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Abstract: The paper describes the robust control algorithm for linear multi-agent systems under
parametric and structural uncertainties and external unmeasured disturbances. The proposed algorithm is
based on left hand side differences for estimation of the derivatives. The resulting algorithm ensures
required accuracy of difference between the plant output and the reference signal. The modeling results

illustrate the effectiveness of the algorithm.

Keywords: Robust control, time delay, LMI, Lyapunov-Krasovskii functional, descriptor method.

1. INTRODUCTION

Design of simple control systems under parametric
uncertainties and external disturbances when only plant
output is available for measurement is important problem of
control theory and practice. To construct such control
schemes many solutions have been proposed in this regard. If
the plant relative degree exceeds one then implementation of
adaptive and robust control systems requires the estimation of
the derivatives of the plant input and output.

The Luenberger observer is widely used to estimate the plant
model state vector with known parameters (Luinberger,
1966). The Kalman filter allows to estimates the state vector
of a dynamical system under disturbances and noises
(Kalman, 1960). Under parametric uncertainty and external
disturbances in the paper (Esfandiary and Khalil, 1992) so-
called high-gain observer is proposed. Other form of an
observer with a high gain is considered in (Slotine et al.,
1987). In (Utkin, 1992, Han, 1995) the robust sliding-mode
observer is proposed. In (Wang and Gao, 2003) the authors
design a nonlinear extended state observer based on a
generalization of a high-gain observer and a sliding-mode
observer. In (Veluvolu et al., 2011) the observers
(Luinberger, 1966, Esfandiary and Khalil, 1992, Utkin, 1992,
Han, 1995, Wang and Gao, 2003) are investigated for second
order dynamical systems. In paper (Veluvolu et al., 2011) a
comparative analysis for each observer under different kinds
of parametric uncertainties, external disturbances, and noises
are given. Robust observers have found many applications in
the synthesis of control systems under uncertainties. In
(Atassi and Khalil, 1999) the stabilization of nonlinear
dynamical plants is considered by using the control law that
depends on estimates of plant output derivatives obtained

with a high-gain dynamical observer. The papers (Bazylev,
Pyrkin, 2013, Bazylev, Zimenko, Margun et al., 2014,
Bazylev, Margun, Zimenko, 2014, Pyrkin, Bobtsov,
Kolyubin et al., 2013, Furtat, 2013, Furtat and Putov, 2013,
Furtat, 2014, ) are used the adaptive control with high gain
observers.

Analysis of the above results shows that the designed
algorithms use integrators for estimation of the derivatives.
Unlike these results we design the observer using left-hand
side differences. This observer allows designing the robust
control system without using integrators but using delays. For
algorithm synthesis the results of (Furtat, 2015) will be used.

The paper is organized as follows. The problem statement is
presented in Section 2. In Section 3 we design the control
algorithm for multi-agent systems with known relative degree
of each agent. In Section 3 we propose the control algorithm
for multi-agent systems with unknown relative degree of each
agent. In Section 5 we consider simulation results and discuss
an efficiency of the proposed scheme. Concluding remarks
are given in Section 6. Appendix A gives the proof of the
control system.

2. PROBLEM STATEMENT

Let each agent S; of the multi-agent system S be described by
the following equation

N
Qi(P)Yi (1) =k Ry (p)u; (t) + ZYij (P)y;(®) + fi (¥),
= (1)

J#i
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where y;i(t) € R are local outputs, ui(t) € R are local inputs,
fi(t) € R are local uncontrollable bounded disturbances, Q;(p),
Ri(p) and Y;jj(p) are linear differential operators with unknown
coefficients, deg Qi(p) =n;, deg Ri(p) =m;, deg Yj(p) = N,
ni>ng k>0, i,j=1,..,N, Yo k=1,..,n are unknown
initial conditions, p=d/ dt.

Assume that the coefficients of Qi(p), Ri(p), Yi(p), ki belong
to a known compact set = and the polynomials R;(1) are
Hurwitz, where i, j =1 ,..., N, 4 is a complex variable.

The problem is to design the control system such that the
following condition holds

lyi () = ymi @®) <5 fort>T, 2

wherei=1,.,N, 6>0isaan accuracy, T >0 is a transient
time.

