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80. Use the midpoint of each of four 2-day intervals. Let ¢ = 0 correspond to July 18 and note that the inflow rate, r(t), is in ft>/s.

8§—-0
4

Now multiply by the number of seconds in a day, 24 - 60, to get 2,954,707,200 ft>.

Amount of water = fos r(t) dt = [r(1) + 7(3) + r(5) + r(7)] ~ [6401 + 4249 + 3821 + 2628](2) = 34,198.

81. Let P(t) denote the bacteria population at time ¢ (in hours). By the Net Change Theorem,

1000y

28 1" 1000
In2

p(1)7p(o):/Olp’(t)dt:/ol(mooat)dt: {1000— =45 ( t-29

Thus, the population after one hour is 4000 + 1443 = 5443.

82. Let M (t) denote the number of megabits transmitted at time ¢ (in hours) [note that D(t) is measured in megabits/second]. By
the Net Change Theorem and the Midpoint Rule,
M(8) — M(0)= f08 3600D(t) dt ~ 3600 - £2[D(1) + D(3) + D(5) + D(7)]
~ 7200(0.32 4 0.50 + 0.56 + 0.83) = 7200(2.21) = 15,912 megabits

83. Power is the rate of change of energy with respect to time; that is, P(t) = E’(t). By the Net Change Theorem and the
Midpoint Rule, the electric energy used on that day is

E(24) — E(0) = /O P(t)dt = 241;0

[P(1)+ P(3) + P(5) +---+ P(21) + P(23)]

~2(114+1054+11+14+ 15141554+ 15.1+ 15+ 15+ 16.1 + 15+ 13)
= 2(166.3) = 332.6 gigawatt-hours

84. (a) From Exercise 4.1.78(a), v(t) = 0.00146t> — 0.11553t> + 24.98169¢ — 21.26872.

125

(b) h(125) — h(0) = [** v(t) dt = [0.000365t" — 0.03851¢> + 12.490845t* — 21.26872¢] |

A ~ 206,407 ft

5.5 The Substitution Rule

1. Let u = 2z. Then du = 2dx and dx = %du, sofcos?:c dr = fcosu (% du) = %sinu—i—C’: %sin?x—&—C’.

2. Letu = —2”. Then du = —2z dz and z dz = —1 du, so fgtze’“”2 de= [e* (—3du) = —3e" +C = —le=2® 4 0.

1
2
3. Letu = 2 + 1. Then du = 32% dx and 22 dz = % du, so

2\ xd + 1de = \/Q_L(ldu):EU3/2 +C:l«gu3/2+0:2(x3+1)3/2+0
8 373/2 3°3 o '

4. Letu = sin 6. Then du = cos 0 df, so [ sin® 6 cos0df = [u® du = %u‘g +C = %sin30+C.

5. Letu = 2 — 5. Then du = 42® dz and 2° dz = 1 du, so

x> 1/1 1 1 4
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1 1 1
. Letu =1+ —. Thendu = —— dz and — dz = —du, so
T T T

3/2
/%1/1+ldm:/\/ﬂ(fdu):72u3/2+0:72(1+1) el
T T 3 3 T

L

2/t NG

Vi

.Letu=2—1.Then z =u + 1 and du = dz, so

[2v/z—1dz= [(u+1)yudu= [(u*?+u"?)du=2u""? + 2u*? + C

:%(271)5/2+%(z71)3/2+0

. Letu=1— 22 Thendu = —2zxdz and z dz = —%du, )

Javl—2Zde = [u (—2du) = -1 - 24*2 4+ C=-1(1-2?)%%+C.

. Letu = 5 — 3. Then du = —3dx and dv = —3 du, so

J(5=32)de = [u'(—idu) =—-1 Lu''+C=—-L(5-3z)" +C.

_4

. Letu = —t*. Then du = —4t* dt and t* dt = —1% du, so ft:)’e’t4 dt=[e"(—3du) =—3e"+C=—2e" +C.

1
Letu = 1+ cost. Then du = —sintdt and sintdt = —du, so

[sinty/1+cost dt = [ \/u(—du) = —%u?’/z +C=-2(1 + cost)?/? 4+ C.

Letw = Z¢. Then du = = dt and dt = 3 du, so
3 3 ™

(™Y — [ sina (Baa) = 3. 3 (x
/sm(;) dt—/smu (;du) == (—cosu)+C = 7Tcos(gt) +C.

