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Abstract of the Dissertation

Aspects of Constraining Dark Energy

by

Jonathan Gordon

Doctor of Philosophy

in

Physics

Stony Brook University

2024

In this thesis, I discuss aspects of constraining cosmological models
beyond the Λ Cold Dark Matter (ΛCDM) framework, with data.
Despite the success of ΛCDM in providing a close fit to a variety
of datasets, inconsistencies have arisen as the precision of cosmo-
logical experiments has evolved. Most notably, determination of
the Hubble constant H0 from the Cosmic Microwave Background
(CMB) assuming the ΛCDM model produces a value 5σ lower than
indicated by local measurements, suggesting the possibility of new
physics. Less well-known is the S8 tension, in which large-scale
structure (LSS) measurements yield a value up to 3σ lower than
the CMB under ΛCDM.

While systematics of the experiments are a possible explanation for
such tensions, another appealing avenue of research is to explore
alternative models to ΛCDM that may correct the inference of cos-
mological parameters from data. The idea of Early Dark Energy
(EDE) was proposed for this purpose. The EDE model posits that
a source of energy was present in the period immediately preceding
recombination, before rapidly dissipating. This additional energy
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lowers the inferred size of the sound horizon from CMB data, in-
creasing the measurement of H0. However, analyses of the EDE
model have suggested that while it can alleviate the H0 tension, it
can also exacerbate the S8 tension. Therefore, this thesis begins
with an exploration of whether the combination of early and late
dark energy can restore cosmological concordance, by marginaliz-
ing over the behavior of a smooth late dark energy.

Although there are a variety of appealing beyond-ΛCDM models,
the majority of them lack a fast and accurate prescription to predict
observables from the cosmological parameters of the model on small
scales where linear perturbation theory is not valid. With the
next generation of Stage IV LSS surveys beginning to release data
deeper into this nonlinear regime than ever before, modeling tools
must be enhanced to meet the challenge. Therefore, the second
part of this thesis tests one proposed prescription to generate fast
predictions of the nonlinear matter power spectrum. In particular,
I test the Co-moving Lagrangian Acceleration (COLA) method as
a means of generating training sets for an emulator, which I use in
an LSST-Y1 simulated cosmic shear analysis. I perform this test
using the wCDM model, a minimal extension to ΛCDM, for which
high-resolution N -body simulation benchmarks exist and can be
used to assess performance.
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Chapter 1

Introduction

1.1 General Relativity and the FLRW Metric
The development of Einstein’s theory of General Relativity in 1915 revolu-
tionized the study of cosmology. General Relativity provided a geometric
description of gravity, redefining it as the curvature of spacetime, shaped by
the distribution of mass and energy. This theory challenged the Newtonian
notion of a static Universe, instead positing that the Universe is inherently
dynamical, having profound implications for cosmology.

In General Relativity, the geometry of spacetime determines the motion of
particles and light. If we parameterize their paths with some affine parameter
λ ∈ [0, 1], the proper time τ along the path is then represented by:

τ =

∫ 1

0

√
−gµν

dxµ

dλ

dxν

dλ
dλ. (1.1)

Here gµν is called the metric tensor which encapsulates the geometry of space-
time and determines how distances are measured. Extremal paths in this ge-
ometry are then determined by varying Eq. 1.1 with respect to the coordinates
xµ(λ), giving the equation:

d2xµ

dλ2
+ Γµ

ρσ

dxρ

dλ

dxσ

dλ
= 0. (1.2)

This is known as the geodesic equation and it determines the trajectories
of freely moving particles and light, that is, subject only to the influence of
gravity.

While the geodesic equation determines how particles move within a given
spacetime, we now consider how matter and energy determine the geometry
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of spacetime. This is provided by the Einstein field equation, the centerpiece
of the theory:

Gµν + Λgµν =
8πG

c4
Tµν . (1.3)

Here, Gµν , Tµν are the Einstein and energy-momentum tensors respectively,
and we also have the cosmological constant Λ, the speed of light c, and the
gravitational constant G. While the left hand side of the equation relates to
the geometry of spacetime, the right hand side encodes information about its
energy contents.

As in many areas of physics, it is useful to first study the Einstein equation
in an idealized scenario. In this case, we assume that the Universe is homoge-
neous and isotropic. These assumptions are expected to be a closer approxi-
mation to reality on the larger scales of the Universe, a rationale referred to as
the Cosmological Principle. The most general form of the metric tensor which
accommodates these properties is the Friedmann–Lemaître–Robertson–Walker
(FLRW) metric:

ds2 = −dt2 + a2(t)
[ dr2

1− kr2/R2
0

+ r2dΩ2
]
, (1.4)

where k ∈ {−1, 0, 1} is a dimensionless parameter that sets the geometry of the
spatial slices, and R0 sets the scale of the curvature. The spatial dimensions
are scaled by a function of time, called the scale factor a(t). I have also set the
speed of light c = 1, and will maintain this throughout the rest of the text.
Eq. 1.4 is equivalent under a simultaneous rescaling by a constant λ: a→ λa,
r → r/λ, and R0 → R0/λ. This allows us to set the scale factor today to
a(t0) = 1, which gives R0 the interpretation of the curvature scale today. We
will use the subscript 0 to denote any quantity evaluated today.

It is sometimes insightful to define new variables so that we may rewrite
the metric. There is the conformal time, defined by:

dη ≡ dt

a(t)
, (1.5)

and the comoving radial component:

dχ ≡ dr√
1− kr2/R2

0

. (1.6)

The line element in Eq 1.4 can then be written as:

ds2 = a2(η)
[
− dη2 + (dχ2 + S2

k(χ)dΩ
2)
]
, (1.7)
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where

Sk(χ) ≡ R0 ×


sinh(χ/R0) if k = −1 (open universe),
χ/R0 if k = 0 (flat universe),
sin(χ/R0) if k = 1 (closed universe).

The metric in Eq. 1.7 is now factorized into a static portion, and the time-
dependent a(η).

The properties of isotropy and homogeneity also imply that the energy-
momentum tensor of a given matter species should be that of a perfect fluid:

Tµν = (ρ(t) + P (t))uµuν + P (t)gµν , (1.8)

where u is the 4-velocity of the fluid, P (t) is the pressure, and ρ(t) is the energy
density. The energy-momentum tensor for each species of matter is conserved
∇µTµν = 0, yielding the continuity equation for a particular species of matter:

ρ̇i + 3H(ρi + Pi) = 0. (1.9)

Here H(t) ≡ ȧ
a

is called the Hubble parameter and is fundamental in tracking
the expansion of the Universe. We can also write the continuity equation in
conformal time:

dρi
dη

+ 3H(ρi + Pi) = 0, (1.10)

where H ≡ 1
a
da
dη

is the conformal Hubble parameter.
Eq. 1.9 can be solved by proposing a relationship between the energy den-

sity and pressure. This is accomplished by defining the following parameter
wi ≡ Pi/ρi, called the equation of state parameter, which is taken to be con-
stant for many energy species. From this we obtain the result that the energy
density of the species changes over time via the relationship:

ρi(t) ∝ a−3(1+wi). (1.11)

With the form of the metric and energy-momentum tensors now specified,
the Einstein field equation (Eq. 1.3) relates their components. The Einstein
equation also gives rise to what are known as the Friedmann equations, though
they are not both independent of Eq. 1.9:

H2(t) =
8πG

3
ρtot(t)−

k

a2R2
0

, (1.12)

ä

a
= −4πG

3
(ρtot(t) + 3P (t)), (1.13)
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where ρtot(t) is now the total energy density of all species combined. Though
our universe is not homogeneous or isotropic, these equations capture the
essence of the dynamics of an expanding universe and provide many important
insights. From the first Friedmann equation it can be seen that a flat Universe
where k = 0, is achieved with a critical value of the density ρcrit =

3H2

8πG
. In

particular, today ρcrit,0 =
3H2

0

8πG
where the Hubble constant H0 ≡ H(t0) is the

Hubble parameter today. The energy density of each species can then be
normalized by the critical density:

Ωi ≡
ρi
ρcrit

. (1.14)

We see that in a flat Universe the sum over the various species gives
∑

i Ωi = 1,
and it is common to define the curvature density parameter Ωk ≡ 1 −∑i Ωi.
Using Eq. 1.12, this implies Ωk = − k

a2R2
0H

2 which scales as a−2.

1.2 Standard Model of Cosmology
In the Friedmann equations the dynamics of the universe depend on the total
energy density, hence it is essential to consider the particular species of matter
and energy present in a given cosmological model. The ΛCDM model is con-
sidered the Standard Model of cosmology, providing a good fit to a variety of
datasets with only 6 free parameters. It posits that the Universe is comprised
of these primary species:

• Cold Dark Matter (CDM): A non-relativistic form of matter which does
not interact with electromagnetic radiation. Plays a critical role in the
formation of large-scale structure.

• Baryons: Ordinary matter made up of protons, neutrons, electrons,
which comprise atoms, and hence stars and galaxies.

• Radiation: Relativistic particles such as photons or neutrinos in the early
Universe.

• Neutrinos: Light, weakly-interacting particles. In the early Universe
they behaved relativistically. However, due to their nonzero mass, as the
Universe cooled they transitioned to non-relativistic behavior, influenc-
ing the growth of structure.

• Dark Energy (Λ): Modeled as a constant form of energy density filling
all of space, causing the accelerated expansion of the Universe.
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I will use the subscripts i = c, b, γ, ν,Λ to denote these species respectively.
Eq. 1.11 shows that the energy density of a species decays more quickly over
time with a larger value of the equation of state parameter. The largest equa-
tion of state parameter among the aforementioned species occurs for radiation,
which has wγ = 1

3
so that ργ(t) ∝ a−4. This implies that at a sufficiently early

epoch radiation was the most abundant species, called the era of radiation
domination.

Baryonic matter and cold dark matter both are characterized by a pressure
much lower than their energy density |P | << ρ so that we set wb = wc = 0.
Hence, by Eq. 1.11 their energy density decreases over time as ρm(t) ∝ a−3

where the subscript m refers to any species of matter which has a vanishing
equation of state parameter. Therefore, once the radiation energy density
dissipates the Universe enters the era of matter domination where matter is
the most abundant species.

Finally, from Eq. 1.11 it can be seen that a constant form of energy density
has equation of state wΛ = −1. Once the matter energy density declines such
a constant form of dark energy becomes the most abundant species bringing
the Universe into an era of dark energy domination, which we are in today.
The notion of a nonzero vacuum energy also arises in Quantum Field Theory,
however it predicts an energy density O(1060) times greater than modern cos-
mological measurements indicate [5], leading to a crisis that is known as the
cosmological constant problem.

1.3 Basic Extensions to ΛCDM
In this section, I briefly discuss some minor extensions to the ΛCDM model
which will be mentioned in later chapters. One simple extension is the wCDM
model, where dark energy is taken to be a perfect fluid with an equation of
state wDE that is constant, but is allowed to vary from -1. Therefore, the dark
energy density no longer remains constant over time, but evolves as:

ρDE(t) ∝ a−3(1+wDE). (1.15)

Hence, for wDE > −1 dark energy decays over time, but for wDE < −1 it would
increase over time, called phantom dark energy.

This model can be further extended by allowing for a dynamical equation
of state which varies over time. A common example is the w0wa model [6, 7],
where the dark energy equation of state is parameterized by:

wDE(a) = w0 + wa(1− a). (1.16)
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Therefore, in the early universe where a → 0 dark energy has an equation of
state w0 + wa, which then transitions to w0 by today. From Eq. 1.9, the dark
energy density under this parameterization evolves as:

ρDE(t) ∝ a−3(1+w0+wa)e−3wa(1−a). (1.17)

Another interesting class of dark energy models are the quintessence mod-
els, in which dark energy is modeled as a canonical scalar field, ϕ(x, t), which
interacts with other matter constituents only through gravity. The Lagrangian
density for the field is:

Lϕ = −1

2
gµν∂µϕ∂νϕ− V (ϕ), (1.18)

where V (ϕ) is the potential energy density. The energy-momentum tensor of
the quintessence field is then obtained by varying the action with respect to
the metric:

T (ϕ)
µν = − 2√−g

δ(
√−gLϕ)

δgµν
(1.19)

= ∂µϕ∂νϕ− gµν

[
1

2
gρσ∂ρϕ∂σϕ+ V (ϕ)

]
. (1.20)

We then can obtain the energy density and pressure of the quintessence field
by:

ρϕ = −T 0(ϕ)
0 =

1

2
ϕ̇2 + V (ϕ), (1.21)

Pϕ =
1

3
T

i(ϕ)
i =

1

2
ϕ̇2 − V (ϕ). (1.22)

The equation of state of dark energy is then:

wϕ ≡ Pϕ

ρϕ
=
ϕ̇2 − 2V (ϕ)

ϕ̇2 + 2V (ϕ)
. (1.23)

The continuity equation (Eq. 1.9) for this field along with Eqs. 1.21-1.22 can
be combined to yield the Klein-Gordon equation for the scalar field:

ϕ̈+ 3Hϕ̇+ V,ϕ = 0, (1.24)

where V,ϕ ≡ dV/dϕ. This can also be obtained by varying the action with
respect to ϕ. The ϕ̇ term is known as the Hubble friction, slowing the evolution
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of the field as the universe expands.
In order for the scalar field energy density to become appreciable at late

times, it is common to seek potentials that allow the scalar field energy density
to track the density of another matter species. For this behavior, the potential
must not be too steep, otherwise ϕ̇2 >> V (ϕ) and wϕ ≈ 1 which leads to a
decay much faster than matter ρϕ ∝ a−6. To achieve late time acceleration, we
must have wϕ < −1/3, which by Eq. 1.23 implies ϕ̇2 < V (ϕ). Scalar fields can
also be used to realize inflation, as well as dark energy that is more appreciable
at earlier times, discussed more in Sec. 3.1.

1.4 Distances
Inferring distances in cosmology is essential for understanding the structure
and history of the Universe. However, this procedure is complicated due to
the expansion of the Universe, relativity, and the finite time required for light
to reach an observer. First, let us consider how the expansion of the Universe
affects the light we measure. If light is emitted from a source at time t1
and observed today at time t0, the Universe will have expanded by a factor
a(t0)/a(t1), or 1/a(t1) using a(t0) = 1. Then the wavelength of the light will
have been stretched by the same amount, which we quantify with the redshift
parameter z:

1 + z ≡ λ0
λ1

=
1

a(t1)
. (1.25)

Thus, light emitted today will have z = 0, increasing the farther in the past it
was emitted.

One quantity related to distance that astronomers can observe is the flux
F , or power per unit area, of light being received from a source. This can
be related to the total power being emitted by the source, or the luminosity
L. This is useful because astronomers can use standard candles, or objects of
known brightness, to predict luminosity. We then simply need to relate the
luminosity to the flux. We can first imagine a static Euclidean universe, in
which the radiation is emitted isotropically from a source. If we consider all
the light which was emitted at some time t1, it would have traveled a distance
χ in all directions uniformly, being evenly spread over a sphere of radius 4πχ2.
Therefore, the observed flux will be:

F =
L

4πχ2
. (1.26)

However, there are several modifications we must make in our Universe. First,
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if the universe is not flat and the curvature k ̸= 0, then we must generalize
χ → Sk(χ) by Eq. 1.1. Second, the longer wavelength of the light implies the
photons will arrive at a rate suppressed by 1/a(t1), and hence reducing the
observed flux by this factor. And finally, the longer wavelength of the light also
reduces the energy of each photon suppressing the observed flux by another
factor of 1/a(t1). Correcting Eq. 1.26 for these factors, and applying Eq. 1.25,
we have:

F =
L

4πS2
k(χ)(1 + z)2

. (1.27)

Therefore, we see that the squared distance in flat space has effectively been
replaced by S2

k(χ)(1+z)
2, hence use this to define the luminosity distance, dL:

dL(z) ≡ Sk(χ)(1 + z). (1.28)

Another set of useful objects in observation are standard rulers, or objects
of known size D. Such objects can be related to their distance from the
observer by trigonometry. Assuming the object subtends a small angle δθ in
the sky, we can make the small angle approximation. In a static Euclidean
space, the relation would then be:

δθ =
D

χ
. (1.29)

However, as before we must account for other geometries by generalizing χ→
Sk(χ). We must also account for the fact that the comoving size of the object
is actually D/a(t1), where t1 is the time that the light was emitted from the
object. Again, using Eq. 1.25 and correcting Eq. 1.29 for these effects, we
obtain:

δθ =
D(1 + z)

Sk(χ)
. (1.30)

Therefore, by comparison with Eq. 1.29 we see the distance is now replaced
by Sk/(1 + z), and thus we call this the angular diameter distance, dA:

dA(z) ≡
Sk(χ)

1 + z
. (1.31)

1.5 Eulerian Perturbation Theory
The dynamics in Sec. 1.1 only apply to a Universe which is homogeneous and
isotropic. While they provide insight to many of the features of our Universe,
we must figure out a way to grapple with the structure in our Universe, which
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provides a wealth of data that can be used to constrain models. In order
to study the formation of structure, we introduce cosmological perturbation
theory which studies small deviations in the Universe from a homogeneous and
isotropic background.

In the Eulerian formulation of perturbation theory, these deviations are
considered at the level of the metric and energy-momentum tensors, and the
fields that parameterize them. Eulerian perturbation theory can then be used
to determine the dynamics of these fields as functions of spacetime coordinates,
using the Einstein equation. Carrying the inhomogeneities as x-dependence
in the perturbations, the perturbed tensors will take the following form at first
order:

gµν(η,x) = ḡµν(η) + δgµν(η,x) , (1.32)
Tµν(η,x) = T̄µν(η) + δTµν(η,x) , (1.33)

where the bar explicitly denotes unperturbed quantities.

1.5.1 Scalar, Vector, Tensor Decomposition

We take the flat FLRW metric as the background metric, but written in the
following form:

ds2 = a2(η)[−dη2 + γijdx
idxj] , (1.34)

where γij contains the spatial metric, having a constant curvature which I will
use K ≡ k/R2

0 to quantify1. We may then perform a decomposition of δgµν
and write the perturbed metric in the form [8]:

g00 = −a−2(1− 2A) , (1.35)
g0i = −a−2Bi , (1.36)

gij = −a−2(γij − 2HLγ
ij − 2H ij

T ) , (1.37)

where A is a scalar perturbation to the potential, and Bi is a vector shift
perturbation. We decomposed the spatial metric perturbation into a scalar
HL which serves as a perturbation to the curvature, and a traceless H ij

T term.
We also further decompose Bi by using the fact that any vector can be de-
composed as Bi = ∇iB + B̂i where B is a scalar, and the hat denotes a
divergenceless quantity. Therefore, the 3 scalars, the divergenceless 3-vector,
and the traceless, symmetric 3x3 rank-2 tensor comprise the 3 + 2 + 5 = 10
degrees of freedom of the metric perturbation.

1This is to avoid confusion with wavenumbers k used later in this section.
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The unperturbed stress energy tensor, we take to be that of a perfect fluid.
Then we may write the perturbed stress energy tensor as:

T 0
0 = −ρ̄− δρ , (1.38)

T 0
i = (ρ+ P )(vi −Bi) , (1.39)

T i
0 = −(ρ̄+ P̄ )vi , (1.40)
T i

j = (P̄ + δP )δij + P̄Πi
j , (1.41)

where δρ is a density perturbation, δP is a perturbation to the pressure, vi is
the peculiar bulk velocity, and Πij is a traceless tensor called the anisotropic
stress perturbation. We sometimes discuss the density contrast δ ≡ ρ(η,x)−ρ̄

ρ̄

which measures the fractional difference in the density from the homogeneous
solution. Hence, we the stress perturbations may also be specified with 1 +
1+ 3+ 5 = 10 parameters. With 10 Einstein equations, and 20 parameters, it
appears we have 20−10 = 10 degrees of freedom at this stage. We will later see
that 4 more degrees of freedom can be removed by a change of coordinates2.

