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Abstract. Let f be a pseudo-Anosov homeomorphism of a closed orientable surface of genus
at least two. We prove that, for every C∞ diffeomorphism g isotopic to f , the exponential
growth rate of the number of nonempty Nielsen classes of its iterates equals htop(g) if and only
if htop(g) = htop(f). Thus Nielsen growth captures the full entropy precisely for representatives
minimizing entropy in their isotopy class. For C1+α diffeomorphisms, α > 0, we identify this
growth rate with the entropy of the global orbit quotient in Fathi’s hyperbolic extension and es-
tablish Bowen’s periodic-point formula for the quotient. We also prove that quotient entropy is
upper semicontinuous in the C0 topology throughout the isotopy class and continuous at every
C1+α diffeomorphism, even under perturbations by arbitrary homeomorphisms in the class.

1. Introduction

Let M be a closed connected orientable surface of genus at least two. The Nielsen–Thurston
classification [29] describes its mapping classes in terms of periodic, reducible, and pseudo-Anosov
representatives. Periodic representatives have finite order. Reducible representatives preserve a
nonempty finite collection of disjoint essential simple closed curves; after cutting along a suitable
such collection and passing to an iterate, the induced mapping classes on the complementary
components are periodic or pseudo-Anosov. The pseudo-Anosov pieces are therefore the source
of positive entropy in the canonical decomposition. Their importance for dynamics lies in the
complexity they impose on every representative of the isotopy class.

We fix a pseudo-Anosov homeomorphism f : M → M . It preserves two transverse singular
measured foliations, multiplying their transverse measures by λ and λ−1, where λ > 1 is its stretch
factor. This expansion and contraction determine its entropy, which is minimal in its isotopy class:

htop(f) = log λ = inf{htop(g) : g isotopic to f}.

Thus the isotopy class already requires positive entropy, while its representatives may have addi-
tional dynamical complexity.

The complexity of map is typically related to the presence of periodic points. In the case of
surfaces, the powerful Nielsen’s fixed point theory [21] provides a way to group periodic points
according to some topological criterion. Let g ≃ f and n ≥ 1 where, from now on, g ≃ f means
that g is isotopic to f .

Definition 1.1. Two points p, q ∈ Fix(gn) are Nielsen equivalent if there is a path c from p to q
such that c and gn ◦ c are homotopic while their endpoints remain fixed.

The resulting equivalence classes are the Nielsen classes of gn. We denote

Cn(g) = #{nonempty Nielsen classes of gn},
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and define

hN (g) = lim sup
n→∞

1
n

log max{1, Cn(g)}.(1.1)

We count every nonempty class. Our purpose is to determine how much of the dynamical
complexity of g is detected by the growth of these classes, and when this growth captures its full
topological entropy.

The basic bounds are
htop(f) = hN (f) ≤ hN (g) ≤ htop(g).

Handel’s results [13, Corollary 3.6] characterize the minimum: hN (g) = htop(f) precisely when
g admits a semiconjugacy onto f homotopic to the identity. To compare Nielsen growth with
the entropy of other representatives, we use Fathi’s hyperbolic extension [10] and the global orbit
quotients constructed in [23]. These quotients place the dynamics of every representative inside a
common ambient system.

Let M̃ be the universal cover of M , with deck group Γ, and fix a lift F of f . Collapsing each
leaf of the lifted stable or unstable foliation gives a real tree T s or T u, respectively, whose metric
is induced by the transverse measure. Write T̂ s and T̂ u for their metric completions, and let

T = T̂ s × T̂ u

Z = T /Γ,

where Γ acts diagonally. The lift F induces a product homeomorphism Φ̃ of T , expanding dis-
tances in T̂ s by λ and contracting distances in T̂ u by λ−1. The superscript records the foliation
being collapsed: the stable-leaf tree is the expanding coordinate. The product map descends to
a homeomorphism Φ: Z → Z. The pairs of intersecting stable and unstable leaves determine an
embedded copy L(f) of M in Z, and Φ|L(f) is conjugate to f .

For g ≃ f , choose the lift G obtained by lifting an isotopy from f to g, starting at F .

Definition 1.2. Two points x, y ∈ M are globally orbit equivalent if suitable lifts satisfy
x ∼g y ⇐⇒ sup

n∈Z
D(Gnx̃, Gnỹ) < ∞,

where D is the lifted metric induced by the measured foliations.

Thus this relation identifies points whose lifted orbits remain at bounded distance in both time
directions. Fathi’s construction gives a continuous surjection Hg : M → L(g) onto a compact
Φ-invariant subset of Z such that

Hg ◦ g = Φg ◦ Hg, Φg = Φ|L(g), L(f) ⊂ L(g).
The last three authors of this article identified the fibers of Hg precisely [23]:

Hg(x) = Hg(y) ⇐⇒ x ∼g y.

It follows that L(g) realizes the quotient M/∼g, and Φg realizes its induced dynamics. The ambient
map Φ is fixed throughout the isotopy class; the representative g determines the invariant set L(g)
on which it is restricted.

The inclusion L(f) ⊂ L(g) expresses the persistence of the pseudo-Anosov dynamics under global
shadowing. Handel [12] proved that every g ≃ f has a compact invariant subset whose dynamics
factors onto f ; in this construction, that subset is

Jg = H−1
g (L(f)).

The complement L(g) \ L(f) records the global orbit classes that do not correspond to orbits of f .
For periodic points, the relation with Nielsen classes is particularly direct. If p, q ∈ Fix(gn), then

Hg(p) = Hg(q) if and only if p and q are Nielsen equivalent [19, Lemma 2.8]. Thus each nonempty
Nielsen class of gn determines a point of Fix(Φn

g ), and distinct classes determine distinct points.
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Our first theorem identifies the exponential growth rates of these two counts with the entropy of
the quotient.

Theorem 1.3 (Entropy formula). Let g be a C1+α diffeomorphism, α > 0, or a C1 Axiom-A
diffeomorphism, in the isotopy class of f . Then

hN (g) = htop(Φg) = lim sup
n→∞

1
n

log max{1, # Fix(Φn
g )}.

This answers [23, Question 4.2] under the stated regularity hypotheses. In particular, the quotient
satisfies Bowen’s periodic-point entropy formula. Although Φg is expansive, this formula requires
an argument beyond the hyperbolicity of the ambient extension: the sets L(g) are not locally
maximal, and the ambient shadowing property does not pass to their restrictions.

Our second theorem compares the entropy of the quotient with that of the surface dynamics.
The geometry of L(g) is essential here. These spaces need not be surfaces: their local stable and
unstable components are dendrites, that is, locally connected continua containing no simple closed
curve. Every periodic point outside L(f) is an endpoint of both components [23]. We use this
endpoint geometry together with the recent method developed by the authors [9], that relates
entropy and semiconjugacy on surfaces. We emphasize that several additional difficulties appear
while dealing with global orbit quotients, due to lack of any differentiable structure.

Theorem 1.4 (Strict entropy gap). If g is a C∞ diffeomorphism isotopic to f , then
htop(f) < htop(Φg) =⇒ htop(Φg) < htop(g).

Thus, whenever the quotient entropy exceeds the pseudo-Anosov minimum, it is strictly smaller
than the entropy of the representative. Together with Theorem 1.3 and the basic entropy bounds,
this shows that Nielsen growth captures the full entropy of a smooth representative precisely when
that representative minimizes entropy in its isotopy class. We record this consequence as Theo-
rem 4.2 in Section 4.

Our third theorem concerns the dependence of quotient entropy on the representative.

Theorem 1.5 (Continuity of quotient entropy). On the space of homeomorphisms isotopic to f ,
the map

g 7−→ htop(Φg)
is upper semicontinuous in the C0 topology. Moreover, let g ≃ f be a C1+α diffeomorphism, with
α > 0. For every sequence of homeomorphisms gj ≃ f converging uniformly to g, one has

htop(Φgj ) −→ htop(Φg).
No differentiability is required of the approximating homeomorphisms gj.

Quotient entropy therefore refines the pseudo-Anosov entropy bound while remaining stable, at
these representatives, under perturbations that impose no control on derivatives. This answers
the continuity part of [23, Question 4.1] at C1+α diffeomorphisms. Together with Theorem 1.3,
this implies that if gj and g are C1+α diffeomorphisms isotopic to f and gj → g uniformly, then
hN (gj) → hN (g).

The invariant foliations of f also connect these entropy questions with Teichmüller theory. They
are the horizontal and vertical foliations of a quadratic differential and determine a geodesic in
Teichmüller space, the space of marked conformal structures on M . The mapping class of f
translates along this geodesic by log λ [4]. The minimum entropy in the isotopy class thus has
a geometric interpretation: it is the translation length of the class on Teichmüller space. The
projective classes of the two foliations are its two fixed points on Thurston’s boundary.

These same foliations give the dual trees used in this paper. The translation lengths of the deck
transformations on each tree record intersection numbers of closed curves with the corresponding
measured foliation. Such tree actions belong to the geometric picture developed by Morgan and
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Shalen [20], in which real trees describe degenerations of hyperbolic structures. Fathi’s construction
[10] brings the two trees together in the hyperbolic system (Z, Φ), and the sets L(g) of [23] realize
the global orbit quotients of representatives throughout the isotopy class inside this common space.
The geometry supplied by f therefore also allows us to study the additional complexity of g. Our
results compare the entropy retained by this quotient with both the geometric minimum log λ and
the full entropy of the representative.

We note that in a recent preprint of García-Sassi and Tal [11], the authors consider a related
quotient construction for maps in the isotopy class of a pseudo-Anosov, by collapsing maximal
continua with bounded infinite orbit in the universal cover. The resulting quotient map sits above
Fathi’s construction, and is CW-expansive. It seems very likely that some methods in this paper
can be applied in that situation; investigating such extent remains as an interesting open problem.

The proofs proceed as follows. Section 2 recalls the dual trees, Fathi’s extension, and the real-
ization of the global orbit quotient. Section 3 collects the preliminaries on hyperbolic measures,
homoclinic classes, conditional measures, and horseshoes.

Section 4 proves Theorems 1.3 and 1.4 and derives Corollary 4.2. For the entropy formula, the
correspondence between Nielsen classes and images of periodic points, together with expansivity,
gives one inequality. For the reverse inequality, we lift positive-entropy quotient measures to hyper-
bolic measures on the surface. The Brin–Katok formula [6] supplies many return segments whose
images in the quotient are separated; Katok’s closing lemma [15] turns these segments into periodic
points belonging to distinct Nielsen classes.

