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Currently, on the eve of a golden age in cosmology, it is more im-
portant than ever that our theoretical apparatuses are robust and
ready to be applied to a range of proposed alternate cosmological
models. In the course of testing alternate cosmological models, it is
necessary to compute key cosmological quantities, such as the Cos-
mic Microwave Background (CMB) and the matter transfer func-
tion, fast and accurately in order to test theoretical predictions
against observational data. Though analytic and semi-analytic
treatments exist for such quantities, they are often lengthy and
involved. This thesis explores the possibility of utilizing genetic
algorithms, a subclass of machine learning, towards compressing
analytic formulations of key cosmological quantities. This thesis
is presented in three steps, first by developing the physics be-
hind the CMB power spectrum, and detailing its well known semi-
analytic formulation. Next machine learning techniques are in-
troduced, namely genetic algorithms and symbolic regression, and
their strengths are discussed. Genetic algorithms are then utilized



to develop a compressed physics-informed analytic approximation
to the matter transfer function. Lastly, this work explores the pos-
sibility of modeling the CMB lensing tail using symbolic regression.
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Chapter 1

The Cosmic Microwave
Background

In this thesis, I am broadly interested in exploring the techniques used
in constructing analytic and semi-analytic formulations of key cosmological
quantities. To set the stage, and provide the cosmological context for the
rest of the thesis, I will begin by discussing one of the hallmark cosmological
observables, the Cosmic Microwave Background (CMB), and a powerful semi-
analytic formulation of the CMB power spectrum, derived by Hu and Sugiyama
in [5].

Since its first detection as a consistent noise signal in radio equipment per-
meating the sky [6], the CMB has gone on to become one of the most stringent
tests of any cosmological model purporting to describe the age, evolution, and
content of the universe. CMB photons, streaming nearly undisturbed for bil-
lions of years, give us the earliest snapshot possible of the universe. By study-
ing how these photons are distributed on the sky, scientists can probe the
fundamental physics governing the dynamics of the universe, and measure the
viability of various cosmological models. Figure shows the CMB as mea-
sured by the Planck experiment. The colored spots represent deviations from
the global average temperature of CMB photons, fluctuations on the order of
1075, In this section, I will lay the ground work for understanding the nature
of distribution of the temperature of these incoming photons, and describe
the CMB power spectrum which collects the information of the fluctuations
in temperature as a function of scale.



Figure 1.1: Temperature anisotropies in the CMB as measured by the Planck
experiment. Figure from [I].

In Part 1 I introduce the relevant concepts required to understand the
smooth FRW universe. I then explore the Boltzmann equation, and describe
how the photon distribution function evolves in space and time, due to gen-
eral relativity effects and Compton scattering off electrons. Following this, I
describe how the photon distribution function of the previous section is re-
lated to the CMB Power Spectrum, the main observable we see today. In
Part 2, I motivate a well-known semi-analytic formulation for the CMB power
spectrum[5], treating the tight coupling, damping, and free-streaming of CMB
photons as they travel from recombination to our sky today. [7].

1.1 Part 1: Perturbing the FRW Universe

The standard methodology adopted in cosmology is to consider features such
as anisotropies in the CMB and inhomogeneities in the matter distribution
(e.g. large scale structure) as perturbations against an otherwise smooth, ho-
mogeneous, and isotropic background. The assumptions of global homogene-
ity and isotropy are important, for example they form the backbone of the
ACDM model of cosmology, the cosmological paradigm assumed herein. This
assumption is reasonable, considering, for example, that the CMB tempera-
ture fluctuations are of the order 10~°, whereas the average CMB temperature
is T'=2.726 K [§]. In the following section, I describe the standard cosmolog-
ical model, and use general relativity to provide a description of this smooth,



homogeneous, isotropic, background universe.

1.1.1 Preliminary Notes

Strong evidence suggests the universe is expanding, following a Big Bang
event 14 billion years ago. Under this paradigm, the universe begins as a hot,
dense, fluid comprised of baryons, photons, and a menagerie of other, poten-
tially even exotic, particles. Initially the universe was so hot and dense, that
stable nuclei could not form; if an atom were to a form a high energy photon
would come along and break it apart. In this sense, the photons were cou-
pled to the baryond] via Compton scattering, so that the two species evolved
in an codependent manner. This coupled medium is commonly referred to
as a relativistic photon-baryon fluid. The universe cools as it expands, how-
ever, and eventually the average temperature of photons drops low enough
that neutral atoms are able to form without being broken apart by photons.
This event, known as recombination, took place roughly when the universe
was around 380,000 years old. During recombination, as the free electrons and
protons coalesce into neutral hydrogen, the photons are no longer coupled to
the baryons, and stream off into the direction they last scattered into. These
photons are exactly what is observed in the CMB today. It is in this sense that
the CMB provides one of the earliest snapshots of the universe. Though the
CMB is largely uniform in temperature, subtle fluctuations exist on the order
of 1075, The distribution of these fluctuations encodes a wealth of cosmological
information.

In this thesis, I will focus on the ACDM model, sometimes referred to as
the standard model of cosmology. I will list some relevant assumptions of the
ACDM modeP] here at the outset, and reference and elucidate them at various
points throughout the thesis. Under ACDM, it is taken that

1. Physics is the same throughout the observable Universe and General
Relativity is an adequate description of gravity.

2. The Universe is homogeneous and isotropic on large scales.

3. The Universe was once hotter and denser, and has been expanding since
early times.

LA slight misnomer, as electrons are often implicitly included in the term ”baryon” in
cosmology.
2Adapted from [2].



4. Dark energy behaves just like the cosmological constant A (which first

appears in eq. (1.11)).

5. Dark matter is pressureless, and only interacts with normal matter through
gravity.

6. The curvature of space is very small.

7. Neutrinos are almost massless, and stream like relativistic particles at
the time of recombination.

8. Variations in density were laid down everywhere at early times, and are
Gaussian, adiabatic, and nearly scale invariant.

Taking these into account, I first begin by outlining the machinery neces-
sary from General Relativity, and its implications.

1.1.2 General Relativityf]|

In general relativity, the primary object for understanding the structure of
a space-time is the metric. In an arbitrary vector space, the metric g;; is a
tensor which allows one to define the notion of a distance on the space. The
distance, or interval, at a given point is given by

ds® = Zgijdxidxj, (1.1)
1,J

where 7 and j enumerate the chosen coordinates of the space, and g;; is the
metric tensor, defined at every point in the vector space. For example, on the
2D plane using Cartesian coordinates, where the possible coordinates i,j =
x,y, the metric g;; takes a form similar to that of a diagonal matrix with 1’s
on the diagonal, so that the interva]lﬂ is

C 1 0 dx dx dx
2 _ Cdrtded — =
ds® = E ' gijdz’dx (0 1) (dy) (dy) (dz dy) (dy)
Z?J

ds® = dz* + dy*. (1.2)

3This section follows Chapter 2 in [9].
4While the metric is not exactly a matrix and dz* and da? are not exactly vectors, index
notation allows one to treat the interval expression as a matrix equation.



The use of indices to represent vectors and tensors is known as Einstein
notation. Following the conventions of the notation, from here on out summa-
tions, such as the one appearing in eq. , will not be written out explicitly
but implied wherever a set of upper and lower indices appear in the same
expression. Following this notation, eq. would be written as

ds® = gjdz'da’. (1.3)

The metric captures information relating to the curvature of a space. Minkowski
space-time is given by

100 0
0 100

9o =10 01 0}’ (1.4)
0 00 1

where dz® = dt is the time coordinate and dx', dz?, da® = dw, dy, dz are the
spatial coordinates. Note that in this thesis, as is common in the literature, I
work in a system of units where the speed of light ¢ = 1. Thus the interval,
known as the proper time in relativity, is given by inserting the metric from

eq. (1.4)) into eq. ([1.3)), resulting in
ds® = —dt* + da* + dy? + d2°. (1.5)

If the universe is expanding, we expect the spatial component of the proper
time to be scaled by some scale factor which changes, in this case expands,
with time, but is otherwise uniform throughout space. The interval in an
expanding space-time should look like

ds? = —dt* + a?(t) (da® + dy® + d=?) . (1.6)

Note that this is the metric for a universe absent any curvature, which is the
assumption I take for the rest of this work. This sort of expanding space-time
describes the Friedmann-Robertson-Walker (FRW) space-time, whose metric
is

10 0 o
0 a*(t) 0 0
0 0 a2t 0 (1.7)

0 0 0 a2t

The scale factor a is often set so that its value today ag is 1. It’s time evolution
describes the expansion history of the universe.



To describe a particle in a given space-time, we consider its position and
momentum four-vectors as
z, = (t,7),

P, = (E,ﬁ) , (1.8)

where t is time, F is the particle’s energy, and & and P are the particle’s spatial
position and momentum, respectively. In an arbitrarily curved space-time, a
particle will not follow a straight line in general, but a geodesic path, which
can be understood as the shortest line between two paths on a curved surface.
The geodesic equation governs a particle’s motion in a curved space-time, and
is given as

d?at L dx” dz”

a2 Pax d\’
where the FZB is known as the Christoffel symbol, constructed via derivatives
of the metric as

(1.9)

. — Q_W agau agﬂu agaﬁ
af T .

