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Abstract—We propose a solution of the robust stabilization problem for linear dynamic plants
with unknown parameters belonging to a known compact set, bounded exogenous disturbances,
and bounded high-frequency measurement noise. The control algorithm synthesis is divided
into two stages. The filtering algorithm synthesized at the first stage permits one to reduce the
influence of the measurement noise on the plant output variable. Constructive conditions for
selecting the filtering algorithm parameters are proposed for the case in which the measurement
noise can be represented as a sum of sinusoidal signals. At the second stage, we synthesize
a control algorithm suppressing the influence of the parametric uncertainty and exogenous
disturbances. This algorithm is based on the use of finite differences in continuous time; this
allows avoiding the use of dynamic observers increasing the dimension of the closed-loop system.
Simulation results illustrating the efficiency of our algorithm in comparison with some existing
analogs are presented. A comparative analysis with the results by Astolfi et al. has shown
that our control algorithm has lower dynamic order and guarantees higher accuracy in the
output signal and its derivatives. Moreover, the algorithm parameter selection in our algorithm
is easier owing to the independent adjustment of the filter and control law in contrast to the
results by Astolfi et al., where the controller parameters are selected simultaneously for the
entire algorithm.
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1. INTRODUCTION

The synthesis of algorithms that ensure reaching a given goal under conditions of uncertainty in
the parameters of the mathematical model of the plant and the presence of exogenous disturbances
is a topical problem in automatic control theory. Currently, many various approaches have been
proposed to solving this problem, for example, H-optimal control, adaptive control, robust control,
nonlinear control, etc. (see, e.g., [4, 5]).
One common method for solving the control problem under uncertainty is to synthesize con-

trollers with the use of estimates of the derivatives of the controlled variable based on a high-gain
observer. A high-gain observer was first proposed in [11, 13] for minimum-phase plants. Later,
many various modifications of high-gain observers were obtained for minimum-phase plants; see,
e.g., [1, 9, 10, 17, 20]. It was shown in [1, 9, 10, 14, 17, 20] that, to construct a control system, it
suffices to use an observer whose dimension is at least γ − 1, where γ is the plant relative degree.
However, the use of a high-gain observer may prove unsatisfactory in the presence of high-

frequency measurement noise. More detailed studies can be found in [13, 19, 21]. The problem
was that the estimate of the derivative of the controlled variable could significantly exceed its true
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value. In this case, the error is accumulated in the subsequent estimates of the derivatives. This
problem is associated with both the differentiation of the high-frequency noise and the presence of
high gain in the control system.
To partially overcome this problem, it was proposed in [13, 18, 19] to adjust the high gain of

the observer adaptively. Thus, to improve the convergence of the processes, the observer gain took
large values at the initial moment of system operation and was then decreased in the steady state.
The papers [12, 22] propose a new observer, which is an extension of the high-gain observer

in [14] to the case of high-frequency measurement noise. In this case, the dimension of the new
observer is 2γ − 2. The twofold increased dimension of the observer in [12, 22] in comparison with
the observer in [14] is due to the introduction of additional differential equations that compensate
for the influence of the high-frequency measurement noise. The papers [12, 22] give a comparative
numerical analysis of that algorithm and the algorithm in [14], which shows the efficiency of using
the algorithm in [12, 22] in comparison with the one in [14].
However, to calculate the parameters of the observer in [12, 22], it is necessary to solve an

equation of the order 2γ − 2. In this case, the quality of estimation of the derivatives and the
quality of filtering properties simultaneously depend on the solutions of this equation. Moreover,
the quality of the filtering properties of the observers [11, 12, 18, 19, 22] is substantially limited.
In the present paper, unlike [12, 22], we propose to separate the filtering and estimation properties

in the form of two independent algorithms. As a result, compared to [11, 12, 18, 19, 22], this permits
one

1. To improve the quality of filtering of the high-frequency noise.
2. To make the calculations of the filter and observer parameters independent.
3. To use any of the existing observers to estimate the derivatives.

The article deals with the robust stabilization problem for a plant with unknown parameters that
is affected by bounded disturbances and whose output is measured with high-frequency noise. To
synthesize a control system, we use an approach that permits independently controlling the quality
of noise filtering and the quality of the output-variable stabilization error. Simulation results are
presented, which illustrate the efficiency of our algorithm in comparison with the classical high-gain
observer in [14] and the high-gain observer under measurement noise conditions in [12, 22].

