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Abstract— The paper describes prediction algorithms for
continuous time functions that have continuous and bounded
derivatives. The synthesis of algorithms are based on Lagrange
mean value theorem and its generalization on variable steps. The
transient time and error prediction for each algorithm are
obtained. Simulation results show the efficiency of the proposed
schemes. The proposed prediction algorithms can be applied as
disturbance observer in presence of time-delay in measurements.

I. INTRODUCTION

There are many problems in a control theory related to the
prediction of the signals corresponding to the output signal of
systems, external disturbances or other processes. This problem
is especially relevant for design disturbance observers. Often,
such problems need to solve on-line. Most existing results are
devoted to the prediction approaches based on the parametric
form of signal representations [1-4]. Here it is assumed the
knowledge of structure of a disturbance generator. The
nonparametric form of signal representations [5-8] are based on
measurements of previous values of a signal.

In the class of algorithms based on parametric form of
signal representations we note the discrete time algorithms [1]
and algorithms with continuous time [2-4]. The huge number of
papers are devoted to the identification of parameters of
sinusoidal signals [2-4]. Here the dynamical order of these
algorithms and prediction accuracy depends on the number of
sinusoidal signals.
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In [5, 6] the algorithms based on the nonparametric form of
signal representations are used. The design of these algorithms
are based on Lagrange mean value theorem. These algorithms
used a finite number of moving measurement. For example, in
[6] the discrete predictive algorithm is considered for functions
which have continuous and bounded derivatives of nth order,
where 7 is the number of the finite differences in the algorithm.
In [9] the same class of functions are considered. However, in
[9] a maximum range of function is not exceed the value of
1/2h (where £ is the prediction time). Differently from [6], in
[9] the algorithm allows one to reduce the prediction time to 24.
However, the algorithm from [9] has a limit on the number of
measurements which depends on the transient time.

In the present paper we propose the development of results
are obtained in [6, 9]. In contrast to [6, 9] we propose the new
prediction algorithm with different steps. It is allowed to
improve the prediction quality of some signals. Differently
from [9] the error prediction is taken into account.

In the paper the scalar function f{¥) is considered, where ¢ is
time. Assume, that the signal f{¢) is measured with delay 4, i.e
fit—10),1 € [0; h) is not available for measurement. Additionally
assume, that f{r) has a continuous and bounded ith derivative,
where the value of i depends on the corresponding approach in
the paper. The design of prediction algorithms is based on
Lagrange mean value theorem.

II. PREDICTIVE ALGORITHMS
Introduce the first difference of f{¢) in the form
Nf@) = f@O)-fE=kh), (1)

where k; >0 is a design parameter. The second difference is
defined as

N[ =Af()-Af(t-kh), ©)

where k, > 0 is a design parameter. Introduce the ith difference
in the form

Nf@O=A"ft)-N"f(t-kh), ()

where k; > 0 are design parameters, i =3,n .

Theorem 1. The function fa1 (¢) is the prediction function
of f{¢), defined by
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fa(t)= Zf(t—k,,h)—— Zf(z—(k,, + ki) ) +

i =1 i, i =1,

l] ¢12
4 4
D=, + e,k )+ “)
Tiyy iy, iy=1,
i #1y #iy
(_l)n+1

ot

n
D Fle=(ky 4k, + ot h R
i)y iy s ey =1,
i) #£iy #..#0,

n!

n. The transient time 7 is defined by

r=3 k. ©)
i=1

If f(r) has a continuous and bounded first derivative, then
the upper bound of the prediction error e;(f) is given by
n!

kih| 1+ E
=k ( ! J?L?
(n=0)!"

If f{) has the continuous and bounded derivative of nth
order, then the prediction error e() is given by

£ ™)

where k; 21,j=1,2, ...,

i), ©

where 4! =

e(t) <k'h" sup

t>T

In (4) the sum is perceived as the sum of several parameters
simultaneously.