2 | 028 " Qx> Oav
The Christoffel symbol contains the necessary information for understanding
geodesics in curved space-time. In general relativity, the metric is related to
the matter and energy content of the universe. The Einstein equations describe
this complex relationship, given by

(1.10)

1
R, — 59#,,73 + Ag = 87GT,. (1.11)
T, is the stress-energy tensor, G' is Newton’s constant, and R and R are the
Ricci tensor and Ricci scalar, respectively, given by
_ ary, B o'y,
Ox“ oxv
R=9¢"R,,. (1.12)

R,

+ garﬁu_ gurﬁa

The A term is known as the cosmological constant, and in ACDM this rep-
resents the elusive dark energy component. Though not much is yet known
of its precise physical origin, its mathematical description is quite simple, a
constant A multiplying the metric appearing in Einstein’s equations. In prac-
tice, eq. is extremely complicated to deal with, as it contains 10 highly
nonlinear coupled differential equations. However, we can arrive at simple and
useful equations by approximating the universe as a perfect fluid. This entails



taking a stress-energy tensor of the form,

—p 0 0 0
0 P 0 0

=10 0o P ol (1.13)
0 0 0 P

where p is the energy density of the fluid, and P is the pressure. Taking this
in conjunction with the metric of eq. (|1.7]), we can arrive at the Friedmann
equations, the first of which is

87G
H? = WTp, (1.14)

where H is Hubble’s constant, H = (da/dt)/a. This is often rewritten as

H?* p

FUQ = E, (1.15)
where Hj is the value of Hubble’s constant today, and the critical density p.,
is
_ 3H§
- 871G’
When considering the entire universe, the energy density p in eq. ac-
counts for all particle species. In order to understand how each of the separate
components of the universe (matter, radiation, and dark energy) contributes
to the total energy density, we can apply the continuity equation, modified
from its traditional form to account for the curvature of space-time, to the

stress-energy tensor of eq. ((1.13)),

Per (1.16)

o1
ot TR0 T, T =0, (1.17)

This results in the equation

dp a
E—i—a[i’)p—l—?ﬂ?] = 0. (1.18)

If we consider the energy density of pressureless matter (ordinary and dark)
Pm, the ordinary and dark matter in our universe, we find that

Pm < a2, (1.19)



Intuitively this makes sense, p,, is a density and scales inversely with volume,

which is expanding in our universe as a®. Radiation satisfies the relation

P’r - pr/37 SO €q. " giVGS
pr o< a”? (1.20)

as the scaling for the energy density of radiation. Again, the expansion of the
universe supplies a factor of a=3, and in the case of radiation, redshifting adds

another factor of a=!. Finally, in ACDM, dark energy satisfies the relation

pa = —P, 50 eq. (LT5) gives

pa

5 =0, (1.21)

i.e. the energy density of dark energy remains constant. Recalling that we set
the scale factor today ay = 1, we can use the scaling relationships above to
write

Pm = Pmo @ °, (1.22a)
Pr = Pro a4, (1.22b)
PA = PAO, (1.22¢)

where the 0 subscript denotes the energy density value today. Taking these
expressions, we can write eq. ([1.15)) as

H2 m T
= = Pmo -3 + Pro -4 i Pao (1.23)
Hy  per Per Per

It is common to define the dimensionless density parameter as

Pi0
0, = o 1.24
o (1.24)
so that eq. ([1.25]) reads as
H2
Vi = Qpa® + Qa™ + Q. (1.25)

Two of the parameters in ACDM that constraints are sought for are ). and
), the density parameters for dark matter and baryonic matter, respectively.
From eq. , we can identify three distinct phases of the universe: for
small values of the scale factor, early times, the universe was dominated by
radiation, for intermediate times it was dominated by matter, and at late times
dark energy dominates.



The above work outlines the necessary details required of general relativity
towards an understanding of the CMB. In the following section, I turn towards
the Boltzmann equation, which will be wielded to describe the evolution of
a photon distribution in a perturbed FRW space-time, taking into account
Compton scattering with electrons.

1.1.3 The Boltzmann Equation[]

In its simplest form, the Boltzmann equation is written as

a _

2 =Cl. (1.26)

The left-hand side is the time derivative of a distribution function f, and
the right-hand side contains all the collision terms affecting the evolution of
f. Before beginning work on this equation, we need to take stock of the
background metric and the form of the photon distribution.

The photon distribution is taken as a perturbed Bose-Einstein distribution,

e = et | R

Perturbations in the photon distribution, as inhomogeneities and anisoptropies
in the temperature, are captured in the © term. Taylor expanding about ©
gives

(0)
fe 1020

where f(©) is the zero-order distribution, i.e. eq. (I.27) without any perturba-
tion term.

: (1.28)

The next ingredient to consider is the metric. We take our metric to have
small perturbationsﬂ about the smooth FRW metric as described in eq. (1.7]).
The components of the perturbed FRW metric are taken to be

goo = —1 —2W (f>t)7
goi = 0,

SThis section follows Chapter 4 in [9].
6Tn this derivation, I only consider scalar perturbations to the metric, and I work in the
Newtonian gauge.



where U and ® are known as gravitational potentials, the first quantity be-
ing akin to a Newtonian potential and the second quantity a perturbation to
spatial curvature. These perturbations will be treated as small quantities in
the following analysis. Expanding the total derivative of eq. over the
appropriates dependencies of the photon distribution function gives

df of _9fdd' _0fdp | Of dpf

dt Ot Oxidt Opdt Op dt’

(1.30)

The photon distribution depends on ¢, the spatial coordinate ¢, and, notably,
the magnitude and direction unit-vector of the spatial component of the four-
momentum, here represented by p and p° respectively. Firstly, the last term
in eq. disappears if we only consider first order terms. This is because,
any nonzero contribution to df/dp" is first-order, because the unperturbed
f is isotropic. Similarly, any nonzero contribution to dp’/dt must also be
first-order, because the photon propagation direction only changes due to the
presence of the first order potentials ¥ and ®.

We can express dx'/dt as

dz’ _da:i@_ii
dt  d\ dt P9

(1.31)

using the fact that momentum is defined as P* = dx*/d)\, where X is some
affine parameter characterizing the path of the photon. In order to re-express
this in terms of p and p’, and noting from general relativity that masslessness
of a particle implies

guwP*P” =0,, (1.32)

we find
gMVPMPV = goo<P0)2 +gl]PZP]
0= — (1+20) (P°)? 4 p?
P'=p(1-"), (1.33)
where the last line follows by Taylor expanding in W, and p is again the mag-

nitude of the spatial component of the momentum. Using the fact that the
momentum P? is proportional to the unit-vector p‘, we find

p? = gi; PP’ = g;;(Cp")(CP)
p* = C%a® (1 4 2®) 6,5'p

10



:>C=§(1—CI>)
11—

P =Cp' = pﬁ’—a : (1.34)

Thus, the term in eq. (1.31]) can be written as

dzt  p*
=—(14+Vv-90 1.

after performing the appropriate Taylor expansion in W. However, because
this term appears in eq. multiplying 0 f/dz", which is first-order (as the
unperturbed f is homogeneous) we can neglect the first-order potential terms
when importing eq. into eq. . With this exposition thus far, eq.
becomes

dfof _§of _ of dif

dt Ot adxt  optdt’
Next, we consider the dp’/dt term. We start from eq. ((1.9), using the fact
that P* = dz* /dt to transform it into an equation of four-momenta,

(1.36)

dpP*

= —Ih ;PP (1.37)

If we consider only the time component of the tensor, we have

dP°  dt dP°
- =——— = _T% popF
d\  d\ dt of

d paph

= = (1- 1) =T, 1+ W), (1.38)

where the second line follows by noticing that dt/d\ = P°, and replacing P°
terms using eq. ((1.33)), followed by the appropriate Taylor expansion on W.
By expanding the time derivative and rearranging, eq. (1.38)) becomes

dt dU peps
— :p——FgBT(l-i—‘I/)

a P
U dri W paps
=pl— R 1+ W
p{8t+dtxl} s 1Y)
dp [0V U , Pop?
R ] (1:39)

11



The Christoffel symbol can be calculated using eq. (1.10) and the perturbed
FRW metric as given in eq. ([1.29)), and imported into eq. ([1.39) to first order
to give

dp__ g, 02 OV
a ~ 7 Pt a Oxt
1dp oo ptov
- S 1.4
p dt ot  a dx’ (1.40)
Collecting the results thus far, we can write eq. ((1.30)) as
df of p'of of ob  plov
AR RSN R 1.41
dt 0t  adx’ p@p + ot + a Ox’ ( )

Because we are interested in understanding inhomogeneities and anisotropies
in the photon distribution, we import the first order term of eq. (1.28)) into
eq. ([1.41)) in place of f, leading to the following expression for the left-hand

side of eq. (1.26]),

df 9f {8@ poe 0P ﬁic“)\ll}

dt - P op | ot + a O + ot + a O (142)

first order

In effect, this describes the evolution of © in the absence of collision terms.

Next, we need to consider Compton scattering in the collision term on the
right-hand side of eq. ([1.26)). Schematically, Compton scattering is represented
as

e (@) +7(D) «— e (7)) + (D), (1.43)

where an incoming electron with momentum ¢ and incoming photon with
momentum p are scattered into an outgoing electron with momentum ¢ and
photon with momentum p’. The collision term for the scattering event of a
photon with incoming momentum p takes the form

Clfl = D IMP{f@) () = fl@) f ()} - (1.44)

o7 0

The sum is over all possible incoming and outgoing momenta of the collision
particles, and M is the amplitude for Compton scattering, given by

|IM? = 8rorm?, (1.45)

12



where o is the Thomson cross-section and m, is the electron mass. In order to
account for all possible collisions of a photon with incoming momentum p, we
need to expand the sum in eq. to integrals over all possible incoming and
outgoing momenta for the photons and electrons in the collision, and enforce
energy and momentum conservation using delta functions. Eq. thus
expanded becomes

1 &g d’q d*p/ 2(9m)4
N = | e | o | wmE e

x O[p+q =9 = qI0[E(p) + Ee(q) = E(Y) — Ee(d)]

< {fe(@) ) = fe(@ (D)} (1.46)

The various extra factors accompany the integrals over phase space. The
photon energies are simply F(p) = p, and in the epochs of interest the electrons
have negligible kinetic energy, so E.(q) = m.. Thus,

T dgq dgp/ ’ 2
U =gy | @ | e | M

x P+ 7—7 - 7o [p+ 2?; —p - ;ﬂ
X L@V () = fe(@) ()} -
d :4777;32?/ (;erq)?’ / (20[731’/19"/\/”2
X & {p+ 2?; —p' = —<§+§l:ﬁ)2
X A{felq+ P =) (0) = f(DfD)} (1.47)

where in the last expression the delta function had been used to evaluate the
¢ integral. Using the fact that ¢ is much larger than p and p’, and that p ~ p/,