2. STATEMENT OF THE PROBLEM

Consider a plant with a model described by the equations

Q(p)z(t) = R(p)u(t) + f(t), y(t) = z(t) + w(t), (1)

where y(t) ∈ R is the controlled variable, u(t) ∈ R is the control signal, f(t) ∈ R is an uncon-
trolled exogenous bounded disturbance, w(t) ∈ R is an exogenous high-frequency bounded noise,
Q(p) = pn + qn−1p

n−1 + · · · + q0 and R(p) = rmp
m + rm−1p

n−1 + · · · + r0 are linear differential
operators with unknown coefficients qn−1, . . . , q0 and rm, . . . , r0, respectively, and p = d/dt is the
differentiation operator.
The plant is subjected to the following assumptions when solving the problem.

Assumption 1. The unknown coefficients qn−1, . . . , q0 and rm, . . . , r0 belong to a known compact
set Ξ.

Assumption 2. The polynomial R(λ) is Hurwitz, where λ is a complex variable and rm > 0.

Assumption 3. Only the signal y(t) is accessible for measurement in the plant.
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It is required to construct a continuous-time control system that ensures the validity of the target
condition

lim
t→∞

∣∣z(t)∣∣ < δ1, (2)

where δ1 > 0 is the control accuracy; here and in the following, | · | is the Euclidean norm of a vector.

3. HIGH-FREQUENCY MEASUREMENT NOISE FILTERING ALGORITHM

To extract the signal z from the signal y, we consider the algorithm

μξ̇(t) = Gξ(t) +By(t), ŷ(t) = Lrξ(t), ξ(0) = 0, (3)

where ξ = [ξ1, ξ2, . . . , ξr]
T,

G =

⎡⎢⎢⎢⎢⎢⎢⎣
−σ−1

1 0 0 . . . 0 0

σ−1
2 −σ−1

2 0 . . . 0 0

0 σ−1
3 −σ−1

3 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . σ−1

r −σ−1
r

⎤⎥⎥⎥⎥⎥⎥⎦ ,

σi > 0, B =
[
σ−1
1 , 0, . . . , 0

]T, and μ > 0 is a small parameter. Here and in the following, the matrix
Ll = [0, . . . , 0, l] is of size 1× l. For example, the size of Lr in (3) is 1× r.

Assertion 1. Let the above assumptions be true, let the signal z be bounded, and let the following
relation hold for w :

μ−1 lim
t→∞

∣∣∣∣∣∣
t∫

0

eμ
−1G(t−s)Bw(s)ds

∣∣∣∣∣∣ < δ2, (4)

where δ2 > 0 is a sufficiently small number. Then there exists a μ0 > 0 such that the condition

lim
t→∞

∣∣ŷ(t)− z(t)∣∣ < δ3 (5)

is satisfied for μ ≤ μ0 ; here δ3 > 0 is a sufficiently small number.

Proof. Consider system (3) with the signal z fed to the input instead of the signal y,

μ
˙̃
ξ(t) = Gξ̃(t) +Bz(t), ỹ(t) = Lr ξ̃(t), ξ̃(0) = 0. (6)

To analyze system (6), we use Lemma 1 [8, 15, 16].

Lemma 1. Consider the system

ẋ(t) = f
(
x(t), u(t), h

)
, (7)

where x ∈ Rs , f(x, u, h) is a function Lipschitz with respect to x and u, u is a bounded function,
and h > 0 is a small parameter. Assume that system (7) is asymptotically stable for u = 0.
Consider the set Ω = {x : f(x, u, h = 0) = 0}. Then for each ε > 0 there exists an h0 > 0 such that
the condition

lim
t→∞

dist
(
x(t),Ω

)
< ε

holds for h < h0.

The proof of this lemma can be found in [8, 15].
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Let us verify the assumptions of Lemma 1 for system (6). System (6) is asymptotically stable
for z = 0. Substituting μ = 0 into (6), we obtain Gξ = −Bz, or ξ1 = z and ξi = ξi+1, i = 1, . . . , r−1;
that is, ỹ = z. Then by Lemma 1 there exists a μ > 0 such that the condition

lim
t→∞

∣∣ỹ(t)− z(t)∣∣ < δ4 (8)

is satisfied for μ ≤ μ0, where δ4 > 0 is a sufficiently small number.
Consider the signal y consisting of the signal z and the noise w. Let us find a condition under

which (5) is satisfied.
Taking into account (3) and (6), let us compose the discrepancy error ζ = ξ − ξ̃ in the form

ζ̇(t) =
1

μ
Gζ(t) +

1

μ
Bw(t), ŷ(t)− ỹ(t) = Lrζ(t). (9)

