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Abstract

We study the statistical properties of partially hyperbolic diffeomorphisms with a two-
dimensional center exhibiting mixed behavior, without assuming a dominated splitting inside
the center. We introduce the notion of an expanding on average for partially hyperbolic dif-
feomorphism and, under a center jacobian assumption, we prove the existence of finitely
many ergodic hyperbolic SRB measures, and show the strong positive recurrence property,
which implies that each SRB measure, up to a period, satisfies exponential decay of corre-
lations, among other strong statistical laws. We apply our results to several examples.
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1 Introduction

1.1 Motivation and main result

In this article we are interested in the statistical properties of differentiable dynamical systems.
For a smooth diffeomorphism f : M → M , where from now on M denotes a closed manifold,
we want to understand the distribution of the f -orbits. To make the question more precise one
can do the following: given p ∈ M we look at the possible accumulation points of the empirical
measures

δ(n)p =
1

n

n−1∑
i=0

δfi(p),

where δx is the Dirac measure at a point x, and we want to characterize the properties of these
limits. Given an ergodic1 f -invariant measure µ, its basin is defined as

B(µ) := {p ∈M : lim
n→+∞

δ(p)x = µ}.

We say that µ is physical, if B(µ) has positive volume. For most dynamical systems, volume is
not an invariant measure. Physical measures capture the asymptotic statistical behavior for a
set of points relevant for the natural measure class on the manifold.

For systems displaying hyperbolic behavior, physical measures are often hyperbolic SRB mea-
sures, introduced by Sinai, Ruelle and Bowen in [10, 51, 54] (see Section 2 for the precise defini-
tion). A classical result in smooth dynamics states that for a C2 Anosov diffeomorphism, there

1µ is ergodic for f if every f -invariant measurable set has µ-measure 0 or 1.
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are finitely many SRB measures whose union of their basins has full volume. Palis conjectured
that this result holds for a typical dynamical system [46]. Since then, finding conditions for the
existence and finiteness (or uniqueness) of SRB physical measures has become an active area of
research in smooth dynamics.

A generalization of uniformly hyperbolic theory is the nonuniformly hyperbolic theory. Ex-
istence of SRB measures in this setting include works such as [5, 22, 44, 60]. Some important
recent advances were made for the existence of SRB measures for C∞-diffeomorphisms having
positive Lyapunov exponents on a set of positive volume [14, 15, 45].

Another generalization of Anosov diffeomorphism are the so-called partially hyperbolic sys-
tems, where besides the existence of expanding and contracting directions there is an additional
distribution with some intermediate behavior. The precise definition is recalled in Section 2.
Denote by PHr(M) the set of partially hyperbolic Cr-diffeomorphisms of M . Partially hyper-
bolic systems form a robust and flexible class of dynamics and arise naturally in many settings,
including geometry, mathematical physics, and homogeneous dynamics.

There are important works due to Bonatti–Viana [9], and Alves–Bonatti–Viana [1], which
show the existence and finiteness of SRB physical measures for partially hyperbolic systems that
are mostly contracting, and mostly expanding, respectively. In the mostly contracting case, the
center direction has a nonuniformly contracting behavior for volume almost every point, whereas
the mostly expanding case, has a similar definition with a nonuniform expansion along the center.

A major remaining difficulty is to treat partially hyperbolic systems whose center dynamics is
genuinely mixed: the center direction may exhibit both expansion and contraction at the level of
Lyapunov exponents, without assuming a dominated splitting inside the center or a uniform sign
condition on all center exponents. This is the setting considered in this paper. Let us mention
that we do not study the case where there is a zero exponent in the center.

For this purpose we introduce the concept of expanding on average partially hyperbolic dif-
feomorphisms and show that this property implies the existence of finitely many ergodic SRB
measures whose basins cover a full volume set. Not only that, it also implies many good sta-
tistical properties for the orbits. This property is inspired in the expanding on average (also
known as uniform expansion) property in random dynamics (see for instance [20, 28, 31, 39]).
Informally, our condition requires that every center direction, when transported along unstable
leaves by the center holonomies, experiences positive average exponential growth along every
unstable disk. In what follows, see Section 2 for the definitions and background material about
partially hyperbolic dynamics.

Let f : M → M be a C2 partially hyperbolic diffeomorphism with a splitting TM =
Es ⊕ Ec ⊕ Eu such that dim(Ec) = 2, which verifies a technical condition called u− center
bunching, see Definition 2.2 for the precise definition. We denote by PH2

uCB(M) the set of such
diffeomorphisms. Write Wu = {Wu(p)}p∈M for the unstable foliation of f . The u-center bunch-
ing condition implies the existence of linear holonomies along unstable manifolds, that is, for
q ∈ Wu(p), there is a holonomy map huq,p : Ecp → Ecq that permites to transport center vectors,
and depends continuously from p, q. In particular, given some non-zero vector v ∈ Ecp one can
extend it to a unit vector field along Wu(p), by

χq,p(v) :=
huq,p(v)∥∥huq,p(v)∥∥ .

Definition 1.1. Under the assumptions above on f , we say that f is expanding on average if
there exists C > 0 so that: for every disk contained in an unstable manifold centered at p, Dp,
and every unit vector v ∈ Ecp, it holds

lim inf
n→∞

1

nLebu(Dp)

∫
Dp

log ∥Dqf
nχq,p(v)∥ dLebu(q) ≥ C, (1.1)
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where Lebu is the Lebesgue measure along Wu(p) induced by the riemaniann metric.

In Section 3, we define the notion of an optimal constant for Definition 1.1. Using this optimal
constant, we define a quantity that we call exponent gap which is denoted by Gap(f), see (3.2).
This quantity gives a lower bound on the difference of the center Lyapunov exponents for u-Gibbs
measures. Our main result is the following.

Theorem A. If f ∈ PH2
uCB(M) is expanding on average and satisfies Gap(f) > 0, then there

are finitely many ergodic hyperbolic SRB physical measures µ1, · · · , µk, such that

vol

(
k⋃
i=1

B(µi)

)
= 1,

where vol is the normalized Lebesgue measure on M .

As we explain below, the expanding on average property implies strong limit laws for the
resulting SRB measure.

1.2 Further properties of expanding on average systems

In the partially hyperbolic setting, physical measures, whenever they exist, belong to a special
class of measures called u-Gibbs measures. Roughly speaking, an invariant measure µ is u-Gibbs
if it admits conditional measures along unstable manifolds that are absolutely continuous (see
Definition 2.7 for the precise definition). Given f ∈ PHr(M), denote by Gibbsu(f) the set of
such measures. The set of u-Gibbs measures is a compact, convex and nonempty subset of the
set of invariant measures of f . As we will see, the expanding on average condition actually is
equivalent to hyperbolicity and a certain geometrical condition for the u-Gibbs measures (see
Theorem D).

Our next result is about continuity of Lyapunov exponents for such measures. Before stating
it, let us recall the definition of Lyapunov exponents. For any p ∈ M , the top center Lyapunov
exponent of f at p is defined by

λ+c(p) = λ+c(p, f) := lim
n→+∞

1

n
log ∥Dpf

n|Ec∥ , (1.2)

whenever the limit exits. Similarly, the bottom center Lyapunov exponent is defined by

λ−c(p) = λ−c(p, f) := lim
n→+∞

− 1

n
log
∥∥Dpf

−n|Ec
∥∥ , (1.3)

provided that the limit exists. It is by now a classical result of Furstenberg and Kesten that
given an ergodic measure µ there are numbers λ+c(µ, f) and λ−c(µ, f) such that for µ-almost
every p, λ+c(p) = λ+c(µ) and λ−c(p) = λ−c(µ) (see Section 2). When µ is not ergodic, one
considers the average exponents, given by λ∗c(µ) =

∫
λ∗cdµ, for ∗ = −,+.

An important problem in the theory of Lyapunov exponents is to understand the regularity
of the functions (µ, f) 7→ λ∗c(µ, f), for ∗ = −,+.

Theorem B. Let f ∈ PH2
uCB(M) be an expanding on average diffeomorphism that satisfies

Gap(f) > 0. Let (fn)n ⊂ PH2
uCB(M) be a sequence of diffeomorphisms converging to f in the

C2-topology. For each n suppose that µn is a u-Gibbs measure for fn and that µn converges to
some measure µ in the weak* topology. Then

lim
n→+∞

λ−c(µn, fn) = λ−c(µ, f) and lim
n→+∞

λ+c(µn, fn) = λ+c(µ, f).
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Recently, continuity of Lyapunov exponents was used to obtain strong statistical properties
of the system. This is done with a notion of Strong Positive Recurrence (SPR) introduced by
Buzzi–Crovisier–Sarig [16], see Section 8 for the precise definitions. In this paper, we show that
the expanding on average property with the positive exponent gap condition implies the SPR
property. In particular, this gives several strong statistical properties as stated in the next result.

Theorem C. If f ∈ PH2
uCB(M) is expanding on average and satisfies Gap(f) > 0, for every

p ∈ M . Then, for any ergodic SRB measure µ of f , there exist k ∈ N and measures µ1, · · · , µk
such that

µ =
1

k

k∑
j=1

µj ,

for each j = 1, · · · , k, f∗µj = µj+1, with the convention that k + 1 = 1, and (µj , f
k) verifies

exponential decay of correlations for Hölder continuous functions, the Central Limit Theorem,
large deviations, and other limit laws.

For an expanding on average diffeomorphism f ∈ PH2
uCB(M), the assumption |detDf |Ec| ≤

1 implies the condition Gap(f) > 0. This includes both the conservative and dissipative-along
the center cases. In particular, as a direct consequence of this remarks we get the following.

Corollary 1.2. If f ∈ PH2
uCB(M) is expanding on average and satisfies

sup
x∈M

| detDxf |Ec | ≤ 1,

then f verifies the conclusions of Theorem A, Theorem B and Theorem C.

Remark 1.3. We mentioned that in [16], the authors check the SPR property as a consequence
of the continuity of Lyapunov exponents. In our setting,Theorem B alone does not give the
necessary continuity to check the SPR property. The reason for that is that in Theorem B
we only have continuity among u-Gibbs measures. In Theorem C, we need to “spread” this
continuity for measures with large pressure, but that are not necessarily u-Gibbs measures.

In what follows, write PHr
uCB,vol(M) ⊂ PHr

uCB(M) be the set of partially hyperbolic Cr-
diffeomorphisms with two dimensional center, the u-center bunching condition and that preserve
a normalized volume measure vol. Combining our results with Proposition 1.12 from [38], we
obtain the following theorem.

Theorem D. Suppose that f ∈ PH2
uCB,vol(M) be expanding on average with Gap(f) > 0. If

vol is ergodic for f , then for any g ∈ PH2
uCB(M) sufficiently C2-close to f , there exists a unique

SRB measure µg such that

1. vol(B(µg)) = 1;

2. µg = 1
k

∑k
j=1 µg,j, as in Theorem C, in particular, each µg,j is exponential mixing for gk,

among other statistical properties.

Moreover, if µ is Bernoulli, then for any g ∈ PH2
uCB(M) sufficiently C2-close to f , the unique

SRB measure above µg is Bernoulli and it has exponential decay of correlations for g, among
other strong statistical properties.

Theorem D follows directly from Theorem A, Theorem C and Proposition 1.12 from [38].
A direct consequence of a recent work by Cooper [24], shows that if f ∈ PH2

uCB,vol(M) is
expanding on average and verifies:

5



• dim(Eu) = 1;

• | detDxf |Ec | = 1 for every x ∈M ; and

• f is dynamically coherent, that is, there exist a center stable and a center unstable foliation,

then f is ergodic and, therefore, verifies the assumptions in Theorem D (see Subsection 1.4 for
more explanation about [24]).

1.3 Examples and applications

In Section 9 we give several examples of partially hyperbolic systems verifying the expanding on
average condition with exponent gap. Let us summarize some of the examples we obtain:

• In Subsection 9.1, we introduce examples derived from conservative Hénon like maps. These
examples are skew products, first coupling a Hénon like map with an expanding endomor-
phism of the circle and then looking at its natural extension (9.1).

• In Subsection 9.2.1, we recall the Berger-Carrasco’s example which was introduced in [6].
This is a skew product derived from the Taylor-Chirikov standard map, which couples
the standard map with and Anosov base (9.3). In [42] it was showed that this example is
C2-stably ergodic. In particular, the example itself is ergodic, and actually Bernoulli. Com-
bining this with Theorem D, we obtain strong statistical properties for the SRB measure
of any perturbation of this example, see Corollary 9.6.

• The previous two examples are skew product constructions, in particular, there is a center
foliation and it is formed by compact leaves. In Subsection 9.3, we give examples of
expanding on average systems with noncompact center foliation. These examples were
obtained in [19].

1.4 Context and relation with other works

In the random dynamics setting, the expanding on average condition appears in the works [4, 7,
12, 13, 17, 20, 28, 31, 49]. It also appears with a few different names in those references, such
as uniform expansion or weakly expaning. This property is responsible for many rigidity results
[11, 13, 32], strong statistical properties [28].

In the context of differentiable systems, estimates similar to (1.1) appears in other contexts in
the literature, although its consequences do not seem to have been studied in isolation. The first
instance is perhaps Yoccoz proof of Jakobson’s theorem from around 1997, which first circulated
in manuscript form but was not public until more recently [58]. For the diffeomorphism case
an inequality similar to (1.1) is the main thing obtained in the proof of the results in Berger–
Carrasco [6], Carrasco [18] and Carrasco–Saghin [19], see also [25, 43] for related results. For
surface endomorphisms it also appears in the recent work of Andersson–Carrasco–Saghin [2],
and in the work of Janeiro–Saghin [33]. Although in those works this property is being proved
and used implicitly, one of our main goals in this paper is to explicitly define this property and
explore its consequences.

In [24], Cooper studies the relationship of expanding on average and stable ergodicity in a
volume preserving setting. This problem was suggested to him by the second author during the
writing of this paper. In [24], Cooper uses a slightly different notion of expanding on average,
which is closer to what we call finitary expanding on average (see Definition 4.20), and uses
that to show that if f ∈ PH2

uCB,vol(M) has center jacobian constant to 1, has one dimensional
strong unstable and it is dynamically coherent, that is, there exists a center stable and center
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unstable foliations, then f is ergodic. Moreover, if dynamical coherence holds robustly, then f
is C2-stably ergodic. Expanding on average in the random setting implies stable ergodicity, the
idea of the problem given to Cooper was to extend that result in the partially hyperbolic setting.
However the proof is a lot more difficult in that setting, as it is shown in [24]. The arguments in
Section 4 shows that our definition of expanding on average implies the definition used in [24].

1.5 Organization of the paper

We start in the next section by giving some preliminary material that we will use in the rest of
the article. In particular, the definition of u-Gibbs measure, SRB measure, and the notion of
holonomies is recalled.

Then in Section 3 we establish dynamical consequences of the expanding on average property.
We precisely define the exponent gap quantity appearing in the main theorems, and establish
hyperbolicity of any ergodic u-Gibbs measure for a expanding on average system with positive
exponent gap. See Corollary 3.4.

Section 4 is devoted to study of projective u-Gibbs measures. A typical tool to understand the
behavior of invariant measures for a given partially hyperbolic diffeomorphism is to consider the
lift to the projectivization of its center bundle. If Ec is differentiable, this extension is a manifold
and, under the bunching hypothesis, the lifted map is partially hyperbolic as well. We are working
under more general hypotheses, not assuming differentiability of Ec (nor its integrability), and
without the full bunching condition. By the general theory, the projectivization of the center
bundle can only be shown to be a Hölder bundle, and therefore a large part of the geometry of u-
Gibbs measures will be lost under the lift. We are forced to introduce a more general framework of
projective u-Gibbs measures, and re-prove some central results of the theory of the (geometrical)
u-Gibbs measures to them. After achieving this, we give an important equivalent formulation to
the expanding on average property: it is equivalent (under the positive gap condition) to having
the Lyapunov spectrum of every u-Gibbs being uniformly bounded away from zero, together
with the essential non-invariance of weak stable directions under strong unstable holonomy for
such measures. See Theorem E.

In Theorem 4.15 we establish an important result of the expanding on average property: it is
C2-robust. Then in Subsection 4.4 we prove Theorem B, establishing in particular the continuity
of the Lyapunov exponents among u-Gibbs measures.

After that we move to establishing a technical result concerning Large Deviation bounds for
projective u-Gibbs. Large deviations results are known to hold in unstable manifolds for partially
hyperbolic systems (see [8, 27, 29, 30]). For this Large Deviations estimate for the projective
dynamics, we do an adaptation of a result of Dolgopyat [29, 30], which we prove in Subsection 4.4.
Besides some interesting consequences given in Subsection 4.6, the Large Deviations estimates
allow us to prove an important technical tool for our work (Theorem 5.1), which gives that on
every unstable leaf, on Lebesgue almost every point of that leaf there is a well defined contracting
direction.

Using the already established Theorem B, in Section 6 we prove the existence of a uniform
Pesin block for the u-Gibbs measures, that is, a set having uniform control on expansion and
contraction estimates whose measure with respect to every u-Gibbs is uniformly bounded from
below. Using homoclinic intersections and a Hopf argument, this implies the existence of at most
finitely many ergodic SRB measures. To address the existence of such measures, we prove in
Section 7 that the expanding on average property together with positive gap implies a slightly
different version of the effective hyperbolicity condition of Climenhaga-Dolgopyat-Pesin [21].
Using their work, we obtain the existence of SRB measures.

Section 8 allow us to reap several consequences of our work, in particular strong limit laws
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and exponential mixing of Hölder observables, for the SRB measures of our expanding on average
systems. For this we prove prove that our systems verify the SPR property recently introduced
by Buzzi–Crovisier–Sarig [16]. This is achieved adapting some semi continuity results for the
unstable entropy given in [57].

The last Section 9 consists of several examples of systems having the expanding on average
property. We suggest the reader to read the main theorems in the introduction and check the
examples given in that section, to get a feeling of the extensive consequences of the results.

Let us emphasize that the understanding we obtained in Section 4 is essential for obtaining
all of the other results we have in the paper.

2 Preliminaries

In this section we establish some background material needed, and fix notation.

2.1 Partial hyperbolicity and holonomies

Throughout, M denotes a closed manifold.

Definition 2.1. A Cr diffeomorphism (r ≥ 1) f :M →M is partially hyperbolic if there exists
some Riemannian metric on M and a Df -invariant splitting TM = Es ⊕ Ec ⊕ Eu, where none
of these bundles are trivial, and such that for every p ∈M

∥Dpf |Es∥ < min {1,m(Dpf |Ec)} ≤ max {1, ∥Dpf |Ec∥} < m(Dpf |Eu),

where m(Dpf |E∗) =
∥∥∥(Dpf)

−1 |E∗

∥∥∥−1

, for ∗ = c, u, is the conorm. We denote by PHr(M) the

set of partially hyperbolic diffeomorphisms of M of class Cr.

The distributions Es, Ec, Eu are called the stable, center and unstable bundles of f , while

Ecs = Es ⊕ Ec and Ecu = Ec ⊕ Eu

are the center stable and center unstable bundles. It is well known that PHr(M) is C1 open
in Diffr(M). For f ∈ PH2(M) its invariant distributions are at least α-Hölder continuous, for
some α ∈ (0, 1). Also, due to the classical Stable Manifold Theorem, if f ∈ PHr(M), r ≥ 1, then
Es, Eu are uniquely integrable to continuous foliations Ws = Ws

f = {W s(p)}p∈M ,Wu = Wu
f =

{Wu(p)}p∈M , whose leaves are of class Cr. See [26, 47] for these and other basic properties of
partially hyperbolic systems.

Given p ∈ M and R > 0 we write Wu(p,R) to be the piece of strong unstable manifold of
size R. If we need to make the diffeomorphism explicit, we will write Wu(p,R, f).

In contrast, the center bundle is not always integrable, although it is a condition that typically
holds in concrete applications. We will not assume that Ec integrates.

Notation. Given f ∈ PHr(M), p ∈M, ∗ ∈ {s, c, u}, we write D∗
pf = Dpf |E∗ .

Definition 2.2 (u-Center Bunching). We say that f is u−center bunched if for every p ∈M ,∥∥Dc
pf
∥∥

m
(
Dc
pf
) < m

(
Du
pf
)
.

The set of all u-center bunched partially hyperbolic diffeomorphims is denoted by PHr
uCB(M).
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Remark 2.3. Usually, in partially hyperbolic dynamics, people study a stronger condition called
center bunching, which on top of the inequality above, it also requires that

∥∥Ds
pf
∥∥ < m

(
Dc
pf
)∥∥Dc

pf
∥∥ .

As in this paper most of our analysis happens inside center unstable directions, we will only need
u-center bunching.

It is direct to check that PHr
uCB(M) ⊂ Diffr(M) is C1 open. The main consequence of

u-center bunching that we will use is the existence of linear holonomies for the center bundle Ec

(and its projectivization) along unstable manifolds. Let us explain what we mean by this.

Notation. If f ∈ PHr(M) is fixed, then p ∼u q means that p ∈ Wu(q). Similarly, p ∼s q
means that p ∈W s(q).

Definition 2.4. Fix f ∈ PHr(M), and let π : E →M be either a continuous vector bundle or a
continuous fiber bundle whose fibers are smooth. Denote by Bun(E) = {Lq,p : E(p) → E(q)}p,q∈M
the corresponding linear maps, or diffeomorphisms, between fiber. Let also F : E → E be a
continuous bundle map over f .

An invariant unstable holonomy for F is a continuous Bun(E)-valued cocycle over the relation
∼u, that is, a family of isomorphisms {hup,q : E(q) → E(p) : p, q ∈M,p ∼u q} satisfying:

1. hup,p = Id, and if q ∼u p and z ∼u q, the huz,p = huz,q ◦ huq,p;

2. huq,p depends continuously on the choice of p and q such that q ∼u p;

3. if p ∼u q then huf(q),f(p) = F ◦ huq,p ◦ F−1.

We are interested in two cases: E = Ec and F = Dcf , or E = PEc (the projectivization of
Ec) and F = PDcf , the induced action of Dcf on PEc.

Theorem 2.5 (Saghin, [52]). If f ∈ PHr
uCB(M), r ≥ 2, then both Dcf : Ec → Ec and

PDcf : PEc → PEc admit invariant unstable holonomies. Moreover, for any R > 0, if (fn)n∈N ⊂
PHr

uCB(M) is a C2-bounded sequence converging in the C1-topology to f , and (pn)n, (qn)n are
sequences of points in M with qn ∈ Wu

R(pn, fn), the unstable manifold for fn of size R centered
at pn, pn −−−−→

n7→∞
p, qn −−−−→

n7→∞
q, then huqn,pn,fn converges to huq,p,f .

Notation. In both cases, the corresponding unstable holonomy will be denoted as hu.

Remark 2.6. In the theorem above, the convergence is understood in the following sense. Fix a
foliation cube U of Wu

f , and consider a C∞ family of disks {Σx : x ∈ U} that are transverse to
Wu
f |U , each Σx centered at x. Using the chart in U we get a representation of the holonomy as

locally defined maps in Rcs, cs = dimM − dimEu. For n large, the disks Σ are also transverse
to Wu

fn
, and therefore we also get a representation of the correponding holonomies as maps in

Rh. The C1 convergence in the theorem refers as usual C1 convergence of the corresponding
holonomy maps in these charts. By compactness, this is independent of the foliation chart
considered, provided it is sufficiently small.

2.2 u−Gibbs measures and SRB measures

Understanding the existence and finiteness of physical measures in the partially hypebolic setting
is closely related to understanding the so-called u-Gibbs measures. It is known that u-Gibbs
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measures always exist, they have good compactness properties, and every physical measure must
be u-Gibbs. So, the set of such measures become a natural place for investigating physical
measures.

Notation. We denote by Pf (M) the set of f-invariant Borel probability measures. It is equipped
with the weak* topology.

Let f ∈ PHr(M), r ≥ 2 and µ ∈ Pf (M). Given a foliated box U of Wu, we have that
the foliation Wu restricted to U , Wu|U , gives a µ-measurable partition. In particular, we can
disintegrate µ along the elements of this partition. So, there exists U ′ ⊂ U with µ(U \ U ′) = 0
and a essentially unique family of probability measures {µU,Wu

p }p∈U ′ , where µU,W
u

p is supported
on Wu

loc(p) ∩ U , the plaque containing p, such that

µ|U =

∫
U

µU,W
u

p dµ(p).

We say that µ has absolutely continuous disintegration along Wu if there exists a covering
{U1, · · · , Uk} of M so that for µ almost every p ∈M , with p ∈ Ui, it holds that µ

Ui,W
u

p ≪ Lebup ,
where Lebup is the Lebesgue measure on Wu(p). This condition does not depend on the chosen
covering.

Definition 2.7 (u-Gibbs measures). An invariant probability measure µ for f is a u−Gibbs
measure if it has absolutely continuous disintegration along Wu

f .

We denote by Gibbsu(f) the set of u−Gibbs measures of f . The set of u-Gibbs measure is
convex and compact. Moreover, the ergodic decomposition of any u-Gibbs measure is formed by
u-Gibbs measures. Such measures always exist. It is also known that for a C2 (or C1+α) partially
hyperbolic diffeomorphism f , there exists a set X of full volume such that for any x ∈ X, any
invariant measure µ which is a limit measure of the sequence

1

n

n−1∑
j=0

δfj(x),

is a u-Gibbs measure (see Theorem 11.16 in [8]). So, in order to understand existence of physical
measures, it is natural to study such measures.

From now on, let us assume that all of the partially hyperbolic systems we are considering have
two dimensional center. Recall that, given an ergodic measure µ, there are numbers λ−c(µ) ≤
λ+c(µ), which are the bottom and top center Lyapunov exponents, respectively. If we assume
that λ−c(µ) < λ+c(µ), then, for µ-almost every p, there is a decomposition Ecp = E−c(p)⊕ E+c

p

such that Dpf(E
∗
p) = E∗

f(p) and limn→±∞
1
n log ∥Dpf

n|E∗∥ = λ∗(µ), for ∗ = −c,+c, by the
Oseledets Theorem.

Observe that the behavior in the center does not play a role for a measure to be u-Gibbs. If
we also consider possible positive exponents along the center, we obtain the definition of an SRB
measure. Let us be more precise. For any ergodic f -invariant measure µ, let us write

Ju(µ) :=

∫
log
∣∣detDu

pf
∣∣dµ(p).

If µ is an ergodic measure, then Ju(µ) coincides with the sum of the Lyapunov exponents of (f, µ)
along Eu. In the non-ergodic case, it coincides with the integral of the sum of the Lyapunov
exponents along Eu. Among all of the invariant measures, the following type has a distinguished
role.

10



Definition 2.8 (Hyperbolic SRB measures). An ergodic f -invariant measure µ is a hyperbolic
SRB measure if λ−c(µ), λ+c(µ) ̸= 0 and satisfies

h(µ) = Ju(µ) + λ+c(µ) ∨ 0 + λ−c(µ) ∨ 0,

where hµ(f) is the metric entropy of µ, and a∨ b is the maximum between the numbers a and b.

The definition is more technical than the case of u-Gibbs measures, and takes into account the
possible non-uniform expanding directions in the center. The relation between Gibbs and SRBs
measures can be elucidated further in our context with the help of Ledrappier–Young’s result [36].
It turns out that, for a given (say, ergodic) invariant measure µ, there is a lamination consisting
of smooth leaves where typical points have an asymptotic expansion bounded from below by
the minimum positive Lyapunov exponent. These leaves are called Pesin unstable manifolds.
Again it is possible to locally decompose µ into conditionals along these submanifolds, and thus
compare with the corresponding induced Lebesgue measures. A consequence of a theorem of
Ledrappier (or, more generally, due to Ledrappier–Young if zero exponents are allowed) implies
that a hyperbolic ergodic measure µ is an SRB measure if and only if its conditional measures
along Pesin unstable submanifolds are absolutely continuous. For a more precise discussion the
reader is referred to [36], and to the excellent survey article [59].

