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Abstract

We study the statistical properties of partially hyperbolic diffeomorphisms with a two-
dimensional center exhibiting mixed behavior, without assuming a dominated splitting inside
the center. We introduce the notion of an expanding on average for partially hyperbolic dif-
feomorphism and, under a center jacobian assumption, we prove the existence of finitely
many ergodic hyperbolic SRB measures, and show the strong positive recurrence property,
which implies that each SRB measure, up to a period, satisfies exponential decay of corre-
lations, among other strong statistical laws. We apply our results to several examples.
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1 Introduction

1.1 Motivation and main result

In this article we are interested in the statistical properties of differentiable dynamical systems.
For a smooth diffeomorphism f : M — M, where from now on M denotes a closed manifold,
we want to understand the distribution of the f-orbits. To make the question more precise one
can do the following: given p € M we look at the possible accumulation points of the empirical

measures 1
n 1 «
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where §, is the Dirac measure at a point z, and we want to characterize the properties of these
limits. Given an ergodic' f-invariant measure pu, its basin is defined as

— R (p) —
B(p) ={peM: lim &7 =p}.

We say that p is physical, if B(u) has positive volume. For most dynamical systems, volume is
not an invariant measure. Physical measures capture the asymptotic statistical behavior for a
set of points relevant for the natural measure class on the manifold.

For systems displaying hyperbolic behavior, physical measures are often hyperbolic SRB mea-
sures, introduced by Sinai, Ruelle and Bowen in [10, 51, 54] (see Section 2 for the precise defini-
tion). A classical result in smooth dynamics states that for a C? Anosov diffeomorphism, there

14 is ergodic for f if every f-invariant measurable set has py-measure 0 or 1.



are finitely many SRB measures whose union of their basins has full volume. Palis conjectured
that this result holds for a typical dynamical system [46]. Since then, finding conditions for the
existence and finiteness (or uniqueness) of SRB physical measures has become an active area of
research in smooth dynamics.

A generalization of uniformly hyperbolic theory is the nonuniformly hyperbolic theory. Ex-
istence of SRB measures in this setting include works such as [5, 22, 44, 60]. Some important
recent advances were made for the existence of SRB measures for C*°-diffeomorphisms having
positive Lyapunov exponents on a set of positive volume [14, 15, 45].

Another generalization of Anosov diffeomorphism are the so-called partially hyperbolic sys-
tems, where besides the existence of expanding and contracting directions there is an additional
distribution with some intermediate behavior. The precise definition is recalled in Section 2.
Denote by P#H" (M) the set of partially hyperbolic C"-diffeomorphisms of M. Partially hyper-
bolic systems form a robust and flexible class of dynamics and arise naturally in many settings,
including geometry, mathematical physics, and homogeneous dynamics.

There are important works due to Bonatti-Viana [9], and Alves-Bonatti-Viana [1], which
show the existence and finiteness of SRB physical measures for partially hyperbolic systems that
are mostly contracting, and mostly expanding, respectively. In the mostly contracting case, the
center direction has a nonuniformly contracting behavior for volume almost every point, whereas
the mostly expanding case, has a similar definition with a nonuniform expansion along the center.

A major remaining difficulty is to treat partially hyperbolic systems whose center dynamics is
genuinely mixed: the center direction may exhibit both expansion and contraction at the level of
Lyapunov exponents, without assuming a dominated splitting inside the center or a uniform sign
condition on all center exponents. This is the setting considered in this paper. Let us mention
that we do not study the case where there is a zero exponent in the center.

For this purpose we introduce the concept of expanding on average partially hyperbolic dif-
feomorphisms and show that this property implies the existence of finitely many ergodic SRB
measures whose basins cover a full volume set. Not only that, it also implies many good sta-
tistical properties for the orbits. This property is inspired in the expanding on average (also
known as uniform expansion) property in random dynamics (see for instance [20, 28, 31, 39]).
Informally, our condition requires that every center direction, when transported along unstable
leaves by the center holonomies, experiences positive average exponential growth along every
unstable disk. In what follows, see Section 2 for the definitions and background material about
partially hyperbolic dynamics.

Let f : M — M be a C? partially hyperbolic diffeomorphism with a splitting TM =
E* @ E° ® E" such that dim(E°) = 2, which verifies a technical condition called u— center
bunching, see Definition 2.2 for the precise definition. We denote by P# 12103 (M) the set of such
diffeomorphisms. Write " = {W"(p)},en for the unstable foliation of f. The u-center bunch-
ing condition implies the existence of linear holonomies along unstable manifolds, that is, for
g € W*(p), there is a holonomy map hy , + By — E7 that permites to transport center vectors,
and depends continuously from p,¢. In particular, given some non-zero vector v € £ one can
extend it to a unit vector field along W*(p), by

_ hgp()
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Definition 1.1. Under the assumptions above on f, we say that f is expanding on average if

there exists C' > 0 so that: for every disk contained in an unstable manifold centered at p, D,,
and every unit vector v € £y, it holds

1

liminf sy | loglDaf" Leb"(g) > 1.1
minf s [ 181D (0] b (0) = €. ()
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where Leb" is the Lebesgue measure along W*(p) induced by the riemaniann metric.

In Section 3, we define the notion of an optimal constant for Definition 1.1. Using this optimal
constant, we define a quantity that we call exponent gap which is denoted by Gap(f), see (3.2).
This quantity gives a lower bound on the difference of the center Lyapunov exponents for u-Gibbs
measures. Our main result is the following.

Theorem A. If f € @%ﬁCB(M) is expanding on average and satisfies Gap(f) > 0, then there
are finitely many ergodic hyperbolic SRB physical measures p1,--- , g, such that

k
vol <U @(m)) =1,

i=1
where vol is the normalized Lebesgue measure on M.

As we explain below, the expanding on average property implies strong limit laws for the
resulting SRB measure.

1.2 Further properties of expanding on average systems

In the partially hyperbolic setting, physical measures, whenever they exist, belong to a special
class of measures called u-Gibbs measures. Roughly speaking, an invariant measure y is u-Gibbs
if it admits conditional measures along unstable manifolds that are absolutely continuous (see
Definition 2.7 for the precise definition). Given f € PFH" (M), denote by Gibbs"(f) the set of
such measures. The set of u-Gibbs measures is a compact, convex and nonempty subset of the
set of invariant measures of f. As we will see, the expanding on average condition actually is
equivalent to hyperbolicity and a certain geometrical condition for the u-Gibbs measures (see
Theorem D).

Our next result is about continuity of Lyapunov exponents for such measures. Before stating
it, let us recall the definition of Lyapunov exponents. For any p € M, the top center Lyapunov
exponent of f at p is defined by

. 1 n
N(p) = X, f) = Tim —log 1Dy " e (1.2)

whenever the limit exits. Similarly, the bottom center Lyapunov exponent is defined by

NC) =X, f) = lim g | Dy e (1.3

n—-+oo
provided that the limit exists. It is by now a classical result of Furstenberg and Kesten that
given an ergodic measure p there are numbers AT¢(u, f) and A™¢(u, f) such that for p-almost
every p, At¢(p) = AT¢(u) and \=¢(p) = A~¢(u) (see Section 2). When u is not ergodic, one
considers the average exponents, given by A\*(u) = [ A*¢dpu, for x = — +.
An important problem in the theory of Lyapunov exponents is to understand the regularity
of the functions (p, f) — A*¢(u, f), for x = — +.

Theorem B. Let f € g%iCB(M) be an expanding on average diffeomorphism that satisfies
Gap(f) > 0. Let (fn)n C PH2cp(M) be a sequence of diffeomorphisms converging to f in the
C?-topology. For each n suppose that p, is a u-Gibbs measure for f, and that p, converges to
some measure [ in the weak™ topology. Then

Hm  A™(pn, fo) = A"(w, f) and ngrfoo AT thns fn) = AT, f)-

n—-+o0o



Recently, continuity of Lyapunov exponents was used to obtain strong statistical properties
of the system. This is done with a notion of Strong Positive Recurrence (SPR) introduced by
Buzzi-Crovisier—Sarig [16], see Section 8 for the precise definitions. In this paper, we show that
the expanding on average property with the positive exponent gap condition implies the SPR
property. In particular, this gives several strong statistical properties as stated in the next result.

Theorem C. If f € PH?> (M) is expanding on average and satisfies Gap(f) > 0, for every

p € M. Then, for any ergodic SRB measure u of f, there exist k € N and measures py,--- , pix
such that
1 k
n=z Z 15,
Jj=1

for each j = 1,--- Kk, faptj = pjt1, with the convention that k +1 = 1, and (,uj,fk) verifies
exponential decay of correlations for Hélder continuous functions, the Central Limit Theorem,
large deviations, and other limit laws.

For an expanding on average diffeomorphism f € P#? (M), the assumption | det D f|E¢| <
1 implies the condition Gap(f) > 0. This includes both the conservative and dissipative-along
the center cases. In particular, as a direct consequence of this remarks we get the following.

Corollary 1.2. If f € 95%’12103 (M) is expanding on average and satisfies

sup |det D, f|ge| <1,
xeM

then f wverifies the conclusions of Theorem A, Theorem B and Theorem C.

Remark 1.3. We mentioned that in [16], the authors check the SPR property as a consequence
of the continuity of Lyapunov exponents. In our setting,Theorem B alone does not give the
necessary continuity to check the SPR property. The reason for that is that in Theorem B
we only have continuity among u-Gibbs measures. In Theorem C, we need to “spread” this
continuity for measures with large pressure, but that are not necessarily u-Gibbs measures.

In what follows, write P# "\ cp vo1(M) C PH ,cp(M) be the set of partially hyperbolic C”-
diffeomorphisms with two dimensional center, the u-center bunching condition and that preserve
a normalized volume measure vol. Combining our results with Proposition 1.12 from [38], we
obtain the following theorem.

Theorem D. Suppose that [ € 95%12108,\701(]\4) be expanding on average with Gap(f) > 0. If

vol s ergodic for f, then for any g € @%iCB(M) sufficiently C?-close to f, there exists a unique
SRB measure pg such that

1. vol(B(pg)) = 1;

2. pg = %25:1 g,j, as in Theorem C, in particular, each g ; is exponential mizing for g*,
among other statistical properties.

Moreover, if u is Bernoulli, then for any g € g’%’ﬁCB(M) sufficiently C2-close to f, the unique
SRB measure above ug is Bernoulli and it has exponential decay of correlations for g, among
other strong statistical properties.

Theorem D follows directly from Theorem A, Theorem C and Proposition 1.12 from [38].
A direct consequence of a recent work by Cooper [24], shows that if f € Q%aCB’VOI(M) is
expanding on average and verifies:



e dim(E") = 1;
o [det D, f

ge| =1 for every x € M; and

e fis dynamically coherent, that is, there exist a center stable and a center unstable foliation,

then f is ergodic and, therefore, verifies the assumptions in Theorem D (see Subsection 1.4 for
more explanation about [24]).

1.3 Examples and applications

In Section 9 we give several examples of partially hyperbolic systems verifying the expanding on
average condition with exponent gap. Let us summarize some of the examples we obtain:

e In Subsection 9.1, we introduce examples derived from conservative Hénon like maps. These
examples are skew products, first coupling a Hénon like map with an expanding endomor-
phism of the circle and then looking at its natural extension (9.1).

e In Subsection 9.2.1, we recall the Berger-Carrasco’s example which was introduced in [6].
This is a skew product derived from the Taylor-Chirikov standard map, which couples
the standard map with and Anosov base (9.3). In [42] it was showed that this example is
C2-stably ergodic. In particular, the example itself is ergodic, and actually Bernoulli. Com-
bining this with Theorem D, we obtain strong statistical properties for the SRB measure
of any perturbation of this example, see Corollary 9.6.

e The previous two examples are skew product constructions, in particular, there is a center
foliation and it is formed by compact leaves. In Subsection 9.3, we give examples of
expanding on average systems with noncompact center foliation. These examples were
obtained in [19].

1.4 Context and relation with other works

In the random dynamics setting, the expanding on average condition appears in the works [4, 7,
12, 13, 17, 20, 28, 31, 49]. It also appears with a few different names in those references, such
as uniform expansion or weakly expaning. This property is responsible for many rigidity results
[11, 13, 32], strong statistical properties [28].

In the context of differentiable systems, estimates similar to (1.1) appears in other contexts in
the literature, although its consequences do not seem to have been studied in isolation. The first
instance is perhaps Yoccoz proof of Jakobson’s theorem from around 1997, which first circulated
in manuscript form but was not public until more recently [58]. For the diffeomorphism case
an inequality similar to (1.1) is the main thing obtained in the proof of the results in Berger—
Carrasco [6], Carrasco [18] and Carrasco—Saghin [19], see also [25, 43] for related results. For
surface endomorphisms it also appears in the recent work of Andersson—Carrasco—Saghin [2],
and in the work of Janeiro-Saghin [33]. Although in those works this property is being proved
and used implicitly, one of our main goals in this paper is to explicitly define this property and
explore its consequences.

In [24], Cooper studies the relationship of expanding on average and stable ergodicity in a
volume preserving setting. This problem was suggested to him by the second author during the
writing of this paper. In [24], Cooper uses a slightly different notion of expanding on average,
which is closer to what we call finitary expanding on average (see Definition 4.20), and uses
that to show that if f € PH ﬁCB’Vol(M ) has center jacobian constant to 1, has one dimensional
strong unstable and it is dynamically coherent, that is, there exists a center stable and center



unstable foliations, then f is ergodic. Moreover, if dynamical coherence holds robustly, then f
is C2-stably ergodic. Expanding on average in the random setting implies stable ergodicity, the
idea of the problem given to Cooper was to extend that result in the partially hyperbolic setting.
However the proof is a lot more difficult in that setting, as it is shown in [24]. The arguments in
Section 4 shows that our definition of expanding on average implies the definition used in [24].

1.5 Organization of the paper

We start in the next section by giving some preliminary material that we will use in the rest of
the article. In particular, the definition of u-Gibbs measure, SRB measure, and the notion of
holonomies is recalled.

Then in Section 3 we establish dynamical consequences of the expanding on average property.
We precisely define the exponent gap quantity appearing in the main theorems, and establish
hyperbolicity of any ergodic u-Gibbs measure for a expanding on average system with positive
exponent gap. See Corollary 3.4.

Section 4 is devoted to study of projective u-Gibbs measures. A typical tool to understand the
behavior of invariant measures for a given partially hyperbolic diffeomorphism is to consider the
lift to the projectivization of its center bundle. If E° is differentiable, this extension is a manifold
and, under the bunching hypothesis, the lifted map is partially hyperbolic as well. We are working
under more general hypotheses, not assuming differentiability of E¢ (nor its integrability), and
without the full bunching condition. By the general theory, the projectivization of the center
bundle can only be shown to be a Hélder bundle, and therefore a large part of the geometry of u-
Gibbs measures will be lost under the lift. We are forced to introduce a more general framework of
projective u-Gibbs measures, and re-prove some central results of the theory of the (geometrical)
u-Gibbs measures to them. After achieving this, we give an important equivalent formulation to
the expanding on average property: it is equivalent (under the positive gap condition) to having
the Lyapunov spectrum of every u-Gibbs being uniformly bounded away from zero, together
with the essential non-invariance of weak stable directions under strong unstable holonomy for
such measures. See Theorem E.

In Theorem 4.15 we establish an important result of the expanding on average property: it is
C?-robust. Then in Subsection 4.4 we prove Theorem B, establishing in particular the continuity
of the Lyapunov exponents among u-Gibbs measures.

After that we move to establishing a technical result concerning Large Deviation bounds for
projective u-Gibbs. Large deviations results are known to hold in unstable manifolds for partially
hyperbolic systems (see [8, 27, 29, 30]). For this Large Deviations estimate for the projective
dynamics, we do an adaptation of a result of Dolgopyat [29, 30], which we prove in Subsection 4.4.
Besides some interesting consequences given in Subsection 4.6, the Large Deviations estimates
allow us to prove an important technical tool for our work (Theorem 5.1), which gives that on
every unstable leaf, on Lebesgue almost every point of that leaf there is a well defined contracting
direction.

Using the already established Theorem B, in Section 6 we prove the existence of a uniform
Pesin block for the u-Gibbs measures, that is, a set having uniform control on expansion and
contraction estimates whose measure with respect to every u-Gibbs is uniformly bounded from
below. Using homoclinic intersections and a Hopf argument, this implies the existence of at most
finitely many ergodic SRB measures. To address the existence of such measures, we prove in
Section 7 that the expanding on average property together with positive gap implies a slightly
different version of the effective hyperbolicity condition of Climenhaga-Dolgopyat-Pesin [21].
Using their work, we obtain the existence of SRB measures.

Section 8 allow us to reap several consequences of our work, in particular strong limit laws



and exponential mixing of Holder observables, for the SRB measures of our expanding on average
systems. For this we prove prove that our systems verify the SPR property recently introduced
by Buzzi-Crovisier—Sarig [16]. This is achieved adapting some semi continuity results for the
unstable entropy given in [57].

The last Section 9 consists of several examples of systems having the expanding on average
property. We suggest the reader to read the main theorems in the introduction and check the
examples given in that section, to get a feeling of the extensive consequences of the results.

Let us emphasize that the understanding we obtained in Section 4 is essential for obtaining
all of the other results we have in the paper.

2 Preliminaries

In this section we establish some background material needed, and fix notation.

2.1 Partial hyperbolicity and holonomies
Throughout, M denotes a closed manifold.

Definition 2.1. A C" diffeomorphism (r > 1) f: M — M is partially hyperbolic if there exists
some Riemannian metric on M and a D f-invariant splitting TM = E®* & E° & E", where none
of these bundles are trivial, and such that for every p € M

1Dy f

< min {1, m(D,f

B ge)} <max{L, || Dyf|ge|l} <m(Dypflew),

-1
where m(D, f|g+) = H(Dpf)f1 g+|| , for x = ¢, u, is the conorm. We denote by P#" (M) the
set of partially hyperbolic diffeomorphisms of M of class C.

The distributions E*, E¢, E* are called the stable, center and unstable bundles of f, while
E® =FE°® E° and E°* = E°@ E"

are the center stable and center unstable bundles. It is well known that PF#" (M) is C' open
in Diff"(M). For f € Pd?(M) its invariant distributions are at least a-Hélder continuous, for
some « € (0,1). Also, due to the classical Stable Manifold Theorem, if f € PH"(M),r > 1, then
E®, E" are uniquely integrable to continuous foliations ##* = ¢ = W) }pem, W" = Wi =
{W"(p)}pem, whose leaves are of class C". See [26, 47] for these and other basic properties of
partially hyperbolic systems.

Given p € M and R > 0 we write W*(p, R) to be the piece of strong unstable manifold of
size R. If we need to make the diffeomorphism explicit, we will write W*(p, R, f).

In contrast, the center bundle is not always integrable, although it is a condition that typically
holds in concrete applications. We will not assume that E° integrates.

Notation. Given f € PH"(M),p € M, € {s,c,u}, we write D, f = D, f|g-.

Definition 2.2 (u-Center Bunching). We say that f is u—center bunched if for every p € M,

1D5 /1l

m(Dgf) <m(D;f).

The set of all u-center bunched partially hyperbolic diffeomorphims is denoted by P# | og(M).



Remark 2.3. Usually, in partially hyperbolic dynamics, people study a stronger condition called
center bunching, which on top of the inequality above, it also requires that

w (D57)
;7]

As in this paper most of our analysis happens inside center unstable directions, we will only need
u-center bunching.

It is direct to check that P# | p(M) C Diff (M) is C' open. The main consequence of
u-center bunching that we will use is the existence of linear holonomies for the center bundle E°
(and its projectivization) along unstable manifolds. Let us explain what we mean by this.

1D3 11l <

Notation. If f € PH" (M) is fized, then p ~, q means that p € W"(q). Similarly, p ~s q
means that p € W*(q).

Definition 2.4. Fix f € P#H" (M), and let 7 : § — M be either a continuous vector bundle or a
continuous fiber bundle whose fibers are smooth. Denote by Bun(€) = {Ly,, : €(p) = 8(q) }p.gem
the corresponding linear maps, or diffeomorphisms, between fiber. Let also F : § — & be a
continuous bundle map over f.

An invariant unstable holonomy for F is a continuous Bun(&)-valued cocycle over the relation
~u, that is, a family of isomorphisms {hy , : é(¢) — €(p) : p,q € M,p ~, g} satisfying:

L. hy , = Id, and if ¢ ~, p and 2 ~, g, the h} j =h} ohy ;

2. hy , depends continuously on the choice of p and ¢ such that g ~, p;
: u _ u —1
3. if p ~, q then hf(q”(p)fFohq’poF .

We are interested in two cases: § = E° and F = D°f, or § = PE® (the projectivization of
E¢) and F =PD¢f, the induced action of D¢f on PE*.

Theorem 2.5 (Saghin, [52]). If f € PH cg(M),r > 2, then both D°f : E° — E° and
PDef : PE® — PE° admit invariant unstable holonomies. Moreover, for any R > 0, if (fn)nen C
PIp(M) is a C?-bounded sequence converging in the Cl-topology to f, and (pn)n, (qn)n are
sequences of points in M with g, € W5 (pn, fn), the unstable manifold for f, of size R centered

at Pn, Pn — D 4 then hgn,pn,fn converges to hg’p’f.

Notation. In both cases, the corresponding unstable holonomy will be denoted as h*.

Remark 2.6. In the theorem above, the convergence is understood in the following sense. Fix a
foliation cube U of W}, and consider a C*° family of disks {3, : z € U} that are transverse to
W}‘|U7 each X, centered at z. Using the chart in U we get a representation of the holonomy as
locally defined maps in R¢*, ¢s = dim M — dim E*. For n large, the disks X are also transverse
to W} , and therefore we also get a representation of the correponding holonomies as maps in
R". The C' convergence in the theorem refers as usual C' convergence of the corresponding
holonomy maps in these charts. By compactness, this is independent of the foliation chart
considered, provided it is sufficiently small.

2.2 u—Gibbs measures and SRB measures

Understanding the existence and finiteness of physical measures in the partially hypebolic setting
is closely related to understanding the so-called u-Gibbs measures. It is known that u-Gibbs



measures always exist, they have good compactness properties, and every physical measure must
be u-Gibbs. So, the set of such measures become a natural place for investigating physical
measures.

Notation. We denote by Py(M) the set of f-invariant Borel probability measures. It is equipped
with the weak* topology.

Let f € PH"(M), r > 2 and p € P¢(M). Given a foliated box U of ", we have that
the foliation W" restricted to U, W"|y, gives a p-measurable partition. In particular, we can
disintegrate p along the elements of this partition. So, there exists U’ C U with u(U\U’) =0
and a essentially unique family of probability measures {ug W }peur, where ug W is supported
on W% (p) N U, the plaque containing p, such that

ply = /ng’”’u du(p).

We say that p has absolutely continuous disintegration along ¥W* if there exists a covering
{U1,--+,U} of M so that for  almost every p € M, with p € U, it holds that upU"*Wu < Leby,
where Leb,, is the Lebesgue measure on W*(p). This condition does not depend on the chosen
covering.

Definition 2.7 (u-Gibbs measures). An invariant probability measure u for f is a u—Gibbs
measure if it has absolutely continuous disintegration along W}J.

We denote by Gibbs"(f) the set of u—Gibbs measures of f. The set of u-Gibbs measure is
convex and compact. Moreover, the ergodic decomposition of any u-Gibbs measure is formed by
u-Gibbs measures. Such measures always exist. It is also known that for a C? (or C1*+¢) partially
hyperbolic diffeomorphism f, there exists a set X of full volume such that for any x € X, any
invariant measure g which is a limit measure of the sequence

1 n—1
D BLIAEE
7=0

is a u-Gibbs measure (see Theorem 11.16 in [8]). So, in order to understand existence of physical
measures, it is natural to study such measures.