The proof of the strict gap develops the geometric argument of [9]. Under entropy equality above
htop(f), a maximal-entropy measure of the quotient lifts to a hyperbolic maximal-entropy measure
with zero relative entropy over Hg. The conditional-measure argument recalled in Section 3.3 then
gives injectivity on full conditional-measure subsets of stable and unstable manifolds. Homoclinic
periodic approximation provides a saddle projecting outside L(f), where the endpoint geometry
forces a fold in the tree image of its unstable manifold. The HHTU Sard argument [25], in its
adaptation to maximal-entropy measures [8], supplies transverse stable crossings of the folded
arc. Ben Ovadia’s absolute continuity result [3] allows these crossings to be chosen in the set of
injectivity, giving a contradiction. The C∞ hypothesis enters through the Sard argument.

Section 5 proves Theorem 1.5. Upper semicontinuity follows from the Hausdorff continuity of
L(g) inside the common expansive ambient system. For lower semicontinuity, we incorporate re-
turns separated in the quotient into the Katok–Mendoza construction, obtaining locally maximal
horseshoes on which Hg is injective. Nitecki’s C0 semistability theorem [22], together with expan-
sivity, ensures that their images in the quotient persist under nearby homeomorphisms.

Section 6 presents the remaining questions.
For convenience of the reader we reproduce the unpublished article [23] in the Appendix.

2. Dual trees and the universal hyperbolic extension

Let M be a closed connected orientable surface of genus at least two, and let f : M → M be
a pseudo-Anosov homeomorphism with dilatation λ > 1. We denote by Fs, Fu its stable and
unstable measured foliations, respectively. Fix a universal covering p : M̃ → M , with deck group
Γ, and a lift F : M̃ → M̃ of f .

We recall Fathi’s hyperbolic extension [10] and the realization of the orbit quotients in [23].

2.1. The dual trees. For σ ∈ {s, u}, let

T σ = M̃/F̃σ, qσ : M̃ → T σ,

be the space of leaves of the lifted foliation. A singular leaf includes the singularity and all its
separatrices. The transverse measure defines a metric

dσ(ℓ, ℓ′) = inf{transverse measure of α : α joins ℓ to ℓ′}.
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These leaf spaces are R-trees, as are their metric completions T̂ σ; see [20, §2] and [10, §1]. The
trees T σ are not complete, nor they are locally compact. Every point of T̂ σ \ T σ is an endpoint of
the completed tree [10, Lemma 1.1].

The deck transformations act isometrically on both trees and their completions. The maps
induced by F extend to homeomorphisms Fσ : T̂ σ → T̂ σ satisfying

(2.1)
ds(Fsa, Fsb) = λ ds(a, b),
du(Fua, Fub) = λ−1du(a, b).

Here the superscript on T σ records the foliation being collapsed, as in [23]: the stable-leaf tree
carries the expanding coordinate, and the unstable-leaf tree carries the contracting coordinate. We
refer to these spaces as the dual trees of the invariant foliations, and to the construction below as
Fathi’s hyperbolic extension.

2.2. The product and the ambient map. Let

T = T̂ s × T̂ u

equipped with the metric
d̃(z, w) = max{ds(zs, ws), du(zu, wu)}.

Then T is the complete product of the two trees, denoted Z̃ in [23]. Define Φ̃ : T → T ,

Φ̃(zs, zu) = (Fszs, Fuzu).
The metric splitting is global: for all n ∈ Z,

(2.2) d̃(Φ̃nz, Φ̃nw) = max{λnds(zs, ws), λ−ndu(zu, wu)}.

Hence we get (cf. [23, Theorem 1.1]).

Lemma 2.1. The following properties hold:
(1) for every z ∈ T ,

W s(z; Φ̃) = {zs} × T̂ u, W u(z; Φ̃) = T̂ s × {zu},

(2) Φ̃ is expansive.
(3) Φ̃ has the shadowing property.

Proof. The first part is direct from (2.2). It implies, in particular,

W s(z; Φ̃) ∩ W u(w; Φ̃) = {(zs, wu)}.

so any two points whose Φ̃-iterates remain at bounded distance for all integer times, necessary
coincide. So, Φ̃ is expansive. In fact, (2.2) implies the stronger following condition: given ϵ > 0, if
N ∈ N then

sup
n∈[−N,N ]

d̃
(
Φ̃nz1, Φ̃nz2

)
< ϵ ⇒ d̃(z1, z2) <

ϵ

λN
.

Fix ϵ > 0. Bowen’s proof of shadowing [5] gives δ > 0 so that, if (zn)n=∞
n=−∞ is a δ-pseudo orbit of

Φ̃, for every M ∈ N there exists z(M) ∈ T whose [−M, M ] orbit ϵ-shadows (zn)n=M
n=−M . It follows

that for M ′ > M , d̃(z(M), z(M ′)) ≤ 2ϵ
λM , hence (z(M))M≥1 is Cauchy. Since T is complete, it has a

limit z ∈ T . Clearly, the orbit of z shadows (zn)n=∞
n=−∞ at distance at most 2ϵ. □

Let φ ∈ Aut(Γ) be determined by Fγ = φ(γ)F . The diagonal action of Γ on T is isometric and
properly discontinuous [10, Lemma 2.1 and Corollary 2.2]. We consider the orbit space

Z = T /Γ, P : T → Z
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equipped with the metric
d(Pz, Pw) = inf

γ∈Γ
d̃(z, γw).

P is the universal covering of Z, and Z is complete. Since Φ̃γ = φ(γ)Φ̃, the product map induces
a homeomorphism

Φ: Z → Z, Φ(Pz) = P (Φ̃z).

Lemma 2.2. Φ has hyperbolic local product coordinates. Moreover,
(1) it is expansive,
(2) it has the shadowing property.

The hyperbolic local product coordinates are induced by the global metric splitting upstairs. In
particular, (Φ, Z) is a Smale Space in the sense of Ruelle.

There is a natural equivariant embedding ι : M̃ → T ,
ι(x) = (qs(x), qu(x))

whose image is
L̃(f) = {(ℓs, ℓu) ∈ T s × T u : ℓs ∩ ℓu ̸= ∅}.

It satisfies
M̃ M̃

T T

F

ι ι

Φ̃
and induces an embedding ιf : M → Z. Write

L(f) = ιf (M).
Then Φ|L(f) is conjugate to f through ιf . Every nontrivial closed connected Φ-invariant subset of
Z contains L(f) [10, Proposition 2.5].

2.3. Global shadowing and the orbit quotient. Let g : M → M be a homeomorphism isotopic
to f . Choose the lift G obtained by lifting an isotopy from f to g starting at F ; thus Gγ = φ(γ)G.
We use on M̃ the metric D(x, y) = d̃(ι(x), ι(y)).

Fathi’s construction gives a continuous Γ-equivariant map H̃g : M̃ → T fitting into the commu-
tative diagram

(2.3)
M̃ M̃

T T ,

G

H̃g H̃g

Φ̃

and satisfying
sup
x∈M̃

d̃
(
H̃g(x), ι(x)

)
< ∞.(2.4)

Its two coordinates may be written explicitly as

(2.5) H̃g(x) =
(

lim
n→∞

F −n
s qs(Gnx), lim

n→∞
F n

u qu(G−nx)
)

.

The limits exist in the completed trees: consecutive terms are at distances bounded by a constant
times λ−n, because F and G, and their inverses, are at bounded distance. Equivalently, H̃g(x) is
the unique point z ∈ T satisfying
(2.6) sup

n∈Z
d̃(Φ̃nz, ι(Gnx)) < ∞.
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Descending to the quotient defines Hg : M → Z by the diagram

M̃ T

M Z,

p

H̃g

P

Hg

Denote

L(g) = Hg(M)
Φg = Φ|L(g) : L(g) → L(g).(2.7)

Then
M M

L(g) L(g)

g

Hg Hg

Φg

Thus Φ is the ambient homeomorphism determined by f , while Φg is its restriction to the
compact invariant set determined by g. In particular, changing g changes L(g) inside the same
ambient system (Z, Φ).

To describe precisely which orbits are identified, recall Definition 1.1: x ∼g y if there are lifts
x̃, ỹ ∈ M̃ such that

(2.8) sup
n∈Z

D(Gnx̃, Gnỹ) < ∞.

We denote

ML(g) = M/∼g

gL([x]) = [g(x)]

Then gL : ML(g) → ML(g) is a homeomorphism. Theorem 1.1 of [23] proves that

x ∼g y ⇐⇒ Hg(x) = Hg(y) :

It follows that [x] 7→ Hg(x) is a homeomorphism ML(g) → L(g), conjugating gL to Φg.
For comparison with the original pseudo-Anosov dynamics, the notation

(f, x) ∼ (g, y)

means that suitable lifts satisfy
sup
n∈Z

D(F nx̃, Gnỹ) < ∞.

Equivalently, Hg(y) = ιf (x). Every f -orbit is globally shadowed by a g-orbit, so L(f) ⊂ L(g).
With Jg = H−1

g (L(f)), the map ι−1
f ◦ Hg|Jg semiconjugates g|Jg onto f [10, Theorem 2.6].

The assignment g 7→ L(g) is continuous from the C0 topology to the Hausdorff topology on
compact subsets of Z. If h : M → M is homotopic to the identity and h ◦ g = g′ ◦ h, then
L(g) = L(g′) [23, Theorem 1.2 and Corollary 1.3].

2.4. Local structure and periodic points. The space L(g) is a compact locally connected
continuum of topological dimension two, and Φg : L(g) → L(g) is expansive. For z ∈ L(g), write

W s
ε (z; Φg) = {w ∈ L(g) : d(Φn

g z, Φn
g w) ≤ ε for every n ≥ 0},

W u
ε (z; Φg) = W s

ε (z; Φ−1
g ),
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and let CW σ
ε (z; Φg) denote the connected component containing z. By [23, Theorem 1.4], there

are ε, c > 0 such that these components are nontrivial dendrites and

diam CW σ
ε (z; Φg) ≥ c (z ∈ L(g), σ ∈ {s, u}).

Every periodic point of Φg outside L(f) is an endpoint of both its stable and its unstable dendrite.
The ambient shadowing property does not extend to these restrictions: L(g) is not an isolated
invariant set of Φ, and Φg has no shadowing property, nor is topologically stable [23, §2 and
Corollary 1.3].

Finally, recall Definition 1.1 for p, q ∈ Fix(gn): it is equivalent to say that one lift of gn fixes
suitable lifts of both points.

In [19, Lemma 2.8] it is proven that

p and q are Nielsen equivalent for gn ⇐⇒ Hg(p) = Hg(q).

Thus, each nonempty Nielsen class of gn determines one point of Fix(Φn
g ), and different classes

determine different points. This concerns all nonempty classes, including those with zero fixed-
point index.