We remark that for f ∈ PHr(M), with r > 1, the foliation Wu is absolutely continuous (see
for example Chapter 7 in [47]), thus any SRB is in particular a u−Gibbs measure. On the other
hand, suppose that µ is an ergodic u-Gibbs measure with at λ−c(µ) < 0 < λ+c(µ): then, for µ
to be an SRB measure, it must admit absolutely continuous conditional measures along Pesin
unstable manifolds, instead of just being absolutely continuous along strong unstable manifolds.
Constructing examples of ergodic u-Gibbs measures that do not have the SRB property is not
difficult. For example, consider f, g : T2 → T2 an Anosov diffeomorphisms such that

sup
x∈T2

∥Dxg∥ < inf
y∈T2

m(Dyf |Euf ),

and
sup
y∈T2

m(Dyf |Esf ∥ < inf
x∈T2

m(Dxg).

Then, f × g is partially hyperbolic. Let µf be the unique SRB measure for f and suppose that
p is a fixed point for g. Then

µ = µf ⊗ δp

is a u-Gibbs measure but it is not SRB for f × g.

Remark 2.9. A consequence of the absolute continuity of the Pesin stable lamination is that if
µ is a hyperbolic SRB measure then it is also a physical measure. See Theorem 3 in [59].

3 Some basic consequences of the expanding on average
property

Let f ∈ PH2
uCB(M) be an expanding on average system in the sense of Definition 1.1. Since the

constant C in (1.1) need not be unique, we define the optimal expanding on average constant of
f by

CEA := sup {C > 0 : (1.1) holds with constant C} . (3.1)

In practice CEA will be given by the infimum of the top center Lyapunov exponents among
u-Gibbs measures.
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It is not surprising that if f is expanding on average, then each of its u-Gibbs measures has
at least one positive center exponent (Corollary 3.4). To control the other center exponent it is
convenient to introduce the quantity

Gap(f) := CEA − sup
p∈M

lim sup
n→∞

1

n
log |detDc

pf
n|, (3.2)

which we will call exponent gap. If Gap(f) > 0, then every µ ∈ Gibbsu(f) is hyperbolic. We
remark that the case where both exponents are positive for Lebesgue almost every point is already
present in the literature (the so called mostly expanding case). See [3], and references therein.
Clearly, if f is expanding on average and supp∈M | detDc

pf | ≤ 1 (the conservative and dissipative
cases along center) then Gap(f) > 0.

Notation. Recall that Lebup denotes the induced Lebesgue measure on Wu(p). Often, we omit
the reference to p since it is clear from the context.

For p ∈M,N ≥ 1 and η > 0, set

BN,η(p) = {q ∈Wu(p) :
1

n
log
∥∥Dc

qf
n
∥∥ < CEA − η, ∀n ≥ N}

Bη(p) =
⋃
N≥1

BN,η(p).

Proposition 3.1. Let f ∈ PH2
uCB(M) be expanding on average. For any p ∈ M and η > 0 it

holds Lebu(Bη(p)) = 0.

Given r > 0 and a point p ∈ M , write Wu(p, r) to be the disk inside Wu(p) with radius r.
The following is a consequence of the C2 regularity of the map, which in turn implies bounded
distortion along unstable leaves.

Lemma 3.2. Let f ∈ PH2(M) be a partially hyperbolic system. Consider p ∈M and r > 0. If
K ⊂Wu(p) is such that Lebu(K) > 0, then there exist (pn)n≥0 so that pn ∈ fn(K) and

lim
n→∞

Lebu(fn(K) ∩Wu(pn, r))

Lebu(Wu(pn, r))
= 1.

See for example Proposition 7.8 [56].

Proof of Proposition 3.1. Suppose the conclusion of Proposition 3.1 does not hold. So, there
exist p ∈ M , η > 0 and N ∈ N such that B̃ := BN,η(p) has positive Lebu-measure. We can
suppose that η is small enough so that

CEA − η

2
> 0.

For 0 < ϵ < η
2 log∥Dcf∥∞

and r > 0, by Lemma 3.2, we can take k ∈ N large and q ∈ fk(B̃) so

that
Lebu(fk(B̃) ∩Wu(q, r))

Lebu(Wu(q, r))
≥ 1− ϵ.

Note that for x ∈ B̃, n ≥ N ,

1

n
log
∥∥∥Dc

fk(x)f
n
∥∥∥ =

1

n
log
∥∥∥Dc

xf
n+k ◦

(
Dc
xf

k
)−1
∥∥∥ ≤ 1

n
log
∥∥Dc

xf
n+k

∥∥− 1

n
logm

(
Dc
xf

k
)
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≤ CEA − η − 1

n
logm

(
Dc
xf

k
)
.

Since k is fixed, for some N1 ≥ N , we can guarantee that n ≥ N1 implies

1

n
log
∥∥∥Dc

fk(x)f
n
∥∥∥ < CEA − η

2
.

This in turn implies that if v ∈ Ecq , D =Wu(q, r) and n ≥ N1,

1

nLebu(D)

∫
D

log
∥∥Dc

q′f
n · χq′,q(v)

∥∥dLebu(q′)
=

1

nLebu(D)

(∫
D∩fk(B̃)

+

∫
D\fk(B̃)

)
log
∥∥Dc

q′f
n · χq′,q(v)

∥∥dLebu(q′)
≤ Lebu(D ∩ fk(B̃))

Lebu(D)

(
CEA − η

2

)
+

Lebu(D \ fk(B̃))

Lebu(D)
log ∥Dcf∥∞

< CEA − η

2
+ ϵ log ∥Dcf∥∞ < CEA.

The above inequality contradicts the fact that

lim inf
n→∞

1

nLebu(D)

∫
D

log
∥∥Dc

q′f
n · χq′,q(v)

∥∥dLebu(q′) ≥ CEA,

which is the condition given by the expanding on average property. Thus, Lebu(Bη(p)) = 0 as
we wanted to show. ■

Observe that if 0 < η1 ≤ η2, then Bη2(p) ⊆ Bη1(p). In particular, Proposition 3.1 implies
that for every p ∈M , the set

B(p) :=
⋃
k∈N

B 1
k
(p)

has zero Lebu-measure. This gives the following lemma.

Lemma 3.3. Let f ∈ PH2
uCB(M) be expanding on average with Gap(f) > 0. For every p ∈M ,

Lebu-almost every q ∈Wu(p) it holds

lim sup
n→∞

1

n
log
∥∥Dc

qf
n
∥∥ ≥ CEA (3.3)

lim inf
n→∞

1

n
logm

(
Dc
qf
n
)
≤ −Gap(f). (3.4)

In Lemma 4.30, the estimates above are strengthened. An immediate consequence of Lemma 3.3
is the following.

Corollary 3.4. Let f ∈ PH2
uCB(M) be expanding on average with Gap(f) > 0. If µ ∈

Gibbsu(f), then λ+c(µ) ≥ CEA and λ−c(µ) ≤ −Gap(f) < 0. In particular, every ergodic u-
Gibbs measure of f is a hyperbolic measure, with exponents uniformly away from zero.

Proof. Let µ ∈ Gibbsu(f) be an ergodic u-Gibbs measure. Then,

λ+c(µ) = lim
n→∞

1

n
log
∥∥Dc

qf
n
∥∥ ≥ CEA (3.5)
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λ−c(µ) = lim
n→∞

1

n
logm

(
Dc
qf
n
)
≤ −Gap(f). (3.6)

Since conditional measures along unstables are equivalent to the Lebu on the corresponding leaf.
The result is then a direct consequence of Lemma 3.3. If µ is not ergodic, the result follows by
working with ergodic components. ■

4 Projective u−Gibbs measures

In this section we will study the dynamics on the projective center bundle. We will also define
and study the notion of projective u-Gibbs measures.

4.1 Linear holonomies and projective dynamics

Let f ∈ PH2
uCB(M), consider M̂ = PEc, the projectivization of Ec, and denote π̂ : M̂ → M

the natural projection; a point p̂ ∈ M̂ is given by a pair (p, [v]) where p ∈ M and [v] ∈ PEc(p).
There is a natural action induced by f on M̂ given by f̂(p, [v]) = (f(p), [Dpfv]). Since the center

bundle in principle is only Hölder continuous, M̂ is a Hölder continuous bundle and f̂ is a Hölder
continuous map. On the other hand, f̂ carries some extra structure and morally looks like a
partially hyperbolic system.

By Theorem 2.5, there exist u-holonomy hu. Given p̂ ∈ M̂ , define

Ŵu(p̂) := {huq,p(p̂) : q ∼u p},

where p = π̂(p̂). We call this set the projective unstable manifold of p̂. Note that Ŵu(p̂) is a

Hölder manifold of topological dimension dimEu, and π̂|
Ŵu(p̂)

: Ŵu(p̂) → Wu(π̂(p̂)) is a bi-

Hölder homeomorphism. These projective unstable manifolds give rise to a partition Ŵu of M̂ ,
which we call the projective unstable foliation. Below we investigate the structure of Ŵu.

Foliation boxes. Let us define foliation boxes for the projective unstable foliation. By a regular
box we mean an open set U ⊂ M which is the domain of a foliation chart ϕ : U → Rdim(M)

of Wu, with ϕ(U) = (−1, 1)dim(Eu) × (−1, 1)dim(Ecs). Write Dcs
p0 = ϕ−1

(
{0} × (−1, 1)dim(Ecs)

)
,

where p0 = ϕ−1(0, 0). Dcs
p0 is a transversal to the foliation Wu. Observe that U can be written as

a disjoint union of unstable disks {Du
p}, for p ∈ Dcs

p0 and Du
p = ϕ−1

(
(−1, 1)dim(Eu) × t

)
, where t

is the cs-coordinate of ϕ(p).
This induces natural coordinates: if q ∈ U then we can write q = (qu, qcs), where qcs ∈ Dcs

p0
and qu ∈ Du

qcs . Along Dcs
p0 , fix a trivialization of PEc, that is, there exists a homeomorphism

τp0 : PEc|Dcsp0 → Dcs
p0 × PEc(p0). Given (p, [v]) ∈ PEc|Dcsp0 write τ2p0(p, [v]) to be the coordinate

in PEc(p0) of τp0(p, [v]).
Given a point q̂ = (q, [v]) = ((qu, qcs), [v]) ∈ π̂−1(U), we consider the point q′ ∈ Dcs

p0 such
that q ∈ Du

q′ . Set

[vq] =
[
τ2p0(q

′, [huq′,q(v)])
]
,

which belongs to PEc(p0).In this way, we can identify (q, [v]) with

(ϕ−1(qu, qcs), [vq]) ∈ (−1, 1)dim(Eu) × (−1, 1)dim(Ecs) × PEcp0 .

In other words, the set Û = π̂−1(U) is homeomorphic to (−1, 1)dim(Eu)×(−1, 1)dim(Ecs)×PEc(p0).
We say that such Û is a regular box for the lift, and the disks Du

p̂ obtained lifting corresponding
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u−disks in U will be referred as regular u-disks. Using this contruction one gets directly that
(M̂, Ŵu) is a foliated manifold in the sense of [41].

U ≃ Du
p0 ×Dcs

p0

D
c
s

p
0

q

qu

hu
q,q′

p0

q′ = qcs

Du
p0

(a) Coordinates and holonomy transport in U

q̂
q̂ = (qu, qcs, [vq])

Du
p̂

Du
p0

PEc
p0

Dcs
p0

Û ≃ Du
p0 ×Dcs

p0 × PEcp0

(b) Product structure of the lifted box

Figure 1: A regular box and its induced trivialization in the projectivized central bundle. The direction
at q is transported first along the unstable plaque from q to q′, and then along the cs-transversal from
q′ to p0.

It also follows directly from Theorem 2.5 that π̂ ◦ f̂ |
Ŵu(p̂)

= f ◦ π̂|
Ŵu(p̂)

. Observe that

• f̂ preserves Ŵu, this follows from the equivariance of linear holonomies Definition 2.4,and

• f̂−1 contracts the intrinsic distances induced by π̂ on projective unstable manifolds.

Projective u−Gibbs measure. Fix µ ∈ Gibbsu(f), and consider a regular box U as in the
previous paragraph. Then, for µ-almost every p, the conditional measure µuD = µuD,U along
D = Dp is of the form

dµuD(t) = ρU (p, t) dLebup(t) (4.1)

where

ρuD(q) =
∆(p, q)∫

D
∆(p, q) dLebup(q)

and

∆(p, q) =

∞∏
k=1

| detDu
f−k(p)f |

| detDu
f−k(q)

f |
=

∞∏
k=0

| detDu
f−k(t)f

−1|
| detDu

f−k(p)
f−1|

. (4.2)

See, for example, [36, Corollary 6.1.4]. Although the disintegration is defined for µ-typical leaves,
the formula ρuD dLebup(t) is well defined for every p. If follows that for any u-disk D containing p
(or more generally D a set in Wu(p) with positive Lebesgue measure bounded from above), we
can define a probability measure µuD using the expected density of the u-Gibbs states, that is,
by formula (4.1).

One can show that log ρuD is Lipschitz on D, bounded away from zero and infinity, with
constants that only depend on U .

Lemma 4.1. Given a regular box U , the function ρu : {(p, t) : p ∈ U, t ∈ Du
p} → R is continuous.
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Proof. It suffices to show that ∆(p, t) is continuous. This follows from Proposition 2 in [48]. ■

For p̂ ∈ M̂ we can use π̂|
Ŵu(p̂)

to lift the Lebesgue measure on Wu(p) and define

m̂u
p̂ :=

((
π̂|
Ŵu(p̂)

)−1
)

∗
Lebuπ̂(p̂).

This gives us a continuous family of measures

Mu := {m̂u
p̂}p̂∈M̂ (4.3)

Definition 4.2 (Projective u-Gibbs). We say that an f̂ -invariant probability measure µ̂ in M̂ is a

projective u-Gibbs measure for f̂ if it has absolutely continuous disintegration with respect to the
family Mu, that is, along projective u-dics, the conditional measures are absolutely continuous
with respect to m̂u.

The set of u-Gibbs measures for f̂ is denoted by Gibbsu(f̂).

Take any unstable disk Du
p , centered at p ∈ M . For any point p̂ = (p, [v]) ∈ M̂ , we may

consider the lift of Du
p as D̂u

p̂ := {(q, [huq,pv]) : q ∈ Du
p}. If Ê ⊂ D̂u

p̂ has positive m̂u
p̂ -measure,

define

ν̂u
p̂,Ê

:=
m̂u
p̂

(
· ∩ Ê

)
m̂u
p̂

(
Ê
) .

The following lemma states that Pesin–Sinai’s construction also works to build projective u-Gibbs
measures.

Lemma 4.3. Using the previous notation, it holds that any accumulation point of

ν̂n :=
1

n

n−1∑
j=0

f̂ j∗ ν̂
u
p̂,Ê

.

is a projective u-Gibbs measure.

The proof of Lemma 4.3 is based on Pesin–Sinai’s constructions of u-Gibbs for partially
hyperbolic diffeomorphisms. The key ingredient in the construction is bounded distortion. In
this projective setting, this is given by the following lemma.

Lemma 4.4. For any L > 0 there exists a constant K ≥ 1 such that for any p̂ ∈ M̂ , any set
Ê ⊂ Ŵu(p̂, L) of positive m̂u

p̂ -measure , where Ŵu(p̂, L) is the subset of Ŵu(p̂) that projects by
π̂ to Wu(p, L), for any n ≥ 1,

m̂u
p̂(Ê)

m̂u
p̂(Ŵ

u(p̂, L))

1

K
≤

m̂u
f̂−n(p̂)

(f̂−n(Ê))

m̂u
f̂−n(p̂)

(f̂−n(Ŵu(p̂, L))
≤ K

m̂u
p̂(Ê)

m̂u
p̂(Ŵ

u(p̂, L))
.

Proof. It is well known that for any L > 0, there exists K ≥ 1 such that for any p ∈M and any
E ⊂Wu(p, L) having positive Lebup -measure, for any n ≥ 1, we have that

Lebup(E)

Lebup(W
u(p, L))

1

K
≤

Lebuf−n(p)(f
−n(E))

Lebuf−n(p)(f
−n(Wu(p, L))

≤ K
Lebup(E)

Lebup(W
u(p, L))

.

This is the usual bounded distortion for unstable manifolds of partially hyperbolic systems (see
for example Corollary 7.7 in [56]). Lemma 4.4 then follows from the definition of m̂u

p and applying

the bounded distortion above for E = π̂(Ê). ■
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Proof of Lemma 4.3. In the construction of u-Gibbs measures by Pesin–Sinai, the bounded dis-
tortion estimate is the key ingredient to show the desired absolute continuity of the conditional
measures. The same proof, with Lemma 4.4 implies that any limit measure of the sequence ν̂n
is a projective u-Gibbs measure. See [56] for the details of the referred proof. ■

Notation. We denote by Pf̂ (M̂) the set of f̂ -invariant probability measures. It is equipped with

the weak* topology.

Lemma 4.5. The set Gibbsu(f̂) ⊂ Pf̂ (M̂) is closed (hence compact), and convex. Moreover,
for a projective u-Gibbs measure, its ergodic components are projective u-Gibbs measures.

Proof. Assume that a sequence of projective u-Gibbs measures (µ̂n)n∈N converges to some µ̂ and

fix a continuous function ψ : M̂ → R, and a regular box U such that µ(∂U) = 0, where µ = π̂∗µ̂.

Let π̂ : M̂ →M be the natural projection and set Û = π̂−1(U). Due to Lemma 4.1, there exists

some continuous function ρ̂ : {(p̂, t̂) : p̂ ∈ Û , t̂ ∈ D̂u
p̂} → R≥0 so that for every n ∈ N,∫

Û

ψ(p̂) dµ̂n(p̂) =

∫
Û

(∫
D̂up̂

ψ(t̂)ρ̂(p̂, t̂) dm̂u
p̂(t̂)

)
dµ̂n(p̂).

By the continuity of the holonomies hup,q, we have that the term inside the parentheses defines a
continuous function of p̂. Therefore, by the weak* convergence we get∫

Û

ψ(p̂) dµ̂(p̂) =

∫
Û

(∫
D̂up̂

ψ(t̂)ρ̂(p̂, t̂) dm̂u
p̂(t̂)

)
dµ̂(p̂).

Since this is true for every continuous function ψ : M̂ → R, uniqueness of the conditionals implies

that the disintegration along Ŵu|Û is given by the family {ρÛ (p̂, t̂) dm̂u
p̂(t̂)}, hence µ̂ ∈ Gibbsu(f̂).

Convexity is immediate, and for the last part it suffices to show that µ̂ ∈ Gibbsu(f̂) is an
extremal point if and only if it is ergodic. From this and the Krein–Millman Theorem one gets
the existence of ergodic elements in µ̂ ∈ Gibbsu(f̂).

Since f̂ is continuous, it is well known that the extremal points of Pf̂ (M̂) are precisely the

ergodic measures, which in particular shows that ergodicity implies extremality in Gibbsu(f̂).
Thus, it remains to show that ergodic components of µ̂ are projective u−Gibbs measures.

Suppose that µ̂ ∈ Gibbsu(f̂) and define

B(µ̂) =

p̂ : lim
n→+∞

1

n

n−1∑
j=0

δf̂j(p̂) = lim
n→+∞

1

n

n−1∑
j=0

δf̂−j(p̂)

 .

By Birkhoff’s ergodic theorem µ̂(B(µ̂)) = 1, therefore for µ̂−almost every p̂ ∈ M̂ , there exists a

regular disk Du
p̂ which verifies m̂p̂(B(µ̂)∩D̂u

p ) > 0. Note also that since f̂−1 is locally contracting,

the empirical measures of every q̂ ∈ Ê = B(µ̂)∩ D̂u
p converge to the same measure, say µ̂p̂; then

lim
n→∞

1

nm̂u
p̂(Ê)

∫
Ê

n−1∑
j=0

δf̂j q̃ dm̂
u
p̂(q̂) = µ̂p̂,

which by Lemma 4.3 shows that µ̂p̂ is a projective u−Gibbs measure. On the support of an
ergodic component, empirical measures converge to the component, due to Birkhoff theorem,
hence the result. ■
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The proof of Lemma 4.5 gives something stronger.

Lemma 4.6. Suppose (fn)n∈N is a sequence of diffeomorphisms in PH2
uCB(M) converging to

f ∈ PH2
uCB(M) in the C2-topology, and for each n ∈ N consider µ̂n ∈ Gibbsu(f̂n). Suppose

that µ̂n converges to some measure µ̂. Then µ̂ ∈ Gibbsu(f̂).

Remark 4.7.

• Observe that for each n, the bundles PEcfn are different, so the measures µ̂n are measures
in different spaces. However, all of these bundles are subsets of the same bundle PTM , so
for the convergence in Lemma 4.6 we can think about the weak* topology for measures in
PTM .

• The C2 convergence in the statement of Lemma 4.6 can be replaced by C1-convergence
plus bounded C2-norm of the sequence, which is a weaker condition.

• Lemma 4.6 is equivalent to upper semicontinuity of the set-valued map g 7→ Gibbsu(ĝ),
with respect to the C2-topology.

Proof. First, a probability measure ν̂ in PEcf is also a probability measure on PTM . Let µ̂n

be a sequence of projective u-Gibbs measures for f̂n converging to µ̂ as above. Observe that
f̂n = PDf |PEc , where PDf is the projective action of f . Since PDf∗µ̂n = (f̂n)∗µ̂n = µ̂n, and

PDfn → PDf and µ̂n → µ̂, we have that f̂∗µ̂ = µ̂, so µ̂ is f̂ -invariant.
We take U a foliation box for the unstable foliation of f (which with no loss of generality

assume to be properly contained in a slightly larger foliation box), and consider Û = (π̂)−1(U) ≃
Du
p0 ×Dcs

p0 × PEcp0 . For every q
cs ∈ Dcs we have a parametrization

Φqcs : D
u
p0 →M

of the unstable plaque passing through qcs. For all n sufficiently large, the fn-unstable plaque of
U through qcs can be parametrized as

Φn,qcs : D
u
p0 →M :

moreover, the parametrizations may be chosen so that

sup
qcs

∥Φn,qcs − Φqcs∥C1 −→ 0.

Similarly, for every qT = (qcs, [vq]) ∈ Dcs
p0 × PEcp0 we consider parametrizations

Φ̂qT : D
u
p0 → PTM

Φ̂n,qT : D
u
p0 → PTM

of the corresponding regular u-disks passing through qT . If pr : PTM →M denotes the natural
projection, we have

pr ◦ Φ̂qT = Φqcs (4.4)

pr ◦ Φ̂n,qT = Φn,qcs . (4.5)

Observe also that due to Theorem 2.5, we have

sup
qT

∥∥∥Φ̂n,qT − Φ̂qT
∥∥∥
C0

−→ 0.

18



Recall the definition given (4.2), and let ∆,∆n correspond to f, fn. Given p ∈ Du
p0 we write

ρqT (p) = ∆(qcs,Φqcs(p))

ρn,qT (p) = ∆n(q
cs,Φn,qcs(p))

If
φn(x) = log

∣∣∣det(Dfn(x)|Eufn (x))∣∣∣ .
then the Jacobian formula gives

log ρn,qT (p) =

∞∑
k=1

(
φn(f

−k
n (qcs))− φn(f

−k
n (Φn,qcs(p))

)
.

Since fn → f in the C2 topology, the partial-hyperbolicity constants can be chosen uniformly,
the unstable bundles converge uniformly, and the functions φn have a common Hölder modulus.
Thus, there exist C > 0, 0 < θ < 1, and α > 0, independent of n and qT , such that∣∣φn(f−kn qcs)− φn(f

−k
n Φqcs(p))

∣∣ ≤ Cθαk.

It follows that the tails of the series defining log ρn,qT converge to zero uniformly in n, qT and p.
For each fixed N , the first N terms converge uniformly, since

f−kn
(
Φn,qcs(p)

)
−→ f−k

(
Φqcs(p)

)
uniformly in p, qcs. Splitting the series into its first N terms and its tail therefore gives

sup
qT

sup
p∈Dup0

∣∣ρn,qT (Φn,qT (p))− ρqcs
(
Φqcs(p)

)∣∣ −→ 0.

The C1-convergence of the plaque parametrizations implies uniform convergence of the corre-
sponding leaf-volume densities. Hence the normalizing constants also converge uniformly, and
the normalized plaque probabilities converge uniformly in total variation. Applying the same to
the parametrizations of the regular u-disks, and using (4.4), and arguing similarly as in the proof
of Lemma 4.5, we deduce that conditionals of µ̂n along regular u-disks of Û converge to a family
of measures which is absolutely continuous with respect to the family Mu, and µ̂ is a projective
u-Gibbs measure. ■

Using this formalization of projective u-Gibbs measures, we obtain the following equivalent
definition to the expanding on average property.

Lemma 4.8. Let f ∈ PH2
uCB(M), then the following are equivalent:

1. f is expanding on average;

2. there exists C > 0 such that for any p ∈M , any unit vector v ∈ Ec(p),

lim inf
n→∞

1

nLebu(Wu(p, 1))

∫
Wu(p,1)

log ∥Dqf
nχq,p(v)∥ dLebu(q) ≥ C.

Proof. 1 implies 2 is immediate. Let us show that 2 implies 1. Let ψ : M̂ → R defined by
ψ(x, [v]) = log ∥Dxf |[v]∥. This is a Hölder continuous function. Set

C∗ := inf

{∫
ψ dµ̂ : µ̂ ∈ Gibbsu(f̂)

}
.
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For any u-disk centered at a point x, Dx, and any vector v ∈ Ec(x) unitary, write D̂x,v :=
{(y, [χy,x(v)]) : y ∈ Dx} and observe that this is a projective unstable disk over Dx. Write

m̂u
x,v,Dx

the normalized m̂u
x,[v] measure restricted to D̂x,v. By Lemma 4.3, any accumulation

measure of

ν̂n :=
1

n

n−1∑
j=0

f̂ j∗m̂
u
x,v,Dx

is a projective u-Gibbs measure. Observe that

1

nLebu(Dx)

∫
Dx

log ∥Dyf
nχy,x(v)∥ dLebu(y) =

1

n

n−1∑
j=0

∫
ψ df̂ j∗m̂

u
x,v,Dx(ŷ).

Therefore,

lim inf
n→+∞

1

nLebu(Dx)

∫
Dx

log ∥Dyf
nχy,x(v)∥ dLebu(y) ≥ C∗.

Since the function µ̂ 7→
∫
ψ dµ̂ is continuous, and since the set of projective u-Gibbs measures

is compact, then there exists µ̂ such that C∗ =
∫
ψ dµ̂. By convexity, the minimum has to be

achieved in a extremal point of Gibbsu(f̂), so we may suppose that µ̂ is ergodic.

Take (p, [v]) a µ̂-typical point. Then, µ̂p̂-almost every point in Ŵu(p̂, 1) is µ̂-generic, hence
their Birkhoff’s averages converge to µ̂. Write p = π̂(p̂). The dominated convergence theorem
then implies

C ≤ lim inf
n→+∞

1

nLebu(Wu(p, 1))

∫
Wu(p,1)

log ∥Dqf
nχq,p(v)∥ dLebu(q)

= lim inf
n→+∞

1

n

n−1∑
j=0

ψ ◦ f̂ j(p̂) =
∫
ψ dµ̂ = C∗. (4.6)

Hence,

C ≤ C∗ ≤ lim inf
n→+∞

1

nLebu(Dx)

∫
Dx

log ∥Dyf
nχy,x(v)∥ dLebu(y). ■

4.2 Characterization of the expanding on average property

In this subsection we will give a useful characterization of the expanding on average property.
This condition gives us a better understanding of what expanding on average is.

Given an invariant measure, recall the definiton of the center Lyapunov exponents (1.2)
and (1.3). Due to Oseledets Theorem, given µ ∈ Pf (M), with λ−c(µ) < λ+c(µ), there exist
measurable Df−invariant subbundles E−c, E+c ⊂ Ec, defined on a full µ−measure set R(µ)
verifying for p ∈ R(µ), v ∈ Ec \ {0},

v ∈ E∗c ⇒ lim
n→∞

1

n
log ∥Dpf

n(v)∥ = λ∗c(p) for ∗ ∈ {+,−}.

Definition 4.9. Let f ∈ PH2
uCB(M). Given an ergodic µ ∈ Gibbsu(f), such that λ−c(µ) <

λ+c(µ), we say that E−c is hu-invariant if there is a set M̃ of full µ-measure such that if p, q ∈ M̃ ,
with q ∈Wu(p), then huq,p(E

−c(p)) = E−c(q).