From now on, let us assume that all of the partially hyperbolic systems we are considering have
two dimensional center. Recall that, given an ergodic measure u, there are numbers A\™¢(u) <
AT¢(p), which are the bottom and top center Lyapunov exponents, respectively. If we assume
that A=¢(u) < A*¢(p), then, for p-almost every p, there is a decomposition Ef = E~¢(p) @ E,°
such that D, f(E}) = E}, and limy, 400 2 1log | Dy f7|p+|| = A*(w), for *+ = —c¢,+c, by the
Oseledets Theorem.

Observe that the behavior in the center does not play a role for a measure to be u-Gibbs. If
we also consider possible positive exponents along the center, we obtain the definition of an SRB
measure. Let us be more precise. For any ergodic f-invariant measure pu, let us write

JU(p) = /log |det D;‘f| du(p).

If p is an ergodic measure, then J*(u) coincides with the sum of the Lyapunov exponents of (f, 1)
along E". In the non-ergodic case, it coincides with the integral of the sum of the Lyapunov
exponents along E*. Among all of the invariant measures, the following type has a distinguished
role.
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Definition 2.8 (Hyperbolic SRB measures). An ergodic f-invariant measure 4 is a hyperbolic
SRB measure if A™¢(u), AT¢(u) # 0 and satisfies

h(p) = J" (1) + A7) V O+ A7%(p) VO,
where h,,(f) is the metric entropy of y, and a V b is the maximum between the numbers a and b.

The definition is more technical than the case of u-Gibbs measures, and takes into account the
possible non-uniform expanding directions in the center. The relation between Gibbs and SRBs
measures can be elucidated further in our context with the help of Ledrappier—Young’s result [36].
It turns out that, for a given (say, ergodic) invariant measure p, there is a lamination consisting
of smooth leaves where typical points have an asymptotic expansion bounded from below by
the minimum positive Lyapunov exponent. These leaves are called Pesin unstable manifolds.
Again it is possible to locally decompose p into conditionals along these submanifolds, and thus
compare with the corresponding induced Lebesgue measures. A consequence of a theorem of
Ledrappier (or, more generally, due to Ledrappier—Young if zero exponents are allowed) implies
that a hyperbolic ergodic measure p is an SRB measure if and only if its conditional measures
along Pesin unstable submanifolds are absolutely continuous. For a more precise discussion the
reader is referred to [36], and to the excellent survey article [59].

We remark that for f € @H" (M), with r > 1, the foliation #* is absolutely continuous (see
for example Chapter 7 in [47]), thus any SRB is in particular a u—Gibbs measure. On the other
hand, suppose that u is an ergodic u-Gibbs measure with at A=¢(u) < 0 < A*¢(u): then, for u
to be an SRB measure, it must admit absolutely continuous conditional measures along Pesin
unstable manifolds, instead of just being absolutely continuous along strong unstable manifolds.
Constructing examples of ergodic u-Gibbs measures that do not have the SRB property is not
difficult. For example, consider f, g : T? — T? an Anosov diffeomorphisms such that

D < inf m(D u
sup, 1Dagll < inf, m(Dy fley),

and
sup Dy, flgs|| < inf D.g).
;@p m(Dy f| 3 | w1€T2 m(Dzg)

Then, f x g is partially hyperbolic. Let j1y be the unique SRB measure for f and suppose that
p is a fixed point for g. Then

p=py ®0p
is a u-Gibbs measure but it is not SRB for f x g.

Remark 2.9. A consequence of the absolute continuity of the Pesin stable lamination is that if
1 is a hyperbolic SRB measure then it is also a physical measure. See Theorem 3 in [59].

3 Some basic consequences of the expanding on average
property

Let f € .@%3CB(M) be an expanding on average system in the sense of Definition 1.1. Since the
constant C' in (1.1) need not be unique, we define the optimal expanding on average constant of
f by

Cpa =sup{C > 0: (1.1) holds with constant C'}. (3.1)
In practice Cp, will be given by the infimum of the top center Lyapunov exponents among
u-Gibbs measures.
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It is not surprising that if f is expanding on average, then each of its u-Gibbs measures has
at least one positive center exponent (Corollary 3.4). To control the other center exponent it is
convenient to introduce the quantity

1
Gap(f) == Cp, — sup limsup - log | det D, f"|, (3.2)

pEM n—oo

which we will call ezponent gap. If Gap(f) > 0, then every p € Gibbs"(f) is hyperbolic. We
remark that the case where both exponents are positive for Lebesgue almost every point is already
present in the literature (the so called mostly expanding case). See [3], and references therein.
Clearly, if f is expanding on average and sup,¢ | det Dy f| < 1 (the conservative and dissipative
cases along center) then Gap(f) > 0.

Notation. Recall that Leb, denotes the induced Lebesgue measure on W*(p). Often, we omit
the reference to p since it is clear from the context.

Forpe M,N > 1 and n > 0, set
1
Bny(p) ={qg€ W"(p): Elog ||Dgf”” < Cps —n,Vn > N}

By(p) = |J Bya(p).
N>1

Proposition 3.1. Let f € g%ﬁCB(M) be expanding on average. For any p € M and n > 0 it
holds Leb"(B,,(p)) = 0.

Given r > 0 and a point p € M, write W*(p,r) to be the disk inside W*(p) with radius r.
The following is a consequence of the C? regularity of the map, which in turn implies bounded
distortion along unstable leaves.

Lemma 3.2. Let f € @%Q(M) be a partially hyperbolic system. Consider p € M and r > 0. If
K C W"(p) is such that Leb"(K) > 0, then there exist (pn)n>0 S0 that p, € f*(K) and

o LD () AW (7))

=1.
w5 Leb" (We(p,, 1))

See for example Proposition 7.8 [56].

Proof of Proposition 5.1. Suppose the conclusion of Proposition 3.1 does not hold. So, there
exist p € M, n > 0 and N € N such that B := By,(p) has positive Leb"-measure. We can
suppose that 7 is small enough so that

Cpa— 3 >0,
For 0 < e < m and r > 0, by Lemma 3.2, we can take k € N large and ¢ € f*(B) so
that

Leb"(f*(B) N W*(q,r))

>1 —e.
Leb"(We(q,r))  —

Note that for € B,n > N,
llog HD;k(x)an — llog HD;anc o (D;fk)*lH < llog HD;fnJrkH _ l]ogm (Dgfk)
n n n n
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1
<Cpa—n-— Elogm(D;fk) .
Since k is fixed, for some N7 > N, we can guarantee that n > Nj implies
1 ¢ 4n n
7 108 [ D5 17 < Coa = 3.
This in turn implies that if v € £, D = W*(q,7) and n > Ny,
1

nLeb” (D)

1 / / wr !
= + log || DS/ f™ + xq7.q(v)|| dLeb™ (g
nLeb" (D) ( DAFF(B) D\fk(B)> H q ¢l )H (q")

Leb™(D N f*(B)) 7\ , Leb™(D\ f*(B))
= Leb(D) (C“ a 5) Leb*(D)

< Cps— g +elog | D f||.. < Ca.

/D log HDg,f" . Xq/’q(U)H dLeb"(q")

log [ Dl

The above inequality contradicts the fact that

. . 1 c n u
imint ey [, 108 ID5 S X dLeb (¢ 2 Co

which is the condition given by the expanding on average property. Thus, Leb"(B,(p)) = 0 as
we wanted to show. ]

Observe that if 0 < n1 < 2, then B,,(p) € B, (p). In particular, Proposition 3.1 implies
that for every p € M, the set

B(p) == | B;(p)

keN

has zero Leb“-measure. This gives the following lemma.

Lemma 3.3. Let f € PH (M) be expanding on average with Gap(f) > 0. For everyp € M,
Leb"-almost every g € W¥(p) it holds

3 1 n

hfl_folipﬁl()gHDgf H > Cpa (3.3)
s 1 crn

hnrglolgf - logm (D§f") < —Gap(f). (3.4)

In Lemma 4.30, the estimates above are strengthened. An immediate consequence of Lemma 3.3
is the following.

Corollary 3.4. Let f € PH>xz(M) be expanding on average with Gap(f) > 0. If u €
Gibbs®(f), then AT¢(n) > Cpa and A=¢(n) < —Gap(f) < 0. In particular, every ergodic u-
Gibbs measure of f is a hyperbolic measure, with exponents uniformly away from zero.

Proof. Let p € Gibbs"(f) be an ergodic u-Gibbs measure. Then,
c : 1 cC frn
A* (1) :nh—{go n log Hqu H > Cpa (3.5)
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A7(p) = lim flogm(Dcf”) < —Gap(f). (3.6)

n—o00 N

Since conditional measures along unstables are equivalent to the Leb® on the corresponding leaf.
The result is then a direct consequence of Lemma 3.3. If u is not ergodic, the result follows by
working with ergodic components. ]

4 Projective u—Gibbs measures

In this section we will study the dynamics on the projective center bundle. We will also define
and study the notion of projective u-Gibbs measures.

4.1 Linear holonomies and projective dynamics

Let f € PH2cg(M), consider M = = PE®, the projectivization of E*, and denote M= M
the natural projection; a point p € M is glven by a pair (p, [v]) where p € M and [v] € PE“(p).
There is a natural action induced by f on M given by f(p, [v]) = (f(p), [D,fv]). Since the center
bundle in principle is only Holder continuous, M is a Holder continuous bundle and f is a Holder
continuous map. On the other hand, f carries some extra structure and morally looks like a
partially hyperbolic system.

By Theorem 2.5, there exist u-holonomy h*. Given p € M define

W(p) = {h (D) : ¢ ~u D},

where p = 7(p). We call this set the projective unstable mamfold of p. Note that W“( p) is a
Hélder manifold of topological dimension dim E*, and W\W“,(ﬁ) : W“( p) — W¥(7(p)) is a bi-

Holder homeomorphism. These projective unstable manifolds give rise to a partition gf“ of M ,
which we call the projective unstable foliation. Below we investigate the structure of 1#/*.

Foliation boxes. Let us define foliation boxes for the projective unstable foliation. By a regular
box we mean an open set U C M which is the domain of a foliation chart ¢ : U — RIm(M)
of W, with ¢(U) = (—1,1)3mE") x (-1, 1)dmET) - Write DS = ¢~ ({0} x (—1,1)3mED),
where pg = ¢~'(0,0). Dg? is a transversal to the foliation #“. Observe that U can be written as
a disjoint union of unbtable disks {D“} for p € Dy and D)) = ot ((—17 1)dim(Eu) X t), where t
is the c¢s-coordinate of ¢(p).

This induces natural coordinates: if ¢ € U then we can write ¢ = (¢%, ¢°®), where ¢°* € Dgs
and ¢ € Di... Along Dp°, fix a trivialization of PE®, that is, there exists a homeomorphlsm
Tpo : PE¢|pgs — Dyt X ]P’E°(p0) Given (p, [v]) € IP’E°|Dce write 7 (p, [v]) to be the coordinate
in PEC(p()) of Tpo(p7 [U])

Given a point § = (q,[v]) = ((¢%, ¢%*),[v]) € =1 (U), we consider the point ¢’ € Dy such
that ¢ € D, Set

[vg] = [75 (¢, [hg 4 ()])]

which belongs to PE¢(pg).In this way, we can identify (g, [v]) with
(¢—1<qu’ qcs)7 [’Uq]) c (_17 1)dim(E“) % (_1’ 1)dim(E°“) % PEIC;O-

In other words, the set U = #~(U) is homeomorphic to (—1, 1)3m(E") 5 (—1, 1)dm(E™) y PEe(p,).
We say that such U is a regular box for the lift, and the disks D} obtained lifting corresponding
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u—disks in U will be referred as regular u-disks. Using this contruction one gets directly that
(M, 10") is a foliated manifold in the sense of [41].

U~ Dy x D5 x PE

Po

~ U cs
U= Dpo X Dpo

( p )
¢=90"  4—1
: }l;][A(//
1 — u cs
c q9=4 ,q9 ,|V
| 38 PEy, D q ( el
v o .
u 1
Dy, A I
" « D5
1
~ < Dpo

(a) Coordinates and holonomy transport in U  (b) Product structure of the lifted box

Figure 1: A regular box and its induced trivialization in the projectivized central bundle. The direction
at ¢ is transported first along the unstable plaque from g to ¢, and then along the cs-transversal from

q' to po.
It also follows directly from Theorem 2.5 that 7 o f |Wu(ﬁ) = f o7l )" Observe that

. f preserves @“, this follows from the equivariance of linear holonomies Definition 2.4,and

e f~! contracts the intrinsic distances induced by 7 on projective unstable manifolds.

Projective u—Gibbs measure. Fix p € Gibbs“(f), and consider a regular box U as in the
previous paragraph. Then, for y-almost every p, the conditional measure pj, = uf ; along
D = D, is of the form

dath () = p” (p, ) dLebl (¢) (4.1)
where A( )
u b,q
pD(Q) fD dLebu( )
and
H |det Dy k(p)f\ |detD?,k(t)f_1|. (42)
\detD“ 5(q) f| o |detD;,k(p)f*1\

See, for example, [36, Corollary 6.1.4]. Although the disintegration is defined for u-typical leaves,
the formula p%, dLeb, (t) is well defined for every p. If follows that for any u-disk D containing p
(or more generally D a set in W*(p) with positive Lebesgue measure bounded from above), we
can define a probability measure p%, using the expected density of the u-Gibbs states, that is,
by formula (4.1).

One can show that log p}, is Lipschitz on D, bounded away from zero and infinity, with
constants that only depend on U.

Lemma 4.1. Given a reqular box U, the function p* : {(p,t) : p € U,t € D} — R is continuous.
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Proof. Tt suffices to show that A(p,t) is continuous. This follows from Proposition 2 in [48]. W

For p € M we can use Tlu () to lift the Lebesgue measure on W* (p) and define

—1

This gives us a continuous family of measures
m .= {mg}ﬁez\’/f (4.3)

Definition 4.2 (Projective u-Gibbs). We say that an f—invariant probability measure i in Misa
projective u-Gibbs measure for f if it has absolutely continuous disintegration with respect to the
family 771", that is, along projective u-dics, the conditional measures are absolutely continuous
with respect to m".

The set of u-Gibbs measures for f is denoted by Gibbs®(f).

Take any unstable disk DY, centered at p € M. For any point p = (p, [v]) € M, we may

p7
consider the lift of Dy as D} == {(q,[hq,v]) : ¢ € Dy}. If E C D} has positive mj-measure,
define
o mg ( N E)
»E T (D)
mg (E)

The following lemma states that Pesin—Sinai’s construction also works to build projective u-Gibbs
measures.

Lemma 4.3. Using the previous notation, it holds that any accumulation point of

n—1
~ 1 AjAu
Vyp — ﬁ E f*yﬁ,é.
Jj=0

is a projective u-Gibbs measure.

The proof of Lemma 4.3 is based on Pesin—Sinai’s constructions of u-Gibbs for partially
hyperbolic diffeomorphisms. The key ingredient in the construction is bounded distortion. In
this projective setting, this is given by the following lemma.

Lemma 4.4. For any L > 0 there exists a constant K > 1 such that for any p € M\, any set
E CW*(p, L) of positive my;-measure , where W*(p, L) is the subset of W"(p) that projects by
7 to W¥(p, L), for anyn > 1,

P

mu Au n K — muw £ n Au a - mu Au A ’
e Wep, D) K = me (o (Wep, L))~ w7 (p, L)
Proof. Tt is well known that for any L > 0, there exists K > 1 such that for any p € M and any
E C W*(p, L) having positive Leb-measure, for any n > 1, we have that
Leb, (E) 1 < Lebqffn(p)(f_"(E)) K Leb, (E)

Lebi (W (p, L) K = Lebiu iy (f "(W*(p, 1)) — ' Lebe(W*(p, L))’

maE) 1 _ o E) e ()

This is the usual bounded distortion for unstable manifolds of partially hyperbolic systems (see
for example Corollary 7.7 in [56]). Lemma 4.4 then follows from the definition of mn, and applying

~

the bounded distortion above for E = 7(E). |
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Proof of Lemma 4.3. In the construction of u-Gibbs measures by Pesin—Sinai, the bounded dis-
tortion estimate is the key ingredient to show the desired absolute continuity of the conditional
measures. The same proof, with Lemma 4.4 implies that any limit measure of the sequence 7,
is a projective u-Gibbs measure. See [56] for the details of the referred proof. |

Notation. We denote by P; ( ) the set off invariant probability measures. It is equipped with
the weak™* topology.

Lemma 4.5. The set Gibbs"(f) C @f(ﬁ) is closed (hence compact), and convex. Moreover,
for a projective u-Gibbs measure, its ergodic components are projective u-Gibbs measures.

Proof. Assume that a sequence of projective u-Gibbs measures (fi,, )nen converges to some i and
fix a continuous function ¢ : M — R, and a regular box U such that u(0U) = 0, where p = 7. fi.
Let 7 : M — M be the natural projection and set U = 7 Y(U). Due to Lemma 4.1, there exists
some continuous function p : {(p,t) : p € U,ie 137;} — R>( so that for every n € N,

/v ame) = | < /Agw(t)ﬁ(ﬁ,t) dm;z;(t)) Qin(5).

By the continuity of the holonomies h;  , we have that the term inside the parentheses defines a
continuous function of p. Therefore, by the weak* convergence we get

/0 $(p) di(p) = /U ( [g¢(t)ﬁ(ﬁ7 ) dmz(ﬂ) dji(p).

Since this is true for every continuous function 1 : M- R, uniqueness of the conditionals implies
that the disintegration along 1" | is given by the family {p" (p, ) dmg(t)}, hence ji € Gib})su(f).
Convexity is immediate, and for the last part it suffices to show that i € Gibbs"(f) is an
extremal point if and only if it is ergodic. From this and the Krein-Millman Theorem one gets
the existence of ergodic elements in i € Gibbs"(f).
Since f is continuous, it is well known that the extremal points of & ];(M ) are precisely the
ergodic measures, which in particular shows that ergodicity implies extremality in Gibbs*(f).

Thus, it remains to show that ergodic components of ji are projective u—Gibbs measures.
Suppose that i € Gibbs"(f) and define

Bl = ﬁ:nll,f}}wnzéﬂ =n£rfmZ5 )

By Birkhoff’s ergodic theorem f(B(fi)) = 1, therefore for fi—almost every p € M, there exists a
regular disk D which verifies mp( ()N D“) > 0. Note also that since £~ is locally contracting,

the empirical measures of every ¢ €Lk = B(i) N D;j converge to the same measure, say fip; then
e @ / Z 3754 M3 (4) = i

which by Lemma 4.3 shows that fi; is a projective u—Gibbs measure. On the support of an
ergodic component, empirical measures converge to the component, due to Birkhoff theorem,
hence the result. ]
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The proof of Lemma 4.5 gives something stronger.

Lemma 4.6. Suppose (fn),cy 15 a sequence of diffeomorphisms in PIH acg(M) converging to
fe ‘@%ECB(M) in the C%-topology, and for each n € N consider fi, € Gibbsu(fn). Suppose
that fi, converges to some measure fi. Then i € Gibbs"(f).

Remark 4.7.

e Observe that for each n, the bundles PEY = are different, so the measures fi, are measures
in different spaces. However, all of these bundles are subsets of the same bundle PT M, so
for the convergence in Lemma 4.6 we can think about the weak* topology for measures in
PTM.

e The C? convergence in the statement of Lemma 4.6 can be replaced by C'-convergence
plus bounded C2-norm of the sequence, which is a weaker condition.

e Lemma 4.6 is equivalent to upper semicontinuity of the set-valued map g — Gibbs"(g),
with respect to the C2-topology.
Proof. First, a probability measure 7 in IP’E]‘% is also a probability measure on PT'M. Let i,

be a sequence of projective u-Gibbs measures for fn converging to i as above. Observe that
fn = PDf|pge, where PDf is the prOJectlve action of f. Since PDf.fi, = (fn) [ = [bn, and
PDf, — PDf and ji, — [, we have that f*,u i, SO fi is f invariant.

We take U a foliation box for the unstable foliation of f (which with no loss of generality
assume to be properly contained in a slightly larger foliation box), and consider U = (#)(U) ~
Dy x Dpe x PEy . For every ¢°° € D® we have a parametrization

Oee: DY — M

of the unstable plaque passing through ¢¢°. For all n sufficiently large, the f,,-unstable plaque of
U through ¢°° can be parametrized as

. u .
@ ges: Dy — M :
moreover, the parametrizations may be chosen so that

— 0.

sup || @y, ges — Pges ||
ges

Similarly, for every ¢© = (¢, [v,]) € Dys x PES we consider parametrizations
O r: DY — PTM
o, o2 DY — PTM

of the corresponding regular u-disks passing through ¢”. If pr : PTM — M denotes the natural
projection, we have

pro (i)qT = Dyes (4.4)
pro (i)qu =@, gos.

Observe also that due to Theorem 2.5, we have

T*éqT — 0.

Co
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Recall the definition given (4.2), and let A, A, correspond to f, f,. Given p € D}, we write

Par (D) = A(q°%, @yes (p))
Pr,qr (p) = An(qcsv cI)n,qCS (p))

If
(@) = log|det (Dfa(a)l iy, )|

then the Jacobian formula gives

108 g (P) = D (n(fn ¥(a%)) = @n (" (@ngee (D)) -
e

1

Since f, — f in the C? topology, the partial-hyperbolicity constants can be chosen uniformly,
the unstable bundles converge uniformly, and the functions ¢, have a common Ho6lder modulus.
Thus, there exist C > 0,0 < # < 1, and o > 0, independent of n and ¢, such that

[ on(fr "a%) = on(f " @yes (p)] < CO.

It follows that the tails of the series defining log p,, ,r converge to zero uniformly in n, ¢ and p.
For each fixed N, the first N terms converge uniformly, since

£ F(®rges () — F7F(Dges (p)

uniformly in p, ¢°*. Splitting the series into its first IV terms and its tail therefore gives

sup sup |pn,qT ((I)n,qT (p)) — Pges ((pqcs (p))| — 0.
qT ;DED“;O

The C'-convergence of the plaque parametrizations implies uniform convergence of the corre-
sponding leaf-volume densities. Hence the normalizing constants also converge uniformly, and
the normalized plaque probabilities converge uniformly in total variation. Applying the same to
the parametrizations of the regular u-disks, and using (4.4), and arguing similarly as in the proof
of Lemma 4.5, we deduce that conditionals of i, along regular u-disks of U converge to a family
of measures which is absolutely continuous with respect to the family 771*, and [ is a projective
u-Gibbs measure. |

Using this formalization of projective u-Gibbs measures, we obtain the following equivalent
definition to the expanding on average property.

Lemma 4.8. Let f € PH (M), then the following are equivalent:
1. f is expanding on average;
2. there exists C > 0 such that for any p € M, any unit vector v € E°(p),

1

lim inf o / log || D, f™ v)|| dLeb“(q) > C.
n— 00 nLeb (Wu(p,l)) Wu,(p71) g” qf qup( )” (Q)

Proof. 1 implies 2 is immediate. Let us show that 2 implies 1. Let 1 : M — R defined by
Y(x, [v]) = log || Dy f|v |l This is a Hélder continuous function. Set

C, = inf{/vjzdﬂ pe Gibbs“(f)}.
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For any wu-disk centered at a point z, D,, and any vector v € E°(z) unitary, write Dm’v =
{(y, [xy,s(v)]) : v € Dy} and observe that this is a projective unstable disk over D,. Write

My . p, the normalized my , measure restricted to Dy ,. By Lemma 4.3, any accumulation

measure of
Z fim
z v,D,

is a projective u-Gibbs measure. Observe that

1 n u _ ~
S ) 91D e )l b () = /Wﬂmw@)

Therefore,

gggmgﬂwéfwmﬁmMWMWMZQ
Since the function i — [+ dji is continuous, and since the set of projective u-Gibbs measures
is compact, then there exists /i such that C, = [¢ dj. By convexity, the minimum has to be
achieved in a extremal point of Gibbs"( f ), so we may suppose that fi is ergodic.