3. Hyperbolic measures and homoclinic classes

We recall some facts from nonuniform hyperbolicity that will be used to study the invariant
measures of Φg through their lifts to M . Throughout this section, g is a C1+α surface diffeomor-
phism, α > 0, unless greater regularity is explicitly assumed. We fix a smooth Riemannian metric
on M , with distance dM and tangent norm ∥ · ∥. Invariant measures are understood to be Borel
probability measures. We write hµ(g) for the metric entropy of an invariant measure µ; it is a
measure of maximal entropy if hµ(g) = htop(g).

3.1. Lyapunov exponents and Pesin manifolds. The Lyapunov exponents describe the expo-
nential growth of tangent vectors under the derivative of the iterates of g. We refer the reader to
[30] for the proof of the following facts.

The classical Furstenberg–Kesten theorem implies that, for every invariant measure µ the limits

χ+(x) = lim
n→∞

1
n

log ∥Dgn
x∥, χ−(x) = − lim

n→∞
1
n

log ∥(Dgn
x)−1∥

exist for µ-almost every x, and χ−(x) ≤ χ+(x). Points for which these limits exists are called
Lyapunov regular. When the exponents are distinct, due Oseledet’s theorem, there is a Dg-invariant
splitting

TxM = E−(x) ⊕ E+(x), lim
n→±∞

1
n

log ∥Dgn
xv∥ = χσ(x) for v ∈ Eσ(x) \ {0}, σ ∈ {−, +}.

The exponents are invariant functions of x and hence are constant almost everywhere when µ is
ergodic; their values are then denoted by χ−(µ) and χ+(µ). We call µ hyperbolic of saddle type if
χ−(x) < 0 < χ+(x) almost everywhere. All hyperbolic measures used in this paper are of saddle
type.

Positive entropy ensures this condition on a surface. Indeed, Ruelle’s inequality [28], applied to
g and g−1, gives, for an ergodic measure with hµ(g) > 0,

(3.1) χ−(µ) ≤ −hµ(g) < 0 < hµ(g) ≤ χ+(µ).

In particular, every ergodic positive-entropy measure ν of Φg admits an ergodic invariant lift µ
under Hg, and every such lift is hyperbolic: existence follows as in [9, Proposition 2.13], while
hµ(g) ≥ hν(Φg) > 0 and (3.1) give hyperbolicity. This is the ergodic case of [9, Proposition 2.15].
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Let R denote the set of regular points with χ−(x) < 0 < χ+(x). For x ∈ R, the Pesin stable
and unstable manifolds are

W s(x; g) =
{

y ∈ M : lim sup
n→∞

1
n

log dM (gnx, gny) < 0
}

, W u(x; g) = W s(x; g−1).

Pesin’s stable manifold theorem says that these sets are injectively immersed curves tangent at x
to E−(x) and E+(x), respectively; see [16, Supplement S]. They are invariant in the sense that
g(W σ(x; g)) = W σ(gx; g) for σ ∈ {s, u}. We use their intrinsic topology and arclength metric.
A local plaque is a sufficiently small embedded interval in one of these curves containing its base
point. The two half-leaves at x are the components of W σ(x; g) \ {x} in the intrinsic topology. For
a lift x̃ of x, we use the corresponding notation W̃ σ(x̃; G) upstairs.

For each hyperbolic invariant measure, a set of full measure is covered by countably many
compact Pesin blocks. On each block the contraction estimates are uniform, the angle between the
stable and unstable directions is bounded away from zero, and the local plaques have a common
positive lower bound on their size and depend continuously on the base point in the C1 topology.
Thus nearby points in a fixed block have transverse intersections between their opposite local
plaques. The blocks themselves need not be invariant.

3.2. Katok’s closing lemma and ergodic homoclinic classes. Katok’s closing lemma [15, §3]
turns a close return in a Pesin block into a periodic orbit with controlled invariant manifolds. More
precisely, given a block K and ε > 0, there is δ > 0 such that

x, gnx ∈ K, dM (x, gnx) < δ

imply the existence of a hyperbolic saddle p ∈ Fix(gn) satisfying

max
0≤j<n

dM (gjp, gjx) < ε.

The closing construction also controls the local invariant manifolds of p. When the return occurs
in a sufficiently small part of K, the stable and unstable plaques of p meet the opposite plaques
through nearby points of K transversely.

For a periodic saddle p, write O(p) for its orbit and set

W σ(O(p); g) =
⋃

z∈O(p)
W σ(z; g), σ ∈ {s, u}.

Following [24, §1.1], its ergodic homoclinic class is

(3.2) Ehc(p) =
{

x ∈ R : W s(x; g) ⋔ W u(O(p); g) ̸= ∅,
W u(x; g) ⋔ W s(O(p); g) ̸= ∅

}
.

Here ⋔ means that an intersection exists at which the two tangent lines are distinct. This is a
measurable g-invariant set. Two periodic saddles p and q are homoclinically related, written p ∼h q,
if the stable manifold of each orbit meets the unstable manifold of the other transversely. This is
an equivalence relation, and p ∼h q implies Ehc(p) = Ehc(q).

These facts use the inclination lemma: an arc crossing the stable manifold of a periodic saddle
transversely has forward iterates containing subarcs that converge in the C1 topology to any pre-
scribed compact arc of its unstable manifold. Iterates may be taken to be multiples of the period.
The analogous assertion with stable and unstable interchanged follows by applying the lemma to
g−1.

The following consequence of closing and recurrence expresses the connection between an ergodic
hyperbolic measure and these classes; see [15, §§3–4], [24] and [8].

Proposition 3.1. Let µ be an ergodic hyperbolic measure. There is a periodic saddle p such that

µ(Ehc(p)) = 1, supp µ ⊂ {q : q is a periodic saddle and q ∼h p}.
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Proof. Choose a sufficiently small positive-measure part of a Pesin block and close a recurrent orbit
in it. The plaque intersections supplied by the closing lemma place this part of the block in Ehc(p).
Invariance and ergodicity then give µ(Ehc(p)) = 1. If an open set U meets supp µ, a typical orbit
starting in the same part of the block visits U before returning to that part. Closing a sufficiently
long such segment, with sufficiently small error, produces a periodic orbit meeting U . Its plaques
cross those of p in both directions, so it is homoclinically related to p. □

We remark that the condition µ(Ehc(p)) = 1 does not assert that this class carries only one
invariant ergodic measure.

3.3. Conditional measures and leafwise injectivity. Fix an ergodic hyperbolic measure µ
with hµ(g) > 0. We recall how its conditional measures describe the distribution of µ along Pesin
manifolds, and how entropy equality over Hg constrains this distribution.

A measurable partition is understood to be countably generated modulo µ. For such a partition ξ,
let ξ(x) denote the atom containing x. Rokhlin’s disintegration theorem [26] provides a measurable
family of conditional probabilities {µξ

x}, unique modulo µ, which is constant along atoms and
satisfies

µξ
x(ξ(x)) = 1 for µ-almost every x, µ(A) =

∫
M

µξ
x(A) dµ(x)

for every Borel set A ⊂ M . In particular, if µ(X) = 1, then µξ
x(X) = 1 for µ-almost every x. If a

measurable partition η refines ξ, its conditional entropy is

Hµ(η | ξ) = −
∫

M
log µξ

x(η(x)) dµ(x).

A partition ξu is subordinate to the unstable manifolds if, for µ-almost every x, the atom ξu(x)
is contained in W u(x; g) and contains a neighborhood of x in its intrinsic topology. It is increasing
if g−1ξu refines ξu, where

(g−1ξu)(x) = g−1(ξu(gx)
)
.

Increasing partitions subordinate to the unstable manifolds will be called adapted. By [17, Propo-
sition 3.1], for any hyperbolic invariant measure one can find arbitrarily small adapted partitions
ξu so that ∨

n≥0
g−nξu = ε modulo µ

W u(x; g) =
⋃

n≥0
gn(ξu(g−nx)

)
for µ-almost every x. Here ε is the partition into points, and ∨ denotes common refinement.

For these adapted partitions, one can compute the entropy as

(3.3) hµ(g) = Hµ(g−1ξu | ξu) = −
∫

M
log µξu

x

(
(g−1ξu)(x)

)
dµ(x);

see [27, 17]. Applying the same construction to g−1 gives a partition ξs subordinate to the stable
manifolds.

Since hµ(g) > 0, the conditional measures of µ along stable and unstable plaques are nonatomic;
see [18, Proposition 7.3.1 and Theorem C′], applied to g and g−1.

Note that for these conditional measures, almost every point is accumulated by points in the
support from both sides. Indeed. the points of the support that fail this property belong to the
countable set of endpoints of complementary intervals.
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Let ν = (Hg)∗µ, and let Fg be the µ-completion of H−1
g BL(g): note that Fg is a g-invariant

σ-algebra. The entropy of g relative to the quotient is defined by

hµ(g | Fg) = sup
η

lim
n→∞

1
n

Hµ

n−1∨
j=0

g−jη

∣∣∣∣∣∣Fg

 ,

where the supremum is over finite measurable partitions η. It measures the entropy remaining after
conditioning on the quotient coordinate.

The Abramov–Rokhlin formula [1] gives
(3.4) hµ(g) = hν(Φg) + hµ(g | Fg).
In particular, hµ(g) = hν(Φg) is equivalent to vanishing relative entropy.

Under this equality, the argument of [9, Proposition 4.2] gives injectivity of Hg along Pesin
manifolds on a set of full measure. We recall the partition argument, which applies to the present
quotient dynamics situation.

Let PH be the partition into fibers of Hg, and set
ζ = ξu ∨ PH .

The fiber partition is invariant. Vanishing relative entropy, applied to g−1, implies that every finite
measurable partition η satisfies

Hµ

η

∣∣∣∣∣∣
∨

n≥1
gnη ∨ PH

 = 0.

Thus η is measurable, modulo µ, with respect to the partition on the right. Approximating ξu by
an increasing sequence of finite partitions and using that gξu is coarser than ξu, we obtain

ξu ∨ PH = gξu ∨ PH modulo µ.

Hence g−1ζ = ζ modulo µ. Since ζ refines ξu and the partitions g−nξu generate ε, it follows that
ζ = ε modulo µ. Equivalently,

µζ
x = δx for µ-almost every x.

There is, therefore, a conull Borel set on which Hg is injective within each atom of ξu.
Applying the same argument to ξs, taking the intersection of all iterates of the resulting conull

sets, and using exhaustion of the global Pesin manifolds, we obtain an invariant Borel set X with
µ(X) = 1 such that
(3.5) Hg

∣∣
X∩W σ(x;g) is injective, x ∈ X, σ ∈ {s, u}.

The argument concerns measurable partitions on M and the invariant partition into fibers of Hg;
it requires no manifold structure on L(g).

3.4. Product structure and the Sard argument. Let g be a C∞ surface diffeomorphism and
let µ be an ergodic hyperbolic measure of maximal entropy. We recall how the Sard argument and
Ben Ovadia’s product structure are combined in [9, Proposition 4.5].