Proof of Theorem 1. Rewrite first difference (1) in the
form

A f(t) = khf (e - 0.k, 1), ®)

where 6, e(O; 1). Taking into account (8), rewrite (2) as

follows

Nf(O)=f(O)— f(t—kh)

~[f=kah) = (= (hy + ey )] ®
or in the form
A f(t) = kEn* f(t = 9, (k; + ky)h), (10)
where 0 < 9, < 1. Define the third difference as follows
N f(6)=f(O) = f(t=kih)
~[f e ~kah) = [t~k + k)] an

~[f (e —ksh) = £t~ (ky +k3)h)]
+ L=y +hy)h) = (2= (hy + ey + k3R]
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Taking into account (7) and (10), rewrite (11) in the form
Nf(t)= klh[f(f —Okyh)— f(t—kyh— 6k,h)
- f(t —ksh— 93k1h)+ f(t —(ky +hk3)h— 92,3k1h)1
or as follows
N f(t) =R [ (1= 8,k + ey + Ky )h),

where 0,,0,,60,5,9, €(0;
difference in the form

1). Analogically, rewrite the nth

N'f(0) = f(6)= Y f(t—k;h)

i=1

+— Zf(t—(k +k, )h)
z] 12—1

Zf(t (k, +k;, +k; )h)

l] ip,i3=1,

0|7y %13
G Zf(t—(k +hy +otky )
(n=D1,
]ll;zlzi nillnl
( 1)}’l+1 (12)
- Zf(t—(k ki, ety D).
1111212:: l#tl

Applying Lagrange mean theorem to (12), we obtain

f()= Zf(r k,lm—— Zf(r—(k +k;, )
i =1 iy, iy =1,

Zf(t (i, +hy, +k )h)+...

ll ip,i3=1,
iy #iy #13

(13)

(_l)n+l
n!

.ot

Zf(t (i, +ky, +.t b YD)+ R(D),

where R(?) is a residue. If f{#) has continuous and bounded first
derivative, then, according to Lagrange mean theorem, the
residue R(¢) is defined as

R(t) = k|t — O,k ) Zf(t k h—0, kh)+

iy=2
2| Zf( (k +k )h 1213 )
iy, i3=2,
iy #iy
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n+l
L&D

(n-1!

(14)
X Zf( (kiz +ki3 +"'+ki,,)h_0iz,i3,.“, i,,klh)'
lzlzit;¢ ¢t >

Here 6,.0, ;... :‘91'2,;‘3,...,in>€(0;1)a Iyy i3y by =2,3,.57
Note, that @;=6, For example, 6,,=6,, Dbecause

S(t=(k;, +ki )h) = f(t —(k;, +k;,)h). If f(z) has continuous

and bounded nth derivative, then, according to Lagrange mean
theorem, the residue R(?) is defined as

R(t) = k{'h"f(")[t—thk,} .
i=1

Here 36(0; 1). Expression (5) follows from (12). Find
upper bounds (6) and (7). If f{¢) has continuous and bounded
first derivative, then prediction error e;(f) is given by (14). Find
the upper bound of the function e(¢) at the interval (7} «0) as
follows

(15)

e,(t) < kyhsup|f (¢t — 0,k h)

t>T

—if(t—kfzh ~0, kh)+

ih=2
_nyntl
+_ Zf( (k[z+kl3)lr—0,2,klh)+...+((n1_)1)!
l7 3=
12¢13

x zn:f(t (k, +k, +.t b, =6, k)<

Iy By 1y =2,
iz;s[ﬁa.;tl,,

t>T

<khsup{|ft Oyk\h 1

e~k h—0, klh*...
2 2

1
+
(n-1)!

y Zf( (b, +k, +.tk, =6, ko) |<

iy, i3,y 1, =2
n—1
+A"—’] K
(n-1)!

12¢l;¢ ¢I
(16)
from (16). Estimate (7)

< khsup
t>T

f(t)|{1 + Bt

The estimate (6) follows
immediately follows from (15).

Corollary. Let ki =k, =... =k, =1 in (1)-(3) and f7(¢)
be a prediction function of f{¢). Then, fa2 (¢) is defined by
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L2 =Y (D" Cf(t—ih). (17)
i=1
The transient time is equal to
T =nh. (18)

If f(t) has a continuous and bounded the first derivative,
then prediction error ey(?) is given by
sup
>T

e, (1) < h[l+z

If f{¢) has a continuous and bounded the nth first derivative,
then the prediction error e,(?) is given by

f("’(tx.

Proof of Corollary directly follows from the proof of
Theorem 1, since for k; =k, =... =k, = 1 expression (13) can
be rewritten as follows

n—

1
il

f(z)( . (19)

e, (1)< h"sup
t>T

(20)

f@)=Y (=D C f(t=ih)+R(1).

i=1

@n

Note that the coefficients k;>1 in Theorem 1 and
Corollary. Consider the case where all or part of k; belong to
the interval (0, 1). We will show that in this case we can
express the prediction function via the measured variables.
Replacing 4 by h/k, k> 1 in (21), rewrite (21) in the form

f= Z( nc; f(t——h)+R(t) (22)

i=l

Here the residue R(?) is determined according to (14) or
(15) by replacing & to h/k.

