LECTURES ON STOCHASTIC HOMOGENIZATION

HELENA KREMP

ABSTRACT. The content of this lecture is the theory of stochastic homogenization for divergence-
form operators. The first part deals with linear operators, while the second part generalizes
to quasilinear equations. These notes were written for a mini-course consisting of three

lectures at Tohoku University, Sendai, Japan.

Acknowledgements. The author acknowledges funding by the Austrian Science Fund (FWF)
in the project P34992. The author acknowledges travel funding from Professor Jun Masamune
through the grant JSPS KAKENHI with grant number 23H03798.

CONTENTS
(I.__Introduction| 2
[2.  Stochastic homogenization for linear divergence-torm equations| 2
[2.1. Intuition and equations| 2
2.2.  Connection to SDIS| 4
[2.3.  Examples for media with random impurities| 4
[2.4. A formal computation| 6
[2.5.  Assumtions, ergodicity and wellposedness| 6
2.6, The candidate limitl 9
[2.7. Stochastic motivation for the correctorl 10
[2.8. The random homogenization corrector| 11
[2.9. The homogenized coefficient| 17
[2.10.  Proof of the homogenization result| 18
[2.11. Strong convergence of the two-scale expansion| 21
|3.  Stochastic homogenization for nonlinear divergence-form equations| 23
13.1.  Assumptions, ergodicity and wellposedness| 24
|3.2. Homogenization and Gamma convergence| 25
[3.3. The random homogenization corrector| 26
13.4. The homogenized coefficient| 27
[3.5. Proof of the homogenization result| 27
[References| 28

Date: September 2024.



2 HELENA KREMP

1. INTRODUCTION

Homogenization describes the limit procedure from microscropic boundary-value problems
posed on periodic or random structures to a macroscopic equation.

The theory was developed from engineering purposes to understand complicated microstruc-
tures such as composite materials or porous media in the 1970s, cf. the classical book [I1].
First, the theory of periodic homogenization was studied ([11]), where the material is assumed
to have certain periodic structures. An example of a periodic material could be a material
consisting of periodic tiles like a checkerboard (eg. simple conductor-insulator models in elec-
tromagnetics). However, closer to reality might be to assume that the material is almost
periodic or has random impurities, that could be deposited like a random tiling or random
points (eg. Poisson clouds, random clusters). If the scale of impurities is much smaller com-
pared to the size of the region, where the system is posed, then an asymptotic analysis is
needed. Homogenization thus describes the passage from the microscale description to the
macroscale description of the system. In the microscale description we encounter a family
of equations with oscillating coefficients indexed by the ratio of microscopic and macroscopic
scales € € (0,1). When ¢ — 0, we pass to the macroscopic description of the system and
observe homogenized coefficients. Interestingly, the coefficients of that limiting system are in
general not just given by the averaged coefficients and some nontrivial effects happen.

In this lecture, we assume that the reader is familiar with elliptic and parabolic PDEs
(cf. eg. [3l 12]). Knowledge in stochastic analysis (martingales, stochastic differential equa-
tions, Ité’s formula, [I3]) and the theory of periodic homogenization (for a recap, see for
example [4, section 2]) is helpful, but not necessarily needed. Indeed, periodic homogeniza-
tion can be seen as a special case of stochastic homogenization and is thus also covered,
although certain proof steps are actually less involved in the periodic case. Section [2]is based
on the lecture notes by Benjamin Fehrman [4]. The methods originated from [7] and were
unified in [I0]. Section [3|is based on content from the book [9]. We want to point out that
there is a vast literature on stochastic homogenization (see for example [I] and the references

therein) and we can only cover a small part of it in this short lecture.

2. STOCHASTIC HOMOGENIZATION FOR LINEAR DIVERGENCE-FORM EQUATIONS

Our prime example in this section are equations in divergence form, which can model the
conduction of heat or electricity. Non-divergence form equations in homogenization are sig-
nificantly more involved (and in fact in the stochastic case, not much is known). For simplicity
of the presentation we only consider elliptic equations with zero boundary conditions. The
below arguments can also be used to prove the corresponding results for the parabolic equa-

tions.

2.1. Intuition and equations.

We consider the heat flow on a bounded, open domain U C R? through a random impure
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medium, that is, for some diffusion matrix a(z,w) defined on R? x Q, where (2, .%, P) denotes
the probability space, the density wu(t,z) of heat/charge evolves according to the parabolic
equation
(2.1)

Ou=V - (a(z,w)Vu)+ f on U x (0,00), u=gondU x (0,00), u=ugonU x {0}

and in its steady state (formally d;u = 0) according to the elliptic equation
(2.2) —V - (a(z,w)Vu) = fon U, wu =g on JU.

Here f denotes a source term. The matrix a describes the directions in which heat gets
dissolved and is taken to be random. The case of a(z,w) = Id corresponds to the case of

perfectly homogeneous material. We then study the microscropic equations

(2.3)
out =V - (a(x/e,w)Vu') + fon U x (0,00), u°=gondU x (0,00), u®=wugonU x {0}

and
(2.4) -V (a(z/e,w)Vu®) = fon U, u°=gondU,

where € € (0,1) denotes the microscale of impurities. In stochastic homogenization, we ask
about the convergence of (u®) to a solution @ of an effective equation with deterministic,
i.e. none-random, coefficient a. The limiting equation describes the dynamics from the point

of view of zooming out (macrostructure perspective). The solution @ shall solve

(2.5) Qu=V-(aVu®)+ fonU x (0,00), @w=gondU x (0,00), u=ugonU x {0},
respectively,

(2.6) -V .-(aVu)=fonU, u=gondl.

Notice that we proposed that the divergence-form structure of the equation is being preserved
in the limit. We aim to determine the effective coefficient a, as well as study the convergence
(weak, strong, pointwise convergence?)

u® = uase— 0.

In quantitative homogenization one moreover studies the convergence speed of (uf) to u,
which is particularily relevant for numerics. In the case of stochastic coefficients, this is a
rather new field and we refer to the book [I]. In this lecture, we will however only focus on
qualitative convergence statements.

A special case of the random setting is the periodic setting (and also variants like the almost
periodic case etc.). Indeed, let (©2,.%,P) = (T?, %(T%), \) for the normalized Lebesgue mea-
sure A on the torus T¢ = R?/Z¢ and a(z,w) := a(7,(w)) for the shift 7, : @ — Q, 7,(w) = w+x
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mod 1, » € R% and a : R? — R9*9 being 1-periodic. Then a(-/¢) is e-periodic and ¢ is the
periodicity scale of the microstructure.

2.2. Connection to SDEs.
In the case of symmetric a with o = v/2a the PDE (2.1)) corresponds to the solution X of the
SDE

(2.7) dXF = (V-a)(Xy,w)dt + o(X;,w)dB;, X% =uz¢cR?

for a d-dimensional Brownian motion B on a different filtered probability space (Q, (%), P).
Indeed, by the Feynman-Kac formula, we have that if u solves ({2.1f), then

(2.8) u(t, z,w) = Elug(XF) | 7 > t] + E[g(X®) | 7 < t] + ]E[/OT f(X;”)ds]

and vice versa, where E = i dP denotes integration with respect to the probability measure
P and 7 denotes the first exit time of the process X from U. This reflects the fact that the
infinitesimal generator, that determines the law of the solution X to the SDE ([2.7)), is given
by the operator

Lw)f =V - (a(z,w)Vf), feCr.
Due to the scaling properties of the Brownian motion, one sees that the generator of the
rescaled process (&‘th/{;)t;() is the operator .Z¢(w) with coefficient a(z/e,w) and thus

£

TENL
u () = Blug(eX;/5) | 7% > t] + Blg(e X215 | 75 < 1] + ]E[ / f(ng/;)ds].
0
Fixing w € €, the central limit theorem for the convergence of the processes ((z-:thg/€ 5)t0)e in
law to a process X on the probability space (Q, (ﬂit), If’), where X solves the SDE

dX? = (V-a)dt +5dB,, X§=u

with & = v/2a, thus implies the convergence of (u®(t,z,w))e to u(t,z,w), where @ solves the
equation for . with coefficient a. We refer to the book [6, section 9.6] for results in this

direction.

