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18 4. Nonlinear Systems: Bifurcation Theory

mount of friction, i.e., damping, will change the undamped, periodic mo-
ion seen in Figure 1 of Section 2.14 in Chapter 2 to a damped motio;
e., the centers in Figure 1 will become stable foci. Of course, a frictionless;
endulum is not physically realizable. If we were to only consider physi.
al problems which lead to systems of differential equations in R?, the
re would not have to worry about arbitrarily small changes in the mod
sading to qualitatively different behavior of the system. However, th
re higher dimensional systems (with n > 3) which are realistic models fc
ertain physical problems (such as the three-body problem) and which are:
tructurally unstable. Recently, many dynamical systems have been foun
rhich model physical problems and which have & strange attractor as part
f their dynamics. These systems are not structurally stable and yet the
re realistic models for certain physical systems; <f., e.g., [G/H], p. 259.

We next define what is meant by a structurally stable vector field o
n n-dimensional compact manifold M: If f is a C*-vector field on an
imensional, compact, differentiable manifold M, then for any (finite) atl:
Uj, ;)72 for M we define the C'-norm of f on M as

el = max g

there £;:V; — R™ and for j = 1,...,m, V; = h;j(U;) C R" as in Secti

.10 of Chapter 3. Note that for d1fferent atlases for M we will get differe:

orms on C'(M); however, all of these norms will be equivalent. Reca
hat two norms || ||, and || - ||» on a linear space L are said to be equivaler

f there are positive constants A and B such that
Alixlle < lxlls < Blfx}la

or all x € L. Hence the resulting topologies on C1(M) will be equivalent
Ne say that two G-vector fields f,g € C*(M) are topologically equivale:
m M if there is a homeomorphism H: M — M which maps trajectories o
2) on M onto trajectories of (2') on M and preserves their orientation
Are.

definition 2. Let f be a C'-vector field on a compact, n-dimensio
lifferentiable manifold M. Then f € C1(M) is structurally stable on M
here is an & > 0 such that for all g € C*(M) with

- glh <e,
5 is topologically equivalent to f.

emark 2. In 1962, Peixoto [22] gave a complete characterization of
tructurally stable, C* vector fields on any compact, two-dimensional,
erentiable manifold M (such as S?) and he showed that they form a de
ypen subset of GC1(M); cf. Theorem 3 below. However, it was later sho

4.1. Structural Stability and Peixoto’s Theorem 319

that on any open, two-dimensional, differentiable manifold E (such as R?),
there is a subset of C*(E) which is open in the C*-topology (defined by the
C*-norm) and which consists of structurally unstable vector fields. Never-
theless, in 1982, Kotus, Krych and Nitecki [16] showed how to control the
behavior “at infinity” so as to guarantee the structural stability of a vec-
tor field on any two-dimensional, differentiable manifold under “strong C!-
perturbation” and they gave a complete characterization of the structurally
stable vector fields on R?.

Example 1. The vector field

w-(2)

on R? is not structurally stable. To see this we let K be any compact
subset of R? which contains the origin on its interior and show that fis not
structurally stable on K. Let || - ||; denote the C'-norm on K and define

the vector field
_(~ytuz
s = (TUEEe).
Then
E— gl = lual(mac | + 1)
and if d is the diameter of K, i.e. if
d= max fx{,
it follows for all € > 0 that if we choose || = £/(d+2) then |if—gjj; < €. The
phase portraits for the system % = g(x) are shown in Figure 1. Clearly fis
not topologlcally equivalent to g; cf. Problem 1. Thus f is not structurally
stable on R The number = 0 is called a bifurcation value for the system
% = g(x).
Example 2. The system
&=~y +a(z®+y* - 1)
y=z+y@+y* 1)

is structurally unstable on any compact subset K ¢ R? which contains the
unit disk on its interior. This can be seen by considering the system
g=~y+al@®+4* - 1)’ -y
y=2+y((@*+9" - 1)7 ~p
Which is e-close to the above system if |u| = &/(d + 2) where d is the
diameter of K. But writing this latter system in polar coordinates yields
#=r{(r* - 1)% - 4]
b=1.



/
(@
\Z

©>0

Figure 1. The phase portraits for the system X = g(x) in Example 1.

;Hence, we have the phase portraits shown in Figure 2 below; and the
bove system with g = 0 is structurelly unstable; cf. Problem 2. The
umber g = 0 is called a bifurcation value for the above system and for
= ( this system has a limit cycle of multiplicity two represented by
() = (cost,sint)T.

ote that for 4 = 0, the origin is a nonhyperbolic critical point for the
tem in Example 1 and 7(t) is a nonhyperbolic limit cycle of the system in
xample 2. In general, dynamical systems with nonhyperbolic equilibrium
ints and/or nonhyperbolic periodic orbits are not structurally stable.
does not mean that dynamical systems with only byperbolic equilib-
points and periodic orbits are structurally stable; cf., e.g., Theorem
elow. . .

efore characterizing structurally stable planss systéms, we cite some
esults on the persistance of hyperbolic equilibrftere: pofiits and periodic
; cf., e.g., [H/S], pp. 305-312.

corem 1. Let £ € C*(E) where E is an open subset of R™ containing
yperbolic critical point xo of (2). Then for any e > 0 there is a § > 0
that for all g € C*(E) with

If-gl <6

here exists 6 yo € Ne(xo) such that y, is a hyperbolic critical point of (2');
rthermore, Df(xo) and Dg(y,) have the same number of eigenvalues with
ative (and positive) real parts.

Fheorem 2. Let f € C'(E) where E is an open subset of R containing
yperbolic periodic orbit T' of (2). Then for anye > 0 thereisa 6 > 0
y that for all g € C'(E) with

IE— gl & 6

re ezists a hyperbolic periodic orbit I' of (2') contained in an e-neigh-
rhood of T'; furthermore, the stable manifolds W*(I') and W*(I'), and
unstable manifolds W*(T') and W*(I), have the same dimensions.

One other important result for n-dimensional systems is that any linear
tem
x = Ax

ere the matrix A has no eigenvalue with zero real part is structurally
ble in R". Besides nonhyperbolic equilibrium points and periodic orbits,
re are two other types of behavior that can result in structurally unstable
tems on two-dimensional manifolds. We illustrate these two types of
avior with some examples.
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