By [3, Theorems 5.7 and 6.1], the unstable conditional measures of µ form an absolutely con-
tinuous family under local stable holonomies. In particular, let I1, I2 be unstable segments and let
hs : B ⊂ I1 → I2 be such a holonomy, obtained by following stable manifolds. Writing µu

i for the
corresponding unstable conditional measures, we have
(3.6) µu

1(B) > 0 =⇒ µu
2
(
hs(B)

)
> 0.

The same construction provides leaf measures on local unstable manifolds of periodic saddles.
Choose p with µ(Ehc(p)) = 1 as in Proposition 3.1, and let q ∼h p. On the local holonomy domains,
these measures are equivalent to the images of unstable conditional measures on typical plaques and



12 PABLO D. CARRASCO, FEDERICO RODRIGUEZ-HERTZ, JANA RODRIGUEZ-HERTZ, AND RAÚL URES

satisfy the holonomy property (3.6). Countably many such local pieces and their periodic iterates
determine a measure class on W u(q; g), preserved by periodic iteration. Choose a measure mu

q in
this class; the same notation will be used for its lift to W̃ u(q̃; G). When hµ(g) > 0, this measure is
nonatomic by Section 3.3 and the local holonomy comparison.

Positive entropy also implies that the unstable conditional measures give zero mass to sets of
zero Hausdorff dimension [18]. On compact local holonomy domains in Pesin blocks, the stable
holonomies are bi-Lipschitz; see [9, §2.2]. Together with the measure comparisons above, this gives
the same zero-mass property for mu

q .
We make explicit how the same comparison transfers conull sets. Let A be an invariant µ-conull

set of regular points, and let I be an interval in a typical unstable manifold on which A has full
conditional measure. Here the conditional measures are extended along the manifold by iteration,
using the exhaustion in Section 3.3. Fix k with gkq = q. There is a set Aq of full mu

q -measure
in W u(q; g), invariant under gk, such that each y ∈ Aq lies on a stable manifold through A which
meets W u(q; g) transversely at y. Moreover, every transverse intersection of this stable manifold
with I belongs to A.

Indeed, disintegration and the local holonomy comparisons give the first assertion on each of
the countably many pieces defining the measure class of mu

q . For the second assertion, the Pesin
blocks, their iterates, and a countable collection of local charts cover the transverse intersections
with I by countably many stable holonomies hj , with domains in W u(q; g). Since I \ A has zero
conditional measure, the holonomy property (3.6) gives

mu
q

(
h−1

j (I \ A)
)

= 0 for every j.

Remove these exceptional sets, the exceptional set for the first assertion, and all their forward and
backward gk-iterates. Their union is still mu

q -null because periodic iteration preserves the measure
class. Its complement is the required invariant set Aq. The same conclusion holds for lifts.

The existence of the required transverse intersections is provided by the Sard argument devel-
oped in [25] for SRB measures, later adapted to measures of maximal entropy in [8]; see [9, §2.2]. In
the configuration considered in [9, Proposition 4.5], a positive conditional-measure family of stable
manifolds topologically crosses two disjoint unstable segments. These crossings may initially be
tangential. The Sard argument gives a positive conditional-measure subset for which the intersec-
tions with both segments are transverse. Restricting this subset provides a stable holonomy with
a domain of positive conditional measure. Ben Ovadia’s result then ensures that its image also has
positive conditional measure.

3.5. Entropy, horseshoes, and semistability. In this subsection we enumerate the preliminaries
for Theorems 1.3 and 1.5. We recall the continuity properties of the quotient maps, the entropy
formulas that will be used, and the construction and C0 semistability of hyperbolic horseshoes.
We retain the notation of Section 2 and the conventions concerning hyperbolic measures and Pesin
blocks from Section 3.1.
(i) Continuity of the quotient maps. As recalled in Section 2.3, the semiconjugacies Hg : M →
Z depend continuously on g in the C0 topology, and the sets L(g) depend continuously on g in the
Hausdorff topology [23, Theorem 1.2 and §2]. Thus, if homeomorphisms gj in the isotopy class of
f converge uniformly to g, then
(3.7) Hgj −→ Hg uniformly, L(gj) −→ L(g) in the Hausdorff topology.

All these sets are invariant under the same ambient map Φ. Their union
K = L(g) ∪

⋃
j≥1

L(gj)

is compact. The hyperbolic local coordinates recalled in Section 2.2 imply that Φ is expansive on
every compact invariant subset of Z. Thus, one can choose a single expansivity constant on K.
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(ii) Entropy and expansivity. Let T : K → K be an expansive homeomorphism of a compact
metric space, with expansivity constant δ > 0 (hence, two points whose iterates remain at distance
less than δ for every integer time must coincide). We recall the Adler–Konheim–McAndrew defi-
nition of topological entropy [2]. Let A ⊂ K be a compact T -invariant subset, and consider U a
finite open cover of K with mesh smaller than δ. Given n ≥ 0, write

U (n) =
n−1∨
i=0

T −iU ,

where the join consists of the intersections U0 ∩ T −1U1 ∩ · · · ∩ T −(n−1)Un−1, with Ui ∈ U . Then

(3.8) htop(T |A) = lim
n→∞

1
n

log N(U (n)|A) = inf
n≥1

1
n

log N(U (n)|A),

where N(V|A) denotes the least number of members of V needed to cover A.
We will also use the variational principle in the form

htop(T ) = sup{hν(T ) : ν is an ergodic T -invariant probability measure}.

See [31].
We note that expansivity gives uniqueness of sufficiently close semiconjugacies. Indeed, if S : X →

X is a homeomorphism, and a, b : X → K satisfy a ◦ S = T ◦ a, b ◦ S = T ◦ b with
sup
x∈X

d(a(x), b(x)) < δ

then
∀n, d(T na(x), T nb(x)) = d(a(Skx), b(Skx)) < δ ⇒ a(x) = b(x).

We remind the reader that if T is expansive, then each of its iterates is also expansive.
(iii) The Brin–Katok formula and separated returns. For a homeomorphism T of a compact
metric space (Y, dY ), denote

dT
n (y, z) = max

0≤i<n
dY (T iy, T iz)

BT
n (y, r) = {z ∈ Y : dT

n (y, z) < r}.

A set is (n, r)-separated if distinct points have dT
n -distance at least r.

For an ergodic invariant probability measure ν of finite entropy, the Brin–Katok local entropy
formula [6] states that, for ν-almost every y,

hν(T ) = lim
r↓0

lim inf
n→∞

− 1
n

log ν(BT
n (y, r))

= lim
r↓0

lim sup
n→∞

− 1
n

log ν(BT
n (y, r)).

(3.9)

For every ϵ > 0, this gives a radius r > 0, an integer n0 ≥ 1, and a measurable set A ⊂ Y of
positive ν-measure such that
(3.10) ν(BT

n (y, r)) ≤ e−n(hν(T )−ϵ) (y ∈ A, n ≥ n0).
To obtain this uniform estimate, first fix a sufficiently small radius in (3.9), and then restrict to a
positive-measure set on which the lower bound on n is uniform.

We will apply this estimate to T = Φg and ν = (Hg)∗µ, where µ is an ergodic invariant lift.
Recall from Section 3.1 that such a lift exists and is hyperbolic when g is C1+α and hν(Φg) > 0.

Lemma 3.2. Given B ⊂ H−1
g (A) with µ(B) > 0, there exists a relatively dense set of integers n

and subsets En ⊂ B ∩ g−nB so that
• #En ≥ µ(B)2

2 en(hν(Φg)−ϵ),
• Hg(En) is (n, r)-separated.
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Proof. Khintchine’s recurrence theorem gives a syndetic set of integers n so that µ(B ∩ g−nB) ≥
µ(B)2

2 := cB. At each one of these times choose a maximal (n, r)-separated subset of Hg(B ∩g−nB),
and let En ⊂ B ∩ g−nB by a section under Hg. Then

Hg(B ∩ g−nB) ⊂
⋃

x∈En

BT
n (x, r)

so, by (3.10),

cB ≤ µ(B ∩ g−nB) ≤
∑

x∈En

ν(BΦg
n (Hg(x), r)) ≤ #En e−n(hν(Φg)−ϵ) ⇒ #En ≥ cBen(hν(Φg)−ϵ),

□

The set B will be chosen after the radius r, which allows the returns to be placed in a sufficiently
small Pesin rectangle.

(iv) Hyperbolic return rectangles. The Katok–Mendoza construction turns returns to a small
part of a Pesin block into branches of a hyperbolic horseshoe; see [16, Theorem S.4.16 and the proof
of Theorem S.5.9]. We recall the geometric form of the construction.

Fix a Lyapunov chart, and take the stable direction to be vertical, and the unstable direction to
be horizontal. A vertical strip joins the bottom to the top of a rectangle and is bounded on its left
and right by graphs over the vertical coordinate. A horizontal strip is defined by interchanging the
coordinates. By reducing the size of the domain, these boundary graphs in the construction can be
taken to have slopes uniformly smaller than one.

Let g be C1+α and let µ be an ergodic hyperbolic measure. Given η > 0 and a measurable set
A0 ⊂ M with µ(A0) > 0, the regular-rectangle construction provides a rectangle R and a positive-
measure set B ⊂ A0 in the central part of R and in a fixed Pesin block. The restriction to A0 is
possible because regular rectangles cover compact regular sets of arbitrarily large measure; one of
their central parts must meet A0 in positive measure.

For every sufficiently large n and every x ∈ B ∩ g−nB, there is a compact vertical strip Vx ⊂ R
containing x such that gn(Vx) is a horizontal strip crossing R and

(3.11) diamdM
(giVx) < η, 0 ≤ i ≤ n.

R V1 V2

x1
x2

Selected return strips

gn

R V1 V2

gnx1

gnx2

gn(V1)

gn(V2)

Each image crosses both strips

Figure 1. Katok–Mendoza return rectangles. Both panels depict the same rectan-
gle R, with the stable direction vertical and the unstable direction horizontal. The
points xi and gnxi lie in the chosen return set B. Each vertical strip Vi follows the
return segment of xi and is mapped to a horizontal strip. The dashed boundaries
in the right panel mark the original vertical strips. Each horizontal image crosses
both vertical strips, so all transitions between the two selected returns are possible.
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Thus every point in Vx follows the selected return segment with the prescribed accuracy. The
vertical strips lie away from the left and right sides of R, and their horizontal images lie away from its
top and bottom sides. The return maps preserve and expand cones about the horizontal direction;
their inverses preserve and expand cones about the vertical direction, with uniform estimates. The
rectangle and B are fixed before choosing the return time.

Any finite collection of N ≥ 2 pairwise disjoint such strips, all with the same return time n,
defines a horseshoe

(3.12) Λ =
⋂

k∈Z
g−kn

(
N⋃

i=1
Vi

)
.