For convenience, we will denote G ⊂ PH2
uCB(M) the set of diffeomorphisms f so that
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1. inf{λ+c(µ) : µ ∈ Gibbsu(f)} > 0 > sup{λ−c(µ) : µ ∈ Gibbsu(f)}, and

2. for every ergodic µ ∈ Gibbsu(f), the direction E−c is not hu-invariant.

The main result in this subsection is the following.

Theorem E. Let f ∈ PH2
uCB(M).

(A) Suppose that f has the expanding on average property and Gap(f) > 0, then f ∈ G.

(B) Suppose that f ∈ G, then f has the expanding on average property. Moreover, the constant
CEA defined in (3.1) verifies

CEA = inf{λ+c(µ) : µ ∈ Gibbsu(f)}.

If in addition supp | detDc
pf | ≤ 1 then f has the expanding on average property and

Gap(f) > 0.

Remark 4.10. Theorem E says that, essentially, the expanding on average property can be seen
as the lack of hu-invariance for the E−c direction. In the language of the projective dynamics,
this can be understood as that projectively, the only u-Gibbs measures are supported on E+c

directions.

In the rest of this subsection we prove Theorem E. Observe that we can think of f̂ as a
skew product over f . In particular, any f̂ -invariant measure projects to an f invariant measure
and, conversely, any f -invariant measure can be lifted to at least one f̂ -invariant measure. The
following is consequence of a well known result due to Ledrappier; see Proposition 5.1 in [35].

Notation. If E ⊂ Ec(p) is one dimensional, we will abuse notation and write E ∈ PEc(p).

Lemma 4.11. Suppose that µ ∈ Pf (M). If for µ-almost every point p, we have λ−c(p) < λ+c(p),
then,

1. If µ is ergodic then it has exactly two ergodic lifts µ̂+, µ̂− ∈ Pf̂ (M̂), which can be charac-
terized as:

(a)

µ̂− =

∫
M0

δE−c(p) dµ(p);

the disintegration of µ̂− along the fibers of M̂ are given by {δE−c(p)}p∈M0
, where

µ(M0) = 1;

(b)

µ̂+ =

∫
M0

δE+c(p) dµ(p).

the disintegration of µ̂+ along the fibers of M̂ are given by {δE+c(p)}p∈M0
, where

µ(M0) = 1;

2. If µ is not ergodic, then for any lift µ̂ ∈ Pf̂ (M̂) there exists M0 of full measure and a

measurable f -invariant function ρ :M0 → [0, 1] so that

µ̂ =

∫
M0

ρ(p)δE−c(p) + (1− ρ(p))δE+c(p) dµ(p),

the disintegration of µ̂ along the fibers of M̂ is given by {ρ(p)δE−c(p)+(1−ρ(p))δE+c(p)}p∈M0
.
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The following is a general result for partially hyperbolic systems with linear holonomies.

Lemma 4.12. Let f ∈ PH2
uCB(M) and let µ ∈ Pf (M) be an invariant measure and suppose

that for µ-almost every point, the center Lyapunov exponents are different. Let p, q ∈ R(µ) with
q ∈Wu(p), then

huq,p(E
+c(p)) = E+c(q).

Moreover, if µ ∈ Gibbsu(f) is a u-Gibbs measure such that for µ-almost every p, λ−c(p) <
λ+c(p), then µ̂+ is a projective u-Gibbs measure.

Proof. Without loss of generality, we can suppose that µ is ergodic. For the general case we just
work in ergodic components. For p, q ∈ R(µ), write pn = fn(p), qn = fn(q). From the definition
of linear holonomies,

Dqf
−n ◦ huq,p = huq−n,p−n ◦Dpf

−n. (4.7)

Observe that the Oseledets directions are well defined in R(µ). Therefore,∥∥Dqf
−n ◦ huq,p|E+c(p)

∥∥ =
∥∥∥huq−n,p−n ◦Dpf

−n|E+c(p)

∥∥∥ .
Since the distance between p−n and q−n goes to zero, we have that limn→+∞ ∥huq−n,p−n∥ = 1.
Hence,

lim sup
n→+∞

1

n
log
∥∥∥huq−n,p−n ◦Dpf

−n|E+c(p)

∥∥∥ ≤ lim sup
n→+∞

1

n

(
log ∥huq−n,p−n∥+ log ∥Dpf

−n|E+c(p)∥
)

= −λ+c(µ).

If huq,p(E
+c(p)) ̸= E+c(q), and since Ec(q) = E−c(q)⊕ E+c(q), we would have that

lim sup
n→+∞

1

n
log
∥∥∥huq−n,p−n ◦Dpf

−n|E+c(p)

∥∥∥ = lim sup
n→+∞

1

n
log
∥∥Dqf

−n ◦ huq,p|E+c(p)

∥∥
≥ lim inf

n→+∞

1

n
log
∥∥∥Dqf

−n|huq,p(E+c(p))

∥∥∥ = −λ−c(µ).

Since we assumed that λ−c(µ) < λ+c(µ), we obtain a contradiction.

Take a regular box U in M , let Û its lift in M̂ : then, using the notation of the previous part,

µ̂+|Û =

∫
U

δE+c(p) dµ(p) =

∫
T

(∫
Dup

δE+c(t)ρ
U (p, t) dLebup(t)

)
dµT (p).

where T = Dcs
p , and µT is the quotient measure. For µT -almost every p, we can choose a point

qp ∈ Du
p , making the choice p 7→ qp measurable, such that qp is a regular point. Therefore, qp

has a well defined Oseledets direction E+c(qp). Using this choice of point as a reference point in
each plaque, we can rewrite this, using the hu-invariance of E+c, as

µ̂+|Û =

∫
T

(∫
Dup

(hut,qp)∗δE+c(qp)ρ
U (p, t) dLebup(t)

)
dµT (p).

If p̂ = (p, hup,qp(E
+c(qp))), then⋃

t∈Dup

hut,qp(E
+c(qp)) = Ŵu(p̂, Û) =: D̂u

p̂ .
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Writing t̂ = hut,qp(E
+c(qp)), we get

µ̂+|Û =

∫
T

(∫
D̂up̂

ρU (p̂, t̂)dm̂u
p(t)

)
dµT (p),

which means that µ̂+ is a projective u-Gibbs measure. ■

We now prove part (A) of Theorem E.

Lemma 4.13. Let f ∈ PH2
uCB(M) be a partially hyperbolic diffeomorphism with the expanding

on average property and verifying Gap(f) > 0. Then f ∈ G.

Proof. We observed in Corollary 3.4 that the top center exponent of every u-Gibbs measure is
bounded from below by CEA and that the bottom center exponent is bounded from above by
−Gap(f).

Suppose there is an ergodic u-Gibbs measure µ such that E−c is hu-invariant. Therefore,
the lift of the measure µ to its stable Oseledets directions, µ̂−, is a projective u-Gibbs measure.
However, for µ̂−-almost every (p, [v]), if we consider the projective unstable disk

D̂(p,[v]) := {(q, [w]) : q ∈Wu(p, 1) and [w] = [huq,p(v)]}

with the measure

m̂D̂(p,[v])
:=

1

Lebu(Wu(p, 1))

∫
Wu(p,1)

δ(q,[huq,pv]) dLeb
u(q),

then its averages

µ̂−
n :=

1

n

n−1∑
j=0

f̂ j∗m̂D̂(p,[v])

converge to µ̂−. Integrating the function ψ(p, [v]) = log ∥Dpf(
v

∥v∥ )∥, we obtain that

λ−c(µ) =

∫
ψdµ̂−.

Since this is a continuous function in the projective bundle, we obtain that

lim
n→+∞

∫
ψdµ̂−

n =

∫
ψ dµ̂− = λ−c(µ).

However, by the chain rule,

lim
n→+∞

∫
ψdµ̂−

n = lim
n→+∞

1

nLebu(Wu(p, 1))

∫
log
∥∥Dc

qf
n · χq,p(v)

∥∥dLebu(q) ≥ CEA

which gives a contradiction. ■

Lemma 4.14. If f ∈ G then for every µ ∈ Gibbsu(f) its only lift to M̂ in Gibbsu(f̂) is the
measure µ̂+.

Proof. Suppose that f ∈ G and µ ∈ Gibbsu(f) is ergodic. The lift µ̂− is not a projective u−Gibbs
measure. Indeed, if we assume the contrary, then µ̂− has absolutely continuous conditionals along
lifted unstable disks. However, its conditionals on PEc fibers are given by δE−c . Therefore, for
µ-almost every p, and for Lebup almost every q, huq,p(E

−c(p)) = E−c(q) which implies that f /∈ G.
If µ is not ergodic, then Lemma 4.11 implies that there exists an ergodic component ν of µ

for which ν̂− is a projective u-Gibbs measure, which gives a contradiction. ■
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After these preparations, we are ready to conclude the proof of Theorem E.

Proof of Theorem E. It remains to prove part (B). Suppose that f ∈ G does not have the
expanding on average property. Then, by Lemma 4.8, for every η > 0 we can find some point p,
some unit vector v ∈ Ecp, and some infinite set S ⊂ N so that

lim
n∈S

1

nLebu(Wu(p, 1))

∫
Wu(p,1)

log ∥Dqf
n · χq,p(v)∥ dLebu(q) ≤ η.

As in the proof of Lemma 4.13, write

m̂D̂(p,[v])
:=

1

Lebu(Wu(p, 1))

∫
Wu(p,1)

δ(q,[huq,p(v)]) dLeb
u(q),

and consider the sequence of projective measures

µ̂ηn :=
1

n

n−1∑
j=0

f̂ j∗m̂D̂(p,[v])
.

Let ψ be as in the proof of Lemma 4.13, and by the chain rule,∫
ψ dµ̂ηn =

1

nLebu(Wu(p, 1))

∫
Wu(p,1)

log ∥Dqf
n · χq,p(v)∥ dLebu(q).

Hence, limn∈S
∫
ψ dµ̂ηn ≤ η. The only accumulation measures of the (µ̂ηn)n are projective u−Gibbs

measures (Lemma 4.3). Up to considering a subsequence, there is some µ̂ ∈ Gibbsu(f̂) so that

lim
n∈S

∫
ψµ̂ηn =

∫
ψ dµ̂.

Note that µ = π∗µ̂ is a u-Gibbs measure. Therefore, there exists a function ρ taking values in
[0, 1], such that

µ̂ =

∫ (
ρ(x)µ̂+

x + (1− ρ(x))µ̂−
x

)
dµ(x),

where µx is the ergodic component of µ containing x, for µ-almost every x, and µ̂∗
x are the lifts

to the stable or unstable Oseledets direction, for ∗ = −,+. Lemma 4.14 tell us that the only
projective u-Gibbs measures that project on µ are supported on E+c

µ , hence µ̂ = µ̂+, and∫
ψ dµ̂+ = λ+c(µ) ≤ η.

For 0 < η < inf{λ+c(ν) : ν ∈ Gibbsuerg(f)}, this contradicts the definition of G. It is immediate
that if f is expanding on average and sup | detDc

xf | ≤ 1 then Gap(f) > 0. ■

4.3 Robustness of the expanding on average property

In this subsection we show the following theorem.

Theorem 4.15. Suppose that f ∈ PH2
uCB(M) has the expanding on average property and

Gap(f) > 0, then for any g ∈ PH2
uCB(M) which is sufficiently C2-close to f has the expanding

on average property with Gap(g) > 0.
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Proof. Suppose the conclusion does not hold, then there exists a sequence (fn)n∈N converging to
f in the C2-topology such that for n sufficiently large, the diffeomorphism fn either

1. is not expanding on average, or

2. fn has the expanding on average property and Gap(fn) ≤ 0.

Let us first show that the first item does not happen for sufficiently large n. Let CEA(f) be
the expanding on average constant for f and fix η ∈ (0,CEA(f)). Suppose not, then, up to
considering a subsequence, we can assume that for each n ∈ N sufficiently large, there exist
pn ∈M , a unit vector vn ∈ Ecpn,fn and some infinite set Sηn ⊂ N such that

lim
k∈Sηn

1

kLebu(Wu(pn, fn))

∫
Wu(pn,fn)

log ∥Dqf
k
n · χq,pn,fn(vn)∥ dLeb

u(q) ≤ η.

As in the proof of Theorem D, for each n, we find a measure µ̂n ∈ Gibbsu(f̂n) such that∫
ψn dµ̂n ≤ η,

where we consider the function ψn(x, [v]) = log ∥Dxfn|[v]∥. We can consider the function ψn
as a function defined in PTM . If fn converges to f in the C1-topology, then ψn converges to
ψ(x, [v]) = log ∥Dxf |[v]∥ in the C0-topology.

Up to considering a subsequence, we may assume that µ̂n converges to some f̂ -invariant
measure µ̂ and by Lemma 4.6 the measure µ̂ ∈ Gibbsu(f̂). So,

CEA(f) > η ≥ lim
n→+∞

∫
ψn dµ̂n = lim

n→+∞

∫
ψ dµ̂n +

∫
(ψn − ψ) dµ̂n =

∫
ψ dµ̂.

By Theorem E and Lemma 4.14, ∫
ψ dµ̂ ≥ CEA(f)

which is a contradiction.
Since in the computation above we could have taken any η ∈ (0,CEA(f)), then, for any ε > 0,

for n large enough CEA(fn) ≥ CEA(f)− ε. Suppose now that, up to a subsequence, each fn has
the expanding on average property but Gap(fn) ≤ 0, for n sufficiently large. Recall that

Gap(fn) := CEA(fn)− sup
x

lim sup
k→+∞

1

k
log |detDc

xf
k
n |.

Claim 4.16. The function

PH1(M) ∋ g 7→ sup
x

lim sup
k→+∞

1

k
log |detDc

xg
k|

is upper semicontinuous.

Proof. Given g ∈ PH1(M), write

c(g) := sup
x

lim sup
k→+∞

1

k
log |detDc

xg
k|.

We want to show that if gn converges to g in the C1-topology, then lim supn c(gn) ≤ c(g). For
each g ∈ PH1(M), define ψ(x, g) = log | detDc

xg|, defined on M ×PH1(M). Observe that this
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function is continuous, where we are using the C1-topology in the second coordinate. It is easy
to see that for each g ∈ PH1(M), we have

c(g) = sup

{∫
ψ(x, g) dν, where ν is g-invariant

}
.

Suppose that gn converges to g. For each ε > 0 and n ∈ N, there exists a gn-invariant measure
νn such that ∫

ψ(x, gn) dνn(x) ≥ c(gn)− ε.

Let nk be a sequence such that lim supn c(gn) = limk c(gnk). Up to considering a subsequence,
suppose that νnk converges to a measure ν, which is g-invariant. Then, since the function ψ is
continuous,

lim sup
n

c(gn)− ε = lim
k
c(gnk)− ε <

∫
ψ(x, gnk) dνnk =

∫
ψ(x, g) dν(x) ≤ c(g).

Therefore,
lim sup

n
c(gn) ≤ c(g) + ε.

Since this is true for any ε > 0, we obtain the upper semicontinuity. ■

Take ε = Gap(f). For n large enough,

CEA(fn) > CEA(f)−
ε

3

and

sup
x

lim sup
k→+∞

1

k
log | detDc

xf
k
n | < sup

x
lim sup
k→+∞

1

k
log |detDc

xf
k|+ ε

3
.

Therefore,

Gap(fn) > Gap(f)− 2ε

3
=

Gap(f)

3
> 0. ■

Remark 4.17. It thus follow that the Examples in Section 9 are robust under C2-perturbations.
One gets, in particlar, C2-open sets of non-uniformly hyperbolic diffeomorphism without global
dominated splitting. Examples as such are not-addressed in the literature.

4.4 Continuity of Lyapunov exponents and the finitary expanding on
average property

We are ready to prove Theorem B.

Proof of Theorem B. Let us first show the continuity of the top center Lyapunov exponent. Let
fn be as in the statement of Theorem B. Observe that, by Theorem 4.15, we may assume that
fn has the expanding on average property with Gap(f) > 0. As in the proof of Theorem 4.15,
consider ψn(x, [v]) := log ∥Dxfn|[v]∥. For each µn, consider µ̂+

n to be the lift of µn to the Oseledets
direction E+c.

By Theorem 4.15, Theorem E, we can apply Lemma 4.14, which implies that this is the only
projective u-Gibbs measure that projects to µn. Moreover, we know that

λ+c(µn, fn) =

∫
ψndµ̂

+
n .
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Take µ̂ a weak*-accumulation measure of the sequence (µ̂+
n )n, which by Lemma 4.6 is also a

projective u-Gibbs measure. We know that the measure µ̂ projects to µ and, since f has the
expanding on average property and Gap(f) > 0, we have that µ̂ = µ̂+. Write ψ(x, [v]) =
log ∥Dxf |[v]∥ and as in the proof of Theorem 4.15,

lim
n→+∞

λ+c(µn, fn) = lim
n→+∞

∫
ψn dµ̂

+
n = lim

n→+∞

∫
ψ dµ̂+

n+

∫
(ψn−ψ) dµ̂+

n =

∫
ψ dµ̂+ = λ+c(µ, f),

which gives us the continuity of the top center exponent.
The continuity of the bottom center exponent then is an easy consequence of the fact that

(ν, g) 7→
∫
log |detDc

xg|dν(x) is continuous among partially hyperbolic systems for the C1-
topology, and for any f -invariant measure ν we have λ+c(ν)+λ−c(ν) =

∫
log |detDc

xf |dν(x). ■

This continuity property of center Lyapunov exponents will crucial in this work. It is con-
venient to come up with finite time versions of the expanding on average property. We will
introduce two versions of these finite time conditions.

Definition 4.18. For R > r > 0, a u-tiling bounded by (r,R) is a family of measurable sets of
unstable leaves Q, which we will call u-cells, with the following properties:

1. for every p ∈ M , the u-cells contained in Wu(p) cover this unstable manifold, and, more-
over, two distinct u-cells intersect in a set of Lebu-measure zero;

2. every Q ∈ Q satisfies Lebu(Q) > 0, Lebu(∂Q) = 0 and Wu(xQ, r) ⊂ P ∈ Wu(xQ, R), for
some xQ ∈ Q.

If we only require the control from above by R, we will say that that the u-tiling is bounded
from above by R.

Recall the given D a u-set of positive Lebesgue measure, we can construct the measure
dµuD(q) = ρuD(q) dLeb

u
D(q) using the canonical density, as we explained in Page 15.

Definition 4.19 (Finitary expanding on average on u-tilings property). Let Q be a u-tilling.
We say that f verifies the finitary expanding on average property with respect to Q if there are
constants N ∈ N and C > 0 such that for any Q ∈ Q, every p ∈ Q and unit vector v ∈ Ec(p),
we have

IN (Q, p, v) :=
1

N

∫
Q

log ∥Dqf
N · χq,p(v)∥dµuQ(q) ≥ C,

where µuQ is the canonical measure on Q. In this case, we say that f is finitary expanding on
average with respect to the tiling Q and constants (N,C).

Another similar definition that we will use is the following.

Definition 4.20 (Finitary expanding on average property). We say that f ∈ PHr
uCB(M)

satisfies the finitary expanding on average property if there exist C > 0 and N ∈ N so that: for
every unit vector v ∈ Ecp, it holds

1

NLebu(Wu(p, 1))

∫
Wu(p,1)

log
∥∥Dqf

N · χq,p(v)
∥∥dLebu(q) > C.

In this case we say that f is finitary expanding on average with constants (N,C).

In what follows, we will explore the relation between these definitions and the expanding on
average definition we have.
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Lemma 4.21. Suppose that f ∈ PH2
uCB(M) is expanding on average and recall the definition

of CEA (3.1). For any C1 ∈ (0,CEA), we have

1. f verifies the finitary expanding on average property for any N sufficiently large, that is,
there exists N0 ∈ N such that for any N ≥ N0, f is finitary expanding on average with
constants (N,C1).

2. For any 0 < r < R, for every u-tilling Q bounded by (r,R), there exists N0 such that for
any N ≥ N0, f is finitary expanding on average with respect to Q with constants (N,C1).

Proof. The proof is essentially the same for both items and follows similar ideas as in the proof
of Theorem 4.15 and Theorem B. Let us start with the first. Suppose the conclusion does not
hold. Fix C1 ∈ (0,CEA) and suppose the conclusion does not hold, then for every N ∈ N there
are pN ∈M and a unit vector vN ∈ EcpN such that

1

NLebu(Wu(pN , 1))

∫
Wu(pN ,1)

log
∥∥Dqf

N · χq,pN (vN )
∥∥dLebu(q) ≤ C1. (4.8)

Write DN :=Wu(pN , 1) and consider the sequence of projective measures

µ̂N :=
1

N

N−1∑
j=0

f̂ j∗m̂N ,

where

m̂N :=
1

Lebu(DN )

∫
DN

δ(q,[huq,pN (vN )]) dLeb
u(q).

Observe that (4.8) gives that ∫
ψ dµ̂N ≤ C1,

where ψ(x, [v]) = log ∥Dxf |[v]∥. Up to considering a subsequence, we may assume the existence of
a measure µ̂ such that µ̂N → µ̂. Observe that the bounded distortion estimates from Lemma 4.4
holds uniformly for every such disk. Therefore, the same proof of Lemma 4.3, following Pesin-
Sinai’s proof, implies that µ̂ is a projective u-Gibbs measure and therefore

C1 ≥
∫
ψ dµ̂ = λ+c(π̂∗µ̂) ≥ CEA,

which is a contradiction.
The same argument works to prove by contradiction the second item. The boundedness of

the u-tiling gives the bounded distortion estimates needed to follow the proof above. Since the
u-cells are bounded from below, they contain a disk of size r, this is what gives the uniformity
on time N0 by following the same proof above. ■

Lemma 4.21 gives that the expanding on average property implies both finitary expanding
on average that we defined. It turns out that Definition 4.19 for every u-tilling is equivalent to
the expanding on average property. We do not know whether Definition 4.20 is equivalent to
expanding on average. We are introducing both finitary expanding on average properties because
the one with u-tillings is what we use to check that the examples we introduce in Section 9 are
expanding on average. Definition 4.20 is a useful property in some of the analysis we will do in
the next few sections. Let use remark that the definition of expanding on average that Cooper
uses in [24] is closer to our Definition 4.20.
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Next, we want to show that Definition 4.19 implies the expanding on average property. We
use two important properties of canonical measures. They have the property that for any set
D inside an unstable leaf with positive Lebu-measure has the property that fk∗ µ

u
D = µufk(D) and

µuD(.|E) = µuE .

Proposition 4.22. Assume that f ∈ PH2
uCB(M) has the finitary expanding on average property

with respect to a u-tiling Q which is bounded by R. Then f has the expanding on average property.

Proof. Suppose that f is finitary expanding on average with respect to Q and constants (N,C).
Write cf := maxxmax{log ∥Dxf∥,− logm(Dxf)} and let g = fN .

Claim 4.23. Suppose that g has the finitary expanding on average property with constant K > 0.
Then, f has the finitary expanding on average property.

Likewise, if g has the finitary expanding on average property with respect to a u-tiling Q, then
the same follows for f .

Proof. For n ∈ N, write n = mN+k, where k ∈ {0, · · · , N−1}. For any center vector v ∈ Ec(x),
by the chain rule,

log ∥Dxf
nv∥ ≥ log ∥Dxg

mv∥ −Ncf .

Therefore, for any p ∈M , any u-disk Dp and any unit vector v ∈ Ec(p),

lim inf
n→+∞

1

nLebu(Dp)

∫
Dp

log ∥Dqf
n · χq,p(v)∥ dLebu(q)

≥ 1

nLebu(Dp)

∫
Dp

log ∥Dqg
m · χq,p(v)∥ dLebu(q)−Ncf

which gives

lim inf
n→+∞

1

nLebu(Dp)

∫
Dp

log ∥Dqf
n · χq,p(v)∥ dLebu(q) ≥

1

N
lim inf
m→+∞

1

mLebu(Dp)

∫
Dp

log ∥Dqg
m · χq,p(v)∥ dLebu(q) ≥ K.

So f is expanding on average.
The second case is proven analogously. ■

Up to replacing f by fN , we may suppose that f has the finitary expanding on average
property for Q with constants (1, C).

Given D inside an unstable leaf with positive Lebu-measure, the integral with respect to µuD
has better additive properties than the corresponding ones for Lebu:

1

n

∫
D

log ∥Dqf
nχq,p(v)∥ dµuD(q) =

1

n

n−1∑
k=0

∫
fk(D)

log ∥Dqfχq,fk(p)(v
k))∥ dµufk(D)(q)

where vk =
Dpf

k(v)
∥Dpfk(v)∥ are unit vectors.

Fix Dp a disk centered at p inside Wu(p) and a unit vector v ∈ Ec(p). For every k ≥ 0,
fk(Dp) consider Qk to be the collection of u-cells in Q that are completely contained in fk(Dp)
and set Rk = fk(Dp) −

⋃
Q∈Qk

Q. Observe that Rk is contained in a neighborhood of radius R

of the boundary of fk(Dp). Thus,

µufk(Dp)(Rk) = µuDp(f
−k(Rk)) ≤ µuDp(f

−k(∂Rf
k(Dp))) ≤ µuDp(∂Rλ−kDp) = ak → 0,
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where ∂Rf
k(Dp) is the R neighborhood of the boundary of fk(Dp) and λ ∈ (0, 1) is related to

the contraction of the unstable Jacobian in the past. In this part, we are only assuming that
the u-cells have size bounded from above by R. Observe that there are at most countably many
u-cells in Qk. Write

In(p, v) :=
1

n

∫
Dp

log ∥Dqf
n(q) · χq,p(v)∥ dµuDp(q).

Thus we can write

In(p, v) =
1

n

n−1∑
k=0

∫
fk(Dp)

log ∥Dqfχq,fk(p)(v
k))∥ dµufk(Dp)(q)

=
1

n

n−1∑
k=0

∑
Qkj∈Qk

∫
Qkj

log ∥Dqf · χq,fk(p)(vk) dµufk(Dp)(q)

+

∫
Rk

log ∥Dqfχq,fk(p)(v
k)∥ dµufk(Dp)(q)

=
1

n

n−1∑
k=0

∑
Qkj∈Qk

µufk(Dp)(Q
k
j )

∫
Qkj

log ∥Dqf · χq,fk(p)(vk) dµuQkj (q)

+

∫
Rk

log ∥Dqfχq,fk(p)(v
k)∥ dµufk(Dp)(q)

≥ 1

n

n−1∑
k=0

(C(1− ak)− cfak) = C −
(C + cf )

∑n−1
k=0 ak

n
.

Therefore,
lim inf
n→∞

In(p, v) ≥ C,

and f has the expanding on average property.
■

Since in the previous proposition we have only used that the atoms are bounded from above,
the same idea can be applied to increasing partitions subordinated to the unstable instead of u-
tilings. In Section A we indicate how to construct adapted measurable partitions, independently
of the underlying u-Gibbs measure, and show the existence of good tilings in the following sense.

Lemma 4.24. Given R > 0 sufficiently small, there is a Borel family Q of relatively compact
u-cells which verify the following.

1. On every unstable leaf, the cells form a locally finite covering, with disjoint interiors, and
Q ∩Q′ ̸= ∅ implies Lebu(Q ∩Q′) = 0.

2. For every Q ∈ Q there exists xQ ∈ Q so that

Wu(xQ, R) ⊂ Q ⊂Wu(xQ, 6R).

Moreover µ(∂uQ) = 0, and for some uniform constants v, V > 0 we have

v ≤ Lebu(Q) ≤ V.
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4.5 Large deviations estimates

Our goal is to explain the following result:

Proposition 4.25. Let f ∈ PH2
uCB(M) and let φ : M̂ → R be a Hölder continuous function

and set

Iφ :=

{∫
φ dµ̂ : µ̂ is a projective u-Gibbs measure

}
.

For every ε > 0 and R > 0, there are constants L > 0 and γ > 0 such that for any p̂ ∈ M̂ , for
every n ≥ 1,

m̂u
Ŵu(p̂,R)

x : d

 1

n

n−1∑
j=0

φ(f̂ j(x)), Iφ

 ≥ ε

 ≤ Le−γn.

Remark 4.26. Since the set of projective u-Gibbs measures is a convex, compact set, the set Iφ
above is actually a closed interval.

Proof. Large deviations estimates are known to hold along unstable manifolds for partially hyper-
bolic systems. In what follows, we give a sketch of a proof following the approach by Dolgopyat
that can be found in [29]. Let us give this sketch for partially hyperbolic systems. We will
then explain that the same ingredients needed in the partially hyperbolic setting hold for the
projective unstable manifolds we are considering.