Let us find a solution of the first equation in (9) in the form

ζ(t) = eμ
−1Gtζ(0) + μ−1

t∫
0

eμ
−1G(t−s)Bw(s)ds = μ−1

t∫
0

eμ
−1G(t−s)Bw(s)ds. (10)

Under condition (4), it follows from (10) that

lim
t→∞

∣∣ζ(t)∣∣ < δ2. (11)

Consider the relations∣∣ŷ(t)− z(t)∣∣ ≤ ∣∣ŷ(t)− ỹ(t)∣∣+ ∣∣ỹ(t)− z(t)∣∣ ≤ ∣∣ζ(t)∣∣+ ∣∣ỹ(t)− z(t)∣∣. (12)

Obviously, the following passage to the limit holds for (12):

lim
t→∞

∣∣ŷ(t)− z(t)∣∣ ≤ lim
t→∞

∣∣ζ(t)∣∣+ lim
t→∞

∣∣ỹ(t)− z(t)∣∣. (13)

Let δ2 + δ4 ≤ δ3. Taking into account (8) and (11), we obtain the estimate (5) from (13). This
completes the proof of Assertion 1. �
Let the noise w be represented by the multiharmonic signal

w(t) =

v∑
i=1

Aisin (ωit+ ϕi), (14)

where Ai, ωi, and ϕi are the amplitude, frequency, and phase of the ith harmonic. For example,
formula (14) can be obtained when expanding a bounded noise in a Fourier series with the subsequent
extraction of a partial sum of the series. This technique is used, for example, to solve a number of
problems in electrical engineering [3], computer science [6], control theory [2], and so on.

Assertion 2. Let the assumptions be satisfied, let the function z be bounded, and let the noise w
be represented by relation (14). Then there exists a μ0 > 0 such that for μ ≤ μ0 one has

lim
t→∞

∣∣ŷ(t)− z(t)∣∣ ≤ v∑
i=1

Ai

⎛⎝ r∏
j=1

1√
1 + ω2

i μ
2σ2

j

⎞⎠+ δ4. (15)
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Proof. It follows from the proof of Assertion 1 that for system (6) there exists a μ > 0 such that
condition (8) is satisfied for μ ≤ μ0. Taking into account (3) and (6), we compose the discrepancy
error ζ = ξ − ξ̃ in the form (9). Let us rewrite system (9) as

ζ̇1(t) = −μ−1σ−1
1 ζ1(t) + μ−1σ−1

1

v∑
i=1

Ai sin (ωit+ ϕi) ,

ζ̇j(t) = −μ−1σ−1
j ζj(t) + μ−1σ−1

j ζj−1(t), j = 2, . . . , r.

(16)

Let us find a solution of the first equation in system (16) in the form

ζ1(t) = e−μ−1σ−1
1 tζ1(0) + μ−1σ−1

1

v∑
i=1

Ai

t∫
0

eμ
−1σ−1

1 (s−t) sin (ωis+ ϕi) ds

=

v∑
i=1

Ai√
1 + ω2

i μ
2σ2

1

sin(ωit+ ϕi + ϑ1,i),

ϑ1,i = arccos
1√

1 + ω2
i μ

2σ2
1

.

(17)

Substituting (17) into the second equation in (16), we find a solution of the second equation
in (16) in the form

ζ2(t) = e−μ−1σ−1
2 tζ2(0) + μ−1σ−1

2

v∑
i=1

Ai√
1 + ω2

i μ
2σ2

1

t∫
0

eμ
−1σ−1

2 (s−t)sin(ωis+ ϕi + ϑ1,i)ds

=

v∑
i=1

Ai

1√
(1 + ω2

i μ
2σ2

1) (1 + ω2
i μ

2σ2
2)
sin (ωit+ ϕi + ϑ1,i + ϑ2,i),

ϑ2,i = arccos
1√

1 + ω2
i μ

2σ2
2

.

In a similar way, we find a solution of the last equation in system (16) in the form

ζr(t) =

v∑
i=1

Ai

⎛⎝ r∏
j=1

1√
1 + ω2

i μ
2σ2

j

⎞⎠ sin(ωit+ ϕi +

r∑
j=1

ϑj,i),

ϑj,i = arccos
1√

1 + ω2
i μ

2σ2
j

.