13



eq. (1.47) can be rewritten as

o (R [ A )]
N =gy | Gt | oMo v - (fg))}'

Because p ~ p/, we can expand the delta function about p'— p’, and insert eq.
(1.45) for the amplitude, to get

_2r%op [ Pqflq) [ &Y
n==5 | G | e

PR RGO () - s} (149

<o+

Now we are in a position to insert eq. ((1.28) for f and split the triple integral
into separate integrals over magnitude and solid angle, giving

_neUT /7 / /f af(o) N
—47Tp/dp/dﬂ[ p—p (pap @(p)ﬂ?ap@(p)

L, S05(p—1p)
+(p—p)~vba—p,

(fOw) - f(o’(p))} : (1.50)

where respective second order terms have been neglected, and the integral
over ¢ is evaluated as the electron number density n. for the term with no ¢
dependence, and n.v, for the ¢/m. term. The integral evaluates to

af©

—pa—pneJT [@0 - @(ﬁ) +]3 . Ub] 5 (151)

where ©g is the perturbation monopole, defined as

OolF,1) = 4;/619@( ). (1.52)

With this expression for the collision term, we can equate egs. (1.51)) and

([42), giving

00 .00 oe  ,o0v . . o
aa +p prs +a a5 +p 8 - =neora[©y—O(p) +p- 0y . (1.53)

14



It is more convenient to work with this equation in Fourier space, so that the
coupled system above may reduce to ordinary differential equations. It is also
convenient to work with conformal timd"] defined as

dt
n:/@. (1.54)

Thus, eq. (1.53)) becomes

~ — ~

O +i(k-p)O© + & +ilk-p)¥ = neora

60— O + (ﬁ]f) Ub] . (1.55)

We define the cosine of the angle between the wavenumber k and the photon
direction p as

l

(1.56)

=
I
. 3>

and the optical depth as
70
7(n) = / dn'neora (1.57)
7

(1o being the conformal time today), so that we may write a final equation for
the evolution of the photon distribution, as

O+ ikpud + & + ikpl = —7 [(:)o—é+uﬁb . (1.58)

Thus we have a linear equation for the perturbation to the photon distribution.
The next step is to translate the somewhat abstract photon perturbation ©
to something that we can observe on sky.

1.1.4 The CMB Power Spectrumf]

In order to describe the photon perturbation as it would appear on the sky,
we expand the field in terms of spherical harmonics. The expansion is

O(Z,p,m) =D > i (F,1) Yim(p)- (1.59)

=1 m=—1

7 Another way to think of conformal time is as the maximum comoving distance traveled
by light since the beginning of the universe, or the distance traveled by light in the expanding
frame of the universe.

8This section follows Chapter 8 in [9].
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The a;,,, amplitudes contain the temperature field information. If we invert
eq. (1.59) by exploiting the orthogonality of the spherical harmonics, we get
the expression

. Bk . T

o (1) = [ 5™ [ 95 DO b, (1.60)
@)

where the photon distribution is Fourier transformed, to be as it appears in

eq. (1.58)). It is useful to perform a multipole expansion on ©, so that

where P; is the [th Legendre polynomial. We have already seen the O, the
monopole of the photon distribution, in eq. . The variance of the a,s
is called C,

(alma;m/> = 5”/5mm:C’l, (162)

and this is the quantity we can get a handle on via observations. We cannot
make any predictions about the particular a;,s, just the distribution they are
drawn from. Note that from here on, I suppress the n in my notation to reduce

clutter. We can use egs. ((1.60) and (1.61]) to compute the variance.

. PkPPE iz
Al Qg1 ZZ(Qll-i— 1)(2ly + 1)(—1)"~ ZQ/ (20 e!(F=K")

l1,l2

[ A0 i (5ot ()P 5 )0 (P - )B () (163)

* l1 lQ d3kd3k/ E E CC 7 x (70
U@y = > (20 + 1)(2z + 1)(—0) e ey, (k)e;, (K)
l1,l2
< [ A0 5Py (5 ) [ Vi )P ) (164
To get the (7,
ERdE i, S Ny
Ci= = [ G e e Be ). (165)

where the delta function in ([1.62)) enforces I’ = [, and the summation collapses
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Figure 1.2: The CMB power spectrum as measured by the Planck experiment
as the red points, overlayed on top of the ACDM predicted spectrum in blue,
for the Planck best fit parameters. Figure from [2].

in calculating the angular integrals, which are only nonzero for the terms where
ly =l = 1. The photon perturbation can be decomposed into the product
between two components, an initial perturbation component not dependent on
direction, and the subsequent evolution in the perturbation (via the Boltzmann
equation) which generates a directional dependence. The final expression for

()} is thus

- % / " P(R) |01k 2Kk, (1.66)

where P(k) is the matter power spectrum, a quantity which I discuss in detail
later in this work. Thus we obtain the information required to plot the CMB
power spectrum, the C;’s, one of the most powerful cosmological probes. In
effect, it describes the size of the perturbations in the photon distribution as
a function of angular scale, [. Figure shows the CMB power spectrum as
measured by the Planck experiment as the red points, overlaid on top of the
ACDM predicted curve in blue for the Planck best fit parameters. The plot

shows D;, where

l(l+1)C
D, = +1)G 27T) L (1.67)

1.2 Part 2: Towards an Analytic Expression

In this part, I follow [9] and [5] in deriving a semi-analytic formulation
for the photon perturbation moments, the ©;, which makes possible a semi-
analytic computation of the CMB power spectrum. First, the tight coupling
approximation is applied to solve for the monopole and dipole moments of
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the perturbation at recombination. These are subsequently damped due to
photon diffusion damping at recombination, giving an effective perturbation
at last scattering. Finally, the effective perturbation at last scattering is free-
streamed to (7 = 1), resulting in the perturbation we observe today.

1.2.1 Tight Couplingf

Under the tight coupling approximation, we assume that the electron-proton
fluid is tightly coupled to the photons via Compton scattering. This implies
that the scattering rate is much larger than the expansion rate, or consequently
the optical depth in eq. 7 > 1. In this limit, only the first two moments
of the perturbation are nonnegligible. The evolution equations for ©; can be
obtained by multiplying eq. by Pi(1) and integrating over p, exploiting
the orthogonality of the Legendre polynomials. This results in the following
two equations for the first two moments of the perturbation:

Oy + kO, = —d (1.68a)
. ]{j@o o k\D . i’Ub

Note that in this section, all relevant quantities are in Fourier space, unless
otherwise specified. 1 dependence is also implied. An analysis similar to the
Boltzmann analysis above but for baryons gives an equation for the electron-
baryon fluid velocity:

R r .
Vp = —3i@1 + ? f)b + gvb + Zk\If:| (169)

Vp = —3i@1 + ]/:% —3i®1 + g (-3@@1) + Zl{\p} s (170)

where the second line follows by replacing v, with its approximation to first or-
der in 7, —3i©;. R is the ratio of baryon to photon density, 3p,/4p,. Inserting

this expression into eq. (|1.68b|) gives

a R k I
Op = —. 1.71
al+R 31+R) ° 3 (1.71)

Along with eq. ([1.68al), this is a system of first-order coupled equations, and
can be combined into one second order equation by taking the derivative of

9This section follows Chapter 8 in [9].

18



eq. (L.68a)), L .

and inserting this into eq. ([1.71]) leaves
a R

s I € k2?0, = F 1.
O + P RGO + k7c;00 (), (1.73)
where F'(n) is
- a R . k20
F = -9 — — o — . 1.74
(n) a1+ R 3 (1.74)

This is of the form of a damped harmonic oscillator, driven by a forcing func-
tion F'(n). ¢, is the sound speed of the fluid, defined as

1

T (1.75)

Cs —

The homogenous solutions of eq. (|1.73)), via the WKB approximation, are

0, = (1 + R)"Y*cos (kr,) (1.76a)
0y = (1+ R)"Y*sin (kr,), (1.76b)
where .
rs = / cedn (1.77)
0

is the sound horizon, the comoving distance traveled by a sound wave by time
7. These homogenous solutions can then be used to construct a particular
solution via Green’s method, giving

A B T 04(n")0s(1n) — 0a(n)bs(1)
6ul) = Cita(n) + Catut) + | 0a Yo — 600l

giving, with the help of simplifying trigonometric identities,

F(n)dn', (1.78)

©0(n) = 019a<77)+029b(77)+§ /0 "L RO sin k() — k()| E G )t

(1.79)
The constants are fixed by initial conditions, giving

V3

[+ R(n))"* ©o(n) = ©0(0) cos (krs(n)) +

{@0@ + 1R(0)00(0) | sin (kr. ()
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+ \/Tg /0 n [1+ R())** sin [kr(n) — krs(n)|F (0 )dn' .
(1.80)

In order to mold this into a more workable form, we can integrate by parts
twice on eq. ([1.80]), in order to get rid of the double derivative terms in eq.

(1.74) appearing in the integral, giving

(1+ R)"* [Bo(n) + (n)] = [cos kry(n) + J(0) sinkry(n)][O0(0) + B(0)] + I (1),

(1.81)
where the expressions
_ \f R
J(n) = TV (1.82a)
0= 2= [ oG sl ) = ke o) (1.82b)
Gn)=(1+R)™ { (1+ R)g + 4%21% J . (1.82¢)

Using eq. (|1.68al), we obtain the following expression for Oy,

1+ B2 (1 ) 0)][800) + 0(0)] snr 1)

+ () = J(0)][©0(0) + ®(0)] cos(krs(n)) + J(n)I(n)

\/— d?? O(n')G (' )coslkrs(n) — krs(n')]. (1.83)

Large scale modes, not well approximated by the WKB approximation, are
instead found by setting R = 0 in the above equations[d], giving

A

Gol) + ) = [©0(0) + #(O]conrr)
/ A/ [@(if) — W) sinlkra(n) — kro(f)]  (1.84a)
(1+ R)lﬂ% = [©0(0) + ®(0)] sin krs(n)

3v3
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— % Ondn’[@(n’) — W(n)] cos[kry(n) — kry(n)].  (1.84b)

Thus, the above eqs. ((1.81)-(1.84b|), matched up appropriately B, describe the
monopole and dipole of the perturbation at last scatteringiﬂ, having not yet

accounted for damping.