In what follows, we will use some notations used [29]. Let f be a partially hyperbolic C2-
diffeomorphism. Let W be a local unstable manifold, and r > 0 small. Choose a set Q = {ql},
which is a maximal r-separated set, that is, du(ql, qm) ≥ r for l ̸= m and for any z ∈W/Q, there
exists ql such that du(ql, z) < r. Define

Kl = {z ∈W : du(z, ql) = min
m

du(z, qm)}.

The sets Kl are called cells, and W =
⋃
lKl. This type of decomposition is also known as

Voronoi Tesselation.
It is easy to see that B(ql, r/2) ⊂ Kl ⊂ B(ql, r), and the boundary of Kl consists of finitely

many smooth hypersurfaces, so Kl is given by an open set and a piecewise smooth boundary.
Fix R > 0 and let D = Wu(p,R). Given a bounded subset of an unstable leaf with positive

measure, K, we define the canonical density on K as ρcan(.) = ρKcan(.) as the unique function
determined by

ρcan(x)

ρcan(y)
=

∞∏
j=0

| detDu
f−j(x)f

−1|
| detDu

f−j(y)f
−1|

and

∫
K

ρcan(x)dLeb
u
p(x) = 1.

The existence of the canonical density is a consequence of the bounded distortion. Let m be
the measure in D given by the corresponding canonical density. By bounded distortion, the
normalized Lebesgue measure on Wu(p,R) is uniformly comparable with the measure m, this
uniformity is independent of the choice of p.

Fix φ a Hölder continuous function onM and ε > 0. Write Snφ(x) = φ(x)+· · ·+φ(fn−1(x)).
We can split the estimate in the proposition by estimating the measure of the sets{

x ∈ D :
1

n
Snφ(x) ≥ max Iφ + ε

}
and

{
x ∈ D :

1

n
Snφ(x) ≤ min Iφ − ε

}
.
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We will estimate the first set, as the second set reduces to the first by replacing the arguments
from φ to −φ. Up to replacing φ by φ−max Iφ − ε, we can assume that∫

φdµ ≤ −ε,

for every u-Gibbs measure µ. So it suffices to show that there exist constants L and δ > 0 such
that for every n ∈ N

mK {x ∈ D : Snφ(x) ≥ 0} ≤ Le−δn,

where the estimates don’t depend on p. The first ingredient is given by the following lemma.

Lemma 4.27. There exists n0 such that for any n ≥ n0, any p ∈ M , any set K containing p
such that Wu(p, r/2) ⊂ K ⊂ Wu(p, r), for ν either the normalized Lebesgue measure on K or
the measure obtained by the canonical density, we have∫

1

n
Snφdν ≤ −ε

2
.

Proof. Consider the weak* neighborhood V of Gibbsu(f) obtained by µ ∈ V if
∫
φdµ < − ε

2 .
Since the sets K considered contain an unstable disk of size r/2 and are contained in an unstable
disk of size r, there exists n0 such that for any such set K, let ν be as in the statement, then
1
n

∑n−1
j=0 f

j
∗ν ∈ V, otherwise, one would obtain a u-Gibbs measure not contained in V. The result

then follows. ■

Lemma 4.27 states that any unstable set K which is not too small, must be far from 0 in a
uniform time n0.

Given a γ-Hölder continuous function ψ, its Hölder norm is given by

∥ψ∥γ := sup
x̸=y

|ψ(x)− ψ(y)|
d(x, y)γ

.

There exists a constant L′ with the property that for any K inside an unstable ball of
radius r and having positive measure, the corresponding canonical density is log-Hölder with
∥ log ρcan∥γ ≤ L′, where γ is the corresponding Hölder exponent.

For a set K, write mK the probability measure obtained by the canonical density on K.
Using the quotient formula for the canonical density, one can show that f∗mK = mf(K). This is
the key property it is used for canonical densities.

Since φ is Hölder, there exists L′′ > 0 with the following property: for any K and n ∈ N such
that fn(K) is contained in an unstable ball of radius R, verifies

sup
x∈K

Snφ(x)− inf
y∈K

Snφ(y) ≤ L′′.

The key lemma for the proof of Large deviations in [29] is the following:

Lemma 4.28 ([29], Lemma 4). There exist constants L′′′ and θ ∈ (0, 1) such that for any K
inside an unstable leaf containing an unstable ball of radius 1/2 and contained in an unstable ball
of radius 1, whose boundary consists of finitely many smooth hypersurfaces, there is a countable
partition K =

⋃
j Kj and integers nj ≥ 1 with

1. fnj (Kj) is a cell in fnj (K);

2. mK

(⋃
j:nj>N

Kj

)
< L′′′θN ;
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3.
∑
jmK(Kj) supx∈Kj

(
Snjφ(x) +

ε
4nj
)
≤ 0.

Item (1) represents that nj is a type of “renewal” time where Kj becomes an object of scale
≈ r. If one defines a “stopping time” τ(x) by τ(x) = nj if x ∈ Kj , then the second item says
that τ has exponential tails, in other words mK(τ > N) ≤ L′′′θN . The third item is related to
the following ∫

Sτφ dmK ≤
∑
j

m(Kj) sup
x∈Kj

Snjφ(x) ≤ −ε
4

∫
τ dmK ≤ −ε

4
,

since τ ≥ 1.
Put

Hj := sup
x∈Kj

Snjφ(x).

So |Hj | ≤ ∥φ∥∞nj , and let ψK(δ) :=
∑
jmK(Kj)e

δHj for δ ≥ 0. Then:

• ψK(0) =
∑
jmK(Kj) = 1;

• conclusion (3) of Lemma 4.28 implies that
∑
jmK(Kj)Hj ≤ − ε

4 ;

• conclusion (2) of Lemma 4.28 implies that

mK(τ = N) ≤ L′′′θN−1.

Set a0 = 1
2 log(1/θ). We have that

L′′′′ := sup
K

∑
j

mK(Kj)n
2
je
a0nj ≤

∑
N≥1

N2ea0NL′′′θN−1 =
∑
N≥1

L′′′N2θ−
N
2 θN−1 < +∞,

where the supremum is taken over all of the sets K where Lemma 4.28 applies.

Applying et ≤ 1 + t+ t2

2 e
|t|, we have for 0 < δ ≤ a0/∥φ∥∞,

ψK(δ) ≤ 1− δε

4
+
δ2

2
∥φ∥2∞L′′′′,

so that for δ small enough, ψK(δ) ≤ θ < 1. This is independent on the choice of p, which
determines D.

Given l ∈ N, we define a countable partition K =
⋃
j Kj,l with times nj,l defined inductively,

by applying Lemma 4.28 as follows. Suppose we had defined this partition for l, let us explain
how to define it for l+ 1. We have that fnj,l(Kj,l) is a cell. By Lemma 4.28, there is a maximal
1-separated set Q = {qi} and we can write fnj,l(Kj,l) =

⋃
iBi, where we denote by Bi the

corresponding cell for qi. Set Kj,l,i := f−nj,l(Bi) and nj,l,i = nj,l + n(Bi). Then, fnj,l,i(Kj,l,i)
is again a cell and we may reindex {Kj,l,i} as Kj,l+1. Write nl(x) = nj,l(x) and observe that
n0(.) < n1(.) < n2(.) < · · · . The numbers nl represent the total amount of time for the lth-
renewal.

Since Snj,l,iφ(x) = Snj,lφ(x) + Sn(Bi)φ(f
nj,l(x)), we have that

sup
Kj,l,i

Snj,l,iφ ≤ sup
Kj,l

Snj,lφ+ sup
Bi

Sn(Bi)φ.

Using this and the estimates above, we obtain that∫
eδSnl(x)φ(x) dmK(x) ≤ θ

l
, (4.9)
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see page 7 in [29]. Fix ε > 0 small enough so that eεθ < 1. By (4.9) and Markov inequality, we
have that

mK

(
Snl(x)φ(x) ≥ −εl

δ

)
≤
(
eεθ
)l
. (4.10)

Set η := eεθ.
A similar argument gives that there exist constants C large and θ̃ ∈ (0, 1) such that

mK(nl(x) ≥ Cl) ≤ θ̃l. (4.11)

Observe that
mK (nl+1(x)− nl(x) > N) ≤ L′′′θN . (4.12)

Set ε := ε
δ . Let l(n, x) be the number of renewals up to time n. If Snφ(x) ≥ 0, then one of

the following holds (see [29], page 8)

• l(n, x) > n
C (too few renewals);

• Snlφ(x) ≥ −εl;

• nl+1(x)− nl(x) >
εl

∥φ∥∞
.

By (4.10), (4.11) and (4.12), all of these three events have an exponential decay in l. This gives
the desired large deviations estimate.

Conclusion

In the argument above, the two key properties of unstable manifolds used are bounded distor-
tion for mK , and uniform expansion of unstable leaves. Recall that in our definition of projective
u-Gibbs measures, and in all of the projective constructions we work with, we lift the Lebesgue
measures on unstable leaves to projective unstable leaves using holonomies. In particular, we
also have all of the distortion estimates (Lemma 4.4) and expansion estimates needed for the
construction above. Indeed, for a fixed projective unstable leaf, we can follow the entire construc-
tion above in the corresponding unstable leaf on the base, and lift everything to the projective
unstable leaf. So the proof of large deviations holds verbatim in this case. ■

4.6 Consequences of Large deviations

A useful consequence of Proposition 4.25 is the following.

Corollary 4.29. Let f ∈ PH2
uCB(M). For every p ∈ M and any unit vector v ∈ Ec(p), there

exists a set G(p, v) ⊂ Wu
loc(p) of full Lebup -measure, with the property that for any q ∈ G(p, v),

any accumulation point of

1

n

n−1∑
j=0

δf̂j(q,[χq,p(v)])

is a projective u-Gibbs measure.

Proof. Take {φk}k∈N a sequence of Hölder functions which is dense in C0(M̂). Fix p̂ = (p, [v]) ∈
M̂ and write D̂ := Ŵu

loc(p̂). For each k, by Proposition 4.25 and the Borel-Cantelli Lemma, there
exists a set Gk(p̂) of full m̂p̂u-measure such that for any q̂ ∈ Gk(p̂)

lim
n→+∞

d

 1

n

n−1∑
j=0

φk(f̂
j(q̂)), Iφk

 = 0.
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Set G(p̂) :=
⋂
kGk(p̂) and let us check that this set verifies the conclusion of Corollary 4.29.

First, observe that the map
C0(M̂) ∋ φ 7→ Iφ

is 1-Lipschitz, where we are using the C0-topology in the domain and the Hausdorff distance
in the range. This follows easily from the following observation, for any a ∈ Iφ, there exists

µ̂ ∈ Gibbsu(f̂) such that a =
∫
φ dµ̂. In particular, for any ψ ∈ C0(M̂),∣∣∣∣∫ φ dµ̂−

∫
ψ dµ̂

∣∣∣∣ ≤ ∥φ− ψ∥0.

Therefore, supa∈Iφ d(a, Iψ) ≤ ∥φ− ψ∥0 and, similarly supb∈Iψ d(Iφ, b) ≤ ∥φ− ψ∥0. This implies
that dH(Iφ, Iψ) ≤ ∥φ− ψ∥0.

Take q̂ ∈ G(p̂) and consider ν̂ an accumulation point of the sequence

1

n

n−1∑
j=0

δf̂j(q̂).

Let φ ∈ C0(M̂) be a continuous projective function and let kj → +∞ be a sequence such that
φkj converges to φ in the C0-topology. Observe that for each j,

∫
φkj dν̂ ∈ Iφkj . Since Iφkj → Iφ,

we obtain that ∫
φ dν̂ ∈ Iφ.

Suppose ν̂ is not a projective u-Gibbs measure. Recall that the set of projective u-Gibbs measures
is a convex and compact subset of the space of measures in M̂ . The Hahn-Banach Theorem gives
a continuous function ψ such that∫

ψ dν̂ > sup

{∫
ψ dµ̂ : µ̂ ∈ Gibbsu(f̂)

}
,

which is a contradiction with
∫
ψ dν̂ ∈ Iψ. ■

Using Corollary 4.29, we can strengthen the estimate obtained in Lemma 3.3. This is given
in the following lemma.

Lemma 4.30. Let f ∈ PH2
uCB(M) be expanding on average with Gap(f) > 0. For every

p ∈M , Lebu-almost every q ∈Wu
loc(p) it holds

lim inf
n→∞

1

n
log
∥∥Dc

qf
n
∥∥ ≥ CEA (4.13)

lim sup
n→∞

1

n
logm

(
Dc
qf
n
)
≤ −Gap(f). (4.14)

Proof. Let f ∈ PH2
uCB(M) be expanding on average with Gap(f) > 0. Fix p ∈M and v ∈ Ec(p)

a unit vector. By Corollary 4.29, there exists a set G(p, v) ⊂ Wu
loc(p) of full Leb

u
p -measure such

that every accumulation point of

µ̂nq :=
1

n

n−1∑
j=0

δf̂j(q,[χq,p(v)]
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is a projective u-Gibbs measure. Consider the continuous projective function ψ(x, [w]) = log ∥Dxf |[w]∥.
Observe that∫

ψ dµ̂nq =
1

n

n−1∑
j=0

log ∥Dqjf |[Dqfj(χq,p(v)]∥ =
1

n
log ∥Dqf

n|[χq,p(v)]∥ ≤ 1

n
log ∥Dc

qf
n∥.

By Theorem E and Lemma 4.14, the only projective u-Gibbs for f are supported on the unstable
Oseledets directions. Therefore,

lim inf
n→+∞

∫
ψ dµnq ≥ inf{λ+c(µ) : µ ∈ Gibbsu(f)} = CEA.

Hence,

CEA ≤ lim inf
n→+∞

1

n
log ∥Dc

qf
n∥. (4.15)

From the definition of Gap(f) given in Equation (3.2), we have that

lim sup
n→+∞

1

n
log |detDc

qf
n| = lim sup

n→+∞

1

n
log ∥Dc

qf
n∥ ·m(Dc

qf
n) ≤ −Gap(f) + CEA.

By (4.15), we obtain that

lim sup
n→+∞

1

n
logm(Dc

qf
n) ≤ −Gap(f). ■

5 Existence of a weak stable direction

The main goal of this subsection is to prove Theorem 5.1 below, which states that inside any
unstable leaf, Lebesgue-almost every point has a well defined stable direction in the center.

Fix f ∈ PH2
uCB(M) an expanding on average diffeomorphism and suppose that Gap(f) > 0.

The arguments in the proof of Theorem 5.1 are based in the proof of the two dimensional
Osedelets Theorem. We point out that, in the setting of Oseledets theorem where some invariant
measure µ is used as a reference, one can use the Kingman’s sub-addtive theorem in order
to deduce that for µ−almost every point p the sequences ( 1n log

∥∥Dcfnp
∥∥)n≥0, (

1
nm

(
Dcfnp

)
)n≥0

asymptotically behave like the largest and smallest center Lyapunov exponent, respectively. This
information on the expected assymptotic expansion and contraction simplifies the construction
of the corresponding invariant sub-bundles. In our case the main difficulty is that there is no a
priori fixed invariant measure, hence we need to obtain some uniformity in the behavior of the
above sequences just from the expanding on average property. Our goal is to show the following
result.

Theorem 5.1. Suppose that f ∈ PH2
uCB(M) has the expanding on average property and

Gap(f) > 0. Then, for every p ∈ M , for Lebu-almost every point x in Wu(p), there is a
well defined stable direction E−c(x) and

lim sup
n→+∞

1

n
log ∥Dxf

n|E−c(x)∥ ≤ −Gap(f).

Moreover, for Lebu−almost every x ∈Wu(p), if v /∈ E−c(x), then

lim inf
n→+∞

1

n
log ∥Dxf

nv∥ > 0.
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Notation. For this section only, given p ∈M,n ∈ N we write

An(p) = Dc
pf

n.

From now on, let us write Wu
loc(p) to be the strong unstable manifold of size 1 (this choice is

arbitrary and we could have fixed any other constant). We now establish some finer control on
the center derivative. It will be convenient to denote, for p ∈ M , mu

p the normalized Lebesgue
measure along Wu

loc(p).
In what follows, we will first focus on the proof of Theorem 5.1 by first assuming some lemmas

which will be proved in the next subsection.

Lemma 5.2. For any C1 ∈ (0,CEA), for every p ∈ M and unit vector v ∈ Ecp, the following
holds: for mu

p−almost every q ∈Wu
loc(p) there exists n(x, v) ∈ N such that

∀n ≥ n(x, v), ∥An(x) · χx,p(v)∥ ≥ eC1n.

In order to simplify the presentation, we assume that Ec is a trivial bundle. In general, one
considers trivializing charts of Ec with null boundary, and obtains a measurable trivialization.
Let us start the construction of stable directions.

Since we are assuming that Ec is trivial, we can identify {An(x)}n≥0 as a cocycle of matrices,
for x ∈M . Without loss of generality, we can assume that the norm used in R2 is the Euclidean
norm. Let un(x), sn(x) ∈ Ecx ≈ R2 be unit vectors so that

dun(x) := ∥An(x)∥ = ∥An(x) · un(x)∥
dsn(x) := m (An(x)) = ∥An(x) · sn(x)∥ .

Write An(x) = Un(x) · diag (dsn(x), dun(x)) · Vn(x) with Un(x), Vn(x) ∈ O(2): in particular,
un(x) ⊥ vn(x) and A

n(x) · un(x) ⊥ An(x) · vn(x). If sn(x) ∈ Ecx = span{un+1(x), sn+1(x)}, we
can write

sn(x) = cos θn(x)sn+1(x) + sin θn(x)un+1(x), where θn(x) = ∠(sn(x), sn+1(x)).

Observe that∥∥An+1(x) · sn(x)
∥∥ ≥ | sin θn(x)|dun+1(x)∥∥An+1(x) · sn(x)
∥∥ = ∥A(fn(x))An(x) · sn(x)∥ ≤ ∥A(fn(x))∥ ∥An(x) · sn(x)∥ = ∥A(fn(x))∥ dsn(x).

Observe that dun+1(x) ≥ m(A(fn(x)))dun(x) ≥ m∞(A)dun(x), where m∞(A) = inf{m(A(y))}.
Similarly, define ∥A∥∞ = sup{∥A(y)∥}. Therefore,

| sin θn(x)| ≤
dsn(x)

dun+1(x)
∥A(fn(x))∥ =

∥A(fn(x))∥
m(A(fn(x)))

m (An(x))

∥An(x)∥
≤

∥A∥∞
m∞(A)

m (An(x))

∥An(x)∥
.

By Lemma 4.30, if x is mu
p -typical (that is, typical on its unstable leaf), for any β > 0 then

there exists n0 = n0(x, β) such that for every n ≥ n0 we get

| sin θn(x)| ≤ exp (−n(CEA +Gap(f)− β)) = exp(−nKβ),

where Kβ = CEA +Gap(f)− β > 0 is positive, and this implies that {sn(x)} converges to some
vector s(x). Since on [0, π2 ] we have that 2

π θ ≤ | sin θ|, then

|θn(x)| ≤
2∥A∥∞
πm∞(A)

· m(An(x))

∥An(x)∥
.
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If |αn(x)| = |∠(s(x), sn(x))|, then

|αn(x)| ≤
∑
k≥0

|θn+k(x)| ≤
∑
k≥0

2∥A∥∞
πm∞(A)

· m(An+k(x))

∥An+k(x)∥
.

Since |θ| ≥ | sin θ|,

| sinαn(x)| ≤
2∥A∥∞
πm∞(A)

·
∑
k≥0

m
(
An+k(x)

)
∥An+k(x)∥

≤ 2∥A∥∞
πm∞(A)

e−nKβ ,

with D(x) = C(x)

1−e−Kβ
and n ≥ n0(x, β).

Definition 5.3. Define E−c
x = R · s(x).

Our goal is to show that for every p, for mu
p -almost every x, the direction E−c

x contracts
exponentially fast under the action of Dfn. Define

J := sup
q

lim sup
n→+∞

1

n
log |detAn(q)|, (5.1)

and, since Gap(f) > 0, we have that Gap(f) = CEA − J > 0. We will need the following lemma
which will be proved in the next subsection.

Lemma 5.4. Assume that f ∈ PH2
uCB(M) has the expanding on average property and Gap(f) >

0. For any C1 ∈ (max{J, 0},CEA) and any C2 ∈ (J,C1) the following holds: for any p ∈M , and
for any unit vector v ∈ Ec(p), for mu

p -almost every x ∈ Wu
loc(p), there exists n(x, v) ∈ N such

that for any n ≥ n(x, v),
| detAn(x)|

∥An(x) · χx,p(v)∥
≤ e−(C1−C2)n.

For the rest of this section, let us fix C1 and C2 as in Lemma 5.4. Also, fix v ∈ Ec(p) unit
vector.

For x ∈Wu
loc(p) and n ∈ N, write s(x) = vns + vnu , where we write the vector s(x) in the basis

{un(x), sn(x)}, whenever those directions are defined, and let αn(x) = ∢(s(x), sn(x)). We have
that

∥An(x) · s(x)∥ ≤ | cos(αn(x))|∥An(x) · sn(x)∥+ | sin(αn(x))|∥An(x) · un(x)∥. (5.2)

Observe that for mu
p -almost every x there exists n(x, v) such that if n ≥ n(x, v), then,

∥An(x) · vns ∥ = | cos(αn(x))|dsn(x) ≤ e−(C1−C2)n.

Recall that,

| sinαn(x)dun(x)| ≤
2∥A∥∞
πm∞(A)

∑
k≥0

m
(
An+k(x)

) ∥An(x)∥
∥An+k(x)∥

.

To estimate this term, we need some type of lower bound on ∥An+k(x)∥ for a mu
p -typical point.

In order to accomplish this, we need the following lemma.

Lemma 5.5. For any β > 0 small, for mu
p -almost every x, there exists Q1(x) such that

∥An(x)∥
∥An+k(x)∥

≤ Q1(x)e
−(1−β)C1k+βn.
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We will prove this lemma in the next subsection. Lemma 5.5 implies that

| sinαn(x)dun(x)| ≤
2∥A∥∞
πm∞(A)

∑
k≥0

m
(
An+k(x)

) ∥An(x)∥
∥An+k(x)∥

≤ 2∥A∥∞
πm∞(A)

∑
k≥0

m(An+k(x))Q1(x)e
−(1−β)C1k+βn

(5.3)
Observe that

| detAn+k(x)|
m(An+k(x))

=
| detAn+k(x)|

∥An+k(x) · sn+k(x)∥
= ∥An+k(x)∥ ≥ ∥An+k(x) · χx,p(v)∥.

Therefore,

∥An+k(x) · sn+k(x)∥ ≤ | detAn+k(x)|
∥An+k(x) · χx,p(v)∥

. (5.4)

By Lemma 5.4, for n sufficiently large

m(An+k(x)) ≤ e−(C1−C2)(n+k).

Hence,

| sinαn(x)dun(x)| ≤ Q1(x)

∑
k≥0

e−((C1−C2)+(1−β)C1)k

 e−(C1−C2−β)n.

Set Q2 =
∑
k≥0 e

−((C1−C2)+(1−β)C1)k. For n sufficiently large, we conclude that

∥An(x) · s(p)∥ ≤ e−(C1−C2)n +Q1(x)Q2e
−(C1−C2−β)n,

which decays exponentially fast to 0 at a rate at least C1 −C2 − β, where we take β < C2 −C1.
So E−c

x is a genuine stable direction. We have showed that for any C1 and C2 as in the statement
of Lemma 5.4, for mu

p -almost every x the stable direction E−c
x contracts at a rate bounded from

above by C1 − C2 − β. As this happens in a full measure set, one can take a sequence Cm1
converging to CEA from below, Cm2 converging to J from above, and βm > 0 converging to 0.
Considering the countable intersection of the full measure sets corresponding to (Cm1 , C

m
2 , βm),

we obtain a full measure set of points whose contraction rate is at least −Gap(f).
Let us check that for mu

p -almost every x, DxfE
−c(x) = E−c(f(x)). Indeed, for mu

f(p)-almost

every f(x), the direction generated by

Dxfχx,p(v)

∥Dxfχx,p(v)∥

expands exponentially fast. If DxfE
−c(x) does not coincide with E−c(f(x)), then it would have

a component in
Dxfχx,p(v)

∥Dxfχx,p(v)∥ and it would expand in the future, which is a contradiction with the

fact that it contracts. This argument also shows that for mu
p -almost every x if v is a vector not

contained in E−c(x), then it expanding in the future. This concludes the proof of Theorem 5.1
assuming Lemmas 5.2, 5.4 and 5.5.

5.1 Proof of Lemmas 5.2, 5.4 and 5.5

Proof of Lemma 5.2. Fix C1 ∈ (0,CEA) and write φ(x, [v]) = log ∥Dxf |[v]∥. Observe that φ is a

Hölder continuous function on M̂ . Observe that Theorem E implies that

CEA = inf

{∫
φ dµ̂ : µ̂ is a projective u-Gibbs measure

}
,

39



since the quantity above, under our assumptions of expanding on average and Gap(f) > 0,
coincides with the smallest positive center exponent among all u-Gibbs measures. Fix v ∈ Ec(p)
a unit vector, by Proposition 4.25, the event

En :=

{
x ∈Wu

loc(p) :
1

n

n−1∑
i=0

φ(f̂ i(x, [χx,p(v)])) ≤ C1

}

verifies
mu
p (En) ≤ Le−γn.

By the Borel-Cantelli Lemma,

mu
p

⋂
j≥1

⋃
n≥j

En

 = 0.

Therefore, for mu
p -almost every x, there exists n(x, v) such that for any n ≥ n(x, v),

1

n

n−1∑
i=0

φ(f̂ i(x, [χx,p(v)])) > C1,

which implies that
∥Dxf

n · χx,p(v)∥ ≥ eC1n. ■

Proof of Lemma 5.4. Let C1, C2, p ∈ M and v ∈ Ec(p) be as in the statement of Lemma 5.4.
By Lemma 5.2, for mu

p -almost every x, there exists n1 = n1(x, v) such that

∥An(x) · χx,p(v)∥ ≥ eC1n,

for n ≥ n1.

Claim 5.6. For C2 > J, there exists a uniform n2 = n2(C2) such that for any q ∈M , if n ≥ n2
then

| detAn(q)| ≤ eC2n.

Proof. Observe that (5.1) implies that for any invariant measure µ,∫
log |detA(q)|dµ(q) ≤ J.

Since the quantity 1
n log |detAn(q)| = 1

n

∑n−1
j=0 log |detA(f j(q))| is a Birkhoff average of a con-

tinuous function, for any C2 > J , we conclude that there exists n2 = n2(C2) such that for any
n ≥ n2 and any q ∈M ,

1

n
log |detAn(q)| < C2,

which proves the claim. ■

For n ≥ max{n1, n2}, we have that

| detAn(x)|
∥An(x) · χx,p(v)∥

≤ e−(C1−C2)n. ■

Next we start the preparation to prove Lemma 5.5. We will need the following covering
lemma.
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Lemma 5.7. Let f ∈ PH2(M) be a partially hyperbolic diffeomorphism. There exists a constant
B with the following property: for any D unstable disk and any n ∈ N, there is a cover of fn(D),
{Di} such that

1. each Di is an unstable disk of size 1, and

2. each Di intersects at most B disks of this cover.

Proof. Let D be an unstable disk and n ∈ N. For fn(D), let {x1, · · · , xm} be a maximal 1-
separated set in fn(D),where we are using the topology generated by the Riemannian metric
restricted to fn(D). Observe that, by the maximality of {x1, · · · , xm}, we have

fn(D) ⊂
m⋃
i=1

Wu(xi, 1).

Moreover, if i ̸= j then Wu(xi,
1
2 ) ∩W

u(xj ,
1
2 ) = ∅ and if Wu(xi, 1) ∩Wu(xj , 1) ̸= ∅, then, by

the triangular inequality,

Wu(xj ,
1

2
) ⊂Wu(xi,

5

2
),

since if z ∈ Wu(xj ,
1
2 ), then d

u(z, xi) ≤ du(z, xj) + du(xj , xi) <
1
2 + 2. By the uniform control

on the geometry of unstable disks of size 1
2 and of size 5

2 , we have that there are constants
0 < a1 < a2 such that

a1 ≤ Lebu(Wu(x,
1

2
)) and Lebu(Wu(y,

5

2
)) ≤ a2,

for any x, y ∈ M . For each i, let B(i) be the number of j such that Wu(xi, 1) ∩Wu(xj , 1) ̸= ∅.
Then,

B(i)a1 ≤
∑

j:Wu(xj ,1)∩Wu(xi,1)̸=∅

Lebu(Wu(xj ,
1

2
)) ≤ Lebu(Wu(xi,

5

2
) ≤ a2.