The Einstein equations give rise to a coupled set of partial differential
equations and can prove difficult to solve, therefore it is typical to make use of
normal modes. We have scalar, divergenceless vector, and transverse traceless
tensor eigenmodes, which are eigenfunctions of the Laplacian:

∇2Q(0) = −k2Q(0) (1.42)

∇2Q
(±1)
i = −k2Q(±1)

i (1.43)

∇2Q
(±2)
ij = −k2Q(±2)

ij (1.44)

where ∇ is the covariant derivative, and it is understood that these eigenfunc-
tions depend on the particular mode. In flat space these can be represented
with:

Q(0) = eik·x , (1.45)

Q
(±1)
i =

−i√
2
(ê1 ± iê2)ie

ik·x , (1.46)

Q
(±2)
ij = −

√
3

8
(ê1 ± iê2)i(ê1 ± iê2)je

ik·x , (1.47)

where ê1 and ê2 are transverse to k, however, the eigenfunctions will be dif-
ferent in curved space. The divergenceless vector modes capture the vorticity,
and the transverse traceless tensor modes represent gravitational waves. We

2For the remainder of this section I suppress the bar over background quantities.
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also have curl-free vector modes and longitudonal tensor modes:

Q
(0)
i = −k−1∇iQ

(0) , (1.48)

Q
(0)
ij = (k−2∇i∇j +

1

3
γij)Q

(0) , (1.49)

Q
(±1)
ij = − 1

2k
[∇iQ

(±1)
j +∇jQ

(±1)
i ] , (1.50)

which are built from the other scalar and vector eigenmodes.
Hence, any scalar, vector, or tensor can be expanded over all eigenmodes,

with each eigenmode expanded over its various forms (divergenceless and curl-
free for vectors, and transverse traceless and longitudonal for tensors). More
concretely, for a given eigenmode the perturbations can be written for scalars
as:

A = Â Q(0) , (1.51)

HL = ĤL Q
(0) , (1.52)

δρ = δ̂ρ Q(0) , (1.53)

δP = ˆδP Q(0) , (1.54)

for vectors as:

Bi =
1∑

m=−1

B̂(m) Q
(m)
i , (1.55)

vi =
1∑

m=−1

v̂(m) Q
(m)
i , (1.56)

and for tensor perturbations:

HT ij =
2∑

m=−2

Ĥ
(m)
T Q

(m)
ij , (1.57)

Πij =
2∑

m=−2

Π̂(m) Q
(m)
ij . (1.58)

We will now suppress the superscript (0) for scalars, the hat, and the bar for
unperturbed quantities.

There are now 2 conservation, and 4 Einstein equations on the scalar per-
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turbations, which hold for each mode:[ d
dη

+3H
]
δρ+3HδP =−(ρ+P )(kv+3ḢL) , (1.59)[ d

dη
+4H

]
[(ρ+P )

(v−B)

k
] = δP − 2

3
(1−3

K

k2
)PΠ+(ρ+P )A,

(1.60)

(k2−3K)[HL+
1

3
HT +

H
k2

(kB−ḢT )] = 4πGa2
[
δρ+3H(ρ+P )

(v−B)

k

]
,

(1.61)

k2(A+HL+
1

3
HT )+

( d
dη

+2H
)
(kB−ḢT )=−8πGa2PΠ , (1.62)

HA−ḢL−
1

3
ḢT −

K

k2
(kB−ḢT )= 4πGa2(ρ+P )

(v−B)

k
, (1.63)[

2Ḣ+H d

dη
− k2

3

]
A−

[ d
dη

+H
]
(ḢL+

1

3
kB)= 4πGa2(δP +

1

3
δρ) , (1.64)

where dots are derivatives with respect to conformal time3. Note that only 4
of these equations are functionally independent. We also have 1 conservation
and 2 Einstein equations on the vector perturbations:[ d

dη
+ 4H

][
(ρ+ P )

(v(±1) −B(±1))

k

]
= −1

2
(1− 2K

k2
)PΠ(±1) , (1.65)(

1− 2K

k2

)
(kB(±1) − Ḣ

(±1)
T ) = 16πGa2(ρ+ P )

(v(±1) −B(±1))

k
,

(1.66)[ d
dη

+ 2H
]
(kB(±1) − Ḣ

(±1)
T ) = −8πGa2PΠ(±1) , (1.67)

where only 2 of these equations are independent. And finally, a single Einstein
equation for the tensor perturbations:[ d2

dη2
+ 2H d

dη
+ (k2 + 2K)

]
H

(±2)
T = 8πGa2PΠ(±2) . (1.68)

1.5.2 Gauges

In general, perturbations will take different forms depending on the choice of
time-slicing and spatial-threading, which we call the gauge. It is possible to
formulate perturbation theory using gauge invariant quantities, however we

3I will use this notation for this section.
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can also fix the gauge to make certain perturbations vanish, or appear in a
desired form. We can change gauges via a change of coordinates of the form:

τ = τ̃ + TQ(0) , (1.69)

xi = x̃i + LQ
(0)
i + L(−1)Q

(−1)
i + L(+1)Q

(+1)
i , (1.70)

where the parameters T , L, L(−1), and L(+1) are small. These 4 degrees of
freedom can be used to eliminate 4 degrees of freedom from the perturbations.
Here I will only focus on scalar gauges which only require fixing L and T .

Using the invariance of the metric line element we can solve for the trans-
formation of the metric perturbations yielding:

A = Ã− Ṫ −HT , (1.71)

B = B̃ + L̇+ kT , (1.72)

HL = H̃L − k

3
L−HT , (1.73)

HT = H̃T + kL . (1.74)

Similarly we get for the matter perturbations, for each species:

δρi = δ̃ρi − ρ̇iT , (1.75)

δPi = ˜δP i − ṖiT , (1.76)

vi = ṽi + L̇ . (1.77)

Comoving Gauge

Noticing that the combination v − B appears throughout the Einstein and
conservation equations, suggests that the choice v = B would simplify the
equations greatly. We also impose HT = 0. Using our transformation rules
this implies:

H̃T + kL = 0 , (1.78)

B̃ + L̇+ kT = ṽ + L̇ , (1.79)

which fixes L = −H̃T/k and T = (ṽ − B̃)/k. We then rename the remaining
variables ξ ≡ A and ζ ≡ HL. Then Eq. 1.63 simplifies to:

ζ̇ −Hξ = 0 , (1.80)
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and Eq. 1.60 gives:

δP − 2

3
(1− 3

K

k2
)PΠ+ (ρ+ P )ξ = 0 . (1.81)

Together these combine to give:

ζ̇ = H
[

−1

ρ+ P
δP +

2(1− 3K
k2
)

3(ρ+ P )
PΠ

]
. (1.82)

Hence, we see that changes to the comoving curvature ζ are produced only by
pressure perturbations and anisotropic stresses.

Newtonian Gauge

Newtonian gauge is defined by demanding B = HT = 0, and then one typically
renames Ψ ≡ A and Φ ≡ HL. Hence we must solve:

H̃T + kL = 0 , (1.83)

B̃ + L̇+ kT = 0 , (1.84)

which is satisfied with L = −H̃T/k and T = ˙̃HT/k
2 − B̃/k. This reduces the

Einstein equations (Eq. 1.61 and Eq. 1.62) to:

(k2 − 3K)Φ = 4πGa2[δρ+ 3H(ρ+ P )
v

k
] , (1.85)

k2(Φ + Ψ) = −8πGa2PΠ , (1.86)

which generalize the Poisson equation of Newtonian gravity, hence the name
of the gauge.

Synchronous Gauge

In synchronous gauge we impose that any time components of the metric
perturbation vanish so that A = B = 0, and then rename ηT ≡ −1

3
HT −HL

and hL ≡ 6HL. Then we have the conditions:

Ã− Ṫ −HT = 0 , (1.87)

B̃ + L̇+ kT = 0 , (1.88)
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which can be solved with:

T =
1

a

∫
aÃdη , (1.89)

L = −
∫
(B̃ + kT )dη . (1.90)

Note that these definitions of L and T are not unique and will require specifying
initial conditions to fix the integration constants. Typically, they are chosen
so that the initial CDM velocity is 0. This gauge provides numerically stable
equations which make it a popular choice for numerical solvers.

N-Body Gauge

We now discuss the N -body gauge originally introduced in [9], a useful gauge
for N -body simulations, which are discussed more in Sec. 2.2. Similar to the
comoving gauge, we set B = v, which fixes T = (ṽ − B̃)/k, and therefore by
Eq. 1.75 fixes the density contrast δ. This reduces Eq. 1.61 in flat space to:

k2[HL +
1

3
HT +

H
k2

(kB − ḢT )] = 4πGa2δρ . (1.91)

However we may identify the gauge-invariant quantity known as one of the
Bardeen potentials [10]:

Φ ≡ HL +
1

3
HT +

H
k2

(kB − ḢT ) , (1.92)

so that we have:
k2Φ = 4πGa2δρ , (1.93)

which resembles the Newtonian Poisson equation. In order to fix the spatial
gauge L, we consider the fact that the trace of the spatial metric scales the
volume element by a factor of (1 + 3HL) which causes a position dependent
deformation of space. This is problematic for N -body simulations which mea-
sure the matter density from the simulations by counting particles in uniform
volume elements. Hence, the spatial gauge is defined by demanding HL = 0,
which is satisfied by L = 3[kH̃L − H(ṽ − B̃)]/k2, fixing the scalar portion of
the gauge.

I will now focus exclusively on matter as this is the species evolved by N -
body simulations. Using the conservation equation (Eq. 1.59) and the back-
ground continuity equation (Eq. 1.10) which hold for individual species, we
get:

δ̇m + kvm = 0 , (1.94)
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which is identical to the Newtonian continuity equation. We also get combining
Eq. 1.60 and Eq. 1.62:

v̇m +Hvm = −k(Φ + γ) , (1.95)

where we see that γ is a correction to the potential defined by:

k2γ ≡ 8πGa2PΠ−HHT − ḦT . (1.96)

This agrees with the form of the Newtonian momentum conservation law when
γ vanishes, which indeed is the case in matter-dominated or Λ-dominated
universes [9].

Combining Eqs. 1.93-1.95 yields the following relationship:

δ̈m +Hδ̇m − 4πGa2δρm = 4πGa2δρGR , (1.97)

where
δρGR ≡ δργ + δρν + δρDE +

k2

4πGa2
γ . (1.98)

We denote this δρGR, as the right hand side of Eq. 1.97 would vanish in a
Newtonian Universe. Hence, Eqs. 1.93-1.95 and Eq. 1.97 show that the N -
body gauge allows for a fully relativistic treatment of perturbations while
being consistent with the form of equations evolved in Newtonian simulations.

1.6 Lagrangian Perturbation Theory
As opposed to Eulerian perturbation theory, which perturbed fluid-level quan-
tities, Lagrangian perturbation theory (LPT) is a formulation of perturbation
theory that considers the trajectories of elements of the fluid, or particles. One
of the major uses of LPT is to set the initial conditions for N -body simulations.

We consider the dynamics of a matter particle in the Newtonian approxi-
mation in an expanding universe with geodesic equation [11, 12]:

d2x

dt2
+ 2H

dx

dt
= − 1

a2
∇xΦ , (1.99)

where Φ satisfies the Poisson equation:

∇2
xΦ = 4πGa2ρ̄mδm . (1.100)

We can write this using superconformal time τ defined by dτ = dt/a2, which
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reduces the geodesic equation to:

d2x

dτ 2
= −a2∇xΦ . (1.101)

The central quantity in LPT is the displacement field Ψ(q, τ), which maps
the initial position of a particle q, to its final position x:

x(q, τ) = q +Ψ(q, τ) . (1.102)

We then invoke a conservation of mass under this change of coordinates:

(1 + δm(x, τ))d
3x = d3q . (1.103)

The Jacobian of this transformation is:

J =

∣∣∣∣∣d3xd3q
∣∣∣∣∣ , (1.104)

which combining with Eq. 1.103 gives:

δm(x, τ) =
1

J − 1 . (1.105)

Taking the divergence of Eq. 1.101 and combining with Eq. 1.100 gives:

∇x · ẍ = −4πGa4ρ̄mδm , (1.106)

where dots represent derivatives with respect to τ . This simplifies to:

J (q, τ)∇x · ẍ = 4πGa4ρ̄m(J (q, τ)− 1) . (1.107)

Now we may solve this perturbatively, letting:

Ψ = ϵΨ(1) + ϵ2Ψ(2) + ϵ3Ψ(3) + · · · . (1.108)

Using Eq. 1.102, the determinant of the Jacobian is then:

J = 1 + ϵK(1) + ϵ2(K(2) + L(2)) + ϵ3(K(3) + L(3) +M (3)) +O(ϵ4) , (1.109)
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where K(m), L(m), and M (m) are the m-th order terms from:

K ≡
∑
i

Ψi,i , (1.110)

L ≡ 1

2

∑
i ̸=j

(Ψi,iΨj,j −Ψi,jΨj,i) , (1.111)

M ≡ det(Ψi,j) . (1.112)

The commas denote derivatives with respect to the components of q. Therefore
to first order we get J (1) = ϵ∇q ·Ψ(1).

In order to compute ∇x · ẍ we notice ∇x · ẍ = ∇x · Ψ̈. We can apply chain
rule:

∇x ·Ψ =
dqi

dxj

d

dqi

Ψj , (1.113)

and then use Eq. 1.102 to see that at first order:

dqi

dxj

= δij − ϵΨ
(1)
i,j . (1.114)

Therefore, Eq. 1.107 becomes at first order:

∇q · Ψ̈
(1)

= 4πGa2ρ̄m∇q ·Ψ(1) . (1.115)

We factorize Ψ(1)(q, τ) = D1(τ)Ψ
(1)(q, τini), referring to D1 as the linear

growth factor. Using our result for J (1) combined with Eq. 1.105, we get
the initial condition:

∇q ·Ψ(1)(q, τini) = −δm,ini . (1.116)

Plugging the factorized Ψ into Eq. 1.107 separates the equation into a time-
dependent and a q-dependent piece:

∇qΨ
(1)(q, τini) = Ψ(1)(q, τini) , (1.117)

D̈1(τ) = 4πGa2ρ̄mD1(τ) . (1.118)

Thus, Eq. 1.118 can be solved analytically, and Eq. 1.117 can be rewritten
into the Laplace equation and solved with Fourier transforms, if we set Ψ(1) =
∇ϕ(1) for some scalar function ϕ. This is sensible provided the fact that vector
perturbations decay with the Universe’s expansion in the absence of anisotropic
stress, meaning Ψ(1) is irrotational. The initial conditions for the growing
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solution during matter-domination are [12]:

D1(τini) = 1,

(
dD1

dτ

)∣∣∣∣∣
τ=τini

=

(
1

a

da

dτ

)∣∣∣∣∣
τ=τini

. (1.119)

Going to second order yields that for the growing solution D2 = −3
7
D2

1 [12],
so that:

D2(τini) = −3

7
,

(
dD2

dτ

)∣∣∣∣∣
τ=τini

= −6

7

(
1

a

da

dτ

)∣∣∣∣∣
τ=τini

. (1.120)

1.7 Observables
In this section, I discuss some essential observable quantities that help link
theoretical models and the measurable properties of the Universe. These in-
clude supernovae, the Cosmic Microwave Background (CMB), galaxy surveys,
and many others not discussed here. Collectively, measuring these observables
allows us to probe the expansion history of the Universe, the growth of its
structure, and the nature of dark energy and dark matter.

1.7.1 Supernovae

Supernovae (SNe), the explosive deaths of massive stars, are a cornerstone in
modern cosmology due to their ability to serve as standard candles. They can
be classified by the processes that gave rise to the supernovae, and the spectra
they emit:

• Type Ia: Result from thermonuclear explosion of white dwarf star in
a binary system when it reaches the Chandrasekhar limit (∼ 1.4 solar
masses). Lack hydrogen lines in their spectra.

• Type Ib: Result from core-collapse of massive stars which have lost their
outer hydrogen envelope. Lack hydrogen lines in their spectra.

• Type Ic: Result from core-collapse of massive stars which have lost both
their outer hydrogen and helium envelopes. Lack hydrogen lines in their
spectra.

• Type II: Result from core-collapse of massive stars which have retained
their hydrogen envelope. They contain hydrogen lines in their spectra.
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Unlike core-collapse supernovae, type Ia supernovae have a very consis-
tent intrinsic peak luminosity, due to their formation via reaching the Chan-
drasekhar mass. Small variations in their peak brightness can be corrected
using the Philips relation [13], making them standardizable candles. Cepheid
variable stars, whose brightness varies periodically, are used to determine dis-
tances to nearby galaxies because their average brightness is related to this
period by the Leavitt Law. These distances can then be used to calibrate the
relationship between the intrinsic and observed luminosities of the supernovae.
Once calibrated, these supernovae can be used to measure luminosity distances
(Eq. 1.28) in Mpc via:

m−MB = 5 log(dL) + 25 , (1.121)

where m is the apparent magnitude and MB is the intrinsic magnitude, which
are related to luminosity.

The luminosity distance can also be predicted by ΛCDM. To compute
Eq. 1.28 we need the comoving radius χ, which can be obtained by:

χ(z) =

∫ z

0

1

H(z′)
dz′ . (1.122)

Then the Hubble parameter can be obtained by using Eqs. 1.11, 1.14, and 1.25,
to rewrite the first Friedmann equation (Eq. 1.12) as:

H(z) = H0

√
Ωm,0(1 + z)3 + Ωr,0(1 + z)4 + Ωk,0(1 + z)2 + ΩΛ,0 . (1.123)

At low redshifts, the radiation term is negligible. We may then use Eq. 1.28
to write the luminosity distance as:

dL(z) = (1 + z)Sk

[∫ z

0

dz′

H0

√
Ωm,0(1 + z′)3 + Ωk,0(1 + z′)2 + ΩΛ,0

]
. (1.124)

Inserting this into Eq. 1.121 allows values of the cosmological parameters
to be inferred from supernovae, however there are degeneracies between the
magnitudes and H0. In 1998 two independent teams studying type Ia su-
pernovae, the Supernova Cosmology Project [14] and the High-Z Supernova
Search Team [15], found ΩΛ ∼ 0.7, uncovering evidence of dark energy and
implying that the Universe was experiencing accelerated expansion.

A more modern exploration of supernovae, the SH0ES program (Super-
novae and H0 for the Equation of State of dark energy) [16] uses data from
the Hubble Space Telescope and the Gaia mission to measure H0. SH0ES uses
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an approach called the local distance ladder, whereby a series of objects are
used to calibrate distances. The first step uses geometric distances, indepen-
dent of assumptions about brightness. These include using parallax, a method
of measuring local distances by observing the shift in a star’s position as Earth
orbits the Sun, as well as observing more distant water masers orbiting black
holes which provide precise angular scales and velocities. The next step uses
Cepheid variable stars as standard candles to calibrate the Leavitt relation,
which can then be extended to Cepheids in other galaxies. As mentioned,
these Cepheids in other galaxies can be used to determine the distances to
Type Ia supernovae, which in turn serve as standardizable candles to measure
distances to very distant galaxies. The Hubble constant can then be measured
by the distance-redshift relation:

cz ≈ H0d , (1.125)

which holds at low redshifts. Another notable recent supernovae dataset is
Pantheon+ [17], which contains over 1,500 Type Ia supernovae across a wide
redshift range.