This is a compact, locally maximal hyperbolic set for gn. Every horizontal image crosses every
vertical strip, so any selected return can be followed by any other. The hyperbolic estimates give a
unique point for each bi-infinite itinerary. Consequently, the itinerary map conjugates gn|Λ to the
full two-sided shift on N symbols, and
(3.13) htop(gn|Λ) = log N.

The orbit estimate (3.11) is the feature of this construction that will be essential below.
We shall select return segments whose images under Hg are separated, as in 3.2. By uniform

continuity of Hg, the strips can be chosen so that their points follow these segments closely enough
to preserve separation in the quotient. Whenever two horseshoe points have different itineraries,
their images under Hg can therefore be distinguished at an iterate where the itineraries differ. This
will give injectivity of Hg on the horseshoe, so that its entropy is also the entropy of its image in
L(g). The semistability statement recalled next will allow us to follow this horseshoe under C0

perturbations.
(v) C0 semistability. The horseshoes just described persist as factors under small C0 pertur-
bations. More precisely, Nitecki’s semistability theorem [22], applied to such a horseshoe Λ for
T = gn, gives the following statement. If homeomorphisms Tj : M → M converge uniformly to T ,
then, for all sufficiently large j, there are compact Tj-invariant sets Λj and continuous surjections
rj : Λj → Λ satisfying
(3.14) rj ◦ Tj = T ◦ rj , sup

z∈Λj

dM (z, rj(z)) −→ 0.

For the strip construction above, Λj can be taken to be the set of points whose complete Tj-
orbits remain in

⋃
i Vi. The map rj assigns to each such point the unique point of Λ with the

same itinerary. The crossings have positive margins and survive uniform perturbations, so every
itinerary of the original horseshoe is still realized. This explains the surjectivity of rj and why the
statement applies to perturbing homeomorphisms without differentiability assumptions.

4. Entropy formula

Recall that hN (g) denotes the exponential growth of non-empty Nielsen classes of gn (cf. (1.1)),

hN (g) = lim sup
n→∞

1
n

log max{1, Cn(g)}.

Proof of Theorem 1.3. By Section 2.4, two points of Fix(gn) have the same image under Hg if and
only if they are Nielsen equivalent. Hence

Cn(g) = #Hg(Fix(gn)) ≤ # Fix(Φn
g ).

Moreover, expansivity implies that Fix(Φn
g ) is (n, δ)-separated for a fixed δ > 0. It follows that

hN (g) ≤ lim sup
n→∞

1
n

log max{1, # Fix(Φn
g )} ≤ htop(Φg).
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For the reverse inequality, assume first that g is C1+α. Let ν be an ergodic Φg-invariant probability
measure with positive entropy, and consider an ergodic hyperbolic lift µ under Hg. Fix ϵ > 0.
Choose the radius r > 0 and the positive-ν-measure set A ⊂ L(g) given by (3.10) in Section 3.5,
item (iii). We shall select our return points in H−1

g (A), so that the separated-return estimate
applies to their images. By uniform continuity of Hg, choose η > 0 such that

dM (a, b) < η =⇒ d(Hg(a), Hg(b)) < r/3.

Choose a Pesin block K satisfying µ(K ∩ H−1
g (A)) > 0. For this block and the accuracy η, Katok’s

closing lemma, recalled in Section 3.2, provides a closing radius ρ > 0. Choose a measurable set
B ⊂ K ∩ H−1

g (A), µ(B) > 0, diamdM
(B) < ρ.

The separated-return estimates given in 3.2, applied to B, provides arbitrarily large n and finite
sets En ⊂ B ∩ g−nB such that Hg is injective on En, the set Hg(En) is (n, r)-separated, and

#En ≥ µ(B)2

2 en(hν(Φg)−ϵ).

For each x ∈ En, both x and gnx belong to B. Our choice of B therefore allows us to close this
return: there is px ∈ Fix(gn) with

max
0≤j<n

dM (gjpx, gjx) < η.

The choice of η and the semiconjugacy identity give
dΦg

n

(
Hg(px), Hg(x)

)
< r/3.

Since the images of distinct points of En are (n, r)-separated, we get

dΦg
n

(
Hg(px), Hg(py)

)
> r/3 (x ̸= y).

Thus the points Hg(px) are distinct, and the periodic points px belong to distinct Nielsen classes.
We obtain

Cn(g) ≥ #En ≥ µ(B)2

2 en(hν(Φg)−ϵ).

Taking the limsup gives hN (g) ≥ hν(Φg) − ϵ. Letting ϵ → 0 and applying the variational principle
we get

hN (g) ≥ htop(Φg).
Now we consider the case when g is a C1 Axiom A diffeomorphism. Note that by the variational
principle, every invariant probability measure is supported on on the uniformly hyperbolic non-
wandering set Ω(g). In the preceding construction, take K = Ω(g) and use the uniform hyperbolic
closing lemma (see for example [16]) to choose ρ. The same separated returns then produce periodic
points in distinct Nielsen classes, proving the reverse inequality in this case as well.

Together with the initial inequalities, this proves all three equalities. □

Remark 4.1. The C1+α hypothesis above is only used to apply Katok’s closing lemma.

Proof of Theorem 1.4. Suppose, to the contrary, that
htop(g) = htop(Φg) > htop(f).

Theorem 1.3 relates the entropy of the quotient to the exponential growth of Nielsen classes.
When this entropy exceeds that of f , the excess growth gives rise to periodic points outside L(f).
The lifted tree coordinates of these new periodic points are endpoints (Section 2.4). These endpoints
provide the geometric obstruction to entropy equality: we will use them to produce a fold in the
tree image of an unstable manifold, contradicting the leafwise injectivity of Hg established in
Section 3.3 for the case when the relative entropy over Hg vanishes, as it does for an invariant lift
of a maximal-entropy measure of Φg under the assumption htop(Φg) = htop(g).



ENTROPY AND PERIODIC POINTS IN PSEUDO-ANOSOV ISOTOPY CLASSES 17

Since Φg is expansive on the compact space L(g), its entropy map is upper semicontinuous and
it has an ergodic measure of maximal entropy ν. By Section 3.1, ν admits an ergodic invariant lift
µ under Hg. The factor inequality and our assumption give

hν(Φg) ≤ hµ(g) ≤ htop(g) = hν(Φg).
Thus µ is a hyperbolic measure of maximal entropy, again by Section 3.1. Moreover, L(f) is
invariant, so ergodicity gives ν(L(f)) ∈ {0, 1}. The value 1 would force hν(Φg) = hν(Φ|L(f)) ≤
htop(Φ|L(f)) = htop(f), contrary to the choice of ν. Recalling that Jg = H−1

g (L(f)) and (Hg)∗µ = ν,
we obtain

µ(Jg) = ν(L(f)) = 0.

By Section 3.3, equations (3.4)–(3.5), the entropy equality gives an invariant conull Borel set X
with the following lifted leafwise injectivity property:

(4.1) H̃g

∣∣∣
X̃∩W̃ σ(x̃;G)

is injective, x̃ ∈ X̃, σ ∈ {s, u}.

Here X̃ is the full lift of X. We may shrink X by invariant null sets whenever necessary.

Claim 4.1. After reducing X, every stable and unstable half-leaf based at a point of X̃ has an
unbounded H̃g-image.

Proof of Claim 4.1. We first identify the coordinate that varies along each manifold. Let x̃ and ỹ
lie on the same lifted stable manifold. Their forward iterates approach one another:

D(Gnx̃, Gnỹ) −→ 0,

where D is the metric on M̃ induced by the embedding ι, as in Section 2.3. Let C be the uniform
displacement bound in (2.4). The lifted semiconjugacy relation and the global splitting (2.2) give

λnds
(
(H̃g)s(x̃), (H̃g)s(ỹ)

)
= ds

(
(H̃g)s(Gnx̃), (H̃g)s(Gnỹ)

)
≤ 2C + D(Gnx̃, Gnỹ).

The last inequality follows by comparing each semiconjugacy image with the corresponding point
under ι; each comparison contributes at most C. The right-hand side remains bounded, while
λn → ∞. The initial distance in the s-coordinate must therefore be zero. Thus (H̃g)s is constant
on each lifted stable manifold.

For two points on the same lifted unstable manifold, their backward iterates approach one an-
other. Under backward iteration it is the u-coordinate that expands by λ. The same estimate, with
G−n and du, therefore shows that (H̃g)u is constant on each lifted unstable manifold.

The two-sided accumulation property in Section 3.3 implies that, for almost every x, each stable
half-leaf contains points of X arbitrarily close to x. Their images differ from the image of x by (4.1).
Thus the image of each half-leaf has positive radius, measured from H̃g(x̃).

Let Rs(x) be the smaller of these two radii, allowing the value ∞. It is measurable and indepen-
dent of the lift. Since the only varying coordinate contracts by λ−1, we have

Rs(gx) = λ−1Rs(x).
If 0 < Rs(x) < ∞, this radius tends to zero under forward iteration. In particular, a point of
{a ≤ Rs ≤ b}, with 0 < a < b < ∞, eventually leaves that set forever. Poincaré recurrence forces
every such set to have measure zero. A countable cover of the positive finite values therefore gives
Rs = ∞ almost everywhere. Apply the same argument to g−1 for the unstable half-leaves, and
discard the exceptional null sets and their iterates. □

Let p0 be the saddle given by Proposition 3.1, so that µ(Ehc(p0)) = 1. We may replace p0
by any homoclinically related saddle without changing its ergodic homoclinic class, as recalled in
Section 3.2. We choose this replacement outside Jg. Since µ(Jg) = 0, there is a point x ∈ supp µ\Jg.
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The set Jg is closed, so a sufficiently small neighborhood of x is disjoint from Jg. Proposition 3.1
ensures that saddles homoclinically related to p0 occur arbitrarily close to x. Choose one in this
neighborhood and denote it by p. Then

p /∈ Jg, Ehc(p) = Ehc(p0), µ(Ehc(p)) = 1.

We fix this p for the remainder of the theorem.

Claim 4.2. There is a periodic saddle q /∈ Jg, homoclinically related to the saddle p, with the
following property. Fix a lift q̃ of q, and let mu

q be the leaf measure introduced in Section 3.4. For
every open interval I ⊂ W̃ u(q̃; G) containing q̃, the two components I− and I+ of I \ {q̃} satisfy

mu
q (I−) > 0 and mu

q (I+) > 0.

Proof of Claim 4.2. After intersecting X with Ehc(p) \ Jg, we still have an invariant conull set. In
a small Pesin rectangle contained in M \ Jg, choose a recurrent point x ∈ X at which the unstable
conditional measure restricted to the Pesin block has support on both sides. Such points have full
measure in the block (recall that conditionals are non-atomic).