Therefore, by setting B = a2
a1

+ 1, we get that B(i) ≤ B. Set Di =Wu(xi, 1). Observe that this
bound is independent of D and n. ■

Proof of Lemma 5.5. For the function φ(x, [v]) = log ∥Dxf |[v]∥ and ε = CEA−C1, let γ be given
by Proposition 4.25. Fix β > 0 small and fix δ > 0 small enough such that

δ ((1− β)C1 − logm∞(A)) < γ. (5.5)

Let k, n ∈ N, take p ∈M , write D = Wu
loc(p) and let mu

p be the normalized volume measure
on D. Our goal is to estimate ∫

D

∥An(x)∥δ

∥An+k(x)∥δ
dmu

p(x).

First, let us fix {Di}i∈In a cover of fn(D) obtained from Lemma 5.7. For i ∈ In, write m
u
i (·) =

mu
p(f

−n(Di) ∩ ·). Observe that mu
i is not a probability measure. Therefore,

mu
p ≤ B

∑
i∈In

mu
i .

Since x 7→ ∥An(x)∥δ
∥An+k(x)∥δ is a nonnegative function, we have that∫

D

∥An(x)∥δ

∥An+k(x)∥δ
dmu

p(x) ≤ B
∑
i∈In

∫
f−n(Di)

∥An(x)∥δ

∥An+k(x)∥δ
dmu

i (x)
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For each i ∈ In, let us estimate ∫
f−n(Di)

∥An(x)∥δ

∥An+k(x)∥δ
dmu

i (x).

Claim 5.8. There exists a constant L1 ≥ 1 such that for any two points x, y in the same unstable
leaf and n ∈ N such that du(f j(x), f j(y)) < 2 for 0 ≤ j ≤ n, let vx ∈ Ec(x) be a unit vector that
∥An(x)vx∥ = ∥An(x)∥, then

1 ≤ ∥An(y)∥
∥An(y) · χy,x(vx)∥

≤ L1.

Proof. Since the unstable distance is bounded by 2, then, there exists a constant L ≥ 1 such
that L−1 ≤ ∥hup,q∥ ≤ L, for any p, q in the same unstable and with unstable distance at most 2.
Hence,

L−1∥An(x)∥ ≤ ∥hufn(y),fn(x)(A
n(x) · vx)∥ = ∥huy,x(vx)∥ · ∥An(y) · χy,x(vx)∥ ≤ L∥An(y)∥

≤ L∥An(y) · vy∥ ≤ L2∥hufn(x),fn(y)(A
n(y) · vy)∥

= L2∥An(x) · hux,y(vy)∥ ≤ L3∥An(x)∥,

where vy is a unit vector in Ec(y) that realizes norm of An(y). The above implies that

1 ≤ ∥An(y)∥
∥An(y) · χy,x(vx)∥

.

Moreover, it implies that

L−2 ≤ ∥An(y)∥
∥An(x)∥

≤ L2,

and that
L−2∥An(x)∥ ≤ ∥An(y) · χy,x(vx)∥.

Therefore,
L−4∥An(y)∥ ≤ ∥An(y) · χy,x(vx)∥.

Take L1 = L4 and this concludes the proof of the claim. ■

For each i ∈ In, let x
i be the point in f−n(Di) such that fn(xi) is the center of the disk Di.

Observe that, for any x ∈ f−n(Di), by Theorem 5.8,

∥An+k(x)∥ ≥ L−1
1 ∥Ak(fn(x)) · χufn(x),fn(xi)(v

n
i )∥∥An(x)∥,

where vni = An(xi)·vi
∥An(xi)·vi∥ , and vi is a unit vector such that ∥An(xi)∥ = ∥An(xi) · vi∥. Write

Ju−n(y) = detDyf
−n|Eu . By the change of variables formula,∫

f−n(Di)

∥An(x)∥δ

∥An+k(x)∥δ
dmu

i (x) ≤ L2
1

∫
f−n(Di)

∥An(x)∥δ

∥Ak(fn(x)) · χufn(x),fn(xi)(v
n
i )∥δ∥An(x)∥δ

dmu
i (x)

= L2
1

∫
Di

∥Ak(y) · χuy,fn(xi)(v
n
i )∥−δ|Ju−n(y)|dLeb

u(y).

By bounded distortion, there exists a constant L2 ≥ 1 such that for any x, y ∈ Di,

L−1
2 ≤

|Ju−n(y)|
|Ju−n(x)|

≤ L2.
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Hence,

L2
1

∫
Di

∥Ak(y) · χuy,fn(xi)(v
n
i )∥−δ|Ju−n(y)|dLeb

u(y) ≤

L2
1L2

(
min
x∈Di

|Ju−n(x)|
)∫

Di

∥Ak(y) · χuy,fn(xi)(v
n
i )∥−δ dLeb

u(y).

Since Di is a disk of size 1 inside an unstable foliation, we can find a universal constant L3 ≥ 1
such that for any q ∈M , L−1

3 ≤ Lebu(Wu
loc(q)) ≤ L3. In particular,

L−1
3 Lebu(Di ∩ ·) ≤ mu

fn(xi)(·) ≤ L3Leb
u(Di ∩ ·),

where mu
fn(xi) is the normalized Lebesgue measure on Di.

Thus,

L2
1L2

(
min
x∈Di

|Ju−n(x)|
)∫

Di

∥Ak(y) · χuy,fn(xi)(v
n
i )∥−δ dLeb

u(y) ≤

L2
1L2L3

(
min
x∈Di

|Ju−n(x)|
)∫

Di

∥Ak(y) · χuy,fn(xi)(v
n
i )∥−δ dmu

fn(xi)
(y).

Claim 5.9. For any x ∈M ,∫
Wu

loc((y))

∥Ak(y)∥−δ dmu
x(y) ≤ e−C1δk + Le−(γ+δ logm∞(A))k,

where γ and L are given by Proposition 4.25.

Proof. Fix v ∈ Ec(x) a unit vector and write

Hk := {y ∈Wu
loc(x) : ∥Ak(y) · χy,x(v)∥ > eC1k}.

By Proposition 4.25,
mu
x (H

c
k) ≤ Le−γk.

Since
∥Ak(y)∥ ≥ ∥Ak(y) · χy,x(v)∥,

where v is any unit vector in Ec(x), we obtain∫
Wu

loc((y))

∥Ak(y)∥−δ dmu
x(y) =

∫
Hk

∥Ak(y)∥−δ dmu
x(y) +

∫
Hck

∥Ak(y)∥−δ dmu
x(y)

≤ e−C1δk + Le−(γ+δ logm∞(A))k.

■

We conclude that∫
f−n(Di)

∥An(x)∥δ

∥An+k(x)∥δ
dmu

i (x) ≤ L2
1L2L3

(
min
x∈Di

|Ju−n(x)|
)(

e−C1δk + Le−(γ+δ logm∞(A))k
)
.

We have that

B
∑
i∈In

∫
f−n(Di)

∥An(x)∥δ

∥An+k(x)∥δ
dmu

i (x) ≤ BL2
1L2L3

(
e−C1δk + Le−(γ+δ logm∞(A))k

)∑
i∈In

(
min
x∈Di

|Ju−n(x)|
)

≤ BL2
1L

2
2L

2
3

(
e−C1δk + Le−(γ+δ logm∞(A))k

)∑
i∈In

mu
i (Di).
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We devide the disks Di into Gn := {i ∈ In : Di ⊂ fn(D)} and Bn := In/Gn. For i ∈ Bn,
f−n(Di) is contained in a neighborhood Vn of the boundary of D which is exponentially small.
In particular, Lebu(Vn) decays exponentially fast with n. Hence,∑
i∈In

mu
i (f

−n(Di)) =
∑
i∈Gn

mu
i (f

−n(Di)) +
∑
i∈Bn

mu
i (f

−n(Di)) ≤ B
(
mu
p(D) + Lebu(Vn)

)
≤ 2B,

for n sufficiently large. Write K = 2B2(L1L2L3)
2, then∫

D

(
∥An(x)∥

∥An+k(x)∥

)δ
dmu

p(x) ≤ K
(
e−C1δk + Le−(γ+δ logm∞(A))k

)
.

Applying Markov inequality,

mu
p

(
x :

(
∥An(x)∥

∥An+k(x)∥

)δ
> e−(1−β)C1δk+βδn

)
≤ Ke−βδn

(
e−βC1δk + Le(−γ+δ((1−β)C1−logm∞(A)))k

)
.

By (5.5), the right hand side decays exponentially fast with n and k. The conclusion of the result
follows from a simple application of the Borel-Cantelli Lemma. ■

5.2 Accumulations of the weak stable direction

Let us end this section by studying possible accumulation measures of the weak stable direction.
Our main goal is to prove the following subsection.

Proposition 5.10. Let f ∈ PH2
uCB(M) satisfy the expanding on average property and suppose

that Gap(f) > 0. Then, for every p ∈ M , there exists Λ a subset of Wu
loc(p) of full leaf volume

such that the following property hold for every q ∈ Λ: Define the sequence of projective measures

µ̂−
n (q) :=

1

n

n−1∑
j=0

δ(
fj(q),

[
Aj(q)

(
E−c(q)

)]).
Let µ̂ be an accumulation point of {µ̂−

n (q)}n≥1 and let µ = π̂∗µ̂, then

µ̂ = µ̂−.

In other words, µ̂ is concentrated on the E−c-directions.

Proof. Fix a unit vector v ∈ Ec(p) and, observe that, Corollary 4.29 implies the existence of a
set Λ1 = Λ1(p, v) such that for any q ∈ Λ1, any accumulation point of the sequence of projective
measures

µ̂n(q, v) =
1

n

n−1∑
j=0

δ(fj(q),[Aj(q)χq,p(v)]

is a projective u-Gibbs measure. Let Λ2 ⊂ Wu
loc(p) be the set of points we obtained in Theo-

rem 5.1. Set Λ = Λ1 ∩Λ2. Observe that Λ has full leaf volume. Fix q ∈ Λ and, up to considering
a subsequence, let us suppose that µ̂−

n (q) converges to a projective measure µ̂. We have that π̂∗µ̂
is a u-Gibbs measure µ. Up to considering another subsequence, we may suppose that µ̂n(q, v)
converges to the projective u-Gibbs measure µ̂+.

Suppose that µ̂ is not supported on stable directions, then, there exists a function x 7→ α(x) ∈
[0, 1] such that

µ̂ =

∫
α(x)δE+c(x) + (1− α(x))δE−c(x) dµ(x),
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where α(x) is strictly positive in a set of positive µ-measure. By (5.2), (5.3) and (5.4), for any
β > 0, we have that

∥An(q)|E−c(q)∥ ≤ Constant(q) · | detAn(q)|
∥An(q) · χq,p(v)∥

e2βn.

This inequality implies that

1

n

n−1∑
j=0

φ
(
f̂ j(q, [E−c(q)])

)
≤ 1

n

n−1∑
j=0

log |detA(f j(q))| − φ
(
f̂ j(q), [χq,p(v)]

)+2β+
1

n
log Constant(q),

where φ(q, [v]) = log |A(q)|[v]∥. Since the functions φ and x 7→ log | detA(x)| are continuous,
indeed Hölder continuous, by taking the limit in n, we obtain∫

φ dµ̂ ≤
∫

log |detA|dµ−
∫
φ dµ̂+ + 2β.

Therefore,

2β +

∫
λ+c(x) + λ−c(x) dµ(x) ≥

∫ (
α(x)λ+c(x) + (1− α(x))λ−c(x)

)
dµ(x) +

∫
λ+c(x) dµ(x).

Hence,

2β +

∫
α(x)λ−c(x) dµ(x) ≥

∫
α(x)λ+c(x) dµ(x).

By taking β → 0, we obtain that∫
α(x)λ−c(x) dµ(x) ≥

∫
α(x)λ+c(x) dµ(x).

Since λ+c(x) > 0 > λ−c(x) for µ-almost every x, the inequality above is only possible if α(x) = 0
for µ-almost every x. Therefore, µ̂ = µ̂−. ■

Lemma 5.11. Let f ∈ PH2
uCB(M) be expanding on average with Gap(f) > 0. There exists a

set G of full volume such that for any x ∈ G has a well define weak stable direction E−c(x), and
the following properties hold:

1. for any v /∈ E−c(x), any accumulation point of the sequence of projective measures

1

n

n−1∑
j=0

δf̂j(x,[v])

is a projective u-Gibbs measure;

2. any accumulation point µ̂ of the sequence

1

n

n−1∑
j=0

δf̂(x,[E−c(x)]

verifies that µ̂ = µ̂−, where µ̂− is the lift of the measure µ = π̂∗µ̂ to the stable Oseledets
direction.
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Proof. Fix {Ui} a finite cover of M by foliated charts for Wu. On each Ui, fix Dcs
i a disk

transverse to Wu and fix a continuous unit vector field Vi : E
cs
i → Ec, where for each q ∈ Dcs

i ,
the vector Vi(q) belongs to Ec(q). For each i, applying Corollary 4.29 and Proposition 5.10 we
obtain a set Gi ⊂ Ui of full Leb-measure such that for any x ∈ Gi, any accumulation point of
the sequence

1

n

n−1∑
j=0

δf̂j(x,[χx,q(Vi(q))]), (5.6)

where q is the unique point in Wu
loc(x) that intersects Dcs

i . Moreover, since E−c(x) exists and
contracts exponentially fast, for any vector v /∈ E−c(x), the accumulation points of the sequence

1

n

n−1∑
j=0

δf̂(x,[v])

coincides with the accumulation points of the sequence (5.6). This completes the proof of the
first part. The second part is a direct application of Proposition 5.10. ■

6 Uniform Pesin blocks and finiteness of SRB measures

The main goal of this section is to prove the following result.

Theorem 6.1. Suppose that f ∈ PH2
uCB(M) has the expanding on average property and

Gap(f) > 0. Then f has at most finitely many SRB measures.

This result is a consequence of the continuity of the center Lyapunov exponents proved in
Theorem B, as we will explain. Let us recall a few things from Pesin theory.

Definition 6.2. Let f be a Cr diffeomorphism. Given C > 0, χ > 0 and ε > 0, we denote
∆C,χ,ε the Pesin block defined by the following property: for every y ∈ ∆C,χ,ε and k ∈ Z, there
is a decomposition Tfk(y)M = E−(fk(y))⊕ E+(fk(y)) such that for any n ≥ 0,

max
(
∥Dfn|E−(fk(y)∥, ∥Df−n|E+(fk(y))∥

)
≤ C e−χn+ε|k|.

Since, in our setting, we are studying partially hyperbolic diffeomorphisms with two dimen-
sional center, we only need to consider the definition above restricted to the center direction.
The key proposition here is the following:

Proposition 6.3. Let f ∈ PHr
uCB(M) be expanding on average property with Gap(f) > 0.

Then, for every δ > 0, there exist constants C,χ, ε > 0 such that

µ(∆C,χ,ε) > 1− δ,

for every u-Gibbs measure µ.

Using Theorem B, Proposition 6.3 is a direct consequence of the following proposition.

Proposition 6.4. Let f :M →M be a C1-diffeomorphism. Suppose that K is a set of invariant
measures with the following properties:

1. K is compact for the weak*-topology;
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2. there exists an integer i ∈ {0, · · · , d)}, where d is the dimension of M , such that for every
ν ∈ K and for ν-almost every x, the ergodic component of ν containing x, νx, is a hyperbolic
measure with i positive Lyapunov exponents;

3. the function K ∋ ν 7→ λ1(ν) + · · · + λi(ν) is continuous, where λ1(ν) ≥ λ2(ν) · · · ≥ λd(ν)
are the Lyapunov exponents of ν;

4. there exists χ > 0 such that for any ν ∈ K, we have that for ν-almost every p, λ1(p), · · · , λd(p) /∈
[−χ, χ].

Then, for every δ ∈ (0, 1) there exists constants C,χ, ε such that

ν(∆C,χ,ε) > 1− δ, for every ν ∈ K.

Proof of Proposition 6.3. Set K = Gibbsu(f), this set is compact for the weak*-topology. The
assumptions that f is expanding on average and Gap(f) > 0 implies that any µ ∈ Gibbsu(f)
has dim(Eu) + 1 positive Lyapunov exponents, Corollary 3.4. Theorem B implies the continuity
required in the third item. The last item is also a consequence of the continuity of the sum
of exponents. The last item is also a consequence of Corollary 3.4, since all of the Lyapunov
exponents are not contained in [−Gap(f),CEA]. ■

Observe that by the second assumption in K for any measure ν ∈ K its positive Lyapunov
exponents are given by λ1(ν), · · · , λd−i(ν).

The proof of Proposition 6.4 is essentially contained in the computations done in Sections 2
and 3 of [16]. For completeness, we will explain these computations. We will need the following
results from [16].

Lemma 6.5 ([16] Lemma 2.18). Let T be an invertible measure preserving map on a probability
space (Ω,B, υ). Suppose that φ ∈ L∞(υ), L ∈ R, κ ∈ [0, 1], and υ{x ∈ Ω : φ(x) > L} ≤ κ.
Then, for any β < L,

υ{x ∈ Ω : φj(x) ≥ βj, for all j ≥ 0} ≥
∫
φdυ − β − κ∥φ− L∥∞

L− β
,

where φj(x) = φ(x) + · · ·+ φ(T j−1(x)).

We will also use the proposition below.

Proposition 6.6 ([16] Proposition 2.21). Let f be a Cr diffeomorphism. Given N0 ≥ 1 and
χ > 0, PN0

= PN0
(χ) be defined as

PN0 :=

{
x :

there is a splitting TxM = Ex ⊕ Fx s.t. ∀j ≥ 0
∥Df jN0(x)|E∥ ≤ e−χjN0 and ∥Df−jN0(x)|F ∥ ≤ e−χjN0

}
.

Write C = C(f,N0) := maxk∈[1,N0] max{∥Dfk∥, ∥Df−k∥}.Then, for every ε > 0, the Pesin
block ∆C,χ,ε verifies

υ(M −∆C,χ,ε) ≤ 4max
{c0
ε
, 1
}
υ(M − PN0

), for all invariant measures υ,

where c0 = χ+max{log ∥Df∥, log ∥Df−1∥}.
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Proof of Proposition 6.4. Fix ν ∈ K. Let us do some estimates first for (f, ν). We will then use
the continuity of the Lyapunov exponents to “spread” these estimates in a neighborhood of ν.
We can then use the compactness of K to conclude the proof.

For a ν-typical point, let E−
x be the smallest subspace containing all of the Oseledets directions

corresponding to negative Lyapunov exponents, and let E+
x be the smallest subspace containing

all of the Oseledets directions corresponding to the positive Lyapunov exponents. Since every
measure ν in K does not have any exponent in the interval [−χ, χ], for each N ∈ N, define

KN := {x ∈M : ∥DfNx |E−
x
∥ < e−χN and ∥Df−Nx |E+

x
∥ < e−χN}.

The following claim is a direct consequence of the hyperbolicity of ν.

Claim 6.7. For every δ > 0, if N is sufficiently large, then

ν(KN ) > 1− δ.

Claim 6.8. Let χ′ = χ
4 . For every ρ > 0, there exists δ > 0, such that if ν(KN ) > 1 − δ, for

some N ∈ N, then ν(PN (χ′)) > 1− ρ.

Proof. Suppose that KN has measure larger than 1−δ. We will see later what is the dependence
of the measure of PN on δ. Consider the function ψ(x) = 1KN (x), where 1KN is the characteristic
function on the set KN . Let ψ+ be the forward Birkhoff average of ψ.

Consider
H = max{∥Df∥, ∥Df−1∥} (6.1)

and take β = max{1 − χ
2 logH ,

3
4}. Take L = 1, κ = 0 and T = fN . By Lemma 6.5, we obtain

that

ν {x : ψj(x) ≥ βj, for all j ≥ 0} ≥
∫
ψdν − β

1− β
≥ 1− δ − β

1− β
= 1− δ

1− β
.

Write K+
N := {x : ψj(x) ≥ βj, for all j ≥ 0}. For x ∈M , j ∈ N, set G(x, j,N) := {i ∈ [0, j− 1] :

f iN (x) ∈ KN}. If x ∈ K+
N , we have that for every j ∈ N,

#G(x, j,N)

j
≥ β.

For such x, we obtain

∥Df jNx |E−∥ ≤ ∏
i∈G(x,j,N)

∥DfNfiN (x)|E−∥

 ∏
i∈(G(x,j,N))c∩[0,j−1]

∥DfNfiN (x)|E−∥


= I.II

From the definition of KN , we have

I ≤ e−χN#G(x,j,N) ≤ e−χNβj ,

and
II ≤ eN logH(j−#G(x,j,N)) ≤ eN logHj(1−β).

From the definition of β, we obtain

−χNβj +N logHj(1− β) ≤ −3χ

4
Nj +

χ

2
Nj = −χ

4
Nj.
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Therefore,
∥Df jNx |E−∥ ≤ e−

χ
4 jN ,

for every j ∈ N, whenever x ∈ K+
N . Define similarly K−

N for past iterates and E+ instead of E−.
By the same computation, we conclude that

ν(K−
N ) > 1− δ

1− β
.

Thus,

ν(K−
N ∩K+

N ) = 1− ν((K−
N )c ∪ (K+

N )c) ≥ 1− 2δ

1− β
.

Given ρ > 0, take δ = ρ(1−β)
2 and take N large enough such that ν(KN ) > 1 − δ. Thus,

ν(PN (χ′)) > 1− ρ. ■

Just as above, set χ′ = χ
4 . Fix ε > 0 and θ > 0. Set L′ = 4max

{
c0
ε , 1

}
, where c0 =

χ′ +max{log ∥Df∥, log ∥Df−1∥}. Take ρ < θ
L′ . By Claims 6.7 and 6.8, we fix δ > 0 small, and

N large such that ν(KN ) > 1− δ, which implies that ν(PN (χ′)) > 1− ρ. By Proposition 6.6,

ν(∆C,χ′,ε) > 1− θ,

where C = C(f,N, ν) is given in the statement of that proposition.
Consider Gi and Gd−i to be the Grassmaniann bundles of i-planes and d− i-planes. Consider

K̃i
N to be the subset of Gi defined by points of the form (x,E+

x ), where x ∈ KN . Consider

K̃d−i
N to be the subset of Gd−i of points of the form (x,E−

x ), where x ∈ KN . Observe that the

condition defining KN is open in Gi and Gd−i in the sense that there are two open sets Ũi ⊂ Gi
and Ũd−i ⊂ Gd−i, such that

K̃i
N ⊂ Ũi and K̃

d−i
N ⊂ Ũd−i,

and these open sets have the property that if (x,E) ∈ Ũi, then ∥Df−Nx |E∥ < e−χ
′N . Similar

conclusion holds for Ũd−i and future iterates.
On Gi, consider the lift of ν given by ν̂+ :=

∫
δ(x,E+

x )dν(x). This gives a probability measure
defined in Gi which is invariant under the action induced by f . We can define similarly the stable
lift ν̂− which is a probability measure in Gd−i. Lemma 3.10 in [16] implies that the function
ν 7→ λ1(ν) + · · · + λi(ν) is continuous, if and only if the function ν 7→ ν̂+ is continuous in the
weak*-topology. Similarly, the function ν 7→ λi+1(ν) + · · · + λd(ν) is continuous if and only if
the function ν 7→ ν̂− is continuous.

By assumption, the function ν 7→ λ1(ν) + · · · + λi(ν) is continuous, when restricted to K.
Therefore, ν 7→ ν̂+ is also continuous. Since∫

log |detDxf |dν = λ1(ν) + · · ·+ λd(ν),

and the function ν 7→
∫
log |detDxf |dν(x) is continuous, continuity of the sum of the top i

exponents implies continuity ν 7→ λi+1(ν) + · · ·+ λd(ν). Therefore, for every ν
′ ∈ K sufficiently

close to ν, we have that

ν̂′
+
(Ui) > 1− δ

2
and ν̂′

−
(Ud−i) > 1− δ

2
,

which implies that ν′(KN ) > 1 − δ. The rest of the estimates holds in a uniform way, since
N , ε and θ are fixed. Therefore, ν′(∆C,χ′,ε) > 1 − θ. This implies that every measure ν ∈ K
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has an open neighborhood such that for every ν′ in this neighborhood will see the same Pesin
block in a uniform way. To conclude the proof use the compactness of K and cover K by finitely
many open sets where we can apply the estimates above. Then, we take C to be the maximum
constant obtained in each open set. Thus, we found a Pesin block that works for every measure
in K. ■

Proof of Theorem 6.1. Fix δ > 0. By Proposition 6.3, there exists a Pesin block ∆C,χ,ε such
that

µ(∆C,χ,ε) > 1− δ,

for every u-Gibbs measure µ. Observe that for ρ > 0 small, any two points x, y ∈ ∆C,χ,ε with
d(x, y) < ρ are homoclinically related (see Definition 8.1). This follows easily from the uniform
estimates one has for the invariant manifolds on Pesin blocks.

Suppose there are infinitely many different ergodic SRB measures (µn)n∈N. Up to considering
a subsequence, we may suppose that they converge to a u-Gibbs measure µ. Consider ∆ =
supp(µ|∆C,χ,ε). Cover ∆ by finitely many Ui, which are open balls with radius ρ

2 . Set U =
⋃
i Ui

and observe that
µ(U) > 1− δ.

For every n sufficiently large µn(U ∩∆C,χ,ε) > 1− 2δ. Since there are finitely many balls Ui, by
the pigeonhole principle, there exists i such that for µn(Ui ∩∆C,χ,ε) > 0 for infinitely many ns.
Let n and j be such that n ̸= j and µ∗(Ui ∩∆C,χ,ε) > 0 for ∗ = n, j. Therefore, the measures
µn and µj are homoclinically related.

Observe that two SRB measures that are homoclinically related are the same by a Hopf
argument (see for instance [50]). This is a contradiction with our assumption that µn is different
than µj if n ̸= j. ■

7 Existence of SRB measures

The goal of this section is to show the following result.

Theorem 7.1. Suppose that f ∈ PH2
uCB(M) has the expanding on average property and satisfies

Gap(f) > 0. Then f has an SRB measure.

To show this result, we will use the work of Climenhaga-Pesin [23] and Climenhaga-Dolgopyat–
Pesin [21] on effective hyperbolicity. In those works, they introduce the notion of effective hyper-
bolicity and show the existence of SRB measures under the assumption that the set of effective
hyperbolic points has positive volume. It is convenient for us to work with a slightly different
definition of effective hyperbolicity as we will explain below.

7.1 Effective hyperbolicity and the existence of SRB measures

Let f be a C2-diffeomorphism. Given a point x ∈M and E,F , subspaces of TxM , define

λ−(x,E) := sup{log ∥Dxfv∥ : v ∈ E, ∥v∥ = 1} (7.1)

λ+(x, F ) := inf{log ∥Dxfv∥ : v ∈ F, ∥v∥ = 1}. (7.2)

Moreover, define
∆̃(x,E, F ) := max{0, λ−(x,E)− λ+(x, F )}.

Define
θ(x,E, F ) := inf{∢(v, w) : v ∈ E and w ∈ F}.
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In what follows, for each n, we write En = Dxf
nE and Fn = Dxf

nF . For λ > 0, define

Γeλ(x,E, F ) :=

n ∈ N :

n−1∑
j=k

λ+(f j(x), Fj)− ∆̃(f j(x), Ej , Fj) ≥ λ(n− k), for all 0 ≤ k < n

 .

For constants C ≥ 1 and λ > 0 and m ∈ N, we also define

Γs(C,λ),m(x,E) :=
{
n ∈ N : ∥Dfn(x)f

−kv∥ ≥ Ceλk∥v∥, for all 0 ≤ k ≤ m and v ∈ En
}
.

