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1. INTRODUCTION 

Design of simple control systems under parametric 

uncertainties and external disturbances when only plant 

output is available for measurement is important problem of 

control theory and practice. To construct such control 

schemes many solutions have been proposed in this regard. If 

the plant relative degree exceeds one then implementation of 

adaptive and robust control systems requires the estimation of 

the derivatives of the plant input and output. 

The Luenberger observer is widely used to estimate the plant 

model state vector with known parameters (Luinberger, 

1966). The Kalman filter allows to estimates the state vector 

of a dynamical system under disturbances and noises 

(Kalman, 1960). Under parametric uncertainty and external 

disturbances in the paper (Esfandiary and Khalil, 1992) so-

called high-gain observer is proposed. Other form of an 

observer with a high gain is considered in (Slotine et al., 

1987). In (Utkin, 1992, Han, 1995) the robust sliding-mode 

observer is proposed. In (Wang and Gao, 2003) the authors 

design a nonlinear extended state observer based on a 

generalization of a high-gain observer and a sliding-mode 

observer. In (Veluvolu et al., 2011) the observers 

(Luinberger, 1966, Esfandiary and Khalil, 1992, Utkin, 1992, 

Han, 1995, Wang and Gao, 2003) are investigated for second 

order dynamical systems. In paper (Veluvolu et al., 2011) a 

comparative analysis for each observer under different kinds 

of parametric uncertainties, external disturbances, and noises 

are given. Robust observers have found many applications in 

the synthesis of control systems under uncertainties. In 

(Atassi and Khalil, 1999) the stabilization of nonlinear 

dynamical plants is considered by using the control law that 

depends on estimates of plant output derivatives obtained 

with a high-gain dynamical observer. The papers (Bazylev, 

Pyrkin, 2013, Bazylev, Zimenko, Margun et al., 2014, 

Bazylev, Margun, Zimenko, 2014, Pyrkin, Bobtsov, 

Kolyubin et al., 2013, Furtat, 2013, Furtat and Putov, 2013, 

Furtat, 2014, ) are used the adaptive control with high gain 

observers. 

Analysis of the above results shows that the designed 

algorithms use integrators for estimation of the derivatives. 

Unlike these results we design the observer using left-hand 

side differences. This observer allows designing the robust 

control system without using integrators but using delays. For 

algorithm synthesis the results of (Furtat, 2015) will be used. 

The paper is organized as follows. The problem statement is 

presented in Section 2. In Section 3 we design the control 

algorithm for multi-agent systems with known relative degree 

of each agent. In Section 3 we propose the control algorithm 

for multi-agent systems with unknown relative degree of each 

agent. In Section 5 we consider simulation results and discuss 

an efficiency of the proposed scheme. Concluding remarks 

are given in Section 6. Appendix A gives the proof of the 

control system. 

2. PROBLEM STATEMENT 

Let each agent Si of the multi-agent system S be described by 

the following equation 
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where yi(t)  R are local outputs, ui(t)  R are local inputs, 

fi(t)  R are local uncontrollable bounded disturbances, Qi(p), 

Ri(p) and Yij(p) are linear differential operators with unknown 

coefficients, deg Qi(p) = ni, deg Ri(p) = mi, deg Yij(p) = nij, 

ni > nij, ki > 0, i, j = 1, ..., N, y0k, k = 1, ..., n are unknown 

initial conditions, p = d / dt. 

Assume that the coefficients of Qi(p), Ri(p), Yij(p), ki belong 

to a known compact set  and the polynomials Ri() are 

Hurwitz, where i, j = 1 ,..., N,  is a complex variable. 

The problem is to design the control system such that the 

following condition holds 

 )()( tyty mii  for t > T,  (2) 

where i = 1 ,..., N,  > 0 is a an accuracy, T > 0 is a transient 

time. 

3. ALGORITHM FOR STRUCTURALLY CERTAINTY 

AGENTS 

First, consider the case where orders of the operators Qi(p), 

Ri(p) and Yij(p), i, j = 1 ,..., N are known. Taking into account 

equations (1) and (2) rewrite the tracking error ei(t) = yi(t) –

 ymi(t) in the form 
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Since the derivatives of yi(t) and ui(t) are not available, then 

we introduce the control law in the form 
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where i > 0 are design parameters, the coefficients 

d0i, d1i, ..., ii
d ,  are chosen such that the polynomial 
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Substituting (4) into (3), rewrite (3) as follows 
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where Fi(p) = Qi(p) + ikiRi(p)Di(p), 
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Since we know the compact set , then there exist 

coefficients i and polynomials Di(λ) such that the 

polynomials Fi(λ) are Hurwitz, i = 1, ..., N. 