2.3. Examples for media with random impurities.

In this section, we will construct random environments, that model a material with randomly
deposited impurities. The environments a(z,w) will be bounded in (x,w), spatially station-
ary, that is (a(z,-)), and (a(x + y,-)), have the same law for any y, as well as sufficiently

mixing, see in Assumption [2.3] below for the precise definitions.

Example 2.1. The first material we construct is the random checkerboard model. The space

1s paved in unit-size cubes and each cube is colored either black or white independently at
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random. That is, let (b(2)),cza be independent random wvariables defined on (§,.%,P) with
P(b(z) =0) =P(b(z) = 1) = 1/2. Here, z stands for the middle point of the cube. Let ag,a;

be (non-random) uniformly elliptic matrices. Then the random environment is defined by
(2.9) a(z,w) = apyw), T € 2+ [—1/2,1/2)%,

so in each cube with middle point z it either takes the value ag or ay depending on the

realization b(z).

Example 2.2. The second material we construct has impurities modelled by a Poisson point

process. Let Q) denote the space of all locally finite point measures on R?, that is, the collection

w = Z Oz
et
where ¢ C N andx; € R? forj e 7 and 0, denotes the Dirac measure in x;, and such that
w(B) =#{j € ¥ | z; € B} is finite for any bounded Borel set B. Let XP : Q — R,w +— w(B)
and

of all measures of the form

F = o({XP | B bounded Borel}),
that 1is, the filtration generated by all XP for bounded Borel B C R®, which makes them

measurable maps with respect to .F. Let A € (0,00). We now uniquely define a probability

measure Py on (0, .F) by the following three properties:

(1) For every bounded Borel set B, Ex[XPB] = M B|, where |B| denotes the Lebesgue
measure of B.

(2) For every collection Bji,...Byn of bounded and pairwise disjoint Borel sets and any
N €N, (XB,..., XB¥) are independent random variables.

(3) For everyy € R?, f: RN — R bounded and measurable and By, .., By bounded, Borel,
N €N, Ey[f(XBr, ..., XBV)] = Ey\[f(XPrHy .. XBy+y)],

The measure Py, is called the Poisson point measure with intensity A and (X)p bounded, Borel
is called the Poisson point process with intensity A. Property (1) implies that on aver-
age, there are \ points in a set of Lebesgue measure 1. Property (2) implies a strong
mixing property of the environment, meaning that the behaviour of the process in disjoint
sets is independent. Property (3) implies a spatial stationarity property, which means that
the environment is statistically homogeneous. One can show that for a bounded Borel B,
IP,\(XB =n)= O"ﬂﬂe_)"B', n € N, such that indeed XB is Poisson distributed with param-
eter \|B|.

Let again ag, a1 be uniformly elliptic. For a realization w = Zje/ dz;, we define the random
coefficient field as follows:

(2.10) a(@,w) = aoly,. , B, ;) (@) + alle\ujejB,;(xj)(x)-
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That is, in the 1/2-neighbourhood of each point x; in the realization of the point process, we
see the diffusion coefficient ag, while outside of that neighbourhoods we see ai. If ag ~ 0
and ay ~ Id, this can model a medium with low conductivity in the Poisson points and high
conductivity everywhere else. In place of balls Bl/g(xj) also other shapes are conceivable.
Moreover environments, where the radius of these balls is itself random are conceivable, but

more complicated.

2.4. A formal computation.

We start with a motivating, but at this stage formal, computation for the elliptic equation.
Let d = 1. From the equation , we obtain after integration and assuming that a is
bounded and positive and g = 0, that the solution is given by

Vir(ew) =a o/ (e [ S,

1

By the ergodic theorem, since a™" is stationary and ergodic, we obtain that for almost all w,

aH(z/e,w) = (a™t) = E[a™ (0, )]
weakly in L? (R) (and in general not strong). Hence setting @ = (a=')~!, we obtain that
Vuf — Vi with the convergence being weak in L2 _(U). Notice that in general, (a=1)~1 # (a),
unless a is constant. This means that the divergence form structure of the equation is con-
served after homogenization, but the coefficient does not equal the averaged coeflicient in
general. The same argument applies in the periodic case, where the ergodic theorem corre-
sponds to the fact that for a bounded, 1-periodic a, a=!(-/e) — (a~!) = fol a~ldx weakly in
12

o(R). We will see that in d > 2 there exists no such simple formula for the homogenized

coefficient.

2.5. Assumtions, ergodicity and wellposedness.
In what follows we give the needed definitions and tools to rigorously prove the stochastic
homogenization result for the elliptic equation.

Assumption 2.3. (Random environment) The coefficient field a : R? x Q — R4 s defined
on a probability space (Q,.%,P) and is assumed to be measurable. By switching to the image
measure of a under P, we assume without loss of generality that (2, F,P) is such that S is the
space of all environments w : RY — R and a is the canonical process, that is a(x,w) = w(x).
Then we define the group of shift transformations 7, : Q — Q by Tpw = w(- — ) for x € RY
(having Tyiy = T, 0 Ty). The environment and the shift are assumed to satisfy:

(1) uniform ellipticity: there exist A, € (0,00) such that almost surely, for every x,& €
R4,
la(z,w)¢] < Algl,  alz,w) - € > Al
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(2) stationarity/measure-preservation of the shift: for all A € F, P(A) = P(1,A) and
a(z,w) = a(rw), where a(w) = a(0,w)
(3) ergodicity: for all A € F with T,A = A for all x € R? (sets, that are invariant under
shifts) it follows that P(A) =0 or P(A) =1
(4) stochastic continuity: for every 6 € (0,1),
lim P({w | |a(z,w) — a(0,w)| > 6}) = 0.
z—0
Remark 2.4. The environments , and the periodic environment, that is a(x)
being 1-periodic, continuous and uniformly elliptic, satisfy the above requirements.
Ergodicity is for example implied by the stronger condition of finite range dependence: for
any two subsets A, B C RY with strictly positive distance from each other, o(a(z,-) | x € A)
and o(a(x,-) | x € B) are independent.
The stochastic continuity is a technical condition, which ensures that the process can be taken
to be separable, jointly measurable in (z,w) and F is countably generated.
Having the measure-preserving shifts (1;), we can define the corresponding group of unitary
operators (Ty) by Ty : L*(Q, 7, P) — L*(Q,.%,P), T,.f(w) = f(t_sw). One can show that

this group s strongly continuous.

In the following we state a version of Birkhoff’s ergodic theorem. It tells us, that under an

ergodic transformation, spatial averages can be replaced by averages on the probability space.

Theorem 2.5. (Ergodic theorem) Let (2, #,P) be a probability space and let (1;) be an
ergodic (i.e. property (3)), measure-preserving (i.e. property (2)) group of transformations
on Q. Then for every f € LY(Q,.7,P), there exists a set Q of measure 1, such that for w € Q)
and any bounded, open subset U C R? with 0 € U and Ug := {Rx | x € U},
1
E[f] = lim — dx.
[f]= Jim Ul Jur, f(rpw)da
Corollary 2.6. Let (2, #,P) be a probability space and let (1) be an ergodic (i.e. property

(3)), measure-preserving (i.e. property (2)) group of transformations on Q. Let p € (1,00).
Then for any f € LP(S2), for almost all w,

f(7gjew) = E[f]

weakly in LP (R?) as ¢ — 0.

loc

Proof. By density of simple functions (linear combinations of indicator functions) built from
open, bounded sets that contain the origin in L? ;C for p’ conjugate to p, it suffices to prove
that for any bounded and open U € R? with 0 € U,

/ f(7jew)dz — [UB[S)].
U
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Taking R = ¢!, substituting #/e — 2 and noticing that |Ug| = R4|U|, the claim follows
from the ergodic theorem. O

In particular, in the setting of the corollary for p = 2, almost sure local L?-boundedness

follows, that is for almost all w,

sup || f(7z/ew)ll 2By < 00
e€(0,1)
Let us get back to the homogenization problem and first answer the wellposedness question.
The proof of the proposition is classical and follows from the Lax-Milgram lemma, that we
state here for convenience. Below Hg (U) denotes the Sobolev space of regularity 8 > 0 with
zero boundary conditions.