We say that (x,E, F ) verifies the (modified) effective hyperbolic conditions if

(EH1) lim
m→+∞

δ
(
Γeλ(x,E, F ) ∩ Γs(C,λ),m(x,E)

)
> 0, and

(EH2) lim
θ→0

δ{n ∈ N : θ(fn(x), En, Fn) < θ} = 0,

where given Λ ⊂ N, a subset of the natural numbers, the quantities δ(Λ) and δ(Λ) are the upper
and lower densities of Λ inside the natural numbers, respectively. The following theorem is a
variation of the main theorem from [21].

Theorem 7.2. Let f : M → M be a C2-diffeomorphism. Suppose there is a disk D such that
there is a set D′ ⊂ D with the following properties:

1. for x ∈ D′, there is a subspace E(x) such that TxM = E(x)⊕ TxD such that (EH1) and
(EH2) for (x,E(x), TxD) holds for some constants C = C(x) ≥ 1 and λ = λ(x) > 0;

2. mD(D
′) > 0, where mD is the normalized Lebesgue measure on D induced by the Rieman-

nian metric of M .

Then f has an SRB measure.

Let us briefly explain the idea of the proof of Theorem 7.2. The proof follows the argument
of the proof of Theorem 4.2 in Climenhaga-Dolgopyat-Pesin [21], using the Hadamard-Perron
Theorem from Climenhaga-Pesin [23] for the splittings

Tfn(x)M = En ⊕ Fn, En = Dxf
nE(x), Fn = Dxf

nTxD,

instead of working with measurable cone fields. Let us explain their result using the notation in
our partially hyperbolic setting. Let us first recall the geometric mechanism in the construction
of SRB measures from [21]. Let D be a dim(Eu)+1-dimensional submanifold and let mD denote
its induced Riemannian normalized volume. Suppose that the set S ⊂ D of effectively hyperbolic
points has positive mD-measure. The usual Pesin-Sinai’s construction of SRB measures consider
the Cesàro averages

µn :=
1

n

n−1∑
j=0

f j∗mD.

Every weak*- accumulation point of this sequence is an invariant measure. The main issue is that
effective hyperbolicity does not give uniform control of expansion and distortion of the whole
measure f j∗mD. The central step is therefore to extract from µn a “subeasure” νn of uniformly
positive mass whose geometry and densities are uniformly controlled.

After restricting to a positive-measure subset of S, the constants in the definition of effective
hyperbolicity can be taken uniformly. Every point in this subset has a positive density of effective
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hyperbolic times. If j is an effective hyperbolic time for x ∈ S, the Hadamard–Perron Theorem
from [23] produces a neighborhood

W x
j ⊂ D ∩B

(
x, r̄e−λ̄j

)
such that

Dx
j := f j(W x

j ) (7.3)

is a disk of fixed size centered at f j(x) that contracts uniformly for j-iterates in the past: there
are constants C > 0 and λ̄ > 0, independent of x and k, such that

d
(
f−k(y), f−k(z)

)
≤ Ce−λ̄kd(y, z)

for every y, z ∈ Dx
j and 0 ≤ k ≤ j. In addition, there is a good control on curvature. Thus, Dx

j

behaves like a local unstable manifold for finitely many backward iterates.
Using the geometrical control of these finite time unstable disks, one obtains bounded distor-

tion, in the sense that

f j∗

(
mD|Wx

j

)
(·) = αx,jρ

x
j (·) dmDxj

(·),

where αx,j = mD(W
x
j ) > 0, mDxj

is the normalized volume on that disk and the density ρxj has
a uniform log-Hölder norm and satisfies uniform estimates

L−1 ≤ ρxj ≤ L, (7.4)

for some constant L ≥ 1. This implies that each pushed-forward piece is represented by a
standard pair: leaf volume on a finite-time unstable disk, with a density bounded above and
below and having uniformly bounded log-Hölder norm. To obtain contraction estimates in the
transverse direction as well, the disks are selected so that a fixed proportion of each of them
consists of points for which the linear dynamics along a complementary direction is controlled
for a certain number of iterates quantified by a parameter q ∈ N. Writing J = (C, λ), for each
n ∈ N, 0 ≤ q ≤ n, they consider the set SJ,q,n, which is the set of points in D, where

n ∈ Γe
λ
(x, (Es ⊕ E−c)(x), TxD) ∩ ΓsJ,q(x, (E

s ⊕ E−c)(x)).

These are the set of points that have good control on expansion estimates, and contraction
estimates from time n to n− q. Define SJ,q,n = ∅ if q > n. They show the existence of a δ > 0
such that for each q ∈ N, there exists N(q) such that if n ≥ N(q) then

1

n

n−1∑
j=0

mD(SJ,q,j) > δ,

see equation (5.19) from [21].
There exist β′′, β′ > 0 such that for q and n ≥ N(q) as above, there exists a finite set

An ⊂ SJ,q,n with the following properties:

1. For x ∈ An, let W
x
n be as in (7.3). Then,

mD(W
x
n ∩ SJ,q,n) ≥ β′mD(W

x
n ).

2. For x, y ∈ An with x ̸= y, W x
n ∩W y

n = ∅.
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3. Set WJ,q,n =
⊔
x∈AnW

x
n . Then

1

n

n−1∑
j=0

mD(WJ,q,j) ≥ β′′ > 0.

This is established in the proof of Proposition 4.8 from [21] and it uses a covering argument
(Lemma 4.6). Essentially, for each q fixed, j ≥ N(q), one will decompose the measure f j∗mD as
a convex combination of measures supported on Dx

j , for x ∈ WJ,q,j and the rest. The measures
coming from Dx

j will have uniform control on density and are supported on disks of uniform size
and are finite time unstable disks with good contraction control, up to time q, transversaly. This
is where the SRB measures are going to come from.

They choose a sequence of times qn → +∞ that increases slowly, with n ≥ N(qn), such that
if we set

νn =
1

n

n−1∑
j=qn

f j∗
(
mD|WJ,qn,j

)
, (7.5)

then the total mass of νn is bounded from below by 1
2β

′′.
The construction gives

νn ≤ µn.

Therefore, νn is a portion of µn which is decomposed into the convex combination of absolutely
continuous measures on finite time unstable disks, which are pairwise disjoints for each j, with
controlled densities. No comparable control is required for the complementary part µn − νn.

Up to considering a subsequence, we have that

µn −→ µ and νn −→ ν

in the weak* topology. The measure µ is invariant, and

0 ̸= ν ≤ µ.

The measure ν does not have to be invariant, but it has positive mass and the SRB property
(its disintegration along unstable disks is absolutely continuous), and it is part of an invariant
measure. So µ has a portion with the SRB property and, in particular, there are SRB measures.
The fact that qn → ∞ is used to show that these SRB measures are hyperbolic, they have a
contracting transverse directions.

Climenhaga-Dolgopyat-Pesin formulate their argument using measurable invariant cone fam-
ilies. However, the cone families are only used to invoke the effective Hadamard-Perron Theorem
from [23] and obtain uniformly controlled admissible disks at effective hyperbolic times. Since
the analogous Hadamard-Perron result for invariant splittings is established in [23](Theorems
A and D), the same proof applies to the splittings En ⊕ Fn considered above and gives Theo-
rem 7.2. The goal of the rest of the section is to prove Theorem 7.1 by verifying the conditions
of Theorem 7.2.

7.2 Verifying effective hyperbolicity

For the rest of this section, let f ∈ PH2
uCB(M) verify the expanding on average property

and Gap(f) > 0. Let G be the set obtained in Lemma 5.11. Let D be any dim(Eu) + 1
smooth disk such that there exists a set D′ ⊂ (D ∩ G) with positive mD-measure, such that
for x ∈ D′, TxD ∩ (Es ⊕ E−c) (x) = {0}. Such disks always exists, as we could fix a Lusin set
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where x 7→ E−c(x) is continous, and then using a Fubini argument with a smooth family of
dim(Eu) + 1-dimensional disks, we can build such disks in a neighborhood of a point density
point p of this Lusin set.

For x ∈ D ∩ G, write F ′(x) = TxD, and for each l ∈ N, write F ′
l (x) = Dxf

lF ′(x). We are
interested in understanding the expanding behavior of F ′(x). For points in D′, we know that any
vector v ∈ F ′(x)− (Es ⊕Ec)(x) converges to the direction Eu, they will see uniform expansion
after a few iterates. So, to understand the expanding behavior of the derivative acting on F ′(x)
we actually need to understand the behavior of F (x) = F ′(x)∩Ec(x), which is a one dimensional
space in Ec(x). For any n,N ∈ N and x ∈ D ∩G, define φuN (fnN (x)) and φsN (fnN (x)) defined
by

φuN (fnN (x)) := logm
(
DfnN (x)f

N |FnN(x)

)
and φsN (fnN (x))

= − log ∥DfnN (x)f
N |(Es⊕E−c)(fnN (x))∥.

Observe that

− log ∥DfnN (x)f
N |(Es⊕E−c)(fnN (x))∥ = − log ∥DfnN (x)f

N |E−c(fnN (x))∥.

Define
∆̃N (x) := max{0,−φsN (x)− φuN (x)}.

Define also

Γ̂eλ,N (x) :=

n ∈ N :

n−1∑
j=k

(φuN − ∆̃N )(f jN (x)) ≥ λ(n− k), for all 0 ≤ k < n

 ,

and for each q ∈ N, define

Γ̂sλ,q,N (x) :=

n ∈ N :

n−1∑
j=n−k

φsN (f jN (x)) ≥ λ(n− k), for all 0 ≤ k ≤ q

 .

Our goal is the prove the following proposition.

Proposition 7.3. Let f ∈ PH2
uCB(M) have the expanding on average property and Gap(f) > 0.

There exist constants δ0 > 0, λ > 0 and N ∈ N, such that for any x ∈ D′ and any q ∈ N large
enough

δ
(
Γ̂eλ,N (x) ∩ Γ̂sλ,q,N (x)

)
> δ0.

In preparation to prove Proposition 7.3, we will need the following version of Pliss Lemma.

Lemma 7.4. Given L ≥ α2 > α1 > 0, let κ = α2−α1

L−α1
. Then, given any real numbers a1, · · · , aQ

such that
M∑
j=1

aj ≥ α2Q and aj ≤ L for every 1 ≤ j ≤ Q,

there are l > κQ and 1 < n1 < · · · < nl ≤ Q so that

ni∑
j=n+1

aj ≥ α1(ni − n) for every 0 ≤ n < ni and i = 1, · · · , l.
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Let us proceed to the proof of Proposition 7.3.

Proof of Proposition 7.3. Fix 0 < χ < min{CEA,Gap(f)} and fix

0 < ρ <
1

10
· χ

4(χ+ 6 logH)
,

where H is given by (6.1). Fix N ∈ N large enough so that for any u-Gibbs measure µ, µ(K∗
N ) >

1− ρ, for ∗ = −,+, where

K̂+
N := {(y, [v]) ∈ M̂ : ∥Dyf

N |E∥ ≥ eχN},

and
K̂−
N := {(y, [v]) ∈ M̂ : ∥Dyf

N |E∥ ≤ e−χN}.
This is possible because of the continuity of Lyapunov exponents among u-Gibbs measures as
we saw in Section 6. It is easy to see that these sets are compact. Let U+ be small open
neighborhoods of K̂+

N with the property that for any (y, [v]) ∈ U+, we have

∥Dyf
N |[v]∥ > e

χ
2N .

Define in an analogous way U− an open neighborhood of K̂−
N . For each n ∈ N consider the

sequence of projective measures given by

ν+n (x) :=
1

n

n−1∑
j=0

δf̂jN (x,[F (x)]) and ν
−
n (x) :=

1

n

n−1∑
j=0

δf̂jN (x,E−c(x)).

Since in D′, F (x) is not tangent to E−c, by Lemma 5.11, for any x ∈ D′, any accumula-
tion measure of ν+n (x) is a projective u-Gibbs, in particular, supported on unstable directions.
Moreover, we know that any accumulation measure of ν−n (x) is supported on stable directions.
Therefore, for n large, we have that

ν∗n(x)(U
∗) > 1− ρ, for ∗ = s, u.

Let us first work with ν+n (x). Take L = 1, aj = 1U+(f̂ jN (x, [F (x)])), α2 = 1 − ρ and
α1 = 1− β, for β = 10ρ. Observe that

κ =
α2 − α1

L− α1
=
β − ρ

β
= 1− ρ

β
=

9

10
.

By Lemma 7.4, we obtain times 1 < n+1 < · · · < n+l ≤ n, with l > κn such that

1

n+i − k

ni−1∑
j=k

1U+(f̂ jN (x, [F (x)])) ≥ 1− β.

Write I+n (x) := {n+1 , · · · , n
+
l }. Similarly, by Lemma 7.4 applied to ν−n (x), we find Pliss times

1 < n−1 < · · · < n−l′ ≤ n such that l′ > κn and

1

n−i − k

ni−1∑
j=k

1U−(f̂ jN (x,E−c(x))) ≥ 1− β.

Write I−n (x) := {n−1 , · · · , n
−
l′ }. Define In(x) := I+n (x) ∩ I−n (x). Observe that

#In ≥
(
1− 2ρ

β

)
n =

8

10
n.

Take β = 10ρ.
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Claim 7.5. Each ni ∈ In(x) belongs to Γ̂eχ
4N,N

(x).

Proof. Fix 0 ≤ k < ni and write

Gni(k) := {j ∈ [k, ni − 1] : f̂ jN (x, F (x)) ∈ U+ and f̂ jN (x,E−c(x)) ∈ U−}.

By the definition of the Pliss times we are considering, we have that

#Gni(k) ≥ (1− 2β)(ni − k).

Observe that for any j ∈ Gni(k), we have that ∆̃N (f jN (x)) = 0. For any other j, we have
∆̃N (f jN (x)) ≤ 2N logH. Therefore,

ni−1∑
j=k

∆̃N (f jN (x)) =

 ∑
j∈Gni (k)

∆̃N (f jN (x))

+

 ∑
j∈[k,ni−1]−Gni (k)

∆̃N (f jN (x))


≤ 4β(ni − k)N logH.

We have

ni−1∑
j=k

(φuN − ∆̃N )(f jN (x)) =

ni−1∑
j=k

φuN (f jN (x))−
ni−1∑
j=k

∆̃N (f jN (x))

≥

 ∑
j∈Gni (k)

φuN (f jN (x))

+

 ∑
j∈[k,ni−1]−Gni (k)

φuN (f jN (x))


−4β(ni − k)N logH

≥ #Gni(k)N
χ

2
− (ni − k −#Gni(k))N logH − 4β(ni − k)N logH

≥
(
(1− 2β)

χ

2
− 6β logH

)
N(ni − k)

By our choice of β, we have that(
(1− 2β)

χ

2
− 6β logH

)
>
χ

4
.

We conclude that for any 0 ≤ k < ni

ni−1∑
j=k

(φuN − ∆̃N )(f jN (x)) ≥ χ

4
N(ni − k). ■

Fix q ∈ N and consider In(x) = I−n (x) ∩ (q + 1, n]. Observe that,

#
(
I−n (x) ∩ [0, q]

)
≤ q.

Therefore,
#In(x)

n
≥ (1− ρ

β
)− q

n
.

In particular, for each q ∈ N, if n is large enough so that q
n <

1
10 , we obtain

#In(x)

n
≥ 8

10
.
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Claim 7.6. Each ni ∈ In(x) belongs to Γ̂sχ
4N,q,N

(x).

Proof. The proof is similar to the computations that appeared in the proof of Claim 7.5. ■

In particular, for each q ∈ N and for each n large enough, we have that

#
(
Γ̂eχ

4N,N
(x) ∩ Γ̂sχ

4N,q,N
(x)
)
≥ 6

10
n.

Hence,

δ
(
Γ̂eχ

4N,N
(x) ∩ Γ̂sχ

4N,q,N
(x)
)
≥ 6

10
.

■

Proof of Theorem 7.1. Let D be a dim(Eu) + 1 smooth disk as before, such that there is a set
D′ ⊂ (D∩G), where G is the set obtained in Lemma 5.11, with the property that for any x ∈ D′,
TxD ∩ (Es ⊕ E−c)(x) = {0}.

Let δ0, λ > 0 and N ∈ N be given by Proposition 7.3. Let g = fN and consider the sets
Γeλ(x, (E

s ⊕ E−c)(x), F (x)) and Γs(1,λ,q)(x, (E
s ⊕ E−c)(x)) defined using g instead of f . Notice

that

Γ̂eλ,N (x) ⊂ Γeλ(x, (E
s ⊕ E−c)(x), F (x)) and Γ̂sλ,q,N (x) ⊂ Γs(1,λ,q)(x, (E

s ⊕ E−c)(x)).

Proposition 7.3 implies that for any x ∈ D′,

δ
(
Γeλ(x, (E

s ⊕ E−c)(x), F (x)) ∩ Γs(1,λ,q)(x, (E
s ⊕ E−c)(x))

)
> δ0,

for all q sufficiently large. Therefore,

lim
q→+∞

δ
(
Γeλ(x, (E

s ⊕ E−c)(x), F (x)) ∩ Γs(1,λ,q)(x, (E
s ⊕ E−c)(x))

)
≥ δ0.

Recall the definition of a Pesin block given in Definition 6.2. For each δ > 0, by Proposition 6.3
there is a Pesin block ∆C,χ,ε with the property that µ(∆C,χ,ε) > 1−δ for every u-Gibbs measure
µ. Take θ > 0 small such that for any x ∈ ∆C,χ,ε, the angle between E−c(x) and E+c(x) is
greater than 2θ.

Consider ∆∗
C,χ,ε := {(x,E∗c(x)) : x ∈ ∆C,χ,ε} for ∗ = −,+. The sets ∆∗

C,χ,ε are compact
and disjoint. Take small neighborhood U∗ of ∆∗

C,χ,ε with the property that if (x, v∗) ∈ U∗ for

∗ = −,+ then the angle between v− and v+ is at least θ.
Consider ν−n (x) :=

1
n

∑n−1
j=0 δĝj(x,[E−c(x)]) and ν

+
n (x) :=

1
n

∑n−1
j=0 δĝj(x,[F (x)]). By Lemma 5.11,

we have that for n large
ν∗n(x)(U

∗) > 1− 2δ.

Therefore,
δ
(
{n ∈ N : θ(gn(x), E−c(gn(x)), FnN (x)) < θ}

)
< 4δ.

This shows that

lim
θ→0

δ
(
{n ∈ N : θ(gn(x), E−(gn(x)), FnN (x)) < θ}

)
= 0.

By Theorem 7.2, g has an SRB measure. Observe that if µ is an SRB measure for g, then

1

N

N−1∑
j=0

f j∗µ

57



is an SRB measure for f .
We are left to show that the union of the basins of the SRB measures covers a set of full

volume.
Suppose not. Then, there exists a set B having positive volume, such that B does not intersect

any of the basins of SRB measures. Up to removing a set of zero volume, we may assume that
every point in B is contained in G. In the same way as above, we can fix a disk D having
dimension dim(Eu) + 1, a set B′ ⊂ B ∩D, where for every x ∈ B′, the direction E−c(x) is not
contained in TxD, and the mD-measure of B′ is positive.

Recall the outline of the construction of SRB measures given in Subsection 7.1. For some
fixed constants J = (C, λ), we can define the set SJ,q,n(B

′) in the same way as SJ,q,n, but
restricting to points in B′. Following the exact same steps, we obtain constants β′′, β′ > 0, a set
An ⊂ SJ,q,n such that

1. For x ∈ An, let W
x
n be as in (7.3). Then,

mD(W
x
n ∩ SJ,q,n(B

′)) ≥ β′mD(W
x
n ). (7.6)

2. For x, y ∈ An with x ̸= y, W x
n ∩W y

n = ∅.

3. Set WJ,q,n =
⊔
x∈AnW

x
n . Then

mD(WJ,q,n) ≥ β′′ > 0.

In what follows, up to replacing f by fN , we will write the argument for f . For a slowly increasing
sequence qn → +∞ one sets

νn =
1

n

n−1∑
j=qn

f j∗
(
mD|WJ,qn,j

)
,

and the total mass of νn is greater than 1
2β

′′ > 0. For µn = 1
n

∑n−1
j=0 f

j
∗mD, we have that

0 ̸= νn ≤ µn. Recall that, up to considering a subsequence, we had that

µn −→ µ and νn → ν,

and the measure ν has the following properties:

• ν(M) ≥ 1
2β

′′;

• Proposition 4.4 from [21] gives that ν can be written as a convex combination of measures
ρα dmDα , where Dα is a genuine unstable disk of uniform size and ρα is a density uniformly
bounded away from 0 and ∞.

• ν is part of an invariant measure.

In particular, there are ergodic components of µ with the SRB property.
Since SJ,qn,j ⊂ B′, by (7.6) and (7.4), for j ≥ N(qn) and x ∈ Aj , we have that

f j∗mD

(
Dx
j ∩ f j(B′)

)
f j∗mD(Dx

j )
≥ β′

L
. (7.7)

By Proposition 6.3 and since ν(M) > 1
2β

′′, we can fix ε > 0 sufficiently small and find a Pesin
block, which we will denote it by Λ such that the following holds: for a set of points R having
positive ν-measure, for x ∈ R we have:
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• there exists an SRB measure µx for which x is a typical point;

• there exists an unstable disk D(x) of uniform size containing x such that mD(x)(Λ) > 1−ε;

• there exist sequences (nk)k, with nk → +∞, (xk)k, where xk ∈ Ank such that

Dxk
nk

−→ D(x),

where the convergence happens in the C1-topology.

Consider the set
Λsx :=

⋃
y∈Λ∩D(x)

W s−
loc (y),

where W s−
loc (y) is the local Pesin stable manifold of y, which has uniform size and it forms an

absolutely continuous lamination for points in a fixed Pesin block. By (7.7), and using the
C1-convergence of Dxk

nk
to D(x), we have that for k large enough

fnk∗ mD

(
Dxk
nk

∩ Λsx
)

fnk∗ mD(D
xk
nk)

>
1− 2ε

L
.

In particular, for ε small enough, and for k large, we obtain that

fnk∗ mD (fnk(B′) ∩ Λsx) > 0,

but this implies that, up to removing a set of zero measure, the set fnk(B′) ∩Λsx belongs to the
basin of µx, which is a contradiction with our definition of B′. So, B must have zero volume. ■

8 Exponential mixing of the SRB measures

In this section we show the exponential mixing of the SRB measures. The main tool we will use
is the recent work of Buzzi-Crovisier-Sarig [16] about the strong positive recurrence introduced
to study measures of maximal entropy.

8.1 Strong positive recurrence

In this subsection we will introduce the material needed from [16]. We will focus the statements
for the geometric potential, which is the one we will be considering in this paper.

Let f be a C1 diffeomorphism of a closed manifold and fix χ > 0. An ergodic invariant
measure µ is χ-hyperbolic if the absolute value of all of its Lyapunov exponents are greater than
χ.

Given constants C,χ, ε > 0, recall that in Definition 6.2 we defined a (C,χ, ε)-Pesin block.
In a (C,χ, ε)-Pesin block ∆, the Oseledets bundles E−(x) and E+(x) depend continuously with
the choice of x ∈ ∆. The recurrent non-uniformly hyperbolic set is defined by

NUH′(f) :=
⋃
χ>0

⋂
ε>0

⋃
C≥1

⋃
(C,χ,ε)−Pesin block Λ

{x : x is a limit of periodic points in Λ}.

Definition 8.1. Given two points x, y ∈ NUH′(f), we say that they are homoclinically related if
the Pesin stable manifold of x has a transverse intersection with the Pesin unstable manifold of
y, and the Pesin unstable manifold of x has a transverse homoclinic intersection with the Pesin
stable manifold of y. In this case, we write x ∼h y.
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This relation gives an equivalence relation in NUH′(f) (see Proposition 2.6 in [16]). The
equivalence classes of ∼h in NUH′(f) are called the Borel homoclinic classes. The period of a
Borel homoclinic class X is the greatest common divisor of all the periods of periodic points in
the class.

Let X be an invariant Borel set and ϕ : X → R ∪ {−∞} be a Borel function such that
supϕ < +∞. Given an invariant measure carried by X, we define P (µ, ϕ) = h(µ) +

∫
ϕdµ.

Define the TOP pressure of f restricted to X by

PTOP(f |X , ϕ) := sup{P (µ, ϕ) : µ is an invariant measure supported on X}.

Definition 8.2 (Strong Positive Recurrence, Definition 1.12 in [16]). A diffeomorphism f is
SPR for ϕ on an invariant Borel set X if there exists χ > 0 such that for each ε > 0, there are
C ≥ 1, a (C,χ, ε)-Pesin block Λ and numbers P0 < PTOP(f |X , ϕ) and τ > 0 such that: for every
ergodic measure ν on X, if P (ν, ϕ) > P0 then ν(Λ) > τ . We say that f is SPR for ϕ if X can be
taken to be the entire manifold.

An invariant measure ν that verifies P (ν, ϕ) = PTOP(f |X , ϕ) is called an equilibrium state.
In what follows, ϕ is either a Hölder continuous function or the geometric potential, which is
defined as

ϕ(x) = − log |detDxf |E+(x)|

if the full Oseledets unstable direction exists, or −∞ if the direction doesn’t exist. Buzzi-
Crovisier-Sarig showed that this condition is translated to the SPR condition for countable
Markov shifts. Using the results that were already known for thermodynamical formalism of
countable Markov shifts, they obtain a spectral gap property which implies several good statistical
properties.

Theorem 8.3 (Theorem G in [16]). Let f be a C1+α-diffeomorphism on a compact manifold.
Let X be a Borel homoclinic class with period q and let ϕ be either a Hölder continuous function
or the geometric potential on X.Suppose that f is SPR for ϕ on X. Then the following properties
hold:

1. Existence and Uniqueness: There exists a unique equilibrium state measure µϕ on X.

2. Exponential mixing and other properties: µϕ is isomorphic to the product of a
Bernoulli scheme with a cyclic permutation of q points. That is, there are probability
measures µ1, · · · , µq such that

µϕ =
1

q

q∑
i=1

µi,

such that f∗µi = µi+1 with the convention that q+1 = 1. The following exponential mixing
property holds: for every β > 0, there are θ ∈ (0, 1) and K > 1 such that for all β-Hölder
continuous functions η, ψ :M → R, for any i ∈ {1, · · · , q},∣∣∣∣∫ η.(ψ ◦ fnq)dµi −

∫
ηdµi

∫
ψdµi

∣∣∣∣ ≤ K∥η∥β∥ψ∥βθn, for n ≥ 0,

where

∥η∥β := sup |η|+ sup

{
|η(x)− η(y)|
d(x, y)β

: x, y ∈M,x ̸= y

}
.

The measure µϕ also verifies other quantitative statistical properties, such as large devia-
tions, almost sure invariance principle, among others (see Theorem 11.13 in [16]).
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In what follows, we will work with the geometric potential and denote it by ϕ. By Ruelle’s
inequality, h(µ) ≤ −

∫
ϕdµ, where the right hand side coincides with the sum of the positive

Lyapunov exponents. Define the pressure of µ by

P (µ) = h(µ) +

∫
ϕ dµ,

Observe that P (µ) ≤ 0. Moreover, after the work of Ledrappier, Ledrappier Young [34, 36],
P (µ) = 0 if and only if the measure µ is SRB. To prove that the SRB measures are exponentially
mixing, up to a period, for expanding on average systems, we will show that they are SPR on
each Borel homoclinic class supporting an SRB measure.

8.2 Unstable entropy and projective measures

Let f be a partially hyperbolic C1-diffeomorphism, and let Wu be its unstable foliation. For any
invariant probability measure µ, we say that a partition ξ is µ-measurable if there exists a family
of measurable sets {Qi}i∈N and a measurable set R ⊂ M of full µ-measure, such that if A ∈ ξ
is an atom of the partition, then there exists a sequence (Ai)i, where Ai ∈ {Qi, Qci} such that
A ∩ R =

⋂
iAi ∩ R. We remark that if ξ is a measurable partition, then for µ−almost every x

the atom of ξ containing x (henceforth, denoted as ξ(x)) is a measurable set. If ξ, ξ′ are two (not
necessarily measurable) partitions, we say that ξ > ξ′ (ξ is finer than ξ′) if for µ− almost every
point x, ξ(x) ⊂ ξ′(x).