Take (p, [v]) a fi-typical point. Then, fi;-almost every point in W (p,1) is ji-generic, hence
their Birkhoff’s averages converge to fi. Write p = 7(p). The dominated convergence theorem
then implies

1

C < liminf m / log || Dy f™x (v dLeb*(q
n—+oo nLeb” (W (p, 1)) Jwu(p) 1Dqf"Xqp (V)] (9)

—hmlnffzw 7 (p /¢du C.. (4.6)

n—+oo N

Hence,

1
< < _ n “(y).
c<c. ggmmmnéfmmfmmmmww n

4.2 Characterization of the expanding on average property

In this subsection we will give a useful characterization of the expanding on average property.
This condition gives us a better understanding of what expanding on average is.

Given an invariant measure, recall the definiton of the center Lyapunov exponents (1.2)
and (1.3). Due to Oseledets Theorem, given p € Py(M), with A™¢(u) < A1¢(p), there exist
measurable D f—invariant subbundles E~¢, E*¢ C E¢, defined on a full y—measure set R (1)
verifying for p € R(u),v € E°\ {0},

1
veE*“= lgn - log || D, f" (v)|| = X*“(p)  for x € {+,—}.
Definition 4.9. Let f € P#25(M). Given an ergodic p € Gibbs"(f), such that A=¢(u ) <

Ate(u), we say that E~¢ is h%-invariant if there is a set M of full p-measure such that if p,q € M
with ¢ € W*(p), then hy (E~¢(p)) = E~%(q).

For convenience, we will denote § C P> (M) the set of diffecomorphisms f so that
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L. inf{A*¢(u) : p € Gibbs"(f)} > 0 > sup{A~“(u) : p € Gibbs"(f)}, and
2. for every ergodic pu € Gibbs"(f), the direction E~¢ is not h"-invariant.
The main result in this subsection is the following.
Theorem E. Let f € PH25(M).
(A) Suppose that f has the expanding on average property and Gap(f) > 0, then f € §.

(B) Suppose that f € G, then f has the expanding on average property. Moreover, the constant
Cpa defined in (3.1) verifies

Cpa = inf{A\T¢(u) : p € Gibbs"(f)}.

If in addition sup,|det Dyf| < 1 then f has the erpanding on average property and
Gap(f) > 0.

Remark 4.10. Theorem E says that, essentially, the expanding on average property can be seen
as the lack of h"-invariance for the £~¢ direction. In the language of the projective dynamics,
this can be understood as that projectively, the only u-Gibbs measures are supported on ET¢
directions.

In the rest of this subsection we prove Theorem E. Observe that we can think of f as a
skew product over f. In particular, any f—invariant measure projects to an f invariant measure
and, conversely, any f-invariant measure can be lifted to at least one f—invariant measure. The
following is consequence of a well known result due to Ledrappier; see Proposition 5.1 in [35].

Notation. If E C E°(p) is one dimensional, we will abuse notation and write E € PE°(p).

Lemma 4.11. Suppose that p € P¢(M). If for p-almost every point p, we have X~ ¢(p) < AT¢(p),
then,

o~

1. If u is ergodic then it has ezactly two ergodic lifts p+, i~ € @f(M), which can be charac-
terized as:

(a)
ﬂ*::t[; S15-e(p) du(p);

the disintegration of i~ along the fibers of M are given by {dg—c(p)}pen,, where
p(Mo) = 1;
(b)
it = [ ey duto)
My

the disintegration of it along the fibers of M are given by {0g+e(p) tpen,, where
M(MO) =1;

2. If p is not ergodic, then for any lift i € (})f(ﬂ) there exists My of full measure and a
measurable f-invariant function p: My — [0,1] so that

fr= /M p(P)Op-c(p) + (1 = p(p))dp+e(p) du(p),
0
the disintegration of i along the fibers of]\/z is given by {p(p)dg—c(p)+(1=p(P))dgte(p) tpeno -
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The following is a general result for partially hyperbolic systems with linear holonomies.

Lemma 4.12. Let f € PH 25 (M) and let p € P¢(M) be an invariant measure and suppose
that for p-almost every point, the center Lyapunov exponents are different. Let p,q € R () with
g € W*(p), then
+ _ ot
hg o (E7°(p)) = E™(q).

Moreover, if u € Gibbs"(f) is a u-Gibbs measure such that for p-almost every p, \™¢(p) <
ATe(p), then it is a projective u-Gibbs measure.

Proof. Without loss of generality, we can suppose that u is ergodic. For the general case we just
work in ergodic components. For p,q € R(u), write p, = f™(p), ¢ = f™(¢q). From the definition
of linear holonomies,

Dyf ™™ oh¥, = o Dpf ™. (4.7)

Observe that the Oseledets directions are well defined in R(u). Therefore,

n,P—n

[0y 0 2 lseeio | =

by o Dol e

Since the distance between p_,, and ¢, goes to zero, we have that lim, , o by ., | = 1.
Hence,

u

1
u —n :
by o @ Dpf ™" [Erep) H < limsup = (1og 125 .,

= —AT(w).

. 1 —n
lim sup — log ‘ +log || Dy f |E+“(p)H)

n—+oco N

If by (E*¢(p)) # E*¢(q), and since E(q) = E~“(q) ® E™(q), we would have that

1 1
lim sup — log ‘ hz;f P ODpf_n‘E+u(p)H = lim sup — log Hqu_n Ohgp|E+”(;D)H
n—+oo T nsP—n st T s
P 1 —n —c
> it 108 | Dar 7l | = 0

Since we assumed that A™¢(u) < AT¢(u), we obtain a contradiction.
Take a regular box U in M, let U its lift in M: then, using the notation of the previous part,

ﬂ+|U:/U5E+c(p) dM(P)/T</D

where T' = Dp®, and pr is the quotient measure. For pr-almost every p, we can choose a point
qp € D,, making the choice p — ¢, measurable, such that g, is a regular point. Therefore, g,
has a well defined Oseledets direction E+¢(g,). Using this choice of point as a reference point in

each plaque, we can rewrite this, using the h%-invariance of E*¢, as

Sptep” (p:t) dLebZ(U) dur (p).

u
p

il = [ ( /| <hqu>*5E+c<qp>pU<p,t>dLeb;f@)) dyir(p).

If p= (p,hy . (E*%(qp))), then

p,dp

U thp(E+c(qp)) = W“(ﬁ, U) = ZA);‘
teDy
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Writing £ = hi, (E™¢(qp)), we get

o (]

which means that 47 is a projective u-Gibbs measure. |

" (b, f)dm;f(t)> dpr(p),

u
P

We now prove part (A4) of Theorem E.

Lemma 4.13. Let f € PH>5(M) be a partially hyperbolic diffeomorphism with the expanding
on average property and verifying Gap(f) > 0. Then f € G.

Proof. We observed in Corollary 3.4 that the top center exponent of every u-Gibbs measure is
bounded from below by Cp, and that the bottom center exponent is bounded from above by

—Gap(f).

Suppose there is an ergodic u-Gibbs measure p such that E~¢ is h%-invariant. Therefore,
the lift of the measure p to its stable Oseledets directions, 1™, is a projective u-Gibbs measure.
However, for ji~-almost every (p, [v]), if we consider the projective unstable disk

Doy = {(g, [w]) : ¢ € W*(p, 1) and [w] = [h,(v)]}
with the measure

; /
A . S S0 e o dLeb(q),
D) ™ Leb™ (W (p, 1)) Juwupay Vi) @

then its averages
-1
1= ..
N A
== mp
Fon n Zf* Dp, o))
=0

converge to i~ . Integrating the function v (p, [v]) = log||Dpf (7o), we obtain that

[[v]]

A = [ i
Since this is a continuous function in the projective bundle, we obtain that

tim [ wdi; = [wdi =A<,

n—-4oo

However, by the chain rule,

3 N 1 1 Cc rn u
nﬁlfoo/ vl = BT W (p, 1)) / log [[ D™ - Xaw (0] dLeb(g) = Cas
which gives a contradiction. |

Lemma 4.14. If f € § then for every p € Gibbs"(f) its only lift to M in Gibbs"(f) is the
measure (7T .

Proof. Suppose that f € ¢ and p € Gibbs"(f) is ergodic. The lift /i~ is not a projective u—Gibbs
measure. Indeed, if we assume the contrary, then i~ has absolutely continuous conditionals along
lifted unstable disks. However, its conditionals on PE€ fibers are given by dg-.. Therefore, for
p-almost every p, and for Leb, almost every g, by ,(E~°(p)) = E~°(q) which implies that f ¢ G.

If p is not ergodic, then Lemma 4.11 implies that there exists an ergodic component v of u
for which ™ is a projective u-Gibbs measure, which gives a contradiction. |
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After these preparations, we are ready to conclude the proof of Theorem E.

Proof of Theorem E. Tt remains to prove part (B). Suppose that f € ¢ does not have the
expanding on average property. Then, by Lemma 4.8, for every n > 0 we can find some point p,
some unit vector v € EJ, and some infinite set S C N so that

1
i
nes nLeb™(We(p, 1))

| oD (o) dLeb (o) <
W (p,1)

As in the proof of Lemma 4.13, write

: /
mp = O¢q.the (vy) dLeb™(q),
Dp,10)) Leb"(Wu(p, 1)) Jwu(pa) (a,[hy 5 (0)]) ()

and consider the sequence of projective measures

1 n—1
Al = — E Fii .
Hn n IE Dp, o]
=0

Let ¥ be as in the proof of Lemma 4.13, and by the chain rule,

1
djiy, = m / log || D, f™ - v)|| dLeb"(q).
/1/1 a nLeb" (W4 (p, 1)) W (p1) g I1Dgf™ - Xqp ()] (q)

Hence, lim,es [ da? < n. The only accumulation measures of the (ii11),, are projective u—Gibbs

measures (Lemma 4.3). Up to considering a subsequence, there is some i € Gibbs"(f) so that

i [ iy = [0dp
nes
Note that p = m.fi is a u-Gibbs measure. Therefore, there exists a function p taking values in
[0, 1], such that
= [ ()it + (1= plo)i) duta),

where (1, is the ergodic component of p containing x, for py-almost every x, and i} are the lifts
to the stable or unstable Oseledets direction, for x = — +. Lemma 4.14 tell us that the only
projective u-Gibbs measures that project on u are supported on E;‘C, hence fi = 4T, and

For 0 < n < inf{A*¢(v) : v € Gibbsg,,(f)}, this contradicts the definition of §. It is immediate

that if f is expanding on average and sup | det DS f| < 1 then Gap(f) > 0. ]

4.3 Robustness of the expanding on average property

In this subsection we show the following theorem.

Theorem 4.15. Suppose that [ € Q’%iCB(M) has the expanding on average property and
Gap(f) > 0, then for any g € PIH? g (M) which is sufficiently C?-close to f has the expanding
on average property with Gap(g) > 0.
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Proof. Suppose the conclusion does not hold, then there exists a sequence (f,), oy converging to
f in the C?-topology such that for n sufficiently large, the diffeomorphism f,, either

1. is not expanding on average, or
2. fn has the expanding on average property and Gap(f,) < 0.

Let us first show that the first item does not happen for sufficiently large n. Let Cg,(f) be
the expanding on average constant for f and fix n € (0,Cr4(f)). Suppose not, then, up to
considering a subsequence, we can assume that for each n € N sufficiently large, there exist
Pn € M, a unit vector v,, € E;m fn and some infinite set S;] C N such that

1
y
kesy KLeb™ (W (pn, fn))

| 0gIDE X (o) AL (@) <
W (pn,fn)
As in the proof of Theorem D, for each n, we find a measure [i,, € Gibbs"( fn) such that

/wn dﬂn <n,

where we consider the function ¢, (x, [v]) = log|| Dy fulwll. We can consider the function 4,
as a function defined in PTM. If f, converges to f in the C'-topology, then 1, converges to
(a, [v]) = log | D 1| in the C®-topology:

Up to considering a subsequence, we may assume that fi, converges to some f-invariant

measure i and by Lemma 4.6 the measure i € Gibbs"(f). So,

Conth)>n = Jim [ wadin= timn_[vdin+ [@0-0)di= [vai

By Theorem E and Lemma 4.14,
[wdn=con

which is a contradiction.

Since in the computation above we could have taken any n € (0, Cz.(f)), then, for any € > 0,
for n large enough Cz,(fn) > Cpa(f) — . Suppose now that, up to a subsequence, each f,, has
the expanding on average property but Gap(f,) < 0, for n sufficiently large. Recall that

1
Gap(fn) == Cpa(frn) — suplimsup z log | det D;ffﬂ.

x k—+4oco

Claim 4.16. The function

1
PH (M) 3 g suplimsup% log | det D¢ g*|

r k—+oo

1S upper semicontinuous.

Proof. Given g € Pdt* (M), write

1
¢(g) := sup lim sup Z log | det D¢ g"|.

r  k—+oo

We want to show that if g,, converges to g in the C'-topology, then limsup,, ¢(g,) < ¢(g). For
each g € P (M), define 1(z, g) = log |det DCg|, defined on M x Pdt*(M). Observe that this
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function is continuous, where we are using the C'-topology in the second coordinate. It is easy
to see that for each g € PH' (M), we have

¢(g) = sup {/w(x,g) dv, where v is g-invariant} .

Suppose that g, converges to g. For each ¢ > 0 and n € N, there exists a g,-invariant measure
v, such that

/w(xvgn) an(x) > C(gn) — €.

Let ny be a sequence such that limsup,, ¢(¢g,) = limy ¢(gn, ). Up to considering a subsequence,
suppose that v,, converges to a measure v, which is g-invariant. Then, since the function 1 is
continuous,

limnsup c(gn) — €= lillcrnc(gnk) —e< /w(x,gnk) dv,, = /1/J(x,g) dv(z) < ¢(g).

Therefore,
limsup c¢(g,,) < ¢(g) +¢.

Since this is true for any € > 0, we obtain the upper semicontinuity. |

Take ¢ = Gap(f). For n large enough,

Coalfn) > Coalf) — =

3
and
sup lim sup 1 log | det DS £*| < suplim sup 1 log | det DS f*| + <
© k—too K ¢ kotoo k 3
Therefore,
Gap(fn) > Gap(f) — % = Gag(f) > 0. [ |

Remark 4.17. Tt thus follow that the Examples in Section 9 are robust under C?-perturbations.
One gets, in particlar, C2-open sets of non-uniformly hyperbolic diffeomorphism without global
dominated splitting. Examples as such are not-addressed in the literature.

4.4 Continuity of Lyapunov exponents and the finitary expanding on
average property

We are ready to prove Theorem B.

Proof of Theorem B. Let us first show the continuity of the top center Lyapunov exponent. Let
fn be as in the statement of Theorem B. Observe that, by Theorem 4.15, we may assume that
fn has the expanding on average property with Gap(f) > 0. As in the proof of Theorem 4.15,
consider ¥y, (z, [v]) := log || Dy ful(]||. For each ju,, consider fif to be the lift of s, to the Oseledets
direction Et¢,

By Theorem 4.15, Theorem E, we can apply Lemma 4.14, which implies that this is the only
projective u-Gibbs measure that projects to u,. Moreover, we know that

>‘+C(,unafn) :/wndﬂr—t
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Take fi a weak*-accumulation measure of the sequence (fi;7),, which by Lemma 4.6 is also a
projective u-Gibbs measure. We know that the measure ji projects to p and, since f has the
expanding on average property and Gap(f) > 0, we have that g = gt. Write ¢(z,[v]) =
log || Dz f| [+ || and as in the proof of Theorem 4.15,

: +c _ St At _ At At _ e
i X f) = b [ endit = i [odiie [@a-odif = [edit =),
which gives us the continuity of the top center exponent.

The continuity of the bottom center exponent then is an easy consequence of the fact that
(v,9) — [log|det DSgldv(z) is continuous among partially hyperbolic systems for the C?-
topology, and for any f-invariant measure v we have AT¢(v)+A"¢(v) = [log|det DS f|dv(z). W

This continuity property of center Lyapunov exponents will crucial in this work. It is con-
venient to come up with finite time versions of the expanding on average property. We will
introduce two versions of these finite time conditions.

Definition 4.18. For R > r > 0, a u-tiling bounded by (r, R) is a family of measurable sets of
unstable leaves Q, which we will call u-cells, with the following properties:

1. for every p € M, the u-cells contained in W*(p) cover this unstable manifold, and, more-
over, two distinct u-cells intersect in a set of Leb“-measure zero;

2. every @) € Q satisfies Leb"(Q) > 0, Leb"(0Q) = 0 and W"(zq,r) C P € W¥(zq, R), for
some g € Q.

If we only require the control from above by R, we will say that that the wu-tiling is bounded
from above by R.

Recall the given D a u-set of positive Lebesgue measure, we can construct the measure
dph(q) = p%(q) dLeb](q) using the canonical density, as we explained in Page 15.

Definition 4.19 (Finitary expanding on average on u-tilings property). Let Q be a wu-tilling.
We say that f verifies the finitary expanding on average property with respect to Q if there are
constants N € N and C > 0 such that for any Q € Q, every p € @ and unit vector v € E°(p),
we have

1
1@ p) = [ 108Dy Xay (@) ldiit() 2 C.

where pg) is the canonical measure on Q. In this case, we say that f is finitary expanding on
average with respect to the tiling Q and constants (N, C).

Another similar definition that we will use is the following.

Definition 4.20 (Finitary expanding on average property). We say that f € PH|-5(M)
satisfies the finitary expanding on average property if there exist C' > 0 and N € N so that: for
every unit vector v € E, it holds

1
NLeb™(W*(p, 1))

/ log [ Dy f™ - Xq.p(v)]| dLeb" (q) > C.
W (p,1)

In this case we say that f is finitary expanding on average with constants (N, C).

In what follows, we will explore the relation between these definitions and the expanding on
average definition we have.
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Lemma 4.21. Suppose that f € 9)7/121013 (M) is expanding on average and recall the definition
of Cpa (3.1). For any C1 € (0,Cp,), we have

1. f wverifies the finitary expanding on average property for any N sufficiently large, that is,
there exists Ng € N such that for any N > Ny, f is finitary expanding on average with
constants (N, C1).

2. For any 0 < r < R, for every u-tilling Q bounded by (r, R), there exists Ny such that for
any N > Ny, f is finitary expanding on average with respect to Q with constants (N, C1).

Proof. The proof is essentially the same for both items and follows similar ideas as in the proof
of Theorem 4.15 and Theorem B. Let us start with the first. Suppose the conclusion does not
hold. Fix C; € (0,Cy,) and suppose the conclusion does not hold, then for every N € N there
are py € M and a unit vector vy € E;N such that

1
NLeb*(W*(pn, 1))

/ log || Dy ¥ - Xq.pw (v)]| dLeb" (q) < C1. (48)
Wu(pn,1)

Write Dy := W¥(py, 1) and consider the sequence of projective measures

1 N-1
AN =5 2% Jii,
p

where

1
K > Y (g, dLeb“(q).

TN Leb" (D) /DN (@l (o)) dLeb™(g)

Observe that (4.8) gives that

[wany <cn.

where ¥(z, [v]) = log || D, f|[y[|. Up to considering a subsequence, we may assume the existence of
a measure i such that iy — fi. Observe that the bounded distortion estimates from Lemma 4.4
holds uniformly for every such disk. Therefore, the same proof of Lemma 4.3, following Pesin-
Sinai’s proof, implies that fi is a projective u-Gibbs measure and therefore

i > / Wdji = M) > Con,

which is a contradiction.

The same argument works to prove by contradiction the second item. The boundedness of
the u-tiling gives the bounded distortion estimates needed to follow the proof above. Since the
u-cells are bounded from below, they contain a disk of size r, this is what gives the uniformity
on time Ny by following the same proof above. |

Lemma 4.21 gives that the expanding on average property implies both finitary expanding
on average that we defined. It turns out that Definition 4.19 for every wu-tilling is equivalent to
the expanding on average property. We do not know whether Definition 4.20 is equivalent to
expanding on average. We are introducing both finitary expanding on average properties because
the one with w-tillings is what we use to check that the examples we introduce in Section 9 are
expanding on average. Definition 4.20 is a useful property in some of the analysis we will do in
the next few sections. Let use remark that the definition of expanding on average that Cooper
uses in [24] is closer to our Definition 4.20.
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Next, we want to show that Definition 4.19 implies the expanding on average property. We
use two important properties of canonical measures. They have the property that for any set
D inside an unstable leaf with positive Leb"-measure has the property that fFul = u?k (D) and

wp(-e) = pi-

Proposition 4.22. Assume that f € 93,7/1210]3(]\/[) has the finitary expanding on average property
with respect to a u-tiling Q which is bounded by R. Then f has the expanding on average property.

Proof. Suppose that f is finitary expanding on average with respect to Q and constants (N, C).
Write ¢ := max, max{log || D, f||, —log m(D, f)} and let g = fV.

Claim 4.23. Suppose that g has the finitary expanding on average property with constant K > 0.
Then, f has the finitary expanding on average property.

Likewise, if g has the finitary expanding on average property with respect to a u-tiling Q, then
the same follows for f.

Proof. For n € N, write n = mN +k, where k € {0,--- , N—1}. For any center vector v € E°(x),
by the chain rule,
log || Dy f"v[| > log || Dzg™v|| — Ney.

Therefore, for any p € M, any u-disk D, and any unit vector v € E°(p),

1
liminf ———— log || Dy f™ - Leb"
imint ey ) IR a0l AL ()

1

> log | Dyg™ - Leb“(q) — N
> T D) [, 1P Xap()l dLeb (g) — Ney

P

which gives

. . 1 n u
lﬁgignllelf(Dp)/Dp log [[Dg f™ - Xq,p(v)| dLeb"(q) =

N}flgngrW(Dp)/p log [[Dgg™ - Xq.p(v) | dLeb®(q) > K.

p

So f is expanding on average.
The second case is proven analogously. |

Up to replacing f by f~, we may suppose that f has the finitary expanding on average
property for Q with constants (1,C).

Given D inside an unstable leaf with positive Leb“-measure, the integral with respect to p%
has better additive properties than the corresponding ones for Leb*:

n—1
1/ 1 X
— [ log||Dgf"xq,p()|ldup(q) = — / log || Dg fxq, 5%y ()l dpe py (g
. [Dqf"Xq.p ()| di(q) ";;:o o) 1Dq.fXq, %) NI i py (@)

k
where v* = % are unit vectors.
P

Fix D, a disk centered at p inside W"(p) and a unit vector v € E°(p). For every k > 0,
f¥(D,) consider Qj to be the collection of u-cells in Q that are completely contained in f*(D,)
and set Ry = f*(D,) — Ugegq, @- Observe that Ry is contained in a neighborhood of radius R

of the boundary of f*(D,,). Thus,

1 o,y (BR) =ty (F () < iy, (5 Orf* (D)) < iy, (Ipa—eDy) = ai — 0,

p
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where Or f*(D,) is the R neighborhood of the boundary of f*(D,) and A € (0,1) is related to
the contraction of the unstable Jacobian in the past. In this part, we are only assuming that
the u-cells have size bounded from above by R. Observe that there are at most countably many
u-cells in QF. Write

1) = [ 108 1D, (@) a0} i, ()

Dy

Thus we can write

n—1
1 "
Li(pv)=—>_ /k(p )log 1Dg fxq,40) (@) it ) (@)
k=0 p

n—1

1

— log || Dy f - Y dut
2 X B0 i () o, @

k=0 Q;"EQI"

[ 081D P e, 0
k

1 n—1
== > ﬂ}"k(m(@?)/

1081 Daf - Xg, g (") iy ()

k=0 Qfea* Q]
+/R 10g [ Dy f X, £t (V) | diife ) ()
k
n—1 o
! C+ec “a
> 5 2 (Ol — ) — o) = O CrenTinpor

Therefore,
liminf I,,(p,v) > C,

n—oo

and f has the expanding on average property.
|

Since in the previous proposition we have only used that the atoms are bounded from above,
the same idea can be applied to increasing partitions subordinated to the unstable instead of u-
tilings. In Section A we indicate how to construct adapted measurable partitions, independently
of the underlying u-Gibbs measure, and show the existence of good tilings in the following sense.

