . . . , vk)

= (i⇤⌘)p(v1, . . . , vk)

= (⌘|
N
)p(v1, . . . , vk)

= ⇢⇤|N (⌘N )p(v1, . . . , vk)

= (⌘N )p((⇢|N )p(v1), . . . , (⇢|N )p(vk)).

Subsequently ⌘ is determined by the collection {⌘N | N leaf of A}.

(iii) First, let k 2 N0 and [⌘] = 0 2 Hk

hor
(A). Because the immersion i : N ,!M can be

seen as a Lie algebroid morphism (Remark 2.34), we conclude, by the naturality of
dA (see Theorem 2.29), that

⇢⇤|N ((dA⌘)N ) = (dA⌘)|N = i⇤(dA⌘) = dA|
N
(i⇤⌘) = dA|

N
(⌘|

N
).

But ⇢|
N

is also a Lie algebroid morphism (see Exercise 2.26). Therefore,

dA|
N
(⌘|

N
) = dA|

N
(⇢⇤|N (⌘N )) = ⇢⇤|N (d(⌘N )).

Since A|
N

is transitive, Lemma 2.39 provides that ⇢⇤|N is an isomorphism. Hence the
preceding equations imply that (dA⌘)N = d(⌘N ).

(iv) We start with the case when k = 0. Let

[f ] = 0 2 H0
hor

(A) = ker(dA : C1(M)! �
�
A⇤�hor).

Therefore, dAf = 0. Subsequently, with (iii), we get 0 = (dAf)N = d(fN ),
where the first equality follows by uniqueness (see (i)). Hence, fN 2 H0

dR
(N) =

ker(d : C1(M)! ⌦1(M)).

Now, let k 2 N>0 and [⌘] = 0 2 Hk

hor
(A). It follows that there exists ⇣ 2 Hk�1

hor
(A)

such that dA⇣ = ⌘. From (iii) it follows that

⇢⇤|N (⌘N ) = ⇢⇤|N ((dA⇣)N ) = ⇢⇤|N (d(⇣N )).

Since A|
N

is transitive, the same argument as above implies that ⌘N = d(⇣N ), and
the claim follows.



Chapter 3

Dirac Structures

We denote the Whitney sum of the tangent and the cotangent bundle of M with

TM := TM � T ⇤M

and refer to it as the generalized tangent bundle of M as it is called in [10] or the Pontryagin
bundle as it is called in [29].
There are the canonical projections pr1 and pr2 on TM :

TM

TM T ⇤M.

pr1 pr2 (3.1)

Using the isomorphism �(TM � T ⇤M) ' �(TM)� �(T ⇤M), we denote a section s of TM
as s = (X,↵), where X 2 X(M) and ↵ 2 ⌦1(M).

The Pontryagin bundle TM has a natural pairing on the space of sections �(TM), namely

h·,·i : �(TM)⇥ �(TM)! C1(M)

((X,↵),(Y,�)) 7! ◆Y ↵+ ◆X�.
(3.2)

Furthermore, there is a bracket on �(TM): the Courant bracket

J·,·K : �(TM)⇥ �(TM)! �(TM) (3.3)
�
(X,↵), (Y,�)

�
7!

⇣
[X,Y ],LX� �LY ↵+ 1

2d(↵(Y )� �(X))
⌘
.

We follow [4].

Definition 3.1. Let D ✓ TM be a vector subbundle.

D is said to be an almost Dirac structure if it is isotropic, i.e.,

D = D?, where the ? is wrt.h·,·i. (3.4)

A subbundle D which satisfies condition (3.4) is also called a Lagrangian subbundle.

Further, an isotropic subbundle D ✓ TM is called a Dirac structure if it is involutive with
respect to the Courant bracket, i.e.,

J�(D),�(D)K ✓ �(D). (3.5)

Condition (3.5) is referred to as the integrability condition.

22
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Let A be a vector bundle. Given a bracket (·,·) : �(A) ⇥ �(A) ! �(A), we define the
Jacobiator of a, b, c 2 �(A) with respect to (·,·) by:

Jac(·,·)(a, b, c) := ((a,b),c) + ((c,a),b) + ((b,c),a) .

There is another bracket on the Pontryagin-bundle TM .

Definition 3.2. The Dorfman bracket is the bilinear map

[·,·]D : �(TM)⇥ �(TM)! �(TM)
�
(X,↵), (Y,�)

�
7!
�
[X,Y ],LX� � ◆Y d↵

�
.

(3.6)

Note that, using Cartan’s formula, one verifies that the Courant bracket, defined in (3.3),
is the skew-symmetrization of the Dorfman bracket. In what follows, it may be helpful to
recall the identities of Cartan calculus (see Proposition C.1).

Lemma 3.3. Let D ✓ TM be a subbundle. Then the following holds:

(i) Let D be an almost Dirac structure. The Dorfman and the Courant bracket coincide
on sections of D .

(ii) The Dorfman bracket fulfils the Leibniz rule on sections of D:

[s,fs0]D = f [s,s0]D + ⇢⇤(s)(f) · s
0 for all f 2 C1(M) and s, s0 2 �(D),

where ⇢ := pr1 (see (3.1)).

Proof. (i) Let (X,↵), (Y ,�) 2 �(D). As D is a Lagrangian subbundle (see 3.4), we
conclude that ↵(X) = ��(Y ). Hence

LX� �LY ↵+ 1
2d(↵(Y )� �(X)) = LX� �LY ↵+ d◆Y ↵

= LX� � ◆Y d↵.

We have used Cartan’s formula in the last equation.

(ii) Let a1 = (X,↵), a2 = (Y,�) 2 �(D) and f 2 C1(M). Then,

[a1,fa2]D = [(X,↵),(fY, f�)]D

=
⇣
[X,fY ],LXf� � ◆fY d↵

⌘

=
⇣
f [X,Y ] +X(f)Y,X(f)� + fLX� � f ◆Y d↵

⌘

= f
⇣
[X,Y ],LX� � ◆Y d↵

⌘
+X(f)(Y,�)

= f [a1,a2]D + (pr1)⇤(a1)(f)(a2).

Definition 3.4. Let D ✓ TM be an almost Dirac structure. Let ⌥D be a map defined by

⌥D : �(D)⇥ �(D)⇥ �(D)! C1(M)

(a1, a2, a3) 7! hJa1,a2K,a3i.
(3.7)

The map in (3.7) determines a section ⌥D 2 �(⇤3D⇤), which we call the Courant tensor of
D.
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For an almost Dirac structure D ✓ TM , the map ⌥D indeed determines a tensor ⌥D 2

�(⇤3D⇤). We have to check that it is C1(M)-multilinear and alternating. Let a1, a2, a3 2
�(D) and f 2 C1(M) and denote a1 = (X,↵), a2 = (Y,�), a3 = (Z, �). On �(D) the
Courant bracket coincides with the Dorfman bracket (see Lemma 3.3). Therefore, we now
compute:

⌥D(a1, fa2, a3) = h[a1,fa2]D,a3i

=
⌦�
f [X,Y ] +X(f)Y,LXf� � ◆fY d↵

�
,a3
↵

=
⌦�
f [X,Y ] +X(f)Y,X(f)� + fLX� � f ◆Y d↵

�
,a3
↵

=
⌦�
f [X,Y ], fLX� � f ◆Y d↵

�
,a3
↵
+X(f) ha2,a3i

= f⌥L(a1, a2, a3),

(3.8)

where we used that ha2, a3i = 0. D is a Lagrangian subbundle. Therefore ◆Y � = �◆Z�,
and hence

⌥D(a1, a2, a3) =
⌦�
[X,Y ],LX� � ◆Y d↵

�
,(Z, �)

↵

= ◆[X,Y ]� + ◆ZLX� � ◆Z◆Y d↵

= LX◆Y � � ◆Y LX� + ◆ZLX� � ◆Z◆Y d↵

= �
�
◆[X,Z]� � ◆Y LX� � ◆Y ◆Zd↵

�

= �⌥L(a1, a3, a2).

(3.9)

Combining the following facts: the natural pairing h·, ·i is bilinear; the Courant bracket
J·,·K is bilinear and skew-symmetric; and Equations (3.8) and (3.9) hold, we conclude that
⌥D is alternating and C1(M)-multilinear. Hence it defines a tensor ⌥D 2 �(⇤3D⇤).

The Courant tensor provides a criterion for involutivity:

Proposition 3.5. An almost Dirac structure D ✓ TM is involutive if and only if ⌥D ⌘ 0.

Proof. ")" : It holds that D = D?. Involutivity of D then implies that ⌥D ⌘ 0.

"(" : Now, suppose that ⌥D ⌘ 0. Let a1, a2 2 �(D). We will show that Ja1, a2K 2
�(D?) = �(D), which will show the claim. Let p 2M and v 2 D be arbitrary. Using the
construction of the vector fields in Lemmas 2.15 and 2.16, there exists a section a 2 �(D)
such that ap = v. Since p 2M and v 2 D were arbitrary, the identity

hJa1, a2K, ai = 0

implies that Ja1, a2K 2 �(D?).

Remark 3.6. A Dirac Structure D ✓ TM inherits a Lie algebroid structure in a natural
way:

Recall the canonical projection pr1 : TM�T
⇤M ! TM . We define a Lie algebroid structure

on D by taking the anchor map to be the restriction of pr1 to D, and the bracket to be the
restriction of the Courant bracket J·, ·K to sections of D, i.e.,

⇢ := pr1|D : D ! TM

and
[·,·] := J·,·K|�(D) : �(D)⇥ �(D)! �(D).
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Note that involutivity of D with respect to the Courant bracket ensures that the bracket
[·,·] is well-defined. (D, ⇢, [·,·]) is a Lie algebroid. Indeed, this is a consequence of the
Lemmas 3.3 and B.2. According to Definition 2.18, the Lie algebroid D determines a
characteristic foliation F (D). As we will see later, each leaf of F (D) carries a naturally
induced presymplectic structure.

3.1 Examples of Dirac Structures

The main references for this chapter is [4] with examples adopted from [6]. Here, it may be
helpful to remind the fomulas of Cartan-Calculus.

Example 3.7. Let M be a manifold and let ! 2 ⌦2(M) be a 2-form. As it is done for
Riemannian metrics with the musical isomorphisms (see [16]) we define a bundle map
!] : TM ! T ⇤M as follows. For each p 2 M and each v 2 TpM we define the covector
!](v) 2 T ⇤

pM by
!](v)(w) = !p(v, w), for all w 2 TpM.

Let X 2 X(M). Then, we can define

!]⇤(X) : X(M)! C1(M)

Y 7! !(X,Y ).

As the map !]⇤(X) is C1(M)-linear, the tensor characterization lemma (see [16]) implies
that !]⇤(X) 2 ⌦1(M). Furthermore, since !]⇤ : X(M) ! ⌦1(M) is C1(M)-linear, the
bundle homomorphism characterization lemma ( see [16]) implies that !] : TM ! T ⇤M is
a (smooth) bundle homomorphism.

Now, we take the graph of !] and obtain a subbundle

D! := graph(!]) =
�
(X,!](X)) | X 2 TM

 
' TM ✓ TM.

Let a1 :=
�
X,!]⇤(X)

�
, a2 :=

�
Y,!]⇤(Y )

�
, a3 :=

�
Z,!]⇤(Z)

�
2 �(D!). Then,

h
�
X,!]⇤(X)

�
,
�
Y,!]⇤(Y )

�
i = ◆X!

]

⇤(Y ) + ◆Y !
]

⇤(X)

= !(X)(Y ) + !(Y )(X) = 0.

Because rank(D!) = dim(M), we conclude that D! is an almost Dirac structure. Addi-
tionally, according to Proposition 3.5, we calculate the Courant tensor of D!:

⌥D!
(a1, a2, a3) =

D�
[X,Y ],LX!

](Y )� ◆Y d!
](X)

�
,
�
Z,!]⇤(Z)

�E

= ◆[X,Y ]◆Z! + ◆ZLX◆Y ! � ◆Z◆Y d◆X!

= ◆[X,Y ]◆Z! + ◆ZLX◆Y ! � ◆Z◆Y LX! + ◆Z◆Y ◆Xd!

= ◆[X,Y ]◆Z! + ◆Z◆[X,Y ]!

=0

+◆Z◆Y ◆Xd!

= d!(X,Y, Z).

We conclude that D! is a Dirac structure if and only if ! is presymplectic, i.e., d! = 0.

Remark 3.8. We will call a presymplectic form ! for which the map !] from Example 3.7
is an isomorphism, a symplectic structure and the tuple (M,!) a symplectic manifold.
These notions are introduced in greater detail in the chapter on Classical Mechanics.
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Remark 3.9. Let ! 2 ⌦2(M) be a presymplectic structure on M . The Dirac structure
D! induces a natural Lie algebroid structure (see Remark 3.6). In fact, we recover the
tangent Lie algebroid (see Example 2.2).
Indeed, for

�
X,!]⇤(X)

�
,
�
Y,!]⇤(Y )

�
2 �(L!) we obtain:

J
�
X,!]⇤(X)

�
,
�
Y,!]⇤(Y )

�y
=
�
[X,Y ],LX◆Y ! � ◆Y d◆X!