Definition 8.4. We say that a µ-measurable partition ξ is u-subordinated if for µ−almost every
x the following conditions hold:

• there is r0 > 0 such that ξ(x) is contained in the ball centered at x of radius r0 inside
Wu(x);

• ξ(x) contains an open neighborhood of x inside Wu(x);

• ξ is increasing, meaning that ξ > fξ = {f(ξ(f−1x))}.

The classical construction of Sinai [53] shows that µ-measurable u-subordinated partitions
exist.

The unstable entropy of f with respect to µ is defined by

huµ(f) = Hµ(f
−1ξ|ξ), (8.1)

where ξ is any u-subordinated µ-measurable partition, and Hµ(f
−1ξ|ξ) is the conditional entropy

of f−1ξ with respect to ξ, which is given by

Hµ(f
−1ξ|ξ) =

∫
− logµξx(f

−1ξ(x)) dµ(x).

This value is independent of the choice of u-subordinated partition.
Suppose that f ∈ PH2

uCB(M), and recall the notation from Section 4. Given a µ-measurable

partition ξ, we can use the natural projection π̂ : M̂ →M , to define a partition ξ̂ on M̂ . Given
a point p̂, we define ξ̂(p̂) by (

π̂|
Ŵu(p̂)

)−1

(ξ(π̂(p̂))). (8.2)

Observe that by construction, the partition ξ̂ is finer than the projetive unstable foliation Ŵu.
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Lemma 8.5. Let µ be an invariant measure and ξ a µ-measurable u-subordinated partition. Let
ξ̂ be the partition of M̂ induced by ξ defined above. Suppose that µ̂ is any f̂ -invariant measure
that projects to µ. Then, ξ̂ is µ̂-measurable.

Proof. Fix a measurable section ξ ∋ P 7→ xP ∈ P and for (q, [v]) ∈ M̂ define

Θ (q, [w]) = (xξ(q), h
u
xξ(q),q

([v])).

The function Θ is measurable and, observe that, the level sets of Θ are exactly the atoms of the
partition ξ̂. This shows that ξ̂ forms a measurable partition. ■

Given an f̂ -invariant measure µ̂ that projects to µ, we can define in a similar way the unstable
entropy of f̂ with respect to µ̂ by

huµ̂(f̂) = Hµ̂(f̂
−1ξ̂|ξ̂).

We will need the following version of the invariance principle

Theorem 8.6. Let µ and µ̂ be as above. Then,

huµ̂(f̂) ≤ huµ(f).

Moreover, equality holds if and only if for µ̂-almost every p̂, and some ( a fortriori, any)

µ−measurable partition ξ, it holds π̂∗µ̂
ξ̂
p̂ = µξπ̂(p̂).

When µ is a u-Gibbs measure, this result says that µ̂ is a projective u-Gibbs measure if and
only if the unstable entropy of µ̂ coincides with the unstable entropy of µ. The proof of this
result is essentially contained in Tahzibi-Yang’s paper [55]. For completeness, we will explain
the proof. Before we proceed to the proof, we will be working with the following partitions and
measures:

• f ∈ PH2
uCB(M) and µ is an f -invariant measure.

• ξ a u-subordinated µ-measurable partition that we fixed for f . Elements of ξ will be
denoted by P or Px = ξ(x), for µ-almost every x. Conditional measures will be denoted

by µξP or µξx, meaning, µξPx . We write µQ the quotient measure of µ on M/ξ.

• ξ̂ the partition defined above, whose elements are contained in projective unstable man-
ifolds. Elements of ξ̂ will be denoted by P̂ or P̂(x,[v]) = ξ̂(x, [v]), for µ̂-almost every

x̂ = (x, [v]). Conditional measures are denoted by µ̂ξ̂
P̂
, or µ̂ξ̂(x,[v]). We write µ̂Q the quo-

tient measure of µ̂ on M̂/ξ̂.

• The partition ξ̂cu := π̂−1ξ on M̂ , whose elements are saturated by fibers. Elements of this
partition will be denoted by P̂ cu or P̂ cuP = π̂−1(P ). Conditional measures are denoted by

µ̂ξ̂
cu

P̂ cu
or µ̂ξ̂

cu

(x,[v]). The quotient measure is denoted by µ̂cuQ on M̂/ξ̂.

• We will also work with the partitions f−1ξ, f̂−1ξ̂ and f̂−1ξ̂cu. We will denote the elements
of these partitions by P−1, P̂−1 and P̂ cu,−1, respectively.

Lemma 8.7. With the notation above, for µ̂-almost every (x, [v]), π̂∗µ̂
ξ̂cu

(x,[v]) = µξx.
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Proof. Observe that M̂/ξ̂cu can be naturally identified with M/ξ. We have that

µ̂ =

∫
M/ξ

µ̂ξ̂
cu

P̂ cu
dµ̂Q(P̂

cu) and µ =

∫
M/ξ

µξP dµQ(P ),

Given a measurable set B ⊂M/ξ, we have that

µQ(B) = µ

( ⋃
P∈B

P

)
= µ̂

(
π̂−1

( ⋃
P∈B

P

))
= µ̂Q(B).

Therefore, µ̂Q = µQ. Thus,∫
M/ξ

µξP dµQ(P ) = µ = π̂∗µ̂ = π̂∗

∫
M/ξ

µ̂ξ̂
cu

P dµ̂Q(P ) =

∫
M/ξ

π̂∗µ̂
ξ̂cu

P dµQ(P ),

and, by the essential uniqueness of the disintegration of a measure, we have that

µξx = π̂∗µ̂
ξ̂cu

(x,[v]) (8.3)

for µ̂-almost every (x, [v]). ■

Proof of Theorem 8.6. For µQ-almost every P , fix a point xP ∈ P . Write ξ̂P the partition ξ̂

restricted to P̂ cuP . Observe that DP := π̂−1(xP ) can be naturally identified with P̂ cuP /ξ̂P . Write

µ̂PQ the quotient measure of µ̂cuP on P̂ cuP /ξ̂P . So,

µ̂ξ̂
cu

P =

∫
DP

µ̂ξ̂t dµ̂
P
Q(t), (8.4)

where µ̂ξ̂t is the conditional measure on ξ̂P (x, t).
Since ξ is an increasing u-subordinated partition, for each P as above, there a subset of the

naturals IP , which is at most countable, and sets P−1
i , where i ∈ IP , such that

P =
⊔
i∈IP

P−1
i .

This gives a partition of P̂ cuP by

P̂ cuP =
⊔
i∈Ip

P̂ cu,−1
i ,

where P̂ cu,−1
i = π̂−1(P−1

i ). This follows from the fact that f−1ξ is u-subordinated and refines
ξ, so every element of the partition contains an open ball inside a strong unstable manifold. In
particular, an element of ξ contains at most countably many elements of f−1ξ. Therefore, by
Lemma 8.7 and by (8.4)

huµ(f) =

∫
− logµξx(f

−1ξ(x)) dµ(x) =

∫
M/ξ

∑
i∈IP

−µξP (P
−1
i ) log

(
µξP (P

−1
i )

)
dµQ(P )

=

∫
M/ξ

∑
i∈IP

−µ̂ξ
cu

P (P̂ cu,−1
i ) log

(
µ̂ξ

cu

P (P̂ cu,−1
i )

)
dµQ(P )

=

∫
M/ξ

∑
i∈IP

−
(∫

DP

µ̂ξ̂t (P̂
cu,−1
i ) dµ̂PQ(t)

)
log

(∫
DP

µ̂ξ̂t (P̂
cu,−1
i ) dµ̂PQ(t)

)
dµQ(P ).
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Consider ψ(t) = −t log t, for t > 0. Observe that ψ is a concave function. By Jensen inequality,

huµ(f) =

∫
M/ξ

∑
i∈IP

−
(∫

DP

µ̂ξ̂t (P̂
cu,−1
i ) dµ̂PQ(t)

)
log

(∫
DP

µ̂ξ̂t (P̂
cu,−1
i ) dµ̂PQ(t)

)
dµQ(P )

=

∫
M/ξ

∑
i∈IP

ψ

(∫
DP

µ̂ξ̂t (P̂
cu,−1
i ) dµ̂PQ(t)

)
dµQ(P )

≥
∫
M/ξ

∑
i∈IP

∫
DP

ψ
(
µ̂ξ̂t (P̂

cu,−1
i )

)
dµ̂PQ(t) dµQ(P ) =∫

M/ξ

∑
i∈IP

∫
DP

−µ̂ξ̂t (P̂
cu,−1
i ) log

(
µ̂ξ̂t (P̂

cu,−1
i )

)
dµ̂PQ(t) dµQ(P )

=

∫
M/ξ

∫
DP

∑
i∈IP

−µ̂ξ̂t (P̂
cu,−1
i ) log

(
µ̂ξ̂t (P̂

cu,−1
i )

)
dµ̂PQ(t) dµQ(P )

=

∫
M/ξ

∫
P̂ cuP

− log
(
µ̂ξ̂t

(
f̂−1ξ̂(x, [v])

))
dµ̂ξ̂

cu

P (x, [v]) dµQ(P )

=

∫
M̂

− log
(
µ̂ξ̂(x,[v])

(
f̂−1ξ̂(x, [v])

))
dµ̂(x, [v]) = huµ̂(f̂).

This concludes the proof of huµ̂(f̂) ≤ huµ(f). Moreover, equality occurs if and only if for µQ-almost

every P , µ̂PQ-almost every t and any i ∈ IP ,

µ̂ξ̂t (P̂
cu,−1
i ) = µξP (P

−1
i ).

This is translated to the measures π̂∗µ
ξ̂
(x,[v]) = µξx on the subalgebra generated by f−1ξ. Since

huµ̂(f̂
n) = nhuµ̂(f̂) = nhuµ(f) = huµ(f

n), by repeating the same argument, we obtain that

π̂∗µ
ξ̂
(x,[v]) = µξx on the subalgebra generated by {f−nξ}n∈N. Observe that the size of each atom of

the partition f−nξ is going to zero as n increases, and that f−nξ refines ξ. Therefore,
∨
n f

−nξ

generates the Borel σ-algebra on each atom of ξ. Thus, π̂∗µ
ξ̂
(x,[v]) = µξx. ■

8.3 Semicontinuity of unstable projective entropy

It will be important for us to obtain some type of semi continuity of the unstable entropy of
projective measures. This is an adaptation of the main theorem of [57].

Theorem 8.8. Suppose that µ̂n is a sequence of f̂ -invariant measures converging to µ̂ in the
weak*-topology. Then,

lim sup
n→+∞

hu(µ̂n) ≤ hu(µ̂).

The proof follows [57] almost verbatim. Let us give a sketch of the proof explaining the small
changes needed.

Proof. Let us first explain the setting in [57]. Let f be a partially hyperbolic C1-diffeomorphism,
let µn be a sequence of f -invariant measures converging to µ. Then the main result in [57] proves
that

lim sup
n→+∞

hu(µn) ≤ hu(µ).

Let {(Bi,Φi, Di)}ki=1 be a finite sequence of foliated charts for the strong unstable foliation,
where (Bi,Φi) is a chart and Di is a choice of transversal to the foliation in the chart, such that
the union of Bi cover M .
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Step 1: Building the partitions AWu

and Am. One constructs a finite partition A

of M whose elements are contained in the foliated charts Bi and with certain decay of measure
property of neighborhoods of the boundary of the partition (see the beginning of Section 3 from
[57]). Once this partition A is fixed, one defines AWu

(which is denoted by AF or AFn in [57])
to be the partition whose elements are the intersection of an element of A with the local plaque
of Wu of the corresponding foliation box Bi. For each m ∈ N one defined Am =

∨m
j=1 f

−j(A).
Step 2: Building some new partitions. For each i, let Ci,1 ≤ Ci,2 ≤ · · · be a sequence

of finite partitions of Di with the following properties:

• diam(Ci,t) → 0 as t→ +∞;

• for any i, t ≥ 0, and any element C of Ci,t,

µ

( ⋃
x∈∂C

AWu

(x)

)
= 0. (8.5)

The partitions Ci,t induces a new partition

C̃i,t = {
⋃
x∈C

AWu

(x) : C is an element of Ci,t}.

For m ∈ N and an element P of Am, observe that there is i such that P is contained in Bi, the
partition C̃i,t induces a partition on P given by Pt = {P ∩ C̃ : C̃ is an element of C̃i,t}. One
then defines

Am
t = {Pt : P is an element of Am.}.

These are built in Section 4.2.1 in [57].
Step 3: Proving the semicontinuity. Given ε > 0, Proposition 4.1 in [57] gives that for

m0 large

1

m0
Hµ

m0∨
j=0

f−jAWu

|AWu

− ε

3
≤ hu(µ). (8.6)

The partitionAWu

is not u-subordinated (the main problem is the increasing property), however,
this first inequality states that unstable entropy can be approximated by the finite time refinement∨m0

j=0 f
−jAWu

.
Proposition 4.5 in [57] then gives that for t0 large

Hµ

(
Am0
t0 |A0

t0

)
− ε

3
≤ Hµ

m0∨
j=0

f−jAWu

|AWu

 . (8.7)

One can think of elements of Am
t as a “thickening” of elements of

∨m0

j=0 f
−jAWu

, this is good
for approximating it by measures nearby. Indeed, the property about zero measure from (8.5)
implies that for any P in Am0

t0 we have µ(∂P ) = 0, among some other properties. In particular,

lim
n→+∞

µn(P ) = µ(P ).

Therefore,
lim

n→+∞
Hµn

(
Am0
t0 |A0

t0

)
= Hµ

(
Am0
t0 |A0

t0

)
.
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For n sufficiently large,

Hµn

(
Am0
t0 |A0

t0

)
− ε

3
≤ Hµ

(
Am0
t0 |A0

t0

)
. (8.8)

Combining (8.6), (8.7) and (8.8), we obtain that

1

m0
Hµn

(
Am0
t0 |A0

t0

)
− ε ≤ hu(µ).

Corollary 4.6 in [57] gives that for any m and t,

1

m
Hµn

(
Am
t |A0

t

)
≥ hu(µn).

Hence,
hu(µn)− ε ≤ hu(µ).

The proof of Theorem 8.8 The only difference of the proof in our setting is that we use

the foliated boxes built in Subsection 4.1 for Ŵu instead of the foliated boxes in Bi. The proof
then follows verbatim the scheme above. ■

8.4 Proof of the strong positive recurrence property

In this subsection, we show that if f has the expanding on average property and Gap(f) > 0,
then f is SPR for every Borel homoclinic class supporting an SRB measure. We will prove the
following theorem.

Theorem 8.9. Let f ∈ PH2
uCB(M) have the expanding on average property, and satisfying

Gap(f) > 0. Let µ be an ergodic SRB measure for f , and let X be the Borel homoclinic class
carrying µ. Then f is SPR on X.

Recall that to show that f is SPR on X, we need to show the existence of a Pesin block such
that any measure with large enough pressure gives uniform mass to this Pesin block. To prove
this, we will need the following proposition.

Proposition 8.10. Let f ∈ PH2
uCB(M) have the expanding on average property, and satisfying

Gap(f) > 0. Let X be a Borel homoclinic class. Suppose that µn is a sequence of ergodic
measures carried by X such that P (µn) converges to 0. Take any limit measure µ of the sequence
µn. Then,

1. µ is a u-Gibbs measure,

2. lim
n→+∞

λ+c(µn) = λ+c(µ) and lim
n→+∞

λ−c(µn) = λ−c(µ).

Proof of Proposition 8.10. Recall that ϕ is the geometric potential. Let ν be an invariant measure
such that ν-almost every points has one positive and one negative center Lyapunov exponent.
Define the strong unstable geometric potential by

ϕu(x) := − log |detDxf |Eu |,

and for an invariant measure ν, define the unstable pressure of ν by

Pu(ν) := hu(ν) +

∫
ϕu(x) dν(x).
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For ν-almost every x, there is e(x) ∈ {1, · · · , dimEu} and Lyapunov exponents λu1 (x) > λu2 (x) >
· · ·λue(x)(x) > 0 associated to the directions subordinated to Eu, and let Eui (x) denote the

corresponding Oseledets bundle., for i ∈ {1, · · · , e(x)}. As a consequence of the Ledrappier-
Young entropy formula [37],

huν (f) =

∫ e(x)∑
i=1

γui (x)λ
u
i (x) dν(x)

hν(f) = huν (f) +

∫
γ+c(x)λ+c(x) dν(x)

where 0 ≤ γui (x) ≤ dimEui (x), 0 ≤ γ+c(x) ≤ 1. Ruelle’s inequality implies that

hν(f) ≤
∫ e(x)∑

i=1

(dimEui (x))λ
u
i (x)dν(x) +

∫
λ+c(x)dν(x).

Moreover, Oseledets Theorem also gives that∫
ϕu(x)dν(x) = −

∫ e(x)∑
i=1

(dimEui (x))λ
u
i (x) dν(x).

and ∫
ϕ(x) dν(x) = −

∫ e(x)∑
i=1

(dimEui (x))λ
u
i (x) dν(x)−

∫
λ+c(x) dν(x),

Therefore,

Pu(ν) = huν (f) +

∫
ϕu(x)dν(x) =

∫ e(x)∑
i=1

(γui (x)− dimEui (x))λ
u
i ≤ 0,

since γui (x) ≤ dimEui (x) for ν-almost every x. Thus,

P (ν) = hν(f)−
∫ e(x)∑

i=1

(dimEui (x))λ
u
i (x) dν(x)−

∫
λ+c(x) dν(x)

= huν (f) +

∫
γ+c(x)λ+c(x)dν(x) +

∫
ϕu(x) dν(x)−

∫
λ+c(x) dν(x)

= huν (f) +

∫
ϕu(x) dν(x) +

∫ (
γ+c(x)− 1

)
λ+c(x)dν(x)

≤ Pu(ν) ≤ 0,

where we used that γ+c(x)− 1 ≤ 0. We showed that

0 ≥ Pu(ν) ≥ P (ν). (8.9)

Suppose that µn is a sequence of measures such that P (µn) converges to 0 and, up to a
subsequence, suppose that they converge to a measure µ. Since

lim
n→+∞

huµn(f) +

∫
ϕu dµn = 0,
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we have that

lim sup
n→+∞

huµn(f) = lim sup
n→+∞

−
∫
ϕu(x) dµn(x).

By the semi-continuity of unstable entropy [57],

lim sup
n→+∞

huµn(f) ≤ huµ(f).

Therefore,

lim sup
n→+∞

−
∫
ϕu(x) dµn(x) = lim sup

n→+∞
huµn(f) ≤ huµ(f) ≤ −

∫
ϕu(x) dµ(x).

Since the function ϕu is continuous and µn converges to µ in the weak*-topology, we conclude
that

huµ(f) = −
∫
ϕu(x) dµ(x)

and by Proposition 5.2 in [57], µ is an u-Gibbs measure.
For an invariant measure ν, given a projective lift ν̂, we define its unstable pressure as

Pu(ν̂) := huν̂ (f̂) +

∫
ϕu(x) dν(x).

As explained in Subsection 4.2, and since the measures µn and µ are hyperbolic, each has
exactly two ergodic lifts to M̂ (denoted µ̂+

n , µ̂
−
n and µ̂+, µ̂−, respectively).

Claim 8.11. Pu(µ̂+
n ) = Pu(µn).

Proof. Fix n ∈ N and let ξ be an u-subordinated µn-measurable partition and let ξ̂ and ξ̂cube the
partitions given in Subsection 8.2. Since E+c is invariant by unstable holonomies Lemma 4.12,

for µn-almost every point, we have that the measure µ̂n
ξ̂cu

(p,[v]) is supported on a single piece of

projective unstable manifold, and, therefore, it coincides with µ̂n
ξ̂u

(p,[v]), for µ̂n
+
-almost every

(p, [v]). Therefore,

π̂∗µ̂n
ξ̂n
u

(p,[v]) = π̂∗µ̂n
ξ̂cu

(p,[v]) = µξn,p.

By Theorem 8.6, huµ̂n(f̂) = huµn(f). Hence,

Pu(µ̂+
n ) = hu

µ̂n
+(f̂) +

∫
ϕu dµn = huµn(f) +

∫
ϕu dµn = Pu(µn). ■

Take any limit measure µ̂ of the sequence µ̂+
n . We will show that µ̂ = µ̂+.

By Theorem 8.8, we have that

0 ≥ hu(µ̂) +

∫
ϕu dµ ≥ lim sup

n→+∞
hu(µ̂+

n ) +

∫
lim sup
n→+∞

ϕu dµn = lim sup
n→+∞

Pu(µ̂+
n ) = 0.

Hence,
Pu(µ̂) = 0.

Which implies that huµ̂(f̂) = −
∫
ϕu dµ = huµ(f), since µ is a u-Gibbs measure. By Theorem 8.6,

we have that µ̂ is a projective u-Gibbs measure. Since f is expanding on average and Gap(f) > 0,
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by Theorem E, we have that the only projective u-Gibbs measure that projects to µ is given by
µ̂+. We conclude that limn µ̂

+
n = µ̂+.

Since the top center exponent is given by the integral of the function ψ(p,E) = log ∥Dpf |E∥,
which is continuous in M̂ , we obtain that

lim
n→+∞

λ+c(µn) = lim
n→+∞

∫
ψ dµ̂+

n =

∫
ψ dµ̂+ = λ+c(µ).

Which gives the continuity of the top exponent. Since for an invariant measure ν we have
λ+c(ν) + λ−c(ν) =

∫
log |detDf |Ec | dν, which is continuous with respect to ν, we conclude that

limλ−c(µn) = λ−c(µ).

This finishes the proof of Proposition 8.10. ■

Proof of Theorem 8.9. Let µ be an SRB measure carried by X, the corresponding Borel homo-
clinic class. Since µ is an SRB measure, we have that P (µ) = 0. Fix χ > 0 small such that
4χ ∈ (0,min{CEA,Gap(f)}, and fix ε > 0 small. Suppose that SPR fails for (χ, ε), then, there
exist a sequence of ergodic measures µn carried by X such that P (µn) → 0 and µn(∆n,χ,ε) → 0.
Up to a subsequence, we may assume that µn converges to a measure µ′ carried by X. Propo-
sition 8.10 implies that µ′ is u-Gibbs and λ±c(µn) → λ±c(µ′). Applying Proposition 6.4 to
K = {µn} ∪ {µ′}, implies that there exists a constant C such that µn(∆C,χ,ε) >

1
2 for all n,

which is a contradiction. ■

Proof of Theorem C. Suppose that f ∈ PH2
uCB(M) is expanding on average and satisfies Gap(f) >

0. Let µ be an ergodic SRB measure. Let X be its Borel homoclinic class carrying µ. By Theo-
rem 8.9, f is SPR on X. Theorem C follows from Theorem 8.3. ■

9 Examples of expanding on average partially hyperbolic
systems

In this section, we will present several examples of partially hyperbolic diffeomorphisms with the
expanding on average property, and we will make some remarks about their abundance. Recall
the discussion on the finitary versions of the expanding on average properties (see Definition 4.19
and the text after).

9.1 Skew products with fiber maps small perturbations of the identity
and conservative Hénon-type maps.

Our first examples are skew products over hyperbolic maps such that the maps on the center
fibers are arbitrarily close to the rotation by −π

2 , which makes the fourth iterates arbitrarily
close to the identity. In the same time, the center fiber maps of our examples are conservative
Hénon-like maps.

In order to simplify the computations, we will consider the case when the base map is a linear
multiplication by the natural number λ ≥ 4 on the circle. Equivalently, one can take the base
map the solenoid induced by the multiplication by λ on the circle: Uλ : T3 → T3,

Uλ(u, v, t) = (η1 cos t+ η2u, η1 sin t+ η2v, λt).

where T3 = D× S1 is the solid torus. For 0 < η2 << η1 sufficiently small, its maximal invariant
set Λλ is a hyperbolic attractor, and Uλ|Λλ factors over the multiplication by λ on T1.
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For parameters ϵ > 0, t ∈ (0, 2π) we consider the conservative Hénon-like map gϵ,t : T2 → T2,

gϵ,t(x, y) = (y + ϵ sin(x+ t),−x).

We define the skew-product fϵ : T3 → T3 over the multiplication by λ on T1:

fϵ,λ(x, y, t) = (gϵ,t(x, y), λt) = (y + ϵ sin(x+ t),−x, λt). (9.1)

Observe that fϵ,λ lifts to an invertible skew product Fϵ,λ on T3 × T2, and for λ large enough
we have the partially hyperbolic attractor Λλ × T2. By a mild abuse of language, we will say
that fϵ,λ verifies the expansion on average property, provided that its lift Fϵ,λ does (of course
restricted to its partially hyperbolic attractor).

We have the following result.

Proposition 9.1. There exists ϵ0 > 0 that satisfies the following: for any 0 < ϵ < ϵ0, there
exists a λϵ ∈ N such that for any λ > λϵ, the map fϵ,λ satisfies is expanding on average.

Remark 9.2. Note that f4ϵ,λ is a perturbation of f40,λ which acts by identity on the center fibers.

If fϵ,λ has the expanding on average property, the same holds for f4ϵ,λ.
The existence of non-uniformly perturbations of partially hyperbolic systems acting as the

identity in the center were studied by K. Marin in [40]. The present method is different from
hers, and permits to obtain stronger statistical consequences.

Proof. Let us use some notations. For θ ∈ R, let c(θ) = cos θ, s(θ) = sin θ. Define the quantities

C = C(y, λ, t) = y + λt

B = B(x, t) = x+ t

A = A(x, y, λ, ϵ, t) = C + ϵ sinB = C + ϵs(B).

Consider a direction va = (1, a). We are interested in the action of the derivative of fϵ,λ on
va (since the center direction corresponds to the first two coordinates, we will make an abuse of
notation and consider that Dfϵ,λ acts on va).

D(x,y)gϵ,t =

[
ϵc(B) 1
−1 0

]
⇒ D(x,y,t)fϵ,λva =

[
a+ ϵc(B)

−1

]
=

[
uϵ,a
−1

]
thus

D(x,y,t)f
2
ϵ,λva =

[
ϵc(A) 1
−1 0

] [
uϵ,a
−1

]
=

[
ϵc(A)uϵ,a − 1

−uϵ,a

]
=

[
ϵc(A)(a+ ϵc(B))− 1

−a− ϵc(B)

]
.

Lemma 9.3. There exists K > 0, ϵ0 > 0 so that for every 0 < ϵ < ϵ0, for all (x, y) ∈ T2, a ∈ R,
and all λ ∈ N, λ ≥ 4, we have

E(x, y, ϵ, λ, a) =

∫ 2π

0

log
∥D(x,y,t)f

2
ϵ,λva∥

∥va∥
dt ≥ Kϵ4.

Proof. We remark first that
E(x, y, 0, λ, a) = 0, ∀x, y, λ, a.

We start writing

Nϵ,a :=
∥∥D(x,y,t)f

2
ϵ,λva

∥∥2 = (1− ϵc(A)uϵ,a)
2 + u2ϵ,a = [1− ϵc(A)(a+ ϵc(B))]2 + (a+ ϵc(B))2
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= 1 + a2 + 2aϵ(c(B)− c(A)) + ϵ2(c(B)2 + a2c(A)2 − 2c(B)c(A))+

+ 2aϵ3c(B)c(A)2 + ϵ4c(B)2c(A)2

Note that we can expand

c(A) = cos(C + ϵs(B)) = c(C)− ϵs(B)s(C)− ϵ2

2
s(B)2c(C) +

ϵ3

6
s(B)3s(C) +O(ϵ4)

c(A)2 = c(C)2 − 2ϵs(B)s(C)c(C) + ϵ2s(B)2(s(C)2 − c(C)2) +O(ϵ3).

and therefore (if ρa = ∥va∥2 = 1 + a2)

Nϵ,a
ρa

= 1 +
2aϵ

ρa

[
c(B)− c(C) + ϵs(B)s(C) +

ϵ2

2
s(B)2c(C)− ϵ3

6
s(B)3s(C)

]
+

+
ϵ2

ρa

[
c(B)2 + a2c(C)2 − 2a2ϵs(B)s(C)c(C) + a2ϵ2s(B)2(s(C)2 − c(C)2)−

−2c(B)c(C) + 2ϵs(B)c(B)s(C) + ϵ2s(B)2c(B)c(C)
]
+

+
2aϵ3

ρa
c(B)[c(C)2 − 2ϵs(B)s(C)c(C)] +

ϵ4

ρa
c(B)2c(C)2 +O(ϵ5)

= 1 + α1ϵ+ α2ϵ
2 + α3ϵ

3 + α4ϵ
4 +O(ϵ5);

where

α1 =
2a(c(B)− c(C))

ρa

α2 =
2as(B)s(C) + c(B)2 + a2c(C)2 − 2c(B)c(C)

ρa

α3 =
as(B)2c(C)− 2a2s(B)s(C)c(C) + 2s(B)c(B)s(C) + 2ac(B)c(C)2

ρa

α4 =
−2as(B)3s(C) + 6a2s(B)2(s(C)2 − c(C)2) + 6s(B)2c(B)c(C)− 12as(B)c(B)s(C)c(C)+

6ρa

+6c(B)2c(C)2

Recall that

log(1 + x) = x− x2

2
+
x3

3
− x4

4
+O(x5),

then

log
Nϵ,a
ρa

= log(1 + α1ϵ+ α2ϵ
2 + α3ϵ

3 + α4ϵ
4 +O(ϵ5))

= (ϵα1 + ϵ2α2 + ϵ3α3 + ϵ4α4)−
ϵ2α2

1 + 2ϵ3α1α2 + ϵ4α2
2 + 2ϵ4α1α3

2
+
ϵ3α3

1 + 3ϵ4α2
1α2

3
−

− ϵ4α4
1

4
+O(ϵ5)

= ϵα1 + ϵ2
(
α2 −

α2
1

2

)
+ ϵ3

(
α3 − α1α2 +

α3
1

3

)
+

+ ϵ4
(
α4 −

α2
2 + 2α1α3

2
+ α2

1α2 −
α4
1

4

)
+O(ϵ5).
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Observe that

E(x, y, ϵ, λ, a) =

∫ 2π

0

1

2
log

Na,ϵ
ρa

dt.