For implementation of control law (4) we use the following 

algorithm 
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Substituting (6) into (4), rewrite control law (4) in the form 
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Rewrite the function i(t) as the sum 
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Then equation (5) can be written as 
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where Ai, B1i, B2i, B3ij and Li = [1 0 ... 0] are matrices obtained 

at the transition from (5) to (8). 

Taking into account control law (7) and the structure of the 

function gi(t), rewrite the first equation of system (8) in the 

form 
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where the vectors i are composed of coefficients of the 

operator Di(p). 

Let us denote 
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where  is a zero matrix. 

Taking into account notations, rewrite equation (9) as follows 

).()()()()(

1 1

tBjhtFtYAt

v

v

j

vj 



 
 

  (10) 

Before formulating the main result, let us introduce the 
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P2 > 0, P3 > 0, Svj > 0, Rvj > 0, v, j = 1, 2, …,  are matrices of 

corresponding dimension, I is an identity matrix. 

Theorem 1. Given a scalar  > 0. If there exist constant β > 0 

and matrices P > 0, P2 > 0, P3 > 0, Svj > 0, Rvj > 0, 

v, j = 1, 2, …,  such that  < 0, then control system (7) 

ensures goal (2) with an accuracy 
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Proof of Theorem 1 in Appendix A. 

4. ALGORITHM FOR STRUCTURALLY UNCERTAINTY 

AGENTS 

Now we consider the case when orders of the operators Qi(p), 

Ri(p) and Yij(p), i, j = 1 ,..., N are unknown. However, we 

assume that we known the upper bounds i  of the relative 

degrees i, i.e. ii   , i = 1 ,..., N. 

The goal is to ensure condition (2). 

Taking into account equations (1) and (2), rewrite the 

equation of the tracking error ei(t) = yi(t) – ymi(t) in the form 

(3). 

Introduce the control law as follows 
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where the coefficients d0i, d1i, …, id  are chosen such that 
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Hurwitz. Substituting (9) into (3), we obtain the equation 

kind of (5). Obviously, there exist i and Di(λ) such that Fi(λ) 

are Hurwitz, i = 1 ,..., N. 

For estimation the derivatives of the signal ei(t) we use the 

following algorithm 
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it is necessary to increase the accuracy of the estimate of each 

subsequent derivative. 



 

 

     

 

Consider the set i = {1, ..., i }, i=1, ..., N. Substituting (13) 

into (12), we obtain 
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As the result, the equation of the closed-loop system is 

represented by expression (8) where matrices Ai, B1i, B2i, B3ij 

and Li are obtained by the transition from (5) to (8) and 

taking into account, that 
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kkk  , i = 1, ..., N and h > 0 such that control 

law (14) ensures goal (2) and boundedness of all signals in 

the closed-loop system. 

The proof of Theorem 2 is similar to the proof of Theorem 1, 

therefore, the proof of Theorem 2 is not in the paper. 

5. EXAMPLES 

1) Consider a plant model in the form 
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The set   is determined by the following inequalities: 

q20 = 1, 33 1  iq , 33 2  jq , i = 1, 2, 3, j = 1, 2, 

31 1  k , 51 11  r , 51 2  k , 121 12  n , 121 21  n . 

We assume that 10)(1 tf , 10)(2 tf  and we know 

equation orders in (15). 

Define d0 = 1, d1 = 2, d2 = 1. Then, control law (7) is 

rewritten as follows 
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Let parameters in (15) be presented as follows 

q11 = 3, q12 = 3, q13 = 3, k1 = 3, r11 = 3, n12 = 3, f1(t) = 1+sin t, 

y1(0) = 1, 1)0(1 y , 1)0(1 y ; 

q21 = 3, q22 = 3, k2 = 3, n21 = 3, f1(t) = 2+3sin 3t, y2(0) = 1, 

1)0(2 y . 

Let ym1(t) = ym2(t) = 1 + sin0.7t. Fig. 1 shows simulation 

results on errors ei(t) = yi(t) – ymi(t) for αi = 0.003 and h = 0.01 

(s), i = 1, 2. Fig. 2 shows simulation results of errors 

ei(t) = yi(t) – ymi(t) for αi =0.03 and h = 0.01 (s), i = 1, 2. 

 

 

Fig. 1. The transients on tracking errors ei(t) = yi(t) – ymi(t) for 

αi = 0.003 and h = 0.01 (s), i = 1, 2. 

 

Fig. 2. The transients on tracking errors ei(t) = yi(t) – ymi(t) for 

αi = 0.03 and h = 0.01 (s), i = 1, 2. 
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2) Consider a plant model (15), where q20 = 0 and q21 = 1. 

Assume that we unknown equation orders in (15). 