Lemma 4.24. Given R > 0 sufficiently small, there is a Borel family Q of relatively compact
u-cells which verify the following.

1. On every unstable leaf, the cells form a locally finite covering, with disjoint interiors, and

QNQ" # 0 implies Leb*(Q N Q") = 0.
2. For every @ € Q there exists xg € @ so that

WH(zg,R) C Q C W*(zq,6R).
Moreover ;1(9,Q) = 0, and for some uniform constants v,V > 0 we have

v < Leb"(Q) < V.
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4.5 Large deviations estimates
Our goal is to explain the following result:

Proposition 4.25. Let f € @%ECB(M) and let ¢ : M — R be a Hélder continuous function
and set

I, := {/gpd/} : b is a projective u-Gibbs measure} .

For every e > 0 and R > 0, there are constants L > 0 and v > 0 such that for any p € M\, for
everyn > 1,
1 n—1
M |27~ D e(F @) Iy | 2] <Le™™.

=0

Remark 4.26. Since the set of projective u-Gibbs measures is a convex, compact set, the set I,
above is actually a closed interval.

Proof. Large deviations estimates are known to hold along unstable manifolds for partially hyper-
bolic systems. In what follows, we give a sketch of a proof following the approach by Dolgopyat
that can be found in [29]. Let us give this sketch for partially hyperbolic systems. We will
then explain that the same ingredients needed in the partially hyperbolic setting hold for the
projective unstable manifolds we are considering.

In what follows, we will use some notations used [29]. Let f be a partially hyperbolic C2-
diffeomorphism. Let W be a local unstable manifold, and r > 0 small. Choose a set Q@ = {¢},
which is a maximal r-separated set, that is, d“(q;, ¢m) > 7 for [ # m and for any z € W/Q, there
exists ¢; such that d“(g;,z) < r. Define

Ki={zeW:d"(z,q1) = mind“(z,qm)}.

The sets K are called cells, and W = (J, K;. This type of decomposition is also known as
Voronoi Tesselation.
It is easy to see that B(q;,r/2) C K; C B(q;, ), and the boundary of K; consists of finitely
many smooth hypersurfaces, so K; is given by an open set and a piecewise smooth boundary.
Fix R > 0 and let D = W*(p, R). Given a bounded subset of an unstable leaf with positive
measure, K, we define the canonical density on K as pean(.) = pX,(.) as the unique function
determined by

u —1

pcan(x) - ‘ det foj(w)f ‘ / u
= and Pean(x)dLeb) () = 1

Pean(y) =0 | det D}Lj(y)ffll Ko P

The existence of the canonical density is a consequence of the bounded distortion. Let m be
the measure in D given by the corresponding canonical density. By bounded distortion, the
normalized Lebesgue measure on W*(p, R) is uniformly comparable with the measure m, this
uniformity is independent of the choice of p.

Fix ¢ a Hélder continuous function on M and ¢ > 0. Write S,p(x) = p(z)+---+o(f* ().
We can split the estimate in the proposition by estimating the measure of the sets

1 1
{x eD: ESngp(x) > max I, + 5} and {m eD: ESnap(x) <minl, — 5} .
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We will estimate the first set, as the second set reduces to the first by replacing the arguments
from ¢ to —¢. Up to replacing ¢ by ¢ —max I, — ¢, we can assume that

/ng/j/ S -5,

for every u-Gibbs measure p. So it suffices to show that there exist constants L and § > 0 such
that for every n € N
mg {x €D : S,p(x) >0} < Le ",

where the estimates don’t depend on p. The first ingredient is given by the following lemma.

Lemma 4.27. There exists ng such that for any n > ng, any p € M, any set K containing p
such that W*(p,r/2) C K C W¥(p,r), for v either the normalized Lebesgue measure on K or
the measure obtained by the canonical density, we have

1
/*Sn(pdl/ < —E.
n 2

Proof. Consider the weak* neighborhood ¥ of Gibbs"(f) obtained by p € V if [@du < —5.
Since the sets K considered contain an unstable disk of size /2 and are contained in an unstable
disk of size r, there exists ng such that for any such set K, let v be as in the statement, then
% Z;”:—Ol flv € ¥, otherwise, one would obtain a u-Gibbs measure not contained in ¢. The result
then follows. |

Lemma 4.27 states that any unstable set K which is not too small, must be far from 0 in a
uniform time ng.
Given a y-Hélder continuous function v, its Holder norm is given by

9(z) — )|

||~ 1= sup
H ||’Y oty d((E,y)’Y

There exists a constant L’ with the property that for any K inside an unstable ball of
radius 7 and having positive measure, the corresponding canonical density is log-Holder with
| 10g peanlly < L', where = is the corresponding Hélder exponent.

For a set K, write mg the probability measure obtained by the canonical density on K.
Using the quotient formula for the canonical density, one can show that fimg = my k). This is
the key property it is used for canonical densities.

Since ¢ is Holder, there exists L” > 0 with the following property: for any K and n € N such
that f(K) is contained in an unstable ball of radius R, verifies

sup Spp(x) — inf S,p(y) < L".
rzeK yeK

The key lemma for the proof of Large deviations in [29] is the following:

Lemma 4.28 ([29], Lemma 4). There exist constants L' and 6 € (0,1) such that for any K
inside an unstable leaf containing an unstable ball of radius 1/2 and contained in an unstable ball
of radius 1, whose boundary consists of finitely many smooth hypersurfaces, there is a countable
partition K = Uj K; and integers n; > 1 with

1. i (K;) is a cell in 9 (K);

)

2. mg (Uji’ﬂj>N KJ) < L///QN,'
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3. Zj mg (Kj) SUP,ek, (SanO(l‘) + %nj) <0.

Item (1) represents that n; is a type of “renewal” time where K; becomes an object of scale
~ r. If one defines a “stopping time” 7(x) by 7(z) = n; if + € Kj, then the second item says
that 7 has exponential tails, in other words my (7 > N) < LN The third item is related to
the following

5 €
/STgode < zj:m(Kj) sup Sy, 0(z) < —Z/Tde < T

reK;

since 7 > 1.
Put

Hj := sup Sp, ().

zeK;
So [Hj| < |l¢lleony, and let ¢ (6) == 3, my (K;)e*Hi for § > 0. Then:
o Uc(0) = X, mic(K;) = 1
e conclusion (3) of Lemma 4.28 implies that >, mr (K;)H; < —§;
e conclusion (2) of Lemma 4.28 implies that
mg(r=N)<L"N~1
Set ag = 1 log(1/6). We have that
L .= Sl}l(p; mg (Kj)nje®" < NZZl N2 N/MgN=1 — N221 LN~ 76N ~1 < oo,
where the supremum is taken over all of the sets K where Lemma 4.28 applies.
Applying et <1+t + %e‘”, we have for 0 < § < ap/||¢||ocs

2
vr() <1- 2 4 Dl L,
4 2
so that for § small enough, 5 (6) < 6 < 1. This is independent on the choice of p, which
determines D.

Given [ € N, we define a countable partition K =, K;,; with times n;; defined inductively,
by applying Lemma 4.28 as follows. Suppose we had defined this partition for [, let us explain
how to define it for [ + 1. We have that f"! (K ;) is a cell. By Lemma 4.28, there is a maximal
l-separated set @@ = {¢;} and we can write f"(Kj;;) = |J; Bi, where we denote by B; the
corresponding cell for ¢;. Set Kj;; := f~"1(B;) and n;;,; = nj; + n(B;). Then, fm1i(K;; ;)
is again a cell and we may reindex {Kj;;} as Kj ;1. Write nj(xz) = n;;(x) and observe that

no(.) < n1(.) < na(.) < ---. The numbers n; represent the total amount of time for the I*-
renewal.
Since Sy, , ,p(x) = Sn, p(x) + Snp,)e(f"(x)), we have that
sup Sn;‘,z.i@ < sup Snj‘ﬁp =+ sup Sn(BJSO
Kjui Ko B;
Using this and the estimates above, we obtain that
/65Snl(w>¢>(r) dmpg (z) < §l7 (4.9)
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see page 7 in [29]. Fix ¢ > 0 small enough so that €0 < 1. By (4.9) and Markov inequality, we
have that

I _
mg (Sm(z)go(x) > —2) < (eEH)l. (4.10)
Set 1 := 0. R
A similar argument gives that there exist constants C' large and 6 € (0,1) such that
mg(ny(x) > CI) < 6. (4.11)
Observe that
mg (nig1(z) —ny(xz) > N) < LN, (4.12)

Set € := %. Let I(n,z) be the number of renewals up to time n. If S,¢(z) > 0, then one of
the following holds (see [29], page 8)

e I(n,r) > & (too few renewals);
* nl@(x) > —€l;
o nyp1(z) —ny(x) > ﬁ.

By (4.10), (4.11) and (4.12), all of these three events have an exponential decay in [. This gives
the desired large deviations estimate.

Conclusion

In the argument above, the two key properties of unstable manifolds used are bounded distor-
tion for my, and uniform expansion of unstable leaves. Recall that in our definition of projective
u-Gibbs measures, and in all of the projective constructions we work with, we lift the Lebesgue
measures on unstable leaves to projective unstable leaves using holonomies. In particular, we
also have all of the distortion estimates (Lemma 4.4) and expansion estimates needed for the
construction above. Indeed, for a fixed projective unstable leaf, we can follow the entire construc-
tion above in the corresponding unstable leaf on the base, and lift everything to the projective
unstable leaf. So the proof of large deviations holds verbatim in this case. |

4.6 Consequences of Large deviations
A useful consequence of Proposition 4.25 is the following.

Corollary 4.29. Let f € PH>*z(M). For every p € M and any unit vector v € E(p), there
exists a set G(p,v) C Wit (p) of full Leb,-measure, with the property that for any q € G(p,v),
any accumulation point of

1 n—1

_ 0 2

n > 0@ ba )
=0

is a projective u-Gibbs measure.

Proof. Take {¢ }ren a sequence of Holder functions which is dense in C’O(]\//j). Fix p = (p,[v]) €
M and write D := Vi/l'éc(ﬁ) For each k, by Proposition 4.25 and the Borel-Cantelli Lemma, there
exists a set G (p) of full 7y«-measure such that for any § € G (p)

n—1

. 1 AP

o d |2 el F@) Lo | =0
j:
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Set G(p) ==, Gx(p) and let us check that this set verifies the conclusion of Corollary 4.29.
First, observe that the map L
CO(M) > I,

is 1-Lipschitz, where we are using the C%-topology in the domain and the Hausdorff distance
in the range. This follows easily from the following observation, for any a € I,, there exists

fi € Gibbs"(f) such that a = [ ¢dji. In particular, for any ¢ € C’O(]/\/.I'\)7

‘/sﬁdﬂ/wdﬂ’ < llo = ¥lo

Therefore, sup,¢;, d(a, Iy) < [[¢ — o and, similarly sup,e;, d(Lp,b) < [l — 9[o. This implies

that du (1, Iy) < [l — ¢l
Take ¢ € G(p) and consider ¥ an accumulation point of the sequence

1 nflé
—2 Ot
=0

Let ¢ € CO(]\//I ) be a continuous projective function and let k; — 400 be a sequence such that
¢k, converges to ¢ in the C?-topology. Observe that for each j, [ or; dv € Igak]» Since Isokj — Iy,

we obtain that
/gpdﬁ S

Suppose 7 is not a projective u-Gibbs measure. Recall that the set of projective u-Gibbs measures
is a convex and compact subset of the space of measures in M. The Hahn-Banach Theorem gives
a continuous function v such that

/¢dﬁ>sup{/wdﬂ:ﬂ€ Gibbsu(f)},

which is a contradiction with [ di € I. [ |

Using Corollary 4.29, we can strengthen the estimate obtained in Lemma 3.3. This is given
in the following lemma.

Lemma 4.30. Let f € @%ﬁCB(M) be expanding on average with Gap(f) > 0. For every
p € M, Leb"-almost every ¢ € W% (p) it holds

1

lim inf — log || DS f™|| > Cpa (4.13)
n—oo m
1

lim sup — logm (Dgf”) < —Gap(f). (4.14)
n—oo 1

Proof. Let f € PH 2 (M) be expanding on average with Gap(f) > 0. Fixp € M and v € E°(p)
a unit vector. By Corollary 4.29, there exists a set G(p,v) C Wil (p) of full Leb,-measure such
that every accumulation point of

n—1
|
N =
fig =~ D 01 e (o)
j=0
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is a projective u-Gibbs measure. Consider the continuous projective function ¢ (z, [w]) = log || Dy f | |-

Observe that
/@/JdA”: ZlogIIDq,fI[D Fan@ill = = logIIqu |xaponll < = IOgHDcf"”

By Theorem E and Lemma 4.14, the only projective u-Gibbs for f are supported on the unstable
Oseledets directions. Therefore,

n—-+o0o

lim inf/wdug > inf{\T¢(u) : u € Gibbs"(f)} = Cpa.

Hence,
| ¢ pn
Crs < lim inf —log | Dg /. (4.15)

From the definition of Gap(f) given in Equation (3.2), we have that

hmsup—log|detDcf"|—hmsup log | Dg f™ |l - m(Dg f") < —Gap(f) + Cpa-

n—-+oo

By (4.15), we obtain that
hmbupflogm(DCf") < —Gap(f). |

n—+oco N

5 Existence of a weak stable direction

The main goal of this subsection is to prove Theorem 5.1 below, which states that inside any
unstable leaf, Lebesgue-almost every point has a well defined stable direction in the center.

Fix f € P#>5(M) an expanding on average diffeomorphism and suppose that Gap(f) > 0.
The arguments in the proof of Theorem 5.1 are based in the proof of the two dimensional
Osedelets Theorem. We point out that, in the setting of Oseledets theorem where some invariant
measure 4 is used as a reference, one can use the Kingman’s sub-addtive theorem in order
to deduce that for p—almost every point p the sequences (711 log HDCf;}H)nZO, (%m (Dcfg))nzo
asymptotically behave like the largest and smallest center Lyapunov exponent, respectively. This
information on the expected assymptotic expansion and contraction simplifies the construction
of the corresponding invariant sub-bundles. In our case the main difficulty is that there is no a
priori fixed invariant measure, hence we need to obtain some uniformity in the behavior of the
above sequences just from the expanding on average property. Our goal is to show the following
result.

Theorem 5.1. Suppose that f € Q%UCB(M) has the expanding on average property and
Gap(f) > 0. Then, for every p € M, for Leb"-almost every point x in W*(p), there is a
well defined stable direction E—°(z) and

hrnsupflogllD [ @]l < =Gap(f).
n—+oo

Moreover, for Leb"—almost every x € W¥(p), if v ¢ E~°(x), then

1
liminf —log || D, f"v|| > 0.
n—+oo n
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Notation. For this section only, given p € M,n € N we write
A"(p) = Dpf".

From now on, let us write W} (p) to be the strong unstable manifold of size 1 (this choice is
arbitrary and we could have fixed any other constant). We now establish some finer control on
the center derivative. It will be convenient to denote, for p € M, m; the normalized Lebesgue
measure along W% (p).

In what follows, we will first focus on the proof of Theorem 5.1 by first assuming some lemmas
which will be proved in the next subsection.

Lemma 5.2. For any Cy € (0,Cg.,), for every p € M and unit vector v € Ej, the following
holds: for m;—almost every q € Wi (p) there exists n(x,v) € N such that

i > n(@,v), [|A™(2)  Xap(0)]| = €.

In order to simplify the presentation, we assume that FE°¢ is a trivial bundle. In general, one
considers trivializing charts of E¢ with null boundary, and obtains a measurable trivialization.
Let us start the construction of stable directions.

Since we are assuming that E° is trivial, we can identify {A™(z)},>0 as a cocycle of matrices,
for z € M. Without loss of generality, we can assume that the norm used in R? is the Euclidean
norm. Let u, (), s,(z) € ES ~ R? be unit vectors so that

dy () = [|A™(2)]| = [|A™ () - un ()]
dy, () := m (A" (x)) = [|A"™(2) - sn(2)]] -

Write A"(x) = Up(x) - diag (ds(x),d%(z)) - Vo (z) with U,(x), Va(z) € O(2): in particular,
Up(z) L vy(z) and A™(x) - up(z) L A™(2) - vp(2). If s,(x) € ES = span{upt1(x), Snt1(z)}, we
can write

$n(x) = cos by () sp41(x) + sin b, (z)unt1 (), where 0, (z) = Z(sn(2), Snt1(2)).
Observe that
[ A" (@) - sn(2)|| = [sin O (2)ldy; 4 (2)
[A" (@) - sn(@)]| = A" (@) A" (@) - sn(@)]| < [AS@)IA™ (@) - sn(@)]| = A" (@) d5, ().

Observe that dpy | (x) > m(A(f"(x)))dp(x) > me(A)dy(z), where mo(A) = inf{m(A(y))}.
Similarly, define ||Al|c = sup{||A(y)||}. Therefore,

sind, ()| < o) wion — JAGT @) m (A" @) _ [|A]ly m (A" (@)
s fnloll < Gy MO = L) Ta@l = mad) T4

By Lemma 4.30, if = is my-typical (that is, typical on its unstable leaf), for any 3 > 0 then
there exists ng = no(x, 8) such that for every n > ny we get

|sin 6, (z)| < exp (—n(Cga + Gap(f) — 5)) = exp(—nKjs),

where Kg = Cpa + Gap(f) — f > 0 is positive, and this implies that {s,(z)} converges to some

vector s(z). Since on [0, 2] we have that 26 < [sin 6|, then
2[ Al m(A™(2))
0, (x) < . .

NS @) A
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If |an (2)| = |£(s(x), sn(x))|, then

m(A" k(g

=0 S5 mmoe(4) AT ()]

Since 6| > |sin 6|,

2||A
| sin oy, ()] < Al Z

(@) A,
T Mmoo (A) =

[AF@) ~ mmw(A)

with D(z) = —2&)_ and n > no(z, 8).

1—e X8

Definition 5.3. Define E, ¢ =R s(z).

u_

Our goal is to show that for every p, for my-almost every z, the direction E_ ¢ contracts
exponentially fast under the action of D f™. Define

1
J :=suplimsup — log | det A" (q)|, (5.1)

q mn—+oo N

and, since Gap(f) > 0, we have that Gap(f) = Czs — J > 0. We will need the following lemma
which will be proved in the next subsection.

Lemma 5.4. Assume that [ € e@%ﬁCB (M) has the expanding on average property and Gap(f) >
0. For any Cy € (max{J,0},Cgr4) and any Cy € (J,C}) the following holds: for anyp € M, and
for any unit vector v € E°(p), for my-almost every x € Wi (p), there exists n(zx,v) € N such
that for any n > n(z,v),
[det A"(z)] o~ (C1—Ca)n
[A™(2) - XapW)I|

For the rest of this section, let us fix C; and Cy as in Lemma 5.4. Also, fix v € E°(p) unit
vector.

For x € W (p) and n € N, write s(z) = v7 +v]!, where we write the vector s(z) in the basis
{un(x), sp(z)}, whenever those directions are defined, and let o, (z) = <(s(x), sn(z)). We have
that

[A™(x) - s(z)|| < |cos(am (@)||A™(x) - sn (@) + | sin(an (2)[[[A™(2) - un(x)[].  (5.2)
Observe that for m-almost every = there exists n(x,v) such that if n > n(z,v), then,
|A™ (@) - v} || = | cos(an(a))|d5, (w) < e~ (1720,

Recall that,

sin o, (2)d (z M m "+kxw
(o) (o) < 20 S (47 0)

To estimate this term, we need some type of lower bound on ||A"+*(z)]|| for a m,,-typical point.
In order to accomplish this, we need the following lemma.

Lemma 5.5. For any > 0 small, for m;-almost every x, there exists Q1 (x) such that

A" ()|l —(1—-8)C1k+pn
—— < ! .
[ AntF(z)|| 1(z)e
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We will prove this lemma in the next subsection. Lemma 5.5 implies that

2[| Al [A™ ()| 2[[All

sinan(o)di(@)l < 20 2w (AT O) Prn) < mme ) 2 AT @)@ @) AR
Observe that (5:3)
] - A k@) 2 47 0) )]
Therefore,
A" () - sppua)]| < LILAT @) (5.4)

I T @) el

By Lemma 5.4, for n sufficiently large
m(An-’rk(x)) S e—(Cl—Cg)(n—Hc)_

Hence,

| sin v, (2)die ()] < Q1 () Ze—((01—02)+(1—[3)01)k e (C1=C2=B)n_
k>0

Set Qo = Y ysg e (G CF=AOVE For n sufficiently large, we conclude that

1A (2) - s(p)]| < e~ (@O 4 @y (2)Qae™Cr=Ca=Pn

which decays exponentially fast to 0 at a rate at least C; — Cy — 3, where we take 8 < Cy — (1.
So E ¢ is a genuine stable direction. We have showed that for any C; and C5 as in the statement
of Lemma 5.4, for m;-almost every x the stable direction £, contracts at a rate bounded from
above by C7; — Cy — . As this happens in a full measure set, one can take a sequence C7"
converging to Cz, from below, CJ" converging to J from above, and G, > 0 converging to 0.
Considering the countable intersection of the full measure sets corresponding to (C7*, C¥*, B,,),
we obtain a full measure set of points whose contraction rate is at least —Gap(f).

Let us check that for mj-almost every x, D, fE~¢(x) = E~°(f(z)). Indeed, for m,,-almost
every f(x), the direction generated by

Dy fXap(v)
| Dz f Xa,p ()]

expands exponentially fast. If D, fE~¢(x) does not coincide with E~¢(f(x)), then it would have
D, me,p (U)

) Da fxa,p (V)] e

fact that it contracts. This argument also shows that for m;-almost every z if v is a vector not

contained in E~¢(x), then it expanding in the future. This concludes the proof of Theorem 5.1

assuming Lemmas 5.2, 5.4 and 5.5.

a component in and it would expand in the future, which is a contradiction with the

5.1 Proof of Lemmas 5.2, 5.4 and 5.5

Proof of Lemma 5.2. Fix C1 € (0,Cga) and write ¢(z, [v]) = log || Dy f|[|. Observe that ¢ is a
Holder continuous function on M. Observe that Theorem E implies that

Cga = inf {/ wdf : i is a projective u-Gibbs measure} ,
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since the quantity above, under our assumptions of expanding on average and Gap(f) > 0,
coincides with the smallest positive center exponent among all u-Gibbs measures. Fix v € E¢(p)
a unit vector, by Proposition 4.25, the event

s

1%:{x6W&@:iZM(%ﬂmMMDS@}

verifies

my, (Bp) < Le™ ™.