1.7.2 Cosmic Microwave Background

The CMB is one of the most important probes in cosmology, providing a
window into the early Universe. It was created approximately 380,000 years
after the Big Bang, during a period known as recombination. At this time, the
Universe had cooled enough to allow free electrons to combine with protons,
forming hydrogen atoms and allowing photons to travel freely for the first time.
This transition is referred to as decoupling, marking the moment when the
Universe became transparent to radiation. The photons released at decoupling
have since traveled nearly unimpeded, forming the signal we observe today.

The CMB was first discovered in 1965 by Arno Penzias and Robert Wil-
son, who detected a faint, uniform signal coming from across the sky. In 1992,
NASA’s Cosmic Background Explorer (COBE) satellite made the first pre-
cise measurements of the CMB, measuring its anisotropies and confirming its
near-perfect blackbody spectrum [18]. Then in 2001, the Wilkinson Microwave
Anisotropy Probe (WMAP) provided high-resolution temperature maps of the
sky, allowing for the measurement of cosmological parameters [19]. The Planck
satellite, which was launched in 2009, offered an even higher resolution view of
the CMB, delivering the most detailed maps of its temperature and polariza-
tion anisotropies to date [1]. There have also been ground-based experiments
like the Atacama Cosmology Telescope (ACT) [20] and the South Pole Tele-
scope (SPT) [21] which have focused on measuring smaller angular scales and
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probing effects like the gravitational lensing of the CMB.
The CMB anisotropies are analyzed through power spectra that quantify

the statistical properties of various fields, such as temperature and polariza-
tion. Considering the case of temperature, we let T (n̂) be the measured tem-
perature from the CMB in a direction n̂, and let T̄0 be the average CMB
temperature today. We define the temperature fluctuation:

Θ(n̂) ≡ T (n̂)− T̄0
T̄0

. (1.126)

We can take the correlation with another direction in the sky n̂′, giving the
two-point correlation function:

C(θ) = ⟨Θ(n̂)Θ(n̂′)⟩ , (1.127)

where θ is defined by cos θ ≡ n̂ · n̂′.
Since we observe the CMB throughout the sky, its natural to expand the

field in terms of spherical harmonics:

Θ(n̂) =
∞∑
ℓ=2

ℓ∑
m=−ℓ

aℓmYℓm(n̂) , (1.128)

where the ℓ = 0 term vanishes due to the mean fluctuation ⟨Θ⟩ = 0, and
the ℓ = 1 term is considered a foreground effect, primarily arising from the
peculiar motion of the observer relative to the CMB rest frame.

The multipole moments aℓm have a two-point correlation:

⟨aℓma∗ℓ′m′⟩ = CTT
ℓ δℓℓ′δmm′ , (1.129)

where CTT
ℓ is called the temperature angular power spectrum. We may then

substitute this expansion into Eq. 1.127 and use Eq. 1.129 to yield:

C(θ) =
∑
ℓ

CTT
ℓ

∑
m

Yℓm(n̂)Y
∗
ℓm(n̂

′) , (1.130)

which can be written in terms of Legendre polynomials:

C(θ) =
∑
ℓ

2ℓ+ 1

4π
CTT

ℓ Pℓ(cos θ) . (1.131)

Therefore, the CTT
ℓ contain all the information about the temperature an-

gular power spectrum. In addition to temperature, modern CMB experi-
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ments measure the angular power spectrum of polarizations, broken into the
E-mode (scalar-like) and B-mode (curl-like) polarizations, with their auto-
correlations denoted by CEE

ℓ and CBB
ℓ respectively. They also measure the

cross-correlations CTE
ℓ , CTB

ℓ , and CEB
ℓ . Fig 1.1 shows the temperature power

spectrum measured from the release by Planck in 2018 [1].
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Figure 1.1: The temperature power spectrum from Planck 2018 [1]. Here
DTT

ℓ ≡ ℓ(ℓ+1)
2π

CTT
ℓ are plotted in the top panel, and their residuals ∆DTT

ℓ

relative to their best-fit.

In addition, modern CMB probes like Planck, ACT, and SPT measure what
is called CMB lensing. While CMB photons travel, the large-scale structure of
the Universe slightly interferes with their trajectory, an effect generally known
as lensing. Therefore, there is a signature of large-scale structure encoded
in the CMB power spectra. This lensing has the effect of smoothing the
CMB power spectra on small angular scales, as well as converting E-mode
polarization into B-mode polarization.

23



1.7.3 Large Scale Structure

Large-scale structure (LSS) refers to the distribution of matter on the largest
observable scales in the Universe, comprised of galaxy clusters, filaments, and
voids. These structures formed due to initial density perturbations in the early
Universe, which grew over billions of years.

Matter Power Spectrum

In order to study the statistics of the matter density fluctuations we consider
the two-point correlation function:

ξ(r) ≡ ⟨δm(x)δm(x′)⟩ = 1

V

∫
d3xδm(x)δm(x− r) , (1.132)

where V is the real space volume and r ≡ x− x′. The correlation function is
only a function of the separation r because the statistical homogeneity of the
Universe implies translational invariance, and furthers reduces to a function
of only the magnitude r = |r| because statistical isotropy implies rotational
invariance.

We may also consider the two-point correlation in Fourier space:

⟨δm(k)δ∗m(k′)⟩ =
〈∫

δm(x)e
−ik·xd3x

∫
δ∗m(x

′)eik
′·x′
d3x′

〉
, (1.133)

=

∫
d3xd3x′e−ik·xeik

′·x′⟨δm(x)δm(x′)⟩ , (1.134)

=

∫
d3rd3x′e−ik·re−i(k−k′)·x′

ξ(r) , (1.135)

where in the last equality we changed variables from x to r. We then integrate
over x′:

⟨δm(k)δ∗m(k′)⟩ = (2π)3δD(k − k′)

∫
d3re−ik·rξ(r) . (1.136)

The factor of the Dirac delta function implies that Fourier modes evolve inde-
pendently. Finally we identify the matter power spectrum P (k) as the Fourier
transform of ξ(r) so that:

⟨δm(k)δ∗m(k′)⟩ = (2π)3δD(k − k′)P (k) . (1.137)

Similar to ξ(r), P (k) does not depend on the direction of k due to statistical
isotropy. The matter density evolves over time hence the power spectrum
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does as well, therefore in general we write it as a function of wavenumber and
redshift P (k, z).

Galaxy Clustering

While the matter power spectrum is a fundamental quantity in the study of
LSS, dark matter is not directly observable which complicates any attempt
to measure it. One way to probe the matter field is to map the distribution
of galaxies across the sky, which trace the underlying distribution of matter.
Galaxy surveys, which catalog the positions, shapes, and redshifts of galaxies,
have become indispensable in cosmology in the past few decades, with a level
of precision that matches those of CMB measurements [22–35]. By measuring
both the background expansion and the growth of structure, they can break
degeneracies plaguing other cosmological probes [36–38]. I will now discuss
some observables measured by galaxy surveys, and will assume a flat Universe
for the remainder of this section.

One observable that galaxy surveys can measure is the correlation in galaxy
positions. This is known as galaxy clustering, due to the tendency of galaxies
to cluster together under the gravitational influence of the underlying matter
distribution. We can define a galaxy overdensity in analogy with the matter
case δg = (ρg− ρ̄g)/ρ̄g, which we can then relate to the underlying matter field
by defining the galaxy bias b:

δg(x, z) = b(z)δm(x, z) . (1.138)

In general b can be a function of space as well but for simplicity I will treat it
as only b = b(z). Galaxy catalogs are typically broken down into tomographic
redshift bins, which we will label with a superscript. In each bin there is a
density of galaxies ni

g(z), which we write in normalized form as:

n̄i
g(z) =

ni(z)∫
ni(z′)dz′

. (1.139)

We also define the radial weight function:

qiδg(χ) ≡ b(z(χ))n̄i
g(z)

dz

dχ
, (1.140)

which we have written as a function of the comoving distance χ.
Whereas Eq. 1.138 holds locally, the radial weight function can be used to

relate δg to δm as a function of angular position on the sky. This is done by
integrating along the line of sight, with qiδg(χ) weighting δm by the galaxy bias
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and galaxy population characteristics within the limits of the tomographic bin:

δig(n̂) =

∫ χmax

χmin

dχqiδg(χ)δm(χn̂) . (1.141)

Here δig(n̂) is now the angular galaxy density contrast for the i-th tomographic
redshift bin.

We can now compute the angular two-point correlation of the galaxy den-
sity, considering two directions in the sky n̂ and n̂′ with separation θ, as in
Eq. 1.127:

wi(θ) ≡ ⟨δig(n̂)δig(n̂′)⟩ . (1.142)

Following a similar decomposition into spherical harmonics as in the CMB
temperature angular power spectrum, we get in analogy with Eq. 1.131 a
simplified expression for the galaxy clustering observable:

wi(θ) =
∑
ℓ

2ℓ+ 1

4π
Cii

δgδg(ℓ)Pℓ(cos θ) , (1.143)

where we only consider correlations within the same tomographic bin to local-
ize the measurement. The coefficients Cii

δgδg
(ℓ) can be obtained using Eq. 1.141

and the Limber approximation [39]:

Cij
δgδg

(ℓ) =

∫
dχ
qiδg(χ)q

j
δg
(χ)

χ2
P

(
k =

ℓ+ 1
2

χ
, z(χ)

)
, (1.144)

where the matter power spectrum P (k, z) appears.
On small scales we can use the flat-sky approximation, where assuming

ẑ points along the line of sight, we write the angular position in the sky in
2D Cartesian coordinates as α = (αx, αy) in radians, with magnitude α =
|α| =

√
α2
x + α2

y. In the present context, θ is then the magnitude of the
separation vector between the angular positions of the two directions in the
sky θ = θn̂−θn̂′ . This allows us to treat Cii

δgδg
(ℓ) as the 2D Fourier transform

of wi(θ) with wavevector ℓ:

wi(θ) =

∫
d2ℓ

(2π)2
eiℓ·θCii

δgδg(ℓ) . (1.145)

We can perform this integral in 2D polar coordinates and integrate out the
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angular coordinate giving:

wi(θ) =

∫
ℓdℓ

2π
Cii

δgδg(ℓ)J0(ℓθ) , (1.146)

where Jn(x) is the n-th order Bessel function of the first kind.

Cosmic Shear

In addition to galaxy clustering, many galaxy surveys measure the distortion
of the appearance of galaxy shapes due to gravitational lensing produced by
LSS. This effect manifests as correlations between the shapes of galaxies, called
cosmic shear, which are induced by gravitational potentials along the line of
sight. Still working in the flat-sky approximation, gravitational lensing will
distort the true angular position of the source galaxy θS, causing it to appear
at an observed angular position θ. Assuming a small deflection, the comoving
positions are then xS = (χθS, χ) and xobs = (χθ, χ) respectively, where χ is
the radial distance.

The deflection angle can then be written as the gradient with respect to θ
of a 2D potential, called the lensing potential ψ [40]:

θ − θS = ∇θψ(θ, χ) , (1.147)

where:
ψ(θ, χ) ≡ 2

∫ χ

0

dχ′χ− χ′

χχ′ Φ(χ′θ, χ′) , (1.148)

and Φ(x) is the Newtonian potential. We define the following second deriva-
tives of the lensing potential:

κ ≡ 1

2
(∂1∂1 + ∂2∂2)ψ =

1

2
∇2

θψ , (1.149)

γ1 ≡
1

2
(∂1∂1 − ∂2∂2)ψ , (1.150)

γ2 ≡ ∂1∂2ψ , (1.151)

where the partial derivatives are with respect to the components of θ. The
convergence κ is an isotropic magnification of the galaxy’s image due to lensing,
and the shear γ ≡ γ1 + iγ2 is the anisotropic distortion of the galaxy’s image,
changing its observed ellipticity. Using Eq. 1.149, and applying the Poisson
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equation, we may write the convergence as [40]:

κ(θ, χ) =
3H2

0Ωm

2

∫ χ

0

dχ′

a(χ′)

χ− χ′

χ
χ′δm(χ

′θ, χ′) . (1.152)

We now consider a population of source galaxies, which are galaxies in
the background whose images are being distorted by the large-scale structure,
in a particular tomographic redshift bin. Let ni

κ(z) be their number density,
which is defined in the the same way as the galaxy number density ni

g(z) but
the subscript κ is used only for source galaxies. We may obtain the mean
convergence from this population, by weighting Eq. 1.152 by the normalized
n̄i
κ(z):

κi(θ) =

∫ χmax

χmin

dχn̄i
κ(z(χ))κ(θ, χ) , (1.153)

where χmin and χmax are the limiting comoving distances of the source sample
in the tomographic bin. This yields a relation similar to Eq. 1.141:

κi(θ) =

∫ χmax

χmin

dχqiκ(χ)δm(χθ, χ) , (1.154)

where qiκ(χ) is the lensing efficiency, which quantifies the combined strength
of the lensing at a distance χ:

qiκ(χ) =
3H2

0Ωm

2

χ

a(χ)

∫ χmax

max(χ,χmin)

dχ′n̄i
κ(z(χ

′))
dz

dχ′
χ′ − χ

χ
. (1.155)

The shear γi(θ) can be obtained from κi(θ) easily in Fourier space:

γi(ℓ) =
(ℓ1 + iℓ2)

2

ℓ2
κi(ℓ) = e2iϕℓκi(ℓ) , (1.156)

where ℓ is the 2D wavevector, and ϕℓ is the polar angle of ℓ in Fourier space.
This relationship reveals that the power spectrum of the shear is equal to that
of the convergence.

We are now ready to discuss the cosmic shear observables. In cosmic shear,
the shear field γ(θ) is decomposed into a tangential component γt and a cross
component γ×. Taking the direction vector θ, and letting ϕθ denote its polar
angle, we can compute γt(θ) and γ×(θ) by:

γt = −Re(γe−2iϕθ), γ× = −Im(γe−2iϕθ) . (1.157)
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Finally, the cosmic shear observables are:

ξ±(θ) ≡ ⟨γtγt⟩(θ)± ⟨γ×γ×⟩(θ) . (1.158)

We can decompose κi(θ) into spherical harmonics and take the two-point
correlation. Then, Cij

κκ(ℓ) is computed similarly to Eq. 1.144, using Eq. 1.154
and the Limber approximation, giving:

Cij
κκ(ℓ) =

∫
dχ
qiκ(χ)q

j
κ(χ)

χ2
P

(
k =

ℓ+ 1
2

χ
, z(χ)

)
. (1.159)

Then ξ±(θ) can be computed in the flat sky as [41]:

ξij+/−(θ) =

∫
dℓℓ

2π
J0/4(ℓθ)C

ij
κκ(ℓ) . (1.160)

The full sky solution is [42]:

ξij±(θ) =
∞∑
ℓ=0

2ℓ+ 1

4π

2(G+
ℓ,2(cos θ)±G−

ℓ,2(cos θ))

ℓ2(ℓ+ 1)2
Cij

κκ(ℓ) , (1.161)

where G±
ℓ,2 are given by:

G+
ℓ,2(x)±G−

ℓ,2(x) = P 2
ℓ (x)

[
4− ℓ± 2x(ℓ− 1)

1− x2
− ℓ(ℓ− 1)

2

]

+ P 2
ℓ−1(x)

(ℓ+ 2)(x∓ 2)

1− x2
. (1.162)

Galaxy-Galaxy Lensing

Lastly, galaxy surveys often measure the lensing effect produced by lens galax-
ies in the foreground on source galaxies at higher redshift. This is referred to as
galaxy-galaxy lensing and it manifests as a cross-correlation between the lens
galaxy positions and the tangential distortion to the observed source galaxy
shapes. Studying this effect provides information about the mass profiles of
the lens galaxies as well as their surrounding dark matter halos.

The galaxy-galaxy lensing observable is the angular cross-correlation be-
tween lens galaxy density and the source tangential shear field. Taking the
direction of the lens galaxy to be n̂ in the i-th tomographic redshift bin, and
the direction of the source galaxy n̂′ in the j-th redshift bin, with the directions
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separated by an angle θ, the cross-correlation4 is:

γijt (θ) ≡ ⟨δig(n̂)γjt (n̂′)⟩ . (1.163)

Again, assuming the flat sky approximation we can perform a 2D Fourier
decomposition as in Eq. 1.145:

γijt (θ) =

∫
d2ℓ

(2π)2
eiℓ·θCij

δgγt
(ℓ) . (1.164)

From the definition of the tangential shear field γt(θ) in Eq. 1.157, and
Eq. 1.156, we can compute the Fourier transform of γt(θ), which gives:

γt(ℓ) = −κ(ℓ) cos(2ϕℓ) . (1.165)

Therefore, Cij
δgγt

(ℓ) can be computed by instead taking the cross-correlation
with the convergence field κj:

Cij
δgγt

(ℓ) = −Cij
δgκ

(ℓ) cos(2ϕℓ) . (1.166)

Substituting Eq. 1.166 into Eq. 1.164 and integrating over the polar angle ϕℓ

yields:

γijt (θ) = −
∫
ℓdℓ

2π
J2(ℓθ)C

ij
δgκ

(ℓ) , (1.167)

with Cij
δgκ

(ℓ) given again using the Limber approximation, as well as Eq. 1.141
and Eq. 1.154:

Cij
δgκ

(ℓ) =

∫
dχ
qiδg(χ)q

j
κ(χ)

χ2
P

(
k =

ℓ+ 1
2

χ
, z(χ)

)
. (1.168)

In the full sky [42]:

γijt (θ) =
∞∑
ℓ=0

2ℓ+ 1

4π

P 2
ℓ (cos θ)

ℓ(ℓ+ 1)
Cij

δgκ
(ℓ) . (1.169)

Together, the three two-point correlation functions wi(θ), ξij±(θ), and γijt (θ)
are called 3x2-point data. The current generation of surveys, called Stage-
III, that are contributing to gathering 3×2-point correlation data, include the

4I emphasize the difference between the correlation function and the tangential shear
field (Eq. 1.157) which differ in notation by the arguments passed into the functions, or the
tomographic superscripts.
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Dark Energy Survey (DES), which has completed collecting data, and ongoing
projects such as the Kilo-Degree Survey (KiDS) and the Hyper Suprime-Cam
Subaru Strategic Program (HSC-SSP). The next generation of Stage-IV sur-
veys has also begun, with the Dark Energy Spectroscopic Instrument (DESI)
providing its first release in 2024 [43], and the Euclid mission having begun its
operations in 2023. Upcoming Stage-IV projects include the Legacy Survey of
Space and Time (LSST) and the Nancy Grace Roman Space Telescope.

1.8 Tensions in ΛCDM

1.8.1 The Hubble Tension

While the ΛCDM model has provided a good fit to a variety of data sets with
only six free parameters, when held to precision tests there are signs of possible
incompleteness. One of the starkest examples of this is the Hubble tension
problem. Measurements of H0 inferred from a ΛCDM fit to the CMB, such as
Planck (H0 = 67.36±0.54 km s−1Mpc−1 [1]), are significantly lower than those
from the local distance ladder, such as from SH0ES (H0 = 73.17 ± 0.86 km
s−1Mpc−1 [16]). This clears the 5σ threshold, suggesting that it is extremely
unlikely this discrepancy is due to random statistical fluctuations. Fig. 1.2
compares a variety of H0 constraints from recent years.