Then the derivatives with respect to ϵ in 0 are

∂E

∂ϵ
(x, y, 0, λ, a) =

∫ 2π

0

1

2
α1 dt =

∫ 2π

0

a(c(B)− c(C))

1 + a2
dt = 0

∂2E

∂ϵ2
(x, y, 0, λ, a) =

∫ 2π

0

α2 −
α2
1

2
dt

=

∫ 2π

0

2as(B)s(C) + c(B)2 + a2c(C)2 − 2c(B)c(C)

1 + a2
− 2a2(c(B)− c(C))2

(1 + a2)2
dt

=

∫ 2π

0

c(B)2
(
1 + a2

1 + a2
− 4a2

(1 + a2)2

)
dt = π

(1− a2)2

(1 + a2)2
≥ 0,

Since ∫ 2π

0

c(B)dt =

∫ 2π

0

c(C) dt = 0,∫ 2π

0

c(B)2 dt =

∫ 2π

0

c(C)2 dt = π,

and by orthogonality of the Fourier polynomials,∫ 2π

0

c(B)c(C) dt =

∫ 2π

0

s(B)s(C) dt = 0.

In particular,
∂2E

∂ϵ2
(x, y, 0, λ, a) > 0 a ̸= ±1

Let us remark here that the formula works also for a = ±∞, corresponding to the vertical
vector va; in this case the second derivative is π (the limit when a→ ∞).

Now we address the special directions a = σ, where σ = ±1.
First we see that the third derivative is

∂3E

∂ϵ3
(x, y, 0, λ, a) =

∫ 2π

0

3α3 − 3α1α2 + α3
1 dt

is an integral of linear combinations of products of 3 trigonometric functions belonging to the
set {sin(x + t), cos(x + t), sin(y + λt), cos(y + λt)}. It is not difficult to see that any integral of
the product of such 3 functions is zero (for example by symmetry, the positive part is equal to
the negative part), so we have

∂3E

∂ϵ3
(x, y, 0, λ, a) = 0.

For the fourth derivative, for σ = ±1 we compute

∂4E

∂4ϵ
(x, y, 0, λ, σ) =

∫ 2π

0

12α4 − 12α1α3 − 6α2
2 + 12α2

1α2 − 3α4
1 dt
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We will use the relations∫ 2π

0

c(B)4 dt =

∫ 2π

0

c(C)4 dt =
3π

4∫ 2π

0

c(B)2c(C)2 dt =

∫ 2π

0

s(B)2c(C)2 dt =

∫ 2π

0

s(B)2s(C)2 dt =

∫ 2π

0

c(B)2s(C)2 dt =
π

2

while all the integrals where some trigonometric function has odd exponent are zero (same
symmetry argument for example).

From here it follows that∫ 2π

0

12α4 dt =

∫ 2π

0

6s(B)2s(C)2 − 6s(B)2c(C)2 + 6c(B)2c(C)2dt = 3π.

Next, ∫ 2π

0

12α1α3 dt =

∫ 2π

0

12c(B)2c(C)2 − 6s(B)2c(C)2 dt = 3π.

For the next term,

∫ 2π

0

6α2
2 dt =

∫ 2π

0

(
6s(B)2s(C)2 +

3

2
c(B)4 +

3

2
c(C)4 + 9c(B)2c(C)2

)
dt =

39π

4
.

We continue,∫ 2π

0

12α2
1α2 dt =

∫ 2π

0

(
6c(B)4 + 6c(C)4 + 36c(B)2c(C)2

)
dt = 27π.

Finally, ∫ 2π

0

3α4
1 dt =

∫ 2π

0

(
3c(B)4 + 3c(C)4 + 18c(B)2c(C)2

)
dt =

27π

2

Putting everything together we get

∂4E

∂ϵ4
(x, y, 0, λ, σ) = 3π − 3π − 39π

4
+ 27π − 27π

2
=

15π

4
> 0

We observe that ∂4E
∂ϵ4 (x, y, 0, λ, a) is a function which depends only on a and is continuous, so

there is δ > 0 such that if |a2−1|
a2+1 < δ then ∂4E

∂ϵ4 (x, y, 0, λ, a) > 3π.

We also observe that ∂
kE
∂ϵk

(x, y, ϵ, λ, a) is uniformly bounded by some constant Dk for all ϵ < 1,
independent of x, y, a, λ.

We deduce that for every x, y, a, λ and ϵ < 1, there exists ϵ′ such that

E(x, y, ϵ, λ, a) =
(a2 − 1)2

2(a2 + 1)2
πϵ2 +

1

24

∂4E

∂4ϵ
(x, y, 0, λ, a)ϵ4 +

1

120

∂5E

∂4ϵ
(x, y, ϵ′, λ, a)ϵ5.

If |a2−1|
a2+1 < δ we have

E(x, y, ϵ, λ, a) ≥ 1

24
3πϵ4 +

1

120

∂5E

∂4ϵ
(x, y, ϵ′, λ, a)ϵ5 ≥ π

8
ϵ4 − D5

120
ϵ5,
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while if |a2−1|
a2+1 > δ we have

E(x, y, ϵ, λ, a) ≥ δ2

2
πϵ2 − D4

24
ϵ4 − D5

120
ϵ5

From here we can find an ϵ0 such that for any ϵ < ϵ0 and any x, y, a, λ we have

E(x, y, ϵ, λ, a) ≥ ϵ4

4
.

This proves the lemma. ■

Now let us continue with the proof of the Proposition. We will consider the lift Fϵ,λ of fϵ,λ
to T3 × T2 and its partially hyperbolic attractor Λλ × T2. We fix the increasing partition ξ
subordinated to the unstable foliation of Fϵ,λ such that each element P of the partition projects
homeomorphically to the interval (0, 2π). If P ∈ ξ, p ∈ P ∈ Λλ × T2, va ∈ Ecp, v

∗
a = va

∥va∥ its

normalization, recall that

I2(p, v
∗
a, Fϵ,λ) =

∫
P

log ∥DqF
2
ϵ,λχq,p(v

∗
a)∥ dµuP (q).

One can check that if we parametrize P with respect to t, q = q(t), then dµuP (q) =
1
2π dt, so the

integral can be rewritten

I2(p, v
∗
a, Fϵ,λ) =

1

2π

∫ 2π

0

log ∥Dq(t)F
2
ϵ,λχq(t),p(v

∗
a)∥ dt.

Assume that p = (u, v, t0, x, y) with (u, v, t0) ∈ Λλ in the base and (x, y) ∈ T2 in the central
fiber. Consider va ∈ Ecp. Denote (x(t), y(t)) = PrT2q(t) the projection of the unstable leaf q(t)
on the center fiber T2. Then Dq(t)F

c
ϵ,λ = D(x(t),y(t),t)f

c
ϵ,λ.

When ϵ = 0 we have

I2(p, v
∗
a, Fϵ,λ) =

1

2π
E(x, y, 0, λ, a) = 0.

In general we have

I2(p, v
∗
a, Fϵ,λ)−

1

2π
E(x, y, ϵ, λ, a) =

1

2π

∫ 2π

0

log
∥D(x(t),y(t),t)f

2
ϵ,λχq(t),p(v

∗
a)∥

∥D(x,y,t)f
2
ϵ,λ(v

∗
a)∥

dt. (9.2)

Lemma 9.4. When λ tends to infinity, x(t) converges uniformly to x, y(t) converges uniformly
to y and χp,q(t) converges uniformly to the identity.

Proof. To see that (x(t), y(t)) converges uniformly to (x, y) it is enough to remark that the
unstable manifold is inside an horizontal unstable cone which gets smaller when λ goes to infinity.

The fact that χp,q(t) converges uniformly to the identity follows from the formula of χp.q(t)
as the projectivization of an infinite product of matices (derivatives).

■

The proof of the Proposition 9.1 follows from the formula 9.2 and Lemmas 9.3 and 9.4
■

9.2 Random Standard (or standard-like) Maps

Here we present other examples of skew products over Anosov with the expanding on average
property. Unlike the previous section, now the fiber maps in the centers are far away from
identity (they exhibit strong shears or hyperbolic regions).
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9.2.1 The Berger-Carrasco example

Consider the standard map

sN (x, y) =
(
2x− y +N sinx, x

)
, N ∈ N.

Fix a hyperbolic matrix A ∈ SL(2,Z) with eigenvalues 0 < λ < 1 < λ−1 and let

P1 : T2 −→ T2, P1(z, w) = (z, 0),

denote projection onto the first coordinate. For N ≥ 1, define

fN : T2 × T2 −→ T2 × T2

by
fN (x, y, z, w) =

(
sN (x, y) + P1

(
AN (z, w)

)
, A2N (z, w)

)
. (9.3)

Thus, fN is obtained by coupling the standard map with the fast Anosov automorphism A2N ,
the coupling being introduced through the first coordinate of AN (z, w).

The map fN is real analytic and preserves Lebesgue measure. Its derivative has the block
form

DfN (x, y, z, w) =

[
DsN (x, y) P1 ◦AN

0 A2N

]
.

In particular,
Ec = R2 × {0}

is invariant, and the restriction of DfN to Ec coincides with DsN . This allows to think of fN as
a “random standard map”, the randomness driven by the dynamics in the base. Observe that
for N large, the expansion and contraction rates of A2N dominate the derivative of sN , and the
map fN is partially hyperbolic.

Proposition 9.5. There exists N0 ∈ N such that, for any N ≥ N0, the map fN is expanding on
average.

Proof. We will give a sketch of the proof. Let eu be the unstable unit vector of A and P1e
u

its projection to the first coordinate. Following [6] we say that γ is a u-curve if it is contained
in an unstable manifold of fN and projects to an unstable segment of A2N of length 1

λN∥P1eu∥ .

In [6] the authors prove the following fact: assuming the N is sufficiently large, then fixing any
u-curve γ of fN , and fixing any unit vector field X along γ and with values in Ec, which is
(CX ,

1
2 )-Hölder, with Cx = 20N2λN , for all large enough n we have

1

n

∫
γ

log ∥Dqf
nX(q)∥ dµuγ(q) >

1

20
logN.

(The authors state that there exists a vector field X with this expanding property, but they
prove, in fact, that every vector field X satisfying the required properties has the expanding
property).

The maps fN are center-bunched for N large, so we have the holonomy χq,p along unstable
leaves. The center bundle Ec of fN is smooth, so in this case [52] proves, in fact, that χq,p is
Lipschitz with respect to p, q: ∥χq,pv−v∥ ≤ Cd(p, q) for some constant C > 0. Given an u-curve
γ, there is some preimage f−kN γ small enough such that the vector fields given by the unstable
holonomy are (CX ,

1
2 )-Hölder. [6] shows that the (CX ,

1
2 )-Hölder property of unit vector fields
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along unstable curves is invariant under DfN , and since the unstable holonomy is also invariant
under Df , we get that all the vector fields χq,pv are (CX ,

1
2 )-Hölder along all u-curves.

We obtain that for any u-curve γ, any p ∈ γ, v ∈ Ec(p), we have that for all n large enough

1

n

∫
γ

log ∥Dqf
nχq,pv∥ dµuγ(q) >

1

20
logN.

Then fN has the expanding on average property.
■

In [43], SRB measures for dissipative perturbations of fN were studied. The author shows
that in a C2-neighborhood of fN there is at most one SRB measure and using measure rigidity
argument inspired in [11], he shows that “most fibered” perturbations admits an SRB measure.
Using our results from this paper, we are able to extend that to the entire neighborhood.

Corollary 9.6. Let N0 be as in Proposition 9.5. Then, for every N ≥ N0, there exists U ⊂
PH2

uCB(M) a C2-neighborhood of fN such that any g ∈ U has a unique SRB measure µg.
Moreover, µg is Bernoulli, it has full basin, it is exponentially mixing and verifies all of the
strong statistical properties given by Theorem 8.3.

Proof. By [42], fN is Bernoulli. The result follows from Theorem D. ■

9.2.2 Other related examples

The main idea used in [6] is the following. Assume that f : M → M is a partially hyperbolic
diffeomorphism. Assume that in M we have a large (non-invariant) hyperbolic set H, where
Df |Ec is strongly hyperbolic, and a small critical set C where the map may not be hyperbolic,
but we have some uniform control from above and below for Df |Ec . Assume that any large
enough unstable piece crossing the manifold M spends much more time inside the hyperbolic
part H that in the critical part C.

Assume that γ is a large unstable piece and χq,p(v) is a unit vector field on γ given by the
unstable holonomy. If the vector field χq,p(v) is inside the expanding cone Cu of DfEc in the
hyperbolic part H, then it gets (strongly) expanded. This together with the control on the
critical part gives the expanding on average of χq,pv along γ in one iterate:∫

γ

log ∥Dqfχq,p(v)∥ dµuγ(q) ≫ 0.

If χq,p(v) is not in the unstable cone Cu, then it may get contracted. We need a mechanism to
move the vectors inside Cu, and this can be done in the following way:

• Choose different regions H1, H2, . . . Hk ⊂ H with (considerably) different stable directions
in each region. Thus, for any given central vector v, maybe we have contraction in some
Hi, but in others we have expansion, or at least the pushed forward of the vector, Dfv,
moves inside the expanding cone Cu.

• Obtain good control on the variation of the vector fields χq,p(v) along large enough unstable
pieces, in order to apply the previous argument. This can be done by choosing a strong
enough expansion on the base, thus making the holonomy χq,p close to the identity.

This method was used in various papers like [18], [19], [2], etc., in order to obtain non-
uniformly hyperbolic maps. It is flexible enough and can be easily adapted in order to obtain
various families of skew products with the expanding on average property, inside various homo-
topy classes, or exhibiting various u-Gibbs measures.
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9.3 Non-compact center leaves

Here we will provide examples of partially hyperbolic diffeomorphisms with the expanding on
average property and with non-compact center leaves. The examples are obtained perturbing
4-dimensional linear Anosov diffeomorphisms with a 2-dimensional weak unstable bundle (con-
sidered as a center bundle, and which is clearly not compact).

Proposition 9.7. Let L be a hyperbolic automorphism of T4 with the eigenvalues λu > 1 >
λws > λms > λss. Assume that λwsλms > λss. Then there exists a C∞ diffeomorphism f of
T4 and N ∈ N such that LN ◦ f is a partially hyperbolic diffeomorphism with the expanding on
average property.

Proof. The proof of this result is basically contained in the proof of Theorem B of [19]. The
conclusion of that Theorem B is that LN ◦f is non-uniformly hyperbolic for the volume, however
one in fact proves that f is expanding on average.

A sketch of the proof is the following. ft is a family of maps which preserve the center
planes corresponding to the eigenvalues λws, λms. Using the semi-conjugacy between LN ◦ft and
LN , one can obtain an increasing partition ξ subordinated to Wu

LN◦ft by pulling back a Markov

partition for L (and also LN ). Iterating forward if necessary, we can assume that the atoms of ξ
are large enough so they wrap around the torus several times (but still uniformly bounded from
above).

Each map ft is similar to a standard map, in the sense that it creates a large set on T4

with very strong hyperbolicity, and a small critical set where there is uniform control on the
derivative. The authors in [19] prove the following result. If N is sufficiently large, and t satisfies

some specific conditions (for example t = λ
−N(1+ϵ)
ws with ϵ small enough) then we have the

following: For any P an element of ξ, and any X an unit vector field on P with values in Ec and
l-Lipschitz with l = lLt

2λ2nwsλ
n
ss (lL depends only on L), we have

lim inf
n→∞

1

n

∫
P

log ∥Dq(L
N ◦ ft)nX(q)∥ dµuP (q) > C.

for some constant C independent of P,X. The fact the X is l-Lipschitz is used for two things:
the l-Lipschitz unit vector fields are invariant under D(LN ◦ ft), and the l-Lipschitz conditions
implies that X has a small enough variation along the elements P of the partition ξ. Both these
conditions are satisfied by unit vector fields given by the unstable holonomy χq,p if N is large
enough, so we get a similar result for χq,p: for any P ∈ ξ and any v ∈ Ec(p), p ∈ P we have

lim inf
n→∞

1

n

∫
P

log ∥Dq(L
N ◦ ft)nχq,pv∥ dµuP (q) > C.

This implies that LN ◦ ft is expanding on average. ■
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A Uniform partitions and u-tilings

A.1 A measurable partition adapted to every u-Gibbs measure.

It will useful to have measurable partitions with respect to every u-Gibbs measure. Let f ∈
PH1+α(M), α > 0.

Theorem A.1. Given R > 0 there exists a measurable partition η of M , S a compact submani-
fold of codimension-one, a Borel function r :M → [0, 1], and a constant C > 0 which verify the
following.

1. η is subordinated to the unstable partition of f , and for every E ∈ η, ∂E ⊂ S.

2. diamn η(x) ≤ R, for every x ∈M .

3. If ξ =
∨
n≥0 f

nξ, then r(x) > 0 implies Wu(x, r(x)) ⊂ ξ(x).

4. For every µ ∈ Gibbsu(f),

(a) r > 0 for µ-almost every point, and

(b) for t ∈ [0, 1]

µ(r < t) ≤ Ct. (A.1)

Definition A.2. We say that a Borel set G is of total u-Gibbs probability if µ ∈ Gibbsu(f)
implies µ(G) = 1.

The theorem above implies G = {r > 0} is of total u-Gibbs probability, and that if µ ∈
Gibbsu(f), then ξ is an increasing measurable partition with respect to µ, which contains rela-
tively open sets for µ-almost every point. The partition η has the advantage that the boundary
of its atom are contained in a regular submanifold.

Remark A.3. The same theorem holds for projective u-Gibbs measures. One simply lifts the
partition using π̂ : M̂ →M .

We assume that f is equipped with an adapted metric, and let λ = maxx{
∥∥Du

xf
−1
∥∥}.

We work with foliation boxes U for the unstable foliation, whose plaques are disks D with
diamu(D) ≥ d0, hence in particular Lebu(D) ≥ v0, for some uniform constants d0.v0.

If µ ∈ Gibbsu(f), then disintegrating µ|U along Wu|U we get that for µ-almost every u-disk
D ⊂ U , the densities of the conditional probabilities verify

y, x ∈ D ⇒ ρD(y)

ρD(x)
= ∆(x, y) :=

∞∏
k=1

Juf(y)

Juf(x)
.

See (4.2): here we omit the dependence on U , if clear from the context. By uniform contraction
to the past one gets that ρD is Lipschitz, bounded away from zero and ∞, and D 7→ ρD is
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continuous (Lemma 4.1). In particular there exists some constant KU > 0 so that for every
µ ∈ Gibbsu(f),

1

KU
≤ µD

LebuD
≤ KU , (A.2)

provided that the conditional µD is defined on D.
Next we construct a partition subordinated to the unstable foliation. Given p ∈M it is easy

to construct coordinates z : Q → RdimM around p, with Q compactly contained in a foliation
box U , and so that ∂Q consists of sets of the form

Si = {zi = a} a = ±1

which are transverse to Eu. Observe that if Nε(Si) denotes the ε-neighborhood of Si, then its
volume is comparable with Ciε, and hence by (A.2) we get a constant CQ > 0 and εQ > 0 so
that for every µ ∈ Gibbsu(f),

0 < ε < εQ ⇒ µ(Nε(∂Q)) ≤ CQε.

Cover M with finitely many Q1, · · · , Qs. With no loss of generality we assume that if Qi ⊂
Ui, Qj ⊂ Uj and Qi ∩Qj ̸= ∅, then Ui ∪ Uj is contained in a foliation box of diameter less than
R, for a fixed prescribed R > 0. Define

S =
⋃
j

∂Qj CS = max
j
CQj εS = max

j
εQj

Consider the partition

A1 = Q1, Ai = Qi \
⋃
j<i

Qj .

Then A = {A1, A2, . . .} is a finite partition, and the frontier of their atoms is piecewise differen-
tiable.

Let η be the partition obtained refining A with the local unstable plaques inside U1, · · · , Us.
It is direct to check that η is measurable, subordinated to the unstable foliation of f .

Each Qi is away from the boundary of Ui: we let δ = mini d(∂Qi, ∂U), and define

b(x) := min{δ, 1
2
d(x, S)}.

Note that if γ is a curve starting at x ∈ Ui has length less than b(x), then it stays in Ui and cannot
intersect S. It follows that if x ∈ Qi, the curve remains inside, and ℑ(γ) ⊂ A(x). Therefore

b(x) > 0 ⇒Wu(x, b(x)) ⊂ η(x).

Next, we replace η by an increasing partition. Let

ξ =

∞∨
n=0

fnη;

recall that fnη is the partition with atoms fnη(x) = fn(η(f−nx)). By definition, fξ ≤ ξ, so ξ is
increasing, and countably generated.

79



Define

r(x) = inf{b(f
−nx)

λn
}.

Then r :M → [0, 1] is Borel. If r(x) > 0 and y ∈Wu(x, r(x)), it follows that for every n ≥ 0,

du (f
−nx, f−ny) ≤ λnr(x) ≤ b(f−nx) ⇒ f−n(y) ∈ η(f−nx)

hence2 y ∈ ξ(x). That is,
Wu(x, r(x)) ⊂ ξ(x) if r(x) > 0.

Take t < min{δ, εS2 }. Then, if r(x) < t there exists some n ≥ 0 so that

b(f−nx) ≤ tλn ⇒ d(f−nx, S) < 2tλn < εSλ
n

and therefore
{r < t} ⊂

⋃
n≥0

fn(N2tλn(S)).

If µ ∈ Gibbsu(f),

µ(r < t) ≤
∑
n≥0

µ(N2tλn(S)) ≤ t
2CS
1− λ

.

which in turn implies
µ{r = 0} = 0.

Since r ≤ 1, we can find C ≥ 2CS
1−λ so that for every 0 ≤ t ≤ 1, µ(r < t) ≤ Ct.

Remark A.4. Note that since diamu(f
−nξ) ≤ λnR, it follows that∨

n≥0

f−nξ = partition by points.

We note the following consequence of (A.1).

Corollary A.5. There exists an f-invariant subset G∗ ⊂ G so that

x ∈ G∗ ⇒
∧
n≥0

fnξ(x) =Wu(x).

Proof. Denote, for x ∈ G,
g(x) = − log r(x) :

observe that
{r < e−t} = {g > t} ⇒ ∀µ ∈ Gibbsu(f), µ{g > t} ≤ Ce−t.

Since ξ(f−nx) ⊃ Wu(f−nx.r(f−nx)), for every x, fnξ(f−n)(x) ⊃ Wu(x, r(f
−nx)
λn ). Fix ε > 0 so

that κ = e−ε

λ > 1, and consider Xn = {x : r(f−nx) ≥ e−εn} = {x : g(f−nx) ≤ εn}. By (A.1),
for any µ ∈ Gibbsu(f) ∑

n≥0

µ(x : g(f−nx) > εn) <∞

therefore, by Borel–Cantelli,X = lim infnXn has total u-Gibbs probability. ConsiderG∗ = X∩G
and note that for x ∈ G∗,

fnξ(f−nx) ⊃Wu(x, κn),

which, as n 7→ ∞ increases to the whole unstable leaf Wu(x). ■

It follows that ξ verifies all properties needed for the arguments in [36, 37], with the advantage
of not depending on a reference u-Gibbs measure.

2Here du (x, y) denotes the intrinsic distance between two points in the same u-leaf
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A.2 u-tilings

In this part we prove Lemma 4.24.
We start by constructing a Borel set Z ⊂M so that for every x, Z ∩Wu(x) is 4R separated:

this set will provide the center of the cells.
Take T1, · · · , Tq transverse disks to Wu so that M =

⋂
iW

u(Ti, R), and, reducing R if
necessary, so that x ∈ Ti implies Wu(x, 4R)∩Ti = {x}. We start with T1, and remove all points
in
⋃
i>1 Ti∩Wu(T1, 4R); then we proceed with T2, and so on. This gives us a Borel set Z ⊂

⋃
i Ti

so that

z ̸= z′ ∈ Z ⇒ du(z, z
′) ≥ 4R

Wu(Z, 5R) =M.

Now we use the partition η of the previous part and make a measurable selection to group
atoms near the elements in Z. We forget about the atoms of η contained in S. For the others
E ∈ η with E \ S ̸= ∅, we claim the following

Claim A.6. There exists a measurable function p : M/η → M so that pE ∈ E \ S, whenever
this set is non-empty.

Proof. Recall that η is obtained by refining A by local unstable plaques. It suffices then to fix
some U foliation box with chart Ψ : Du × T → U . Denote Dt = Ψ(Du × {t}) the corresponding
plaque. We fix A ∈ A: again, it suffices to make the measurable choice on each of these finitely
many atoms. The atoms of η inside A ∩ U are of the form Er = A ∩Dt

If t0 ∈ T is so that Et0 \ S ̸= ∅, then we can choose z ∈ Du so that Ψ(z, t0) ∈ Et0 \ S, and
since A \ S is open, we can find a neighborhood Tt0 ⊂ T so that t 7→ s0(t) = Ψ(z, t0) ∈ Et0 \ S.
Cover T by countably many of such neighborhoods T0, T1, . . . and define pEt = sj(t), where j is
the first index so that t ∈ Tj . It follows that pE is measurable. ■

Now we do an assignment rule for the atoms of η: given E ∈ η we choose z ∈ Z which is closest
to pE and assign E to z. Note that there are finitely many elements of Z insideWu(pE , 5R), and
we select one (measurably, for example, using the previous construction of centers). We denote

Oz =
⋃

E assigned to z

(E \ S) Qz = Oz
u

in the relative u-closure. Note that Oz is leafwise open.
Take x ∈Wu(z,R) \ S and let E = η(x). Then du(pE , z) < 2R, and if z′ ̸= z,

du (pE , z
′) ≥ 4R− du (pE , z) > 2R.

It follows that E is assigned to z, andWu(z,R)\S ⊂ Oz. Conversely, if x ∈ Oz, then du (x, pE) ≤
R and du (pE , z) ≤ 5R so

Wu(z,R) \ S ⊂ Oz ⊂Wu(z, 6R)

Taking closure, and using that S has empty interior on every leaf, we get

Wu(z,R) ⊂ Qz ⊂Wu(z, 6R)

This also gives the uniform diameter and volume estimates for Qz: diamu(Qz) ≤ D := 12R and
v ≤ Lebu(Qz) ≤ V , for some v, V > 0.
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Denote Q = {Qz : z ∈ Z}: this is locally finite, since the centers of the cells are separated,
and the union of all cells cover the manifold, since the complement of S is dense. Note that if
x ̸∈ S, then it has a relative neighborhood inside one and only one Qz. This shows that

Qz \Oz ⊂ S ⇒ ∂uQz ⊂ S

and

z ̸= z′ ⇒ Qz ∩Qz′ ⊂ S.

This finishes the proof.
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