Lemma 2.7. (Laz-Milgram) Let H be a Hilbert space and B : H x H — K with K =R or
K = C be a bilinear form, which is continuous, that is there exists a constant A € (0,00),
such that |B(u,v)| < Allu||||v]| for all u,v € H, and which is coercive, that is there ezists a
constant \ € (0,00) such that B(u,u) > M|ul||? for allu € H. Then for any f € H* (the dual
of H), there exists a unique uw € H such that

B(u,v) = f(v) for allv € H.
Moreover the following bound holds:
lull < X7 fll e
Proposition 2.8. Let U C R¢ bounded, open and a : U x Q — R¥? be uniformly elliptic in

the sense of property (1) and let f € H=*(U). Then almost surely there exists a unique weak
solution u to (2.2)), that is, for almost all w, uw(w) € HY(U) and for any ¢ € HL(U),

/ a(z,w)Vu(z,w) - Vi (z)de = / F(x)(z)dz.

Furthermore, there exists a constant C' > 0, such that almost surely the solution satisfies the
bound

lull gr )y < Clflla-107)-
Proof. Fixing w out of the set of full measure, where a satisfies property (1), we can apply

the Lax-Milgram lemma to the following continuous bilinear form B : Hi(U) x H}(U) — R
with

B(u,v) = /a(m,w)Vu(x) -Vou(x)dx.

Continuity follows from Hélder’s inequality and the upper bound on a. Due to the lower

bound on a and Poincaré inequality, we have that

|B(U,U)| > )\HV’U/H%Q(U) > C)‘HUHEI(%(U)’
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with Ac > 0, such that B is coercive. Thus for any f € H~!(U), there exists a unique solution
u(w) to Blu(w), ) = (f, 1) for all p € H}(U) and u satisfies the bound with C = 1/cA. O

In particular, for the solutions u® of
V- (a(z/e,w)Vu®) = fon U, u° =0atdU,
we obtain that, almost surely

(2.11) sup [[u*|| g1y < Cllflla-1(v)-
0
€€(0,1)

Since H(}(U ) is reflexive and thus bounded sets are compact in the weak topology, this yields
that almost surely (u®) converges along subsequences in the weak topology. Next, we identify
possible limit points.

2.6. The candidate limit.
To derive a candidate for a limit of (u®), we employ multiscale analysis, that is a formal

argument making the ansatz
uf (x,w) = up(x, x/e,w) + cuy (z, /e, w) + 2ug(z, 2/, W) + .. .,

for ug, w1, us,... to be determined. The same ansatz is done in the periodic case, however
here it is random. We let y = x/e be the fast variable. Then we have that

Vui(z,y,w) = Vou(x,y,w) + 6_1Vyui(:v,y,w), 1=0,1,2,...

and plugging into the equation for u° tested against a test function ¢ € C°(U), we find

/ a(x/e,w)Vu (z,w) - Vip(z)dr = / a(z/e,w)(Vaug + e Vyup + Vyur + O(¢)) - Vip(z)da
U U

_ /U F(@)p (@) de.

As e — 0, we see that us and higher order terms do not effect the weak formulation. Therefore
they can be set to zero and we are left to determine ug, u;. Notice that this exploits that the
equation is in divergence-form, otherwise there would be higher order terms. We then obtain
that

—[Ve+e7'V,] - (aly,w)[Veuo + Vyur + e 'Vyug]) = f.

To determine ug, u1, we equate the terms of the same order in e. On the level of €72, we
obtain

—Vy - (a(y, w)Vyuo(z,y,w)) = 0.

Due to the energy bound [|[Vyuol2, < A7! [aVyugVyupdy = 0, it follows that ug(z,y,w)
needs to be constant in y and thus we can drop the dependence on the fast variable. Hence,
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ug(x,w) is our candidate limit. At the order ¢~*

, we obtain the equation
_vy : (a(ya W)[quo + Vyul]) =0.

Making a separation of variables ansatz of the form u; (x, y,w) = ¢;(y,w)d;uo(x,w), employing

Einstein summation here and below, we obtain
—Vy - la(y, w)(e; + Vyoi(y,w))]0iug = 0.
Letting ¢ solve the so-called cell/corrector equation
(2.12) —V, - la(y,w)(ei + Vydi(y,w))] =0, yeRY
the latter equation is also fulfilled. The equation of order 1 is given by, after plugging y = x /¢,
—Vo - (a(z/e,w)(e; + Vydi(x/e,w))05u0) = f.

Assuming that V¢ is stationary and using Corollary we see that almost surely

a(w/e,0)ei + Voi(w/2,w)) = Efa(0,) (e; + Vi(0, )]

a,

with @ being deterministic. Thus, ug solves

(2.13) -V - (aVug) = f

and is in fact deterministic. We learnt that the homogenized coefficient is given by
a = E[a(0,-)(e; + Vi(0,-))],

where ¢ solves the corrector/cell equation . Moreover, we saw that the ansatz

(2.14) u (z,w) = up(x) + e¢i(x/e,w)0up(x)

gives the correct prediction of the limit 4 = ug when € — 0.

Although the above arguments are purely formal, for the proof of the homogenization result,
the ansatz turns out to be useful. Note that we will need to solve the cell equation
to make use of the ansatz. In the periodic case, the cell equation for y € T? can
be solved using the classical theory based on Lax-Milgram. The solution will be periodic and
is unique in the class of solutions with zero mean. However, in the random case, solving the
cell equation turns out to be more involved. In particular, although the coefficient a is

stationary, the solution ¢ is in general not stationary.

2.7. Stochastic motivation for the corrector.
On the level of the diffusion process X solving ([2.7)), the corrector ¢ has a different motivation.
Indeed, we see from an application of Ito’s formula that (after first mollifying ¢ to make it
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sufficiently regular and passing to the limit)
B(X1,10) — (X0, / L(@)9(X ds+/ V(X ) (X, )dB,

C Xo— X+ /0 (Vo (Xorw) + 1d)o(Xs, w)d By,
where the last equality holds if we choose ¢, such that
Lw)p(r,w) = -V -a(z,w), ZL(w)=V-(a(z,w)V:).
This is the rewritten cell Equation . In the CLT scaling, we thus obtain
(2.15) E7(Xt/a2 — Xo) = e(¢(Xo,w) — ¢(Xt/a2aw)) +eMye2,

where M is the martingale
t
M, :/ (V(Xs,w) + 1d)o( Xy, )dBs.
0

That means, in we have written X as a martingale plus a boundary term. The boundary
term vanishes under the CLT scaling. Thus, the previous problem of proving a central limit
theorem for X is reduced to a martingale central limit theorem for M. Since martingales es-
sentially equal time-changed Brownian motions in law (by the Dubins-Schwarz theorem), the
central limit theorem for martingales is classical and the limit is given by a Brownian motion
with constant diffusivity @, where @ is the limit of the quadratic variations (eM. /.2)1 (conver-
gence by the ergodic theorem). This strategy goes back to the work by Kipnis-Varadhan [5],
cf. also the book [6] for all the powerful applications. We have proven that these methods
can even be applied in a setting of very singular coefficients, cf. [§].