�

=
�
[X,Y ],LX◆Y ! � ◆Y ◆Xd! � ◆Y d◆X!

�

=
�
[X,Y ],LX◆Y ! � ◆Y LX!

�

=
�
[X,Y ],!]([X,Y ])

�
.

Example 3.10. Let ⇡ 2 X2(M) be a bivector field on M . Using the same arguments as in
Example 3.7, we obtain a bundle map ⇡] : T ⇤M ! TM . Concretely, for each p 2M and
each ' 2 T ⇤

pM we define the tangent vector ⇡](') 2 T ⇤⇤
p M ' TpM by

⇡](')( ) = ⇡p(', ), for all  2 T ⇤
pM, (3.10)

where we used the isomorphism ev : TpM
s
�! T ⇤⇤

p M, v 7! (' 7! '(v)).

Now, we take the graph of ⇡] and get a subbundle

D⇡ := graph(⇡]) =
�
(⇡](↵),↵) | ↵ 2 T ⇤M

 
' T ⇤M ✓ TM.

Let
�
⇡]⇤(↵),↵

�
,
�
⇡]⇤(�),�

�
2 �(D!) then

h
�
⇡]⇤(↵),↵

�
,
�
⇡]⇤(�),�

�
i = ◆

⇡
]

⇤(�)
↵+ ◆

⇡
]

⇤(↵)
�

= ⇡(↵,�) + ⇡(�,↵) = 0.

Because rank(D⇡) = dim(M) we conclude that D⇡ is an almost Dirac structure.

We calculate the Courant tensor of D⇡: Let f1, f2, f3 2 C1(M). We denote Xfi
:= ⇡]⇤(dfi)

and ai :=
�
Xfi

, dfi
�
, where i 2 {1, 2, 3}. We conclude that

⌥D⇡
(a1, a2, a3) =

⌦q�
Xf1 , df1

�
,
�
Xf2 , df2

�y
,
�
Xf3 , df3

�↵

=
⌦�
[Xf1 ,Xf2 ],LXf1

df2 � ◆Xf2
ddf1

�
,
�
Xf3 , df3

�↵

= df3([Xf1 ,Xf2 ]) + LXf1
df2(Xf3)

= [Xf1 ,Xf2 ](f3) + d(Xf1(f2))(Xf3)

= Xf1(Xf2(f3))�Xf2(Xf1(f3)) +Xf3(Xf1(f2))

(3.11)

By using Equation (3.10), first note that

⇡(df1, df2) = ⇡]⇤(df1)(df2)

= df2(⇡
]

⇤(df1))

= df2(Xf1)

= Xf1(f2).

We denote {fi, fj} := ⇡(dfi, dfj), where i, j 2 {1, 2, 3}. It follows that we can rewrite (3.11)
as

⌥D⇡
(a1, a2, a3) = {f1, {f2, f3}}+ {f2, {f1, f3}}+ {f3, {f1, f2}}.
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Therefore, because the Courant tensor is C1(M)-linear, Proposition 3.5 implies that D⇡ is
a Dirac structure if and only if ⇡ is a Poisson structure, i.e., the induced bracket

{·, ·} := ⇡(d(·), d(·)) : C1(M)⇥ C1(M)! C1(M)

satisfies the Jacobi identity.

Remark 3.11. Let ⇡ 2 X2(M) be Poisson structure on M . The Dirac structure D⇡

induces a Lie algebroid structure (see Remark 3.6). In fact, we recover the cotangent Lie
algebroid (see Example 2.3). Indeed, for

�
⇡]⇤(↵),↵

�
,
�
⇡]⇤(�),�

�
2 �(D⇡), using that the

anchor ⇡]⇤ is a Lie algebroid homomorphism, we obtain:

J
�
⇡]⇤(↵),↵

�
,
�
⇡]⇤(�),�

�y
=
�
[⇡]⇤(↵),⇡

]

⇤(�)],L⇡
]

⇤(↵)
� � ◆

⇡
]

⇤(�)
d↵
�

=
�
⇡]⇤([↵,�]⇡), ◆⇡]

⇤(↵)
d� + d◆

⇡
]

⇤(↵)
� � ◆

⇡
]

⇤(�)
d↵
�

=
�
⇡]⇤([↵,�]⇡), ◆⇡]

⇤(↵)
d� � ◆

⇡
]

⇤(�)
d↵+ d⇡(↵,�)

�

=
�
⇡]⇤([↵,�]⇡), [↵,�]⇡

�
.

Consequently, Dirac structures generalize both presymplectic and Poisson structures. We
will revisit Poisson structures and symplectic structures (which are, in particular, presym-
plectic) later.

Let F ✓ TM be a vector subbundle, i.e., a regular distribution. We define the annihilator
of F by

F � := {(x,') 2 T ⇤M | '(v) = 0, for all v 2 Fx} ,

which is a subbundle of T ⇤M . Define D := F � F �
✓ TM . Clearly, D is an almost Dirac

structure. Further, we obtain

Proposition 3.12. Let F ✓ TM be a regular distribution. The almost Dirac structure
D = F � F � is a Dirac structure if and only if F is involutive.

Proof. ")" : Suppose D is integrable. Let X,Y 2 �(F ) be arbitrary. For all ↵,� 2 �(F �),

J(X,↵), (Y,�)K = ([X,Y ],LX� �LY ↵+ 1
2d(↵(Y )� �(X))) 2 �(D).

In particular, [X,Y ] 2 �(F ). Since X and Y were arbitrary, F is involutive.

"(" : Now, suppose that F is involutive. Let a1 := (X,↵), a2 := (Y,�), a3 := (Z, �) 2 �(D).
We compute:

⌥D(a1, a2, a3) =
⌦q�

X,↵
�
,
�
Y,�

�y
,
�
Z, �

�↵

= �([X,Y ])
=0

+◆ZLX� � ◆Z◆Y d↵

= ◆Z◆Xd� + ◆Zd◆X� � ◆Z◆Y d↵

= d�(X,Z) + Z(�(X)
=0

)� d↵(Y, Z)

= X(�(Z))� Z(�(X))� �([X,Z])

� Y (↵(Z))� Z(↵(Y ))� ↵([Y ,Z])

= 0.

Each of the last terms vanishes because the brackets take values in F and ↵,�, � 2
�(F �).
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Therefore, according to the Frobenius Theorem, regular foliations are particular cases of
Dirac structures.

3.2 Presymplectic Leaves

Here we follow [4]. Recall the situation described in Remark 3.6. Let D ✓ TM be a Dirac
structure over M , which induces a natural Lie algebroid structure. The distribution

R := pr1(D) ✓ TM (3.12)

defines the characteristic singular foliation F (D).

Lemma 3.13. The annihilator of the distribution R in (3.12) fulfils

R� = D \ T ⇤M.

Proof. Let p 2M . Then,

R�
p = {↵ 2 T ⇤M | ↵(v) = 0 for all v 2 pr1(D)p ✓ TpM} .

Let ↵ 2 R�
p. For every (v,�) 2 Dp, we conclude that

h(0,↵), (v,�)i = ↵(v) + �(0) = 0.

Hence, (0,↵) 2 D?
p = Dp, and therefore (0,↵) 2 (D \ T ⇤M)p.

Conversely, if (0,↵) 2 (D \ T ⇤M)p, then

0 = h(0,↵), (v,�)i = ↵(v)

for every (v,�) 2 Dp. Consequently, ↵ 2 R�
p, proving the claim.

Let N ✓M be a leaf of F (D). Let p 2 N . Then, we define

⌦N |p : TpN ⇥ TpN ! R
(v, w) 7! ↵(w), where (v,↵) 2 Dp.

(3.13)

Lemma 3.14. The map in 3.13 is well-defined. Furthermore, by defining

⌦N : N ! ⇤2(T ⇤
pN)

p 7! ⌦N |p,

we obtain a presymplectic form ⌦N 2 ⌦2(N) on N .

Proof. Let p 2 N and (v,↵), (v,�) 2 Dp. Then, (0,↵ � �) 2 Dx. By Lemma 3.13, it
follows that

(↵� �)(w) = 0, for all w 2 TpN = Rp.

It follows that (3.13) is well-defined.

Now, we show that ⌦N 2 ⌦2(N), i.e., ⌦N is smooth. The distribution R in (3.12)
is integrable. The restricted map pr1|N : D|

N
! TN is therefore a surjective bundle

homomorphism. In particular, it has constant rank. The kernel of a vector bundle map
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with constant rank is a vector bundle (see [16]). Hence, we obtain a split short exact
sequence of vector bundles:

0 ker(pr1|N ) D|
N

TN 0
pr1|N

Therefore, there exists a bundle map � : TN ! D|
N

such that pr1|N � � = idTN . Post-
composing with (pr2|N )⇤ : �(D|

N
)! �(T ⇤N) yields a map

�̂⇤ := (pr2|N )⇤ � �⇤ : �(TN)! �(T ⇤N).

Hence, we can define a map

⌦̂N : X(N)⇥ X(N)! C1(N)

(X,Y ) 7! �̂⇤(X)(Y ),
(3.14)

which is C1(N)-linear. By the tensor characterization Lemma (see [16]) ⌦D is indeed
smooth. Let X 2 X(N). Note that the vector field component of �⇤(X) is precisely X
because � is a right inverse of the projection map pr1|N .

It remains to show that ⌦N is closed. Let X1, X2, X3 2 �(TN). Using the same argument
as above, there exists ↵i 2 �(T ⇤N) such that ai := (Xi,↵i) 2 �(D|

N
) for all i 2 {1, 2, 3}.

By Proposition 3.5, the Courant Tensor ⌥D|
N

vanishes. Hence,

0 = ⌥D|
N
(a1, a2, a3) = ◆[X1,X2]↵3 + ◆X3LX1↵2 � ◆X3◆X2d↵1. (3.15)

We compute:

d⌦N (X1, X2, X3) = ◆X1d
�
⌦N (X2, X3)

�
� ◆X2d

�
⌦N (X1, X3)

�
+ ◆X3d

�
⌦N (X1, X2)

�

+ ⌦N

�
X3, [X1,X2]

�
� ⌦N

�
X2, [X1,X3]

�
+ ⌦N

�
X1, [X2,X3]

�

= ◆X1d◆X3↵2 � ◆X2d◆X3↵1 + ◆X3d◆X2↵1

+ ◆[X1,X2]↵3 � ◆[X1,X3]↵2 + ◆[X2,X3]↵1

= ◆[X1,X2]↵3 + ◆X3LX1↵2 � ◆X3◆X2d↵1

= 0,

where the last equality follows from (3.15).

In summary, given a leaf N of the characteristic foliation F (D) of a Dirac structure D, we
obtain a presymplectic form ⌦N 2 ⌦2(N). Therefore, any Dirac structure carries a natural
presymplectic foliation

F̂ (D) = {(N,⌦N ) | N 2 F (D) leaf}.

Example 3.15. Let (M,!) be a presymplectic manifold. Let D! ✓ TM be the Dirac
structure induced by !, i.e.,

D! =
�
(X,!](X)) | X 2 TM

 
.

Let i : N ,!M be a leaf of the foliation F (D!). When M is connected, there is just one
leaf, namely M itself. The presymplectic form ⌦N we have just constructed coincides with
!|N .
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Indeed, since the foliation is induced by the characteristic distribution D(D!) of D!, it
holds that pr1(D|

N
) = TN . Furthermore, !](X) 2 T ⇤

pN , for all X 2 Dp and p 2 N . Thus,

�!|N : TN ! D|
N

X 7! (X,!](X))

is a right inverse of the projection. Therefore, by using (3.14), it follows that the forms
coincide.

Definition 3.16. Let D ✓ TM be a Dirac structure over M . Let � : I ! M be a
path on M and H 2 C1(M). The path � is called a Hamiltonian curve on D for H if
(�̇(t), dH�(t)) 2 D, for all t 2 I.

Lemma 3.17. Let D ✓ TM be a Dirac structure over M and H 2 C1(M). Further, let
� : I !M be a Hamiltonian curve on D for H.

Then, � stays on the presymplectic leaf (N,⌦N ) 2 F̂ (D), where N is the leaf through �(t0),
t0 2 I. Further, it holds that

◆�̇(t)⌦N = d(H|
N
)�(t) for all t 2 I.

Proof. By definition,
�̇(t) 2 ⇢(D)�(t) = F (D)�(t).