Let u = 20. Then du = 2d6 and df = 3 du, so [ sec’ 20df = [sec® u (3 du) = 3 tanu + C = 3 tan26 + C.

Letu:4:1:+7.Thendu:4dmanddx:idu,so/ dx :/l(ldu) :iln|u|+C:iln\4x+7\+C.

dr + 7 u\ 4

Letu = 4 — y®. Then du = —3y” dy and y* dy = —1 du, so
S -y dy = [u?® (=3 du) = -3 303+ C=-L(4—y*)*? +C.
Letu = 1 + sinf. Then du = cos 8 df, so

/ﬂd@:/lduzlnw+C=1n\1+sin9|+o:1n(1+sin9)+c [since 1 + sin @ is nonnegative].
1+ sinf u

Let u = 2° + 1. Then du = 32 dz and 1 du = 2 dz, so

22 1/1 1 1 3
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dtandidt:Zdu,so/cos\/gdt: cosu (2du) = 2sinu + C = 2sin vt + C.
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Let u = cosf. Then du = —sinf df and sinf df = —du, so

Jcos® 0 sinfdf = [u®(—du) = —2u* + C = —1cos* 0+ C.
Letu = —5r. Then du = —5dr and dr = —% du, so [e " dr = fe“(—l du) =Lt 0=l 4 C.
5 O, 5 5 5

Letz = 1 — e“. Thendx = —e“du and €* du = —dx, so

e” o i_ _ —92 -1 71 o 1
/(1—@“)2du_/x2( dz) = /:L' de = —(—x )+C—$+C’—1_eu+0.

sin(1/x)

Letu = 1/z. Thendu:f%dmand%dm:fdu,so/ = dx:/sinu(fdu):cosu+C:cos(1/x)+C

Let u = 3ax + bz, Then du = (3a + 3bz?) dz = 3(a + ba?) dz, so

o + ba® _l du 1 —1/2 1 1/2 2
m lez:§/u du=%-2u? + O = 2\/3az + ba® + C.

Let u = 3t> 4 6t — 5. Then du = (6t + 6) dt = 6(t + 1) dt and (t + 1) dt = % du, so

t+1 o f1/1 \_1 I R
/3t2+6t75dt—/u(Gdu)—6ln|u|+C—61n|3t +6t— 5|+ C.

2
Let w = Inz. Then du = df,so/%dw:fﬁduz 20’ +C = 3(lnz)® + C.

Let u = cosx. Then du = — sinx dx and —du = sinx dz, so
[ sinz sin(cosz) dz = [sinu (—du) = (—cosu)(—1) + C = cos(cosz) + C.
Let u = tan @. Then du = sec? 0 d6, so fsec2 6 tan® 0 do = fu3 du = iu‘l +C = % tant 0 + C.

Letu = 2+ 2. Thendu = drand x = u — 2, so

[avz+2de = [(u—2)yudu= [(u*? —2u"?)du=2u"? -2 2u3? + C = 2(2 +2)°? — 4(x +2)*? + C.

N[ =

Letu:x2+2.Thendu: 231773 de =2 :137i dx and xfi dx = = du, so
x 2 x2 2

N2 2 g [ (ta) L e o L2 2Y
/(m $2)(:1: er) dxf/u (Qdu)72'6u +C’f12x+$ +C.

Let u = ax + b. Then du = adx and dz = (1/a) du, so

/ da :/(l/a)du:l/ldu:lln|u\+0:lln\ax+b\+0.
u a a

ar+b U a

Letu = 2+ 3¢”. Then du = 3¢” dr and e” dr = % du, so

Jer@+3e )2 dr = [u?/? (3du) = 5 3u™? + C = F(2+3¢")°% + C.

arcsin T

Let w = arcsinz. Then du = dz $0 | ——=dz= [ e“du=¢e"+C =" 4 C.

\/l—x2
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sec?d
tan 6

Let u = tan 6. Then du = sec6 df), so/ do = /% du=1Inlu|+C =In|tané| + C.