2.8. The random homogenization corrector.
To solve the corrector equation in the case of random coefficient a, we need to use the
probabilistic structure, that is the ergodicity of the coefficient field. Simply fixing w results
in a loss of compactness, which in the periodic case is obtained by the compact state space.
Compactness in the stochastic case is obtained via ergodicity.
Let (92, #,P) be as in Assumption with Q being the space of environments w : R¢ — R¥*4
and the canonical process a(z,w) = w(z), z € R? with a(z,w) = Tya(0,w) = Tpa(w). Let (13)
be measure-preserving, that is property (2) shall be satisfied.
To lift the equation to the probability space, we have to define a different notion of derivatives
and Sobolev spaces. Therefore, let the horizontal derivative be defined as follows. Let f €
L?(9) and let for i = 1,...,d (e; denoting the euclidean unit vector),

Duf(e) o tim L) = F0)

h—0 h ’
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whenever the limit in L?(Q) exists. The domain Z(D;) of D; consists of those f € L?(£2),
for which the latter limit exists. One can show that the operators D; are densely defined and
closed. In fact, D = (Dy,...,Dg) is the infinitesimal generator of the shift operator group
(T), i-e. Df = 05T flo=0-

For f € L?(f2), we may associate the stationary process f(x,w) = T, f(w). Ergodicity in this
context means that the only translation invariant f € L?(Q), i.e. with T,.f = f, Vx, are the
constant functions.

Let the ”Sobolev space on the probability space” be defined by
AN Q) =N, 2(Di)

equipped with the inner product
d

(f,9) 1 = E[fg] + Y E[Dif Dig].
i=1
A1(Q) is a Hilbert space, since the D; are closed operators. We define s#~! as the dual
of s#1, that is the space of linear and bounded maps v : ##! — R. The gradients (D;) are

curl-free and have zero mean (due to the shifts being measure preserving), that is
D;Djtp = DiDyp and  E[Dua)] =0, 1 € #(Q).

The adjoint of D; is —D;, that is E[D; fg] = —E[fD;g] for f,g € 7, since the adjoint of T,
isT_,.

Notice that there is no Poincaré inequality on the probability space, such that the .7 '-norm is
not simply equivalent to the semi-norm defined by E[D fDf], as it is the case for H}(U) on a
bounded, open domain U. In particular, the form B(u,v) := E[aDu-Dv] defined on ! x 7!
is in general not coercive. But it becomes coercive as soon as we add +fE[uv] for 5 > 0.
This means that instead of .Z we consider the resolvent operator . — $1d. Thus, instead
of solving the Poisson equation/cell equation in 71 (which can only be solved under
stronger assumptions like a spectral gap etc., cf.[6]), we solve instead the resolvent equation
(& — 6)@5 = —D-ain s"'. Indeed, the coercivity condition can also be interpreted as a
spectral gap and by introducing 5 > 0, we enforce a spectral gap. In particular, the resolvent
equation is always solvable. We will then prove that (D®?) 5 converges to a stationary field.
To that aim, define the space of potential vector fields

L2

2
L pot

Q) ={f € LX(QRY) | f = Dy, v € 21 ()}

As noted above, potential vector fields are curl-free fields an have mean zero. For f € L?(),
we define Df € ##~! as the distributional derivative satisfying E[Dfg] = —E[fDg] for any



LECTURES ON STOCHASTIC HOMOGENIZATION 13

g € ', Then we define the solenoidal/divergence-free vector fields

d
Liu(@) = {f € LXQRY) [ Y _Dif =0}

i=1

One can show that L2, (Q)F = L2(Q) (indeed this follows from E[fg] = E[f]E[g] for

f e Lgot(ﬂ), g € L% ,(9), which follows from the div-curl Lemma below and the er-

godic theorem, Corollary and thus a Helmholtz-type decomposition holds L?(Q2, RY) =

L2, (Q)® L2 ,(Q).

pot sol

Proposition 2.9. Let (Q,.%,P), (1,) and a satisfy properties (1), (2) in Assumption .
Let 3> 0. Then for any g € A", there exists a unique solution ®9 € 1 to the resolvent
equation —D - (aD®P9) + fOPI = g, that is

(2.16) E[aD®"9Dy] + BE[®P9y] = Elgp], Vi € A#HQ).

If g=D-§ for g € L*(Q), the solutions satisfy

(2.17) sup [|[D®M9|| 2 < ATY|gllL2,  sup BIEMI T < ATY|g]17a
Be(0,1) B€(0,1)

Proof. The wellposedness follows from the Lax-Milgram lemma together with coercitivity
and continuity of the bilinear form B(u,v) = E[aDu - Dv] + SE[uv] defined on s#! x 1.
The bounds follow from the equation tested against %9, property (1) on a and using that
g=D-g:
BE[(I)'B’Q(I)B’Q] + )\E[D(I)'B’g . D‘P’B’g] < BE[@ﬂ,g(bﬁ,g] +E[(LD(I)B’9 . D@’B’g]
= —E[gDd%9)
< E[|g]*]/* B[ D79 )/
and thus
D9 120y < 19l 22()»
such that
Bl1@79|[7. < E[|g]*) 2B DS P1M? < Xl 2(0-
O

We can apply the proposition to the right-hand-side ¢; = —D - ae; € !, which yields
solutions that we denote by CD;B for i = 1,...,d. By taking the limit 5 — 0 for (D@ﬁ)g,
we recover solutions to the equation for the gradient of the corrector. That gradient is by
construction stationary, but it turns out that the corrector itself won’t be stationary in general.

The next proposition proves the wellposedness of the equation for the gradient.
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Proposition 2.10. Let (Q2,.%,P), (1) and a satisfy properties (1), (2) in Assumption .

Then for each i =1,...,d, there exists a unique V; € wat(Q) satisfying

(2.18) E[a(¥; +e;) -] =0, Vo € L2,().

Proof. The claim follows from the Lax-Milgram lemma applied to the bilinear form B(u,v) =
Elau - v] defined on L2_,(2) x L2,(Q). O

pot pot

Corollary 2.11. Let (0,.7,P), (1) and a satisfy properties (1), (2) in Assumption[2.3 Let
foreachi=1,...,d, <I>i5 solve the resolvent equation with right-hand-side g = —D - ae;. Then
(D@f) converges weakly in L*(Q) to the solution V; of R.18),i=1,...,d.

Proof. Due to the bounds (2.17]), we obtain weak convergence of (D@f) and (61/2@1’6) in
L?(9) along subsequences. The limit of (Dq)f ) along such a subsequence is in L2,,(€2), since
the space is closed. Passing to the limit in the equation for <I>i'8 tested against ¢ € (), we

obtain that the limit of any subsequence of (D@? ) solves ([2.18]). Since the equation ({2.18)) is

2

ot(£2), we obtain convergence along the whole sequence and that the

uniquely solvable in L
limit equals ;. O

Via the transformation group, we can define a process on the physical space that corresponds

to U on the probability space. We derive the following properties on the process.

Proposition 2.12. Let (Q2,.%,P), (1) and a satisfy properties (1), (2) in Assumption .
Let V; = (Vik)k=1,...d be given as in Proposition and define the process ¥ (z,w) = ¥(1w),
x € R, Then it follows that almost surely for alli, 1; € LZQOC(Rd; RY) and for the distributional
derivatives holds for almost all (z,w),

Ojir(x, w) = Otij(w, w).

In particular, it follows that almost surely ¢; € L2,(RY) = {¢ : R - R? | ¢ = Vf, f €

pot
Hlloc (Rd) } .