Thus, the tangent vector of � lies, at any time t 2 I, in the characteristic distribution ⇢(D).
Therefore, � determines an integral manifold (of dimension 1) of the distribution. Since
integral manifolds cannot leave the maximal integral manifold we conclude that �(I) ✓ N ,
where N is the maximal integral manifold of the distribution, i.e., a leaf, through the initial
point of �.

Let w 2 T�(t)N . Since (�̇(t), dH�(t)) 2 T�(t)N , the definition of ⌦N (see (3.13)) yields

⌦N |
�(t) (�̇(t), w) = dH�(t)(w).

Since w was arbitrary, this proves the claim.



Chapter 4

A Variational Approach on Dirac
Structures

We mainly follow [6]. Let D ✓ TM be a Dirac structure over M . According to Remark 3.6,
every Dirac structures naturally carries the structure of a Lie algebroid with anchor map
⇢ := pr1|D : D ! TM . Therefore, we can talk about the horizontal cohomology of D.

Now, we define !D 2 �(⇤2D⇤) by

!D((X,↵), (Y,�)) = ↵(Y )� �(X), (X,↵), (Y,�) 2 �(D). (4.1)

As D is isotropic, i.e., D = D?, we conclude:

!D((X,↵), (Y,�)) = 2↵(Y ) = �2�(X). (4.2)

Since ker
�
⇢|

p
: Dp ! TpM

�
= 0, for every p 2 M , Equation (4.2) implies that !D|p is

⇢-horizontal for every p 2M .

Moreover, dD!D|p is also ⇢-horizontal for every p 2M . Indeed, let

⇠1 := (X,↵), ⇠2 := (Y,�), ⇠3 := (Z, �) 2 �(D) ✓ X(M)� ⌦1(M).

Recall that, for every ↵ 2 ⌦1(M), the de Rham differential is given by

d↵(X,Y ) = X(↵(Y ))� Y (↵(X))� ↵([X,Y ]), X, Y 2 X(M).

Expanding the Lie algbroid differential (see (2.7)) yields

dD!D(⇠1, ⇠2, ⇠3) = ⇢⇤(⇠1)(!D(⇠2, ⇠3))� ⇢⇤(⇠2)(!D(⇠1, ⇠3)) + ⇢⇤(⇠3)(!D(⇠1, ⇠2))

� !D(J⇠1,⇠2K, ⇠3) + !D(J⇠1,⇠3K, ⇠2)� !D(J⇠2,⇠3K, ⇠1)
= 2X(�(Z))� 2Y (↵(Z)) + 2Z(↵(Y ))

� 2LX�(Z) + 2◆Y d↵(Z)� 2�([X,Z]) + 2↵([Y ,Z])

= 2X(�(Z))� 2Y (↵(Z)) + 2Z(↵(Y ))� 2Z(�(X))

� 2d�(X,Z) + 2d↵(Y, Z)� 2�([X,Z]) + 2↵([Y ,Z])

= 0.

We can therefore define:

31
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Definition 4.1. Let D ✓ TM be a Dirac structure over M . The form

!D 2 �(⇤
2D⇤)hor,

defined in (4.1), is called the natural horizontal two-cocycle of the Dirac structure D.

Applying Lemma 2.40 to !D yields:

Lemma 4.2. Let D ✓ TM be a Dirac structure over M . Suppose that [!D] = 0 2 H2
hor

(D).
Then, [(!D)N ] = 0 2 H2

dR
(N) for any leaf N 2 F (D).

Example 4.3. Let (M,!) be a symplectic manifold (see Remark 3.8) with differential
2-form ! 2 ⌦2(M). According to Example 3.7, there is a Dirac structure

D! := graph(!]) =
�
(X,!](X)) | X 2 TM

 
' TM ✓ TM.

There is a Lie algebroid isomorphism pr1 : D!

s
�! TM over M . TM is the tangent Lie

algebroid from Example 2.2. Lemma 2.30, yields a cochain isomorphism

(pr1)
⇤ : ⌦•(M)

s
�! �(⇤•D⇤

!)
hor. (4.3)

Recall that ker(idTM : TpM ! TpM) = 0, for every p 2 M . Therefore ⌦•(M) =
�(⇤•T ⇤M)hor (see Example2.37). Hence, ! is ⇢-horizontal and thus

[!] 2 H2
hor

(TM) = H2
dR(M)

defines a horizontal cohomology class.

Let p 2M and (X,!]⇤(X)), (X,!]⇤(X)) 2 �(D!). We obtain

(pr1)
⇤(!)p((X,!]⇤(X)), (Y,!]⇤(Y ))) = !p(X,Y ).

Further, for the natural induced ⇢-horizontal 2-cocycle of D!, there holds:

!D!
((X,!]⇤(X)), (Y,!]⇤(Y ))) = 2!]⇤(X)(Y ) = 2!(X,Y ).

Using Corollary 2.31, (4.3) induces an isomorphism

H•(pr1) : H
•
dR(M)

s
�! H•(D!)hor.

Consequently, the class of ! corresponds to the class of !D!
under H•(pr1).

Example 4.4. Let (M,⇡) be a Poisson manifold with Poisson structure ⇡ 2 X2(M).
According to Example 3.10, there is a Dirac structure

D⇡ := graph(⇡]) =
�
(⇡](↵),↵) | ↵ 2 T ⇤M

 
' T ⇤M ✓ TM.

There is a Lie algebroid isomorphism pr2 : D⇡

s
�! T ⇤M over M . T ⇤M is the cotangent Lie

algebroid from Example 2.3. Lemma 2.30, yields a cochain isomorphism

(pr2)
⇤ : (X•(M))hor

s
�! �(⇤•D⇤

⇡)
hor. (4.4)

Now, let p 2M and let v 2 ker(⇡]p : T ⇤
pM ! TpM). Then, ◆v⇡p = 0. Moreover, dT ⇤M⇡ = 0,

a fact that will be established in the section on Poisson geometry. Hence, ⇡ is ⇢-horizontal.
Consequently,

[⇡] 2 H2
hor

(T ⇤M)
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defines a horizontal cohomology class.

Let p 2M and (⇡]⇤(↵),↵), (⇡
]

⇤(�),�) 2 �(D⇡). We obtain

(pr2)
⇤(⇡)p((⇡

]

⇤(↵),↵), (⇡
]

⇤(�),�)) = ⇡p(↵,�).

Further, for the natural induced ⇢-horizontal 2-cocycle of D⇡, there holds:

!D⇡
((⇡]⇤(↵),↵), (⇡

]

⇤(�),�)) = 2↵(⇡]⇤(�)) = 2⇡(↵,�).

Using Corollary 2.31, (4.4) induces an isomorphism

H•(pr2) : H
•
⇡(M)

s
�! H•(D⇡).

Consequently, the class of ⇡ corresponds to the class of !D⇡
under H•(pr2).

Definition 4.5. Let D ✓ TM be a Dirac structure over M . Denote the bundle projection
of TM by ⇡ : TM !M . Let � : I !M be a path on M .

(i) A path ⇣ : I ! D on D is called a Dirac path if the tangent component coincides
with the speed of the associated base path ⇡(⇣) : I !M at each point, i.e.,

pr1(⇣(t)) =
d

dt
⇡(⇣(t)) for all t 2 I.

(ii) A path ⇣ : I ! D on D is called a Dirac path over � if the tangent component
coincides with the speed of the path � at each point, i.e.,

pr1(⇣(t)) = �̇(t) for all t 2 I.

Theorem 4.6. Let D ✓ TM be a Dirac structure over M and H 2 C1(M) a Hamiltonian
function. Furthermore, let � : I !M be a path on M .
Assume that the horizontal 2-cocycle !D admits a primitive ✓ 2 �(D⇤)hor. Then, the
following statements are equivalent:

(i) The path � is a Hamiltonian curve.

(ii) All Dirac paths ⇣ : I ! D over � are critical points among the Dirac paths with the
same end points of the following functional:

⇣ 7!

Z

I

�
✓�(t)(⇣(t)) +H(�(t))

�
dt. (4.5)

(iii) There exists a Dirac path ⇣ : I ! D over �, and the latter is the critical point among
Dirac paths with the same end points of the functional in (4.5).

Proof. (ii),(iii) Let ⇣, ⇣ 0 : I ! D be two Dirac paths over �. Then pr1(⇣ � ⇣
0) = 0. As

⇢ = pr1 is the anchor map of D, we have ✓(⇣ � ⇣ 0) = 0, because ✓ is horizontal. Therefore
✓(⇣) does not depend on the choice of the Dirac path over � and we get the equivalence
between (ii) and (iii).

(i),(ii) Using Lemma 3.17 it follows that we can restrict the functional in (4.5) to a fixed
leaf N containing �. Further, using Lemma 2.40 it follows that we can restrict !D to
the leaf N and get a corresponding exact 2-form !N 2 ⌦2(N) on N , where the primitive
is given by ✓N 2 ⌦1(N). As !N is exact, it is, in particular, presymplectic. The proof
therefore reduces to showing that the following statements are equivalent:
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(i) !]⇤(dH�) = �̇.

(ii) The curve � : I ! N is a critical point of the functional

� 7!

Z

I

�
✓N |�(t)(�̇(t)) +H(�(t))

�
dt, (4.6)

among curves with fixed endpoints.

For symplectic manifolds, this is a classical result that will be discussed later in the context
of Classical Mechanics.

Take a small variation

v : I ⇥ (�✏, ✏)! N

(t, s) 7! v(t, s)

of � with fixed endpoints.

For all (t, s) 2 I ⇥ (�✏, ✏), we denote

vs : I ! N, t 7! v(t, s)

and analogously
vt : (�✏, ✏)! N, s 7! v(t, s).

We obtain a vector field Y : I ! TN along � by setting

Y (t) =
@

@s

����
s=0

v 2 T�(t)N t 2 I.

Define the following (smooth) function on N :

�⇤LY ✓N : I ! R

t 7!
@

@t
✓N |

�(t) (Y (t)) + d✓N (Y (t), �̇(t)).
(4.7)

The global coordinates t and s on the manifold V = I ⇥ (�✏, ✏) induce coordinate vector
fields @t, @s 2 X(V ). Let f 2 C1�I ⇥ (�✏, ✏)

�
and (t̂, ŝ) 2 I ⇥ (�✏, ✏). The isomorphism

T(t̂,ŝ)V ' V

yields

@t|(t̂,ŝ) f =
@

@t
f(t̂, ŝ) and @s|(t̂,ŝ) f =

@

@s
f(t̂, ŝ).

The variation v yields a pullback on differential forms, i.e., a map

v⇤ : ⌦k(N)! ⌦k(V ).

Consider now the provided ✓N 2 ⌦1(N). Since the coordinate vector fields on vector spaces
commute, i.e., [@t,@s] = 0, we obtain

dv⇤✓N (@t, @s) = @tv
⇤✓N (@s)� @sv

⇤✓N (@t). (4.8)
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But

v⇤d✓N (@t, @s)(t,0) = d✓N |
�(t) (@tv0(t), @s|0 vs(t))

= d ✓N |
�(t) (�̇(t), Y (t))

(4.9)

@tv
⇤✓N (@s)(t,0) = @t|(t,0) ✓N |

vs(t) (@svs(t))

=
@

@t
✓N |

�(t) (@s|0 vs(t))

=
@

@t
✓N |

�(t) (Y (t))

(4.10)

and similarly
@sv

⇤✓N (@t)(t,0) = @s|0 ✓N |
vs(t) (@tvs(t)) (4.11)

Combining the Equations (4.8), (4.9), (4.10), and (4.11) yields

@

@s

����
s=0

✓N |vs(t)

⇣@vs
@t

(t)
⌘
= �⇤LY ✓N (t) (4.12)

Further, we compute:

@

@s

����
s=0

H
�
vs(t)

�
= d
�
H � vs(t)

�
0

= dHv0(t) � d
�
vs(t)

�
0

= dH�(t)(Y (t))

(4.13)

The endpoints of v are fixed. Therefore, Y (0) = Y (1) = 0 and thus
Z

I

�⇤LY ✓N (t)dt =

Z

I

d✓N
�
Y (t), �̇(t)

�
dt. (4.14)

By applying Equations (4.12), (4.13), (4.14), and the Leibniz integral rule to interchange
the integration and partial derivative, we can finally make the variational principle in (4.6)
explicit:

@

@s

����
s=0

Z

I

✓
✓N |vs(t)

⇣@vs
@t

(t)
⌘
+H

�
vs(t)

�◆
dt (4.15)

=

Z

I

@

@s

����
s=0

✓
✓N |vs(t)

⇣@vs
@t

(t)
⌘
+H

�
vs(t)

�◆
dt

=

Z

I

⇣
�⇤LY ✓N (t) + dH�(t)

�
Y (t)

�⌘
dt

=

Z

I

⇣
d✓N

�
Y (t), �̇(t)

�
+ dH�(t)

�
Y (t)

�⌘
dt. (4.16)

We can now complete the proof. Suppose that � is a critical point of the functional in (4.6),
i.e., the expression in (4.15) vanishes for every variation with fixed endpoints. Consequently,
the expression in (4.16) vanishes, where Y is arbitrary apart from vanishing at the endpoints.
Since d✓N = !N , it follows from the fundamental lemma of the calculus of variations that
!]⇤(dH�) = �̇. Conversely, if !]⇤(dH�) = �̇, then the preceding argument can be read in
reverse to conclude that � is a critical point of the functional in (4.6).
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Remark 4.7. If there exists a vector field Ŷ 2 �(TN) such that Y = Ŷ � �, then the
pullback �⇤ : ⌦1(N)! ⌦1(I) yields

�⇤L
Ŷ
✓N =

✓
@

@t
✓N |

�(t) (Y (t)) + d✓N (Y (t), �̇(t))

◆
dt 2 ⌦1(I).