By the Borel-Cantelli Lemma,
my, ﬂ U E,| =0.
j=1nzj
Therefore, for my-almost every x, there exists n(x,v) such that for any n > n(z,v),

n—1

> o(fi (@, [Xap(0)]) > Ch,

=0

1
n

which implies that
IDaf"™ - Xap(v)]| 2 €™ =

Proof of Lemma 5.4. Let C1, Ca, p € M and v € E°(p) be as in the statement of Lemma 5.4.
By Lemma 5.2, for mj-almost every z, there exists ny = n1(z,v) such that

14" (2) - Xap(0)| = €7,

for n > nq.

Claim 5.6. For Cy > J, there exists a uniform ny = ny(Cs) such that for any g € M, if n > ng
then
| det A™(q)| < e©2".

Proof. Observe that (5.1) implies that for any invariant measure ,

/MMammw@SJ

Since the quantity X log|det A™(q)| = %Z?;Ol log | det A(f7(q))| is a Birkhoff average of a con-
tinuous function, for any Cy > J, we conclude that there exists ny = na(Cy) such that for any
n>ng and any g € M,

1
- log | det A™(q)| < Cs,
which proves the claim. |

For n > max{nj,na}, we have that

| det A™(z)|
[A™ () - X p(v)

Next we start the preparation to prove Lemma 5.5. We will need the following covering
lemma.

< e (C1=Ca)n, |
(-
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Lemma 5.7. Let f € @WQ(M) be a partially hyperbolic diffeomorphism. There exists a constant
B with the following property: for any D unstable disk and any n € N, there is a cover of f™(D),
{D;} such that

1. each D; is an unstable disk of size 1, and

2. each D; intersects at most B disks of this cover.

Proof. Let D be an unstable disk and n € N. For f*(D), let {1, - ,2n} be a maximal 1-
separated set in f™(D),where we are using the topology generated by the Riemannian metric
restricted to f™(D). Observe that, by the maximality of {z1,- -,z }, we have

- 6 Wu(l’i, ].)
i=1

Moreover, if i # j then W*(z;, 2) N W"(z;, 3) = 0 and if W*(z;,1) " W*(x;,1) # 0, then, by
the triangular inequality,

1 )
Wu(‘rj7 5) - Wu(xh 5)7

since if z € W"(z;, 3), then d"(z,z;) < d“(z,;) + d*(x;, ;) < 3 + 2. By the uniform control
on the geometry of unstable disks of size % and of size %, we have that there are constants
0 < a1 < ag such that

ay < Leb"(W"(z, %)) and Leb" (W*"(y, g)) < ag,

for any x,y € M. For each i, let B(i) be the number of j such that W*(z;, 1) N W*(x;, 1) # 0.
Then,
‘ u 1 u
B(i)a; < > Leb" (W*(z;, 5)) < Leb"(W*(x;,
JiWe(x;,1)NWH (x;,1)7#0
Therefore, by setting B = 22 + 1, we get that B(i) < B. Set D; = W"(x;,1). Observe that this
bound is independent of D and n. |

)Sag.

N | Ot

Proof of Lemma 5.5. For the function o(z, [v]) = log || Dy f|[y)|| and € = Cpa — C1, let v be given
by Proposition 4.25. Fix 8 > 0 small and fix § > 0 small enough such that

5((1— B)Cr — logmas(A)) < 7. (5.5)
Let k,n € N, take p € M, write D = Wy (p) and let mj; be the normalized volume measure

on D. Our goal is to estimate
A @I
p |A"E(z II‘* '

First, let us fix {D;}icg, a cover of f(D) obtained from Lemma 5.7. For i € 9,,, write m¥(:) =
my(f~"(D;) N ). Observe that mj is not a probability measure. Therefore,

u u
m, < B g m;'.
i€,

Since x — % is a nonnegative function, we have that

4@ O
/ A ()5 sw=ny | iy TATE) P )

icg, I
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For each ¢ € 4,,, let us estimate

A7 @)
—————— dmj(z).
/fn(m AT () 4 @)

Claim 5.8. There exists a constant L1 > 1 such that for any two points x,y in the same unstable
leaf and n € N such that d*(f?(z), f7(y)) < 2 for 0 < j < n, let v, € E¢(z) be a unit vector that

A" (@)ea | = A" (@)1 then .
Lo lawl

~ 1AM (W) - Xy.a (v

Proof. Since the unstable distance is bounded by 2, then, there exists a constant L > 1 such
that L' < ||n% || < L, for any p,q in the same unstable and with unstable distance at most 2.
Hence,

L7HA™M@)]| < 110 (yy, () (A™ () - 02|

< L.

120 (0 - 1A™ () - X (02| < LA™ ()]
LIA™(y) - v,]| < L% o) (A" (0) -0,
I2|| A% () - e, (v,)]| < ¥ A" (@),

Al

where v, is a unit vector in E°(y) that realizes norm of A™(y). The above implies that

14 ()]
Y T2 W) e 0

Moreover, it implies that
An
[~2 < || (y)|| <I?

A @)
and that
L7 A @) < 1A (%) - Xy.a(va) -
Therefore,
LA™ < 1A™ () - Xy,a (va)-
Take L1 = L* and this concludes the proof of the claim. |

For each i € U, let 2 be the point in f~"(D;) such that f"(x?) is the center of the disk D;.
Observe that, for any = € f~"(D;), by Theorem 5.8,

JA™* (@) || > LT AR(F™ (2)) - XFa (0, g a0y @A™ (@),
= % and v; is a unit vector such that |A™(z?)|| = [|A™(z%) - v;]|. Write
J* . (y) = det Dy f~"|gu. By the change of variables formula,

A" @I i < o 4@ i
Sty TG S B [ T e TG 74 )
= 1 [ 1440) X 01 (0) AL )

where v

By bounded distortion, there exists a constant Lo > 1 such that for any x,y € D;,

< 5 W)

L
=175, @) =

< Ly.
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Hence,
1A () - X3y o iy )01 T2, ()] dLeb® (y) <

i

LLQ(mmu <>|) [ 140X gy (2] AL )

Since D; is a disk of size 1 inside an unstable foliation, we can find a universal constant Lz > 1
such that for any ¢ € M, L3 < Leb"(W*.(q)) < Ls. In particular,

Ly 'Leb™(D; N+) < mfn iy () < LsLeb"(Di N -),

where m;ﬁn(xi) is the normalized Lebesgue measure on D;.
Thus,

B3ta (g 172,01 ) [ 1480 X o (1) L) <

LLng(mmu <>|) 1A W) X (1) iy o)

Claim 5.9. For any x € M,

| A () < O g e
Wiae((y))

where v and L are given by Proposition 4.25.

Proof. Fix v € E°(x) a unit vector and write

Hi = {y € Wio(@) : [14%(9) - Xy (0)]| > ¥

By Proposition 4.25,
m (H) < Le k.

Since

1A @)1l > A% () - Xy, (),

where v is any unit vector in E¢(z), we obtain

“)II7° dmii(y) = ()]0 dm® kN7 dmd
/100(@)) [A* (W)l dmz(y)/Hk [A%(y)]| 7 d m(yH/Hl3 [A® ()]~ dmZ (y)

[ |
< 6—015k _’_Le—('y—}-&logmm(A))k.
We conclude that
HA"(fE)H(S 2 —C4 6k — (451 Ak
———————dm(x) < L7LoLs m1n|J“ ()] (e 10k 4 Le~(r+dlogmas(4)) )
/f"(Di) | AntF ()|
We have that
||An )H6 u 2 —C10k —(v+dlog moo (A))k U
icd, I~ (Dq) = ‘
< BIZIZLS (e + Le*<v+5logmw<A>>k) 3 m(D;)

€9y
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We devide the disks D; into G, := {i € 9, : D; C f™(D)} and B,, := 9,,/Gn. For i € By,
f7™(D;) is contained in a neighborhood V,, of the boundary of D which is exponentially small.
In particular, Leb"(V,,) decays exponentially fast with n. Hence,

S mi(f D)) = S0 mE(f D)) + S mi(fT(D) < B (m(D) + Leb“(V,,)) < 2B,

i€l 1€Gn 1€By

for n sufficiently large. Write K = 2B?(L1LoL3)?, then

4% (@)] ) ek s (AN
dm(x) < K (e €1 4 [e~(vtdlogmec(A))k)
/, <||An+k< ) @ <K ( )

Applying Markov inequality,

m (x <”[|413:£()|) S (- B)Clkorﬁén) < KePom (efﬁclﬁkr+L6(77+5((175)C1710gmoo(A)))k)'

By (5.5), the right hand side decays exponentially fast with n and k. The conclusion of the result
follows from a simple application of the Borel-Cantelli Lemma. |

5.2 Accumulations of the weak stable direction

Let us end this section by studying possible accumulation measures of the weak stable direction.
Our main goal is to prove the following subsection.

Proposition 5.10. Let f € @%’UCB(M) satisfy the expanding on average property and suppose
that Gap(f) > 0. Then, for every p € M, there exists A a subset of Wi“.(p) of full leaf volume
such that the following property hold for every q € A: Define the sequence of projective measures

= :’Zo Jar@(B@)])

Let [ be an accumulation point of {fi,, (¢)}n>1 and let p = T.fi, then

b=
In other words, fi s concentrated on the E~°-directions.

Proof. Fix a unit vector v € E°(p) and, observe that, Corollary 4.29 implies the existence of a
set A1 = Ay (p,v) such that for any ¢ € A, any accumulation point of the sequence of projective

measures
n—1

1
in(9:0) = ~ 3 0(£3(0). 145 @0 (0]
§=0

is a projective u-Gibbs measure. Let Ay C W% (p) be the set of points we obtained in Theo-
rem 5.1. Set A = A; NAsy. Observe that A has full leaf volume. Fix ¢ € A and, up to considering
a subsequence, let us suppose that fi;, (¢) converges to a projective measure ji. We have that 7,
is a u-Gibbs measure pu. Up to considering another subsequence, we may suppose that fi,(q,v)
converges to the projective u-Gibbs measure .

Suppose that [i is not supported on stable directions, then, there exists a function z — «a(z) €
[0, 1] such that

b= /oz(x)&EJrc(x) + (1 = ()0 e () du(z),
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where a(z) is strictly positive in a set of positive p-measure. By (5.2), (5.3) and (5.4), for any
B > 0, we have that

At A"(@)] s
1A™(q) - Xq.p(V) |l .

|A™(q)| < (q)ll < Constant(q) -

This inequality implies that

Z (FlaB@)) < - Zlog\detmfﬂ( D=0 (F(@) [ao(0)]) | +26+ log Constant(a).

where (g, [v]) = log|A(q)|f|l- Since the functions ¢ and x — log|det A(z)| are continuous,
indeed Hélder continuous, by taking the limit in n, we obtain

/g@dﬂg/log|detA|du—/god/fL++26.

Therefore,

20+ [X4@) A @) ) 2 [ (@A) + (0 0@ @) dule) + [ 37w duo)
Hence,
28 + / (@A~ (2) du(z) > / ()N () dpu(z).

By taking 5 — 0, we obtain that

Ja@r @ du) = [ a@r@ duto)
Since AT¢(z) > 0 > A\~¢(x) for u-almost every z, the inequality above is only possible if a(z) = 0
for pu-almost every x. Therefore, it = i~ |

Lemma 5.11. Let f € PH 2 5(M) be expanding on average with Gap(f) > 0. There exists a
set G of full volume such that for any x € G has a well define weak stable direction E~¢(z), and
the following properties hold:

1. for any v ¢ E=°(x), any accumulation point of the sequence of projective measures

is a projective u-Gibbs measure;

2. any accumulation point i of the sequence

n—1

1
O DL

Jj=0

verifies that i = i~, where i~ is the lift of the measure p = T, fi to the stable Oseledets
direction.
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Proof. Fix {U;} a finite cover of M by foliated charts for #*. On each U, fix D$® a disk
transverse to #W* and fix a continuous unit vector field V; : Ef* — E°, where for each g € D{?,
the vector V;(q) belongs to E¢(q). For each %, applying Corollary 4.29 and Proposition 5.10 we
obtain a set G; C U; of full Leb-measure such that for any = € G;, any accumulation point of

the sequence
n—1

1
n 2% 043 o cena (Vi @)])" (5.6)
i

where ¢ is the unique point in W% _(x) that intersects D{°. Moreover, since E~°(z) exists and
contracts exponentially fast, for any vector v ¢ E~¢(x), the accumulation points of the sequence

1 n—1
= i)
=0

coincides with the accumulation points of the sequence (5.6). This completes the proof of the
first part. The second part is a direct application of Proposition 5.10. |

6 Uniform Pesin blocks and finiteness of SRB measures

The main goal of this section is to prove the following result.

Theorem 6.1. Suppose that f € 9%303(M) has the expanding on average property and
Gap(f) > 0. Then f has at most finitely many SRB measures.

This result is a consequence of the continuity of the center Lyapunov exponents proved in
Theorem B, as we will explain. Let us recall a few things from Pesin theory.

Definition 6.2. Let f be a C" diffeomorphism. Given C' > 0, x > 0 and € > 0, we denote
Ac v e the Pesin block defined by the following property: for every y € Ac . and k € Z, there
is a decomposition Tjr(,)M = E~(f*(y)) & E*(f*(y)) such that for any n > 0,

max (| D" 5 (sl 1D e+ (rap ) < C et

Since, in our setting, we are studying partially hyperbolic diffeomorphisms with two dimen-
sional center, we only need to consider the definition above restricted to the center direction.
The key proposition here is the following;:

Proposition 6.3. Let f € PH 5(M) be expanding on average property with Gap(f) > 0.
Then, for every § > 0, there exist constants C, x,e > 0 such that

M(AC’X,E) >1-49,
for every u-Gibbs measure p.
Using Theorem B, Proposition 6.3 is a direct consequence of the following proposition.

Proposition 6.4. Let f : M — M be a C'-diffeomorphism. Suppose that K is a set of invariant
measures with the following properties:

1. K is compact for the weak*-topology;
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2. there exists an integer i € {0,--- ,d)}, where d is the dimension of M, such that for every
v € K and for v-almost every x, the ergodic component of v containing x, v,, is a hyperbolic
measure with © positive Lyapunov exponents;

3. the function K > v A\ (V) + -+ \i(v) is continuous, where A1 (v) > Aa(v) -+ > Ag(v)
are the Lyapunov exponents of v;

4. there exists x > 0 such that for anyv € K, we have that for v-almost every p, A1(p),- -+ , Aa(p) ¢
[_Xv X] .

Then, for every 6 € (0,1) there exists constants C, x,e such that
v(Acye) >1—10, for everyv € K.

Proof of Proposition 6.3. Set K = Gibbs"(f), this set is compact for the weak*-topology. The
assumptions that f is expanding on average and Gap(f) > 0 implies that any pu € Gibbs"(f)
has dim(E*) 4 1 positive Lyapunov exponents, Corollary 3.4. Theorem B implies the continuity
required in the third item. The last item is also a consequence of the continuity of the sum
of exponents. The last item is also a consequence of Corollary 3.4, since all of the Lyapunov
exponents are not contained in [—Gap(f), Cpa]. |

Observe that by the second assumption in K for any measure v € K its positive Lyapunov
exponents are given by A1 (v), -+, Ag—i (V).

The proof of Proposition 6.4 is essentially contained in the computations done in Sections 2
and 3 of [16]. For completeness, we will explain these computations. We will need the following
results from [16].

Lemma 6.5 ([16] Lemma 2.18). Let T be an invertible measure preserving map on a probability
space (2, B,v). Suppose that ¢ € L>®(v), L € R, k € [0,1], and v{z € Q : p(z) > L} < k.
Then, for any 8 < L,

Jdv—B—klp — Ll
L—3 ’

v{z € Q:gj(x) > By, forall j >0} >

where p;j(z) = p(z) + -+ (T (x)).
We will also use the proposition below.

Proposition 6.6 ([16] Proposition 2.21). Let f be a C" diffeomorphism. Given Ny > 1 and
X >0, Py, = Pn,(x) be defined as

po .o { . thereis a splitting T,M = E, © F; s.t. Vj >0
Mo | DfiNe(z)|g|| < e XINo and ||Df=INo(z)|p|| < e=XINo

Write C = C(f, No) := maxye1,n, max{||Df*||, |Df~*||}. Then, for every e > 0, the Pesin
block Ac,y e verifies

v(M — Ag y,e) < 4max {%0, 1} v(M — Py,), for all invariant measures v,

where co = x + max{log || Df||,log || Df~1||}.
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Proof of Proposition 6.4. Fix v € K. Let us do some estimates first for (f,v). We will then use
the continuity of the Lyapunov exponents to “spread” these estimates in a neighborhood of v.
We can then use the compactness of K to conclude the proof.

For a v-typical point, let E be the smallest subspace containing all of the Oseledets directions
corresponding to negative Lyapunov exponents, and let E be the smallest subspace containing
all of the Oseledets directions corresponding to the positive Lyapunov exponents. Since every
measure v in K does not have any exponent in the interval [—x, x|, for each N € N, define

Ky :={eeM:||Df|p|| <e™ and [Df; V| ps|l < eV}
The following claim is a direct consequence of the hyperbolicity of v.
Claim 6.7. For every 0 > 0, if N is sufficiently large, then
v(Ky)>1-46.

Claim 6.8. Let ' =
some N € N, then v(P

st

. For every p > 0, there exists 6 > 0, such that if v(Ky) > 1 — 9, for
(X)) >1-p.
Proof. Suppose that Ky has measure larger than 1 —J. We will see later what is the dependence

of the measure of Py on §. Consider the function ¢(x) = 1k (), where 1, is the characteristic
function on the set K. Let 9" be the forward Birkhoff average of 1.

2

Consider
H = wax{|IDf, 1D} (6.1)
and take f = max{l — ﬁ, %} Take L =1, k = 0 and T = fV. By Lemma 6.5, we obtain
that [y 5 53 5
v-B _1-56—
l/{,fl: ¢](x)—18.]) Ora.]—o}— 1_ﬁ - 1_5 1_ﬁ

Write K := {z : ¢;(x) > B4, for all j > 0}. Forz € M, j € N, set G(x,j,N) :={i € [0,5—1]:
fN(z) € Kn}. If x € K7, we have that for every j € N,

73. =z
For such x, we obtain
DN e-1 <
II 1D le-ll 11 1D F oyl |
1€G(z,j,N) 1€(G(x,5,N))eN[0,j—1]
=11I

From the definition of Ky, we have

—xN#G(z,j,N —xNBj
]Sex#(ﬂw )§6X5J7

and
[T < oNlog H(i—#G(,4,N)) < ,Nlog Hj(1-8)

From the definition of 8, we obtain

. . 3X s ‘ .
—xNBj+ NlogHj(1—p5) < —ZXN]—F%N] = —%Nj.

48



Therefore
’ IDFIN || < e ¥

)

for every j € N, whenever x € K]'*\}. Define similarly Ky for past iterates and E* instead of E~.
By the same computation, we conclude that

)
Ky 1——.
Thus,
26
V(I M) = 1= ()" U ()%) 2 1 - 1.
Given p > 0, take § = w and take N large enough such that v(Ky) > 1 — 4. Thus,
V(Py(xX)) > 1—p. n

Just as above, set X’ = ¥. Fix ¢ > 0 and # > 0. Set L' = 4max{%0,1}, where ¢g =
X' + max{log | Df||,log | Df~!||}. Take p < £. By Claims 6.7 and 6.8, we fix § > 0 small, and
N large such that v(Ky) > 1 — §, which implies that v(Px(x’)) > 1 — p. By Proposition 6.6,

V(Ac,x’,s) >1-40,

where C' = C(f, N,v) is given in the statement of that proposition.

Consider G; and G4_; to be the Grassmaniann bundles of i-planes and d —i-planes. Consider
I?}V to be the subset of G; defined by points of the form (z, E)), where € Ky. Consider
I?J‘ffi to be the subset of G4—; of points of the form (z, E_ ), where x € Ky. Observe that the
condition defining K is open in G; and G4_; in the sense that there are two open sets (71- CcG;
and ﬁd,i C Gg4_;, such that

I?J’\, - (NJZ and I?i,_i C ﬁd,i,

and these open sets have the property that if (z, E) € U;, then |[Df;N|g|| < eX'N. Similar
conclusion holds for CNfd,Z— and future iterates.

On G;, consider the lift of v given by 0t := [ (5(z7EI+)du(x). This gives a probability measure
defined in G; which is invariant under the action induced by f. We can define similarly the stable
lift ~ which is a probability measure in G4—;. Lemma 3.10 in [16] implies that the function
v = A (V) + -+ \(v) is continuous, if and only if the function v + 07 is continuous in the
weak*-topology. Similarly, the function v — A\;iy1(v) + -+ + Ag(v) is continuous if and only if
the function v — o~ is continuous.

By assumption, the function v — A (v) + --- + A\;(v) is continuous, when restricted to K.
Therefore, v — DT is also continuous. Since

/log|detDwf|du =MW)+ -+ Alv),

and the function v — [log|det D, f|dv(x) is continuous, continuity of the sum of the top i
exponents implies continuity v — A;j11(v) 4+ - - - + A\g(v). Therefore, for every v/ € K sufficiently
close to v, we have that

ARSI g and ' (Ug_i) > 1 — g

which implies that /(Ky) > 1 — §. The rest of the estimates holds in a uniform way, since
N, ¢ and 0 are fixed. Therefore, v'(Ac ) > 1 — 6. This implies that every measure v € K
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has an open neighborhood such that for every v/ in this neighborhood will see the same Pesin
block in a uniform way. To conclude the proof use the compactness of K and cover K by finitely
many open sets where we can apply the estimates above. Then, we take C to be the maximum
constant obtained in each open set. Thus, we found a Pesin block that works for every measure
in K. ]

Proof of Theorem 6.1. Fix § > 0. By Proposition 6.3, there exists a Pesin block Ac¢ . such
that

#(Acye) > 1 =0,

for every u-Gibbs measure p. Observe that for p > 0 small, any two points z,y € Ag y,. with
d(x,y) < p are homoclinically related (see Definition 8.1). This follows easily from the uniform
estimates one has for the invariant manifolds on Pesin blocks.

Suppose there are infinitely many different ergodic SRB measures (f,)nen. Up to considering
a subsequence, we may suppose that they converge to a u-Gibbs measure p. Consider A =
supp(p|ac.,..). Cover A by finitely many U;, which are open balls with radius £. Set U = | J,; U;
and observe that

w(U) >1—0.

For every n sufficiently large 11, (U N Ac ) > 1 — 2. Since there are finitely many balls U;, by
the pigeonhole principle, there exists ¢ such that for p,(U; N Ac,y,e) > 0 for infinitely many ns.
Let n and j be such that n # j and 1. (U; N Ac,y,e) > 0 for * = n, j. Therefore, the measures
itn, and p; are homoclinically related.

Observe that two SRB measures that are homoclinically related are the same by a Hopf
argument (see for instance [50]). This is a contradiction with our assumption that p, is different
than p; if n # j. ]

7 Existence of SRB measures

The goal of this section is to show the following result.

Theorem 7.1. Suppose that f € @%iCB(M) has the expanding on average property and satisfies
Gap(f) > 0. Then f has an SRB measure.

To show this result, we will use the work of Climenhaga-Pesin [23] and Climenhaga-Dolgopyat—
Pesin [21] on effective hyperbolicity. In those works, they introduce the notion of effective hyper-
bolicity and show the existence of SRB measures under the assumption that the set of effective
hyperbolic points has positive volume. It is convenient for us to work with a slightly different
definition of effective hyperbolicity as we will explain below.