Let u = tanz. Then du = sec? z dz, so

2
/seczx dx:/%du:/ufzdu:fluflJrC:* L o= cotztC
tan® u tanx

2 2
1
Or: sec2r dx = . C?SQ L)de = [ esc?xde = — cotz +C
tan? x cos?x sin‘z

1 2
Let u = arctanz. Then du = o dz, so / % dz = /u2 du = %ug +C= %(arctanx)3 +C.
1 1
Let u = arctanxz. Then du = dr = dz, so
14+ 22 2+ 1
/;doﬁ—/ldu—lnhﬂ + C =In|arctanz| + C
(22 + 1)arctanz ) uw N '

Let u = 5°. Then du = 5'In5dtand 5* dt = ﬁdu, S0
5'sin(5") dt = [ sin L du | = L cosu+ C = . cos(5") + C
o “\ns ™) T "o v " In5 ’

Let uw = 1 + sin?6. Then du = 2sin 6 cos 0 df and sin 0 cos 0 df = % du, SO

sinf cos 6 1/1 1 1 L,
/mdé’:/a<§du):§ln|u|+0:5ln|l+sm 9|+C

=1In(1+sin®0)+C  [since 1 + sin0 is positive]

Letu =1+ 5t. Then du = 5dt and dt = %du,so

Jcos(1+45t)dt = [cosu(s du) = £sinu+C = £sin(1+ 5t) + C.

Letw = X Then du = — davandldyv:—l du, so
T 2 2 T
/%Z/I)dx:/cosu(fldu) = flsinquC’: flsianrC
T T T T T
Let u = cot z. Then du = — csc? z dz and csc® x dz = —du, so
u3/?
/\/cotmcsczmdw: /\/ﬂ(—du) = 32 +C= —%(cotx)3/2 +C.

1
Let uw = 2 + 3. Then du = 2! In2dt and 2t dt = mdu, )

/Q—tdt—/l L) = L mpro= L mes) o
2+3% "/ u\n2®™) Tz VT T e ™ '

Let v = sinh x. Then du = cosh x dz, so fsinh2 x coshzx dx = fuz du = %u3 +C = %sinhg’x +C.
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241 +tant + C.
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44. Letuw = 1 + tant. Then du = sec? t dt, so
2
/ dt _ sec” tdt _ d—u:/ufl/zdu:u LCo—
cos?t+/1+ tant V1 +tant Vu 1/2
45, sin 2z =2 SIMTCOS T dr = 21. Let u = cosz. Then du = — sinx dx, so
1+ cos?2zx 1+ cos?2x

=-2-1In(1+4*)+C=-In(1+u*)+C=—In(1l+cos’z) + C.

udu
21__2/1+u2 =

Or: Letu =1+ cos®z.

46. Let u = cosx. Then du = —sinx dx and sinz dx = —du, so
= —tan 'u+ C = —tan '(cosz) + C

sinz x—/ —du
) T+ur
1
dz. Letu = sinx. Thendu:cosxdw,so/cotxdx:/Zdu:ln|u\+0:ln|sinm|+0.

/ 1+ cos?2zx
cosw

47. /cotxd;r = / -
sinz
cos(Int) . .
48. Let w = Int. Then du = — dt, — dt = | cosudu =sinu+ C =sin(lnt) + C

dx 1 .o—1
dr,80 | ——= | —du=Inlu|+C =1In|sin” " z|+ C.
/\/1fx2sin_1x /u [ul | |

1
49. Let v = sin~! z. Then du = —
V1—1a2
3 du 1 -1 1 —1,.2
=stan u+C=3tan” (z7)+C

2
1+ u?

50. Let v = 22. Then du = 2z dz, so/ :/
1+ x4t
1
2 =tan 'z + ilnfu|+C

ﬁdx:tanflx—l—/

51. Letu = 1 + 2%, Then du = 2z dz, so
1

/Hﬂdﬂ/

:tanflm—l—%lnfl—&—zzf—i—C’:tan*lx—}-%ln(l—l—xz)—i—C’ [since 1 + z2 > 0].