This justifies the notation in (4.7).



Chapter 5

A Variational Approach: Classical
Mechanics

Definition 5.1. Let ! 2 ⌦2(M) be a differential 2-form on M . We call ! a presymplectic
structure if it is closed, i.e., d! = 0. We call the tuple (M,!) a presymplectic manifold.
Further, we call ! nondegenerate if the induced bundle map !] : TM ! T ⇤M from
Example 3.7 is a bundle isomorphism. A nondegenerate presymplectic form ! is called a
symplectic structure and the tuple (M,!) a symplectic manifold.

5.1 The Canonical Symplectic Form on the Cotangent

Bundle

We will now present that the cotangent bundle naturally has the structure of a symplectic
manifold (see [16]). Let Q be a manifold. Consider the cotangent bundle

T ⇤Q =
a

p2M
{p}⇥ T ⇤

pQ

of Q with projection ⇡ : T ⇤Q! Q. Let (p,') 2 T ⇤Q. The differential of ⇡ at (p,') is the
linear map d⇡(p,'). Dualizing yields the linear map

d⇡⇤(p,') : T
⇤
pQ! T ⇤

(p,')(T
⇤Q).

We define the differenatial 1-form t 2 � (T ⇤(T ⇤Q)) = ⌦1(T ⇤Q) by

t(p,') = d⇡⇤(p,')' 2 T ⇤
(p,')(T

⇤Q) (5.1)

for all (p,') 2 T ⇤Q. The map t : T ⇤Q! T ⇤(T ⇤Q) defined in this way is indeed a 1-form:

Proposition 5.2. The map t defined above is smooth and therefore a 1-form. Further, the
map ! := �dt is a symplectic structure on the manifold T ⇤Q.

Proof. Let (U, (xi)) be a coordinate chart on an open subset U ✓ Q. Set n := dim(Q). The
coordinates induce natural coordinates (U, (xi, ⇠i)) on T ⇤U ✓ T ⇤Q ([16]). Let (p,') 2 T ⇤U .
Remind that the according coordinate representation is given by

p̂ = (x1(p), . . . , xn(p))

'̂ =
nX

i=1

⇠i(')dx
i.

37
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In terms of these coordinates, ⇡ : T ⇤Q ! Q reads as ⇡(x, ⇠) = x, and it follows that
d⇡⇤(dxi) = dxi. By using (5.1), the coordinate expression for t reads

t(x,⇠) = d⇡⇤(x,⇠)
� nX

i=1

⇠idx
i
�

=
nX

i=1

⇠idx
i.

It follows that t is smooth in these coordinates and therefore smooth on all of Q because
the same can be done for all coordinate charts.

Now, we define !̂ := �dt. In the natural coordinates (U, (xi, ⇠i)), !̂ takes the form

!̂ =
nX

i=1

dxi ^ d⇠i.

Let p 2 U . Then, T ⇤
pQ is spanned by {v1, . . . , vn, w1, . . . , wn} with vi := @xi |p and

wi := @⇠i |p, where i 2 {1, . . . , n}. Note that

!̂p(vi, vj) = !̂p(wi, wj) = 0, !̂p(vi, wj) = �!̂p(wj , vi) = �ij ,

for all i, j 2 {1, . . . , n}. Now, let X 2 ker(!̂]p) ✓ T ⇤
pQ. Hence,

!̂(X,w) = 0 for all w 2 T ⇤
pQ.

The basis yields a representation of X by

X =
nX

i=1

�ivi + µiwi,

where �i, µi 2 R for all i 2 {1, . . . , n}.

It follows that

!̂p(X, vi) = �i and !̂p(X,wi) = �µi for all i 2 {1, . . . , n}.

Consequently, X = 0 and hence, by a dimension argument, !̂ is nondegenerate. Furthermore,
!̂ is closed as it is exact. Consequently !̂ is symplectic.

Definition 5.3 (tautological 1-form). The 1-form t defined in (5.1) is called the tautological
1-form. The induced natural symplectic form ! = �dt endows T ⇤Q with the structure of a
symplectic manifold. ! is called the canonical symplectic form on T ⇤Q.

Remark 5.4. The symplectic form on U in Proposition 5.2 corresponds to the standard
symplectic form !std on R2n given by

!std =
nX

i=1

dxi ^ dyi

with standard coordinates (x1, . . . , xn, y1, . . . , yn) on R2n.

Remark 5.5. A fact from linear algebra states that the rank of any alternating bilinear
form is even. This implies that symplectic forms can only exist on even-dimensional
manifolds.
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5.2 Hamilton’s Equations in Phase Space

Before introducing a first mechanical example, we review some basic facts from symplectic
geometry that follow from the defining properties of a symplectic form. Our presentation
of these facts follows [25]. Let (M,!) be a symplectic manifold. The bundle isomorphism
!] : TM ! T ⇤M induces an isomorphism on sections

!]⇤ : X(M)! ⌦1(M).

Let H 2 C1(M) be a function on M . The isomorphism !]⇤ yields a unique vector field
XH 2 X(M) characterized by

dH = !(XH , ·) = ◆XH
!.

We call XH the Hamiltonian vector field of H.

Proposition 5.6. Let (M,!) be a symplectic manifold and H 2 C1(M). Then, H is
constant along each integral curve of XH .

Proof. We have
XH(H) = dH(XH) = !(XH , XH) = 0.

Therefore, H is constant on the flow lines of XH .

Proposition 5.7. Let (M,!) be a symplectic manifold. Let X 2 X(M) be a vector field
on M with flow 'X . Then the following are equivalent:

(i) ('t

X
)⇤! = ! for all t where the flow is defined.

(ii) LX! = 0

For the first condition we also say that 'X preserves the symplectic form !.

Proof. (i))(ii) In terms of the flow the Lie derivative of ! with respect to X calculates as

(LX!)p =
d

dt

����
t=0

[('t

X)⇤!]p = lim
t!0

(d't

X
)⇤p!'t

X
(p) � !p

t
= 0,

for all p 2M .

(ii))(i) First, note that ('0
X
)⇤! = (idM )⇤! = !.

d

dt

⇥
('t

X)⇤!
⇤
p
=

d

ds

����
s=0

⇥
('s+t

X
)⇤!
⇤
p

= ('t

X)⇤
d

ds

����
s=0

[('s

X)⇤!]
p

= ('t

X)⇤ (LX!)p
=0

= 0,

for all p 2M . Therefore, ('t

X
)⇤! = ! for all t where the flow is defined.

Definition 5.8. Let (M,!) be a symplectic manifold. A vector field X 2 X(M) is called
symplectic if LX! = 0, or equivalently, if its flow preserves the symplectic form !.
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Proposition 5.9. Let (M,!) be a symplectic manifold and H 2 C1(M). Then, the
Hamiltonian vector field XH of H is symplectic, i.e., it preserves the symplectic form !.

Proof. We have

LXH
! = d ◆XH

!

=dH

+◆XH
d!
=0

= ddH = 0

In Hamiltonian mechanics the function H 2 C1(M) on a symplectic manifold (M,!) often
works as the Energy of a system. Since the Hamiltonian vector field of H preserves H,
Proposition 5.6 encodes Conservation of Energy. We call the triple (M,!, H) a Hamiltonian
system. The physical motion is then described by an integral curve of XH through a point
p 2M .

Example 5.10 [25]. Consider the simple pendulum. This mechanical system consists of a
massless, rigid rod of length l, which is fixed at one end. At the other end is a bob of mass
m, which can oscillate in the vertical plane. Assume that the only external force acting on
the system is gravity, which is constant and points vertically downwards. We assume the
gravitational acceleration to be normalized to g = 1. The position of the mass is uniquely
characterized by the angle ✓ between the rod and the vertical direction.

A bob of mass m on a massless rigid rod

The configuration space is therefore the manifold S1. Let ⇠ be the the coordinate along
the fibres of T ⇤S1 induced by ✓. In this setting, ⇠ is called the generalized momentum
conjugate to ✓. It can be shown that the system’s kinetic energy is given by

K(✓, ⇠) =
1

2ml2
⇠2

and its potential energy by
V (✓) = ml(1� cos(✓)).

The system’s total energy is therefore encoded by the Hamiltonian function

H(✓, ⇠) = (K + V )(✓, ⇠) =
1

2ml2
⇠2 +ml(1� cos(✓)) 2 C1(T ⇤S1).

We now use the fact that every cotangent bundle naturally carries a symplectic structure. Let
! be the canonical symplectic form on T ⇤S1. The Hamiltonian vector field XH 2 X(T ⇤S1)
of H is defined implicitly by

dH = ◆XH
!.
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We can describe the system’s dynamics then by determining the flow of XH . One can show
that a curve �(t) = (✓(t), ⇠(t)) is an integral curve of XH if and only if

✓̇ =
1

ml2
⇠

⇠̇ = �ml sin(✓).

By combining these equations, we obtain the well-known differential equation for the simple
pendulum (gravitational acceleration has been normalized to g = 1):

✓̈ +
1

l
sin(✓) = 0.

When we follow this idea in the general case, we can derive Hamilton’s equations.

We do already know the local expression of the canonical symplectic structure on a cotangent
bundle (Proposition 5.2). Hence, locally we may equivalently work on R2n equipped with
its standard symplectic form !std (see Remark 5.4). We denote the coordinates of R2n by
(q1, . . . , qn, p1, . . . , pn). Therefore, the standard symplectic form reads

!std =
nX

i=1

dqi ^ dpi.

Let H 2 C1(R2n) be a Hamiltonian function and XH 2 X(R2n) its corresponding Hamilto-
nian vector field. Then, we obtain Hamilton’s equations by solving for the integral curves
of XH :

Proposition 5.11 [25]. The curve � : R ◆ I ! R2n, written as �(t) = (q(t), p(t)), is an
integral curve of XH if and only if it satisfies Hamilton’s equations

8
>>>>>><

>>>>>>:

dqi

dt
(t) =

@H

@pi

dpi

dt
(t) = �

@H

@qi
.

(5.2)

Proof. First, observe that

dH =
nX

i=1

@H

@qi
dqi +

@H

@pi
dpi.

We write

XH =
nX

i=1

fi
@

@qi
+ gi

@

@pi

with fi, gi 2 C1(R2n), where i 2 {1, . . . , n}. The equation dH = ◆XH
!std then yields

XH =
nX

i=1

✓
@H

@pi
@

@qi
�
@H

@qi
@

@pi

◆
. (5.3)

One checks that XH indeed satisfies dH = ◆XH
!std, and by uniqueness we obtain the

Hamiltonian vector field. Hamilton’s equations then follow by expanding the condition for
an integral curve,

�̇(t) = XH |
�(t) ,

using (5.3) and writing �(t) = (q(t), p(t)).
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5.3 The Principle of Least Action in Phase Space

Let Q be the configuration manifold with phase space T ⇤Q. By Proposition 5.2 (T ⇤Q,!) is
naturally a symplectic manifold. Recall Example 4.3. The symplectic form ! corresponds
to the natural horizontal 2-cocycle !D!

. Since ! = �dt is exact, !D!
admits a horizontal

primitive, namely
✓ = pr⇤1(�2t),

where pr⇤1 : ⌦
•(M)

s
�! �(⇤•D⇤

!)
hor is the isomorphism from Example 4.3.

Therefore, Theorem 4.6 applies. Suppose that the dynamics are determined by a Hamiltonian
function H 2 C1(T ⇤Q) representing the energy of the system. Although not every system
admits such a description, we restrict ourselves to this case. Theorem 4.6 then recovers the
classical Principle of Least Action (see [1]), while at the same time revealing it as a special
case of the more general variational principle from Chapter 4.

Theorem 5.12 (The Principle of Least Action in Hamiltonian Mechanics) [1]. Let

� : I ! T ⇤Q, t 7! (q(t), p(t))

be a solution of Hamilton’s equations in (5.2). Then, � is a critical point of the functional

� 7!