One potential explanation for the tension is the presence of unaccounted
for experimental systematics that may bias the constraints. Some CMB sys-
tematics that could be contributing to the tension are obstructions in the
foreground not being properly subtracted, or flawed instrument calibration.
However, known CMB systematics are not expected to raise the inferred value
of H0 by more than ∼ 1 km s−1Mpc−1 within ΛCDM [2]. There is also the
possibility of unaccounted for systematics in the distance ladder such as in-
tervening dust or the varying metallicity of Cepheids which can affect their
luminosities. However, several independent systematic errors would likely have
to be present to resolve the tension, as it persists even with the removal of
measurements of any particular object such as type Ia SNe or Cepheids [2].

There is also the possibility of new physics that may resolve the tension.
Because the local distance ladder measurements are model-independent, we
must consider how H0 is constrained by the CMB. The first peak of the CMB
power spectra corresponds to the angular scale of the sound horizon, θs, which
represents the ratio of the comoving sound horizon at last scattering rs(z∗), to
the comoving angular diameter distance to surface of last scattering, DA(z∗).
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Figure 1.2: Compilation of various H0 constraints published between 2012-
2021, taken from [2]. The cyan band is the 2020 SH0ES constraint from [3],
and the pink band is the 2018 Planck constraint [1].

This can be computed with integrals over the Hubble parameter:

θs =
rs(z∗)

DA(z∗)
=

∫∞
z∗
dz′cs(z

′)/H(z′)∫ z∗
0
dz′/H(z′)

, (1.170)

where cs is the sound speed of the photon-baryon fluid, and z∗ ≈ 1100 is the

32



redshift at decoupling.
In order to solve the Hubble tension, any new model would have to yield a

higher value of H0 when fit to CMB data, bringing the value into closer agree-
ment with the local distance ladder. However, θs is the most well-constrained
quantity in the CMB, having been measured to within 0.03% precision by
Planck 2018 [1], hence any new model cannot significantly alter θs. From
Eq. 1.170 we see that the sound horizon is most sensitive to physics right
before decoupling, while DA(z∗) only depends on physics after decoupling.
Therefore, if we are to accommodate a higher value of H0, we can most effi-
ciently compensate by increasing H(z) right before last scattering, preserving
θs. This also prevents interfering with other ΛCDM successes. By the first
Friedmann equation (Eq. 1.12) we see that we can increase the Hubble pa-
rameter by introducing additional sources of energy density. In Sec. 3 I will
discuss a model that achieves this.

1.8.2 The S8 Tension

A key parameter in studying the growth of large-scale structure is the param-
eter σ8, defined as the RMS of the matter overdensity on scales of 8h−1Mpc
today. This can be computed with an integral over the matter power spectrum:

σ2
8 =

∫ ∞

0

k2dk

2π2
P (k)|W (k)|2 , (1.171)

where W (k) is the Fourier transform of the real space "top hat" function,
which filters the density field δm onto a scale of 8h−1Mpc. However, because
this parameter is degenerate with Ωm,0, the parameter S8 was defined to reduce
the degeneracy:

S8 ≡ σ8

√
Ωm

0.3
, (1.172)

where from this point forward I switch to notation where Ωi ≡ Ωi,0.
This parameter, S8, has garnered significant attention in recent years due

to a persistent discrepancy between its values inferred within ΛCDM from
low redshift LSS probes, and high redshift CMB probes. This discrepancy
reaches roughly ∼ 3σ depending on the datasets, falling short of the typical 5σ
significance threshold leading to ongoing debate about whether it constitutes
a genuine tension or normal statistical variation. Nevertheless, it has sparked
considerable interest as a potential sign of new physics or unaccounted for
experimental systematics. In Fig. 1.3 I show a summary of S8 constraints,
taken from [4], where it is clear that LSS measurements tend to deliver lower
S8 constraints than those from the CMB.
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Figure 1.3: Compilation of various S8 constraints from CMB and LSS probes,
taken from [4].

There are a number of experimental systematics that could be affecting
the determination of S8 from galaxy surveys. These include systematics in
cosmic shear, photometric redshift, intrinsic alignment, small-angle approxi-
mations, or in modeling baryonic feedback. Nevertheless, there are reasons to
be skeptical that any of these explanations alone can account for the observed
tension in S8 [4]. Because the values of S8 determined from the CMB are
higher than those inferred from LSS data, models that hope to resolve the S8

tension typically try to suppress the growth of structure at late times. One
class of models frequently studied for this purpose are interacting dark energy
models (IDE) which couple dark matter with dark energy, causing the dark
energy to cut into the dark matter density at late times. In Sec. 3 we test
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modifying late time dark energy behavior using a general smooth dark energy
with equation of state w(z).
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Chapter 2

Computational Tools

In this section, I describe a few computational methods that are essential to
the later work outlined in this thesis.

2.1 Bayesian Inference and MCMCs
Now that we have defined observable quantities that can be measured by
experiments, and motivated the need to test many cosmological models, we
must consider how to cross-reference experimental measurements with theo-
retical predictions and constrain model parameters. To formalize the desired
goal, we invoke Bayesian statistics. The experimental data, stored in a vector
dexp, can be used to update a Bayesian "prior" distribution over the param-
eters P (θ), in order to obtain a "posterior" distribution given the new data
P (θ|dexp). By Bayes’ Theorem, the posterior is related to the prior by:

P (θ|dexp) =
P (dexp|θ)P (θ)

P (dexp)
. (2.1)

P (dexp|θ) is called the likelihood function, often denoted L(θ). Typically, flat
priors are assumed in cosmology so that the likelihood is what determines
the shape of the posterior. Operationally, the likelihood function is often
provided by the experiment, requiring the user only to supply a prediction
of a data vector based on the given parameters dtheo(θ) of their cosmological
model of interest. P (dexp), called the Bayesian evidence, effectively serves as
a normalization constant as it does not vary as a function of θ. However,
this normalization is notoriously difficult to compute as it typically requires
integrating the likelihood in very high-dimensional parameter spaces, which is
challenging as we will discuss.

In the case that the likelihood is Gaussian, the likelihood function takes
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the form:

L(θ) = 1

(2π)N/2|C|1/2 exp
[
− 1

2
(dtheo(θ)−dexp)

TC−1(dtheo(θ)−dexp)
]
, (2.2)

where N is the number of data points in each data vector, and C is the co-
variance matrix between the data points. Equivalently, we can identify the χ2

statistic χ2 ≡ (dtheo(θ)− dexp)
TC−1(dtheo(θ)− dexp), so that L ∝ exp[−1

2
χ2].

While many likelihoods are non-Gaussian, it still often provides a good ap-
proximation near the maximum.

The goal of finding the parameters that best fit the experimental data then
becomes the problem of searching the parameter space for the region where
the likelihood is maximized. This task becomes particularly difficult when the
likelihood is multi-modal. In addition, measurements of observables generally
depend not only on cosmological parameters but also on parameters related to
the systematics of the experiment, known as nuisance parameters. Together,
these parameters create a very high-dimensional space, rendering methods that
sample the parameter space uniformly computationally intractable, such as
grid-based approaches, or generic Monte Carlo methods that simply generate
random samples. This is because under such methods, much time is spent
exploring regions of the parameter space where the likelihood is negligible, and
the number of points required to achieve a certain level of accuracy increases
exponentially with the number of dimensions, a problem known as the curse
of dimensionality.

This is the motivation for the use of Markov Chain Monte Carlo (MCMC)
methods. MCMCs are Monte Carlo methods that allow one to effectively
draw samples from a desired distribution, which we can apply in order to
sample points directly from the posterior. This will ensure that minimal time is
spent in low-likelihood regions of the parameter space, and allow us to directly
measure the posterior. Underlying MCMC methods are Markov chains, which
arise when one has a space of states which may each transition into any of
the other states, with the probability of each transition depending only on
the previous state and none visited prior. This naturally fits our Monte Carlo
sampling approach as we may think of the different points in the parameter
space θ as states, which influence which point is next sampled. The Markov
condition is then p(θi+1|θi, ...,θ1) = p(θi+1|θi).

For this continuous state space, we have a transition probability density
between two states T (θ′|θ) that is normalized by

∫
T (θ′|θ)dθ′ = 1. A useful

feature of Markov chains is that they often converge to a stationary distribu-
tion, such that after a certain number of steps in the chain the probability of
visiting any given state follows the same distribution π(θ). In a stationary
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state, an equilibrium is reached such that the flow of probability into a given
state is equal to the flow out of it, known as the detailed-balance condition:
p(θi+1|θi) = p(θi|θi+1). Assuming we are in a stationary state π(θ), we can
break down this condition into:

T (θi+1|θi)π(θi) = T (θi|θi+1)π(θi+1) . (2.3)

We may then integrate over θi on both sides giving:∫
T (θi+1|θi)π(θi)dθi = π(θi+1)

∫
T (θi|θi+1)dθi . (2.4)

Then we apply the normalization of T :∫
T (θi+1|θi)π(θi)dθi = π(θi+1) . (2.5)

However, the left hand side is exactly the probability distribution for θi+1

assuming the previous sample was drawn from π(θ). Therefore, if a sample is
drawn from a distribution π(θ) which satisfies the detailed-balance condition,
any subsequent samples will also be drawn from π(θ).

Thus, in order for the Monte Carlo sampling to draw samples from the
posterior, we need only to set up transition probabilities that, together with
the posterior distribution, satisfy the detailed-balance and hence make the
posterior a stationary state. The most commonly used algorithm that achieves
this is the Metropolis-Hastings algorithm, which begins by decomposing the
sampling into a proposal and an acceptance step:

T (θi+1|θi) = pacc(θi+1|θi)P (θi+1|θi) . (2.6)

The proposal distribution P (θi+1|θi) is used to propose the next point sampled
in the chain, however the proposed points are only accepted with a probability
pacc(θi+1|θi). The proposal must be an easy to sample function in order to be
computationally useful and not provide roadblocks itself.

The acceptance probability in the Metropolis-Hastings algorithm is given
by:

pacc(θi+1|θi) = min
[π(θi+1)P (θi|θi+1)

π(θi)P (θi+1|θi)
, 1
]
, (2.7)

where π(θ) is the distribution which we seek to make the steady state, i.e. the
posterior. As this only requires knowing the ratio between two values of the
posterior, it does not require knowing the normalization of the posterior. Often
the proposal is chosen to be symmetric such that P (θi+1|θi) = P (θi|θi+1), in
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which case it is known as simply the Metropolis algorithm. The acceptance
probability then is:

pacc(θi+1|θi) = min
[π(θi+1)

π(θi)
, 1
]
, (2.8)

which reveals some key features. When the posterior (which is proportional
to the likelihood when flat priors are used) gives the next proposed point a
higher or equal probability than the previous, then it will be accepted with
probability 1. Hence, the algorithm will give preference to high posterior
regions and optimize the Monte Carlo sampling. However, when the posterior
gives less probability to the next proposed point, it will be still be given a non-
zero probability of being accepted, which prevents the sampling from getting
trapped at local maxima.

It is straightforward to check that with this choice of transition probabil-
ities the detailed-balance condition Eq. 2.3 is satisfied and hence the chain
is guaranteed to sample from the posterior after a certain number of steps.
As the number of steps needed before the chain begins to follow the steady-
state behavior is unknown, samples drawn before a certain step in the chain
are usually discarded before measuring the posterior, known as the burn-in.
There are a number of ways to establish convergence of the chain to the steady
state, the most common being the Gelman-Rubin criteria [44] which involves
running several independent chains with different initial states and comparing
the within-chain variance to the between-chain variance.

2.2 N-body Simulations
The matter overdensity δm(k) was defined in Eq. 1.137 and equations to de-
termine the matter density field to first order were shown in Sec. 1.5. The
linear solution is valid as long as δm remains small so that perturbative tech-
niques can be applied. Numerical Einstein-Boltzmann solvers exist such as
camb1 and class2 [45] which make solving for the overdensity to first order
in practice quick and straightforward. However, at sufficiently small scales,
especially at late times, gravitational collapse leads to regions of high concen-
trations of matter as well as empty voids. In this regime, the solution from
linear perturbation theory loses accuracy, and hence the corresponding small
scales are called "nonlinear". Without perturbative techniques, modeling the
matter power spectrum can prove very challenging. Fig. 2.1 shows a compar-

1github.com/cmbant/CAMB
2github.com/lesgourg/class_public
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Figure 2.1: Comparison between the linear and nonlinear matter power spec-
trum at z = 0 for a ΛCDM cosmology. The linear solution underestimates
power on small scales.

ison between the linear and nonlinear matter power spectrum at z = 0 for
a reasonable ΛCDM cosmology, where it is clear that the linear solution is
unable to adequately capture power on small scales.

The most accurate technique for modeling the nonlinear matter power spec-
trum is considered to be through the use of N -body simulations. The basic
scheme of these simulations is to take a large number of matter particles Npart

contained within a periodic box of side-length L at some initial redshift zinitial,
compute their respective gravitational forces, and evolve the particle positions
over a number of time-steps. The matter density field and its statistics can
then be measured by imposing a grid on the distribution of particles.

2.2.1 Algorithms and Techniques

The initial conditions of N -body simulations are typically generated using
LPT, discussed in Sec. 1.6. Starting from an initial linear power spectrum
Pinitial(k) ≡ PL(k, z = zinitial), we can reconstruct the Fourier modes of the
matter density field over the grid, ensuring its a Gaussian random field so that
we can write δk = Ake

iϕk . We therefore draw the amplitudes from a Rayleigh
distribution Ak ∼ Rayleigh(

√
Pinitial(k) ), and the phases are drawn from a
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uniform distribution ϕk ∼ U(0, 2π). One must then impose the Hermitian
condition δ−k = δ∗k so that the real-space density field is real. Applying the
methods of Sec. 1.6 we can use the density field to compute the displacement
field Ψ(q, t = tinitial), and then displace some uniform distribution of particles
by Eq. 1.102 giving the initial particles positions for the simulation. Finally,
the initial particle velocities can be computed by v = ẋ = Ψ̇.

There are a number of different algorithms used to compute the gravita-
tional force between particles, including but not limited to [46]:

• Particle-Particle (PP) - The gravitational force on ith particle is com-
puted as:

F i =
∑
j ̸=i

Gm2

|ri − rj|2 + ϵ2
(ri − rj)

|ri − rj|
, (2.9)

where ϵ is called the "softening" length and prevents the force from
blowing up when particles are in close proximity. This algorithm carries
a computational complexity of O(N2

part) as the force between all pairs
of particles must be considered at each time-step in order to move the
particles. This method also requires a careful handling of the particles
"outside" the box due to the periodic boundary conditions.

• Particle-Mesh (PM) - At each time-step the density field is measured
using a mesh grid, then the Poisson equation in Fourier space allows the
gravitational potential and its gradient to be easily computed, giving the
force. This is summarized by the following equation:

∇Φ = F−1
[3
2

Ωm,0k

ak2
F [ρm(x)− 1]

]
, (2.10)

where here F is the discrete Fourier transform. For a simulation with
Nmesh cells in the mesh grid, the FFT algorithm reduces the computa-
tional complexity to O(Nmesh logNmesh). Typically, Nmesh ∝ Npart, so
this is an improved scaling relative to PP simulations. However, this
improvement comes at the cost of resolution at small scales due to the
finite size of the cells.

• Particle-Particle-Particle-Mesh (P3M) - Separates the force into
long-range and short-range components, and uses PM to evolve the for-
mer and PP to evolve the latter. By applying the PP algorithm only to
the short-range forces it reduces the computational toll.

The minimum length scale in which the force between particles can be
reliably calculated in a simulation is called the "force resolution" ℓforce. In
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PP simulations the softening length effectively sets a lower limit on the force
resolution, particles closer than ϵ experience a significantly modified force.
Meanwhile in PM simulations, the size of the mesh grids determines the force
resolution. This poses a much more significant limitation as it is very compu-
tationally expensive to increase the number of mesh grids Nmesh.

A closely related quantity is the Nyquist frequency, which represents the
highest frequency that can reliably be resolved in the simulation. For instance,
for a simulation with cell grids of size ∆x, the Nyquist frequency would be
kNyquist =

π
∆x

. Another important measure of a simulation’s resolution is the
"mass resolution" Mpart, which is the mass of each particle. By lowering Mpart

the simulation captures the behavior of less massive structures.
Another limitation affecting simulations is that of sample variance, as the

simulation only provides one realization of the density field based on the initial
conditions. Due to the finite size of the simulation box, the smallest modes
in the box kmin ∼ 2π

L
are undersampled causing this issue to be most severe

on these larger scales. This can be treated by running an ensemble of many
simulations, varying the initial conditions, and taking an average [47], however
this comes at a great computational expense. One technique for mitigating
this is to average over only a pair of simulations, which have "paired-and-fixed"
initial conditions. Essentially, the initial Gaussian random density fields that
are used to generate the initial conditions of the pair of simulations are fixed
to have the same amplitude Ak, but their phases ϕk shifted by π. While this
technique requires the additional expense of a second simulation, it has been
shown to deliver reliable predictions of a variety of quantities [48], and can
achieve similar accuracy as averaging over as much as 50 simulations [49].

Because of the usage of a finite number of discrete particles, N -body simu-
lations produce a small overestimation of the power spectrum that stems from
the correlation of particles with themselves. This is called the "shot-noise"
and it produces a scale-independent contribution to the power spectrum of
Pshot(k) = V/Npart where V is the volume of the simulation box. Hence, this
shot-noise term must be subtracted from the power spectrum computed from
the simulation. This becomes increasingly relevant on smaller scales when the
power spectrum decreases to the same order of magnitude as this contribution.

2.2.2 COLA simulations

The Co-moving Lagrangian Acceleration (COLA) [50, 51] method is a fast N -
body method in which the large scale evolution is determined by second order
LPT (2LPT) and the smaller scales are evolved using the PM algorithm. This
is accomplished by first decomposing the position of a particle into the LPT
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solution and a residual piece:

x = xLPT + xres . (2.11)

The equations solved by a PM N -body code then consequently become:

dx

dt
=

dxLPT

dt
+ vres , (2.12a)

dvres

dt
= −∇Φ− d2xLPT

dt2
, (2.12b)

where vres ≡ ẋres. Therefore the code evolves x and vres. The second term
on the right hand side of Eq. 2.12b can be thought of as a fictitious force,
measuring dynamics in the non-inertial frame of “LPT observers".

Eqs. 2.12a-2.12b are a perfectly exact decomposition, however they allow
one to perform less time-steps in the simulation, giving COLA simulations a
more "approximate" status. This is because normal N -body simulations rely
on a large number of time-steps to build up the correct large scale structure.
However, in the COLA method this is not necessary as we are directly feeding
the simulation the correct large scale behavior via the 2LPT solution. The
reduced number of time steps, together with the efficiency of the PM algorithm,
are what make COLA simulations much more computationally affordable than
high-resolution simulations3.