Choose positive conditional-measure sets on either side of x, away from x itself. Katok’s closing
lemma, with the plaque control in Section 3.2, produces a periodic saddle q sufficiently close to x
that the stable plaques through these two sets meet opposite unstable branches of q transversely.
The same plaque control preserves the transverse connections with the orbit of p, so q ∼h p. Since
the rectangle lies outside Jg, we also have q /∈ Jg.

By the absolute continuity of stable holonomy with respect to the leaf measures described in
Section 3.4, the images of these two sets on W̃ u(q̃; G) have positive mu

q -measure, one on each side
of q̃.

Choose a multiple k of the period of q and a lift Q of gk fixing q̃, with k even if necessary so
that Q preserves both unstable branches. Backward iterates of compact positive-measure subsets
of these two sets converge to q̃. Periodic iteration preserves the reference measure class, so every
one-sided unstable neighborhood of q̃ has positive measure, as claimed. □

The next claim transfers both injectivity and the conclusion of Claim 4.1 to the periodic unstable
manifold.

Claim 4.3. The measure mu
q is nonatomic, and there is a set Yq of full mu

q -measure in W̃ u(q̃; G)
on which (H̃g)s is injective. For every ỹ ∈ Yq, the stable manifold W̃ s(ỹ; G) meets W̃ u(q̃; G)
transversely at ỹ, and both of its half-leaves based at ỹ have unbounded images under H̃g.

Proof of Claim 4.3. Nonatomicity follows from Section 3.3. To obtain injectivity on the whole
unstable manifold, we will compare points on a single typical unstable interval, where (4.1) applies.

Since q ∼h p, Section 3.2 gives µ(Ehc(q)) = 1. We may therefore choose a typical unstable
manifold, on which X has full conditional measure by Section 3.3, that meets the stable manifold
of the orbit of q transversely. Taking a suitable iterate and lift, choose a compact interval I∗ in this
unstable manifold which crosses W̃ s(q̃; G) transversely in its interior. Since X is invariant, I∗ ∩ X̃
has full conditional measure in I∗.

By the stable-holonomy argument in Section 3.4, applied to A = X and the interval I∗ in the
universal cover, there is a Q-invariant set Yq of full mu

q -measure in W̃ u(q̃; G) with the following
properties. For every ỹ ∈ Yq, the stable manifold through ỹ contains a point of X̃ and meets
W̃ u(q̃; G) transversely at ỹ. Moreover, every transverse intersection of this stable manifold with I∗
belongs to X̃.

Choose x̃ ∈ X̃ on the stable manifold through ỹ. In either direction along this manifold, the
half-leaves starting at x̃ and ỹ differ only by the segment joining these two points. This segment
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is compact, so its image under H̃g is bounded. By Claim 4.1, each half-leaf starting at x̃ has
unbounded image. Adding or removing the bounded image of the joining segment cannot change
this. Hence both half-leaves starting at ỹ also have unbounded images.

It remains to prove injectivity. Suppose that distinct points ỹ, z̃ ∈ Yq satisfy

(H̃g)s(ỹ) = (H̃g)s(z̃).

Choose disjoint compact stable arcs through these points. Both arcs cross W̃ u(q̃; G) transversely.
The inclination lemma from Section 3.2, applied to Q−1, shows that their backward iterates contain
subarcs converging in C1 to a compact segment of W̃ s(q̃; G) crossing I∗. Consequently, for the same
sufficiently large n, the two iterated arcs meet I∗ transversely at points a and b. These points are
distinct because the original arcs are disjoint. Since Q−nỹ, Q−nz̃ ∈ Yq, the defining property of Yq

gives a, b ∈ X̃.
The semiconjugacy preserves equality of the s-coordinate under iteration. This coordinate is also

constant on stable manifolds, as shown in Claim 4.1. Hence

(H̃g)s(a) = (H̃g)s(Q−nỹ) = (H̃g)s(Q−nz̃) = (H̃g)s(b).

The u-coordinate is constant on I∗, which lies in a single unstable manifold. Thus H̃g(a) = H̃g(b),
contradicting (4.1) on I∗ ∩ X̃. This proves the claim. □

We have now reached the geometric part of the argument. Claims 4.2 and 4.3 ensure that neither
unstable branch can collapse under projection; the endpoint property forces their images to overlap.

Claim 4.4. Writing e = (H̃g)s(q̃), there are points a < q̃ < b on W̃ u(q̃; G) such that

(H̃g)s(a) = (H̃g)s(b) = t ̸= e.

Proof of Claim 4.4. Since q /∈ Jg, its periodic image Hg(q) lies outside L(f). By [23, Theorem 1.4
and its proof], as recalled in Section 2.4, the lifted coordinate e belongs to T̂ s\T s and is an endpoint
of the completed tree.

Each unstable branch has positive mu
q -measure by Claims 4.2 and 4.3. Its image under (H̃g)s

cannot be constant, because this coordinate is injective on its intersection with Yq. By continuity,
the image of each branch together with q̃ contains a nondegenerate tree arc starting at e.

These two arcs must share a nondegenerate initial segment. Otherwise, their union would be
an arc with e in its interior, contrary to the fact that e is an endpoint. A point t ̸= e in their
intersection has a preimage on each branch, giving a and b. □

We now use the fold to produce repeated intersections between the stable and unstable manifolds
of G. We will construct a disk whose boundary contains an arc of W̃ u(q̃; G). For a set of positive
mu

q -measure on this arc, the stable manifolds cross the arc transversely and avoid the remaining
boundary of the disk. By Claim 4.3, the stable half-leaves entering the disk have unbounded images
under H̃g, so they cannot remain inside it. They must therefore cross the unstable arc again.

Claim 4.5. There is an unstable interval I of positive mu
q -measure such that, for almost every

z ∈ I, the stable manifold through z topologically crosses W̃ u(q̃; G) at a second point.

Proof of Claim 4.5. Let C > 0 bound the displacement of H̃g from ι, as in (2.3). The tree action
induced by Q fixes e and expands distances in T̂ s by λk. Iterating the fold of Claim 4.4 therefore
allows us to assume ds(e, t) > 4C.

In the interior of the tree segment [e, t], choose a point v representing a nonsingular stable leaf,
with

ds(e, v) > C, ds(v, t) > C.
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D

ℓ = q−1
s (v)

a b

U ⊂ W̃ u(q̃; G)

q̃
I

W̃ s(z; G)

z ∈ I ∩ Yq

second crossing

Figure 2. Claim 4.5

The interior of this segment lies in T s, and only countably many of its points represent singular
leaves, so such a choice is possible. Put ℓ = q−1

s (v). The displacement bound gives
ds(qs(q̃), e) ≤ C, ds(qs(a), t) ≤ C, ds(qs(b), t) ≤ C.

Thus qs(q̃) lies on the e-side of v in the tree, while qs(a) and qs(b) lie on the t-side. Every path
from q̃ to a or b must meet ℓ, because its qs-image must pass through v.

Let U be the closure of the component of the unstable arc [a, b] \ ℓ containing q̃. The arc U and
the segment of ℓ joining its endpoints bound a Jordan disk D. Choose a small interval I ⊂ int U
about q̃ such that

ds
(
(H̃g)s(z), v

)
> C (z ∈ I).

Continuity gives this inequality, and Claim 4.2 gives mu
q (I) > 0.

A stable manifold through I cannot meet ℓ. Indeed, (H̃g)s is constant on that manifold, whereas
the displacement bound places (H̃g)s(ℓ) within distance C of v.

For z ∈ I ∩ Yq, Claim 4.3 gives a stable manifold transverse to I, with unbounded images on
both sides. One half-leaf enters D. It cannot stay there, since the image of the compact disk D is
bounded. It must leave through U , as it cannot meet ℓ. This gives the second topological crossing.
Since Yq is conull, the claim follows. See Figure 2. □

Claim 4.5 supplies the two crossings; it remains to choose them in the set of injectivity. Let
E = I ∩ Yq, which has positive mu

q -measure. By Claim 4.3, the stable manifold through each
z ∈ E meets W̃ u(q̃; G) transversely at z. By Claim 4.5, it has a second topologically transverse
intersection with this same unstable manifold.

The HHTU Sard argument, as used in [9, Proposition 4.5], shows that the exceptional subset of
E whose stable manifolds have a nontransverse second intersection has zero transverse Hausdorff
dimension. Since mu

q gives zero mass to such sets, there is a subset B ⊂ E of positive mu
q -measure

for which the second intersections are transverse.
After restricting B while retaining positive measure, these second intersections define a local

stable holonomy
θ : B ⊂ I1 −→ I2,

where I1 and I2 are disjoint subarcs of W̃ u(q̃; G). Both intersections defining θ are transverse. Ben
Ovadia’s absolute continuity result [3, Theorems 5.7 and 6.1] therefore implies that θ preserves the
corresponding leaf measure classes and, in particular,

mu
q (θ(B)) > 0.
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W̃ u(q̃; G)

q̃

I1

I2

θ
W̃ s(z; G)

z ∈ B∗ ⊂ Yq

θ(z) ∈ Yq

θ : B ⊂ I1 −→ I2 (stable holonomy)

B∗ = B ∩ Yq ∩ θ−1(Yq), mu
q (B∗) = mu

q (B) > 0.

(H̃g)s(z) = (H̃g)s(θ(z)), z ̸= θ(z), z, θ(z) ∈ Yq.

Figure 3. Contradiction to injectivity of (H̃g)s on Yq.

Since Yq is conull, we can therefore require both ends of a holonomy pair to belong to Yq:

B∗ := B ∩ Yq ∩ θ−1(Yq), mu
q (B \ B∗) = 0.

For z ∈ B∗, the distinct points z and θ(z) lie on the same lifted stable manifold, so

(H̃g)s(z) = (H̃g)s(θ(z)).
Both points belong to Yq, contradicting Claim 4.3. See Figure 3. □

Corollary 4.2. If g is a C∞ diffeomorphism isotopic to f , then
hN (g) = htop(g) ⇐⇒ htop(g) = htop(f).

In particular, whenever htop(g) > htop(f),
htop(f) ≤ hN (g) = htop(Φg) < htop(g).

Proof. If htop(g) = htop(f), the bounds
htop(f) ≤ hN (g) ≤ htop(g)

give equality. Conversely, suppose that hN (g) = htop(g). By Theorem 1.3,
htop(Φg) = htop(g).

If this common value exceeded htop(f), Theorem 1.4 would give a contradiction. Hence htop(g) =
htop(f). The final assertion follows from Theorem 1.3 and the same entropy bounds. □

4.1. Periodic-point growth and topological entropy. The entropy formula for Nielsen classes
does not extend to counting individual periodic points. Indeed, every pseudo-Anosov isotopy class
contains a C∞ diffeomorphism g for which Fix(gn) is finite for every n ≥ 1, but

htop(g) < lim sup
n→∞

1
n

log max{1, # Fix(gn)} = +∞.