Z

I

pdq �Hdt

with respect to all variations for which the configuration endpoints remain fixed, i.e.,

q(t0) = q0, q(t1) = q1.



Chapter 6

A Variational Approach: Poisson
Geometry

6.1 Poisson Cohomology

The Schouten-Bracket

Here we follow [7]. We briefly review the basic notions, omitting most details. As the
theory is entirely dual to that of differential forms, much of what follows should be familiar.
We therefore present only the essential definitions. Let k 2 N>0. We denote

Xk(M) := �(⇤kTM)

and set X0(M) := C1(M). Note that vector fields coincide with multivector fields of
degree 1, i.e., X(M) = X1(M). We call elements of Xk(M) multi vectorfields of degree k on
M . Just as differential forms act on vector fields, a multi vectorfield # 2 Xk(M) can be
identified with a C1(M)-multilinear alternating map

# : ⌦1(M)⇥ · · ·⇥ ⌦1(M)

k times

! C1(M).

Just as vector fields can be identified with derivations on C1(M), we can identify a
multivector field # 2 Xk(M) with a multiderivation

L# : C1(M)⇥ · · ·⇥ C1(M)! C1(M)
(f1, . . . , fk) 7! #(df1, . . . , dfk).

Multiderivation means that L# is alternating and a derivation with respect to each argument.
Note that, when dealing with a vector field X 2 X1(M), the Lie derivative of a function
f 2 C1(M) is the case k = 1 of multiderivations:

LX(f) = X(df) = df(X) = X(f).

Therefore, there is no ambiguity in the use of L .

Remark 6.1. A multiderivation of degree k = 2 is a biderivation

{·, ·} : C1(M)⇥ C1(M)! C1(M).

This map is skew-symmetric and R-bilinear, and a derivation in each argument. In particular,
it satisfies the Leibniz identity in the first argument, i.e.,

{fg, h} = f{g, h}+ {f, h}g, for all f, g, h 2 C1(M),

and due to skew-symmetry also in the second argument.
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Definition 6.2. A multivector field ⇡ 2 X2(M) of degree 2 is called a Poisson structure if
the induced bracket

{f, g} = ⇡(df, dg), f, g 2 C1(M)

satisfies the Jacobi identity. We call such a bracket Poisson bracket. Further, we call the
tuple (M,⇡) a Poisson manifold.

Definition 6.3 (Schouten bracket). Let # 2 Xk+1(M) and ⇣ 2 Xl+1(M). The Schouten-
bracket of # and ⇣ is the unique multivector field [#,⇣] 2 Xk+l+1(M) satisfying

L[#,⇣] = L# �L⇣ � (�1)klL⇣ �L#,

where

L# �L⇣(f1, . . . , fk+l+1)

:=
X

�2SJk,l+1K

sgn(�)L#(f�(1), . . . , f�(k),L⇣(f�(k+1), . . . , f�(k+l+1))), (6.1)

f1, . . . , fk+l+1 2 C1(M). SJk,l+1K denotes the set of all (k, l + 1)-shuffles. We use the
convention Lf = f and Lf �L✓ = 0, for all f 2 C1(M) and ✓ 2 Xk(M), k 2 N0.

Example 6.4. Let ⇡ 2 X2(M) be a bivector field on M with corresponding biderivation
{·, ·}. A symmetry argument yields 1

2L[⇡,⇡] = L⇡ �L⇡. Further, let f1, f2, f3 2 C1(M).
We apply (6.1) and obtain:

L⇡ �L⇡(f1, f2, f3) =
X

�2SJ1,2K

sgn(�)⇡(df�(1),⇡(df�(2), df�(3)))

= {f1, {f2, f3}}+ {f2, {f3, f1}}+ {f3, {f1, f2}}.

Therefore, it follows

Proposition 6.5. A bivector field ⇡ 2 X2(M) on M is a Poisson structure if and only if
[⇡,⇡] = 0.

Remark 6.6. The Schouten bracket extends the notion of the Lie bracket [·,·]X to multi-
vector fields. We have

[X,Y ]X = [X,Y ], for all X,Y 2 X(M).

So there is no ambiguity with the Lie bracket. In fact, the Schouten bracket is R-bilinear
and satisfies a graded version of skew-symmetry, a graded version of the Leibniz identity,
and a graded version of the Jacobi identity, dda. For details, we refer to [7]. We just
mention how the Schouten bracket interacts with the Lie bracket and the graded Leibniz
identity, because this will be useful later. For X,Y 2 X(M) and # 2 Xk+1(M):

[#,[X,Y ]] + [X,[Y ,#]] + [Y ,[#,X]] = 0. (6.2)

Further, for # 2 Xk+1(M), ⇣ 2 Xl+1(M) and ⌧ 2 Xm+1(M),

[#,⇣ ^ ⌧ ] = [#,⇣] ^ ⌧ + (�1)k(l+1)⇣ ^ [#,⌧ ]. (6.3)
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The Poisson Differential

Consider the cotangent Lie algebroid
�
T ⇤M, [·,·]⇡,⇡#

�
. The Lie algebroid cohomology

of T ⇤M coincides with the Poisson cohomology of M (see Example 2.20). Using the
Schouten-bracket, we can now present a more explicit description of Poisson cohomology.

Lemma 6.7. The Lie algebroid differential dT ⇤M : �(⇤•TM) ! �(⇤•+1TM) coincides
with the so called Poisson differential

d⇡ : X
•(M)! X•+1(M)

# 7! [⇡,#].

Proof. For f 2 C1(M), we get [⇡,f ] = �⇡](df). Now, consider the case when k > 0. Let
# 2 Xk+1(M), and f1, . . . , fk+2 2 C1(M). With � 2 SJ1,k+1K, we obtain

L⇡ �L#(f1, . . . , fk+1) = sgn(�)⇡](df�(1))(#(df�(2), . . . , df�(k+1))).

Further, for f, g 2 C1(M), note that [df,dg]⇡ = �d⇡(df, dg). Therefore, with � 2 SJk,2K:

L# �L⇡(f1, . . . , fk+1) = sgn(�)#(df�(1), . . . , df�(k),�[df�(k+1), df�(k+2)]⇡)

= (�1)k+1sgn(�)#([df�(1), df�(2)]⇡, df�(3), . . . , df�(k+2)).

By comparing this result with the Lie algebroid differential given in (2.7), the claim follows.
Looking at (2.7), the (1, k + 1)-shuffles correspond to the ommission of one input, while
the (k, 2)-shuffles correspond to the omission of two inputs.

Definition 6.8. Let (M,⇡) be a Poisson manifold with associated Poisson bracket {·, ·}.

1. For f 2 C1(M), we define Xf := ⇡]⇤(df) = {f, ·} 2 X(M) and call it the Hamiltonian
vector field of f . We denote the space of Hamiltonian vector fields on (M,⇡) by
Xham(M,⇡).

2. We call a vector field X 2 X(M) a Poisson vector field if

X({f, g}) = {X(f), g}+ {f,X(g)}, for all f, g 2 C1(M).

We denote the space of Poisson vector fields on (M,⇡) by X⇡(M).

3. We call a function C 2 C1(M) a Casimir function if

{C, f} = 0, for all f 2 C1(M).

We denote the space of Casimir functions, or alternatively Casimirs, on (M,⇡) by
Cas(M,⇡).

Remark 6.9. The anchor map of a Lie algebroid is a Lie algebroid morphism. Hence,
using (6.2), the Hamiltonian and Poisson vector fields on a Poisson manifold (M,⇡) form a
Lie subalgebra of X(M). Further, we have that

Xham(M,⇡) ✓ X⇡(M) ✓ X(M). (6.4)
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As we have already seen, the Poisson differential fulfils d⇡(f) = [⇡,f ] = �Xf for each
f 2 C1(M). Further, note that Casimir functions C 2 C1(M) are precisely those
functions for which its Hamiltonian vector field vanish, i.e., XC ⌘ 0. Using the definition
of the Schouten bracket, provided in Definition 6.3, one may check that a vector field
X 2 X(M) is Poisson if and only if [⇡,X] = 0. This fact can be used to verify the first
inclusion in (6.4). These results provide a characterization of low degree Poisson cohomology
modules:

Corollary 6.10. Let (M,⇡) be a Poisson manifold. Then, it holds:

1. H0
⇡(M) = Cas(M,⇡)

2. H1
⇡(M) = X⇡(M)

Xham(M,⇡)

6.2 The Symplectic Foliation of a Poisson Manifold

Here, we follow [15]. Let (M,⇡) be a Poisson manifold. In chapter 3, we have already seen
that the Lie algebroid structure induced from the Dirac structure D⇡ = {(⇡](↵),↵) | ↵ 2
T ⇤M} carries a presymplectic foliation. The characteristic distribution of D⇡ is given by

D(D⇡) = Im(⇡]).

By the existence of charts, we know that the cotangent space T ⇤
pM of M at p 2 M is

spanned by the set {dfp | f 2 C1(M)}. Therefore, with Definition 6.8, it follows that the
characteristic distribution is spanned by the Hamiltonian vector fields, i.e.,

D(D⇡)|p = {Xf |p | f 2 C1(M)} , (6.5)

for all p 2M . This implies that the integral curves of any Hamiltonian vector field stay
inside a leaf of the characteristic foliation F (D⇡). Let N 2 F (D⇡) be a leaf. By (3.13),
the presymplectic form on N is given, for each q 2 N , by

!N |q(⇡
]

q(↵),⇡
]

q(�)) = ↵(⇡]q(�)) = �⇡q(↵,�), (6.6)

for all ↵,� 2 T ⇤
q M . Actually, !N is a symplectic structure on N .

Lemma 6.11 [22]. Let (M,⇡) be a Poisson manifold and N 2 F (D⇡) a leaf. The
presymplectic form !N , defined in (6.6), is nondegenerate. In other words, (N,!N ) is a
symplectic manifold.

Proof. Let v 2 ker(!]
N
|z : TzN ! T ⇤

zN), i.e.,

!N |z(v, w) = 0, for all w 2 TzN. (6.7)

Equation (6.5) implies that there is a Hamiltonian vector field Xf = ⇡](df), for some
f 2 C1(M), such that Xf |z = v. Consequently, (6.7) can be rewritten as

�⇡(df, dg)z = Xf (g)z = 0, for all g 2 C1(M).

Equivalently, Xf |z = vz = 0. Since TzM is finite-dimensional, !]
N
|z is bijective, proving

the claim.
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In conclusion, any Poisson structure carries a natural symplectic foliation

F̂ (D⇡) = {(N,!N )|N 2 F (D⇡) leaf}.

The proof of the Stefan-Sussmann Theorem shows that every symplectic leaf of a Pois-
son manifold admits a geometric description in terms of Hamiltonian vector fields. As
Xham(M,⇡) ✓ Im(⇡]⇤) generate the characteristic distribution of D⇡, we can characterize a
leaf N ✓M through a point p 2M by

q 2 N () 9t 2 R, 9f1, . . . , fk 2 C1(M) such that 't

Xf1
� · · · � 't

Xf
k

(p) = q, (6.8)

where 't

Xf
denotes the flow of the Hamiltonian vector field Xf , for any f 2 C1(M). This

coincides with the definition of an orbit (or symplectic leaf) of a Poisson manifold provided
in [7] or [15].

Lemma 6.12 [15]. Let (M,⇡) be a Poisson manifold. A function f 2 C1(M) is a Casimir
function if and only if f is constant on each symplectic leaf.

Proof. ")" : Let C 2 C1(M) be a Casimir function. Let Xf 2 X(M) be a Hamiltonian
vector field. Therefore, 0 = {C, f} = �Xf (C). Therefore, C is constant on the flow lines
of Xf . Using (6.8), it follows that C is constant on each leaf.

"(" : Let C 2 C1(M) be constant on each leaf. Then, due to (6.8), we conclude that
Xf (C) = 0, for all f 2 C1(M). Consequently C is a Casimir function.

Casimir functions can be used to characterize symplectic leaves. In the spirit of the
constant-rank level set theorem (see [16]), this yields

Proposition 6.13 [15]. Let (M,⇡) be a Poisson manifold with dim(M) = n. Let U ✓M
be a nonempty open subset, and let f1, . . . , fm 2 C1(U) such that:

1. The rank of ⇡ is constant on U and equal to n�m.

2. The functions f1, . . . , fm are Casimirs of ⇡|
U
.

3. The differentials {df1|p , . . . , dfm|
p
} ✓ T ⇤

pM are independent, for all p 2 U .

Then, the symplectic foliation of the restriction of ⇡ to U coincides with the foliation defined
by F := (f1, . . . , fm) : U ! Rm. Note that the foliation F , which is induced by F , is given
by the level sets of F , i.e., F = {F�1(q) | q 2 Rm

}.