3. ALGORITHM FOR STRUCTURALLY CERTAINTY
AGENTS

First, consider the case where orders of the operators Q;(p),
Ri(p) and Y;(p), i, j = 1,..., N are known. Taking into account
equations (1) and (2) rewrite the tracking error g;(t) = y;(t) -
Ymi(t) in the form

N
Qi (p)e; (1) = ki R; (P)u; (1) + DYy (P)Y; ()
i=1, ®3)

J#i
+ 5O -Qi(P)Ym (M), i=1L...N.

Since the derivatives of y;(t) and u;(t) are not available, then
we introduce the control law in the form

ui(t):—aiidviéi(") t), i=1,...,N, (4)

v=0

where ;>0 are design parameters, the coefficients

doi, dyjy ..., dyi,i are chosen such that the polynomial
D; (ﬂ)zdyi’iﬂ' +d will be
Hurwitz, s =n;—m;>1, y is a relative degree of ith agent,

&) (t) is an estimate of the vth derivative of the signal e(t).

yi_l’iﬂ/'_l +..+dA+dy

Substituting (4) into (3), rewrite (3) as follows

N

F(pe®=wi®+D Y(py;®), i=L...,N, ()
i=L
J#

where Fi(p) = Qi(p) + aikiRi(p)Di(p),
wi()=fi (1) - Qi(P)Ymi (¥)

v=0

+aikiRi (p)| Di(p)e; (1) - i dy&!” (t)}

Since we know the compact set =, then there exist
coefficients ¢« and polynomials D;(2) such that the
polynomials F;(1) are Hurwitz, i =1, ..., N.

For implementation of control law (4) we use the following
algorithm
& (t)-&(t-h)
h 1
gt -&"t-h
h ’ (6)

& (t)=¢; (1), & ()=

&7 (1=

éi(Vi -1) (t) - éi(Vi -1) (t-h)
h )
Substituting (6) into (4), rewrite control law (4) in the form

i=1...,N.

éi(}’i) (t) —

u(t) = -« ih—"\fi(—l)jcvje(t - jh)], i=1..N, (7)
v=0 j=0

where C/ =L
Hv-J)
Rewrite the function wi(t) as the sum
yi(t)=aikiRi(p)gi(t)+ i(t), where
N
o) = 0 ~ QOO + Yy ()Y ©)
B
Yi
gi (1) = D; (p)e; () - D_dui&” (1) .
v=0
Then equation (5) can be written as
&i (1) = Ajgi (1) + aiki By 9 (t) + By (1)
N
+ Y Byiejt), &) =Lig ), i=1...N, (®)
j=1

j#i
where A;, By, Byi, Bgjjand Ly =[1 0 ... 0] are matrices obtained
at the transition from (5) to (8).

Taking into account control law (7) and the structure of the
function g;(t), rewrite the first equation of system (8) in the
form

& (t)=Aei (1) +aikiBy o) & (t) — ki By
Vi
v=0

N
+ZB3ljgj(t)+BZI¢)l(t)’ izl,...,N,
B

ViV . . .
S0+ > Y CiLat- | ©

v=l j=1

where the vectors p; are composed of coefficients of the
operator D;(p).

Let us denote



'Z‘i =A +aikiBli{piT —ii—v\,il—i]’

A=diag{,&1,,&2,...,Z\N }

Ei_ —aikiBy d—v\,i(—l)jCVjLi,ifvgyi,
vj = h

0, else,

Fy =diaglFl, B2, BN L ii=1, 0N,

vjir T

O  Bap Bain

B o B
Y= 3:,21 : 3:2N '

Ble BSNZ e O

B= diag{821, Bao .. Bay },
cO)=[eT ©), &1 O, el O]
o(t) = [y (1), @2 (1), ..oy O]

where O is a zero matrix.