Proof. Due to Fubini’s theorem and stationary, we have that

B [ e ds| = [ B[Pl = BelE] )

Br
This implies that there exists a one-set Qg with ||;(-,w) [ 22(Bp,rey < o0 forallw € Qg. Due to
continuity of R+ [|1i(,w) || 2B, ray, We can find a one-set Q, such that ||1;(-, w) | 22(BgRe) <
oo for all w € Q and all R > 0. Hence it follows that almost surely ¢; € L?_(R% R%).

The equality of the derivatives follows from the following two observations. Let 1% (x,w) =
D®P(1,w) = WA(1,w). First, we observe that ¥ satisfies the curl-free condition

D,V = D;D®; = DyD;®] = D}, ¥}
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Secondly, we use this to see that
E{l A / 8j¢ik(:c,‘)¢(x)da:} - E[lA / a0 (x, .)¢(g;)dx]
——E[1s [ U000

=-E _Dkéf / 1A(T_x)aj¢(x)dx]

= :Dkéfpj / 1 A(T_m~)¢(x)dx}
= IE):DjDk@iﬁ/lA(Tx-)gb(m)dx]

= ]E:Dijq)f/lA(T_x-)qﬁ(x)d:v]

~ |1 [ (e ot

— E[1A/a,€¢ij(x, ~)¢)(:C)dx]

for any A € .7, ¢ € CX(RY), due to weak convergence of (D®® = ¥F) to ¥ in L?(Q) by
Corollary ]

Combining the latter propositions yields the existence of the correctors.

Theorem 2.13. Let (0,.7,P), (1,) and a satisfy properties (1), (2) in Assumption [2.5,
Let 1 be given as in Proposition [2.13. Then for every i = 1,...,d, there exists a unique
o; € HZIOC(Rd) satisfying the properties: almost surely
(2.19) 1B1|7t | ¢i(w,w) =0, Ve =1

B1

and almost surely for all ¢ € C*(R%),

(2.20) /a(az,w)(qui(a:, w) +e;) - Vo(x)dr = 0.

Proof. Let by the previous proposition, &Z € H llac(Rd) be such that V(ﬁi = ; and let ¢; :=
¢i — |B1| ™ fB1 ¢i(x,-)dz. Then V¢; = V; = 1p; and ¢; has mean zero on the ball Bj.
Moreover, the property determines ¢; uniquely, since the only H, lloc(Rd) function ¢ that
satisfies | B, ¢dxr = 0 and V¢ = 0 is the zero function. It remains to prove that ¢; satisfies

the equation. We have that for any A € .7, p € C2°, using that almost surely V¢; = ¢; and
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?Z)(%w) = W(wa)v

E|Ls [ e )(Voi(o) + ) Volohts| =B

Lo [[atm )W) + ) Vita)as]

— E|a(0, -)(\1}(.)+e,~)-/1A(T_$-)w(z)d4

— B/a(0, ')(\I/z‘—i-ei)'D/lA(T_x')gO(x)dx] —0,

where in the last line we used that D - (a(0,-)(¥; 4+ ¢;)) = 0, since ¥ solves (2.18]). Since A

was arbitrary, we obtain that there exists a one-set €0, (may depend on ¢), such that
/a(:z:, w)(Voi(z,w) +e;) - Vo(z)de =0

for all w € Q. Due to separability of C2°, we can find a one-set Q, such that
/a(:z:, w)(Voi(z,w) +e;) - Vo(z)de =0

for all ¢ € C° and all w € Q. O

We note that ¢; is in general not stationary. Indeed stationarity would imply that, since
J B, Pidz =0, also J Bi(y) Pidr =0 for all y € R?, which is not true in general.
Recall the multiscale ansatz

uf(x/e,w) = up(x) + edi(x/e,w)0uo(x),
where ug solves the effective equation
-V ((_IVUO) = f

In the case where ¢; is 1-periodic in the spatial variable, it follows that (¢;(z/e)) converges

2
loc*

weakly in L?

loc
Hence, one concludes that ug is indeed the limit of (u®). In the random case, one cannot

to fol ¢i(x)dz and thus the remainder (e¢;(x/c)d;up) vanishes strongly in L

directly apply the ergodic theorem to ¢;(z/e,w) due to the lack of stationarity. However, one
can show that ¢; is sublinear, which implies that the remainder in the multiscale expansion
vanishes. This is the content of the next proposition.

Proposition 2.14. Let Assumption be satisfied. Let ¢; be defined as in Theorem [2.1
with Vo, = ¢ and ¥(x,w) = V(r,w) being stationary. Let B be an open ball. Then almost

surely

li : )|?dz = 0.
tiy [ [eou(oe. )P
We will instead prove the following equivalent statement (the proof of the equivalence can

be checked in [4, Proposition 3.7]), which will be sufficient for our purpose, since we can add

constants to the correctors solving Equation (2.12]).



LECTURES ON STOCHASTIC HOMOGENIZATION 17

Proposition 2.15. Let Assumption be satisfied. Let ¢; be defined as in Theorem |2.1
with Vo, = ¢; and Y(x,w) = V(1,w) being stationary. Let B be an open ball. Then almost

surely

imsup(<6:(o/e,) 18171 [ coutafe. Jde) =0

e—0

with convergence in L?(B).

Proof. By the ergodic theorem, Corollary we have that
(2.21) Ui(7y/e) = E[W3] =0
weakly in L?OC(Rd;Rd), where the expectation vanishes, since ¥ is a potential field. Using
that
V[€¢i($/€, )] = (V(ﬁz)(.’li/&?, ) - \Ij(Tx/av )

and the Poincaré inequality on B we obtain that in particular almost surely

sup <5¢i(x/g, -)—\B_l/Bsqbi(x/s, -)d:c) < .

e€(0,1)

oo

Thus we obtain weak convergence in H!(B) along subsequences. Since the embedding
H'(B) — L?(B) is compact, the convergence of subsequences is also strong in L?(B). Each
limit ¢ needs to equal 0, since Vi = 0 due to and | g ¢(z)dx = 0. Thus the convergence
is along the whole sequence and the limit is ¢ = 0. g

2.9. The homogenized coefficient.
Let the effective coeflicient a be defined as follows
(2.22) ae; = ]E[a((), )(\IJZ + ez)}

for ¥ solving (2.18). We will show that a is also uniformly elliptic. This ensures the well-

posedness of the effective equation.

Proposition 2.16. Let a satisfy Assumption [2.3 and let ¥ be given as in Proposition [2.10,
Then a defined in (2.22) satisfies

d 1/2
ol <A(SBwei]) lel. ag-€2 Ve Ve

i=1
Proof. The upper bound follows immediately from the upper bound on a and Hélder’s in-

equality. The lower bound follows using the lower bound on a, the equation for ¥ in (2.18)),
Jensen’s inequality and E[¥] = 0 such that

a¢ - & = Bla(0,-)(Ve + &) - & = Ela(0, ) (Ve + &) - (Ve + &)
> AE[|We + €] > AE[¥e + £]]* = M),

where \Ifg = gz\Ijz O
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Proposition 2.17. Let Assumption[2.5 be satisfied and let ¥ be given as in Proposition[2.10,
Let Wt solve (2.18)) for a replaced by the transpose a'. Let a be given by (2.22) and let

a = E[a"(0,-)(¥l +€;)]. Then a = (a)' and a is symmetric if a is symmetric.

Proof. For each i,j = 1,...,d, we have that, using the equations for ¥, W,
a;j = E[CL(O, (U, + 61)] cej = E[a(o, V(U + e;) - (\Ifz + 6j)]
= B[(i + i) - a'(0,)(¥] + ¢j)] =

Finally, if a = a is symmetric, then ¥ = ¥ by uniqueness and thus @ = a, such that

a=(a). O

2.10. Proof of the homogenization result.

To prove the convergence u® — 4 in H}(U), where 4 solves the equation with effective coef-
ficient a, we will employ the so-called perturbed test function method. That is nothing else
than employing the multiscale ansatz and making sure that products of weakly con-
vergent sequences converge weakly, which is in general only possible under certain additional
assumptions. These assumptions are given in the div-curl lemma. Below we sometimes use
the shorthand notation [; f := [,; f(x)dz.