1.2.2 Damping Effects

To arrive at the effective monopole and dipole at last scattering, we need to
account for photon diffusion damping. Damping occurs on very small scales,
as a result of the photons scattering and random walking between each scatter.
Thus, modes on the order of the mean free path between scatters, Aypp, are
expected to be washed out. Furthermore, as recombination occurs over a
period of time, A\ypp increases and approaches infinity, so some measure of
damping will be observed across a range of modes.

Diffusion is represented as a non-negligible quadrupole moment in the per-
turbation, so eqs. ([1.68al)-(1.68b)) need to be augmented with an expression

for ©,. Following a similar method, but not neglecting ©, this time, we get

Oy + kO, =0 (1.85a)
. 2 1 ) )
O, +k <§@2 - 590) =7 (@1 - é’) (1.85b)
.2k 9 .
@2 — g@l = ET@Q, (1850)

where the potentials & and W have been dropped, as their effect is negligible
on small scales. This system of equations is supplemented with eq. (|1.69)),
again dropping the potential, and rearranging,

P .
310, + vy = — [@b n ﬁvb] . (1.86)
T a

In order to account for damping in the oscillatory solution to this system, we
write the solution for the variables in the form of

@Oa(—)lavb NeiIdea <187)

10]5] suggests joining them at k = kg = 0.08h3.
1 Qupplied with the appropriate gravitational potentials and initial conditions, as pre-
dicted by whatever theory this calculation is taking place within.
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where damping appears as an imaginary component of w. Damping occurs
on small scales, corresponding to large k, and in this limit we can drop terms

o7, Thus, eqs. (L85a), (L85d), and (L56), give

iWGO = —k@l, (188)
4k
@2 — —9—7__@1, (189)
iwR R\?
o~ _3i0, |14 WE (_) | (1.90)
T T

respectively. Inserting these into eq. (1.85b|) gives the dispersion relation
8k? k2 iwR  [(wR\®
——t—=7|1=- |1+ — - — 1.91
T ST T( [++ <7’) ’ (1.91)

from which we find
ik? 9.9 8
—_— — . 1.92
21+ R)7 {CSR + 27} (1.92)

w = kc; —

Inserting this into eq. ([1.87)), the solutions must be of the form

2
Og, ©1 ~ exp {z’k/dncs}exp{—]%} , (1.93)
D

where the damping length kp is defined as

1 . n dn/ R2 3
% :/0 6(1 + R)ne.ora(n’) {(1 + R) + 5} . (1.94)

Thus, the expected perturbation monopole at recombination, n = 7,, in terms
of the tight coupling solution © becomes

(©p + W) (1) = (B + W) (1. ) F/ho @I, (1.95)
This however, supposes that recombination occurs instantaneously at n =

7+, which is not true. In order to take into account the finite duration of
recombination, we instead define the average damping factor

1o 5
D(k) = / te e Wk gy (1.96)
0
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so that the expected monopole at recombination is
(80 + W)(1.) = (B + W)(1.)D(k). (1.97)

Similarly, the dipole is given by

A

O1(1:) = ©1(n.)D(K). (1.98)

With the perturbations thus evolved through the end of recombination, what
remains to be explored is how these perturbations evolve past recombination,
through to today.

1.2.3 Free Streaming

After recombination, the universe had cooled enough to allow the previ-
ously free electrons to combine with the free protons and form neutral hydro-
gen atoms, without being broken apart by high energy photons. What this
amounts to is the decoupling of the photon-baryon fluid. The perturbations
no longer evolve as they did in the fluid, and stream through to the present
almost unchanged. In order to physically bridge the perturbations from recom-
bination to the present, we return to eq. (|1.58]), this time without assuming
the tight-coupling approximation. Eq. can be rewritten as

@—i—‘i/—i-(ik:u—%)(@—i-\lf):‘il—d)—%[@04—‘1/4—/1@5}. (1.99)
This can be expressed in the following form

e(’ik/,LnT)% [eikunfﬂ'(@ 4 \I/)} — \Ij _ (I) — 7 |:@0 + U+ 'wai| (1.100)

where we can solve for © + U today as
m . . )
(O + U)(ny) = / [xp — & —7(0)+ VU + ,wa)} e T etknn=m0) gy (1.101)
0

In order to recover an expression for the moments, the ©; in eq. (1.61)), we
multiply by P;(¢) and integrate over p. It is helpful to make use of the identity

/_1 %upl(u)eiku(nno) — (_1i)ljl [k(n —no)] (1.102)

where j; are the spherical Bessel functions of the first kind. Furthermore, we
can take advantage of the fact that the function —7e™7" is sharply peaked at
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recombination, 7,, and appears multiplied against slowly varying functions, so
it can be treated as a delta function to collapse the respective integrals over
1. With the above in mind with respect to eq. , the approximation for
the perturbation given by [5] can be arrived at,

O1u(m0) = (B0 + ¥)(1.) (2 + 1)tk (no — 7.)]

+O1(n) {1 [k (o — n)] = (4 )i [k(no — )]}

) [ (- b)ilken - o)l (1103

UES

With this last piece, the steps for reconstructing the CMB Power Spectrum
semi-analytically have been laid out. The necessary ingredients are the ini-
tial conditions of the perturbation and the potentials. With these, one can
construct egs. —, damp them appropriately via eqgs. —,
free stream these quantities via eq. ((1.103)), and integrate these to calculate
the CMB power spectrum Cj’s via eq. (|1.66)).

In this chapter I've described outlined of the assumptions of the ACDM
model, and described a key cosmological observable, the CMB power spec-
trum. I then describe a popular semi-analytic formulation for the CMB power
spectrum, in order both to serve as a CMB primer but also to convey the gen-
eral workflow associated with constructing an accurate, rigorous, and physics-
informed analytic approximation.
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Chapter 2

Machine Learning

Generally speaking, the term Machine Learning encompasses a broad range
of algorithmic procedures, or models, designed to detect patterns in datasets
[10]. Supervised machine learning, which is the focus of the study herein,
is a subclass of machine learning in which the model attempts to learn the
relationship between inputs and their corresponding outputs in a given dataset,
ultimately being able to generalize to unseen data.

Supervised machine learning models require a training dataset to learn from,
which is composed of model inputs and their corresponding outputs, or targets.
For our purposes we can imagine the training dataset to be the set

Dtrain = {(517171)7 ) (fnygn)}a (21)

though this need not always be the case. The dataset D contains n data
points, pairs of input vectors ¥; and the corresponding target vectors g;. One
assumes that there exists a relationship between pairs of inputs and outputs,
and constructs an supervised machine learning model to learn that relation-
ship, or approximate it to an acceptable degree. A well trained model will
then be able to take in unseen inputs and return its modeled targets. For a
cosmologically motivated example, one may want to construct a model which
takes as its input a set of parameters defining a cosmology and outputs the
expected CMB power spectrum, the set of C}’s as defined in eq. , of a
universe with the input cosmology.

The process of learning takes place as follows. The supervised machine
learning model begins as a randomly or pseudo-randomly constructed model.
A measure of how well the model accurately describes the data is calculated,
and model is altered in a way so that the new model better describes the data
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than its previous iteration. This is one epoch, or generation, of training. This
process repeats until the model is deemed good enough, or a fixed number
of epochs has passed. To facilitate this learning, supervised machine learning
models consist of two primary components: the ”goodness” of fit metric, or
the loss function, and the iterative learning step.

The loss function of a model is a quantitative measure of how good the model
is, i.e. how well the model has learned the data. The loss function takes as
its input a true expected target value and the model’s own predicted target
value, for a given set of data points, and returns a measure of how ”close” the
two are. One example of a loss function is the mean absolute error (MAE).
For a dataset D, where the output y is a real number, the MAE is

n —pred —»}target
MAE = Zi:l ‘yz Yi |’ (22)
n
where 7, is the actual target, while 7,""*® is the model’s prediction for the

ith data point. The loss function gives one the ability to measure the model’s
performance, and allows for a criteria to measure a model’s improvement. If
the chosen loss function was MAE, a good model should have a smaller MAE
than a poor model.

There is one important detail to note when calculating a model’s accuracy
as previously described. If a model’s loss is calculated using the data it was
trained on, the loss only describes how well the model predicts to the training
data, and gives no indication on how well the model may generalize to unseen
data. Let’s consider a brief example. If we wish to model a physical process
where an input data point 1 maps to the target 0, and 3 maps to the target 4,
we can very easily construct a quadratic expression to describe the relationship
between the inputs x; and the targets y; as

Ypred = 4 — (zinput - 3)2 s (23)

which results in a MAE of 0 for the given points. However, if the data points
(5,10) and (6, 14) are generated by the same physical process, the model does
not accurately predict these values as well as the training points. This com-
mon issue is known as over-fitting. Machine learning models may learn the
training set perfectly, but are useless at predicting unseen data if they can-
not generalize. One way to keep track of potential over-fitting is to reserve
a separate validation dataset, Dyajidation- 1he model continues learning and
iterating on Dy..i,, but the reported loss is calculated using the data points
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in Dyalidation- Furthermore, a general rule of thumb to combat over-fitting is
to have more data points than number of free model parameters. There are
infinitely many cubic polynomials that can fit any two points, but only one
unique cubic polynomial that can fit any three points. For four or more points,
there may not exist any cubic polynomial that can fit them all perfectly.