Consider the number z. Let z be equal to the integer portion
of k if k be not an integer, and let z be equal to k£ — 1 if £ be an
integer. Shifting argument of (22) to the left on the value of A/k
consistently z times, we have

i+1

L Nyl it 1
Ju==h Z( DTG o RE=2h),

i+2

2 el it2 2
fle=h)= Z( DG =SR2k, (23)

f(t—fh) Z( 1y~ IC,’;f(t—HTZh)JrR(t—%h).

i=1

Obviously, the right-hand side of the last equation in (23)
contains terms with delay greater than 4. Therefore, express f{f)
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W REIA f(t—n+zh). For this end, rewrite
system (23) in the form
A S () + 4F () + AF (1) = R(@) (24)
where
fa=h f(k—1+z )
2 2+z
a=|1 | Bo=|[ 7O R =| /-7
° fa=n K —”” )

~ 1
RU%{RU%RU—;mwaU—;hH,

elements of the matrices 4, and A; correspond to the
coefficients of the system (24).

Denote /=[10 ... 0] (the length of 1 is equal to number of
equation in (23)) and AZL is a left zero divisor of A, (i.e.

AZLA2 =0, where the O is zero matrix, see [11, 12].

Theorem 2. The prediction function fa3 (¢) for f{(f) can be
represented as

1200 = {144, ) 14E 4, F (1) (25)
The transient time is defined as
n+z
T = h. 26
: (26)

If f{(¢) has continuous and bounded the first derivative, then
the upper bound of the prediction error e;(?) is given by

(1+Z . Jsup

t>T

(IAZL Al) 14- Nz +1

ey() < ). @1

If f(#) has continuous and bounded the nth derivative, then
the upper bound of the prediction error e;() is given by

ey(t) <14l 4, ) 14k \/Z+IZ—:sup‘ 00 @)
t>T

Proof of Theorem 2. For the sake of simplicity in the proof

of Theorem 2, we will use square matrix A . However, the

number of rows in the matrix 4% can be reduced to one,
because system (23) has an unique solution f{¢) w.r.t. variables
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Multiplying the left-hand side of the equation (24) by the
matrix A5, we obtain

Ay A f (6)+ Ay A3F5 (1) = A7 R(2). (29)
Multiplying the left-hand side of (29) by /, we get
IAF A, f () + 1AF 4, F (1) = IAXR(2) . (30)
Since [4+ 4, # 0, then it follows from (30) that
1 ~
£ =t a ] 14 (4 F 0 -Ro). 6D

Formula (25) follows from (31). It follows from (31), that
the prediction error is given by
1 ~
es(t) = (ZAZLAI) IAXR(1). (32)

Since the vector ﬁ(t) in (32) contains the maximum delay

n+z

h , therefore, the transient time is given by (26).

Let f(#) has continuous and bounded first derivative. Then
the first component of the vector ﬁ(t) is defined as (14), where

the value of % is replaced by A/k. Therefore, consider the upper
bound of (32) at the interval (T; «):

ey(t) <14k 4, ) ' 142

[R)|= H(IAZLAJIJAZL

x\/Rz(t)+R2(t—%h)+...+Rz(t—%h) <

Vz+1sup|R(1)|
t>T

Thus, estimates (27) and (28) follow from (33) and (14),
(15), where 4 is replaced by h/k.

(33)
< ((eata, )" 14k

Generalize Theorem 2 to the variable step. Let all or part of
k; are less than 1 in (1)-(3). Next, we shift arguments of the
function (13) to the left as long as the right-hand side of (13)
has delays more than 4. As a result, we have a system with an
unique solution w.r.t. f{#). Introduce the following notations:

Zz is a matrix with elements corresponding to the coefficients
before functions f{r) with time-delays less than #; ZZL is a left
zero divisor of the matrix 22 ; ﬁz(t) is a vector consisting of

functions f{f) where time-delays do not less than #; 23 is a

matrix whose elements contain the coefficients of the functions
with time-delays less than /.

Theorem 3. The prediction function fa4 (¢) for f(t) can be
represented as

fro=-Aa ) AR @ . 64
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The proof of Theorem 3 is similar to the proof of Theorems
1 and 2.

In a practice the choice of algorithms parameters depend on
knowledge of value of residual. Also, these parameters can be
chosen from experiment results.