Proof. As ⇡|
U

has constant rank, any leaf of its symplectic foliation has dimension
rank(⇡) = n�m. Since F has constant maximal rank, the leaves of its foliation F on U
also have dimension n�m. By Lemma 6.12, any symplectic leaf is contained in a leaf of
F . The foliations coincide, as the dimensions coincide.

6.3 Examples of Poisson Structures Admitting Primitives

Our goal now is to find an example where Theorem 4.6 applies. In this section, we are
dealing with the cotangent Lie algebroid with anchor ⇢ = ⇡]. Therefore, instead of talking
about ⇡]-horizontal forms, we just talk about horizontal ones. Let (M,⇡) be a Poisson



6. A VARIATIONAL APPROACH: POISSON GEOMETRY 48

manifold with Dirac structure D⇡ and induced cotangent Lie algebroid (T ⇤M, [·,·]⇡,⇡#)
(see Remark 3.11). We have [⇡,⇡] = 0, i.e., dT ⇤M⇡ = 0. Therefore, the element ⇡ 2 X2(M)
defines a class in H2

⇡(M). This completes the discussion of Example 4.4. In the same
Example, we already discussed that the horizontal 2-form on D⇡ corresponds to ⇡. Therefore,
in order to apply Theorem 4.6, we need a horizontal primitive in Poisson cohomology. We
start with the following Example from [6]. The starting point of the ideas of this section
were Examples 1.16 and 1.17 from this reference.

Example 6.14. Let M = R2 with Poisson structure ⇡ = x2@x ^ @y 2 X2(M). Let
E = x@x 2 X1(M). Then, one verifies that dT ⇤ME = [⇡,E] = ⇡. Hence, E is a primitive of
⇡ in Poisson cohomology. But is it a primitive in the horizontal cohomology? In order to
check this, we need E to be horizontal. We can use C1(M)-linearity of ⇡] and a bump
function argument to show that Ep 2 Im(⇡]p), for all p 2M . The following Lemma then
shows that E is horizontal.

Lemma 6.15. Let (M,⇡) be a Poisson manifold and let A = T ⇤M be the according
cotangent Lie algebroid. Let E 2 X(M) = �(A⇤) be a multivector field of degree 1 such that
dAE is horizontal. Then, E is horizontal if and only if it is tangent to the characteristic
distribution D(A) of A, i.e., Ep 2 D(A)p for all p 2M .

Proof. ")" : Let E be horizontal. Let p 2M . Denote S := ⇡]p for the map ⇡]p : T ⇤
pM !

TpM . Using the isomorphism T ⇤⇤M ' TM , one may verify that S coincides with its dual
map S⇤ under this isomorphism. Further, recall that ker(S)? = Im(S⇤). Because E is
horizontal, we conclude that Ep 2 Im(S). But Im(⇡]p) = TpN , where N is the leaf of FD(A)

through p. As p was arbitrary, E is tangent to D(A).

"(" : Let p 2M and Ep 2 Im(⇡]p). Note that

Im(⇡]p) = {⇡(dfp, ·) 2 TpM | f 2 C1(M)} .

Hence, there is f 2 C1(M) with Ep = ⇡(dfp, ·). Let v 2 ker(⇡]p). Then,

◆vEp = ⇡(dfp, v) = �⇡
]

p(v)(dfp) = 0.

dAEp is horizontal by assumption. As p was arbitrary, it follows that E is horizontal.

We now consider a special class of Poisson structures for which ⇡ admits a (not nec-
essarily horizontal) primitive. These are linear Poisson structures, which are classical
examples of Poisson structures. They arise from Lie algebras, and consequently provide a
rich source of examples, in particular, there is a good chance of finding a horizontal prim-
itive. Here, we follow [7] and used the examples from [13], [15], and [18] for our investigation.

We start with an R-vector space. As usual, we denote the space of linear functionals
' : V ! R (i.e., the dual vector space to V ) as V ⇤

✓ C1(V ).

Definition 6.16. A Poisson bracket

{·, ·} : C1(V )⇥ C1(V )! C1(V )

on V is called a linear Poisson bracket if it restricts to linear functions, i.e.,

{V ⇤, V ⇤
} ✓ V ⇤.
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A Poisson structure which corresponds to a linear Poisson bracket will be called a linear
Poisson structure.

Proposition 6.17 [7]. There is a 1-to-1 correspondence
⇢

linear Poisson brackets {·, ·}
on a space V = g⇤

�
⇠
 !

⇢
Lie algebra structures [·,·]

on the dual vector space g = V ⇤

�

determined by
{evu, evv} = ev[u,v], for all u, v 2 g, (6.9)

where

ev : g
⇠
�! g⇤⇤ ✓ C1(g⇤)

v 7! (' 7! '(v))
(6.10)

is the evaluation map.

Proof. Let g be a vector space. Suppose that there is a linear Poisson bracket {·, ·} on g⇤⇤.
Let u, v 2 g⇤. As {·, ·} is linear, the element {evu, evv} 2 g⇤⇤ corresponds to an element
[u,v] 2 g under the isomorphism in (6.10). The bracket [·,·] : g⇥ g! g, defined as such, is
alternating, bilinear, and satisfies the Jacobi identity because {·, ·} also has these properties.
Hence, we get a Lie algebra (g, [·,·]).

For the other direction, let (g, [·,·]) be a Lie algebra. Let f, g 2 C1(g⇤) and ⇠ 2 g⇤. The
isomorphism T ⇤

⇠
g⇤ ' g yields that the differential T ⇤

⇠
g⇤ 3 df⇠ : T⇠g⇤ ! R can be viewed as

an element of g. Therefore, we get [df⇠,dg⇠] 2 g. There is a natural pairing on g:

h·, ·i : g⇤ ⇥ g! R, (v, ⇠) 7! ⇠(v) (6.11)

using the isomorphism (6.10), we obtain:

{·, ·} : C1(g⇤)⇥ C1(g⇤)! C1(g⇤)
(f , g) 7! (⇠ 7! h⇠, [df⇠,dg⇠]i) .

(6.12)

It defines a Poisson bracket on g⇤ because {·, ·} inherits the necessary conditions from [·,·].
It is a linear Poisson bracket, because Im(ev) = g⇤⇤.

Remark 6.18. The preceding proposition also implies that the evaluation map defines an
embedding of Lie algebras

ev : (g, [·,·]) ,! (C1(g⇤), {·, ·}).

The Poisson bracket {·, ·} corresponds to a bivector field ⇡ on g⇤. Therefore, there is a map

C1(g⇤)! Xham(g
⇤,⇡)

f 7! {f, ·} = Xf .

Postcomposing this map with the evaluation map yields a g-action on the manifold g⇤:

A : (g, [·,·])! (X(g⇤), [·,·])

v 7! Xevv

which is precisely the coadjoint g-action ad⇤ on g⇤.
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In summary, every Lie algebra g induces a natural linear Poisson bracket on g⇤. We call
the corresponding Poisson structure ⇡g the Lie–Poisson structure on g⇤.

At this point, it makes sense to briefly review some fundamental facts concerning the
coadjoint action on a Lie algebra. Further details can be found, for instance, in [7] and [16].
Let G be a Lie group. For any g 2 G, there is a diffeomorphism cg : G! G, x 7! gxg�1,
which is called the conjugation map. Taking the differential at the neutral element e 2 G
yields the adjoint map Adg = d(cg)e : g! g.
Now, let g 2 G. We obtain a unique element Ad⇤g(⇠) 2 g⇤, for any element ⇠ 2 g⇤, defined
by

Ad⇤g(⇠)(v) = h⇠,Adg�1(v)i, for all v 2 g,

where h·, ·i is the natural pairing on g (see (6.11)). This defines the coadjoint G-action on
g⇤, namely Ad⇤ : G! GL(g⇤). Finally, we can define the coadjoint g-action on g⇤ by

ad⇤ : g! X(g⇤)

v 7! ad⇤v,

where the vector field ad⇤v is given by

(ad⇤v)⇠ :=
d

dt

����
t=0

Ad⇤exp(tv)(⇠), ⇠ 2 g⇤.

The following facts hold:

• For any v, w 2 g and ⇠ 2 g⇤, it holds

ad⇤v(⇠)(w) = �⇠([v,w]). (6.13)

• Let ⇠ 2 g⇤. The coadjoint orbit

O⇠ = {Ad⇤g⇠|g 2 G} ✓ g⇤

through ⇠ is an immersed submanifold of g⇤.

• Let ⇠ 2 g⇤, the coadjoint G-action on g⇤ induces a transitive action on O⇠:

A : G⇥O⇠ ! O⇠

(h,Ad⇤g⇠) 7! Ad⇤
hg
⇠.

• Let ⇠ 2 g⇤ and ⌘ 2 O⇠. The tangent space of O⇠ at ⌘ fulfils

T⌘O⇠ ' {ad⇤v⌘ | v 2 g} ✓ g⇤.

Proposition 6.19 [15]. Let G be a connected Lie group with Lie algebra (g, [·,·]). The
symplectic leaves of the Lie-Poisson structure ⇡g on g⇤ are the coadjoint orbits of G.

Proof. Let f, g 2 C1(g⇤) and ⇠ 2 g⇤. We can rewrite (6.12) as

{f, g}(⇠) = h⇠, [df⇠,dg⇠]i

= �had⇤
df⇠
⇠, dg⇠i.

It follows that
⇡](df)⇠ = {f, ·}(⇠) = �ad⇤

df⇠
⇠ 2 X(g⇤).
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Therefore, using that df⇠ 2 T ⇤
⇠
g⇤ ' g:

{⇡](df)⇠ | f 2 C1(g⇤)} = {ad⇤v⇠ | v 2 g} = T⇠O⇠. (6.14)

The characteristic distribution D(g⇤) of (g⇤,⇡g) is given at each ⇠ 2 g⇤ by

D(g⇤)⇠ = Im(⇡](·)⇠).

Since the G-action on the coadjoint orbits is transitive, for every ⌘ 2 O⇠ there exists g 2 G
such that ⌘ = g.⇠. By using (6.14), we conclude

D(g⇤)⌘ = T⌘O⌘ = T⌘Og.⇠ = T⌘O⇠.

Because the coadjoint orbits of G are connected, they form integral manifolds of the
characteristic distribution, proving the claim.

Definition 6.20 [15]. Let (M,⇡) be an n-dimensional Poisson manifold and (U, (xi)) a
coordinate chart. As in the case of differential forms, ⇡ admits the local expression

⇡|
U
=

1

2

nX

i,j=1

{xi, xj}
@

@xi
^

@

@xj
.

We call the matrix X =
�
{xi, xj}

�
i,j

the Poisson matrix of ⇡ with respect to the coordinates
(xi). Note that X is a matrix with entries in C1(U).

Remark 6.21. When we evaluate the Poisson matrix of ⇡ with respect to coordinates (xi)
on U at a point p 2 U , we obtain an R-valued matrix representation of the skew-symmetric
bilinear map

⇡p : T
⇤
pM ⇥ T ⇤

pM ! R
with respect to the basis (dxi

��
p
) of T ⇤

pM .

Definition 6.22. Let V be an n-dimensional vector space with global coordinates (xi).
Let E 2 X(V ) be the vector field defined by

E =
nX

i=1

xi
@

@xi
.

We call E the Euler vector field on V .

Let ⇡ be a linear Poisson structure on an n-dimensional vector space V . The following
lemma shows that the Euler vector field is always a primitive of ⇡. Since ⇡ is a linear
Poisson structure, it admits a particularly simple representation. By Proposition 6.17, (V,⇡)
corresponds to a Lie algebra (g, [·,·]). Let {ei} be a basis of g. Then, for i, j 2 {1, . . . , n},

[ei,ej ] =
nX

k=1

cij
k
ek,

where cij
k
2 R are called the structure constants of g with respect to the basis {ei}. Let

(xi) be the induced linear coordinates on V = g⇤. Proposition 6.17 then implies that ⇡ is
given by

{xi, xj} =
nX

k=1

cij
k
xk,

for all i, j 2 {1, . . . , n}.
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Lemma 6.23. Let ⇡ be a linear Poisson structure on a vector space M = V with global
coordinates (xi). Then, the Euler vector field E 2 X(M) is a primitive of ⇡. In particular,
[⇡] = 0 2 H2

⇡(M).

Proof. By Definition 6.20:

⇡ =
1

2

nX

i,j=1

{xi, xj}
@

@xi
^

@

@xj
.

Since ⇡ is linear, we have

{xi, xj} =
nX

k=1

cij
k
xk

where cij
k
2 R and i, j 2 {1, . . . , n}. Using the graded Leibniz identity (see (6.3)), we

conclude that 
⇡,xi

@

@xi

�
= [⇡,xi] ^

@

@xi
+ (�1)1·0xi


⇡,

@

@xi

�
,

for each i 2 {1, . . . , n}. Now, applying the definition of the Schouten bracket (see Sec-
tion 6.1), we obtain that

nX

i=1

✓
[⇡,xi] ^

@

@xi

◆
=

nX

i=1

 
nX

k=1

{xk, xi}
@

@xk
^

@

@xi

!