2.3 Emulators of the Power Spectrum
We have determined that N -body simulations are an accurate tool for predict-
ing the nonlinear power spectrum of a given cosmology. The question then
arises how they could be incorporated into something like an MCMC where
O(106) cosmologies are explored, or any other computational algorithm that
requires a large search of the parameter space. Given the large computational
expense of a high-resolution N -body simulation, it is unfeasible to perform one
for every prediction needed in these analyses. Instead, a common approach is
to run a much more manageable number of O(102) training simulations, and
to utilize machine learning and regression techniques to build what are called
emulators. Emulators allow for the quick inference of the power spectrum pro-
duced by a simulation at an arbitrary cosmology θ based on the training set.
Two of the most notable high-resolution N -body emulators currently available

3An estimate of the computational expense of some modern high-resolution simulation
codes is provided in Sec. 2.1 of [52]. More on the expense of COLA is discussed in Sec. 4 of
this thesis.
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are the EuclidEmulator2 (ee2) [53] and the bacco emulator [54]. Both of
these emulators were trained for the w0wa model, discussed in Sec. 1.3. These
two emulators distinguish themselves as they cover a wide range of the w0wa

parameter space, as well as scales and redshifts.
Emulators can have many architectures and training choices, here we dis-

cuss some ideas which are later used in Sec. 4. The first decision one must
confront in building an emulator of the power spectrum is how to choose the
cosmologies at which to perform the training simulations, which can prove chal-
lenging due to the curse of dimensionality. A common method is to use Latin
Hypercube (LH) sampling, which efficiently samples a space with a sparse
number of points. An LH of N points is generated by dividing the range for
each parameter in to N bins, and picking successive points randomly under the
condition that no bin of any parameter is sampled from twice. This approach
ensures a uniform sampling across each parameter individually, however the
number of points sampled in a D-dimensional space is equal to the number
sampled in each dimension N rather than ND as in a grid.

2.3.1 Pre-processing

The next set of considerations in building an emulator are those concerning
how to process the data prior to training. While the nonlinear power spectrum
is the quantity of interest, it is advantageous to modify the variable slightly so
as to reduce the features in the data that the emulator must learn. Therefore, a
common starting point is to compute the boost factor B(k, z) for each training
cosmology, defined as the ratio of the nonlinear power spectrum to the linear
version:

B(k, z) ≡ PNL(k, z)

PL(k, z)
. (2.13)

This variable has the advantage of being 1 on linear scales, isolating only
the nonlinear behavior on small scales, while being easy to convert back to
PNL(k, z). Even more effective is to use the logarithm of the boost as is done
in the ee2:

Qee2(k, z) ≡ log(B(k, z)) . (2.14)

The bacco emulator modifies this quantity by performing a smearing pro-
cedure on the baryonic acoustic oscillation (BAO) signal in the linear power
spectrum. This is achieved by first computing a version of the linear power
spectrum with the BAO signal removed PNBAO

L (k, z), which is essentially at-
tained by identifying a bump in the sine-transform of the power spectrum
and deleting it before inverse transforming back (see [54] and [55] for details).
Then the smeared linear power spectrum is computed as a combination of the
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linear power spectrum and the BAO-removed version by:

P S
L (k, z) ≡ PL(k, z)G(k, z) + PNBAO

L (k, z)(1−G(k, z)) , (2.15)

where
G(k, z) ≡ exp(−0.5k2/k2∗(z)) , (2.16)

and
k−2
∗ (z) ≡ (3π2)−1

∫
dkPL(k, z) . (2.17)

The bacco emulator then emulates the quantity:

Qbacco(k, z) ≡ log[PNL(k, z)/P
S
L (k, z)] . (2.18)

It is then typical to normalize the input and output of the emulator to
ensure no features are arbitrarily weighted more than others:

θ̂j ≡
θj − θj,min

θj,max − θj,min

, (2.19)

Q̂(ki, zj) ≡
Q(ki, zj)−Qmin(ki, zj)

Qmax(ki, zj)−Qmin(ki, zj)
, (2.20)

where ki and zj are the bins in wavenumber and redshift that the emulation
variable Q(k, z) is stored in. In practice there are often O(103) different points
in this k − z grid that would each need to be emulated, leading to great com-
putational cost. Therefore, another typical technique employed in emulators
of the power spectrum is Principal Component Analysis (PCA) which can be
used to reduce the dimensionality of the data. Principal components (PC) are
eigenvectors of the sample covariance matrix. The principal components with
the highest eigenvalues capture the directions of largest variance in the high-
dimensional space. Typically a subspace formed by only a few PC’s captures
the vast majority of the variance of the data, hence projecting all data into
this lower-dimensional space reduces computational complexity with minimal
information loss.

Applying this technique to the training data, we first calculate the sample
average across the training set:

⟨Q̂⟩(ki, zj) =
1

Ncosmo

∑
θ

Q(ki, zj|θ) , (2.21)

where here we are briefly noting the dependence on the cosmological parame-
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ters explicitly. We also compute the sample covariance Mj:

(Mj)ip =
1

Ncosmo − 1

∑
θ

[(
Q̂(ki, zj|θ)− ⟨Q̂⟩(ki, zj)

)
×

(
Q̂(kp, zj|θ)− ⟨Q̂⟩(kp, zj)

)]
. (2.22)

The average is subtracted from the data in order to center it around zero. We
then diagonalize each covariance matrix to obtain the NPC eigenvectors Eℓj(ki)
with the largest eigenvalues, and project the training data onto the subspace
spanned by the PCs. Then the emulation variable can be written as:

Q̂(ki, zj|θ) = ⟨Q̂⟩(ki, zj) +
NPC∑
ℓ=1

αℓj(θ)Eℓj(ki) . (2.23)

where the coefficients αℓj(θ) are functions of the cosmological parameters that
constitute the direct output of the emulator. The number of PC’s utilized is
determined by considering the trade off between computational expense and
accuracy, due to the intrinsic information lost in the dimensionality reduction.
The problem of emulating the power spectrum is then reduced to emulating
the coefficients α(θ) for each principal component and redshift.

2.3.2 Gaussian Process Regression

There are a number of machine learning and regression methods used to per-
form the task of emulation. Here I discuss Gaussian Process (GP) regression,
used in the bacco emulator, which is a non-parametric Bayesian method
widely used due to its ability to handle high-dimensional inputs and to quan-
tify prediction uncertainty. The fundamental assumption of GP regression is
that any set of function values has a joint multivariate Gaussian distribution.
In the present context the function of interest is an arbitrary principal com-
ponent amplitude at an arbitrary redshift α(θ) from Eq. 2.23. We may think
of the training data as a vector αobs of Ntrain observations of this function
evaluated at the training inputs θi:

αobs,i = α(θi) + ϵi , (2.24)

where ϵi is gaussian noise with noise variance σ2
ϵ , so that ϵi ∼ N (0, σ2

ϵ ). With-
out loss of generality we take the values of the function to be centered at
0.

The core of a GP regression model is the chosen kernel, which shapes the
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covariance structure of the data. The most commonly used is the Radial Basis
Function (RBF) kernel:

k(θ,θ′) ≡ σ2 exp

[
− 1

2

D∑
j=1

(θj − θ′j)
2

l2j

]
. (2.25)

which contains the hyperparameters σ2 and the {lj}, called the signal vari-
ance and the correlation lengths respectively. The training points provide a
covariance matrix, K, defined by Kpq ≡ k(θp,θq). However, this matrix is
modified to account for noise K̂ ≡ K + σ2

ϵI, where I is the identity matrix.
Maximizing the marginal likelihood fixes the hyperparameters σ2, {lj}, and
σ2
ϵ :

p(αobs|K) =
1√

(2π)Ntrain

∣∣∣K̂∣∣∣ exp
[
− 1

2
αT

obsK̂
−1
αobs

]
. (2.26)

We now consider a test point θ∗ at which we wish to infer the value of the
function α(θ∗) based on the training points. Here we invoke the GP assump-
tion that the value of the function at the test point is normally distributed
along with the values at the training points:[

αobs

α(θ∗)

]
∼ N

([
0
0

]
,

[
K̂ K∗

K∗T K∗∗

])
. (2.27)

The vector K∗ contains the covariances between the test point and training
point function values K∗

p ≡ k(θ∗,θp). We also have K∗∗ ≡ k(θ∗,θ∗). The
value of the function at θ∗, and the prediction uncertainty, are taken to be the
mean and variance of the conditional distribution p(α(θ∗)|{θi},αobs) respec-
tively:

αpred(θ
∗) = K∗TK̂

−1
αobs , (2.28)

σ2
pred = K∗∗ −K∗TK̂

−1
K∗ . (2.29)

This regression is repeated for every principal component and redshift of in-
terest, and one may recover the power spectrum from the set of αℓj. In Sec. 4
we construct and validate GP emulators and compare to other methods.
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Chapter 3

Early Dark Energy with
Late-Time Marginalization

The Hubble tension is considered to be one of the most pressing problems
in precision cosmology today. Exploring the possibility that it points to new
physics remains a thriving area of research. In Sec. 1.8.1 I explained how
an injection of an additional source of energy in the era before last scattering
could bring the CMB inference of H0 into agreement with local measurements.
Indeed, this was the motivation for the proposal of Early Dark Energy (EDE)
as a resolution to the Hubble tension in [56]. EDE corresponds to a class of
models which consist of some added source of energy which peaks at a redshift
zc, reaching a fractional density fEDE(zc) ≡ ρEDE(zc)

ρtot(zc)
, before rapidly dissipating

so as to not affect late-time cosmology. We sometimes write fEDE ≡ fEDE(zc)
for simplicity.

In [56] it was shown that EDE was capable of resolving the Hubble tension.
Using scalar fields to implement EDE, they found that under a combined
dataset including data from Planck CMB as well as SH0ES, a better fit was
obtained using EDE compared to ΛCDM. Interestingly, this result occurred
for two different scalar field EDE models showing that the reduced tension
was not strongly dependent on the particular model chosen, but more so on
the general behavior of EDE. Additionally, CMB data from ACT showed a 3σ
preference for EDE [57].

Following this, Ref. [58] explored whether EDE could serve as a cosmo-
logical concordance model, bringing the variety of cosmological measurements
into agreement. The analysis added a number of other datasets, most notably
LSS data from DES. Only a moderate preference for EDE was found when
including the LSS data and SH0ES, however those results were in tension with
the constraints provided by an analysis excluding SH0ES which did not show
much preference for EDE. In addition, the analysis found that in order to
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maintain a good fit to the CMB, EDE exacerbates the S8 tension. Hence, the
study did not find that EDE could restore cosmological concordance.

While those results challenge the viability of EDE, there have been a num-
ber of studies into supplementing EDE in order to handle both H0 and S8

tensions [59–68]. Therefore, this section covers our work presented in [69],
which was aimed to test how a modified late-time expansion impacted the H0

and S8 tensions, and EDE parameter constraints overall. We use a piecewise
constant equation of state w(z) for the late (z < 3) dark energy modification,
allowing for more general behavior. We employ a variety of datasets including
CMB, BAO, SNe Ia, and LSS data from DES, including DES-Y3 which was
recently released at the time of the project.

3.1 Dark Energy Models
In this work we tested two approaches to realizing EDE: with a scalar field
and with an effective fluid. As discussed in Sec. 1.3, the scalar field dynamics
are specified by the potential. For EDE it is desirable for the field to start
in a "frozen" state, where the Hubble friction dominates, but then begins to
evolve as H decreases with the universe’s expansion. An "axion-like" potential
is commonly used for such behavior:

V (ϕ) = m2f 2
[
1− cos

(ϕ
f

)]n
. (3.1)

The n = 1 case is a standard potential for axions, where m is the mass and f
is the axion decay constant. At zc, H and hence the Hubble friction decreases
so that the field begins to oscillate. It then effectively behaves like a fluid with
average equation of state:

wn =
n− 1

n+ 1
. (3.2)

A closely related potential for scalar field EDE, which captures much of the
behavior of the previous potential near the minimum, is the "Rock ’n’ Roll"
power law:

V (ϕ) = V0

( ϕ

MPl

)2n
, (3.3)

where MPl is the reduced Planck mass.
Due to the oscillatory behavior of the field near the minimum, numerically

evolving the field can be cumbersome, hence it is common to use an effec-
tive fluid to mimic the behavior of these potentials. The energy density and
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equation of state of this fluid can be represented as:

ρEDE(z) =
2ρ(zc)

1 + ([1 + zc]/[1 + z])3(1+wn)
, (3.4)

wEDE(z) =
1 + wn

1 + ([1 + z]/[1 + zc])3(1+wn)
− 1 . (3.5)

At early times (z >> zc), wEDE ≈ −1 and the field acts as a cosmological
constant, but once z << zc then wEDE approaches wn and the density decays
as a−3(1+wn), therefore exhibiting the desired EDE evolution.

We may compute the adiabatic sound speed of the fluid by:

c2a ≡
ṖEDE

ρ̇EDE

= wEDE − ẇEDE

3H(1 + wEDE)
, (3.6)

where here the dot is a derivative with respect to conformal time, and we have
also used the conformal continuity equation (Eq. 1.10). The effective sound
speed is computed following [70] with time-averaged quantities:

c2s(k, a) ≡
⟨δPEDE⟩
⟨δρEDE⟩

=
2a2(n− 1)ω̄2 + k2

2a2(n+ 1)ω̄2 + k2
, (3.7)

where ω̄ = ω̄0a
−3wn is the angular frequency of the oscillations, which decreases

in time for n > 1. The frequency ω̄0 depends on another parameter Θi (see [70])
which in the axion model corresponds to the initial field value Θi ↔ ϕi/f .
Based on previous works [56, 71], in this project we only study n = 3. The
effective fluid is then fixed by only three parameters: zc, fEDE, and Θi. We set
the initial field value while it is still frozen by the Hubble friction, at a = 10−7.

Finally, as mentioned we use a piecewise constant equation of state w(z)
to modify the late-time expansion, starting at -1 with the subsequent epoch
broken down into N redshift intervals, or bins:

w(z) =


w0 if 0 ≤ z < z1 ,

...

wN−1 if zn−1 ≤ z < zN ,

wN = −1 if z ≥ zN .

(3.8)

Smooth dark energy models only affect the background expansion history
and are therefore specified by the equation of state w(z). The piecewise con-
stant function provides a good approximation of the equation of state for any
dynamical dark energy provided that the bins are fine enough, so that our
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results are general. We space the bins to capture mainly the late dark energy
behavior in the Pantheon supernovae range z ∈ [0.01, 2.3]. We test using 3, 5,
and 10 bins, with the {zi} from Eq. 3.8 being in each case:

• {0.7, 1.4, 2.1} ;

• {0.5, 1.0, 1.5, 2.0, 3.0} ;

• {0.3, 0.6, 0.9, 1.2, 1.5, 1.8, 2.1, 2.4, 2.7, 3.0} .

We use the parameterized post-Friedmann approach [72] to avoid instabilities
due to crossing w = −1 or sharp discontinuities in our binned w(z) function.

3.2 Datasets
Our analysis combines a variety of datasets, including data from the CMB,
SNe Ia, LSS, and strong lensing. Here I outline each dataset with more details
provided in our paper [69]:

• CMB - We primarily use ACT data [57], comprised of TT, EE, and
TE power spectra, in the multipole range ℓ ∈ [600, 3000] for TT, and
ℓ ∈ [350, 3000] for TE and EE. We impose the cut ℓ < 3000 to prevent
baryonic effects from impacting our results. We also use Planck 2018 [73]
TT data for ℓ < 650, and the EE spectrum for ℓ < 30 in order to
constrain τ . We refer to this combined dataset as "CMB", and we also
supplement this with Planck 2018 CMB Lensing which we call "CMBL".

• SNe Ia - We use the Pantheon [74] SNe Ia sample with z ∈ [0.01, 2.3],
and refer to this dataset as "SNe".

• LSS (Large-Scale Structure) - We use a variety of BAO data, includ-
ing the Six-degree Field Galaxy Survey (6dFGS) [75], the Sloan Digital
Sky Survey (SDSS) Data Release 7 (DR7) main galaxy sample [76], and
the SDSS Baryon Oscillation Spectroscopic Survey (BOSS) Data Release
12 (DR12) consensus sample [77], and refer to this dataset as "BAO".
We also use DES 3x2pt data, sometimes only using cosmic shear, and
use both DES-Year 1 (DES-Y1) [78] and DES-Year 3 (DES-Y3) [79].

• Strong Lensing (SL) - We opt to use strong lensing data from H0LiCOW
(H0 Lenses in COSMOGRAIL’s Wellspring) [80–82] instead of SH0ES as
it provides similar constraints on H0 independently, while SH0ES is in
strong tension with CMB constraints. We refer to this dataset as "SL".
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Parameter Min. Max.

Ωch
2 0.005 0.1

Ωbh
2 0.001 0.99

100× θ∗ 0.5 10

ln(1010As) 1.61 3.91

ns 0.85 1.1

τ 0.01 0.8

log10(zc) 3 4.3

fEDE(zc) 0.001 0.5

Θi 0.1 3.1

w0 -3 -0.1

wn (n ≥ 1) -3 1

Table 3.1: The bounds on the priors of the cosmological parameters sampled in
our analysis. Our priors are uniform distributions over each parameter within
the specified ranges.

3.3 Analysis
In this section, I outline the methodology of our analysis of EDE with late-time
modifications. We run MCMCs using the cocoa architecture [83] which com-
bines the cobaya code [84] for sampling and cosmolike [85] for computing
likelihoods. We use a modified version of the Einstein-Boltzmann solver camb
along with Halofit [86], to obtain the nonlinear power spectrum, using the
Casarini prescription [87, 88] to accommodate the late-time dark energy w(z).

The cosmological parameters sampled in our analysis are θ∗, Ωbh
2, Ωch

2,
ln(1010As), ns, and τ ; the EDE parameters log10(zc), fEDE, and Θi; and the
binned w(z) values. The priors on these cosmological parameters are listed
in Table 3.1. We also sample over nuisance parameters from ACT and DES,
with priors provided in their respective papers [20, 78, 79].

In order to isolate the effects of different datasets we run chains with five
different dataset combinations:

• DC1 - CMB + BAO + SNe + CMBL;
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Model/Dataset H0 10× S8 100× fEDE

DC1
ΛCDM 68.1± 0.50 8.20± 0.12 –
Axion-like 71.6+1.3

−2.3 8.35+0.17
−0.22 10.6+2.7

−4.9

Rock ’n’ Roll 71.4+1.3
−2.0 8.34+0.16

−0.19 9.5+2.7
−3.6

Effective Fluid 71.9+1.6
−2.1 8.41+0.17

−0.20 8.8+2.8
−3.5

Table 3.2: Cosmological parameter means and 68% bounds using our DC1
dataset, for three EDE models: Axion-like EDE, Rock ’n’ Roll EDE and ef-
fective fluid EDE.

• DC2 - CMB + BAO + SNe;

• DC3 - CMB + BAO + SNe + CMBL + SL;

• DC4 - CMB + SNe + CMBL;

• DC5 - CMB + SNe + SL .

DC1 and DC4 differ only by the inclusion of BAO, while DC1 and DC2 differ
by CMBL. DC3 contains SL which is in tension with CMB, and DC5 has SL
and SNe which are in tension with CMB. We also test adding DES data to
each of these datasets.

3.4 Results
I now present the results of our analysis of EDE models with late-time modifi-
cations. We begin the analysis by studying EDE-only constraints as a baseline,
before proceeding to modify the late-time behavior with w(z).

3.4.1 Early Dark Energy Only

Our first set of tests use EDE only to establish a baseline of comparison once
we vary late-time behavior in the next section. We compare to previous re-
sults [57, 58] as well obtain new constraints due to our use of DES-Y3 data
and restricting ACT power spectra to ℓ < 3000.

Table 3.2 shows the mean and 68% limits on the parameters H0, S8, and
fEDE from an MCMC analysis of the DC1 dataset, for the Axion-like, Rock
‘n’ Roll, and fluid EDE models. We see that all three EDE models were
successful in increasing the value of H0. Furthermore, the constraints on fEDE

53



are consistent with the result from the ACT collaboration [57], which found
fEDE = 0.091+0.02

−0.036 but without the SNe data or the cutoff of ℓ < 3000 in the
Planck TT spectrum. As all three EDE models provide similar constraints,
we simply use the fluid EDE model in future tests unless otherwise specified.