1+x .
/1+x2dm_

52, Letu = 2 + 2. Then du = dz, = u — 2, and 2° = (u — 2)2, so
[2*V2Fzdr= [(u—2)>*Vudu= [(u® —4u+4)u'?du= [(u*/? — 4u®/? + 4u'/?) du
_2u7/2_%u5/2+§u3/2+02%(2_1_1,)7/2_%(2+$)5/2+%(2+x)3/2+0

53. Let u = 2z + 5. Then du = 2dxz and x = (u — 5), so
[ 3(u—5)u® (3 du) =% [(u” —5u®) du
u?—=3u)+ C=5020+5)"0 -2z +5)°+C

[z(2z+5)%de =
- 165
54. Letu = 22 4+ 1 [so 2> = u — 1]. Then du = 2z dx and x dx = %du,so
[2*Va?+1de= [2° Va2 +1zdz = [(u—1)Vu (:du) = 3 [(u¥? —u'/?)du
— l(%us/z_gus/z) +C= %(x2+1)5/2—%(m2+1)3/2+0
[continued]

-2
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Or: Letu=+v22+1.Thenu? =2 +1 = 2udu=2zxdr = udu=zdz, so
[2* Va2 +1de= [2* Va2 +1zde = [(v* — D u-udu= [(u* —u?)du
=’ -+ C =10 +1)"? - 1@*+1)*? +C

Note: This answer can be written as 1= v/ + 1(3z* +2° — 2) + C.

5. f(z) =x(z* - 1)°. u=2"-1 = du=2zxdz,so 1

F
Ja(@®=1Pde= [v’(3du) = tu*+C=2(z> - 1)'+C
- 2
Where f is positive (negative), F' is increasing (decreasing). Where f f
changes from negative to positive (positive to negative), F' has a local

-1

S

minimum (maximum).

56. f(0) = tan®@ sec® . u = tanf = du = sec’0db,so 2

f/F
[tan® 0 sec®0df = [v’du = 1u®+C = Ltan® 6+ C
~1.1 1.1
Note that f is positive and F is increasing. Atz =0, f = 0 and F has a
horizontal tangent.

-2

S8}

57. f(z) = e*"sinz. u=cosz = du= —sinzdz,so

f
[e*sinzdr = [e* (—du) = —e“ +C = —e*** 4+ C o

Note that at x = 7, f changes from positive to negative and F has a local

maximum. Also, both f and F" are periodic with period 27, so at z = 0 and

at x = 2, f changes from negative to positive and F' has a local minimum.

58. f(x) =sinzcos'r. u=cosz = du=—sinzdz,so 0

3
.3
[sinzcoszdr = [u' (—du) = —2u® +C = —Lcos’z + C /
0 2
Note that at x = 7, f changes from positive to negative and F' has a local f
maximum. Also, both f and F are periodic with period 27, so at x = 0 and

-0.3

at x = 2m, f changes from negative to positive and F' has a local minimum.
59. Letu = §t,s0du = 5 dt. Whent = 0, u = 0; whent = 1, u = 7. Thus,
[ cos(nt/2)dt = [7/? cosu (2 du) = 2 [sinu]]/? = 2 (sinZ —sin0) = 2(1 - 0) = 2

60. Letu = 3t — 1,s0 du = 3dt. Whent = 0,u = —1; whent = 1, u = 2. Thus,

JE 1P dr= 2 (hn) = 3 [, = g 27 (<1 = 07 )

-1 153
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Letu =1+ Tx,s0du = T7dx. Whenz =0, u = 1; when x = 1, u = 8. Thus,

1 8 8
/0\3/1+7xdm:/ ul/s(%du)z%[%u4/3]1:2—3;3(84/3—14/3):%(16—1):—

1

_ 1 1 _ _ T, _ 27 —
Letu = 5t,s0du = 5 dt. Whent = %, u = §;whent = 5, u = 5. Thus,
27 /3 /3 /3
/ CSC2<%t) dt = / esc u (2du) = 2 [— cotu} = —2(cot I _cot I)
/3 /6 /6 3 6

~ 2= - vB) = 2(3v3-v8) = 448

Letu = cost, so du = —sintdt. Whent = 0, u = 1; whent = %, u = v/3/2. Thus,

/6 sint . [VE? 1 R
ozt 4= =1y =Ft
0 1 1

1 1
Letu =2+ /z. Then du = —= dx and — dx = 2du. When x = 1, u = 3; when x = 4, u = 4. Thus,
Ve 2Vx Vz

/ \/r / Va (2 du) {_ 3/2]4:é(43/2_33/2):§(8 3\/_) or ——4\/_

3

Letu = 1/x, 50 du = —1/2*dx. Whenz = 1,u = 1; whenz = 2, u = % Thus,

2 1/x 1/2
/ £ 5 dm:/ e“(—du):—[euﬁ/zz—(el/z—e):e—\/g.
1 1

T

Let u = €*. Thendu = €* dx. Whenx = 0, u = 1; when x = 1, u = e. Thus,

1 ez e e T
dr = du = [arctan u} = arctane — arctan1 = arctane — —.
o l+e?® . 1+ u2 1 4

f”w/4 + z* tan x) dz = 0 by Theorem 7(b), since f(x) = 2* + z* tan z is an odd function.