= 2⇡.

(6.15)

Further, by Schwarz’s theorem, we conclude that

⇡,

@

@xi

�
= �

nX

k,l=1

1

2

✓
@

@xi
{xk, xl}

◆
@

@xk
^

@

@xl

= �
nX

k,l=1

1

2
ckli

@

@xk
^

@

@xl
.

Summing over i 2 {1, . . . , n} leads to

nX

i=1

✓
xi

⇡,

@

@xi

�◆
= �

nX

k,l=1

1

2

 
nX

i=1

ckli x
i

!
@

@xk
^

@

@xl

= �⇡.

(6.16)

We combine the results from (6.15) and (6.16), and the claim follows when we recall that
the Schouten bracket is bilinear:

d⇡E = [⇡,E] =
nX

i=1


⇡,xi

@

@xi

�
= 2⇡ � ⇡ = ⇡.

It turns out that the converse of Lemma 6.23 is also true. Let ⇡ be a Poisson structure on
a vector space V and suppose that the Euler vector field E on V is a primitive of ⇡. Then,
⇡ is a linear Poisson structure ([7]).
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We now have all the pieces needed to construct an example illustrating Theorem 4.6. Let
(g⇤,⇡g) be a Lie-Poisson structure. As discussed previously, the horizontal 2-form on the
Dirac structure D⇡g , considered as a Lie algebroid, corresponds to ⇡g. By Lemma 6.23, the
Poisson bivector ⇡g 2 X2(g⇤) always admits a primitive in Poisson cohomology, namely the
Euler vector field E, i.e., d⇡gE = ⇡g. As ⇡g is horizontal, it remains to check that E is
tangent to the characteristic distribution D(g⇤) (see Lemma 6.15). Proposition 6.13 provides
a geometric description of the leaves of the induced foliation. As there are several examples
of Lie groups with corresponding Lie-Poisson structures (see, for example, [13],[18]), this
provides a promising source of examples.

We will now present an example in which the Euler vector field is already tangent to the
foliation.

Example 6.24 (Open book foliation).

Step 1: The Lie group and associated Lie algebra
Let n 2 N>0. Consider the Lie groups SO(n) with matrix multiplication, and Rn with
addition. The group SO(n) acts on Rn by

⌧ : SOn
! Aut(Rn)

R 7! (x 7! R(x)).

We can therefore construct the semidirect product of Lie groups, which is itself a Lie group
(see, for example, [22]):

SE(n) := Rn o⌧ SO(n) =

⇢
1 0
x A

� ���� A 2 SO(n), x 2 Rn

�
.

The Lie group SE(n) is called the special Euclidean group. Its group multiplication is given
by matrix multiplication. The according Lie algebra is

se(n) =

⇢
0 0
b B

� ���� B 2 so(n), b 2 Rn

�
, (6.17)

where the Lie bracket [·,·]se of se is provided by the matrix commutator. Recall that the
Lie algebra of the special orthogonal group SO(n) is

so(n) =
n
A 2 Rn⇥n

��� A = �A>
o
.

We will now consider the case when n = 2, for which the above representation becomes

se(2) =

8
<

:

2

4
0 0 0
a 0 �c
b c 0

3

5

������
a, b, c 2 R

9
=

; .

Computing the matrix commutator of two arbitrary elements shows that the Lie algebra
(se(2), [·,·]se) is isomorphic to the Lie algebra (R3, [·,·]), where

[v,w] = prxy(v ⇥ w). (6.18)

Here, ⇥ denotes the vector (cross) product on R3, and prxy : R3
! R3 denotes the projection

onto the xy-plane embedded in R3.

Step 2: The corresponding Lie-Poisson structure
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By Proposition 6.17, there is a corresponding Poisson structure (R3⇤, {·, ·}). Let e1, e2, e3 2
R3 be the standard basis of R3. We obtain linear coordinates (xi : g⇤ ! R) on the manifold
g⇤ = (R3)⇤ ' R3 by defining

xi := evei : g
⇤
! R

⇠ 7! ⇠(ei),

for each i 2 {1, 2, 3} ([15],). Further, note that (6.9) implies {xi, xj} = ev[ei,ej ] for all
i, j 2 {1, 2, 3}. Using (6.18), we can derive the global Poisson matrix:

X =

2

4
0 0 x1
0 0 x2
�x1 �x2 0

3

5 .

From now on, we adopt the more convenient notation x = x1, y = x2 and z = x3.

Step 3: The Geometry of the foliation
We now apply the geometric method, presented in Proposition 6.13, to find out the
symplectic leaves. The matrix X has rank(X) = 2 on U = R3

\ {x = y = 0}. Further,

ker(X) = span

8
<

:

0

@
�y
x
0

1

A

9
=

; .

We want to apply Proposition 6.13. We seek a function F : U ! R such that rF || ker(X)
([21]). Unfortunately, this is not possible. But we can find functions Fi : Ui ! R defined
on open subsets Ui ✓ U such that rFi || ker(X), where i 2 {1, 2}, and such that
U1 \ U2 = U . This means that the gradient rFi of Fi is tangent to the cylinders around
the z-axis. According to Proposition 6.13, the level sets of Fi constitute the foliation. From
Calculus we know that the gradient of a scalar function is perpendicular to the level sets.
Consequently, we obtain the open book foliation:

0

z

(a) Open book foliation of R3
\ {x = y = 0}

x y

z

(b) Euler vector field on R3
\ {x = 0}

The Euler vector field is tangent to the foliation. Therefore, we obtain an example where
Theorem 4.6 applies.

Remark 6.25. Let (g⇤,⇡g) be a Lie-Poisson structure. A natural question is whether ⇡g
admits a primitive other than the Euler vector field E. This is an interesting question
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because when the Euler vector field does not fit in the context of Theorem 4.6 it may still
be possible to obtain an example. By Corollary 6.10, we have

H1
⇡(M) =

X⇡(M)

Xham(M,⇡)
.

Therefore, another primitive X 2 X(g⇤) of ⇡g in Poisson cohomology satisfies

E �X 2 X⇡(M).

Hence, in order to obtain tangency to the foliation, this leads to the question whether it
is possible to find a Poisson vector field that can be added to the Euler vector field such
that the resulting vector field is tangent to the foliation. This is a question that could be
considered in future projects.

Suppose the Lie algebra g is semisimple and compact. Then, the leaves are compact.
But the flow of the Euler vector field goes to infinity. Therefore, E cannot be tangent
to the leaves. Furthermore, in the semisimple and compact case, we have H1

⇡g
(g⇤) = 0.

Consequently, Poisson vector fields coincide with Hamiltonian vector fields. By construction,
Hamiltonian vector fields are tangent to the foliation; therefore, we cannot adjust the Euler
vector field, and this class of examples fails. Hence, this provides a first obstruction to the
existence of such a modification of the Euler vector field.



Appendix A

Vector Bundles

Definition A.1 (vector bundle) [16]. A (smooth) vector bundle of rank k over a manifold
M is a manifold E together with a surjective smooth map (called projection) ⇡ : E !M
satisfying

(i) For each p 2M , the fiber E|
p
:= Ep := ⇡�1(p) over p is endowed with the structure

of a k-dimensional real vector space.

(ii) For each p 2 M , there exists a neighborhood U of p in M and a diffeomorphism
�U : ⇡�1(U)! U ⇥Rk (called a (smooth) local trivialization of E over U), satisfying

• prU � �U = ⇡U (where prU : U ⇥ Rk
! U is the projection onto U)

• for each q 2 U , the restriction �|
Eq

is a vector space isomorphism between Eq

and {q}⇥ Rk
' Rk.

The pair (�U ,U) is also called a bundle chart.

Lemma A.2 [16]. Let ⇡ : E ! M be a vector bundle over the manifold M with local
trivialization �U : ⇡�1(U)! U ⇥ Rk. Let i 2 {1, . . . , k}. Denote with ei the i-th standard
basis vector of Rk. Further we define maps

�i : U ! E

p 7! ��1
U

(p, ei) = �
�1
U
� eei(p)

where eei : U ! U ⇥ Rk, p 7! (p, ei) is the section on the product bundle U ⇥ Rk induced by
the i-th standard basis vector.

Then, �1, . . . ,�k are local sections on E over U and form a basis of Ep at each p 2 U , which
we will call a local frame for E over U . In particular the following diagram commutes:

⇡�1(U) U ⇥ Rk

U

⇡

�U

pr1

eei�i

Proof. Let i 2 {1, . . . , k} and p 2 U arbitrary. Smoothness of �i follows from smoothness
of �U . Furthermore, by pr1 � �U = ⇡ (see Definition A.1):

⇡ � �i(p) = ⇡ � ��1(p, ei) = pr1(p, ei) = p

56
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Therefore �i is a section on U . �U restricts to an isomorphism

�U |Ep
: Ep

⇠
�! {p}⇥ Rk.

Since �U (�i(p)) = (p, ei), the identification {p}⇥ Rk
' Rk yields that (�i(p)) is a basis of

Ep. We call (�i) the local frame associated with �U .

Lemma A.3 [16]. Let ⇡ : E !M be a vector bundle over M . Let �U : ⇡�1(U)! U ⇥ Rk

be a local trivialization with associated local frame (�i).

Then, for any ⇠ 2 �(E), there are k smooth functions fi : U ! R such that

⇠|
U
=

kX

i=1

fi�i.

The fi, i 2 {1, . . . , k} are called the component functions of ⇠

Proof. Since (�i) forms a local frame over U ,

⇠(p) =
kX

i=1

fi(p)�i(p),

for each p 2 U . This defines k functions fi : U ! R. As ⇠ and �U are smooth, �U � ⇠ is
smooth on U . Further

�U � ⇠(p) = �U |p (
kX

i=1

fi�i)

=
kX

i=1

fi �U |p (�i)

=
�
p,
�
f1(p), . . . , fk(p)

��
.

Hence, fi : U ! R are smooth for all i 2 {1, . . . , k}.

Definition A.4 (dual bundle) [16]. Let ⇡ : E !M be a vector bundle over M . We define
the dual bundle to E to be the bundle E⇤ with

E⇤ =
a

p2M
E⇤

p =
[

p2M
{(p, ) |  2 Ep}

and projection

⇡⇤ : E⇤
!M

(p, ) 7! p,

where E⇤
p denotes the dual vector space to Ep.

Definition A.5 (product and sum of vector bundles) [14]. Let ⇡ : E !M , ⇡0 : E0
!M

be vector bundles over M . Let ⌘ : F ! N be a vector bundle over N .

(i) The vector bundle
E �M E0 =

a

p2M
(Ep � E0

p)



A. VECTOR BUNDLES 58

over M with projection

⇡̄ : E �M E0
!M

(Ep � E0
p) 3 (e, e0) 7! p

is called the Whitney sum or direct sum of the bundles E and E0. When the base
manifold is clear we also write E � E0 instead of E �M E0.

(ii) The set E ⇥ F with projection

⇡̄ : E ⇥ F !M ⇥N

(e, f) 7! (⇡(e), ⌘(f))

is called the direct product of the bundles E and F and is a vector bundle over M ⇥N .

Definition A.6 (bundle homomorphism) [16]. Let ⇡ : E !M and ⇡0 : E0
! N be vector

bundles over M and N , respectively. A map F : E ! E0 is called a bundle homomorphism
if there exists a map f : M ! N , such that the diagram

E E0

M N

F

⇡ ⇡
0

f

# (A.1)

commutes and
F |

Ep
: Ep ! E0

f(p)

is linear for each p 2M . One also uses the notation Fp := F |
p
:= F |

Ep
. For the relationship

⇡0 � F = f � ⇡ is also expressed by saying that F covers f .

In the case that F covers the identity map of M , i.e., f = idM , we call F a bundle
homomorphism over M .

The following two remarks are general facts from vector bundle theory ([27]). In particular,
Proposition 20.14 in [27] can serve as a starting point for a more detailed discussion.

Remark A.7. Let F : E ! E0 be a bundle homomorphism over M . Then there is a dual
bundle homomorphism F ⇤ : E0⇤

! E⇤ defined fibrewise by

F ⇤
|
E0⇤

p

:= (F |
Ep

)⇤ for each p 2M.

Remark A.8. Let F : E ! E0 be a bundle homomorphism over M . For k 2 N0, F induces
a bundle homomorphism ⇤kF : ⇤kE ! ⇤kE0 over M defined fibrewise by

F |⇤kEp
:= ⇤k(F |

Ep
) for each p 2M.

Let ⇡ : E !M be a vector bundle over M . Recall the space of sections

�(E) = {s : M ! E | ⇡ � s = idM} .