The 2D contours of the posterior are shown in Fig. 3.1, where we compare
ΛCDM and fluid EDE constraints using DC1 with and without DES-Y3 data.
From the figure it is clear that EDE increased the mean value of H0 relative
to ΛCDM in all cases, bringing the value in closer agreement with local mea-
surements. However, under DC1, EDE also increased the mean value of S8

from 0.820±0.012 compared to 0.840+0.018
−0.02 in ΛCDM, worsening the S8 tension

relative to the lower values measured by galaxy surveys.
With respect to goodness-of-fit, the contributions to the minimum χ2 due

to the CMB for each model was χ2(ΛCDM)
CMB = 966.3 and χ2(EDE)

CMB = 957.0, giving
a difference ∆χ2

CMB ≡ χ
2(EDE)
CMB − χ

2(ΛCDM)
CMB = −9.3. Taking ∆χ2 to be χ2

distributed along with the three EDE parameters as three degrees of freedom,
gives a 2.2σ result in favor of EDE.

We can assess tension between two sets of constraints on a given cosmo-
logical parameter θ using the following:

T ≡ |⟨θ1⟩ − ⟨θ2⟩|√
σ2
1 + σ2

2

, (3.9)

where ⟨θi⟩ are the parameter means and σ2
i are the 68% bounds1. We refer to

this as the "1D tension" as it only accounts for single parameter.
Fig. 3.2 plots the 1D tension for H0 compared to the SH0ES [89] constraint,

and S8 compared to DES-Y3 [79], for ΛCDM and the three tested EDE models.
Using the dataset DC1, all three EDE models successfully brought the H0 1D
tension below 1, while under ΛCDM it is 4.5. However, all three EDE models
slightly increased the S8 1D tension to 2.3-2.5, up from 2.0 under ΛCDM.
Similar results were found from other datasets, and are included in Appendix
A of [69].

In order to study the effect of LSS on EDE constraints we now consider the
previous analysis of the DC1 dataset, but with the addition of DES-Y3 data.
Previous studies have shown LSS data to lower the preference for EDE [58, 90].
Due to an internal tension in the DES-Y3 galaxy clustering analysis [35] when
using the redmagic lens sample, we not only conduct analyses 3x2pt data,
but also using cosmic shear (ξ±) only. However, between the 2D contours in
Fig. 3.1 and the more complete summary listed in Table 3.3, we do not see

1We take the average of the upper and lower limits if the marginalized constraint is
skewed.

54



70 75

H0

0.02

0.10

0.18

f E
D

E
(z c

)

0.80

0.84

0.88

S 8

0.29
0.30
0.31
0.32

m

0.3
0

0.3
2

m

0.8
0

0.8
4

0.8
8

S8

0.0
2

0.1
0

0.1
8

fEDE(zc)

DC1 [ CDM]
DC1 [EDE]
DC1 + DES-Y3 Cosmic Shear [EDE]
DC1 + DES-Y3 3x2pt [EDE]

Figure 3.1: ΛCDM and EDE only constraints, when using DC1 and DES-Y3
datasets.

striking differences in the EDE constraints due to redmagic internal tension.
We find using DC1:

fEDE = 0.088+0.028
−0.035 (DC1) ,

fEDE = 0.067+0.019
−0.025 (DC1+DES-Y3 ξ±) ,

fEDE = 0.063+0.019
−0.024 (DC1+DES-Y3 3x2pt) .

(3.10)

Hence, its clear that the addition of LSS data lowered the preferred amount
of EDE at recombination, which would result in an increase of the Hubble
tension. The same effect is seen using the DC2 dataset:

fEDE = 0.075+0.019
−0.030 (DC2+DES-Y3 ξ±) ,

fEDE = 0.068+0.020
−0.026 (DC2+DES-Y3 3x2pt) ,

(3.11)

where CMBL has been omitted. This trend is supported in Fig. 3.2 where
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Figure 3.2: The 1D tension metric of Eq. 3.9 under different models, relative
to the SH0ES H0 constraint, and the DES-Y3 S8 constraint. Under DC1, EDE
models lower the H0 tension to less than 1, while slightly increasing the S8

tension. However, when DES-Y3 cosmic shear data is added, the S8 tension
lowers slightly at the cost of a lesser reduction in the H0 tension.

we see the H0 tension being larger when LSS data is included, though the S8

tension is slightly lessened. In Fig. 3.3, we show χ2
CMB histograms both from

MCMCs which used LSS data and which omitted it. We see that the inclusion
of the DES data also worsened the fit to the CMB.

3.4.2 Adding Late-Time Modifications

We now study whether modifying the late-time behavior of dark energy can
allow EDE to simultaneously have a favorable impact on the H0 and S8 ten-
sions. We apply the piecewise constant equation of state w(z) described in
section Sec. 3.1. For constraints on the values of the w(z) function, see Fig. 7
of our paper [69].

We ran MCMCs sampling over the values of w(z) within each redshift bin,
separately testing splitting the redshift range into 3, 5, or 10 bins. Figs. 3.4-3.5
summarize the constraints of the fluid EDE model combined with late-time
modification on H0, S8, ωm, and fEDE, showing the mean and 68% bounds
for each parameter. Results are not only presented with and without the use
of DES-Y3 data, but also using DES-Y1 in order to compare the effect of
the updated data. We see from the figures that for datasets based on DC1,
DC3, DC4, and DC5, the addition of the late-time modification w(z) did not
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Figure 3.3: Histograms of χ2
CMB showing the goodness-of-fit of EDE with mod-

ified late-time behavior to the CMB.

significantly change the constraint on fEDE, using any number of redshift bins.
Table 3.3 shows a summary of the constraints on H0 , S8, and fEDE using
datasets based on DC1 and DC2.

In the case of DC2, which is the DC1 dataset without CMBL, a slight
change in the fEDE and S8 constraints did materialize with the addition of the
late-time w(z) modification. For all analyses where DES was included, the
mean fEDE increased by roughly 0.01 or approximately 0.5σ, and the mean
S8 decreased by roughly 0.4σ decreasing the S8 tension. In Fig. 3.3 it is also
apparent that under DC2 with DES-Y3 cosmic shear data, the addition of
the late-time modification also improved the fit to the CMB. However, these
changes in S8 were not accompanied by an increase in H0.
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Model/Dataset H0 10× S8 100× fEDE

DC1
ΛCDM 68.09+0.49

−0.49 8.21± 0.13 –
EDE 71.9+1.6

−2.1 8.40+0.18
−0.20 8.7+2.8

−3.5

EDE + 3-bin w(z) 71.8+1.7
−2.3 8.41± 0.19 8.7+2.9

−3.8

EDE + 5-bin w(z) 71.8+1.7
−2.1 8.38± 0.19 8.7+2.8

−3.5

EDE + 10-bin w(z) 71.6+1.8
−2.1 8.41+0.18

−0.20 8.4+3.2
−3.6

DC1+DES-Y3 ξ±

EDE 71.0+1.2
−1.6 8.18± 0.12 6.7+1.9

−2.5

EDE + 3-bin w(z) 70.6+1.3
−1.7 8.17± 0.13 6.7+1.9

−2.7

EDE + 5-bin w(z) 71.0+1.3
−1.9 8.17± 0.13 7.2+2.0

−3.1

EDE + 10-bin w(z) 70.9+1.4
−1.8 8.18± 0.13 7.0+2.1

−2.9

DC1+DES-Y3 3x2pt
EDE 70.7+1.1

−1.6 8.21± 0.10 6.3+1.9
−2.4

EDE + 3-bin w(z) 70.3+1.3
−1.6 8.19± 0.11 6.3+1.9

−2.5

EDE + 5-bin w(z) 70.7+1.2
−1.6 8.19± 0.11 6.6+1.9

−2.4

EDE + 10-bin w(z) 70.6+1.2
−1.6 8.19± 0.11 6.4+2.0

−2.6

DC2
ΛCDM 68.06+0.56

−0.56 8.22± 0.17 –
EDE 73.3+2.1

−2.5 8.53+0.27
−0.31 11.2+3.6

−4.3

EDE + 3-bin w(z) 73.0+2.1
−2.6 8.49± 0.41 11.0+3.3

−4.1

EDE + 5-bin w(z) 72.8+2.0
−2.5 8.38± 0.39 10.7+3.3

−3.9

EDE + 10-bin w(z) 72.9+2.1
−2.5 8.46± 0.40 10.9+3.4

−3.9

DC2+DES-Y3 ξ±

EDE 71.4+1.3
−2.1 8.11± 0.17 7.5+1.9

−3.0

EDE + 3-bin w(z) 71.2+1.6
−2.0 8.03+0.19

−0.17 8.6+2.4
−3.2

EDE + 5-bin w(z) 71.2+1.6
−1.9 8.02+0.20

−0.17 8.4+2.4
−3.2

EDE + 10-bin w(z) 71.3+1.6
−2.2 8.03± 0.19 8.7+2.5

−3.5

DC2+DES-Y3 3x2pt
EDE 70.9+1.3

−1.9 8.15± 0.13 6.8+2.0
−2.6

EDE + 3-bin w(z) 70.9+1.5
−1.8 8.12+0.15

−0.13 8.0+2.1
−2.9

EDE + 5-bin w(z) 71.1+1.5
−1.8 8.13± 0.14 7.9+2.6

−2.6

EDE + 10-bin w(z) 71.0+1.5
−1.9 8.12± 0.14 7.9+2.2

−2.9

Table 3.3: Summary of H0, S8, and fEDE constraints under the combined EDE
and late=time w(z) models, using DC1 and DC2 with and without DES-Y3
data. 58



68 70 72 74 76
H0

DC1

+ DES-Y1 3x2pt

+ DES-Y3 3x2pt

+ DES-Y1 Cosmic Shear

+ DES-Y3 Cosmic Shear

DC2

+ DES-Y1 3x2pt

+ DES-Y3 3x2pt

+ DES-Y1 Cosmic Shear

+ DES-Y3 Cosmic Shear

0.78 0.83 0.88
S8

0.28 0.30 0.32
m

0.02 0.08 0.14
fEDE

EDE
EDE + w(z) [3 bins]
EDE + w(z) [5 bins]
EDE + w(z) [10 bins]

Figure 3.4: Mean and 68% bounds on H0, S8, Ωm, and fEDE using a fluid EDE
model with modified late-time behavior w(z). We use datasets DC1 and DC2,
and repeat the analysis with DES-Y1 and DES-Y3 cosmic shear and 3x2pt
data.

59



69 73 77
H0

DC3

+ DES-Y1 3x2pt

+ DES-Y3 3x2pt

+ DES-Y1 Cosmic Shear

+ DES-Y3 Cosmic Shear

DC4

+ DES-Y1 3x2pt

+ DES-Y3 3x2pt

+ DES-Y1 Cosmic Shear

+ DES-Y3 Cosmic Shear

DC5

+ DES-Y1 3x2

+ DES-Y3 3x2

+ DES-Y1 Cosmic Shear

+ DES-Y3 Cosmic Shear

0.77 0.83 0.89
S8

0.26 0.29 0.32
m

0.03 0.09 0.15
fEDE

EDE
EDE + w(z) [3 bins]
EDE + w(z) [5 bins]
EDE + w(z) [10 bins]

Figure 3.5: Continuation of Fig. 3.4 using the DC3, DC4, and DC5 datasets.
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Chapter 4

Nonlinear modeling with COLA

Stage-IV surveys such as the Legacy Survey of Space and Time (LSST) [91] and
Euclid [92] will provide a wealth of new information on small scales. This poses
both an opportunity and a challenge for the exploration of beyond-ΛCDM
models, due to the failure of linear perturbation theory on small scales, as
discussed in Sec. 2.2. This is further complicated by the fact that large searches
of the parameter space, such as with MCMCs (discussed in Sec. 2.1), require
as many O(106) evaluations of the matter power spectrum to converge, placing
tight computational constraints on the modeling tools required for Stage-IV
analyses.

One straightforward approach to model smaller scales is to simply go to
higher order in perturbation theory, however this requires performing com-
putationally intensive convolution integrals. Recent work has gone into more
efficiently computing these integrals [93], such as through the Effective Field
Theory (EFT) approach [94–101] and its implementation [102–104], as well as
its generalizations for some beyond-ΛCDM models [104–111]. However, these
approaches only provide accurate predictions up to scales of k ∼ 0.2hMpc−1.

Other methods have tried to utilize the precision of N -body simulations in
computationally efficient ways. One approach to this is through the use of the
halo model, which provides physically-motivated analytic formulas that can be
fit to the results of a low number of simulations, allowing for fast predictions
of the power spectrum up to scales of k ∼ 10hMpc−1. This includes methods
such as halofit [86, 112, 113], hmcode [114–116], and the halo reaction
model approach react [117, 118].

In Sec. 2.3 I discussed emulators, which apply machine learning and regres-
sion algorithms to O(102) training simulations, allowing for the fast replication
of the results of these simulations. Nevertheless, each beyond-ΛCDM model
has a different parameter space over which the emulators must be trained, and
running the requisite O(102) high-resolution N -body simulations requires com-
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putational resources that typically are only available to large collaborations.
To build ee2 for instance, required roughly 700,000 node hours [53]. Given
the variety of cosmological models still of interest in the literature, relegating
the production of these nonlinear modeling tools to a handful of collaborations
would effectively imply that many models will never be able to make use of
much of the new data from Stage-IV surveys.

For this reason, approximate or "fast" N -body techniques have garnered
interest to reduce the computational expense of running simulations, at vary-
ing costs to their accuracy on small scales when compared to high-resolution
simulations. In particular the COLA method, discussed in Sec. 2.2.2, was pro-
posed as a means of generating training sets for emulators of the nonlinear
power spectrum in [119]. Therefore, our work originally presented in [120] and
reviewed in this section, tested this proposal by applying COLA emulators in
a simulated LSST-Y1 cosmic shear analysis. We used the wCDM model as it
is a simple extension of ΛCDM in which there is a suitable high-resolution N -
body emulator to use as a benchmark, namely ee2. Given this, we take steps
to improve the accuracy of the emulator including calibrating it with ee2 pre-
dictions, however the procedure serves as a template which can be replicated
using other high-resolution prescriptions in other beyond-ΛCDM models.

COLA Simulation Settings

Previous works [121–123] have investigated many of the simulation settings
discussed in Sec. 2.2, such as the initial redshift, placement of the time-steps,
and force resolution. Many tests at the power spectrum level have been con-
ducted [119, 123–125], where COLA has consistently met benchmark standards
in comparisons with high-resolution N -body simulations, including in modified
gravity models [123, 124, 126–131].

Therefore, in this investigation we were able to begin with a suite of set-
tings which we dubbed default-precision (DP). However, we also tested more
expensive settings aimed at improving accuracy on small scales which we dub
enhanced-precision (EP) settings. These settings are summarized in Table 4.1.
In the DP simulations, we used a box-size of L = 1024 h−1Mpc, a total number
of particles of Npart = 10243, and Nmesh = 20483 cell grids, resulting in a force
resolution ℓforce ≡ L/N

1/3
mesh = 0.5 h−1Mpc. Meanwhile, in the EP simulations

we improved the force resolution of our simulations to ℓforce ≈ 0.17 h−1Mpc, by
reducing the simulation box-size to L = 512 h−1Mpc and refining the number
of mesh grids to Nmesh = 30723.

The distribution of time-steps in the simulations are motivated by [119],
where these time-steps were compared with PM N -body simulations which
used the same mass and force resolution as in the EP COLA simulations. We
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Default-precision Enhanced-precision

(DP) (EP)

Npart 10243 10243

L [h−1Mpc] 1024 512

Nmesh 20483 30723

Mpart [h−1M⊙] 8.4× 1010 1.1× 1010

ℓforce [h−1Mpc] 0.5 0.17

Table 4.1: Precision settings in our COLA simulations. We test two sets of
precision settings, one dubbed default-precision and another dubbed enhanced-
precision with a refined force-resolution.

began the simulations at an initial redshift of zinitial = 19, and used 51 time-
steps each with a time resolution in the scale factor of ∆a ≈ 0.02 as shown in
Table 4.2. The initial displacement fields are generated using 2LPT.

We evolved particles using the "forward” approach [132], where the linear
transfer functions are provided at each step of the simulation, ensuring the
proper large scale dynamics. These transfer functions are provided in the N -
body gauge [9, 133–135], as was done in the simulations used to construct ee2.
The COLA simulations we run used the public cola-fml1 code, and the power
spectra were computed using the on-the-fly code ComputePowerSpectra
within the cola-fml library.

The advantage of the COLA method is the reduction in computational
expense of these simulations in comparison to a high-resolution simulation,
hence we briefly discuss some benchmarks. Using 128 cores, the DP COLA
simulations took about 0.7 wall-clock hours on average, and the EP simula-
tions take about 1.5 wall-clock hours, both requiring O(100) CPU hours per
simulation. This is a drastic reduction in comparison to the simulations that
ee2 was trained on for example, which took O(105) CPU hours per simula-
tion [53]. Another practical limitation that one must consider using the COLA
approach is the memory usage. Our DP and EP simulations were run with
1.5TB and 3TB of total memory respectively, though we also found they are
able to run with 1TB and 2TB. For this project, all simulations were run in
the SeaWulf cluster at Stony Brook University and the GridUNESP cluster
at the State University of São Paulo, demonstrating that our COLA emulator

1https://github.com/HAWinther/FML
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Redshift Range Nsteps

19.0 ≥ z > 3.0 12

3.0 ≥ z > 2.0 5

2.0 ≥ z > 1.0 8

1.0 ≥ z > 0.5 9

0.5 ≥ z ≥ 0.0 17

Table 4.2: Number of time-steps used in each redshift interval for all of our
simulations, following [119]. The time steps are equally spaced in scale factor,
a, for each interval. Nsteps in each interval is chosen to maintain a step-size of
∆a ≈ 0.02.

approach does not require the computational resources of large collaborations.

Defining and Sampling the Parameter Space

In this work, the goal is to benchmark our COLA emulators with ee2, hence we
run our simulations such that the ee2 parameter space is the region of validity
of our emulators. However, as we are restricting our tests to the wCDM model,
we restrict the dark energy energy equation of state parameter by setting
wa = 0 so that w = w0 is a constant value. In addition we ran a training
set of simulations for ΛCDM only in which we fixed w0 = −1. We also follow
the ee2 treatment of neutrinos using three degenerate massive neutrinos, but
fixing their summed mass to the ee2 reference value Σmν = 0.058 eV. The
bounds on region of validity of the emulators is then listed in Tab. 4.3.

While our analysis is restricted to this region of validity, our training sim-
ulations are run over a parameter space stretched symmetrically in each pa-
rameter sampled by a total of 10%, in order to improve emulation near the
boundary of the desired region. Within this space, we utilize Latin Hypercube
(LH) sampling to select the training points where we run simulations, ensur-
ing a uniform distribution across each individual cosmological parameter and
efficiently filling the space.

Before running COLA simulations, we use halofit to inexpensively build
prototypes of our COLA emulators, in order to determine the number of train-
ing cosmologies required for our desired accuracy. We also generate validation
sets for ΛCDM and wCDM with Nval = 100 LH points within the ee2 bound-
aries to measure the emulation errors. We emphasize that the low cost of
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Parameter Min. Max. EE2 Ref.

Ωm 0.24 0.40 0.319

Ωb 0.04 0.06 0.049

ns 0.92 1.00 0.96

As × 109 1.7 2.5 2.1

h 0.61 0.73 0.67

w −1.3 −0.7 −1.0

Table 4.3: Boundaries of the parameter space in our analysis, based on the
limits of ee2. Our emulators are trained to be valid in this region, which
also serves as the prior for our MCMCs. We extend these boundaries by
5% in each direction when generating our training LH in order to improve
emulation near the ee2 boundary. We also include the ee2 reference values
which serve an important role in calibrating many of our COLA simulations,
and in conducting our simulated LSST analysis.