Let u = sinx, so du = cosx dr. Whenz = 0, u = 0; when z = 7, u = 1. Thus,
foﬂ/z cosz sin(sinz) dx = fol sinudu = [— Cosu](l) =—(cosl—1)=1—cosl.
Letu =1+ 2x, 80 du = 2dx. Whenz = 0, w = 1; when x = 13, u = 27. Thus,

27
2/3 ):[%_3u1/3}1 :%(3_1):3.

[ ]

Assume a > 0. Let u = a® — 22, so du = =2z dz. When z = 0, u = a?; when 2 = a, u = 0. Thus,
2 a
Jo ®va? — 2 dx—f 1/2( 5du) =3 [ u1/2du=%~[§u3/2} = 1ad’.
0
Letu:x2+a2,sodu:2mdmand:vdx:%du. When z = 0, u = a?; when = a, u = 2a?. Thus,

a 242
/ a2 +a?de :/ u”%%du)z%[
0

a2

2 _ [%u3/2:| :2 _ %[(2@2)3/2 _ (a2)3/2] _ %(2\/5_ 1)@3
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fjf/r?/’s x* sinx do = 0 by Theorem 7(b), since f(z) = * sin 2 is an odd function.

Letu=x—1,s0u+1=xand du = de. Whenx = 1, u = 0; when x = 2, u = 1. Thus,

2 1 1 1
/ x\/a:—ldxz/(u—i—l)\/adu:/ (u3/2+u1/2)du:[%u5/2+%u3/2] =24
1 0 0 0

__ 16
— 15°

win
|

Letu:1+2x,sox:%(u—l)anddu:2dw. Whenz = 0, u = 1; when x = 4, u = 9. Thus,

rdx 9%(1&—1 / 12 _ -1/ 9 17219 9

—— = du _1[2 3/2 _ o /2} 21.3[3/2_31/2}

. i ) (u ) 7|5u Tl =q05u w’ |
= sler- 9) (1-3)=%="7

d
Letu = Inx, sodu = _x' When z = e, u = 1; when z = e*; u = 4. Thus,
T

4
© dx * —1/2 1/2 4
/cj zvInx /1 [ }1 ( )

Letu = (x — 1)%, 50 du = 2(x — 1) dz. Whenz = 0, = 1; when & = 2, u = 1. Thus,

2 1
/ (x — 1)6(171)2 dx = / e" (3 du) = 0 since the limits are equal.
0 1

Letu =e* + z,s0du = (¢ + 1) dz. When z = 0,w = 1; when z = 1, w = e + 1. Thus,

1 =z e+1 et+1
/e+1dz:/ 1du—[ln\uq =Inle+1|—In|l| =In(e +1).
0 1 1

e+ z

1 1
Letu = /x. Then u? = z, 2udu = dz, du = —= dz, and —= dz = 2du. Whenz = 1, u = 1; whenz = 4, u = 2.

2z VT
Thus,

4 2
1 1 2
——dx = —— (2du) =2 [arctan u} = 2(arctan2 — arctan 1
/1 (z+ 1)z G (2du) 1 ( )

= 2(arctan2 — %) = 2arctan2 — %

Letu:1+\/§,sodu:de = 2yzdu=dx = 2(u—1)du=dz. Whenz =0,u=1;whenz =1,

2V

u = 2. Thus,

571

Letu=1+2%* Thenz*/* =u—1,du = %x’l/‘ldw,andx’l/‘ldw: 3 du. Whenz =1, u = 2; whenz = 16, u = 9.

Thus,

16 ,1/2 16 ,3/4  ,—1/4 9., _1 /4 4 [0 4 9
do= [ T L gp= Sdu) =2 1- = )du=~> [71 ]
/1 Tra3t ™ /1 T+ /2 u (3 “) 3/2 ( u) u=glem ],

=2[9-1n9) —(2—-1In2)] =2(7T—In9+1n2)=5(7+1In2)
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