7.1 Effective hyperbolicity and the existence of SRB measures

Let f be a C2-diffeomorphism. Given a point x € M and E, F, subspaces of T,, M, define
A" (2, E) :=sup{log || D, fv] : v € E,|v| =1} (7.1)
M (z, F) := inf{log | D, fv| : v € F,||v|| = 1}.

Moreover, define B
Az, E,F) := max{0,\ (x, E) — A" (z, F)}.

Define
O(z,E, F) := inf{<(v,w) :v € F and w € F}.
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In what follows, for each n, we write E, = D, f"F and F,, = D, f"F. For \ > 0, define

n—1
IS(z, E,F):=<neN: Z)\+(fj(x),Fj) — A(f/(z),Ej, Fj) > Xn— k), forall 0 <k <n
j=k

For constants C' > 1 and A > 0 and m € N, we also define
ioay,m(@ E) == {ne€N:|Dpagyf || > CeM|lv||, forall 0 <k <mand v e E,}.
We say that (z, F, F) verifies the (modified) effective hyperbolic conditions if
(EH1) lim 2 (ri(x, E,F)NTie 5 m(a, E)) >0, and

(EH2) lim 6{n € N: 0(f"(z), E,, F,,) <0} =0,
0—0

where given A C N, a subset of the natural numbers, the quantities 6(A) and §(A) are the upper
and lower densities of A inside the natural numbers, respectively. The following theorem is a
variation of the main theorem from [21].

Theorem 7.2. Let f : M — M be a C?-diffeomorphism. Suppose there is a disk D such that
there is a set D' C D with the following properties:

1. for x € D', there is a subspace E(x) such that T,M = E(z) ® T, D such that (EH1) and
(EH2) for (z,E(x),T;D) holds for some constants C = C(x) > 1 and A = A(z) > 0;

2. mp(D') > 0, where mp is the normalized Lebesque measure on D induced by the Rieman-
nian metric of M.

Then f has an SRB measure.

Let us briefly explain the idea of the proof of Theorem 7.2. The proof follows the argument
of the proof of Theorem 4.2 in Climenhaga-Dolgopyat-Pesin [21], using the Hadamard-Perron
Theorem from Climenhaga-Pesin [23] for the splittings

Tf"(z)M =E, ® F,, E, = sznE("T)v F, = sznT:L’Da

instead of working with measurable cone fields. Let us explain their result using the notation in
our partially hyperbolic setting. Let us first recall the geometric mechanism in the construction
of SRB measures from [21]. Let D be a dim(E")+ 1-dimensional submanifold and let mp denote
its induced Riemannian normalized volume. Suppose that the set S C D of effectively hyperbolic
points has positive mp-measure. The usual Pesin-Sinai’s construction of SRB measures consider
the Cesaro averages

1 n—1
= - ]m .
Hn ”]z::of* D

Every weak*- accumulation point of this sequence is an invariant measure. The main issue is that
effective hyperbolicity does not give uniform control of expansion and distortion of the whole
measure fimp. The central step is therefore to extract from u, a “subeasure” v, of uniformly
positive mass whose geometry and densities are uniformly controlled.

After restricting to a positive-measure subset of S, the constants in the definition of effective
hyperbolicity can be taken uniformly. Every point in this subset has a positive density of effective
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hyperbolic times. If j is an effective hyperbolic time for x € S, the Hadamard—Perron Theorem
from [23] produces a neighborhood

WPcDNB (x,fe*”)
such that 4
D;‘ = fj(Wf) (7.3)

is a disk of fixed size centered at f7(x) that contracts uniformly for j-iterates in the past: there
are constants C' > 0 and A > 0, independent of xz and k, such that

d(f~* (), f74(2)) < Ced(y, 2)

for every y,z € D} and 0 < k < j. In addition, there is a good control on curvature. Thus, Dy
behaves like a local unstable manifold for finitely many backward iterates.

Using the geometrical control of these finite time unstable disks, one obtains bounded distor-
tion, in the sense that

Ve (mD|W;‘) () = ag,;pj (-) dmpe (),
where oy ; = mD(WJ?”) > 0, mps is the normalized volume on that disk and the density pj has
a uniform log-Hélder norm and satisfies uniform estimates

L << (7.4)

for some constant L > 1. This implies that each pushed-forward piece is represented by a
standard pair: leaf volume on a finite-time unstable disk, with a density bounded above and
below and having uniformly bounded log-Hoélder norm. To obtain contraction estimates in the
transverse direction as well, the disks are selected so that a fixed proportion of each of them
consists of points for which the linear dynamics along a complementary direction is controlled
for a certain number of iterates quantified by a parameter ¢ € N. Writing J = (C, ), for each
n € N, 0 < g < n, they consider the set Sy 4, which is the set of points in D, where

n €Tz, (B° ® E=°)(2), T,D) NI ,(z, (B & E~°)(x)).

These are the set of points that have good control on expansion estimates, and contraction
estimates from time n to n — ¢. Define Sy ,,, = 0 if ¢ > n. They show the existence of a § > 0
such that for each ¢ € N, there exists N(g) such that if n > N(g) then

1 n—1
- Z mD(SJ,q,j) >4,
n=

see equation (5.19) from [21].
There exist 87,5’ > 0 such that for ¢ and n > N(q) as above, there exists a finite set
Ay, C S3.4,n with the following properties:

1. For z € A,,, let W* be as in (7.3). Then,

mD(Wﬂf M S_]yq’n) > ﬁ’mD(Wff)

2. For z,y € A, with x £y, WX NWY = 0.
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3. Set Wy gn = pea, Wi Then

n—1

1 ,
- > mp(Wyg,) = 8" > 0.

=0

This is established in the proof of Proposition 4.8 from [21] and it uses a covering argument
(Lemma 4.6). Essentially, for each ¢ fixed, j > N(q), one will decompose the measure fimp as
a convex combination of measures supported on D7, for z € Wy 4 ; and the rest. The measures
coming from D7 will have uniform control on density and are supported on disks of uniform size
and are finite time unstable disks with good contraction control, up to time q, transversaly. This
is where the SRB measures are going to come from.

They choose a sequence of times ¢, — +oo that increases slowly, with n > N(g,), such that
if we set

1 n—1 ]
vn =~ Z £ (mplw,.,. ) (7.5)
J=Aqn
then the total mass of v, is bounded from below by 3"
The construction gives
Un < .

Therefore, v, is a portion of u, which is decomposed into the convex combination of absolutely

continuous measures on finite time unstable disks, which are pairwise disjoints for each j, with

controlled densities. No comparable control is required for the complementary part p, — vy,.
Up to considering a subsequence, we have that

P —> [ and Vp — U
in the weak™ topology. The measure p is invariant, and

0#v <.

The measure v does not have to be invariant, but it has positive mass and the SRB property
(its disintegration along unstable disks is absolutely continuous), and it is part of an invariant
measure. So p has a portion with the SRB property and, in particular, there are SRB measures.
The fact that ¢, — oo is used to show that these SRB measures are hyperbolic, they have a
contracting transverse directions.

Climenhaga-Dolgopyat-Pesin formulate their argument using measurable invariant cone fam-
ilies. However, the cone families are only used to invoke the effective Hadamard-Perron Theorem
from [23] and obtain uniformly controlled admissible disks at effective hyperbolic times. Since
the analogous Hadamard-Perron result for invariant splittings is established in [23](Theorems
A and D), the same proof applies to the splittings F,, ® F,, considered above and gives Theo-
rem 7.2. The goal of the rest of the section is to prove Theorem 7.1 by verifying the conditions
of Theorem 7.2.

7.2 Verifying effective hyperbolicity

For the rest of this section, let f € PF2 (M) verify the expanding on average property
and Gap(f) > 0. Let G be the set obtained in Lemma 5.11. Let D be any dim(E"™) + 1
smooth disk such that there exists a set D' C (D N G) with positive mp-measure, such that
forz e D', T,DN (E*® E~°) (z) = {0}. Such disks always exists, as we could fix a Lusin set

53



where x — E~°(z) is continous, and then using a Fubini argument with a smooth family of
dim(E™) 4+ 1-dimensional disks, we can build such disks in a neighborhood of a point density
point p of this Lusin set.

For z € DN G, write F'(xz) = T,,D, and for each | € N, write F/(x) = D, f'F’(z). We are
interested in understanding the expanding behavior of F’(x). For points in D’, we know that any
vector v € F'(z) — (E* ® E°)(x) converges to the direction E“, they will see uniform expansion
after a few iterates. So, to understand the expanding behavior of the derivative acting on F'(x)
we actually need to understand the behavior of F(z) = F'(x)NE°(z), which is a one dimensional
space in E¢(z). For any n, N € N and x € D NG, define p% (f"V(z)) and 3 (f*V(z)) defined
by

i (SN (2)) = logm (D pus (1) fN |y ) and i (f™ ()
= — IOg HDfTLN(I)fN|(ES@E70)(J“'ILN(I)) ||

Observe that

— 10g ||Dfﬂ,N(a:)fN|(ES@E—C)(]CW,N(:E)) || = — 10g ||Df"N(x)fN|E_‘"(f"N(x)) H
Define ~
An(z) == max{0, —p} (z) — o (2)}.
Define also
n—1
e L . u A JN
Snv(@) =dneN: > (ph = An) (N (2)) = AMn — k), forall 0< k<n ¢,
j=k

and for each g € N, define

n—1
Aiyqu(ac) =qneN: Z o (AN (x)) > Mn—k), forall 0 < k < ¢

j=n—k
Our goal is the prove the following proposition.

Proposition 7.3. Let f € Q%ﬁCB(M) have the expanding on average property and Gap(f) > 0.
There exist constants 0g > 0, A > 0 and N € N, such that for any x € D' and any q € N large
enough

3 (P5n (@) T n (@) > 0.
In preparation to prove Proposition 7.3, we will need the following version of Pliss Lemma.

Lemma 7.4. Given L > as > a1 >0, let k = QLQ%;; Then, given any real numbers ai, -+ ,aqQ
such that

M
Zaj > @ and a; < L for every 1 < j < Q,
j=1

there are l > kQ and 1 <nj < --- <n; < Q so that

ng
Z aj > ay(n; —n) for every 0 <n <n; andi=1,--- 1
j=n+1
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Let us proceed to the proof of Proposition 7.3.
Proof of Proposition 7.3. Fix 0 < x < min{Cp,, Gap(f)} and fix

X

1
0<p< ———2
7= 10 4(x +6log H)

where H is given by (6.1). Fix N € N large enough so that for any u-Gibbs measure p, u(Kx) >
1—p, for ¥ = — 4, where

~

K = {(y. [o]) € M | Dy V5] = VY,
and .
Ky = {(y,[v]) € M : | Dy Vgl < e}
This is possible because of the continuity of Lyapunov exponents among u-Gibbs measures as

we saw in Section 6. It is easy to see that these sets are compact. Let Ut be small open
neighborhoods of K7 with the property that for any (y, [v]) € U, we have

1Dy £V |l > =N,

Define in an analogous way U~ an open neighborhood of IA(R, For each n € N consider the
sequence of projective measures given by

n—1 n—1
1 . 1
v (@) = =D O pn (o payyy A0 Y (0) =~ O n (g (e
=0 =0

Since in D’, F(x) is not tangent to E~¢, by Lemma 5.11, for any = € D', any accumula-
tion measure of v, (z) is a projective u-Gibbs, in particular, supported on unstable directions.
Moreover, we know that any accumulation measure of v, () is supported on stable directions.
Therefore, for n large, we have that

v,

n

(x)(U*) > 1—p, for x = s,u.

Let us first work with v, (2). Take L = 1, a; = Ly+(fV (2, [F(z)])), a2 = 1 — p and
a; =1— g, for § =10p. Observe that

_az—alzﬁ—p:

1P _9
L—o &} 510

By Lemma 7.4, we obtain times 1 < nf << n?‘ <n, with [ > xn such that

n;—1
1 L A
— > L (PN, [F(2)) > 1- 8.
n, —k 4
i j=k
Write I,7 () := {n{,---,n/}. Similarly, by Lemma 7.4 applied to v, (z), we find Pliss times
1 <ny <---<n; <nsuch that I’ > kn and
1 ni—l .
- Ly (fN (2, E=%(z))) > 1 - 8.
n;, —k “
7 j=k
Write I, (z) := {ny,--- ,n; }. Define I,,(z) := I,;} (x) N I, (x). Observe that
2p 8
L>(1-22)n="0
= ( 8 ) BT
Take 8 = 10p.
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Claim 7.5. Each n; € I,(x) belongs to f%NN(x)
Proof. Fix 0 < k < n; and write
G, (k) :={j € [k,n; — 1] : f/N(2, F(z)) e Ut and f'N(z, E~%(z)) € U™ }.
By the definition of the Pliss times we are considering, we have that
4G, (K) = (1 28)(n; — k).

Observe that for any j € Gy, (k), we have that An(f7N(z)) = 0. For any other j, we have
An(fiN(x)) < 2N log H. Therefore,

n;—1
S An(fiN@) = ( ) AN<fJ‘N<x>)>+( ) ANUJ‘N(x)))
=k GEG, (k) j€lkni—1]—Gn, (k)

< 4B(n; — k)N log H.

We have
n;—1 N . n;—1 . n;—1 N .
Dok = ANV (@) = D eR(FN@) = Y An(fN (@)
j=k =k =k
> Yo ek @) | + > e (1 ()
JEGn, (k) j€lk,ni—1]=Gn, (k)
—48(n; — k)N log H
> #G,, (k)Ng —(ny —k —#Gy,(k))Nlog H —46(n; — k)N log H
> ((1 725% —6510gH) N(n; — k)

By our choice of 3, we have that
X X
((1 26)—2 —6ﬁlogH) > e

We conclude that for any 0 < k < n;

’n,i*l

> (% = Am) (PN (@) = TN (i — k). u
j=k

Fix ¢ € N and consider 9,,(x) = I, (x) N (¢ + 1,n]. Observe that,

# (I, (x)n[0,q]) < q.

Therefore,
In,
n 15} n
In particular, for each ¢ € N, if n is large enough so that 1 < %, we obtain
#0u(w) 8
n — 10
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Claim 7.6. Each n; € 9,(x) belongs to I“‘%N,%N(gc).
Proof. The proof is similar to the computations that appeared in the proof of Claim 7.5. |

In particular, for each ¢ € N and for each n large enough, we have that

e 6
#( %N,N( )QFXN,q,N( )) > o™
Hence,

Ae AS 6
é( Y (@) N F%N,q,N(x)) 2 10
|

Proof of Theorem 7.1. Let D be a dim(E") + 1 smooth disk as before, such that there is a set
D’ C (DNG), where G is the set obtained in Lemma 5.11, with the property that for any « € D/,
T.DN(E°® E~°)(z) ={0}.

Let 89,A > 0 and N € N be given by Proposition 7.3. Let g = fV and consider the sets
IS (z, (B° @ E7%)(2), F(2)) and I'{; | (2, (E* ® E£7¢)(x)) defined using g instead of f. Notice
that

TS v (@) C TS (@, (B° ® B)(2), F(x)) and T , v (2) C T{y 5 (@, (B° @ B~°)(x)).

Proposition 7.3 implies that for any = € D',
5 (TS, (B & B)(2), F(2)) (T g, (B & E) (@) > o,
for all g sufficiently large. Therefore,

Jim 8 (D@, (B @ E7)(@), F(@)) NI (@ (B° @ B7)(2))) 2 do.

Recall the definition of a Pesin block given in Definition 6.2. For each 6 > 0, by Proposition 6.3
there is a Pesin block A¢ . with the property that u(Ac y,.) > 1—9 for every u-Gibbs measure
p. Take @ > 0 small such that for any € Ac, ., the angle between E~¢(z) and ET¢(x) is
greater than 26.

Consider AZ . = {(z,E*(2)) : © € Ac,y,e} for * = — +. The sets Af, | _ are compact
and disjoint. Take small neighborhood U* of AZ  _ with the property that if (z,v*) € U* for
* = — + then the angle between v~ and vt is at least 6.

Consider v, (z) := 1 ZJ 0 041 (o, [E—<(2))) and 1} (x) := £ Zj 0 03 (2,[F(z)))- By Lemma 5.11,
we have that for n large

1 76

Vi (2)(U) > 1 — 26,

n

Therefore, 3 3
0 ({n eN:0(g"(z), E=(g" (x)), Fun(x)) < 9}) < 4.
This shows that

lim & ({n € N: 0(g" (2), B~ (¢" (2)), Fan(2) < 0}) = 0.

By Theorem 7.2, g has an SRB measure. Observe that if p is an SRB measure for g, then
| N1
¥ 2 fin
§=0
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is an SRB measure for f.

We are left to show that the union of the basins of the SRB measures covers a set of full
volume.

Suppose not. Then, there exists a set B having positive volume, such that B does not intersect
any of the basins of SRB measures. Up to removing a set of zero volume, we may assume that
every point in @ is contained in G. In the same way as above, we can fix a disk D having
dimension dim(E") + 1, a set B’ C B N D, where for every z € B’, the direction E~¢(z) is not
contained in T, D, and the mp-measure of B’ is positive.

Recall the outline of the construction of SRB measures given in Subsection 7.1. For some
fixed constants J = (C, ), we can define the set Sy ,(B’) in the same way as Sy, n, but
restricting to points in B’. Following the exact same steps, we obtain constants 5", 5" > 0, a set
A, C Sy 4n such that

1. For x € Ay, let W7 be as in (7.3). Then,

mp (W N Sy.qn(B') = B'mp(Wy). (7.6)

2. For z,y € A, with x #y, WrNnWY = 0.
3. Set Wy gn = leeAn WZ. Then

mD<W_])q’n) > BN > 0.

In what follows, up to replacing f by f%, we will write the argument for f. For a slowly increasing
sequence ¢, — +00 one sets

1 n—1 )
Vn = n Z fi (mD|WJxQ7ij) )
J=an

and the total mass of v, is greater than $8” > 0. For p, = %Z?;Ol fimp, we have that
0 # v, < up- Recall that, up to considering a subsequence, we had that

n — i and v, — v,
and the measure v has the following properties:
o v(M) > 35"

e Proposition 4.4 from [21] gives that v can be written as a convex combination of measures
pPadmp,, where D, is a genuine unstable disk of uniform size and p,, is a density uniformly
bounded away from 0 and oo.

e v is part of an invariant measure.

In particular, there are ergodic components of p with the SRB property.
Since Sy q,.; C B', by (7.6) and (7.4), for j > N(gn) and « € A;, we have that

fimp (DF N8 p
flmp(Dy)  — L

(7.7)

By Proposition 6.3 and since v(M) > %ﬂ”, we can fix € > 0 sufficiently small and find a Pesin
block, which we will denote it by A such that the following holds: for a set of points R having
positive v-measure, for x € R we have:
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e there exists an SRB measure u, for which x is a typical point;
e there exists an unstable disk D(x) of uniform size containing = such that mp,)(A) > 1—¢;
e there exist sequences (ny),, with ny — 400, (21),, where x, € A, such that
Dyy — D(x),
where the convergence happens in the C!-topology.

Consider the set
A= U W),

yeAND(x)

where W _(y) is the local Pesin stable manifold of y, which has uniform size and it forms an

absolutely continuous lamination for points in a fixed Pesin block. By (7.7), and using the
C'-convergence of D¥* to D(x), we have that for k large enough
Temp (DEENAS) 1 —2¢

N

>
<*mp(Dny) L

In particular, for € small enough, and for k£ large, we obtain that
Smp (f"(B") NAL) > 0,

but this implies that, up to removing a set of zero measure, the set f™(®’) N A2 belongs to the
basin of i, which is a contradiction with our definition of B’. So, B must have zero volume. W

8 Exponential mixing of the SRB measures

In this section we show the exponential mixing of the SRB measures. The main tool we will use
is the recent work of Buzzi-Crovisier-Sarig [16] about the strong positive recurrence introduced
to study measures of maximal entropy.

8.1 Strong positive recurrence

In this subsection we will introduce the material needed from [16]. We will focus the statements
for the geometric potential, which is the one we will be considering in this paper.

Let f be a C! diffeomorphism of a closed manifold and fix ¥ > 0. An ergodic invariant
measure p is x-hyperbolic if the absolute value of all of its Lyapunov exponents are greater than
X-

Given constants C, x,e > 0, recall that in Definition 6.2 we defined a (C, x, €)-Pesin block.
In a (C, x, ¢)-Pesin block A, the Oseledets bundles E~(z) and ET(x) depend continuously with
the choice of x € A. The recurrent non-uniformly hyperbolic set is defined by

NUH'(f) := U m U U {z : z is a limit of periodic points in A}.

x>0e>0C>1 (C,x,e)—Pesin block A

Definition 8.1. Given two points z,y € NUH'(f), we say that they are homoclinically related if
the Pesin stable manifold of = has a transverse intersection with the Pesin unstable manifold of
y, and the Pesin unstable manifold of x has a transverse homoclinic intersection with the Pesin
stable manifold of y. In this case, we write z ~j, y.
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This relation gives an equivalence relation in NUH'(f) (see Proposition 2.6 in [16]). The
equivalence classes of ~; in NUH'(f) are called the Borel homoclinic classes. The period of a
Borel homoclinic class X is the greatest common divisor of all the periods of periodic points in
the class.

Let X be an invariant Borel set and ¢ : X — R U {—oo} be a Borel function such that
sup¢ < 4oo. Given an invariant measure carried by X, we define P(u,¢) = h(p) + [ ¢pdp.
Define the TOP pressure of f restricted to X by

Prop(f|x,®) := sup{P(u, d) : p is an invariant measure supported on X }.

Definition 8.2 (Strong Positive Recurrence, Definition 1.12 in [16]). A diffeomorphism f is
SPR. for ¢ on an invariant Borel set X if there exists x > 0 such that for each £ > 0, there are
C > 1, a (C,x,¢e)-Pesin block A and numbers Py < Prop(f|x,¢) and 7 > 0 such that: for every
ergodic measure v on X, if P(v,¢) > Py then v(A) > 7. We say that f is SPR for ¢ if X can be
taken to be the entire manifold.

An invariant measure v that verifies P(v,¢) = Prop(f|x,¢) is called an equilibrium state.
In what follows, ¢ is either a Holder continuous function or the geometric potential, which is
defined as

P(x) = —log | det Dy f| g+ (x|

if the full Oseledets unstable direction exists, or —oo if the direction doesn’t exist. Buzzi-
Crovisier-Sarig showed that this condition is translated to the SPR condition for countable
Markov shifts. Using the results that were already known for thermodynamical formalism of
countable Markov shifts, they obtain a spectral gap property which implies several good statistical
properties.

Theorem 8.3 (Theorem G in [16]). Let f be a C***-diffeomorphism on a compact manifold.
Let X be a Borel homoclinic class with period q and let ¢ be either a Hélder continuous function

or the geometric potential on X .Suppose that f is SPR for ¢ on X. Then the following properties
hold:

1. Existence and Uniqueness: There exists a unique equilibrium state measure j1g on X.

2. Exponential mixzing and other properties: ug is isomorphic to the product of a
Bernoulli scheme with a cyclic permutation of q points. That is, there are probability

measures [, - , [tqg such that
1
He = — Z i,
Ert

such that fip; = pi41 with the convention that q+1 = 1. The following exponential mizing
property holds: for every B > 0, there are § € (0,1) and K > 1 such that for all 5-Hélder
continuous functions n,v¢ : M — R, for any i € {1,--- ,q},

‘/n-(z/wf"q)dui */ndm/zbdui

In(z) —n(y)|
d(z,y)?

The measure 14 also verifies other quantitative statistical properties, such as large devia-
tions, almost sure invariance principle, among others (see Theorem 11.13 in [10]).