Taking into account notations, rewrite equation (9) as follows

£(t)=(A+Y)e(t) + Zy:i F et — ih) + Bo(t).

v=l j=1

(10)

Before formulating the main result, let us introduce the
following notations:

y v
Wi =P A +AIP + Y Y S, Wif =P—P, +AlP,,

v=l j=1
YV
W =P =P+ ) DRy,
v=l j=1
o [ e
11 * lez '
11
- Y T Y T Y
F’2 ZFvl 2PZ ZFVZ 7P2 szy
\1112 =_h v;l v;l V;l ,
Pi;r Z I:vl 2P3T Z Fv2 7P3T Z FVy
v=1 v=1 v=1

4 4
¥, = _he‘zf”diag{z Ra:2) Ruzs oo

v=l v=l
Y33 =-p1,
T
\Pll ‘1112 P2 B
Y= * ¥p» O |
* * _IBI

Y
7Y RW} ,
v=1

y Vv
where y= max {;}, A=A+Y+ > M F; P>0,
i=1,...,N V1 1
P,>0,P;>0,5,>0,R;>0,v,j=1,2, ..., yare matrices of

corresponding dimension, | is an identity matrix.

Theorem 1. Given a scalar y > 0. If there exist constant 5 > 0
and matrices P>0, P,>0, P;>0, S,;>0, R;>0,
v,j=1,2, ...,y such that ¥ <0, then control system (7)
ensures goal (2) with an accuracy

5:0m,

where o2 =5tt1p{¢T (t)(p(t)}.

(11)

Proof of Theorem 1 in Appendix A.

4. ALGORITHM FOR STRUCTURALLY UNCERTAINTY
AGENTS

Now we consider the case when orders of the operators Qi(p),
Ri(p) and Yj(p), i,j=1,..,N are unknown. However, we
assume that we known the upper bounds y; of the relative

degrees y, i.e. y;=y;,i=1,.,N.

The goal is to ensure condition (2).

Taking into account equations (1) and (2), rewrite the
equation of the tracking error e;(t) = yi(t) — ymi(t) in the form
(3).

Introduce the control law as follows

ui(t):—aiidviéi(")(t), i=1..,N,

12)

v=0
where the coefficients dy;, dy;, ..., dﬁ are chosen such that
the polynomials

Di(A)=d; ;A1 +d; /7 +kdA+dg; will o be

Hurwitz. Substituting (9) into (3), we obtain the equation
kind of (5). Obviously, there exist ¢; and D;(4) such that F;(1)
are Hurwitz,i=1,..., N.

For estimation the derivatives of the signal e;(t) we use the
following algorithm

& (t)=¢; (1),
a® (1) = & (t)—&(t—kh)
: k.h ’
=@ a@
e® (1) = & (1) - Ei h(t —kyh) , (13)
2

=i s(-D
_ &M -8/ (t-k:h
éi(}’i)(t): ! () kl . ( i ), i=1...N.
7i

Here éi(")(t), v=0,1,.. y, are estimates of the vth
derivative of the signals ei(t), k; >k, >..>k; >0. The

delay in (13) is reduced in each subsequent equation because
it is necessary to increase the accuracy of the estimate of each
subsequent derivative.



Consider the set ©; = {1, ..., 7; }, i=1, ..., N. Substituting (13)
into (12), we obtain
e (t)—e (t—kh
ui (t) =—a; {dmei (t) +dy % .
1

ot d+:[ei (t) - Zei (t—k; h)
hyini ije®

ip=1

+% Zei (t - h(kil +ki, ))+

iy, ipe®,
I1¢I2

(14)

_1\7i
...+( _1) Ze_(t—h(ki1+ki2+...+ki:_ )) ,
7it it iy, ol s €O, :
Lo v
iy #ip . A
i=1...,N.
As the result, the equation of the closed-loop system is
represented by expression (8) where matrices A;, By;, Byi, Bgj
and L; are obtained by the transition from (5) to (8) and

taking into account, that
Di(A)=d; /' +d; /7 + L+ dyd+dg.
Theorem 2. There exist coefficients o >0,

ky >k, >..>k; >0,i=1,..,Nand h>0 such that control

law (14) ensures goal (2) and boundedness of all signals in
the closed-loop system.

The proof of Theorem 2 is similar to the proof of Theorem 1,
therefore, the proof of Theorem 2 is not in the paper.