COLA allows for a much higher number of training simulations compared to
high-resolution N -body emulators. We found that when using NΛCDM

train = 400
training LH points for ΛCDM, and NwCDM

train = 500 points for wCDM, we were
able to emulate halofit with an error compared to the validation sets of less
than 0.3% for scales 10−2 hMpc−1 ≤ k ≤ π hMpc−1. Hence, these are the
number of COLA training simulations run in each model.

4.1 Post-Processing COLA
As mentioned in Sec. 2.3, emulators of the power spectrum typically predict
only nonlinear corrections based on the boost factor:

B(k, z|θ) ≡ PNL(k, z|θ)
PL(k, z|θ)

(4.1)

where here we show explicitly the dependence on the vector of cosmological
parameters θ though we sometimes omit it when the context is clear. The
emulators in this work also are based on the boost factor, hence it is necessary
to compute it from the training simulations. After subtracting the shot-noise
term and computing the average nonlinear power spectrum from the paired-
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and-fixed simulations, it is straightforward to directly compute the boost from
the simulations BCOLA(k, z|θ). However, different nonlinear prescriptions are
known to have disagreements due to differences in their methodologies. Hence,
it was suggested in the precursor to this work [119] to use a single boost from
a high-resolution simulation as a reference to calibrate the boost from COLA:

B̄(k, z|θ,λ) ≡ Bhigh−res(k, z|λ)×
(
BCOLA(k, z|θ)
BCOLA(k, z|λ)

)
. (4.2)

Here λ, called the "reference cosmology", is the cosmology at which the high-
resolution simulation is computed in order to improve the accuracy of the boost
at the cosmology of interest θ. In Eq. 4.2 the ratio is taken between the boost
from 2 COLA simulations so that any cosmology-independent defects in the
boost that are inherent to COLA will cancel. In this way, the role of COLA
can be seen as extending the high-resolution prescription from the reference
to new cosmologies, which is especially interesting given that the cosmology θ
can contain parameters from a new extended cosmological model.

As ee2 is being used in this work as the benchmark for our emulators, we
use it to compute the high-resolution prediction Bhigh−res(k, z|λ) which we also
sometimes refer to as the "anchor". The first approach tested in this work was
to use a single reference cosmology to calibrate all the training simulations,
hence we used the EE2 reference cosmology listed in Table 4.3 located at the
center of the parameter space. The reason for this choice is that in Eq. 4.2 only
cosmology-independent COLA signals are canceled, so when a cosmology θ is
very far in the parameter space from the reference λ, cosmology-dependent
signals differ greatly between the two COLA predictions and fail to cancel.

Nevertheless, this problem motivated the idea to test using additional ref-
erence cosmologies spread throughout the parameter space, so that all of the
training simulations could be calibrated with more proximate cosmologies.
This is achieved by generalizing Eq. 4.2 to make use of an arbitrary number
Nrefs of reference cosmologies by taking a weighted sum:

B̃(k, z|θ,λ1, ...,λNrefs
) ≡

Nrefs∑
i=1

wiB̄(k, z|θ,λi) . (4.3)

The weights

wi =
exp(−d2i /σ2

d)∑Nrefs

j=1 exp(−d2j/σ2
d)
, (4.4)
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are functions of the Euclidean distance in the D-dimensional parameter space

d2i ≡
D∑
j=1

(θ̂j − λ̂ij)
2 , (4.5)

between the normalized θ and the λi vectors (Eq. 2.20). The parameter σd
in the weights is chosen during the process of building the emulator, see the
discussion at the end of Sec. 4.3.

An essential consideration in the approach of adding multiple reference
cosmologies is the added computational cost of running the requisite high-
resolution simulation for each reference. After all, the COLA emulator ap-
proach is only useful in the context of extended models in which only expensive
nonlinear prescriptions exist. Therefore, one approach tested in this work was
to spread a limited number of 25 additional reference cosmologies across the
wCDM parameter space, which we denote NwCDM

refs = 26.
However, if one is interested in emulating a cosmological model which is

an extension to ΛCDM, it is possible to limit the added cost of additional
references by confining them within the ΛCDM subspace of the parameter
space. This allows for the use of existing high-resolution emulators, or other
fast ΛCDM prescriptions, to compute the anchors inexpensively and therefore
allowing for a much greater number. Nevertheless, under the current approach
of using Eq. 4.2 and Eq. 4.3 to incorporate the multiple references, each ref-
erence also requires the computational expense of a COLA simulation so the
number cannot be arbitrarily large. Therefore, another approach tested in
this work was to use 100 additional reference anchors confined to the ΛCDM
subspace of our wCDM parameter space, an idea we refer to as NΛCDM

refs = 101.

4.2 Comparisons to EE2 at the Boost Level: 1,
26, 101 references

In this section, we compare the post-processed boost factors from the COLA
simulations directly to the corresponding boosts from ee2. These comparisons
provide important metrics indicating the scales and the extent to which our
COLA approaches lose accuracy, as we are considering ee2 as the benchmark
in this work.

Fig. 4.1 displays the disagreement between the post-processed boosts from
the COLA simulations, and those from ee2 at z = 0 for various training
sets. In each panel, we bounds on the lowest error 50%, 90%, and 100%
of cosmologies of the respective training sets. Only training points that are
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contained inside the ee2 boundary are able to be compared, therefore the
ΛCDM panels consider 240 of the NΛCDM

train = 400 LH points, and the wCDM
panels consider 279 of the NwCDM

train = 500 LH points. In the left panels we
restrict to simulations post-processed with only Nrefs = 1. One striking result
is the similarity between the errors in the corresponding ΛCDM and wCDM
training sets, indicating that the majority of the error in the COLA simulations
are due to the ΛCDM parameters.

For both sets of simulation settings with Nrefs = 1, we see a similar spread
of errors below k ∼ 0.5hMpc−1, with only a very slight increase in error on
the largest scales for the EP simulations due to the smaller box size. However,
there is a clear improvement in the EP simulations on smaller scales, where for
k ≲ 1hMpc−1 the 90% bands remaining below 3% error. Additionally, for the
DP wCDM cosmologies the percentage of runs with errors at k = 1hMpc−1

outside the 2%, 3%, and 4% error thresholds, was 43.0%, 20.8% and 6.81%,
respectively. These percentages more than halved for the EP simulations to
21.2%, 9.0%, and 2.9%.

The right panels of Fig. 4.1 show the effect of using Eq. 4.3 with 26 and 101
references. The top right panel shows the errors of the wCDM DP simulations
using NwCDM

refs = 26 anchors, in which 21.9%, 7.2%, and 1.5% of the training
points had errors larger than 2%, 3% and 4% at k = 1hMpc−1.

On the other hand, the third panel on the right of Fig. 4.1 shows the
wCDM DP simulations processed with NΛCDM

refs = 101 references contained
inside the ΛCDM subspace. Here we see the elimination of all errors above 4%
at k = 1hMpc−1, and only 13.2% and 1.8% of cosmologies outside the 2% and
3% error thresholds. For comparison, we include the second panel on the right
the wCDM DP simulations using NwCDM

refs = 101, so that we use the same large
number of references but spread them throughout the entire parameter space.
In this case 11.1%, 1.8%, and 0.4% of cosmologies had errors above 2%, 3%
and 4% at k = 1hMpc−1, showing similar results to NΛCDM

refs = 101 references.
This again suggests that the main source of error introduced by our COLA
methodology came in modeling the ΛCDM parameters, supporting the idea of
using ΛCDM references.

We then combine the approaches of using the EP simulations withNΛCDM
refs =

101 references, and present the errors in the boost in the bottom right panel
of Fig. 4.1. This produced 11.1%, 2.2%, and 1.8% of cosmologies having errors
above 2%, 3% and 4% at k = 1hMpc−1.
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Figure 4.1: Bounds on the lowest error 50%, 90%, and 100% of training sim-
ulations, computed at z = 0 and each wavenumber k. The error is evaluated
as the fractional difference between the post-processed boosts from the COLA
simulations and the boosts from ee2. Each panel is identified by the cosmo-
logical model in which the simulations span, the precision settings, and the
number of references, with the left panels corresponding to Nrefs = 1.

4.3 Emulator Validation
In Sec. 2.3 I discuss techniques used in the construction of emulators of the
power spectrum in detail, and introduce GP regression. In this section, I
show results from some selected GP emulators, and compare them to other
emulators which used Neural Networks (NN), Polynomial Chaos Expansion
(PCE), and a combination of the two discovered by a co-author during this
project which was dubbed "Neural Polynominal Chaos Expansion" (NPCE).

Emulators were trained for each method using the pre-processing tech-
niques described in Sec. 2.3. Essentially, the post-processed boosts from the
simulations were used to compute the emulation variables using Eq. 2.14 or
Eq. 2.18, and the dimensionality of the subsequent training data was reduced
using PCA. For more details on the choices and parameters used for each
emulation method, see [120].

Comparisons of the emulation errors at z = 0 are shown in Fig. 4.2. These
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Figure 4.2: Emulation errors at z = 0 for our DP simulations with Nrefs = 1.
We test three different emulation methods GP, NN, and PCE, while also com-
paring the effect of using the BAO-smearing procedure of the bacco emulator.

errors were computed as the percent difference between the boost recovered
from the emulator, and those computed directly from our test simulations. We
trained the emulators with and without the BAO-smearing of the emulation
variable discussed in Eq. 2.15, shown in the right and left panels respectively.
The first striking result is that all three emulation methods compared show
comparable emulation errors, with the errors staying below 0.5% on the scales
shown k ≤ π hMpc−1. Comparing the two panels, a clear improvement is
apparent when the BAO-smearing algorithm is used, particularly for the NN
and PCE emulators. Nevertheless, it is important to note that these errors
are an order of magnitude smaller than those between the COLA simulations
and ee2 as seen in the previous section, hence small emulation differences are
not expected to have a severe impact on our final analysis.

However, when the same emulators were trained on the EP simulations,
noticeably larger emulation errors resulted, shown in Fig. 4.3. The GP, NN,
and PCE emulators all showed a larger emulation error approximately at or
above 1% beyond k ∼ 1 hMpc−1. This increase is due to the increased k-
range fed to the emulators from the EP simulations since they maintained
better accuracy on small scales, up to kmax = 2πhMpc−1 compared to kmax =
πhMpc−1 for the DP simulations. In order to improve these errors, our group
developed the NPCE method, which essentially used a NN to correct the
output from the PCE emulator. The NPCE method restored a comparable
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Figure 4.3: Emulation errors at z = 0 for our EP simulations with Nrefs = 1.
The emulation errors reach about ∼ 1% at k = 1hMpc−1, an increase compared
to the ∼ 0.5% error in the DP case in Fig. 4.2 for GP, NN, and PCE emulators.
However, the NPCE method appears to recover the lower errors.

level of emulation error as seen in the DP emulators, staying well within 0.5%
error on all scales used.

As a final consideration regarding emulation, recall the parameter σd used
in Eq. 4.4, which sets the distance scale at which reference cosmologies are
weighted in Eq. 4.3. Figs. 4.2-4.3 only show emulation errors when Nrefs = 1
however pending the value of σd, the emulation errors can drastically change
when multiple reference cosmologies are used. This is because the multiple ref-
erences can lead to sudden changes in the modeling of the boost throughout
the parameter space as different reference cosmologies become more proximate
and thus more heavily weighted. This inconsistent modeling shows up in the
emulation errors as the emulator is not explicitly given the location of the
reference cosmologies, hence it can disagree with the validation simulations
which indeed are calibrated explicitly using the reference cosmologies. There-
fore, it is important to have a large enough value of σd so that the emulator
does not rapidly change modeling throughout the parameter space, yet small
enough so as to not contradict the rationale that more proximate reference

71



cosmologies should dominate the calibration in Eq. 4.3. We determine then
the value of σd for each emulator by adjusting it and computing the emulation
errors. For Nrefs = 26 and Nrefs = 101 we found values of σd = 0.5 and σd = 0.3
respectively maintained emulation errors very similar to the case of a single
reference. This procedure can easily be followed in extended models so long
as one has a validation set.

4.4 Analysis of LSST-Y1 Simulated Data
In this section I detail the methodology of our LSST-Y1 simulated cosmic
shear analysis. In Sec. 1.7.3 I defined the cosmic shear observables ξij±(θ)
and provided expressions for how to compute them from the power spectrum
(Eq. 1.161 and Eq. 1.159). The survey specifications are based on the LSST
DESC Science Requirement Document [136], and are shown in [120]. Our anal-
ysis is comprised of running MCMCs in the wCDM parameter space described
in Table 4.3 using both COLA emulators and ee2 and measuring the bias
between their parameter constraints as well as differences in their goodness-
of-fit. We repeat these assessments around various regions of the prior and for
multiple scale cuts, which we detail below.

In order to generate the fiducial data vectors of our analysis we use ee2 to
compute the nonlinear spectrum, and add a Gaussian noise realization which
was generated from the covariance matrix. We test the agreement between the
emulators throughout the parameter space by generating our synthetic data
vectors at various fiducial cosmologies. This is especially insightful due to the
sensitivity of our emulators to the proximity of the reference cosmologies. One
fiducial cosmology is placed at the ee2 reference cosmology, then four more
are obtained by shifting values in the Ωm−As plane, and four by shifting in the
Ωm − ns plane. We denote these shifted cosmologies by only the parameters
that are shifted from the reference values, and an arrow for the direction of
the shift. The four cosmologies are distributed in each plane as 2 × 2 grids,
consisting of the four combinations of "low" (θ̂ = 0.25) and "high" (θ̂ = 0.75)
values of these parameters. In addition to those nine cosmologies, for the four
of those which have a high value of Ωm, we additionally shift the value of w
to low and high values to obtain eight more fiducial cosmologies, for a total of
17. The specific low and high parameter values are listed in Table 4.4.

In order to establish how far into the nonlinear regime ee2 our COLA em-
ulators can accurately probe, we repeat our analysis applying different scale
cuts. These cuts are applied to the final data vector, therefore they are speci-
fied by the minimum angle considered in ξ+ and ξ−. The three cuts, from the
most conservative to the most ambitious, are:
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θ θ↓ θ↑

Ωm 0.28 0.36

As × 109 1.9 2.3

ns 0.94 0.98

w -1.1 -0.9

Table 4.4: Cosmological parameter values used to create the fiducial cosmolo-
gies of our analyses. Parameters are labeled as "low" (↓) or "high" (↑) relative
to how they are shifted from the ee2 reference values listed in Table 4.3.

⟨z⟩ 0.33 0.54 0.74 1.01 1.62

Cutoff 1 1.4 1.1 0.9 0.9 0.8
Cutoff 2 2.9 2.2 1.9 1.7 1.6
Cutoff 3 5.7 4.3 3.8 3.4 3.3

Table 4.5: Approximate wavenumbers k [hMpc−1], corresponding to the three
angular scale cuts in ξ+ used in our LSST-like cosmic shear analysis, for each
galaxy source bin.

• Cutoff 1 (C1): θmin = 22.0′ for ξ+ and θmin = 69.6′ for ξ−;

• Cutoff 2 (C2): θmin = 11.0′ for ξ+ and θmin = 34.8′ for ξ−;

• Cutoff 3 (C3): θmin = 5.5′ for ξ+ and θmin = 17.4′ for ξ−.

Approximate scales in terms of wavenumber k equivalent to these cutoffs can
be found in Table 4.5 for a more direct comparison to the power spectrum.

Finally, we define metrics in order to quantify the agreement between our
COLA emulators and ee2. We assess bias between constraints on single pa-
rameters by taking the difference in the parameter means from the two emu-
lators and dividing by the standard deviation of the parameter difference:

∆θ

σθ
=

⟨θ⟩COLA − ⟨θ⟩ee2√
σ2
θ,ee2 + σ2

θ,COLA

. (4.6)

We refer to this as the "1D figure of bias", similar to Eq. 3.9, as it measures
the bias using only one cosmological parameter. For a more complete figure of
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bias we generalize this metric to include multiple parameters, accounting for
their degeneracies by:

FoB(θ) = [∆ ⟨θ⟩T · (CCOLA + Cee2)
−1 ·∆ ⟨θ⟩]1/2 , (4.7)

We compute this metric using the six cosmological parameters we sample in
the emulator θ=(Ωm, Ωb, ns, As, h, w), hence we refer to this as the "6D
figure of bias". Following the DES-Y3 analysis [137], we target a value of the
6D FoB < 0.3.

In addition to low bias, another criteria to establish agreement between the
emulators is that they maintain the same goodness-of-fit. We measure this by
taking a representative sample of points from the ee2 chain and taking the
difference in χ2 values between the two emulators:

∆χ2 = χ2
COLA − χ2

ee2 , (4.8)

at all points in this sample, checking how many fall within a desired range of
|∆χ2| < 1.

4.5 Results of Simulated LSST-Y1 Analysis for
Nrefs = 1, 26, 101

Here I present the results of our LSST-Y1 simulated cosmic shear analysis
using COLA emulators with Nrefs = 1, 26, and 101. Based on the emulation
errors presented in Sec. 4.3 we chose the PCE and NPCE methods for DP and
EP simulations respectively.

We begin with tests of a baseline emulator in which we use the DP settings
and a single reference cosmology to calibrate the COLA simulations. This
allows for a controlled exploration of the impact on the positioning of the
reference cosmology to the bias of the COLA emulator. As a first test we ran
a chain using the most aggressive Cutoff 3 with the ee2 reference cosmology
as the fiducial cosmology. Given that Eq. 4.2 calibrates the COLA simulations
such that they agree with ee2 near the reference, this emulator should exhibit
its lowest bias in this scenario where the reference is the same as the fiducial
cosmology. 2D contours from this test are shown in the left panel of Fig. 4.4,
where we see excellent agreement between the COLA emulator and ee2. In
particular, there was a low FoB= 0.11 which falls well below the desired limit
of 0.3, and 66.5% of points fell within |∆χ2| < 1. Therefore, we see that this
baseline COLA emulator has the ability to satisfy stringent criteria in terms
of bias and goodness-of-fit, on the most aggressive scale cut, in this scenario
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Figure 4.4: 2D contours comparing the DP Nrefs = 1 COLA emulator and ee2
parameter constraints, applying the most aggressive Cutoff 3. In the left panel
the fiducial cosmology is equal to the reference cosmology of the emulator,
while in the right panel the fiducial cosmology has shifted parameters (Ω↑

m,
A↑

s) leading to a value of σ8 = 0.93 much higher than the reference σ8 = 0.82.

where the reference cosmology is ideally placed inside the prior.
However, it is unrealistic to expect that one will be able to predict in

advance the location of the best fit cosmologies, which is necessary in order
to use it as a reference cosmology. After all, this is the purpose of performing
the MCMC2. We therefore repeated the tests using the same emulator, but
at different fiducial cosmologies around the parameter space. A noticeably
different result occurred at the fiducial cosmology (Ω↑

m, A↑
s), where we have

shown the corresponding 2D contours in the right panel of Fig. 4.4. The
baseline emulator shows large bias in this region of the parameter space far
form the reference cosmology, with and FoB of 5.37 and only 4.1% of points
within |∆χ2| < 1. Interestingly, when a new emulator was trained placing
the single reference cosmology at the fiducial (Ω↑

m, A↑
s) a low FoB of 0.40 was

achieved, near the desired 0.3. Thus, it is clear that the location of reference
cosmologies is crucial under our approach, with the potential of achieving the
desired agreement with ee2 if one is able to optimally place the reference
cosmology.