< Kllnllgllells0™, forn =0,

where

Inlls := sup I +sup{ : aye Mo+ y}
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In what follows, we will work with the geometric potential and denote it by ¢. By Ruelle’s
inequality, h(n) < — [ ¢du, where the right hand side coincides with the sum of the positive
Lyapunov exponents. Define the pressure of pu by

P(w) = hip) + [ 6

Observe that P(u) < 0. Moreover, after the work of Ledrappier, Ledrappier Young [34, 36],
P(p) = 0 if and only if the measure p is SRB. To prove that the SRB measures are exponentially
mixing, up to a period, for expanding on average systems, we will show that they are SPR on
each Borel homoclinic class supporting an SRB measure.

8.2 Unstable entropy and projective measures

Let f be a partially hyperbolic C!-diffeomorphism, and let 1% be its unstable foliation. For any
invariant probability measure u, we say that a partition ¢ is u-measurable if there exists a family
of measurable sets {Q;}ien and a measurable set R C M of full y-measure, such that if A € £
is an atom of the partition, then there exists a sequence (A;);, where A; € {Q;, Q5} such that
ANR =), 4 NR. We remark that if £ is a measurable partition, then for g—almost every x
the atom of ¢ containing = (henceforth, denoted as £(x)) is a measurable set. If £, £’ are two (not
necessarily measurable) partitions, we say that £ > £’ (£ is finer than ¢’) if for u— almost every

point z, £(z) C &' (x).

Definition 8.4. We say that a y-measurable partition ¢ is u-subordinated if for u—almost every
x the following conditions hold:

e there is 79 > 0 such that £(z) is contained in the ball centered at x of radius ry inside
W (@);

e {(z) contains an open neighborhood of x inside W*(x);
e ¢ is increasing, meaning that &€ > f& = {f(&(f~'2))}.

The classical construction of Sinai [53] shows that p-measurable u-subordinated partitions
exist.
The unstable entropy of f with respect to p is defined by

hyp(f) = Hu(f71€l8), (8.1)

where ¢ is any u-subordinated p-measurable partition, and H,,(f ~1£|¢) is the conditional entropy
of f~1¢ with respect to &, which is given by

H,(fele) = / Clog g (1 (@) dula).

This value is independent of the choice of u-subordinated partition.

Suppose that f € PH 1210B(M ), and recall the notation from Section 4. Given a py-measurable
partition £, we can use the natural projection 7 : M- M , to define a partition é on M. Given
a point p, we define f(ﬁ) by

(Flie)  (E€GG)). (32)

Observe that by construction, the partition f is finer than the projetive unstable foliation W,
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Lemma 8.5. Let p be an invariant measure and § a p-measurable u-subordinated partition. Let
€ be the partition of M induced by & defined above. Suppose that i is any f-invariant measure
that projects to . Then, £ is fi-measurable.

Proof. Fix a measurable section £ 5 P — zp € P and for (g, [v]) € M define

O (¢, [w]) = (e(q): Pz yy.a([V])-

The function © is measurable and, observe that, the level sets of © are exactly the atoms of the
partition £. This shows that £ forms a measurable partition. |

Given an f—invariant measure [ that projects to u, we can define in a similar way the unstable
entropy of f with respect to i by

hi(f) = Ha(f'€l€).
We will need the following version of the invariance principle

Theorem 8.6. Let p and i be as above. Then,

hi(f) < hy(f)-

Moreover, equality holds if and only if for [i-almost every p, and some ( a fortriori, any)

p—measurable partition &, it holds %*ﬂg = uf}(ﬁ).

When p is a u-Gibbs measure, this result says that ji is a projective u-Gibbs measure if and
only if the unstable entropy of i coincides with the unstable entropy of p. The proof of this
result is essentially contained in Tahzibi-Yang’s paper [55]. For completeness, we will explain
the proof. Before we proceed to the proof, we will be working with the following partitions and
measures:

o fePH2pg(M) and p is an f-invariant measure.

e ¢ a u-subordinated p-measurable partition that we fixed for f. Elements of ¢ will be
denoted by P or P, = £(x), for p-almost every z. Conditional measures will be denoted
by ,ufD or uf, meaning, u%z. We write pg the quotient measure of p on M/€.

o é the partition defined above, whose elements are contained in projective unstable man-

~

ifolds. Elements of ¢ will be denoted by P or ]3(%[1)]) = é(x,[v]), for fi-almost every
& = (=, [v]). Conditional measures are denoted by ﬂ% or ﬂfw )" We write fig the quo-
tient measure of ji on M JE.

e The partition fc“ :=7"1¢ on A]/W\ , whose elements are saturated by fibers. Elements of this
partition will be denoted by P¢* or Pg* = #~1(P). Conditional measures are denoted by

feu E

fis,, OF u(:[v]). The quotient measure is denoted by fig)' on M /é .

e We will also work with the partitions —lg, f ’15 and f *15‘:“. We will denote the elements
of these partitions by P~1, P~! and P!, respectively.

Lemma 8.7. With the notation above, for fi-almost every (x, [v]), ﬁ*ﬂgu[v]) =S,
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Proof. Observe that M / écu can be naturally identified with M /€. We have that
= [ dio(P) and = [ duo(P)
M/¢ Mg

Given a measurable set B C M/&, we have that

o r () o[ (Y)) e

Therefore, fig = p1g. Thus,

Feu

| ibdno(P)=n=rp=7 [ i dioP) = [ Fi du(P),
M/¢ M/¢ 3

and, by the essential uniqueness of the disintegration of a measure, we have that

Mi = %*ﬂ@;,'[v]) (8.3)
for ji-almost every (z, [v]). |

Proof of Theorem 8.6. For pg-almost every P, fix a point xp € P. Write pr the partition E
restricted to Pg*. Observe that Dp := 7! (xp) can be naturally identified with Pg*/¢p. Write
[Lg the quotient measure of 4% on P§*/&p. So,

i = [ afanbo. (3.4)
Dp

where 45 is the conditional measure on p(z,t).
Since £ is an increasing u-subordinated partition, for each P as above, there a subset of the
naturals Ip, which is at most countable, and sets P, ", where ¢ € Ip, such that

p=|]| P

i€lp

This gives a partition of 181%“ by
B || oo
i 9

icl,

where P* "' = #=1(P1). This follows from the fact that f~¢ is u-subordinated and refines
&, so every element of the partition contains an open ball inside a strong unstable manifold. In

particular, an element of ¢ contains at most countably many elements of f~'¢. Therefore, by
Lemma 8.7 and by (8.4)

[ -1osusr ) /WZ (P 1og (W5 (P7)) dug(P)

i€lp
(P 10g (45 (BT dug(P)

h(f)

Il Il
B
|
=>
hum

Il
=
~
oy
=
~
v
|
N\
S~
v
=
oy
-3
Q
£

k) )tos | 4 ) dua(P),
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Consider 9 (t) = —tlogt, for t > 0. Observe that 9 is a concave function. By Jensen inequality,

/M/EZGI (/Dp ﬂg(ﬁicu’_l)dﬂg(to log (/DP s (P ) by )) dpQ(P)

/M/&lel (/Dp fA(Pcm_l)d“Q(t)) dpq(P)
= /M/6 > /D (P *1)) dab (1) dug(P) =

i€lp
- > (P >1og( S )) djify (1) dpi(P)
M/¢JDp [cT,,

= [ [ o (68 (776 0D) ) 40 (o o) dna(P)
M/¢J Ppt
= | =108 (i, (76 H)))d( ) =h

This concludes the proof of hj ( f) < hii(f). Moreover, equality occurs if and only if for pq-almost

=e
—
\)
~—

every P, ﬂg—almost every t and any ¢ € Ip,
~€ Deu,—1 -1
Az (B = pp (P,

This is translated to the measures 7, ufx,[v]) = pé on the subalgebra generated by f~'¢. Since
hZ(f") = nh:j(f) = nhy(f) = hi(f"), by repeating the same argument, we obtain that
fr*pfx,[v]) = 1§ on the subalgebra generated by {f~"¢},en. Observe that the size of each atom of
the partition f~"¢ is going to zero as n increases, and that f~"¢ refines {. Therefore, \/, f~"¢
generates the Borel g-algebra on each atom of £. Thus, 7, ﬂfm,[v]) = ps. |

8.3 Semicontinuity of unstable projective entropy

It will be important for us to obtain some type of semi continuity of the unstable entropy of
projective measures. This is an adaptation of the main theorem of [57].

Theorem 8.8. Suppose that fi,, is a sequence of f—im;ariant measures converging to [i in the
weak*-topology. Then,
lim sup h*(fin) < h* ().
n—-+oo
The proof follows [57] almost verbatim. Let us give a sketch of the proof explaining the small
changes needed.

Proof. Let us first explain the setting in [57]. Let f be a partially hyperbolic C*-diffeomorphism,
let u,, be a sequence of f-invariant measures converging to . Then the main result in [57] proves
that

limsup A" (un) < h*(u).

n—-+oo
Let {(B;,®;,D;)}¥_; be a finite sequence of foliated charts for the strong unstable foliation,
where (B;, ;) is a chart and D; is a choice of transversal to the foliation in the chart, such that
the union of B; cover M.
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Step 1: Building the partitions A"" and ™. One constructs a finite partition A
of M whose elements are contained in the foliated charts B; and with certain decay of measure
property of neighborhoods of the boundary of the partition (see the beginning of Section 3 from
[57]). Once this partition A is fixed, one defines A" (which is denoted by A7 or A7 in [57))
to be the partition whose elements are the intersection of an element of A with the local plaque
of W* of the corresponding foliation box B;. For each m € N one defined A™ = \/7_, f —I(A).

Step 2: Building some new partitions. For each i, let C;; < ;2 < --- be a sequence
of finite partitions of D; with the following properties:

e diam(C;;) — 0 as t — +o0;

e for any i, > 0, and any element C of C; 4,

u( U ﬂ””(a:)) =0. (8.5)

xeoC
The partitions C;; induces a new partition

Civ={ U AW () : Cis an element of C; ,}.
zeC

For m € N and an element P of A™, observe that there is 4 such that P is contained in B;, the
partition C’l ¢+ induces a partition on P given by P, = {P N C : C is an element of C; +}. One
then defines

[ ={P,: P is an element of A™.}.

These are built in Section 4.2.1 in [57].
Step 3: Proving the semicontinuity. Given ¢ > 0, Proposition 4.1 in [57] gives that for
myg large

1 e ) u u €
— H =T 7" a"" ) - 2 < h*(u). 8.6
T ]\:/Of | 3 < (1) (8.6)

The partition A" is not u-subordinated (the main problem is the increasing property), however,
this first inequality states that unstable entropy can be approximated by the finite time refinement
VENEF L

Proposition 4.5 in [57] then gives that for ¢, large

H, (A7) - \/f iavt|avt | . (8.7)

7=0

<<
37

One can think of elements of A" as a “thickening” of elements of \/;@O f7AW" | this is good
for approximating it by measures nearby. Indeed, the property about zero measure from (8.5)
implies that for any P in A" we have u(0P) = 0, among some other properties. In particular,

lim_p,(P) = p(P).

n—-+o0o
Therefore,
lim H,, (A4 = H, (A" A7)

n—4oo
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For n sufficiently large,

H,, (A7 A7) < H, (A°|A)). (8.8)

_c
3 S
Combining (8.6), (8.7) and (8.8), we obtain that

Hn (ﬂt00|ﬂtog> —€ S h‘ (/.L)
mo

Corollary 4.6 in [57] gives that for any m and ¢,
1 m 0 u
—H,, (ﬂt |ﬂt) = h"(pn).
m

Hence,

R (pn) — € < B* ().

The proof of Theorem 8.8 The only difference of the proof in our setting is that we use
the foliated boxes built in Subsection 4.1 for /% instead of the foliated boxes in B;. The proof
then follows verbatim the scheme above. |

8.4 Proof of the strong positive recurrence property

In this subsection, we show that if f has the expanding on average property and Gap(f) > 0,
then f is SPR for every Borel homoclinic class supporting an SRB measure. We will prove the
following theorem.

Theorem 8.9. Let [ € @%ﬁCB(M) have the expanding on average property, and satisfying
Gap(f) > 0. Let u be an ergodic SRB measure for f, and let X be the Borel homoclinic class
carrying . Then f is SPR on X.

Recall that to show that f is SPR on X, we need to show the existence of a Pesin block such
that any measure with large enough pressure gives uniform mass to this Pesin block. To prove
this, we will need the following proposition.

Proposition 8.10. Let f € 9’5’/303 (M) have the expanding on average property, and satisfying
Gap(f) > 0. Let X be a Borel homoclinic class. Suppose that p, is a sequence of ergodic
measures carried by X such that P(u,) converges to 0. Take any limit measure p of the sequence
tn- Then,

1. p is a u-Gibbs measure,

2. Mm AT(un) = AT(p) and lim AT(pn) = A7(n).

n——+oo

Proof of Proposition 8.10. Recall that ¢ is the geometric potential. Let v be an invariant measure
such that v-almost every points has one positive and one negative center Lyapunov exponent.
Define the strong unstable geometric potential by

¢“(x) := —log|det Dy fl g,

and for an invariant measure v, define the unstable pressure of v by

PY(v) :=h*(v) + /qb“(ac) dv(z).
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For v-almost every x, there is e(z) € {1,--- ,dim E*} and Lyapunov exponents A} (x) > \y(z) >
g (@) > 0 associated to the directions subordinated to E*, and let Ej(x) denote the

corresponding Oseledets bundle., for ¢ € {1,--- ,e(x)}. As a consequence of the Ledrappier-
Young entropy formula [37],

e(x)
— [ Y@@ e
ho(f) = hU(f) + / @A) du(a)

where 0 < ¥(z) < dim E¥(z),0 < 47¢(z) < 1. Ruelle’s inequality implies that
e(x)
/ Z (dim E¥(x)) \(a)dv(z) + / M (z)dv(z).
Moreover, Oseledets Theorem also gives that
e(x)

/¢“ Ydv(z /Z (dim E*(x)) \%(x) dv(z).

and
e(x)

e / D dim B (0) () ) - [ @ av).

Therefore,
e(x)
PU(v) = h¥(f /¢u Ydv(z /Z (v (z) — dim E¥(z))A¢ <0,
since v}(x) < dim E}*(z) for v-almost every x. Thus,
e(x)

P(v /Z dim B (2)) A (z) dv(z) — /)\+C(x) dv(z)
=)+ [N @) + [0t dvte) - [N dvla)
=hi(f) /gf)“ dv(x / (vF(x) = 1) AT(z)dv(z)
< PY(v) <

where we used that y7¢(z) — 1 < 0. We showed that
0> P*(v) > P(v). (8.9)

Suppose that pu, is a sequence of measures such that P(u,) converges to 0 and, up to a
subsequence, suppose that they converge to a measure u. Since

lim Ay ( )—&—/gbudun:(},

n——+oo
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we have that
limsup hy; (f) = limsup — /(;S" ) dpiy, (z

n——+oo n——+o0o

By the semi-continuity of unstable entropy [57],

limsup b (f) < h(f).

n——+0oo

Therefore,

timsup— [ 6" (z) d () = limsup by, () < () <~ [ 6%(2) due)

n—-+oo n—-+oo

Since the function ¢* is continuous and pu,, converges to p in the weak*-topology, we conclude

that
— [ ") duta)

and by Proposition 5.2 in [57], i is an u-Gibbs measure.
For an invariant measure v, given a projective lift 2, we define its unstable pressure as

PU() = hy(f j/¢" ) dv(z

As explained in Subsection 4.2, and since the measures tn and p are hyperbolic, each has
exactly two ergodic lifts to M (denoted ot i and it i, respectively).

Claim 8.11. P“(ii}) = P“(uy).

Proof. Fix n € N and let ¢ be an u-subordinated pu,-measurable partition and let E and fAC“be the
partitions given in Subsection 8.2. Since E1¢ is invariant by unstable holonomies Lemma 4.12,

cu

for pn-almost every point, we have that the measure ﬁ;fp [v]) is supported on a single piece of

projective unstable manifold, and, therefore, it coincides with mfp o) for ;T -almost every
(p, [v]). Therefore,

cu

—~Z ¢
qum—“%@m Fap-

o~

By Theorem 8.6, hii- (f) = hy; (f). Hence,

PU) = e () [ 60 dun = B2, ()4 [ 6% dp = ). m

Take any limit measure /i of the sequence ji,f. We will show that 4 = ™.
By Theorem 8.8, we have that

0> h"*(p /(b“ dp > limsup R (i) + /limsup¢“ dp,, = limsup P*(fi,}) = 0.

n—-+00 n—-+oo n—-+00
Hence,
P*(fr) = 0.
Which implies that h“ =—[o"dpu= hii(f), since p is a u-Gibbs measure. By Theorem 8.6,

we have that i is a prOJectlve u-Gibbs measure. Since f is expanding on average and Gap(f) > 0,
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by Theorem E, we have that the only projective u-Gibbs measure that projects to u is given by
4", We conclude that lim,, ,;f = at.
Since the top center exponent is given by the integral of the function ¢ (p, E) = log || D, f|&||,

which is continuous in M, we obtain that

n——+00

tin A(n) = i [0agf = [vdit =3,

Which gives the continuity of the top exponent. Since for an invariant measure v we have
ATe(v) + A7¢(v) = [log|det D f|ge|dv, which is continuous with respect to v, we conclude that

Hm A™(pn) = A7(n).
This finishes the proof of Proposition 8.10. |

Proof of Theorem 8.9. Let u be an SRB measure carried by X, the corresponding Borel homo-
clinic class. Since p is an SRB measure, we have that P(u) = 0. Fix x > 0 small such that
4x € (0,min{Cr,, Gap(f)}, and fix € > 0 small. Suppose that SPR fails for (x,e), then, there
exist a sequence of ergodic measures (i, carried by X such that P(p,) — 0 and g, (Ap y.e) = 0.
Up to a subsequence, we may assume that u, converges to a measure p’ carried by X. Propo-
sition 8.10 implies that u’ is u-Gibbs and A\*¢(u,) — A*¢(y/). Applying Proposition 6.4 to
K = {pyn} U {1/}, implies that there exists a constant C such that 1, (Ac,yc) > 3 for all n,
which is a contradiction. |

Proof of Theorem C. Suppose that f € PH ﬁCB(M ) is expanding on average and satisfies Gap(f)
0. Let i be an ergodic SRB measure. Let X be its Borel homoclinic class carrying p. By Theo-
rem 8.9, f is SPR on X. Theorem C follows from Theorem 8.3. |

9 Examples of expanding on average partially hyperbolic
systems

In this section, we will present several examples of partially hyperbolic diffeomorphisms with the
expanding on average property, and we will make some remarks about their abundance. Recall
the discussion on the finitary versions of the expanding on average properties (see Definition 4.19
and the text after).

9.1 Skew products with fiber maps small perturbations of the identity
and conservative Hénon-type maps.

Our first examples are skew products over hyperbolic maps such that the maps on the center
fibers are arbitrarily close to the rotation by —7%, which makes the fourth iterates arbitrarily
close to the identity. In the same time, the center fiber maps of our examples are conservative
Hénon-like maps.

In order to simplify the computations, we will consider the case when the base map is a linear
multiplication by the natural number A > 4 on the circle. Equivalently, one can take the base

map the solenoid induced by the multiplication by A on the circle: Uy : T5 — T3,
Ux(u,v,t) = (g1 cost + nau, ny sint + nav, At).
where T3 = D x S! is the solid torus. For 0 < 12 << m sufficiently small, its maximal invariant

set Ay is a hyperbolic attractor, and Uy|Ay factors over the multiplication by A on T*.
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For parameters € > 0,t € (0, 27) we consider the conservative Hénon-like map g ; : T2 — T2,

ge,t(‘ray) = (y + esin(x + t)a —JJ).

We define the skew-product f. : T2 — T2 over the multiplication by A on T':

fer(z,y,t) = (ges(x,y), At) = (y + esin(z + t), —x, At). (9.1)

Observe that f. » lifts to an invertible skew product F, y on T3 x T?, and for X large enough
we have the partially hyperbolic attractor Ay x T2. By a mild abuse of language, we will say
that fe verifies the expansion on average property, provided that its lift Fi x does (of course
restricted to its partially hyperbolic attractor).

We have the following result.

Proposition 9.1. There exists €9 > 0 that satisfies the following: for any 0 < € < €q, there
exists a A € N such that for any X > A, the map fc x satisfies is expanding on average.

Remark 9.2. Note that f4 » is a perturbation of fé1 , which acts by identity on the center fibers.
If fe » has the expanding on average property, the same holds for f4

The existence of non-uniformly perturbations of partially hyperbohc systems acting as the
identity in the center were studied by K. Marin in [40]. The present method is different from
hers, and permits to obtain stronger statistical consequences.

Proof. Let us use some notations. For 6 € R, let ¢(f) = cos 8, s(f) = sinf. Define the quantities

(y, A t) =y+ At
B(z,t) =z +1
A= A(m,y,)\,e,t) =C+esinB=C +es(B).
Consider a direction v, = (1,a). We are interested in the action of the derivative of f, x on

v, (since the center direction corresponds to the first two coordinates, we will make an abuse of
notation and consider that D f, x acts on v,).

ec(B) 1 a+ ec(B Ue g
D(m,y)ge,t = |: _(1) 0:| = D(x,y,t)fe,)\Ua = |: _1< ):| = |:_’1:|
thus

pesnttne= [ ] (] = [T [T

)

Lemma 9.3. There exists K > 0, ¢g > 0 so that for every 0 < € < g, for all (x,y) € T2, a € R
and all A € N, A > 4, we have

9

27 D - Va
E(x7y7€’ /\7a) — 1ngdt > KL
0 [[vall

Proof. We remark first that
E(xvyaov)‘va) = 07 V$7y7>\761~

We start writing

Nea = ||Dizy0) f2 )\vaH (1= ec(A)uea)® +u? , = [1 —ec(A)(a+ ec(B))]* + (a + ec(B))?
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=14 a® 4 2ae(c(B) — c¢(A)) + €2(c(B)? + a*c(A)? — 2¢(B)c(A))+
+ 2a€®¢(B)c(A)? + etc(B)%c(A)?

Note that we can expand

c(A) = cos(C +es(B)) CKU—wﬂ%dC%—;dBVdC%+gdBPdC%+O&ﬂ
(A)? = ¢(C)? = 2es(B)s(C)e(C) + €25(B)*(s(C)* — ¢(C)?) + O(€?)
and therefore (if po = [[va]|® = 1 + a?)
J“ﬂ:1+%fcuﬂdeH«qumn+§fodcyfifoqC)+
Pa Pa 2 6

+ ;2 [e(B)? + a®c(C)? — 2a%es(B)s(C)c(C) + a*€®s(B)?(s(C)* — ¢(C)?)—
—2¢(B)c(C) + 2es(B)c(B)s(C) + €2s(B)?¢(B)e(C)] +

el
o ¢(B)[c(C)? — 2es(B)s(C)e(C)] + pfac(B)Qc(C')2 +O(é%)

=1+ aje+ age® + aze® + aue® + O(6°);

2ae3

where

2a(c(B) — ¢(C))

o] =

Pa
N 2as(B)s(C) + ¢(B)? + a?¢(C)? — 2¢(B)c(C)
9 =
Pa
N as(B)%c(C) — 2a%s(B)s(C)e(C) + 2s(B)c(B)s(C) + 2ac(B)e(C)?
3=
Pa
o — —2as(B)3s(C) + 6a?s(B)%(s(C)? — ¢(C)?) + 6s(B)%c(B)c(C) — 12as(B)c(B)s(C)c(C)+
T 6pa
+6¢(B)%c(C)?
Recall that
1a+y——f+£—ﬁ+mﬂ
og z)=z -5 3 1 z°),
then
Ne a 2 3 4 5
log P = log(l + ar€ + aze” + age” + age” + O(€”))
2.2 3 4,2 4 3,3 4,2
= (eay + 2ag + Eas + 64014) _ ot adoa ; i + € +§e Gz
4,4
- o)

:ea1+e (a ) <a3a1a2+ >

a5+ 20« af
+e4(a42213+a104241)+0( ).
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Observe that

2m
1. N,.
E(x,y,e,)\,a):/ —log — %€ dt.
0 2 Pa

Then the derivatives with respect to € in 0 are

OF o 2% 4(e(B) — e(C))
E(%y’ow\v&)—/o ialdt—/o Tdt—o

0’E 2
ﬁ(a@y,o,)\,a) = /0 Qg — 7dt

B /27r 2as(B)s(C) + ¢(B)? + a?c(C)? — 2¢(B)c(C)  2a*(c¢(B) — ¢(C))?
—Jo 1+a? (1+ a?)?