Let .221    Define h = 0.01, k1 = 1, k2 = 0.1, d0 = 1, 

d1 = 2, d2 = 1. Then, control law (7) is defined as follows 
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Let parameters in (15) be presented as in previous example, 

only where q20 = 0, q21 = 1 and y2(0) = 1. 

Fig. 3 shows simulation results of errors ei(t) = yi(t) – ymi(t) 

when αi = 0.003 and h = 0.01 (s), i = 1, 2. 

 

Fig. 3. The transients on tracking errors ei(t) = yi(t) – ymi(t) for 

αi = 0.003 and h = 0.01 (s), i = 1, 2. 

It follows from Fig. 1, 2 that parametric uncertainties and 

external disturbances are compensated by control system with 

the required accuracy  = 0.01 achieved after 11 s. It follows 

from Fig. 3 the required accuracy  = 0.04 is achieved after 

11 s. Simulation results show that the value δ can be reduced 

by decrease of the value h. 

6. CONCLUSIONS 

The robust algorithm for multi-agent dynamical systems 

under parametric uncertainties and external unmeasured 

bounded disturbances is proposed. In this paper we use the 

observer based on left hand side differences for estimation of 

the derivatives. The algorithm compensates parametric 

uncertainties and disturbances with a given accuracy. Since 

the proposed control algorithm uses time delay, then it 

practical implementation can be based on digital systems. For 

example, the algorithm can be implemented by using 

MatLab. 
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APPENDIX A. 

Proof of Theorem. Consider the following Lemma. 

Lemma (Furtat, 2015). Let the system be described by the 

differential equation 

 ,),(...,),(),()()()( 1  ntxtxtxgtftAxtx    (16) 

s,t
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where x(t)R
n
, nnRA  is Hurwitz matrix, f(t)R

n
 is 

bounded function, i > 0 is a time delay, i = 1, …, n, 

g(x(t), x(t–1), …, x(t–n), )R
n
 is a continuous function for 

all arguments except maybe the case when  = 0, moreover, 

g(x(t), x(t–1), …, x(t–n), )  0 when   0 and 

g(0, …, 0, ) = 0. Additionally, the function g(·) satisfies the 

Lipschitz condition 
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where L0() >0, L1() >0, …, Ln() >0 are Lipschitz 

constants, moreover, 0)(lim
0







iL , i = 0, 1, …, n. 

Let )(tx  be a solution of the equation 

)()()( tftxAtx   

where  btx )( . Then there exists µ0 > 0 such that for  

 ≤ µ0 the solution x(t, ) of the original system (16) satisfies 

|x(t, )| < b. Moreover, the following condition holds 

)(),(lim
0

txtx 





. 

Let us use Lemma for analysis of equation (8). Since fi(t) are 

bounded functions and ymi(t) are smooth bounded functions 

together with its derivatives, therefore, the functions i(t) are 

bounded, i = 1, 2, ..., N. Since ei(t) is a continuous function, 

then according to (6) 
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ii 

  when h0, i = 1, 2, ..., N. 

Hence, gi(t)0 when h0. Since the matrix Ai is Hurwitz, 

then Lemma conditions will be hold for equation (8). 

Therefore, all the variables in the system (8) will be bounded. 

Now let us show that there exists h > 0 such that algorithm 

(7) ensures condition (2). 

Let us use the descriptor method (Fridman, 2014). Using the 

relation 
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rewrite (10) as follows 
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Consider a Lyapunov-Krasovskii functional in the form 
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Differentiating (18) along the trajectories of (17), we have 

 





 

 

 



 

  



 












































1 1

2

1 1

1 1

)(2

1 1

32

)()(

)()(

)()(2

)()()()(

)()(2)()(2

v

v

j

i
Tjh

v

v

j

vj
T

v

v

j

t

jht

vj
Tts

v

t

jht

v

j

vjs

TTTTT

jhtSjhte

tSt

dssSse

tBdssFtAt

PtPttPtV





 

 



  

 





 

   


























1

)(2

1

1 1

1 1

0

)(2

.)()(

)()(

)()(2

v

t

jht

vj
Tts

v

j

v

v

j

vj
T

v

v

j jh

t

t

vj
Tts

dssRsejh

tjhRt

dsdsRse







   (19) 
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Differentiating (18), we find 
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Given  > 0. There exist constant β > 0 and matrices P > 0, 

P2 > 0, P3 > 0, Svj > 0, Rvj > 0, v, j = 1, 2, …,  such that 

 < 0, then W < 0. Therefore, given  > 0, where 
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t

  , the ellipsoid 
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is an exponentially attractive. 

From (20) find the upper bound for  as follows 

 )(5.0 1
min

1 P .  (21) 

Thereby, the value δ in (2) can be chosen by variation of 

parameters of (12) and (15). For example, the value  in (2) 

can be reduced by decreasing the value h. Theorem is proved. 