To see this, first create a dissipative quadratic homoclinic tangency by a local modification of
a smooth representative. This does not change its isotopy class. Kaloshin proved that, after a
perturbation, there is an open set of diffeomorphisms U such that, for a residual subset R ⊂ U ,
the number of isolated periodic points grows faster than any prescribed sequence. More precisely,



22 PABLO D. CARRASCO, FEDERICO RODRIGUEZ-HERTZ, JANA RODRIGUEZ-HERTZ, AND RAÚL URES

if Pn(g) denotes the number of isolated fixed points of gn, then, for every sequence (an) of positive
integers, the condition

lim sup
n→∞

Pn(g)
an

= +∞

holds for every g ∈ R [14, Theorem 3]. This conclusion also holds in the C∞ topology [7, Intro-
duction, comment (i)].

Apply this result with an = ⌈en2⌉ and choose g in the intersection of this residual set with the
Kupka–Smale residual set. All fixed points of each iterate are then hyperbolic and hence isolated;
compactness gives

# Fix(gn) = Pn(g) < ∞.

For infinitely many n, this number exceeds en2 , so its exponential growth rate is infinite. In contrast,
htop(g) is finite because g is Lipschitz on the compact surface. See [16, Theorem 3.2.9].

5. Continuity of the quotient entropy

Proof of Theorem 1.5. Let gj → g in the C0 topology. By (3.7), the maps Hgj converge uniformly
to Hg, and L(gj) converges to L(g) in the Hausdorff topology. As recalled in Section 3.5, item (i),

K = L(g) ∪
⋃
j≥1

L(gj)

is a compact Φ-invariant set on which Φ is expansive. We shall compare all the quotient systems
inside this fixed set.

Claim 5.1. One has
lim sup

j→∞
htop(Φgj ) ≤ htop(Φg).

Proof of Claim 5.1. Choose a finite open cover U of K whose mesh is smaller than an expansivity
constant of Φ|K . For a fixed m ≥ 1, let U (m) denote its refinement along the first m iterates, as in
Section 3.5, item (ii). A minimal subfamily of U (m) covering L(g) also covers an open neighborhood
of L(g) in K. Hausdorff convergence therefore gives

N(U (m)|L(gj)) ≤ N(U (m)|L(g))

for all sufficiently large j. Applying (3.8), we obtain

lim sup
j→∞

htop(Φgj ) ≤ 1
m

log N(U (m)|L(g)).

Taking the infimum over m and using the same formula for L(g) proves the claim. □

Assume now that g is C1+α, and fix 0 < a < htop(Φg). To obtain the reverse inequality, we will
find a horseshoe whose image in the quotient has entropy larger than a and remains present under
perturbation.

Claim 5.2. There are n ≥ 1 and a locally maximal hyperbolic horseshoe Λ for gn such that Hg|Λ
is injective and

1
n

htop(gn|Λ) > a.

Proof of Claim 5.2. By the variational principle we can choose an ergodic Φg-invariant probability
measure ν with hν(Φg) > a. Let µ be an ergodic invariant lift under Hg.

Choose ϵ > 0 so that hν(Φg) − 2ϵ > a. The Brin–Katok estimate (3.10) supplies a radius r > 0
and a measurable set A ⊂ L(g) of positive ν-measure on which the Bowen-ball estimate holds
uniformly for all sufficiently large n. We shall choose our return points in H−1

g (A), so that the
same estimate applies to each of their images in the quotient.
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Choose η > 0 so small that

dM (y, z) < η =⇒ d(Hg(y), Hg(z)) < r/3.

Apply the return-rectangle construction in Section 3.5, item (iv), to the measure µ, this value of
η, and the positive-measure set H−1

g (A). It provides a rectangle R and a measurable set B ⊂
H−1

g (A) ∩ R with µ(B) > 0.
Applying (3.2) to B, we get arbitrarily large n and finite sets En ⊂ B ∩ g−nB such that Hg(En)

is (n, r)-separated, Hg is injective on En, and

#En ≥ cBen(hν(Φg)−ϵ).

Choose such an n large enough for the return-rectangle construction and for
1
n

log #En > a.

For each x ∈ En, let Vx be the corresponding vertical return strip. By (3.11) and the choice of
η, every y ∈ Vx satisfies

(5.1) dΦg
n (Hg(y), Hg(x)) < r/3,

where d
Φg
n is the Bowen distance defined in Section 3.5, item (iii). These strips are pairwise disjoint:

a point in Vx ∩ Vx′ , with x ̸= x′, would place Hg(x) and Hg(x′) at Bowen distance less than 2r/3,
contradicting their separation.

The Katok–Mendoza construction (3.12) therefore gives a horseshoe Λ for gn, whose points
are uniquely determined by their bi-infinite itineraries among the strips Vx. We check that Hg

distinguishes these points as well. If y, z ∈ Λ are distinct, their itineraries differ at some k ∈ Z.
Thus gkny ∈ Vx and gknz ∈ Vx′ for distinct x, x′ ∈ En. The separation of Hg(En) and (5.1) imply

dΦg
n

(
Hg(gkny), Hg(gknz)

)
> r/3.

If Hg(y) = Hg(z), the semiconjugacy identity would make this distance zero. Hence Hg|Λ is
injective. Finally, (3.13) gives

1
n

htop(gn|Λ) = 1
n

log #En > a.

□

Claim 5.3. For all sufficiently large j, there is a compact gn
j -invariant set Λj such that

Hgj (Λj) = Hg(Λ).

Proof of Claim 5.3. Since gn
j → gn uniformly, the semistability statement (3.14) provides compact

gn
j -invariant sets Λj and continuous surjections rj : Λj → Λ satisfying

rj ◦ gn
j = gn ◦ rj , sup

x∈Λj

dM (x, rj(x)) −→ 0.

Uniform convergence of Hgj and uniform continuity of Hg give

sup
x∈Λj

d
(
Hgj (x), Hg(rj(x))

)
−→ 0.

Thus Hgj |Λj
and Hg ◦ rj are uniformly close maps into K. Both intertwine gn

j with Φn: for the first
map this is the quotient semiconjugacy identity, and for the second it follows from the identity for
rj . The uniqueness consequence of expansivity recalled in Section 3.5, item (ii), therefore gives

Hgj |Λj
= Hg ◦ rj

for all sufficiently large j. Since rj is onto, their images equal Hg(Λ), proving the claim. □
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The continuous injection Hg|Λ is a homeomorphism onto its image, and it conjugates gn|Λ to
Φn|Hg(Λ). By Claim 5.3, this same compact Φn-invariant set is contained in L(gj) for all sufficiently
large j. Since entropy scales by n under iteration,

htop(Φgj ) = 1
n

htop(Φn|L(gj))

≥ 1
n

htop(Φn|Hg(Λ)) = 1
n

htop(gn|Λ) > a.

Letting a ↑ htop(Φg) proves lower semicontinuity at g. Together with Claim 5.1, this proves the
theorem. □

6. Questions

The following questions remain open:

Question 6.1. Do Theorems 1.3 and 1.4 hold for arbitrary homeomorphisms in the isotopy class
of a pseudo-Anosov map? Is g 7→ htop(Φg) continuous throughout this isotopy class?

Question 6.2 (Periodic growth for analytic maps). Does every pseudo-Anosov isotopy class contain
a real-analytic diffeomorphism g, with # Fix(gn) < ∞ for every n, whose exponential periodic-point
growth rate exceeds htop(g)? Namely,

htop(g) < lim sup
n→∞

1
n

log max{1, # Fix(gn)}?

Question 6.3 (Strict monotonicity). Does a strictly larger quotient necessarily have greater en-
tropy? Namely, does

L(g1) ⊊ L(g2) ⇒ htop(Φg1) < htop(Φg2)?
This question was already stated in [23, Question 4.1]. After Theorem 1.3, it asks whether additional
global orbit classes necessarily increase the exponential growth rate of their Nielsen classes.

The case where g1 = f follows from [13] and the entropy formula found in Theorem 1.3.

Question 6.4 (Entropy gap). This question refines the minimization problem posed in [23, Ques-
tion 4.5], which asks whether each class of representatives with the same quotient admits a repre-
sentative of minimal entropy.

Let K = L(g0) for some C∞ diffeomorphism g0 ≃ f , and suppose that

htop(Φ|K) > htop(f).

Does there exist δ(K) > 0 such that

htop(g) ≥ htop(Φ|K) + δ(K)

for every C∞ diffeomorphism g ≃ f satisfying L(g) = K?
Our theorem gives a positive entropy gap for each smooth representative. The question is whether

this gap can tend to zero while the quotient remains fixed. A negative answer would yield a sequence
of C∞ diffeomorphisms gj ≃ f with L(gj) = K and

htop(gj) −→ htop(Φ|K).

In that case, the quotient entropy would be the unattained infimum of the entropies of its smooth
realizations.

Does this answer change if we allow g0 and g to be arbitrary homeomorphisms?

Question 6.5. Does the specification property hold for all Φg?
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This appendix reproduces the manuscript “Dynamics in the isotopy class of a pseudo-Anosov map” by Federico Rodriguez-
Hertz, Jana Rodriguez-Hertz, and Raúl Ures, originally posted on arXiv in 2004 ([23]) but never published in a journal. We
include it here for completeness and ease of reference, with only typographical and formatting adjustments.

Appendix A. Dynamics in the isotopy class of a pseudo-Anosov map

Federico Rodriguez-Hertz, Jana Rodriguez-Hertz, and Raúl Ures
Despite its homotopical stability, new relevant dynamics appear in the isotopy class of a pseudo-Anosov homeomorphism. We
study these new dynamics by identifying homotopically equivalent orbits, obtaining a more complete description of the topology
of the corresponding quotient spaces, and their stable and unstable sets. In particular, we get some insight on how new periodic
points appear, among other corollaries. A list of further questions and problems is added at the end of the paper.

A.1. Introduction. In this paper we consider a pseudo-Anosov homeomorphism f : M2 → M2 on a closed surface, and
homeomorphisms g : M2 → M2 in its isotopy class. The reader not familiar with these concepts may consult [FLP]. Following
[H], we shall use Katok’s global shadowing to compare orbits of f with orbits of g. According to this definition the f -orbit
of x is globally shadowed by the g-orbit of y if supn∈Z D(F n(x̃), Gn(ỹ)) < ∞, for some adequate lifts F, G, x̃, ỹ of f, g, x, y,
respectively, to the universal cover (D is any equivariant metric). For simplicity we denote (f, x) ∼ (g, y).

This equivalence relation permitted to state a kind of homotopical stability of f in its isotopy class, in the sense that for all
g ≃ f each f -orbit (f, x) is globally shadowed by (at least) one g-orbit (g, yx) [L, H, F]. That is, the dynamics of f is repeated
all over its isotopy class. However, unlike the Anosov case, new dynamics may appear for g, which are not globally shadowed
by f .