III. EXAMPLE

1) Consider algorithm (4). Letn =3, k=1, ky =2 m k3 =3.
Then the algorithm (4) is defined as

3 3
Loy L (k. +k.
£ <t>—;f<t ki h) 31_;{0 (k, +k. )h)

: (33)
+% D fe=(ky +hy, k).

i , t , iy ?],
iy #iy #i3

The transient time is equal to 7= 6/.

2) Let n=3 and ky =k, =k; = 1. As a result, algorithm (17)
is defined as

3
f2@0)= ()7 Cif(e—ih). (36)
i=1
The transient time is equal to 7= 3A.
3) Consider algorithm (25). Let n =3 and & =4. Note that
the algorithm from [9] does not implementable for these

parameters. The other parameters in algorithm (25) are defined
as

1 -3 3 -1 0 0

0 1 -3 3 -1 0
Al_ s Az— 5 A3 5

0 o 1 -3 3 -10

0 0 0 1 -3 3 -1

B0 =L/~ h). f(t —%), 1 —%)]T.

Define Aj in the form

136 -8
136 -8
A = .
136 -8
136 -8

As a result, algorithm (25) is defined as

£ =15£(t~h) —24f(t—%) n 10f(r—%) NET)

The transient time is equal to 7= 1.5A.

4) Consider algorithm (34). Let ky = 1/2, k; =3/4 and k3 = 1.
The other parameters in (34) are defined as
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-1 -1 f(t—Shh)
4=|0], =1 0|, K= f(t_T)’
0 0 34

f(t_T)_

-1 1 1 1 0 -1 0 0 O
Ay=-1 -1 -1 1 1 1 -1 0 0
o -1 -1 -11 1 0 1 -1

Let A% be third order matrix, where all elements are unity.
As aresult, algorithm (34) is defined as

FHO =21~y + f(d —%)

+f(t—%)—f(t—%)—2f(t—2h)—f(f—%) (38)
11k
4

The transient time is equal to 7= 34.

A )—f(t—%)+f(t—3h).

Let us show the prediction quality of algorithms (35)-(38).
Consider the unknown function f{7):

f(¢)=0.1¢ +1+5sin(0.05¢) + cos(0.11¢)

. . 39)
+sin(0.21¢ + 7 /3) +sin(0.27¢ + z / 4).

Predict function (39) to the time 4= 1 (s) on-line. Fig. 1, 2
show the plots of prediction errors e;(f), ex(?), eg,(L) and ey(?),

where e,(f) are defined as ¢;(¢) = fa" BO-f@),i=14.

10

E (@

ey(t) :

5

60

&) :
40_ e e
ey(7)
20+
&
Oh o -LI y
20} -
40 ‘ : ; ;
o] 2 4 6 8 10

Fig. 2. The plots of prediction errors e3(t), e4(?)
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In Fig. 1, 2 the values of e,(f), i = 1,_4 do not exceed 0.66,
0.12, 0.035 and 0.126 after 6, 3, 1.5, and 3 (s) respectively.

Let us check algorithms (35)-(38) on the random function
SO =W(p)x@), (40)

where p=d/dt, W(s)= , s is a complex variable,

1
s(20s +1)
x(f) is a piecewise continuous function with a normal
distribution, where the mean, variance and sampling time are
equal to 0, 1 and 0.001 (s) respectively.

Predict the function (40) on the value of 7 =1 (s) on-line. In
Fig. 3 the graph of the random function f{¢) is presented. In Fig.
4 and Fig 5 the graphs of e((?), ex(¢), e3(f) and e4(¢) are given.

001 T T
f@®
0k .
002k
0041
-005F

006 i ; i i
0 10 20 30 40 50

Fig. 3. The plots of random function f{¢)

0.01 . . !

0.005

-0.005F

-0.01 L i i i
0 10 20 30 40 50

Fig. 5. The plots of prediction errors e;(¢) and e4(?)
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In Fig. 4, 5 the values of e,(f) do not exceed 0.007, 0.004,
0.005 and 0.0045 after 6, 3, 1.5, and 3 (s) respectively. Note
that the algorithms [2-4] cannot be applied to the prediction of
function (40).

IV. CONCLUSION

The paper describes the algorithms which allows one to
predict the smooth and bounded functions on-line. The
synthesis of algorithms is based on Lagrange mean value
theorem. The values of prediction time and estimate of the
prediction error are proposed. Simulation results show the
efficiency of the proposed algorithms.

In a practice the proposed results can be applied for control
of plant with input time delay and presence of unknown
disturbances [13].Particularly, in [13] the control of electrical
motor with unknown torque is considered. Also, the results can
be interpreted as disturbance observer in presence of time-delay
in measurement.
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