The second component of supervised machine learning models is the iterative
step. This is an algorithmic procedure for altering the model, so that the new
model is better than the old model, according to the chosen loss function. This
is required for the model to improve in each subsequent epoch, and eventually
"learn” the data.

One popular algorithm for iterating machine learning models is known as
gradient descent. Gradient descent outlines a procedure for evolving machine
learning models that are constructed out of differentiable mathematical ex-
pressions. In general, the loss value of a predicted target is the function
L(Ytarget, Ypred), defined so that a smaller value of L is better. The con-
structed model for predicting req is a differentiable mathematical expression,
Yprea = f(Z;0;), where a; are tunable parameters, such as the coefficients of
an n' degree polynomial. In order to improve the model’s prediction, the
parameters «; need to be updated at each step so that the loss L is less for
each subsequent epoch of evolution. This amounts to searching for minima of
the function L(«;). Mathematically, the parameters are updated as

—~ 0L
a; = oy — 72 Do (¥, a;), (2.4)
j=1 """

where v is the learning rate, which controls how much the parameters are
updated at each step. This ~ is known as a hyperparameter, a parameter
set by the user which controls various aspects of the behavior of the machine
learning model.

The above paragraphs outline the general principles that underlie machine
learning models. Next, I will discuss genetic algorithms, an alternative ap-
proach to gradient descent models.
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2.1 Genetic Algorithms and Symbolic Regres-
sion

Genetic Algorithms (GAs) are a class of machine learning technique designed
to mimic evolutionary biology [11]. As opposed to gradient descent-based ma-
chine learning models, GAs consider a population of candidate models which
are not necessarily differentiable mathematical expressions. The user simply
needs to define the template of the candidate model. The best few among these
models, the most fit, are chosen to construct the next population of models.
Two operations facilitate the learning, random mutation so that the candidate
model space is being explored reasonably well, and crossover so that the GA
converges to a model most fit to describe the dataset.

Random mutation randomly alters components, or genes, of the candidate
models, in order to explore the model space in a stochastic manner. If the
candidate model were a mathematical expression with variable parameters,
a random mutation may multiply one of the parameters by a random value.
If the form of mathematical expression itself can be altered, as is the case
in symbolic regression, random mutation may change operations at random,
for example changing a; + * — a; X x. Random mutation thus introduces
slight changes in the population of functions, changes which may increase the
model’s fitness and propagate through to the next epoch.

Given a loss function, as defined above, the most fit few models in a popula-
tion survive, mimicking the ”survival of the fittest” paradigm of evolutionary
biology. Fit models have the chance to crossover, i.e. have their genes mixed in
a pseudo-random manner, producing children candidate models. The motivat-
ing idea is that combining various aspects of two distinct strong models may
produce an offspring candidate model which is even better than its parents.

One of GAs principal strengths lies in this flexibility. Whereas gradient
descent-based models require their candidate model to be a differentiable
mathematical expressions, GAs allow for a more abstract definition of the
candidate models’ forms. One simply needs to define the template of the can-
didate model, and crossover and random mutation operations that generate
new models. I will illustrate these ideas now by describing Symbolic Regression
(SR), a type of GA where the candidate models are mathematical expressions
without a fixed form.
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Figure 2.1: Two mathematical expressions represented as expression trees.
Figure from [3].

2.1.1 PySR

In this work, I use the Python package PySR [4] to implement symbolic
regression. I will describe briefly how SR in PySR works.

Firstly, the candidate models are different analytical expressions. For exam-
ple one candidate expression may be an exponential fit, whereas another may
be a polynomial fit. Candidate expressions are stored as expression trees, as
shown in fig. 2.1l Expression trees are a data structure consisting of parent
nodes, in this case operators, and left and right child nodes. Child nodes may
be sub-expression trees or leaf nodes. Leaf nodes are terminal, as they have
no further child nodes, and are either constant values or variables. In fig. [2.1],
the left expression tree depicts the expression e”x, while the right expression
tree is 222.

As mentioned above the three components of an expression tree are binary
operators, variables, and constants. Binary operators are elementary opera-
tions such as addition and multiplication, which take two input values. The
binary operator is evaluated with it’s two child nodes as inputs. For example,
in the left expression in fig. the multiplication operator acts between its
child nodes to render the expression (e*) x (x). It is important to note that
while some binary operators may be commutative, this is not always true.
Swapping the left and right child nodes of the multiplication operator does
not change the overall expression, while swapping inputs for exponentiation
will change the resulting expression, e.g. (e) A (z) # (x) A (e). The operators
available to the SR algorithm in its search for expressions are specified in a
user-defined grammar.

Variables are inputs into the expression, that correspond to the input vari-
ables in the training dataset, e.g. the components x; of the input vectors Z.
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The variables available to the SR algorithm are specified by the user, and
may or may not be all the components of the input vector. Constants are
simply real numbers, as not only the form but also the constant values in a
mathematical expression are important to tune.

Given the possible expressions, SR needs well-defined random mutation and
crossover mechanisms. In order to randomly mutate an expression, one of the
following mutations is randomly selected:

Randomize Constant: A constant in the expression is selected at random
and is changed to a random value.

Randomize Operator: An operator in the expression is selected at ran-
dom and is changed to a different operator from the specified grammar.

Append/Prepend Node: A random expression is generated, and either
a leaf node in the original expression is swapped with the new expres-
sion, or the root node (the node without a parent node) of the original
expression is made the child node of the new expression.

Insert Node: A random expression is generated and inserted in place of
a randomly selected node anywhere in the expression tree.

Delete Subtree: An interior node of the expression tree (a node with both
a parent and children nodes) is replace either by a variable or constant.

New Tree: The entire expression tree is replaced at by another randomly
generated expression tree.

Do Nothing: No mutation is performed.

In PySR, there are many tunable hyperparameters associated with the
mutation scheme, such as the probability of any given one of the mutations
above being selected.
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Figure 2.2: The crossover operation between two expressions. Figure from [4].

The crossover mechanism between two candidate expressions in PySR is
illustrated in fig. [2.2l Copies are made of both parent expressions, and a
random interior or leaf node is selected in both of them. These nodes are
swapped across expressions, and the resulting two new expressions are the
output of the crossover mechanism.

PySR selects expressions for random mutation and crossover using a tourna-
ment method. The tournament method involves selecting a random subset of
the population of models and choosing the fittest member, according to some
loss function. In PySR, the default metric is the mean-squared error, given by

n (—»pred . g»'target)Q

MSE — Ziil 7 i

2.5
- (25)
Once two fit expressions are selected and crossed over, two other expressions
must be selected to be replaced. In PySR, the oldest members of the popula-
tion are replaced by these new crossed over expressions.

PySR initializes n, independent populations of expressions, and each pop-
ulation evolves mostly on its own, in parallel. After each epoch, the best
members in each population are selected have a chance to migrate to other
populations, to facilitate some mixing between populations. This is so that a
wider extent of the model space is explored than one single isolated population
might be able to.
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In brief, the PySR algorithm is as follows:

1.

The user gives PySR a training dataset, a grammar, and the option to
tune various hyperparameters.

n, populations are initialized at random, each containing n. expressions.

A tournament is performed on a randomly selected subset of expressions
in the population, and either a mutation or crossover is performed. If
crossover, the new children models replace the two oldest expressions in
the population.

Step 3 is performed M times.
Steps 3-4 are performed in parallel for each of the n, populations.

The best expressions seen across each population are stored in a hall
of fame. These hall of fame expressions then have a chance of being
introduced into each population at random.

Steps 3-6 comprise one generation. n, generations of evolution are car-
ried out

The final hall of fame, comprised of the best expressions seen, is returned
to the user.

PySR’s unique ability to produce analytic fits to data makes it a powerful

tool.

As a test, PySR has been utilized to successfully reproduce famous

physics formulae, such as Newton’s law of gravitation and Leavitt’s law [4]. In
the next chapter, I use PySR towards constructing an analytic approximation
to the CMB lensing tail.
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Chapter 3

Compressing Analytic
Expressions

3.1 Part 1: The Matter Transfer Function

The matter transfer function, like the CMB power spectrum, is an excellent
probe of cosmological models. Just as we can extract valuable cosmologi-
cal information from the CMB power spectrum and its inherent temperature
anisotropies, so too can we study the matter distribution and its inhomo-
geneities. Matter is not uniformly distributed in the universe, this much is
clear from observing the fact that there is plenty of matter here on Earth,
while nearly none in the vacuum of space a mere 200 miles above the surface.
While cosmology cannot quite probe on scales this small, the analogy still
holds well on larger scales. There are pockets of space rife with matter, such
as galaxy clusters. On the other hand, there are also cosmological voids, vast
spaces that contain little to no galaxies. The information on how matter is
distributed at different scales in the universe is contained in the matter power
spectrum, P(k), in a somewhat analogous manner to the CMB power spec-
trum. In this section, I motivate the linear matter power spectrum, and in
particular focus on the matter transfer function, a key component of the linear
matter power spectrum.

In order to discuss how matter is distributed in the universe, it is useful to
know what the gravitational potential looks like. This is because gravitational
instability sources inhomogeneity in the matter distribution. One can arrive
at this fact in simpler terms by noting that matter is pulled towards grav-
itational potentials. Thus, matter is pulled to over-dense regions under the
influence of gravity, and the excess matter in turn increases the gravitational
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potential. From this, we can extrapolate the fact that matter accumulates
in initially over-dense regions, regardless of how small the initial over-density
was. We take again the perturbed FRW metric of eq. , and consider the
gravitational potential (ID(E, a). As earlier, working in Fourier space is more
convenient.

In order to understand the distribution of matter today, it is important to
consider how the evolution of the universe affects the gravitational potential.
As Fourier modes, large k correspond to smaller distance scales, and vice
versa. Why should modes of different modes evolve differently? In order to
understand this, we need to recall from Chapter 1 that 7, the conformal time,
can also be interpreted as the distance traveled by light in the expanding frame
of the universe. Any two points separated by a distance larger than 7 are not
causally connected, since a photon could not have traveled from one to the
other. In this sense, n is known as the particle horizon, or simply the horizon.
Thus we should focus on £ modes corresponding to a wavelength shorter than
7, those larger are not subject to a causal evolution beyond their initial values.
As the horizon grows over time, wavelength modes fall into the horizon, and
their evolution is then governed by dominating component of the universe at
that time.