In this work we study these new dynamics using the following approach. Given a fixed g, we identify all (g, x) ∼ (g, x′),
obtaining a quotient space ML(g). The map g naturally induces a homeomorphism gL on ML(g). Observe that, in general
ML(g) is no longer a surface, though gL is still expansive.

The core of this paper is based on an observation, due to Fathi [F], of the existence of a “universal torus" Z and a hyperbolic
extension Φ of f in Z, for which M is the smallest non trivial invariant sub-continuum. The universal cover of Z is the product
of two trees obtained from the stable and unstable foliations, respectively.

Our first theorem states that all ML(g) are naturally embedded in Z, and that gL is nothing but Φ restricted to ML(g)

Theorem A.1. Let f : M2 → M2 be a pseudo-Anosov homeomorphism on a closed surface. Then there exists Z and a
homeomorphism Φ : Z → Z, such that:
(A.1.1) Φ : Z → Z is a metrically split hyperbolic homeomorphism.
(A.1.2) Φ has the pseudo-orbit tracing property on Z. Additionally, the pseudo orbits of any lift of Φ are uniquely shadowed

in the universal cover of Z.
(A.1.3) For all g : M2 → M2 homotopic to f , there exists a Φ-invariant subset L(g) ⊂ Z on which gL is conjugate to Φ|L(g)

Remark. A hyperbolic homeomorphism is to be understood in the sense of Bowen, that is, one having hyperbolic canonical
coordinates [B2]. The definition of metrically splitting is, mutatis mutandis, as in Franks ([Fr], p.67).

Theorem A.1 provides a unified scenario for all ML(g) and gL, endowed with a hyperbolic structure. From now on, we shall
write L(g) and Φg = Φ|L(g) instead of ML(g) and gL. We find that:

Theorem A.2. The application g 7→ L(g) ∈ 2Z is continuous in the isotopy class of f , 2Z endowed with the Hausdorff
topology. The set {L(g) : g ≃ f} ⊂ 2Z is arcwise connected

As a Corollary we obtain

Corollary A.3. Φg is never topologically stable. If g and g′ are semiconjugate by a semiconjugacy homotopic to the identity
then L(g) = L(g′).

Corollary A.3 shows that each Φg has a distinct dynamics. Let us point out that always when a pair g, g′ are semiconjugate,
a semiconjugacy can be chosen to be homotopic to a symmetry of f (see comments in §A.4). Although previous statements
give some light to the new dynamics appearing in the isotopy class of f , they mainly open many questions and problems, in
§A.4 we state some of them.

It is expectable that the study, and specially the local analysis of the sets L(g) will bring information about the dynamics
of the Φg , and are an interesting topic in its own. Following result describes the local properties of L(g), new periodic points,
and local stable and unstable sets.

Theorem A.4. Let g : M2 → M2 be a homeomorphism on a closed surface, g ≃ f . Then:
(A.1.1) The topological dimension of L(g) is 2.
(A.1.2) There exists ε > 0 such that CW s

ε (x) and CW u
ε (x) are nontrivial dendrites for all x ∈ L(g), with diameters bounded

from below.
(A.1.3) If p ∈ Per(Φg) \ Per(Φf ) then p is an endpoint of both CW s

ε (p) and CW u
ε (p).

The ε-stable component of x, CW s
ε (x), denotes the component of x in W s

ε (x), the ε-local stable set of x. A dendrite is a
uniquely arcwise connected curve.

Item A.1.2 improves [CS] where, using delicate arguments of plane topology, it was shown arcwise connectedness of CW σ
ε (x)

for g C0-close to an expansive homeomorphism. It also extends the result over the isotopy class of f .
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A.2. Global Properties. From now on, f : M → M will be a pseudo-Anosov homeomorphism and F : M̃ → M̃ any lift of f
to the universal covering of M . Associated to F there are two transversal invariant foliations with singularities, Fu and Fs,
with transverse measures contracted and expanded by F with rates λ > 1 and λ−1, respectively.

We briefly describe some remarkable properties of the construction used by A. Fathi to embed a pseudo-Anosov homeomor-
phism in a hyperbolic dynamics. The reader interested in the details should consult [F].

(A.2.1) The set of σ-leaves T σ = M̃/
F̃σ

is a non locally compact, not complete tree, when the distance of two points in T σ

is defined as the minimum over the transverse measures of arcs joining their associated leaves (σ = s, u) [MS].

(A.2.2) The completion T̂ σ of T σ is still a non locally compact tree [MS], on which F and the fundamental group Γ of M
naturally act, since the covering transformations of F are isometries of the metrics defined in (A.2.1).

(A.2.3) The metric associated to T̂ s is λ-expanded under the action of F , while the metric of T̂ u is λ−1-contracted.

(A.2.4) The product action Φ̃ on Z̃ = T̂ s × T̂ u is a metrically split hyperbolic homeomorphism. Z = Z̃/Γ is a metric space
having Z̃ as universal cover (the product metric is Γ-equivariant). Φ̃ trivially induces a homeomorphism Φ on Z.

(A.2.5) The set L̃(f) = {(ls, lu) ∈ Z̃ : ls ∩ lu ̸= ∅} is homeomorphic to M̃ . Its projection to Z, L(f), is Φ-invariant and
Φf = Φ|L(f) is conjugate to f . Moreover, L(f) is contained in all non trivial Φ-invariant closed connected subsets of
Z [F].

Bowen’s proof of the shadowing lemma [B1] works also in this setting, both for Φ and for Φ̃, since Z and Z̃ are complete.
Being Z̃ metrically split, the fact that Φ̃ is a hyperbolic homeomorphism easily implies that every Φ̃-pseudo-orbit is uniquely
shadowed.

Let us prove that each gL is a restriction of Φ to a set homeomorphic to ML(g):
In view of A.2.5, L̃(f) is a universal cover of M and Φ̃ is a lift of f when restricted to this set. Take a lift G of g, equivariantly

homotopic to Φ̃|
L̃(f). Then each G-orbit is a pseudo orbit of Φ̃. Shadowing Lemma provides a continuous map H̃ : L̃(f) → Z̃

that is a Γ-invariant semiconjugacy between G and Φ̃|
Im(H̃)

. This induces a semiconjugacy H : L(f) → Im(H) ⊂ Z, with the
property that x′ ∈ H−1(x) if and only if (g, x) ∼ (g, x′). Hence Im(H) = L(g) is homeomorphic to ML(g) and gL is conjugate
to Φ|L(g), ending proof of Theorem A.1.

It is easy to prove that semiconjugacies that send M into Z vary continuously with respect to homeomorphisms g of M ,
in the C0 topology. This implies that L = {L(g) ⊂ Z; g homeomorphism of M} is an arcwise-connected set in the Hausdorff
topology. In particular, no L(g) is an isolated set of Φ. This implies they have not the shadowing property, which in this
context means they are not topologically stable.

For the proof of Corollary A.3, take a continuous h : M → M homotopic to the identity such that h ◦ g = g′ ◦ h. Consider a
lift h̃ of h to L̃(f), and the Γ-invariant semiconjugacies H̃, H̃′ : L̃(f) → Z̃ obtained in the proof of Theorem A.1.3 for lifts G,
G′ of g, g′ respectively. We claim that H̃ = H̃′ ◦ h̃ for a suitable h̃. Indeed, as h̃ can be chosen to be at a bounded distance
of the identity, we easily obtain that the distance between Φ̃n ◦ H̃(x)(= H̃ ◦ Gn(x)) and Φ̃n ◦ H̃′ ◦ h̃(x)(= H̃′ ◦ h̃ ◦ Gn(x)))
is uniformly bounded over n ∈ Z. We conclude H̃(x) = H̃′ ◦ h̃(x) due to hyperbolicity of Φ̃. The fact that h̃ is onto implies
Im(H) = Im(H′) and the Corollary follows.

A.3. Local Properties. This section is devoted to proving Theorem A.4:
(A.3.1) Item A.1.1 is in part a consequence of Theorem A.1.3, since Z, being the product of two trees, has topological

dimension 2. On the other hand, L(g) contains a copy of M (item (A.2.5) of Section §A.2, see also [L, H]), hence its
topological dimension is 2.

(A.3.2) Item A.1.2 follows trivially from the fact that CW s
ε (x) are compact connected subsets of a tree. These sets have

uniform size due to [L] (L(g) are locally connected).
(A.3.3) Let p be a periodic point of Φ. Take p̃ = (ls, lu) a lift of p. If ls ∈ T s, there exist a lift Φ̃ of Φ and a covering

transformation τ such that τ Φ̃n(p̃) = p̃, implying ls is periodic for f : M → M . It follows that ls contains an
n-periodic q of f . There exists a lift q̃ of q to L̃(f) that is fixed by τΦ̃n. Since τ Φ̃n

Z has a unique fixed point we
obtain that p = q ∈ M . This shows a Φ-periodic point is in L(f) if and only if its corresponding leaves lsp and lup are,
respectively, in the trees T s and T u.

Now, points in the completion T̂ σ that are not in T σ , are endpoints of the tree [F], so we arrive to the desired
conclusion.

A.4. Questions & Comments. The first set of questions concerns the relation between topological entropy, periodic points,
and the sets L(g)

Question A.5. Is the application g 7→ htop(Φg) continuous? Is it strictly increasing with respect to inclusions of L(g)’s?

Question A.6. Does Bowen’s formula apply for htop(Φg)?

Question A.7. Are periodic points dense in L(g)?

Let us point out that, in case g is Axiom A with the strong transversality condition, it is known from [LU] that question
A.7 has an affirmative answer.
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Observe that L(g) = L(g′) does not necessarily imply g is semiconjugate to g′. However; an equivalence relation can be
defined for g in the isotopy class of f , namely: g ≈ g′ iff L(g) = L(g′). Is this relation dynamically relevant in some sense? For
example:

Question A.8. Is every L(g) realized by some Axiom A? That is, does every ≈-class contain an Axiom A?

Question A.9. Is there a minimal representative (e.g. in the sense of its number of periodic points, topological entropy, etc)
in each ≈-class?

Question A.10. Does any Φ-invariant subcontinuum of Z correspond to a L(g), for some g in the isotopy class of f?

We would like also to observe that this question is still unsolved:

Question A.11. Is dimp L(g) = 2 at all points p ∈ L(g)? Does L(g) have a special topological structure, such as Cantor
manifold, etc.?

Finally, though it is not in the scope of our paper, it is interesting to note that the existence of two semiconjugate homeo-
morphisms in the isotopy class of a pseudo-Anosov map f , whose semiconjugacy cannot be chosen homotopic to the identity
indicates the presence of symmetries of f .
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