Lemma 2.18. (Div-curl lemma) Let U be a bounded, open. Assume that (p°) C L?(U;R?)
and (V&) C L2,,(U) ={V € L2 (U;R?) | V = Vv for v € HY(U)} satisfy, as e — 0,

pot

p° — po weakly in L2(U;RY) and VE — Vpy weakly in Lf;ot(U)'

Assume additionally that
V -p° — f strongly in H-1(U).
Then the convergence of the product follows, in the sense that for all ¢ € C°(U):

/UPE'VE¢—>/UPO'V0¢-

Proof. Without loss of generality we may assume that pg = Vo = 0 and f = 0. We have that
by integration by parts with V¢ = Vo® for v¢ € H}(U),

[vevio= [ woveu= [ oo [ v v
U U U U

Since (V) converges weakly to 0 in L2, (U), by Poincaré inequality (v°) is bounded in Hj(U).
By the compact Sobolev embedding thus (v¢) converges strongly in L?(U) along subsequences.
Every limit v needs to be equal, since Vv = 0 and v vanishes at the boundary. Thus the
whole sequence converges strongly in L?(U) to v. Hence, together with the weak convergence
of (p°) to 0 in L2(U), the product (p°v®) converges weakly in L?(U) to 0. This shows that the
second integral vanishes. To see that the first integral vanishes, we use that (V - p®) strongly

converges to zero in H~!(U) and that (v¥) is bounded in H'(U). O
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We can finally prove the stochastic homogenization result.

Theorem 2.19. Let U be a bounded, open domain. Let Assumption [2.3 hold and let ¥ be

given by Proposition ¢ be given by Theorem and a be given as in (2.22)). Let
f € L2(U) and let uf solve

V- (a(z/e,w)Vu) = f, u* =0 at OU
and u solve the effective equation
V- (aVa)=f, u=0 atoU.
Then, almost surely as e — 0
u® — @ weakly in Hy(U).
In particular, almost surely as € — 0

u® — u strongly in L*(U).

Proof. Due to the bound (2.11]), we obtain that almost surely along a subsequence &',
ut — v

weakly in Hg(U) for some limit v with v € H}(U) almost surely. We prove that v solves the
effective equation, which by uniqueness proves that v = % and thus the convergence along the
whole sequence follows. For simplicity denote the subsequence &’ again by €. Let v € C°(U).
We define the perturbed test function

U =1 +edf(x/e,w) 0,

where ¢! solves the corrector equation for the transpose a* according to Theorem Testing
the equation for u® by ¥° we obtain

/Ua(az/s,w)Vu6 - Vp©
= / a(z/e,w)Vus - (Vol(z/e,w) + ;)0 —i—/ a(x/e,w)Vus - V(9ih)egk(x /e, w)
U U

= [ 0+ e a/z)on.
After transposing, we obtain by the ergodic theorem, Corollary 2.6 that almost surely
a'(z/e, ) (V(z/e, ) + e;) — ate; weakly in L2 _(U;R?).

Moreover, we have that V - (a'(z/e,-)(Vk(z/e,-) +e;)) = 0, since ¢' solves the cell equation
for a! and that almost surely Vu® — Vo weakly in L?(U;R%). Thus we can apply the div-curl
lemma, Lemma on that one-set and use a! = (@)* by Proposition to obtain that
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almost surely as e — 0
/ a(z/e,w)Vut - (Vo (z/e,w) + €)1 — / Vo - (a)'Vy = / aVu - V.
U U U

Furthermore, if we denote B the ball that satisfies supp(y)) C B, we can bound

1/2
| ata/e v V@00 o/, ->\ < AIV(@) =1V 2 < [ ot ->|2)

and

1/2
‘ [ reottare, -m-w\ < ol F L2y ( / |s¢t<x/e,->|2> .
U B

Since (Vuf) is bounded in L?(U;R?) and ¢' is sublinear in the sense of Proposition m
(applied to a'), we obtain that those integrals vanish almost surely and in the limit we

/UCLVU-Vz/J:/Ufw.

Hence, we obtain that v solves the effective equation. ]

recover

Remark 2.20. (Periodic setting) In the case of periodic coefficient a, the proof is very sim-
ilar, but the convergence of the perturbed test function can be seem more easily. Indeed, the
sublinearity of ¢' follows immediately from the periodicity of the solution ¢' of the cell equa-
tion (which can be solved on the bounded domain T% by Laz-Milgram), since for a 1-periodic

function f it holds that f(-/e) — fol f(x)dx = (f) in L?

loc

(RY), which can be readily seen by

testing against indicator functions of intervals [a, b].

Notice that by the divergence theorem for x € U, r > 0 with B, (z) C U,

/ a(y/e,w)Vu(y) - vdS(y) + / F(y)dy = o0.
8By (x)

Br(z)
Thus we might also be interested in the convergence of the flux a(-/e,w)Vu®.
Theorem 2.21. Let the assumptions of Theorem [2.19 hold. Then almost surely as e — 0,
a(z/e, )\Vu® — ava weakly in L*(U;RY).
Proof. Due to the upper bound on a, we have that
la(z /e, )V L2y < AV | 220y

and the right-hand side is bounded almost surely by (2.11]). Hence, almost surely (a(x /¢, -)Vu®)
converges weakly to a limit w in L?(U; Rd) along subsequences. Furthermore, due to the equa-

/wa:/Ufw

tion, we know that
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for any 1) € C2°. We prove that almost surely, for any ¢ € R% and ¢ € C2°,

(2.23) /U we = /U ava- &y,

such that w = aVu follows. Due to the limit of each subsequence being unique, we conclude on
convergence of the whole sequence. To show (2.23)), we let ¢ € C¢° and define the perturbed
test function

VE(w) = & ap(z) + ez /e, w)ip(x)

for qbé = &¢!. To see that this is a good choice, notice that almost surely 1[)2 — & - x(x)
strongly in L?(U) due to the sublinearity of ¢! from Proposition and thus

(224) [ toes [ geeav= [ wocor [ v oo,
U U U U

Now testing the equation of u® by the perturbed test function yields

(2.25)

/Ua(ﬂ?/é?a')vus’(V%(x/&’)+§)1/J+/Ua(w/€v) VY€ a +egi(x/e, ) /fwg

After transposing a, we obtain a’(z /e, -)(V(Z)g(x/a, J+¢&) — (a)!¢in LE (U) by Corollary 2.6 .
Moreover, Vu® — Vi in L?(U) by Theorem and ¢' solves the cell equation for a’. Thus
we can apply the div-curl lemma to see that

/ a(z/e, ) VuE - (V§(e/e,) +E)p — / Vi - €.
U U

For the second integral on the left-hand side of ([2.25]), we use that a(z /e, -)Vu® — w in L?(U)
and the sublinearity of ¢! from Proposition [2.14] to obtain that

/ a2, )V - V(€ -z + edl (e, ) —>/wv¢ z).
Together with ( - - ) follows. O

2.11. Strong convergence of the two-scale expansion.

Theorem 2.22. Let f € C*(U) for a bounded, open, connected C*“-domain U and a € (0, 1).
Let the assumptions of Theorem hold. Then, almost surely as e — 0

uf — 1 — egi(x/e, )0 — 0 strongly in H'(U).
Proof. Let
w =t —u—epi(x/e,-)0u.
From Theorem we know that almost surely u® — u and from Proposition that

e¢i(z/e,w) — 0 strongly in L?(U). Thus we obtain that almost surely w® — 0 strongly in
L?(U). We are left to prove that almost surely Vw® — 0 strongly in L?(U). To that aim, we
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define for any p € (0,1),

wo = —u —egi(x/e, - )n,0iu
for a smooth cutoff function 7, : RY — [0, 1], that satisfies n,(z) = 1 if d(z,0U) > p and
np(x) =0 if d(x,0U) < p/2 and |Vn,| < C/p for a constant C € (0, 00). Define the flux

gi = a(e; + Vi),

which is divergence-free by the equation for ¢;, that is V - ¢; = 0. Then we obtain using the

equations for v, u and ae; = E[g;| that
=V (a(z/e, )Vw*) =V - [(a(z/e,-) —a)Vu] + V - (a(z /e, ) V(pi(z/e, -)]|(n,0i0))
+ V- (alz/e, )edi(x/e, ) V(n,0iu))
=V-[A=mnp)lalz/e,-) —a)Vu] + V - (e(ai(z/e, -) — Elqi]) (n,0iu))
+ V- (alz/e, )edi(x /e, -)V(n,0iu)).