At early times, the horizon was smaller than it is today, and nearly all modes
of interest would have been outside the horizon, kn << 1, close to their initial
values. At intermediate times, the horizon expands and wavelengths fall into
the horizon. Also during this time, the universe passes from radiation domi-
nation to matter domination. Modes that enter the horizon during radiation
domination will evolve differently than modes that enter during matter domi-
nation. At matter-radiation equality the two components’ densities are equal.
At late times, all modes of interest are in the horizon and evolve identically
as matter-domination dictates. Thus, we expect the gravitational potential to
have some non-trivial scale dependence.

Following the line of thought above, we can schematically represent the the
full gravitational potential as the composition of three distinct components:

®(k,a) = ®,(k) x T(k) x Dy (a). (3.1)
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The ®, term is the initial over-density mentioned above, the primordial per-
turbationﬂ. All scale-dependence is captured in the transfer function, 7'(k),
and the growth of the modes over time is captured in the growth function
D(a). T(k) is normalized so that

lim T(k) = 1. (3.2)

k—0

The matter overdensity is defined as

6m(]€, CL) _ pm<k7 _CL) — ﬁm<(l)7 (33)

Pm(a)
where p,,(a) is the mean, or background, density of matter at a given time,
and p,,(k, a) is the actual density at a given k-mode and time. §,, is then a
measure of how matter across different Fourier modes is distributed relative
to the mean density, 6 > 0 corresponds to an overdense region, while § < 0

corresponds to an underdense region. The matter overdensity can be related
to the gravitational potential via a form of Poisson’s Equation, namely

_ AnGaP Py,

(b(k7 a) kQ

(3.4)

Collecting the k-dependence, we see that the overdensity is related to the
gravitational potential as

S (k) o k2B (k)
oc k2®, (k)T (k). (3.5)

In ACDM, the initial perturbation takes the form
352 ns—1
k@ (k) = Ak (3.6)

where A,, the primordial perturbation amplitude, and n,, known as the spec-
tral index, are both in ACDM to be fit to observed data. With this, the
k-dependence of the matter overdensity is

Om (k) o< K™2T (). (3.7)

!The inflation mechanism|[12] is one proposed explanation for how the primordial per-
turbation might have been generated.
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Figure 3.1: Constraints on the matter power spectrum by various experiments.
The solid black line shows the power spectrum as predicted by ACDM assum-
ing linear perturbations. The impact of nonlinearities is depicted by the dotted
line. Figure from [2].

The linear regimdﬂ is when 9,, << 1, and can be effectively treated as a
perturbation. The linear matter spectrum is the two-point correlation function
of the matter overdensity in Fourier space, so that

(27)%0°(k — k') P (k) = (0 (k) 0 (K')), (3.8)
so that
P (k) o< 62, (k). (3.9)
Collecting eq. and eq. , we find that
P, (k) oc kK™ T2 (k). (3.10)

2While radiation remains linear throughout all epochs and at all scales of interest, the
same is not true for matter.
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Figure 3.2: CAMB generated matter transfer function for the Planck best fit
cosmology, where Q,h? = 0.0224 and Q.h? = 0.12.

Thus, the form of the power spectrum is entirely determined by the trans-
fer function. Fig. depicts constraints on P, (k) by various cosmological
probes, against the ACDM predicted curve plotted as the solid black line. It’s
clear that the linear matter power spectrum is an excellent tool for verifying
cosmological theories.

In the above section I lay out the importance of the matter transfer function.
In the next section, I explore the various ways of computing the matter transfer
function.

3.1.1 Computing 7T'(k)
CAMB

Figure shows the matter transfer function 7'(k) for the Planck best fit
cosmology, the best fit of the ACDM parameters as determined by the Planck
experiment[2]. In particular the parameter values are Q,h? = 0.0224, Q.h? =
0.12 and Hy = 67.4.
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Figure 3.2 was generated by CAMB, or the Code for Anisotropies in the
Microwave Background[13]. CAMB is a powerful computational package which
solves the intertwined set of coupled differential equations resulting from the
Boltzmann equation eq. for the various components of the universe.
CAMB can be used to compute quantities such as the CMB power spectrum
and the matter power spectrum to a high precision.

In this thesis, I utilize CAMB to construct the matter transfer function, as
above, and in a later section the CMB lensing tail. T use CAMB constructed
quantities to use in machine learning model verification, so that the best fitting
formula, say for the transfer function, is the one which minimizes its error with
respect to the CAMB transfer function. While CAMB is a powerful tool, it
is always nice to have analytic or semi-analytic formulations of cosmological
quantities. There are two popular formulas for the matter transfer function,
one constructed by Bardeen, Bond, Kaiser, and Szalay (BBKS) [14], and the
other by Eisenstein and Hu (EH) [15], which I shall now discuss in turn.

BBKS

As mentioned in the previous section, a nontrivial scale dependence appears
in the matter power spectrum because perturbations evolve differently depend-
ing on which component dominates the universe when they enter into the hori-
zon. Modes entering the horizon during radiation-domination will have a quali-
tatively different evolution than modes which enter during matter-domination.
Furthermore, when exactly the universe transitions from radiation-domination
to matter-domination depends, in large part, on the matter density parame-
ter, Q,,h%. Because ordinary matter and dark matter evolve differentlyﬂ, it
is important to consider both the dark matter and ordinary matter densities,
Q.h? and Qyh? respectively.

With these considerations in mind, the BBKS formula is a simple approxi-
mation for the transfer function when dark matter dominates the total matter
density, or when €, << ,,. It is given by

In(1 4+ 2.34q)
2.34q

—~1/4

(1+3.89¢ + (16.1¢)* + (5.46¢)° + (6.71¢)*) ",
(3.11)

Treks(q) =

3Dark matter is collisionless, while ordinary matter is not, as in the photon-baryon
coupling discussed earlier.
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Figure 3.3: Left: BBKS approximation for the matter transfer function for the
Planck best fit cosmology, where Q,h% = 0.0224 and Q.h? = 0.12. Right: The
percent error between the BBKS approximation and the CAMB generated
matter transfer functions for four cosmologies.

where ¢ is defined as

pr K
3.12
1=\ 1680, Qi (3:12)

and p, is the background density of relativistic particles (photons and neutri-
nos) and p, is the background density of photons. Using the relation between
these densities given by [9] in eq. (2.77), namely,

7 [ 4\?
p=3 (—) o (3.13)

we can rewrite ¢ as
74\ 1 &k
= 1 —| = — . 14
1 < 3% (11) ) 1.68 Q.12 (3:14)

The left plot in fig. [3.3] shows the BBKS approximation of the Planck best
fit cosmology, i.e. the BBKS approximation of the curve in fig. [3.2l The
Tgpks(k) approximates T'(k) with an average error within 15%, and works
exceptionally well up to around k = 10~>Mpc.
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EH

A more accurate fitting formula was described by Eisenstein and Hu in [15].
While the Tgpks(k) is simple and matches the large scale behavior relatively
well, it performs poorer at smaller scales, particularly so in the neighborhood
of keq. This is the scale which enters the horizon at matter-radiation equality,
when the universe switches from radiation-domination to matter-domination.
[9] gives an approximate expression for ke, as

keq = 0.073Mpe™'Q,,h%, (3.15)

according to which k.q = 0.007 Mpc™! in the Planck best fit cosmology of
fig. 32l The EH approximation recognizes that the transition from radiation-
domination to matter-domination is a complex process. Qualitatively this
is visible in fig. near ke,, where there are small wiggles in the transfer
function. Inability to account for this behavior leads to the oscillations in the
BBKS error as seen in the right panel of fig. [3.3]

The EH fitting formula is motivated by considering the effects of phenomena
such as acoustic oscillations, Compton drag, velocity overshoot, baryon infall,
adiabatic damping, Silk damping, CDM suppression. In order to accurately
account for all these terms, the EH approximation is comprised of around 30
expressions. The EH transfer function takes the form

Oy

TEH(k) = me(lﬂ) +

Qc
Q—mTc(k). (3.16)

The terms involved in this formula are the following:

o T()(k‘; 1, 1) Qap B ;CSLH( 1.4 . .
|1+ (ks/5.2)2 + 1+ (5b/k3)36 (=) Jo(kS3),
Tc - fTO(k’ 17ﬁc) + (1 - f)TO(kaoémﬁc)a

In(e + 1.85.q)

T

Tohs ave, Be) = In(e + 1.88.q) + Cg?’
B 1
/= 1+ (ks/5.4)4
14.2 386
C= 1T 69.9¢1-08’
ok
1 134k
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R = 31.50,h%0; 2Mpc ",
ksine = 1.6(Qph%)*%2(€,,2*)°™ [1 + (10.4€2,, %) ~*%] Mpc™,
keq = 7.46 x 1072(Q,,h*)O5 2Mpc !,

1+z
= 2.07keqs(1 + Rg)¥*G | —=
= 207hgs(1+ o) 6 ()

Qph? Q,
B N 2)2
bp=05+5—75+ (3 2Qm> V(7.20,h2)% + 1
Bnode = 841(th2)0 435’
3—i 6 ln\/1+Rd+\/Rd+Req

3keq \| Req 1+, /]{eq

-1/3

JIFy+1
—6y\/T+y +y(2+ 3y) ln( tyt )

Vity—1
1+ 2¢q
Yy = B
4+ z
, _a*Qb/Qm *(Qb/Qo)s’

= (46-9th2)0 670 [ (32.1th2>70.532] 7
= (12.00,h%)%424 [1 + (45.00,,h?)"05] |
B =14 by [(Q/Q) — 1],
by = 0.944 [1 + (458th2)_0'780} -1 7
by = (0.395€2,,,h*) 0206
Zeq = 2.50 x 10"Q,,,h%O; 7,
20.251
o s [+ bl )],
b, = 0.313(2,,h%) "1 [1 4 0.607(82,,h%)*57] |
by, = 0.238(€2,h%)*%,

zqg = 1291

where Tomp = 2.7027K, Rqg = R(z4) and Req = R(2.q), and z4 and z., are
the redshifts of the drag epoch and of matter-radiation equality, respectively.