A more complete summary of these tests of the baseline emulator is pre-
sented in Fig. 4.5 which contains the 1D biases for the parameters Ωm, S8,

2It is possible to perform a preliminary exploration of the parameter space, such as by
running an MCMC with linear scale cuts, to better identify a suitable reference cosmology
before running the final MCMC.
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Figure 4.5: 1D biases using the DP Nrefs = 1 emulator, computed for a variety
of fiducial cosmologies and all three scale cuts tested in this project. Fiducial
cosmologies are ordered by value of σ8, showing a clear correlation with bias.

and w for the nine ΛCDM fiducial cosmologies and all three scale cuts. One
clear trend is the increase in the bias as more aggressive scale cuts are ap-
plied. Additionally, S8 tends to be the most biased parameter as it is well
constrained by cosmic shear measurements. More interestingly, it was found
that the COLA biases were highly correlated with the parameter σ8, therefore
we ordered the fiducial cosmologies by their σ8 values which are also listed in
the figure.

In order to investigate whether other techniques can lead to an emula-
tor that is able to deliver accurate modeling throughout the entire prior, we
next test upgrading the baseline emulator by using the EP settings instead,
maintaining Nrefs = 1. We repeat the previous tests, evaluating the bias of
the emulator on all scale cuts, but restricting now only to the four high Ωm

fiducial cosmologies, which had the largest σ8 and produced the highest bias.
These comparisons are presented in the top panel of Fig. 4.6. We see a slight
improvement to the DP emulator however the same trends persist and consid-
erable bias remains in many cases. In particular we have the following biases
for the most biased fiducial cosmology (Ω↑

m, A↑
s):

• DP Nrefs = 1: ∆S8/σS8 = 0.32, FoB = 1.12 (C1);

• EP Nrefs = 1: ∆S8/σS8 = 0.30, FoB = 0.98 (C1);

• DP Nrefs = 1: ∆S8/σS8 = 0.82, FoB = 3.18 (C2);
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Figure 4.6: 1D biases for selected fiducial cosmologies with high Ωm. The top
panel displays the biases of the emulators trained on DP and EP settings,
while the bottom panel displays the biases from the two multiple reference
emulators with NwCDM

refs = 26 and NΛCDM
refs = 101.

• EP Nrefs = 1: ∆S8/σS8 = 0.70, FoB = 2.52 (C2).

Therefore, while the EP emulator produced a slight decrease in bias, it is still
not robust to significant shifts throughout the parameter space away from
the reference cosmology. A similar result is seen with regards to goodness-of-
fit, with ∆χ2 data shown in Table 4.6. For the lower bias (Ω↓

m, A↑
s) fiducial

cosmology, 80.3% and 50.4% of points were within the range |∆χ2| < 1 for
Cutoffs 2 and 3 respectively, while for the EP emulator that rose to 92.3% and
58.9%. However for the higher bias (Ω↑

m, A↑
s) fiducial cosmology, there was

negligible difference for all three scale cuts.
Exploring another approach for improving the COLA emulators we re-

peated the previous analysis using the NwCDM
refs = 26 and NΛCDM

refs = 101 emula-
tors, maintaining DP settings. We again test the more biased high Ωm fiducial
cosmologies, separately applying all three scale cuts. The resulting 1D biases
are plotted in the bottom panel of Fig. 4.6. A comparison to the top panel
shows that both of these approaches with multiple references consistently de-
livered low bias compared to either emulator which used a single reference.
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DP, 1 EP, 1 DP, 26
(wCDM)

DP, 101
(ΛCDM)

Ω↓
m, A↑

s, C1 98.7% 98.9% 99.3% 99.2%

Ω↓
m, A↑

s, C2 80.3% 92.3% 92.4% 96.0%

Ω↓
m, A↑

s, C3 50.4% 58.9% 80.2% 83.7%

Ω↑
m, A↑

s, C1 51.4% 48.2% 71.0% 77.8%

Ω↑
m, A↑

s, C2 14.2% 17.0% 28.5% 35.8%

Ω↑
m, A↑

s, C3 4.1% 4.3% 10.6% 22.6%

Table 4.6: Percentages of points satisfying the desired criteria of |χ2
COLA −

χ2
ee2| < 1. We compute this for four emulators, at two fiducial cosmologies,

and applying all three scale cuts. The points are obtained from thinning the
ee2 chain with the corresponding fiducial cosmology and scale cut.

In addition, the approach of using a higher number of references confined to
ΛCDM consistently shows lower biases compared to a lower number spread
throughout the space. Revisiting the biases at the troublesome fiducial cos-
mology (Ω↑

m, A
↑
s), we now see more substantial improvements for Cutoffs 1 and

2:

• DP NwCDM
refs = 26: ∆S8/σS8 = 0.25, FoB = 0.91 (C1);

• DP NΛCDM
refs = 101: ∆S8/σS8 = 0.18, FoB = 0.69 (C1);

• DP NwCDM
refs = 26: ∆S8/σS8 = 0.54, FoB = 2.17 (C2);

• DP NΛCDM
refs = 101: ∆S8/σS8 = 0.41, FoB = 1.61 (C2).

Therefore, we see much lower biases employing these methods, with theNΛCDM
refs =

101 emulator outperforming the NwCDM
refs = 26 emulator. This is consistent

with the goodness-of-fit results for these emulators which are also shown in
Table 4.6. These multiple reference emulators were able to make noticeable
improvements in meeting the |∆χ2| < 1 criteria for the troublesome (Ω↑

m, A↑
s)

fiducial cosmology, improving from ∼ 50% of points for the single reference
emulators using Cutoff 1, to 71.0% for the NwCDM

refs = 26 emulator, and 77.8%
for the NΛCDM

refs = 101 emulator.
Nevertheless, the promise of these results for the NΛCDM

refs = 101 emulator is
undermined by the fact that these fiducial cosmologies are contained inside the
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Figure 4.7: 1D biases for the NwCDM
refs = 26 and NΛCDM

refs = 101 emulators for
fiducial cosmologies outside of the ΛCDM region. These tests are intended to
assess whether the previous results showing lower bias from the NΛCDM

refs = 101
emulator were due to an unfair advantage produced by placing the fiducial
cosmologies inside ΛCDM.

ΛCDM subspace with w=-1. Even though the posterior extends far beyond
this region, it is possible that this gives the emulator with a large number of
ΛCDM references an advantage. In order to test if the ΛCDM references were
effective at reducing the COLA emulator bias well outside of the ΛCDM region,
we ran MCMCs with fiducial cosmologies shifted so that w ̸= −1. From the
resulting 1D biases summarized in Fig. 4.7, it is clear that the NΛCDM

refs = 101
emulator delivers the lower bias even in regions of the prior well outside of
ΛCDM. From these tests the (Ω↑

m, A
↑
s, w

↓) fiducial cosmology now produces
the highest bias.

4.6 Emulating BCOLA(k, z): NΛCDM
refs = 500,∞

As the NΛCDM
refs = 101 emulator is still unable to meet our stringent bias and

goodness-of-fit criteria throughout the parameter space, yet has shown that
a high number of ΛCDM references is a promising approach, we now con-
sider computationally affordable ways to significantly increase NΛCDM

refs . From
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Figure 4.8: Repeating the comparisons shown in Fig. 4.1 between boosts
from the post-processed COLA simulations and ee2 at z = 0, now using
the NΛCDM

refs = 500 and NΛCDM
refs = ∞ approaches. The COLA boost for

NΛCDM
refs = 500 is computed using B̃(k, z) (Eq. 4.3) while for NΛCDM

refs = ∞
it is computed as B̄(k, z) (Eq. 4.9). For these comparisons the COLA boosts
at the references are emulated.

Eq. 4.2, under the approach of ΛCDM references, the computational limit is
due to the expense of the COLA simulation for each reference BCOLA(k, z|λ),
as the anchors Bhigh−res(k, z|λ) are inexpensively computed with an emulator.

However, in light of our low emulation errors, it becomes feasible to emulate
the uncalibrated BCOLA(k, z, |λ) from our training simulations, so that more
simulations are not needed to get the COLA prediction for each reference. In
that case, there is no significant computational expense for each additional
reference allowing us to increase to a much higher number. Given that the
references are used to calibrate the training set, we then test picking an opti-
mally placed reference for each of the 500 training points, so we call this idea
NΛCDM

refs = 500. Following the previous rationale of placing references to mini-
mize the distance in the parameter space (Eq. 4.5) between the training points
and reference points, the clear option is to then choose each reference to be the
ΛCDM-projection (θΛCDM) of each training point θ. More specifically, θΛCDM

is obtained by setting the extended model parameters in the cosmology θ to
the values that recover ΛCDM. In the case of our wCDM analysis, this implies
setting w = −1. Once the COLA predictions at these reference cosmologies
are chosen, we compute Eq. 4.3 for every training point and train the emulator,
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Figure 4.9: 1D biases using the NΛCDM
refs = 500 and NΛCDM

refs = ∞ methods at
some of the most biased fiducial cosmologies from previous tests.

following our previous methodology for employing multiple references.
Notwithstanding, another avenue is opened through the use of an accurate

emulator of BCOLA(k, z). With such an emulator all three boosts in Eq. 4.2 can
be emulated separately. Then, instead of using one reference cosmology for
each training point, it is possible to choose a new reference cosmology for each
point one wishes to predict. In the context of an MCMC, this allows for the
choice of reference cosmology to be optimized for every point sampled, specif-
ically to be the ΛCDM-projection. As this effectively leads to an arbitrarily
high number of references, we refer to this as the infinite references approach,
NΛCDM

refs = ∞. I rewrite Eq. 4.2 in the current context:

B̄(k, z|θ) = Bee2(k, z|θΛCDM)×
(

BCOLA(k, z|θ)
BCOLA(k, z|θΛCDM)

)
, (4.9)

where I emphasize that the two COLA predictions are both the output of
an emulator. This highlights the necessity of low emulation errors for this
approach, as the emulation errors can compound due to the multiple predic-
tions used. At this point, the COLA emulator’s role has been minimized to
effectively correct the ee2 ΛCDM prediction for only the extended model pa-
rameters at each point in the MCMC. Nevertheless, this is a sufficient task in
order to perform nonlinear analyses in extensions to ΛCDM.

In Fig. 4.8 we show the comparisons of the COLA and ee2 boosts for the
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DP, 500
(ΛCDM)

DP, ∞
(ΛCDM)

Ω↑
m, A↑

s, w↓, C1 89.1% 97.2%

Ω↑
m, A↑

s, w↓, C2 54.4% 87.8%

Ω↑
m, A↑

s, w↓, C3 35.9% 60.8%

Ω↑
m, A↓

s, w↓, C1 88.4% 96.5%

Ω↑
m, A↓

s, w↓, C2 58.4% 92.5%

Ω↑
m, A↓

s, w↓, C3 43.6% 63.7%

Ω↑
m, n↑

s, w↓, C1 86.5% 96.1%

Ω↑
m, n↑

s, w↓, C2 50.2% 87.1%

Ω↑
m, n↑

s, w↓, C3 32.5% 58.3%

Ω↑
m, n↓

s, w↓, C1 90.4% 98.2%

Ω↑
m, n↓

s, w↓, C2 62.4% 91.1%

Ω↑
m, n↓

s, w↓, C3 43.0% 64.9%

Table 4.7: Repeating the ∆χ2 analysis from Table 4.6 using the NΛCDM
refs = 500

and NΛCDM
refs = ∞ approaches.

training set at z = 0, as was done in Fig. 4.1, but now under the NΛCDM
refs = 500

and NΛCDM
refs = ∞ approaches. For these comparisons, the COLA prediction

at the references are emulated but the direct COLA simulation output is used
otherwise. We see a significant improvement in the errors at k = 1 for the
NΛCDM

refs = 500 approach compared to all previous methods, with only 26.5%,
and 2.5% of cosmologies above 1% and 2% error respectively. There is an even
more significant improvement using the NΛCDM

refs = ∞ approach, where only
20.8%, and 4.3% of these cosmologies fell outside the 1% and 2% error bounds
at k = 1.

We then continued our previous MCMC analysis employing these two ap-
proaches. As the low w fiducial cosmologies produced higher bias than the
high w fiducial cosmologies in Fig. 4.7, we chose only those low w fiducial
cosmologies for these tests. 1D biases for the NΛCDM

refs = 500 and NΛCDM
refs = ∞

approaches are shown in Fig. 4.9, where we now see significantly lower biases
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using these methods when compared to NΛCDM
refs = 101. In particular, the

NΛCDM
refs = ∞ method shows consistently low bias for all scale cuts and fiducial

cosmologies tested. The highest biases obtained occurred at various fiducial
cosmologies, and were:

• DP NΛCDM
refs = 500: ∆S8/σS8 = 0.09, FoB = 0.31 (C1);

• DP NΛCDM
refs = ∞: ∆S8/σS8 = 0.04, FoB = 0.29 (C1);

• DP NΛCDM
refs = 500: ∆S8/σS8 = 0.26, FoB = 1.08 (C2);

• DP NΛCDM
refs = ∞: ∆S8/σS8 = 0.06, FoB = 0.29 (C2);

• DP NΛCDM
refs = 500: ∆S8/σS8 = 0.36, FoB = 1.26 (C3);

• DP NΛCDM
refs = ∞: ∆S8/σS8 = 0.12, FoB = 0.33 (C3).

Whereas the NΛCDM
refs = 500 method only stayed near the bias requirement on

Cutoff 1, the NΛCDM
refs = ∞ approach was on the border of meeting the desired

FoB on Cutoff 3.
Furthermore, Table 4.7 shows much improved ∆χ2 results for the NΛCDM

refs =
500 and NΛCDM

refs = ∞ methods. The NΛCDM
refs = 500 emulator maintained at

least 86.5%, 50.2% and 32.5% of points within the desired |∆χ2| < 1 bounds
for Cutoffs 1, 2, and 3 respectively. Meanwhile, the NΛCDM

refs = ∞ approach re-
sulted in at least 96.1%, 87.1%, and 58.3% of points with the desired goodness-
of-fit relative to ee2 for Cutoffs 1, 2, and 3. Therefore, the NΛCDM

refs = ∞
approach in particular essentially meets the stringent criteria we desired for
Cutoffs 1 and 2, and does not stray far form these criteria even on Cutoff 3.
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Chapter 5

Conclusion

In conclusion, there are a great number of models beyond-ΛCDM that need
to be constrained, in order to pin down whether existing inconsistencies in
ΛCDM, such as the H0 and S8 tensions, are clues of new physics. Early Dark
Energy, for instance, has been put forth as a possible candidate to resolve
the H0 tension and has shown promise [56, 57]. However, LSS data has been
shown to disfavor it due to its slight aggravation of the S8 tension [58, 90].
In [69], our group explored whether adding a general smooth dark energy
characterized by equation of state w(z) could be used to modify the late-time
behavior to mitigate this aggravation of the S8 tension. We also expanded
on previous EDE-only results, using new datasets and including the newly
released DES-Y3 data.

Our analysis confirmed previous results showing that EDE can increase
the value of H0 and is preferred by datasets excluding LSS data. However,
including LSS data lowered the preferred EDE contribution under a variety of
different dataset combinations, due to the S8 tension between LSS and CMB
data. For instance, under the DC1 dataset we obtained fEDE = 0.087+0.028

−0.035,
compared to fEDE = 0.067+0.019

−0.025 when DES-Y3 cosmic shear data is added,
and fEDE = 0.063+0.019

−0.023 using DES-Y3 3x2-point data.
These results persisted when marginalizing over late-time dark energy be-

havior. When marginalizing over as many as 10 bins in w(z), using the
DC1 dataset combined with DES-Y3 cosmic shear data, we found fEDE =
0.070+0.021

−0.029, similar to the value without late-time modifications. This implies
that more than a simple change to the background dark energy evolution is
needed to restore the preference for EDE when LSS data is included, relative to
when it is omitted. For EDE to resolve the Hubble tension, other models must
be considered to suppress late-time growth of structure, such as using interact-
ing dark energy [138, 139], or changing the clustering of matter [59, 140, 141].

Regarding the second project presented in [120], we tested COLA emula-
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tors as a possible prescription for modeling the nonlinear power spectrum in
beyond-ΛCDM models for upcoming Stage-IV surveys. Such analyses require
modeling tools that are computationally affordable, accurate, and are straight-
forwardly generalizable to each cosmological model of interest. Without such
tools, beyond-ΛCDM analyses will be forced to apply linear scale cuts, wasting
the additional constraining power being provided by these surveys.

In order to test the COLA emulators, we conducted an LSST-Y1 simulated
analysis of the wCDM model using them to model the nonlinear matter spec-
trum, comparing to the same analysis using ee2 as a benchmark. We assessed
agreement between the two emulators by computing bias in the parameter
constraints as well as comparing goodness-of-fit, applying three different non-
linear scale cuts, and repeating the analysis in various regions of the prior.
We explored two primary methods to improve the accuracy of the COLA em-
ulators, by increasing the force and mass resolutions of the emulators, and by
calibrating the COLA predictions using ee2 predictions at reference cosmolo-
gies. The choice to calibrate with ee2 was solely intended for consistency with
our use of ee2 as a benchmark, and we encourage investigations into the use
of other high-resolution prescriptions to calibrate the COLA emulators.

We found that even the simplest COLA emulator tested, the default-
precision settings together with 1 reference cosmology, was fairly consistent
with ee2 on the most aggressive scale cut when tested in regions near that
single reference cosmology. This result alone is of practical utility as often
times researchers have information about the high-likelihood region of the pos-
terior beforehand from previous analyses. It is also possible to investigate the
posterior with a preliminary analysis, for example by using linear scale cuts, in
order to identify an ideal location for the reference cosmology. However, this
emulator exhibits strong bias in regions far from the reference, indicating other
improvements are needed to have an emulator that is accurate throughout the
prior.

Our results showed that the enhanced-precision settings we used provided
only marginally better agreement with ee2 than did the default-precision set-
tings, both in terms of bias and goodness-of-fit. We found greater improvement
through the use of a limited number of reference cosmologies spread through-
out the extended model parameter space NwCDM

refs = 26, however, it still did
not achieve the stringent criteria we desired. The approach of spreading a high
number of reference cosmologies throughout the ΛCDM subspace proved much
more effective at mitigating bias and improving goodness-of-fit, even in regions
significantly outside of ΛCDM. While this idea is only able to be implemented
in models that are strict extensions of ΛCDM, this is of great interest as this
tends to be true of many beyond-ΛCDM models being studied.
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The logical extreme of this idea, the NΛCDM
refs = ∞ approach, proved the

most effective emulation approach, and was the only one tested to have met
or come extremely close to passing our bias and goodness-of-fit criteria all
throughout the prior. It is worth emphasizing that this idea was only made
possible due to the low emulation errors we managed to achieve, which in
turn was made possible due to the high number of training points afforded
by the low computational expense of the COLA simulations. This is because
the NΛCDM

refs = ∞ approach requires two calls of the COLA emulator, com-
pounding the emulation error. While the role of COLA under this approach
has effectively been reduced from modeling all parameters in the parameter
space, to only the beyond-ΛCDM parameters, this is nevertheless a sufficient
achievement for Stage-IV analyses of extensions to ΛCDM.

It is important to note that wCDM is only a mild extension to ΛCDM,
containing only one additional parameter. Therefore, it is possible that even
the NΛCDM

refs = ∞ method could degrade in performance for more exotic models
with several additional parameters. Hence, there is reason to be conservative
in applying the most aggressive scale cuts.
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