It follows that
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Remark A.9 [16]. Let F : E ! E0 be a bundle homomorphism covering M . It induces a
C1(M)-linear map on sections of E and E0:

F⇤ : �(E)! �(E0)

� 7! F � �

Proposition A.10 [17]. Consider a short exact sequence of vector bundles over M

0 E0 E E00 0,

that is, an assembly of three vector bundles E0, E,E00 over M and two vector bundle
homomorphisms F 0 : E0

! E and F 00 : E ! E00 such that

0 E0
p Ep E00

p 0
F

0
p

F
00
p

is a short exact sequence of vector spaces, for each p 2M . Then there is a right inverse
�00 : E00

! E to F 00 and a left inverse �0 : E ! E0 to F .

Definition A.11 (pullback bundle) [14]. Let ⇡ : E ! N be a vector bundle over N . Let
f : M ! N be a (smooth) map between M and N . The pullback bundle f⇤E of E by f
defined by

f⇤E := {(p,e) 2M ⇥ E | ⇡(e) = f(p)} ✓M ⇥ E (A.2)

with projection
⇡̄ : f⇤E !M, (p, e) 7! p.

The definition of the pullback bundle implies that the following diagram commutes:

f⇤E E

M N

pr2

⇡̄ ⇡

f

#

i.e., pr2 is a bundle homomorphism covering f .

With this definition in mind we can now improve Remark A.9:

Lemma A.12. Let F : E ! E0 be a bundle homomorphism covering f : M ! N .

(a) f induces a C1(M)-linear map:

f⇤ : �(E0)! �(f⇤E0)

� 7! [M 3 p 7! (p, (� � f)(p))]

(b) F induces a C1(M)-linear map

F⇤ : �(E)! �(f⇤E0)

� 7! [M 3 p 7! (p, (F � �)(p))]
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(c) The map
C1(M) ⌦ �(E0) ! �(f⇤E0)

g ⌦ � 7! gf⇤(�)

is an isomorphism of C1(M)-modules (see [17]). The tensor product is over C1(N).
The C1(N)-module structure on C1(M) is defined by

C1(N)⇥ C1(M) ! C1(M)
(g, g0) 7! (g � f)g0.

In particular, �(f⇤E0) is generated by Im(f⇤) as a C1(M)-module.

Note that (b) indeed covers Remark A.9, as id⇤
M
E0
' E0.

Remark A.13. Let E be a vector bundle over M . A fact from vector bundle theory states
that the C1(M)-module �(E) of sections of E is finitely generated ([20]). Now, consider
the situation of Lemma A.12c, i.e., let E0 be a vector bundle over N and f : M ! N a
map between M and N . It follows that every ↵ 2 �(f⇤E0) admits a finite representation

↵ =
nX

i=1

cif
⇤(↵i)

where ci 2 C1(M) and ↵i 2 �(E0) for i 2 {1, . . . , n}.

Proposition A.14 [3]. Let f : E ! E0 be a surjective bundle homomorphism over M .
Then, for all x 2M there are bundle charts (�U ,U) of E and ( U ,U) of E0, such that F
takes the form of a projection under these trivializations. That is,

F̄U := ( U � F |
U
� ��1

U
)

takes the form

EU E0
U

U ⇥ Rm U ⇥ Rk

F |
U

s �U s U

F̄U

(u,(v1,...,vm)) 7! (u,(v1,...,vk))

#

Proposition A.15 [27]. Let F : E ! E0 be a vector bundle homomorphism covering
f : M ! N as in Definition A.6. Then, there is a unique bundle map 'F : E ! f⇤E0 over
M such that the following diagram commutes:

E

f⇤E0 E0

M N.

⇡

F

9!'F

⇡̄

pr2

⇡
0

f

#

(A.3)

From a Category Theory point of view we say that (f⇤E0, ⇡̄, pr2) is the limit of the diagram
M

f
! N

⇡
0
 E0.
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Proof. Suppose the diagram in (A.3) commutes. Since the maps ⇡̄ = pr1 and pr2 provide
the entries, it follows that 'F (e) = (⇡(e), F (e)) for all e 2 E. So, if this map exists, it is
unique.

As F covers f (see A.1), we conclude that (⇡(e), F (e)) 2 f⇤E0, for all e 2 E. Hence 'F

exists. It is R-linear on each fibre as F is. Further, it is smooth as F and ⇡ are.

The following Lemma is the same as Proposition A.15 adjusted for the Lie algebroid case.

Lemma A.16. Let F : A1 ! A2 be a Lie algebroid morphism covering f : M1 !M2 such
that f !A2 is a well-defined Lie algebroid. Then there is a unique Lie algebroid morphism
'F : A1 ! f !A2 over M1 such that the following diagram commutes:

A1

f !A2 A2

TM1 TM2

⇢1

F

9!'F

⇢
f !A2

pr1

⇢2

df

#

(A.4)

Proof. Suppose the diagram (A.4) commutes. Since the maps ⇢f !A2
= pr1 and pr2 provide

the entries, it follows that 'F (a) = (F (a), ⇢1(a)) for all a 2 A1. So, if this map exists, it is
unique.

As F is a Lie algebroid morphism we conclude with (2.9) that (F (a), ⇢1(a)) 2 f !A2, for all
a 2 A1. Hence 'F exists.

Furthermore, 'F is a Lie algebroid morphism. Indeed, first, note that 'F is smooth as F
and ⇢1 are. Recall the definition of the projection map ⇡f !A2

(see 2.19). 'F preserves fibers
as ⇢1 does. Commutativity of the diagram 2.9, i.e., ⇢f !A2

� 'F = ⇢1, holds by definition of
⇢f !A2

.

It remains to show that 'F is compatible with the brackets. Since 'F is a bundle
homomorphism covering the identity idM1 , Equation 2.12 simplifies and it remains to show
that

'F ⇤ � [↵,�]1 = ['F ⇤ � ↵,'F ⇤ � �]f !A2
, for all ↵,� 2 �(A1).

So, let ↵,� 2 �(A1) with representations

F⇤(↵) =
X

i

cif
⇤(↵i)

and F⇤(�) =
X

j

c0jf
⇤(�j),

which exist by Remark A.13. The sums are finite. Using that F is a Lie algebroid morphism
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and combining 2.1, 2.12, and 2.21, we obtain:

'F ⇤ � [↵,�]1 = (F⇤([↵,�]1), ⇢1⇤([↵,�]1))

1.1
=
1.10

✓X

i,j

cic
0
jf

⇤([↵i,�j ]2) +
X

j

⇢⇤(↵)(c
0
j)f

⇤(�j)

�

X

i

⇢⇤(�)(ci)f
⇤(↵i),

⇥
⇢1⇤(↵),⇢1⇤(�)

⇤◆

1.7
=

✓X

i

cif
⇤(↵i), ⇢⇤(↵)

◆
,

✓X

j

c0jf
⇤(�j), ⇢⇤(�)

◆�

f !A

=
⇥
'F ⇤ � ↵ ,'F ⇤ � �

⇤
f !A2



Appendix B

Calculations Regarding the Dorfman
and Courant Brackets

This small section is following [12].

Lemma B.1. Let a1, a2 2 �(TM), then

Ja1, a2K = [a1,a2]D � (0, 12dha1, a2i).

Proof. Let a1, a2 2 �(TM) with a1 = (X,↵) and a2 = (Y,�). We calculate

LX� � ◆Y d↵�
1
2dh(X,↵), (Y,�)i = LX� � ◆Y d↵�

1
2d(◆Y ↵+ ◆X�)

= LX� � ◆Y d↵� d◆Y ↵+ 1
2d◆Y ↵�

1
2d◆X�

= pr2(Ja1,a2K).

Lemma B.2. The Dorfman bracket fulfills the Jacobi identity.

Proof. Let a, b, c 2 �(TM) with a = (X,↵), b = (Y,�) and c = (Z, �). Then,

[[a,b]
D
,c]

D
+ [b,[a,c]

D
]
D
=
⇥
([X,Y ],LX� � ◆Y d↵),(Z, �)

⇤
D

+
⇥
(Y,�),([X,Z],LX� � ◆Zd↵)

⇤
D

=
�
[[X,Y ],Z] + [Y ,[X,Z]]

Jacobi eq. for commutator

,L[X,Y ]� � ◆ZdLX�

+ ◆Zd◆Y d↵+ LY LX� �LY ◆Zd↵� ◆[X,Z]d�
�

=
�
[X,[Y ,Z]],LXLY � � ◆ZdLX� � ◆[X,Z]d�

+ ◆Zd◆Y d↵+ ◆Z◆Y dd↵
=0

�LY ◆Zd↵
�

=
�
[X,[Y ,Z]],LXLY � � ◆ZdLX� �LX◆Zd�

+ ◆ZLXd� + ◆ZLY d↵�LY ◆Zd↵
�

=
�
[X,[Y ,Z]],LXLY � �LX◆Zd� � ◆[Y ,Z]d↵

�

= [(X,↵),([Y ,Z],LY � � ◆Zd�)]D
= [a,[b,c]

D
]
D

63
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Lemma B.3. (i) Let µ 2 �(T ⇤M) be a closed 1-form. Then,

[(0, µ),a]
D
= 0, for all a 2 �(TM)

(ii) For a, b, c 2 �(TM) it holds:

JJa, bK, cK = [[a,b]
D
,c]

D
�

1
2dhJa, bK, ci

Proof. (i) Let a 2 �(TM) with a = (X,↵), then

[(0, µ),(X,↵)]
D
=
�
[0,X],L0↵� ◆Xdµ

�
= 0.

(ii) Let a, b, c 2 �(TM). Lemma B.1 and part (i) imply

JJa, bK, cK = [Ja, bK,c]
D
� (0, 12dhJa, bK, ci)

= [[a,b]
D
,c]

D
�
⇥
(0, 12dha, bi),c

⇤
D
� (0, 12dhJa, bK, ci)

= [[a,b]
D
,c]

D
�

1
2dhJa, bK, ci.

The Jacobiator of the Courant bracket is not zero. However, the following holds.

Proposition B.4. Let a, b, c 2 �(TM). Then,

JacJ·,·K(a, b, c) =
1
6(dhJa, bK, ci+ c.p.),

where ’c.p.’ stands for cyclic permutations of the preceding expression.

Proof. Recall that the Courant bracket is the antisymmetrization of the Dorfman bracket,
i.e.,

Ja, bK = 1
2([a,b]D � [b,a]

D
), for all a, b 2 �(TM). (B.1)

Now, let a, b, c 2 �(TM). By expanding the expression, one verifies that

0 = � [c,[a,b]
D
]
D
� [b,[a,c]

D
]
D
+ [a,[b,c]

D
]
D
+ [c,[b,a]

D
]
D
+ c.p. (B.2)

The ’c.p.’ stands for adding the cyclic permutation of the whole preceding expression. To
keep track of every term, we indicate which of the preceding equations we use.

JacJ·,·K(a, b, c) = JJa, bK, cK + c.p.
(B.1)
= 1

2J[a,b]D , cK� 1
2J[b,a]D , cK + c.p.

(B.1)
= 1

4

�
[[a,b]

D
,c]

D
� [c,[a,b]

D
]
D
� [[b,a]

D
,c]

D

Lemma B.2

+ [c,[b,a]
D
]
D
+ c.p.

�

= 1
4

�
[[a,b]

D
,c]

D
� [c,[a,b]

D
]
D
� [b,[a,c]

D
]
D
+ [a,[b,c]

D
]
D
+ [c,[b,a]

D
]
D

(B.2)

+c.p.
�

= 1
4

�
[[a,b]

D
,c]

D
+ c.p.

�

Using Lemma B.3, we obtain

JacJ·,·K(a, b, c) =
1
4

�
[[a,b]

D
,c]

D
+ c.p.

�

= 1
4

�
JJa, bK, cK + 1

2dhJa, bK, ci+ c.p.
�

= 1
4

�
JacJ·,·K(a, b, c) +

1
2dhJa, bK, ci+ c.p.

�
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Rearranging then yields

3
4JacJ·,·K(a, b, c) =

1
8

�
dhJa, bK, ci+ c.p.

�
,

proving the claim.



Appendix C

Useful Facts from Differential
Geometry

Proposition C.1 [8]. Let M be a manifold. For any X,Y 2 X(M) there holds the Cartan
Calculus:

d � d = 0

LX �LY �LY �LX = L[X,Y ]

◆X � ◆Y + ◆Y � ◆X = 0

d �LX �LX � d = 0

LX � ◆Y � ◆Y �LX = ◆[X,Y ]

◆X � d� d � ◆X = LX

Proposition C.2 [16]. Let M by a manifold and X,Y 2 X(M). Let ' be the flow of X.
For any (t0, p) in the domain of ', the following holds:

d

dt

����
t=t0

d('�t)'t(p)(Y't(p)) = d('�t0)
⇣
(LXY )'t0 (p)

⌘
.
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