Ten (k) is a powerful approximation of T'(k), with an average error within
5%. The left plot in fig. [3.4] shows the EH approximation of the Planck best
fit cosmology, i.e. the EH approximation of the curve in fig. The right
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Figure 3.4: Left: EH approximation for the matter transfer function for the
Planck best fit cosmology, where Q,h% = 0.0224 and Q.h? = 0.12. Right: The
percent error between the EH approximated and CAMB generated matter
transfer functions for four cosmologies.

plot shows the point-wise error of Tgp(k) when measured against Tcams(k),
for four sample cosmologies. The careful consideration of the various physical
phenomena in Tgy (k) results in an order of magnitude improvement over the
BBKS approximation.

While powerful, Tgy(k) is fairly complex. An interesting question posed
by the authors in [3] is whether it’s possible to find a formula for the matter
transfer function that is as accurate as Tgn(k), but with a simpler form. Fol-
lowing their work, I implement a genetic algorithm to learn a simpler form of
the matter transfer function.

3.1.2 Learning T'(k)

In this section, I follow [3], using their simplified function template for the
matter transfer function along with my own GA implementation in order to
learn a strong fit. I will discuss the template function they use, describe my
GA implementation, and finally I compare the results of my function against
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The Function Template

In [3], the authors construct a function template for the matter transfer
function of the form

Taa(k) = (14 a3 + azz™ + a5z + azz®) (3.17)
where
_k (3.18)
xr = . .
Q.h?Mpc

The physical form is similar to that of Tga(k) with the outer exponent of
—1/4, but differs in that it allows the inner exponents to vary. As an initial
test of GA, I take this function template and use GA to learn values of the «;.

The Genetic Algorithm

In the last chapter, I discussed the key ingredients in GA. These are, the
candidate model, the training dataset, the loss function, and the mutation and
crossover operations. I will now describe my implementation of these pieces.

Each candidate model in my GA should be a function of the form eq. ,
with differing parameter values. In code, each candidate model is an object
represented by the array

a=lay, ..., ag], (3.19)

and is equipped with a function which evaluates eq. (3.17)) with the candidate’s
respective parameter array on a given input of k values. In the terminology of
GA, these parameters are known as genes.

I used CAMB to generate the training dataset. I generated 300 data points
of the form

di = {UR% QR K, Tiaus), (3.20)

where

K=k, ..., k) (3.21)

are the values of k£ given by CAMB, and the respective values of the CAMB
generated transfer function,

TéAMB = (TéAMB,p Sy TéAMB,n) ) (3-22)
for a cosmology with baryonic and cold dark matter density parameters (2} h?
and Qh?, and where Téyyp; = Téaup(k:). For all data points, I chose
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the Planck best fit value for the Hubble parameter, Hy = 67.4, and se-

lected values of the density parameters at random from within the ranges
Qh* € [0.0214,0.0234] and Q.h% € [0.12,0.14], the same ranges as in [3].

The loss function I chose was the mean relative error over all data points d;.
The error E; of a candidate model T evaluated on a data point d; is given

by

1 |TéA(kj) — T¢ v,
E, = — Ay 2
- §j (3.23)

i
TCAMB,j

Functions with a lower error over the entire dataset,
B =Y E, (3.24)
i
are considered more fit.

If a candidate function is selected for mutation, one of the following actions
is selected:

1. A single, randomly selected, gene is mutated.
2. A random subset of the genes is mutated.

3. The candidate model is replaced by an entirely new, randomly generated,
candidate model.

4. No mutation occurs.

with probabilities p; = 0.65, po = 0.20, p3 = 0.05, py = 0.10, respectively.
When a gene is selected for mutation, it is multiplied by a factor

Q4 mutated = ¢ X Qi old s (325>

where
g=sx (1L.1+T), (3.26)

where s = —1(+1) with probability p = 0.5(0.5), » € [—1,1] is uniformly
randomly sampled, and 7" is an annealing temperature. 7T is given by

T'=1-— 2
- (3.27)
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for the i*" mutation performed out of the M total mutation operations per
generation. This term is included so that mutations earlier on in a generation
have a larger magnitude than those later on in a generation.

The crossover operation between two selected candidate models with genes

ag, =[ad, ..., % and oy = [al{, cee am produces children models according
to the rule
a a b b b b a a
Oéa, Oéb — |:a1, ceey Oén/Q, Cl/n/2+1, ceey O[n] 3 [al, ey an/27 an/2+1, ceey O{ni|
(3.28)

so that each child model derives half its genes from one parent, and half from
the other.

In implementing my GA, I take inspiration from the PySR algorithm. My
algorithm runs as follows

1. The user gives the GA a training dataset with data points as in eq.

(3.20), and a template function format, in this case eq. (3.17)).

2. A population of n, random expressions is created.

3. A tournament is performed on a randomly selected subset of the popu-
lation of size s;, and either a mutation or crossover with probability p. is
performed. If crossover, the new children models replace the two oldest
expressions in the population.

4. Step 3 is performed M times in each generation.
5. m4 generations of evolution are carried out.

6. By the end of n, generations, the most fit function found by GA is
returned.

Results

The table below gives the values of the hyperparameters I set when running
the genetic algorithm.
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Figure 3.5: Left: The GA learned approximation for the matter transfer func-
tion for the Planck best fit cosmology, where Qh? = 0.0224 and Q.h% = 0.12.
Right: The percent error between Tga and Teanp for four sample cosmologies.

Hyperparameter Symbol Value
Number of Generations Ng 200
Mutations per Generation M 250
Population Size ny 100
Probability of Crossover De 0.01
Tournament Subset Size Sy 15

Running this algorithm on the function format in eq. (3.17), GA learned
the following transfer function

Toa (k; Quh?, Q%) = (1+ 58.22"% + 43802%% 4 3160250% + 1432790) "1/,
(3.29)
where again x is again a defined in eq. (3.18)).

Following the previous figures, fig. shows Tga (k) for the Planck best fit
cosmology, as well as it’s error against Tcayp(k) for some sample cosmologies.
Remarkably, the error in Tga (k) is on the same order as Tgu(k). Furthermore,
Tea (k) achieves this accuracy while only depending on the cold dark matter
density parameter Q.h?.

Figure summarizes the accuracy of the three fitting formulas described
in this section, by showing their errors against Tcang (k) on the Planck best fit
cosmology. It is useful in summarizing the order of magnitude accuracy of the
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Figure 3.6: Left: The percent error of Tga(k), Tepks(k) and Trr(k) against
Teams(k) for the Planck best fit cosmology, where ,h? = 0.0224 and Q.h? =
0.12. Right: The region of the left panel in the red dotted box enlarged.

three fitting formulas. The right panel zooms in on Tga (k) and Tgu(k) in the
transition regime, emphasizing the fact that Tga (k) and Tgn(k) are accurate
to a similar order of magnitude, both mostly within 4% error.

To get a full picture of the performance of the two approximations, how-
ever, it is important to check their average errors over a range of possible
cosmologies. I define the average error as

1 o~ |The (ki) — Toams (k)]
B..— L , 3.30
£ ng ; Teams (ki) ( )

and compute this value for 100 cosmologies with .h? € [0.10,0.14] and Q,h? €
[0.012,0.03]. Figure 3.7/ shows the average percent error against Tcamp (k) for
the Tgu(k) and Tga(k), on the left and right respectively. Firstly, in the
selected range both approximations have an average percent error below 3%,
making them both an order of magnitude better than Tggks(k). The sharp
band structure for the GA approximation results from the fact that the Ta (k)
can better account for Q.h?, which dominates the matter density and is most
directly responsible for the general shape of the transfer function, whereas
baryons induce secondary effects (e.g. the baryon acoustic oscillations in the
transition regime) which the simple formula cannot account for. While Tga (k)
is better than Ty (k) in some ranges, its approximating power is not as robust
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Figure 3.7: Left: The average percent error of the EH transfer function for 100
cosmologies, with Q.h? € [0.10,0.14] and Qyh? € [0.012,0.03], and Hy = 67.4.
Right: The average percent error of the GA learned transfer function for the
same cosmologies.

as Tru(k), as evident by the smoothly varying average error. However, it is
important to recall the simplicity of T (k) compared to Tru(k). Using GA
to reduce the complexity of the transfer function only marginally affects its
accuracy.

In the above section I discusses the matter transfer function, it’s importance
as a cosmological probe, and described the BBKS and EH analytic formulas
for the transfer function. Then, I utilized genetic algorithms as described in
the previous section to reproduce the results of [3]. T created a GA-learned
fitting formula for the transfer function that is both as simple as the BBKS
formula, yet as accurate as the EH formula, demonstrating the power of GA.
In the next section, I will use Symbolic Regression to learn a fitting formula
for the lensing tail of the CMB power spectrum.

3.2 Part 2: The CMB Lensing Tail

Next generation experiments will allow us to measure the CMB power spec-
trum to unprecedented levels of precision and accuracy. Increased resolution
at small scales, or high /s, will allow researchers to probe the effects of weak
gravitational lensing on the CMB photons to higher precision than previously
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possible, allowing for more stringent constraints on cosmological models. Sim-
ilar to how the effects of diffusion damping and reionization on the photon
distribution as it streams from last scattering to today can be modeled as
damping tails on CMB power spectrum [7], T explore the possibility of model-
ing the so called CMB lensing tail using Symbolic Regression. I qualitatively
describe the effects of weak gravitational lensing on the CMB. I then con-
struct a simple fitting function format to guess the shape of the lensing tail,
and utilize Symbolic Regression via PySR to learn a fit to the lensing tail.
This preliminary investigation will serve to show the strength of Symbolic
Regression in creating simple, yet powerful analytic formulas.