5. EXAMPLES
1) Consider a plant model in the form
(% +03P? + P + Gy iy (O
=Ky (p+rg ug (1) + Ny (1) + o (1),
(Q20 P2 + 0y P + Q22)y1(t) =KaUp (1) +Njp Y, (1) + F5 (1),

(15)

The set = is determined by the following inequalities:

Oo=1 —-3<q; <3, 3<(y; £3,i=1,2,3,j=1,2,
1<k, <3, 1<r,<5, 1<k, <5, 1<n;, <12, 1<n,, <12.
We assume that |f,(t)<10, |f,(t))<10 and we know
equation orders in (15).

Define do = l, dl = 2, d2 =1.
rewritten as follows

Then, control law (7) is

u;(t) = —a; (ei (t)+2w
L0058 026 (t—h?)+ei (t—zh)j

= —aihz([hz +2h+0.05]e, (t) —[2h +0.1]e; (t — h)
+0.05¢; (t—2h)), i=1,2.

Let parameters in (15) be presented as follows

Qi1 = 3, Q2 = 3, O3 = 3, kl = 3, = 3, Ny = 3, fl(t) = 1+sin t
y1(0) =1, y,(0) =1, ¥,(0)=1;
Qo1 = 3, Qo2 = 3, k2 =3,ny =3, fl(t) = 2+3sin 3t y2(0) =1,
y2(0)=1.

Let Ymi(t) =ymo(t) =1 +5sin0.7t. Fig. 1 shows simulation
results on errors e;(t) = yi(t) — Ymi(t) for ¢;=0.003 and h = 0.01
(s), i=1,2. Fig. 2 shows simulation results of errors
ei(t) = yi(t) — Ymi(t) for ¢;=0.03 and h =0.01 (s), i =1, 2.

10
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Fig. 1. The transients on tracking errors e;(t) = yi(t) — ymi(t) for
2;=0.003and h=0.01(s),i=1, 2.

t,s

a0 b 10 1B

Fig. 2. The transients on tracking errors e;(t) = yi(t) — ymi(t) for
a;=0.03and h=0.01(s), i =1, 2.



2) Consider a plant model (15), where g, =0 and g,; = 1.
Assume that we unknown equation orders in (15).

Let 7, =7,=2. Define h=0.01, k;=1, k,=0.1, do=1,
d; =2, d, = 1. Then, control law (7) is defined as follows
U (1) =~z e () + 22 [e (0 — eyt~ )]
+10h2e; (t) e, (t—h) — e, (t—0.1h) +¢, (t ~1.1n)))
= —10g;h™? [(o.lh2 +0.2h +1)e; (t) — (0.2h + 1)e; (t —h)
—g;(t—0.1n) +¢ (t—1.1)), i=1 2.
Let parameters in (15) be presented as in previous example,

only where g0 =0, (,; = 1 and y,(0) = 1.

Fig. 3 shows simulation results of errors €;(t) = yi(t) — ymi(t)
when ¢;=0.003 and h =0.01 (s),i=1, 2.

10

Fig. 3. The transients on tracking errors e;(t) = yi(t) — ymi(t) for
@;=0.003and h=0.01(s),i=1, 2.

It follows from Fig. 1, 2 that parametric uncertainties and
external disturbances are compensated by control system with
the required accuracy ¢ =0.01 achieved after 11 s. It follows
from Fig. 3 the required accuracy 6= 0.04 is achieved after
11 s. Simulation results show that the value ¢ can be reduced
by decrease of the value h.

6. CONCLUSIONS

The robust algorithm for multi-agent dynamical systems
under parametric uncertainties and external unmeasured
bounded disturbances is proposed. In this paper we use the
observer based on left hand side differences for estimation of
the derivatives. The algorithm compensates parametric
uncertainties and disturbances with a given accuracy. Since
the proposed control algorithm uses time delay, then it
practical implementation can be based on digital systems. For
example, the algorithm can be implemented by using
MatLab.
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APPENDIX A.
Proof of Theorem. Consider the following Lemma.