Testing against w®? and using that w®” vanishes at the boundary OU, we obtain by the

uniform ellipticity of a and Hélder’s inequality,

IV = [ 9050

< )\1/ a(x/e, )Vw? - Vw*
U

= )\_1/ -V - la(z/e, ) VwPlw?
U
S ANV 2@y (11 = mpll 2 Al cze ) + 105t L2y lle(@i(- /e, ) — Blai)ll 2 )
+(Cp™ A+ Ayl 2w ledi(-/e, )l 2 w)-
Due to almost sure weak convergence of (q(-/e,-)) in L2 _(R?) by Corollary and sublinearity
of (¢i(-/e,)) by Proposition we obtain that almost surely

leai(-/e; ) — Ela]) 2oy + lledi(-/e ) 2@y — 0
Hence we have

(2.26)
hmsilgvag’pHLZ(U) <AL = npll 2l c2owy < AT =]l 200 | fll oo o)
3

where the last inequality follows from the regularity of the domain for some constant ¢ €
(0,00). Writing

Vw® = Vw’ +epi(x/e, - )VI(1 —np)0iu] + Voi(z/e,-)(1 —n,)0:u
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we obtain that by the ergodic theorem, Corollary and ([2.26]) for a possibly different
constant ¢ € (0,00),

d
hmsulénvngLZ(U) < AT = mpll 2o 1 f oo oy [1 + ZE[IV@IQ]}
e i=1

Since ||1 =, 2@y — 0 for p — 0 and p € (0,1) was arbitrary, the claim follows. O

Remark 2.23. (Uniform ellipticity assumption) It is possible to relax the lower bound in the
uniform ellipticity assumption assuming that A(w) is a random variable which is positive (but
not necessarily uniformly in w) and satisfies BN\~ < co. In the limit ¢ — 0 the equation

then becomes uniformly elliptic due to the moment bounds on A\~1, cf. [2].

Remark 2.24. (Non-divergence form equations) In the periodic case, it is possible to consider
non-divergence form operators £ = a; j0;0;+b;0; on T and derive the homogenization result.
The difference is essentially, that there will be a second corrector equation, which is solvable
due to the Fredholm alternative. However, in the stochastic case, the solvability of that second
corrector equation is in general unclear. Only in certain special cases b =0, b divergence-free
or b= Vb for stationary b, it is known to be solvable (cf. also the book [6] ). For more details,

we refer to [4l, section 4] and the references therein.

3. STOCHASTIC HOMOGENIZATION FOR NONLINEAR DIVERGENCE-FORM EQUATIONS

In this section, we generalize the previous results to quasilinear elliptic equations. The refer-
ence for this section is the book [9]. For the sake of presentation, we only consider here the
case of single-valued monotone operators in divergence-form, that do not contain the lower
order component ag without the divergence in front, while the book [9] contains more general
cases (pseudomonotone and also multi-valued operators). Some of the ideas are similar as
in the previous section on linear equations, so we keep them short in this section. Moreover
comparing to the last section, in this section a lot of difficulties in proving the homogenization
result are outsourced in the compactness Theorem below, while in the previous section,
we proved a lot directly ”by hand”.

We consider the following nonlinear boundary-value problem

(3.1) —V a(z,w,u,Vu) = fin U, wu=0atoU

with u € V = WHP(U) for U ¢ R? open, bounded and f € V* = W~ (U) with p’ conjugate
top € (1,00) and a : R x Q x R x R? — R?, a(x,w,u,v), which is assumed to be measurable

in the variables z,w and continuous in (u,v). The corresponding nonlinear operator &7 (w) is
defined as

(3.2) A (w): V>V F(w)(u) =-V-a(zr,w,u, Vu),

which is welldefined under a boundedness assumption on a, see below (nl).
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3.1. Assumptions, ergodicity and wellposedness.

Assumption 3.1. (Random enm’mnmentﬂ The assumptions on the probability space (Q, .7, P)
equipped with the measure-preserving transformation (1) remain the same as in Assump-
tion[2.4 (i.e. stationarity (2), ergodicity (3)). The uniform ellipticity assumption, as well as
the continuity in probability assumption will be replaced by the following set of assumptions.
We assume that there exist constants k > 0, ¢1,ca,h,0 >0, s € (0, min(p,p’)] and a modulus

of continuity v(r), such that

n ounaeaness.: almos SUT’@y or any .fL',’LL,'U - X X ,
1) Bounded Imost l R? x R x R4
la(z, w, u,0) [P < e1 + ea|ul? + [P
n rict monotonicity: almost surely for any (z,u1,v1), (x,us,vs) € x R x R?,
2) Strict tonicity: almost [ R% x R x R4
[a(x,w,u1,v1) — a(x,w, uz, v2)] - (V1 —v2) > Klvy — vaolP
n ontinuity: almost surely for any (x,uy,v1), (T, u2,v2) € x R x R,
3) Continuity: almost surel R? x R x R4
|a(x,w,u1,vl) - a(wiau%l@”p,
< O[(h + [01]P + JoalP)v(jur — uzl) + (h + |01 + o2 |P) 5/Plog — va*].

We note that (nl) and (n2) together imply

(n4) Coercivity: almost surely for any (z,u,v) € R? x R x R?,
a(z,w,u,v) - v > KlvlP — 1.
Definition 3.2. We call Ellj the class of operators of the form
oV =WWPU)=V* (u)=-V-a(z,u, Vu)

with © — a(z,u,v) measurable and (u,v) — a(z,u,v) continuous that satisfy (nl),(n2) and
E% the class of operators of that kind with coefficient a that satisfy (nl1) - (n3).

For a Banach space V, let V* be its dual and for U € V* and w € V let (U, w)y=y be the
dual pairing.

Under the assumption (nl), o/ (w) is a well-defined. Moreover &/ (w) is strictly monotone due
o (n2), that is

(o (w)(u) — o (w)(v),u —v)y=y >0 if and only if u # v
and coercive due to (n4) and p > 1, that is

(o (W) (u), w)y-y

llully =00 [Jullv ’

as well as bounded due to (nl) (i.e. maps bounded sets into bounded sets) and hemicontinuous
due to (n3), that is for all u,v,w € V the map [0,1] 3 t = (& (w)(u+tv), w)y« v is continuous.

1[9, assumptions in section 3.2.4]
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Example 3.3. An example satisfying the assumptions (nl)-(n3) is the stationary p-Laplace
equation where a(x,u,v) = a(z,v) = b(x)[v|P~2v for p > 2, where b is a bounded, measurable

function.
We now give the nonlinear analogon to the Lax-Milgram lemma.

Theorem 3.4. (Minty-Browder) Let V' be a real reflexive Banach space and A : V — V* be a
map, that is monotone, coercive and hemicontinuous. Then A is surjective. If A is moreover

strictly monotone, then A is bijective.