3.2.1 The Lensing Tail

Weak gravitational lensing is the phenomenon whereby the path of distant
photons traveling to us is curved in the presence of an intervening mass distri-
bution. That general relativity implies the curving of photon trajectories in the
presence of mass distributions is evident by the work done on the Boltzmann
equation in Chapter 1. Weak gravitational lensing is the particular focus on
how photon trajectories from distant sources are curved due to the presence
of overdensities in the line of sight between us and the source. Cosmic shear
experiments[16] obtain cosmological constraints by measuring the distortion of
the shapes of distant galaxies as they appear to us due to weak lensing. Mea-
suring lensing via the CMB provides information at larger scales and higher
redshifts than other experiments, given that the CMB is the oldest signal we
can directly observe. Measuring lensing in the CMB then offers the potential
to break parameter degeneracies and improve constraints on quantities that
affect the geometry or density perturbations at late times [17].

The effect of weak lensing on the CMB is an ever so subtle distortion on
larger scales. It serves to smooth out the CMB power spectrum. On small
scales weak lensing increases the power of the CMB signal, by upto 10% past
¢ > 2000 [17]. Let the lensing tail be described by the function L(¢) so that

Clensed — L({) x Cunlensed’ 3.31
13 /

where C)msed and Cpmlensed are the lensed and unlensed CMB power spectra,
respectively. As in the previous section, I used CAMB to generate both the
lensed and unlensed CMB power spectra, and divide them to obtain Leams(£),

so that
CAMB,lensed
CZ

LCAMB(K) = CCAMB,unlensed' (332)
¢
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Figure 3.8: Left: Loams(f) for the Planck best fit cosmology, where Q,h? =
0.0224 and Q.h? = 0.12. Right: Lcaus(f) for four sample cosmologies for
¢ > 2000.

The left panel in Figure shows Loams(£) for the Planck best fit cosmology,
and the right panel shows the lensing tail for some sample cosmologies. As
mentioned above, the lensing tail increases the power of the unlensed spectrum
for ¢ > 2000.

3.2.2 The Function Template

In this preliminary investigation, I focus primarily on modeling the general
shape of the lensing tail using Symbolic Regression. I take the template func-
tion to take the form of a scaled polynomial which is "activated” by a sigmoid
function after a specific value of ¢. The template function is of the form

Bsr (wh?, Qmh?)

where
w(E) = [1 + ¢ Px2000)/100) 71 (3.34)

is the sigmoid function, centered at 3 x 2000 with a width of 100. Inclusion
of the sigmoid is motivated by the fact that the lensing tail is expected to
start deviating significantly from 1 for £ > 2000. The (; are free parameters
which PySR will optimize in its search. The function Bsgr (252, Q,,h?) is to
be learned by PySR, as a function of ;A% and Q,,h%.
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The parameters $; and 5 are included to allow for tuning of the polynomial
scaling. The parameter (3 is so that PySR may learn a potentially better
"activation” point for the sigmoid function.

3.2.3 Symbolic Regression
Dataset

In PySR, it is possible to fix a template function, as in eq. , so that
PySR can optimize the parameters [3; as well as learn the form of the function
Bsr. I use CAMB to generate Leams(¢) for 100 cosmologies with parameters
selected uniformly randomly from the ranges

H, € [45, 95
Oh? € [0.015, 0.033]
Q.h* €[0.03, 0.18]

for ¢ = [1000, ..., 5000]. I disregard the large scale values so that the model
may better focus on learning the region of interest, namely small scales or
high ¢. Due to how PySR is implemented, the input data points must be
transformed from the form

d; = {QéhQ, QO'n* HY, 0, LEAMB}

to
d; = {Qh*, Q0% Hy, 05, Loaus;) (3.35)

where Liang; = Loans(£5) is the lensing tail value of the ¢ for the i cosmol-
ogy. Each ¢; and corresponding L s\ (¢;) for each cosmology is its own data
point, as opposed to the transfer function dataset in the last section where
each data point contained the entire T'(k) for each cosmology. The total size
of the input dataset now becomes 7cosmologies X 1¢ = 400000. PySR is not well
equipped to calculate the error for that many data points at once, so it calcu-
lates the error on subsets B(D) of the dataset D at a time, a procedure known
as batching in machine learning. For each fitness computation, it calculates
the error for a randomly sampled subset of the dataset of size n;, known as a
batch.
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Figure 3.9: Loams(¢) for the Planck best fit cosmology, where Q,h? = 0.0224

and Q.h? = 0.12 in yellow. The same curved smoothed according to eq. ([3.37)
is shown in blue.

I leave the error function as the PySR default, which is the mean-squared
error in eq. (2.5). Namely, the error is computed as

1 % 7 3 2
E= Z (Lsr(€5; h?, 95,0%) — Leans,) (3.36)

n
b ijeB(D)

for each randomly selected batch B(D). In principal, B(D) for each compu-
tation may contain randomly sampled ¢ values from any or all cosmologies in
the dataset.

Smoothing the Data

As is evident in fig. the lensing tail has oscillatory behavior. My purpose
here is to learn a fit for the general shape of the lensing tail, so the oscillatory
behavior may slow down the convergence of the model. In order that the
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model may better learn the general shape, I apply a smoothing filter to the
dataset for each cosmology. For a cosmology ¢, I first use CAMB to generate

iCAMB = [LEAMB,HJOO’ R LiCAMB,E)OOO]
for £'=[1000, ..., 5000].

The L amp,; data points are transformed according to

249

i 1 i
k=—250
for j = 1250, ..., 4750. This has the effect of averaging the points in the

oscillatory region, so that each point is replaced by the average of L*(¢;) in a
window of 500 points around it. After this smoothing is performed, the data
points are expanded to the form in eq. (3.35)). Figure [3.9 shows the effect of
the smoothing filter.

PySR Settings

In PySR, there is the option to tune a large number of hyperparameters in
order to aid in model convergence. This is the set of configurations I found
to work best. Firstly, I limit the grammar to the operations addition, multi-
plication, subtraction, and exponentiation, so that the final expression is not
overly complex.

Hyperparameter Symbol Value
Number of Independent Populations Ny 20
Number of Generations Ng 200
Expressions per Population Ne 1000
Batch Size ny 10000

All other hyperparameters I leave at the PySR default values.

3.2.4 Results

After running the symbolic regression, PySR converged to the following
expression:

Bsr (Wwh?, Qmh?)
Lsr(0) =1+ w(?) [0.83 X (3;@) — 1] , (3.38)
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Figure 3.10: Right: Loams(¢) for the Planck best fit cosmology, where Q,h? =
0.0224 and Q.h% = 0.12, in yellow, with the SR approximated lensing tail
Lgr(¢) in blue. The percent error between Lgpye) and Loams(f) for three
cosmologies.

where )
w(l) = [1 4 e 7320001001 (3.39)

and
Bsr (Wh?, Qnh?) = Q,h* (k) 087" — 3.342Q,,h% — 1.118. (3.40)

The left panel in figure shows Lcamg(¢) for the Planck best fit cosmol-
ogy, as in fig. , along with the Lgg(¢) approximation. The right panel shows
the percent error between Lgg(¢) and Loangs(¢) for some sample cosmologies.
Calculating the average error for the ¢ > 2000 region, as

1 X |Lsr() — Loans(9)]
E. . .o=— E 41
& 3000 Leavs(f) ’ (3.41)

£=2000

Lgr(¢) has an average error under 15%, as shown in fig. , with an error as
low as 5% for some cosmologies. This initial lensing tail fit is about as accurate,
on average, as the BBKS fit is for the transfer function. From fig. [3.10] it’s
clear that a large chunk of the error in Lgg(¢) comes around the transition
point of the sigmoid, around ¢ = 3240. A better modeling of this transition
may be able to improve the accuracy of the fit. Furthermore, a logical next
step would be to add a factor to account for the oscillatory behaviorﬂ

4The authors of [18] do something similar to build on their initial GA transfer function
in [3], the work I follow in the last section.
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Chapter 4

Conclusion

In this work, I've explored various analytic methodologies involved in mod-
eling key cosmological quantities. In Chapter One, I explore the semi-analytic
formulation of the Cosmic Microwave Background (CMB) angular power spec-
trum, a key observable, as presented by Hu and Sugiyama in [5]. Their work
is an example of the strong insight one can gain into cosmological phenomena
when they are approached analytically. Though not strictly a replacement to
quick and accurate numerical codes, analytic formulations offer to enrich our
understanding of the underlying physics, and are important tools to have.

In Chapter Two, I introduce machine learning and in particular Genetic
Algorithms (GAs) and Symbolic Regression (SR). I describe the algorithm
behind a popular SR package, PySR[4]. Packages like PySR, when used in
conjunction with physical motivation, can be utilized to discover simple and
powerful approximating expressions.

In Chapter Three, I explore how the tools described in Chapter Two can
be leveraged to create simple, yet powerful, approximate analytic expressions
for cosmological quantities of interest. I begin by briefly describing the matter
transfer function and its strength as an observable. I then mention two existing
analytic formulae, one by Bardeen, Bond, Kaiser, and Szalay from [14], and
another by Eisenstein and Hu in [15]. Following [3], I implement a GA to
create an approximate matter transfer function, which is similar to the BBKS
formula in its simplicity, yet as accurate as the EH formula.

Finally in the last section of Chapter Three, I explore the use of SR towards
approximating the nontrivial CMB lensing tail. In my preliminary investiga-
tion, I find SR to be quite successful, given how few details I supply the model
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with. SR can be further utilized to create a more accurate fit, for example to
account for the oscillatory behavior in the lensing tail. It remains to be shown
how incorporating more physically motivated terms in the template function
may lead to a stronger lensing tail fit.
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