Lemma (Furtat, 2015). Let the system be described by the
differential equation

X(O) = AX() + T (©) + 9XE), Xt~ 7)o X~ 7,), 1), (16)



where x(t)eR", AeR™"is Hurwitz matrix, f(t)eR" is
bounded function, z>0 is a time delay, i=1,...,n,
g(x(®), x(t=7), ..., X(t-), )<R" is a continuous function for
all arguments except maybe the case when g =0, moreover,
gx@), x(t-z), ..., x(t-%), ) >0  when x—>0 and
g(0, ..., 0, ) = 0. Additionally, the function g(-) satisfies the
Lipschitz condition

|9(x (0, Xy (= 71), oo Xy (= 7). 22)
— g () Xp (t—71), - Xo (= 7), 1)
<L (#)|X1(t) — X3 (t)| +L (/U)|X1 (t—71) =X (t - 71)|
+...+L, (,u)|Xl(t —Th) = X, (t— z'n)|,

where  Lo(z) >0, Ly(x) >0, ..., Lo(x) >0  are
constants, moreover, Iing Li(x)=0,i=0,1,...,n
H—>

Lipschitz

Let X(t) be a solution of the equation
X(t) = AX(t) + f (t)
where |X(t)| <b < oo . Then there exists 1o > 0 such that for

1< ug the solution x(t, ) of the original system (16) satisfies
[x(t, )| < b. Moreover, the following condition holds

lim x(t, z) = X(t).
u—0

Let us use Lemma for analysis of equation (8). Since fi(t) are
bounded functions and y,;(t) are smooth bounded functions
together with its derivatives, therefore, the functions ¢(t) are
bounded, i =1, 2, ..., N. Since g;(t) is a continuous function,
then according to (6)

g’ (M) - pei 1), &2 pPe®), ...,
g (t) > p”ie; (t) whenh—0,i=1,2, ..., N.
Hence, gi(t)—0 when h—0. Since the matrix A; is Hurwitz,

then Lemma conditions will be hold for equation (8).
Therefore, all the variables in the system (8) will be bounded.

Now let us show that there exists h >0 such that algorithm
(7) ensures condition (2).

Let us use the descriptor method (Fridman, 2014). Using the
relation

t

s(t—h) = £(t) - I &(s)ds,

t-h
rewrite (10) as follows

\

¥ t
) =Act)- > D Fy jg(s)ds + Bo(t).

vl j=1 t—jh

17)

Consider a Lyapunov-Krasovskii functional in the form

e?2C T (s)S,; £(s)ds

v ot
V =¢T (t)Ps(t) +iz j

v=l j=lt—jh
Ly 0t (18)

2> [ [T (R és)dsd.

v=l j=l_jh t+0

Differentiating (18) along the trajectories of (17), we have
V =267 (OP£(t) + 2JT (OFF + £ ()F] |

7. v t
x| —E0)+ Ae) - D D Fy j £(s)ds + Bo(t)
v=l j=1  t-jh

vV

2 ZiZJ' 220,47 (5)8,;2(s)ds

v=l j=lt—jh

+e' (t)iisng(t)

v=l j=1

_Zze_z,h T

v=l j=1

v 0
-2;&22] j e?7CVT (5)R,;4(s)dsdd

v=l j=l_jh t+0

+&" (t)iz\’: jhR,;&(t)

v=l j=1

—Zylz\l:jh j &7V (5)R,;5(s)ds.

v=l j=1 t—jh
Consider the following notations:
(1) = col (1), £},
t t t
1 ) 1r.
o ()= ool j £(s)0s, j £(s)ds, ...
t-h t—2h
a(t) =col oy (t), @, (), ¢(t)
Differentiating (18), we find
W =V +2V —ﬂ|¢)|2 <o'Yo.

Given y>0. There exist constant >0 and matrices P >0,
P,>0, P;>0, S;>0, R;>0, v,j=1,2,..., 7 such that

= ih)Sie(t- jh)

(19)

£(s)ds ¢,

1
7t7h
}

¥ <0, then W<O0. Therefore, given o>0, where
o? :sup{(pT (t)(o(t)}, the ellipsoid
t
K, = cR": TPz <055 24} (20)
is an exponentially attractive.
From (20) find the upper bound for & as follows
le] < 03/0.5 7 i (P)B - (21)

Thereby, the value J in (2) can be chosen by variation of
parameters of (12) and (15). For example, the value &in (2)
can be reduced by decreasing the value h. Theorem is proved.