27 1 2 4 2 1— 2)2
= / ¢(B)? + a2 - a dt = 777( @)
0 14+a%2 (1+a2)? (14 a2)?

/0% o(B)dt = /0% e(C)dt =0,

2 27
/ ¢(B)*dt = / c(C)?dt =,
0 0

and by orthogonality of the Fourier polynomials,

v
=

Since

/ 7 (B)e(C) dt = / T (B)s(C) dt = 0.
0 0

In particular,

0’FE

ﬁ(w,y,o,)\,a) >0 a#+l
Let us remark here that the formula works also for a = +o00, corresponding to the vertical

vector v,; in this case the second derivative is 7 (the limit when a — 00).
Now we address the special directions a = o, where 0 = +1.
First we see that the third derivative is
o)

2T
ﬁ(x,y,O,)\,a) = /0 3a3 — 3o + o dt

is an integral of linear combinations of products of 3 trigonometric functions belonging to the
set {sin(x + t), cos(x + t),sin(y + At),cos(y + At)}. It is not difficult to see that any integral of
the product of such 3 functions is zero (for example by symmetry, the positive part is equal to

the negative part), so we have
0°E
?(%%07)\,@) =0.

For the fourth derivative, for 0 = +1 we compute

IE o 2 2 4
E(x,y, 0,\0) = /0 12a4 — 12013 — 605 + 12a7a — 3o dt
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We will use the relations

27 2
/ c(B)*dt = / c(C)*dt = gl
0 0 4

2w 2w 2 2w
c 2. 2 34 _ s 2.(0)2 dt = s 2 2 qs c 24 29, T
/0 (B)*c(C)=dt /0 (B)*c(C)=dt /0 (B)*s(C)*dt /0 (B)*s(C)*dt

2

while all the integrals where some trigonometric function has odd exponent are zero (same
symmetry argument for example).
From here it follows that

27 2m
/ 1204 dt = / 65(B)25(C)? — 65(B)2e(C)? + 6c(B)2e(C)2dt = 3.
0 0
Next,
2 2
/ 12a7a3dt = / 12¢(B)?¢(C)? — 6s(B)*c(C)? dt = 3.
0 0
For the next term,
27 27 3 3
/ 6a2dt = / (65(3)25(6’)2 + 5c(B)4 + 5c(C)4 + 9c(B)%(C)2) dt = =——.
0 0
We continue,

2 27
/ 1202 ay dt = / (6¢(B)* + 6¢(C)* + 36¢(B)%c(C)?) dt = 27r.
0 0

Finally,
o 4 o 4 4 2 2 27
/ 3ajdt = / (3¢(B)* + 3¢(C)* + 18¢(B)?*c(C)?) dt = 5
0 0
Putting everything together we get
0*E 397 277 15w
w(x,y,(),)\,a) =31 — 37 — T + 277 — T = T >0

We observe that %(x, y,0, A, a) is a function which depends only on a and is continuous, so

. . 2_ 4

there is 6 > 0 such that if ‘Zzﬁl < 4 then %64}5 (z,y,0,A,a) > 3.
k

We also observe that %ef (z,y, €, A a) is uniformly bounded by some constant Dy, for all € < 1,

independent of x,y, a, A.
We deduce that for every z,y,a, A and € < 1, there exists ¢’ such that

@-12 , 10'E . 1 OF , .
E(xyyvea)‘7a'):m776 +ﬂﬁ('xayaoaAaa)e +ﬁoﬁ(l‘ayaeaAva’)e .
If ‘Z;Hl < § we have
1 4 1 85E ’ 5 T 4 D5 5
E(.T,y,ﬁ,)\,a)zﬂ?)’ﬂ'ﬁ +ﬁom(x7ya€a)‘va)e de _ﬁ ’
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2
while if ‘ZJ_;' > § we have

(52 D D
E(I,% €, )\701) Z 57762 _ 7;:64 _ ﬁ€5

From here we can find an ¢y such that for any € < ¢y and any x,y, a, A we have

et

E(x7y7€a)‘7a) > Z
This proves the lemma. u

Now let us continue with the proof of the Proposition. We will consider the lift F, x of fe x
to T3 x T? and its partially hyperbolic attractor Ay x T?. We fix the increasing partition &
subordinated to the unstable foliation of F¢  such that each element P of the partition projects
homeomorphically to the interval (0,27). If P € £, p € P € Ay x T?, v, € Ef, v} = Toiy its
normalization, recall that

Lo(p, vz, Fex) = /;long?qFﬁqum(véﬂ\du%(q)

One can check that if we parametrize P with respect to ¢, ¢ = ¢(t), then du%(q) = % dt, so the
integral can be rewritten

* 1 27 *
Ly(p, vy, Fex) = ﬂ/o 10g || Dyt F2 3 Xq(t),p(v3) || dE.

Assume that p = (u,v,t, z,y) with (u,v,ty) € Ay in the base and (x,y) € T? in the central
fiber. Consider v, € E5. Denote (z(t),y(t)) = Prr2q(t) the projection of the unstable leaf ¢(t)
on the center fiber T2. Then Dq(t)F;)\ = D(m(t),y(t),t)fec,)\-

When € = 0 we have

1
IZ(pa U27Fe,)\) = ?E(Ia y707 >\7a) = 0.
m
In general we have

1

1 27 D ) 62 U;
bmgﬂn—mmmwwz/10'WMWWWMM>”
0

1Dy FEA W)l

Lemma 9.4. When A tends to infinity, x(t) converges uniformly to x, y(t) converges uniformly
toy and X, qt) converges uniformly to the identity.

dt. 9.2
2 2 (9-2)

Proof. To see that (z(t),y(t)) converges uniformly to (x,y) it is enough to remark that the
unstable manifold is inside an horizontal unstable cone which gets smaller when A goes to infinity.
The fact that x, ) converges uniformly to the identity follows from the formula of X, 4

as the projectivization of an infinite product of matices (derivatives).
|

The proof of the Proposition 9.1 follows from the formula 9.2 and Lemmas 9.3 and 9.4
[ ]

9.2 Random Standard (or standard-like) Maps

Here we present other examples of skew products over Anosov with the expanding on average
property. Unlike the previous section, now the fiber maps in the centers are far away from
identity (they exhibit strong shears or hyperbolic regions).
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9.2.1 The Berger-Carrasco example

Consider the standard map
sy(z,y) = (230 —y+ Nsinx,x), N eN.
Fix a hyperbolic matrix A € SL(2,7Z) with eigenvalues 0 < A < 1 < A~! and let
P T? — T2, Py(z,w) = (z,0),
denote projection onto the first coordinate. For N > 1, define
fn: T2 xT? — T? x T?

by
fN(xayazaw) = (SN(ajay) + Pl (AN(Z,QU)),A2N(Z,”UJ)) . (93)

Thus, fn is obtained by coupling the standard map with the fast Anosov automorphism A2V,
the coupling being introduced through the first coordinate of AN (z,w).
The map fy is real analytic and preserves Lebesgue measure. Its derivative has the block

form n
Dsy(z, Po
DfN(xayasz) = N(g y) 1142N

In particular,
E° =R? x {0}

is invariant, and the restriction of D f to E° coincides with Dsy. This allows to think of fy as
a “random standard map”, the randomness driven by the dynamics in the base. Observe that
for N large, the expansion and contraction rates of A% dominate the derivative of sy, and the
map fy is partially hyperbolic.

Proposition 9.5. There exists Ng € N such that, for any N > Ny, the map fn is expanding on
average.

Proof. We will give a sketch of the proof. Let e" be the unstable unit vector of A and Pe*
its projection to the first coordinate. Following [6] we say that v is a u-curve if it is contained
in an unstable manifold of fy and projects to an unstable segment of A2V of length m.
In [6] the authors prove the following fact: assuming the N is sufficiently large, then fixing any
u-curve 7y of fy, and fixing any unit vector field X along v and with values in E°, which is

(Cx, %)-Hélder, with C, = 20N2AY, for all large enough n we have

= [ 108 1D, X @ (@) > 55 los .

nJ, 20
(The authors state that there exists a vector field X with this expanding property, but they
prove, in fact, that every vector field X satisfying the required properties has the expanding
property).

The maps fn are center-bunched for N large, so we have the holonomy x,, along unstable
leaves. The center bundle E° of fx is smooth, so in this case [52] proves, in fact, that g, is
Lipschitz with respect to p, q: ||xq,pv —v|| < Cd(p, ¢) for some constant C' > 0. Given an u-curve
v, there is some preimage f;,kv small enough such that the vector fields given by the unstable
holonomy are (Cx, 3)-Holder. [6] shows that the (Cx, 1)-Hélder property of unit vector fields
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along unstable curves is invariant under D fx, and since the unstable holonomy is also invariant
under D f, we get that all the vector fields x, v are (Cx, %)-H(’ﬂder along all u-curves.
We obtain that for any u-curve ~, any p € v, v € E°(p), we have that for all n large enough

1 1
= [ log||D, f* du(q) > — log N.
nL og | Dy f™ X q.pvl Ay (q) 50 108

Then fy has the expanding on average property.
|

In [43], SRB measures for dissipative perturbations of fy were studied. The author shows
that in a C2-neighborhood of fx there is at most one SRB measure and using measure rigidity
argument inspired in [11], he shows that “most fibered” perturbations admits an SRB measure.
Using our results from this paper, we are able to extend that to the entire neighborhood.

Corollary 9.6. Let Ny be as in Proposition 9.5. Then, for every N > Ny, there exists U C
g’%iCB(M) a C%-neighborhood of fn such that any g € U has a unique SRB measure p,.
Moreover, nug is Bernoulli, it has full basin, it is exponentially mizing and verifies all of the
strong statistical properties given by Theorem 8.35.

Proof. By [42], fn is Bernoulli. The result follows from Theorem D. [ |

9.2.2 Other related examples

The main idea used in [6] is the following. Assume that f : M — M is a partially hyperbolic
diffeomorphism. Assume that in M we have a large (non-invariant) hyperbolic set H, where
Df|ge is strongly hyperbolic, and a small critical set C' where the map may not be hyperbolic,
but we have some uniform control from above and below for Df|ge. Assume that any large
enough unstable piece crossing the manifold M spends much more time inside the hyperbolic
part H that in the critical part C.

Assume that v is a large unstable piece and x4, (v) is a unit vector field on ~ given by the
unstable holonomy. If the vector field xq ,(v) is inside the expanding cone C* of D fge in the
hyperbolic part H, then it gets (strongly) expanded. This together with the control on the
critical part gives the expanding on average of x, v along 7 in one iterate:

[ 108 1D a0} 42 0) > 0
i

If xq,p(v) is not in the unstable cone C*, then it may get contracted. We need a mechanism to
move the vectors inside C'*, and this can be done in the following way:

e Choose different regions Hy, Ho, ... H, C H with (considerably) different stable directions
in each region. Thus, for any given central vector v, maybe we have contraction in some
H;, but in others we have expansion, or at least the pushed forward of the vector, D fv,
moves inside the expanding cone C'*.

e Obtain good control on the variation of the vector fields x4, (v) along large enough unstable
pieces, in order to apply the previous argument. This can be done by choosing a strong
enough expansion on the base, thus making the holonomy x4, close to the identity.

This method was used in various papers like [18], [19], [2], etc., in order to obtain non-
uniformly hyperbolic maps. It is flexible enough and can be easily adapted in order to obtain
various families of skew products with the expanding on average property, inside various homo-
topy classes, or exhibiting various u-Gibbs measures.
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9.3 Non-compact center leaves

Here we will provide examples of partially hyperbolic diffeomorphisms with the expanding on
average property and with non-compact center leaves. The examples are obtained perturbing
4-dimensional linear Anosov diffeomorphisms with a 2-dimensional weak unstable bundle (con-
sidered as a center bundle, and which is clearly not compact).

Proposition 9.7. Let L be a hyperbolic automorphism of T* with the eigenvalues A, > 1 >
Aws > Ams > Ags. Assume that A\ysAms > Ass. Then there exists a C°° diffeomorphism f of
T* and N € N such that L™ o f is a partially hyperbolic diffeomorphism with the expanding on
average property.

Proof. The proof of this result is basically contained in the proof of Theorem B of [19]. The
conclusion of that Theorem B is that LY o f is non-uniformly hyperbolic for the volume, however
one in fact proves that f is expanding on average.

A sketch of the proof is the following. f; is a family of maps which preserve the center
planes corresponding to the eigenvalues Ay, Aps. Using the semi-conjugacy between LYV o f;, and
LY, one can obtain an increasing partition & subordinated to Wi, i by pulling back a Markov

partition for L (and also LY). Iterating forward if necessary, we can assume that the atoms of ¢
are large enough so they wrap around the torus several times (but still uniformly bounded from
above).

Each map f; is similar to a standard map, in the sense that it creates a large set on T*
with very strong hyperbolicity, and a small critical set where there is uniform control on the
derivative. The authors in [19] prove the following result. If N is sufficiently large, and ¢ satisfies
some specific conditions (for example ¢t = Aol (%) With e small enough) then we have the
following: For any P an element of £, and any X an unit vector field on P with values in E° and
I-Lipschitz with [ = [t2A2"%\", (I}, depends only on L), we have

ws”'ss

timint - [ 10g]|D,(L o £,)" X(a)| dupla) > C
n—oo N P

for some constant C' independent of P, X. The fact the X is [-Lipschitz is used for two things:
the [-Lipschitz unit vector fields are invariant under D(LY o f;), and the I-Lipschitz conditions
implies that X has a small enough variation along the elements P of the partition £. Both these
conditions are satisfied by unit vector fields given by the unstable holonomy x,, if N is large
enough, so we get a similar result for x, ,: for any P € £ and any v € E°(p), p € P we have

L. 1 " “
timint - [ 1og | D,(L o £ xapl disp(a) > C.
P

n—oo nN

This implies that LY o f; is expanding on average. |
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A Uniform partitions and u-tilings

A.1 A measurable partition adapted to every u-Gibbs measure.

It will useful to have measurable partitions with respect to every u-Gibbs measure. Let f €
PHT(M),a > 0.

Theorem A.1. Given R > 0 there exists a measurable partition n of M, S a compact submani-
fold of codimension-one, a Borel function r: M — [0,1], and a constant C > 0 which verify the
following.

1. n is subordinated to the unstable partition of f, and for every E € n,0E C S.
2. diam,, n(z) < R, for every x € M.

S IfE =\, 50 "€ then r(x) > 0 implies W*(x,r(z)) C {(z).

4. For every u € Gibbs"(f),

(a) r >0 for u-almost every point, and
(b) fort € [0,1]

p(r <t) < Ct. (A1)

Definition A.2. We say that a Borel set G is of total u-Gibbs probability if u € Gibbs"(f)
implies u(G) = 1.

The theorem above implies G = {r > 0} is of total u-Gibbs probability, and that if p €
Gibbs"(f), then ¢ is an increasing measurable partition with respect to u, which contains rela-
tively open sets for p-almost every point. The partition n has the advantage that the boundary
of its atom are contained in a regular submanifold.

Remark A.3. The same theorem holds for projective u-Gibbs measures. One simply lifts the
partition using 7 : M — M.

We assume that f is equipped with an adapted metric, and let A = maxz{HDg f*1||}.
We work with foliation boxes U for the unstable foliation, whose plaques are disks D with
diam,, (D) > dp, hence in particular Leb"(D) > vy, for some uniform constants dy.vo.

If 1 € Gibbs"(f), then disintegrating p|U along W"|U we get that for p-almost every u-disk
D C U, the densities of the conditional probabilities verify

Po®) _ Awy = TT 2 W)
T RN | Py}

See (4.2): here we omit the dependence on U, if clear from the context. By uniform contraction
to the past one gets that pp is Lipschitz, bounded away from zero and oo, and D — pp is

78



continuous (Lemma 4.1). In particular there exists some constant Ky > 0 so that for every
w € Gibbs"(f),

1 “D
— < =<K A2
Ky ~ Leby, — v (A-2)

provided that the conditional ;P is defined on D.

Next we construct a partition subordinated to the unstable foliation. Given p € M it is easy
to construct coordinates z : Q — RI™M around p, with @ compactly contained in a foliation
box U, and so that 0@ consists of sets of the form

Si={zi=a} a==1

which are transverse to E*. Observe that if N.(S;) denotes the e-neighborhood of S;, then its
volume is comparable with C;e, and hence by (A.2) we get a constant Cp > 0 and g > 0 so
that for every pu € Gibbs"(f),

0<e<eqg= u(NA(0Q)) < Cge.

Cover M with finitely many @Q1,---,Qs. With no loss of generality we assume that if Q; C
U;,Q; CUj and Q; N Q; # 0, then U; UU;j is contained in a foliation box of diameter less than
R, for a fixed prescribed R > 0. Define

S = U 0Q; Cs = mjax Co, es = mjax £€Q,
J

Consider the partition
A=, A=\
Jj<i

Then A = {A1, Ay, ...} is a finite partition, and the frontier of their atoms is piecewise differen-
tiable.

Let 7 be the partition obtained refining A with the local unstable plaques inside Uy, - -- , Us.
It is direct to check that 7 is measurable, subordinated to the unstable foliation of f.

Each Q; is away from the boundary of U;: we let § = min; d(0Q;, dU), and define

b(z) == min{s, %d(:ﬁ, 9.

Note that if v is a curve starting at € U; has length less than b(z), then it stays in U; and cannot
intersect S. It follows that if x € Q;, the curve remains inside, and S(v) C A (z). Therefore

b(x) > 0= W"(x,b(z)) C n(x).

Next, we replace n by an increasing partition. Let

oo

&=\ n;

n=0

recall that f™n is the partition with atoms f"n(z) = f™(n(f~"z)). By definition, f& < ¢, so & is
increasing, and countably generated.
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Define b(f-"z)
. 'z
r(x) = mf{T}.
Then r : M — [0,1] is Borel. If r(z) > 0 and y € W*(z,r(x)), it follows that for every n > 0,
du (f 7", f7"y) < X'r(x) < O(f7"2) = f7"(y) € n(f ")
hence? y € (). That is,
W (z,r(z)) C &(x) if r(x) > 0.
Take ¢t < min{d, % }. Then, if r(z) < t there exists some n > 0 so that
b(f"z) < A" = d(f "z, §) < 2" < egA"

and therefore

{r <t} c | f"(Nan (5)).

n>0
If © € Gibbs"(f),
QCS
’]" < t Z [L Ngt)\n 1 A
n>0
which in turn implies
u{r=0}=0.

Since r < 1, we can find C > fgi so that for every 0 <¢ < 1,u(r <t) < Ct.
Remark A.4. Note that since diam,, (f~"¢) < AR, it follows that
\/ "¢ = partition by points.
n>0
We note the following consequence of (A.1).

Corollary A.5. There exists an f-invariant subset G, C G so that
r € G, = /\ fre(z) = W (x).
n>0
Proof. Denote, for z € G,
g(z) = —logr(z) :
observe that
{r<e*}={g>1t}=VueGibbs"(f), p{g >t} <Ce*

Since &(f~"x) D W (f"a.r(f "x)), for every x, f"E(f~™)(x) D W"(x, T(f )) Fix e > 0 so
that k = % > 1, and consider X,, = {z : r(f"z) > e "} = {z: g(f~ ) § en}. By (A.1),
for any u € Gibbs"(f)

Z w(x:g(f~"x) >en) < 0o

n>0
therefore, by Borel-Cantelli, X = liminf,, X, has total u-Gibbs probability. Consider G, = XNG
and note that for x € G4,

fre(f ") D W (x, k™),

which, as n — oo increases to the whole unstable leaf W (z). |

It follows that & verifies all properties needed for the arguments in [36, 37], with the advantage
of not depending on a reference u-Gibbs measure.

2Here d,, (z,y) denotes the intrinsic distance between two points in the same u-leaf
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A.2 wu-tilings

In this part we prove Lemma 4.24.

We start by constructing a Borel set Z C M so that for every x, ZNW"(x) is 4R separated:
this set will provide the center of the cells.

Take T4,---,T, transverse disks to W* so that M = (), W*(T;, R), and, reducing R if
necessary, so that « € T; implies W*(z,4R) NT; = {x}. We start with 7}, and remove all points
in (J;o; TiNW"(T1,4R); then we proceed with T3, and so on. This gives us a Borel set Z C | J; T
so that

z2# 72 €Z=dy(z,72)>4R
W*(Z,5R) = M.

Now we use the partition n of the previous part and make a measurable selection to group
atoms near the elements in Z. We forget about the atoms of 1 contained in S. For the others
E € npwith E\ S # ), we claim the following

Claim A.6. There exists a measurable function p : M/n — M so that pp € E \ S, whenever
this set is non-empty.

Proof. Recall that 7 is obtained by refining A by local unstable plaques. It suffices then to fix
some U foliation box with chart ¥ : D* x T'— U. Denote D; = U(D" x {t}) the corresponding
plaque. We fix A € A: again, it suffices to make the measurable choice on each of these finitely
many atoms. The atoms of 7 inside A NU are of the form E,. = AN Dy

If to € T is so that Ey, \ S # 0, then we can choose z € D" so that U(z,tg) € Ey, \ S, and
since A\ S is open, we can find a neighborhood T3, C T so that t — so(t) = U(z,t9) € E, \ S.
Cover T by countably many of such neighborhoods Ty, T4, ... and define pg, = s;(t), where j is
the first index so that t € T;. It follows that pg is measurable. |

Now we do an assignment rule for the atoms of 7: given E € 1) we choose z € Z which is closest
to pg and assign F to z. Note that there are finitely many elements of Z inside W*(pg, 5R), and
we select one (measurably, for example, using the previous construction of centers). We denote

o.= |J (B\S Q.=0."

E assigned to z

in the relative u-closure. Note that O, is leafwise open.
Take x € W¥(z,R) \ S and let E = n(z). Then d“(pg, z) < 2R, and if 2’ # z,

du (pE,?2') > 4R —d, (pE, 2) > 2R.

It follows that E is assigned to z, and W*(z, R)\S C O,. Conversely, if x € O,, then d,, (z,pg) <
R and d,, (pg,2) <5R so
W*(z,R)\ S C O, C W"(z,6R)

Taking closure, and using that S has empty interior on every leaf, we get
W*(z,R) C Q. C W"(z,6R)

This also gives the uniform diameter and volume estimates for @,: diam,(Q.) < D := 12R and
v < Leb*(Q.) <V, for some v,V > 0.
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Denote Q = {Q, : z € Z}: this is locally finite, since the centers of the cells are separated,
and the union of all cells cover the manifold, since the complement of S is dense. Note that if
x ¢ S, then it has a relative neighborhood inside one and only one .. This shows that

and

Q.\0,CcS=08,Q,CS

2472 =Q,NQ, CS.

This finishes the proof.
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