As a corollary from the Minty-Browder theorem, we obtain the wellposedness of the nonlinear
equation (cf. [I2, Theorem 10.51]).

Proposition 3.5. (Wellposedness) Let o/ be given as in (3.2) with coefficient a satisfying
(n1)-(n3). Then for any f € W1 (U), almost surely there exists a unique solution u €

WLP(U) to the problem (3.1)).

3.2. Homogenization and Gamma convergence.
Homogenization for nonlinear problems is typically studied as a problem of convergence of
the operators (7€) for

(3.3) A (w)(u) = (13 /ew)(u) =V -a(z/e,w,u,Vu), uvweV

towards a deterministic operator 7 in a certain class of operators. The convergence type,

which turns out to be handy is the strong G-convergence.

Definition 3.6. (Strong G-convergence for operators in E}]ﬂ Let /% (u) = V - a*(x,u, Vu)
for k € N and o (u) =V - a(z,u, Vu) be of class EJ;. Set for uj,ug €V,

o (u1,uz) ==V - a(x,u1, Vug), &"(ui,us) :=V -a"(x,ur, Vuy),
such that of (u,u) = o (u), &*(u,u) = *(u). Let for uy,us €V, uF be the solution of
*(uy,ub) = o (u1, ug).
Then set for ui,us € V,
D(ui,ug) = a(z,uy, Vug) and  TF(up,ug) = a®(x, ur, Vuk).

We say that (a/*) strongly G-converges to <f , denoted by o/* = o , if for any uy,us € V

o uF — uy weakly in V and

o TF(uy,ug) — D(uy, ug) weakly in (L (U))%.

Remark 3.7. We have that @/* = o implies &/*(u1,-) = o (u1,-) for any uy € V. In
particular, the strong G-limit is unique (]9, Proposition 2.3.1]). Strong G-convergence to <f

2[9, Definition 2.3.1]
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holds if and only if for any subsequence there exists a subsequence, that strongly G-converges

to o .

Remark 3.8. Notice that if &% = o/ and a*(x,u,v) = a*(x,v), a(z,u,v) = a(x,v) do not
depend on the variable u € R for every k, it follows that for u¥ solving o/*(u¥F) = f and u
solving < (u) = f, uF — u weakly in V.= W'P(U) and for the flur a*(z, Vu*) — a(x, Vu)
weakly in (LPI(U))d. This motivates the usage of Gamma convergence in homogenization

theory, since these are the convergences we expect to have (see in the last section).

The following compactness theorem we take from [0, Theorem 2.3.1, Lemma 2.3.2] without
proof. Essentially it follows from a very general compactness theorem for Gamma convergent
operators ([9, Proposition 1.1.4 and 1.2.3]). Notice however that for operators in the class
E%,, it is possible to have the limit o/ € E,QJ (while the analogue compactness statement in

E}; is not true).

Theorem 3.9. (G-compactness of E? operators) For any sequence (/*), in E?, there exists
a subsequence that converges to an operator of € EIQJ and satisfies the bounds with explicit
constants ¢1,¢2, R, h,0,5 and modulus of continuity v(r).

We give an alternative characterization of Gamma-convergence in E?, that turns out to be

very useful in homogenization theory. The next proposition is [0, Theorem 2.4.1].

Proposition 3.10. Assume that @/* € E?, k € N, and that for any € = (u,v) € RxR? there
exists a sequence (w*) such that w* — v-x weakly in V, (a*(x,u, Vw*)) is weakly convergent
in LY (U) and (V - a*(z, u, VwF)) is precompact in V*. Then (&%) is strongly G-convergent
to a limit operator o/ and a*(z,u, Vw*) — a(z,u,v) weakly in L (U)%.

The converse statement is also true and can be easily seen by choosing w* solving " (u, w*) =
o (u,v - x).

3.3. The random homogenization corrector.

Like in the last section, we solve the equation for the gradient of the corrector on the probabil-

ity space and identify a(z,w, ) with a(0, 7w, ) = a(7zw, ). Similar, we define for p € (1, 00),
LP

LV (Q) = {F e LP(Q,RY) | F = Df for f € '}, where ! is the Banach space with

norm || 1 = |1 fllzr(0) + 1D f Lo (). Then we have b ()t = L’S’;Z(Q) with respect to the

dual pairing.

Proposition 3.11. (Equation for the gradient of the corrector) For any & = (u,v) € R x R,

there exists a unique solution x¢ € Ly, (Q) to

Ela(-,u,v + x¢) - 0] =0 for all p € L) ().

Proof. Define the map % : L) ,(Q) — (L},,(Q))* with e (x)p = (al,u,v + X), P)(LE, ) I8,

pot
for x, € L., Notice that (L%,)* can be identified with L¥()/L? (Q) and for any

pot
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(VNS Lg;l(Q), D-(a(-,u,v+x)+¢) = D-a(-,u,v+x) and hence a(-,u,v+x) € Lp'(Q)/LIS’;l(Q).
Clearly if #(x¢) = 0, then x¢ solves the equation. We have that % is a bounded, con-
tinuous, strictly monotone and coercive operator due to assumptions (nl)-(n3). Thus by

Minty-Browder, there exists a unique x¢ with % (x¢) = 0. O

3.4. The homogenized coefficient.
We define the homogenized coefficient by

(3.4) a(u,v) = Ela(-,u,v + x¢)], €= (u,v) € R x R

and the homogenized operator by

(3.5) o (u) =V -a(u,Vu), ueV.
It is not easy to verify by hand that &7 € E?J and thus that the homogenized equation
V-a(u,Vu)=f, uw=0atoU

is wellposed. However, the compactness theorem yields that the limit operator is of class EIQJ

3.5. Proof of the homogenization result.
Combining the above, we can conclude on the homogenization result, that is [9 Theorem
3.2.2, section 3.2.4].

Theorem 3.12. (Homogenization result) Let o/ € Elzj be given as in and let for e €
(0,1), @/¢ be as in (3.3). Then it follows that almost surely /¢ = o and o/ € E}. In
particular, if a¥(z,w,u,v) = af(x,w,v) does not depend on the variable u € R for every k,
then the solutions satisfy almost surely

u® — @ weakly in WP (U), d"(x,-, VuF) — a(z, Vi) weakly in LY (U)?.

Proof. By Theorem there exists a subsequence (& 8,) that converges to o € EIQJ with
coefficient a. Due to Remark it thus suffices to prove that @ = a. Let & = (u,v) € R x R4
To simplify notation denote ¢’ by . Let

X(.%',w) = Xf(wa)a X (2, w) = Xf(Tx/aw)a

where ¢ is given from Proposition By the ergodic theorem, Corollary we have that
almost surely x* — 0 = E[x¢] weakly in LfOC(Rd, R%). Similar as before (cf. Proposition 2.12),

we have that x = VN for N € W,P(R%). Let N¢(z,w) = N(73/ew) with V(eN¥) = x°. Then

by Poincaré inequality for a ball B, almost surely

(3.6) e(N® — (N¥)p) = E(NE —|B|I™! /B Ns(x)d:c> -0

strongly in LP(B) (cf. Proposition [2.14)). Define w® = v-x+¢(N® — (N¢) ) for a ball B, such
that U C B. Then it follows that w® — v -z in LP(U) by the sublinearity of the corrector N
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from (3.6) and Vw® = v + x* — v weakly in LP(U)¢. Thus w® — v -z in WHP(U). By the
ergodic theorem, Corollary we obtain that almost surely

a(Tx/e‘a u, V<) — E[a('v u, v+ X&)] = a(u,v)

weakly in L] ; .(R?) and by the equation for ¢,

V- a(ry /e u, V&) = 0.

Then Proposition implies that a(u,v) = a(u,v). O
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