(18)

Let us estimate (18) from above as

|ζr(t)| ≤
v∑

i=1

Ai

⎛⎝ r∏
j=1

1√
1 + ω2

i μ
2σ2

j

⎞⎠. (19)

Taking into account relations (8), (13), and (19), we obtain the estimate (15). It follows from (19)
that the larger ωi, the smaller the right-hand side of (15) is. Therefore, a high-frequency noise is
considered in the problem statement. The proof of Assertion 2 is complete. �
To choose the parameters in the algorithm (3), one can use the following recommendations.
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1. For the noises (14) with frequencies ωi ≥ ω0. the parameters μ and σj specify the cutoff
frequency of the filter (3) so that ω0 ≥ 1/(μσj)I. Note that it is preferable to use ω0 = 1/(μσj)
for the calculation, since a low cutoff frequency can lead to the suppression of a useful part of
the signal when forming the feedback.

2. The filter order r defines the slope of the amplitude-frequency response curve of the filter (3):
a higher filter order provides stronger suppression of the noise beyond the cutoff frequency ω0.
Indeed, it follows from formula (19) that the noise amplitude Ai decreases by a factor of more
than 2r/2.

4. CONTROL SYSTEM SYNTHESIS

For the subsequent synthesis of the control system, we use the algorithm in [9]. By the statement
of the problem, the derivatives of y(t) are inaccessible for measurement (Assumption 3). By virtue
of the fact that the operator Q(p) is normalized, in the control law we need to estimate the (γ−1)st
derivative of the signal ŷ(t). Hence we define the control law in the form

u(t) = −α
γ−1∑
i=0

diy
(i)(t), (20)

where α > 0, the coefficients d0, d1, . . . , dγ−1 are selected so that the polynomial D(λ) = dγ−1λ
γ−1+

dγ−2λ
γ−2 + · · · d1λ+ d0 is Hurwitz, γ = n−m is the plant relative degree, and y(i)(t) is an estimate

of the ith derivative of the signal ŷ(t), i = 0, 1, . . . , γ − 1.
Substituting (20) into (1), we obtain

F (p)z(t) = αR(p)g(t) + αR(p)D(p)ψ(t) + f(t), (21)

where F (p) = Q(p) + αR(p)D(p), g(t) = D(p)ŷ(t) −∑γ−1

i=0 diy
(i)(t) is the signal characterizing

the deviation of the ith derivative of the “filtered” plant output ŷ(t) from the corresponding es-
timate y(i)(t), and ψ(t) = z(t) − ŷ(t). The value of the function g(t) depends on the quality of
estimation of the derivatives of the signal ŷ(t), and the value of the function ψ(t) depends on the
quality of filtering of the algorithm (3). Since the set Ξ is known (Assumption 1), there always exists
a number α and a polynomial D(λ) such that the polynomial F (λ) is Hurwitz; see [1, 4, 7]. We
point out that the polynomial D(λ) is chosen so that the operating frequencies of the closed-loop
control system (21) are in the passband of the filter (3). Such a choice is always feasible, because
system (21) possesses the property of a low-pass filter (γ ≥ 1).
To implement the control law (20), we use the observer defined by the equations

y(t) = ŷ(t),

y(j)(t) =
y(j−1)(t)− y(j−1)(t− h)

h
, j = 1, . . . , γ − 1.

(22)

Substituting (22) into (20), we rewrite the control law (20) in the form

u(t) = −α
γ−1∑
i=0

[
di
hi

i∑
j=0

(−1)j
(
i

j

)
ŷ(t− jh)

]
, (23)

where
(
i
j

)
= i!

j!·(i−j)!
is the binomial coefficient. Let us state an assertion with conditions that

guarantee the validity of the target condition (2).

Assertion 3. Let the conditions in Assumptions 1-3 be satisfied, and let the function w be
bounded if r ≥ γ and bounded together with its (γ − r − 1) derivatives if r < γ. Then there exist

AUTOMATION AND REMOTE CONTROL Vol. 82 No. 7 2021
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numbers α > 0 and h > 0 such that the control system represented by the algorithm (3) and the
control law (23) ensures the validity of the target condition (2) and the boundedness of all signals
in the closed-loop system.

Proof. Let us transform system (21) to the form

ε̇(t) = Aε(t) + αB1g(t) + αB2ψ(t) +B3f(t), z(t) = Jnε(t), (24)

where ε = [ε1, ε2, . . . , εn]
T, z(i) = εi+1, i = 0, . . . , n−1, and the matrices A, B1, B2, and B3 have been

obtained in the transition from (21) to (24). Here and in the following, the matrix Jl = [1, 0, . . . , 0]
has the size 1× l. For example, the size of Jn in (24) is 1× n.
For convenience of the subsequent study of the stability of the closed-loop system with the use of

the technique of Lyapunov–Krasovskii functionals, we rewrite system (3) in the canonical observable
form

θ̇(t) =Mθ(t) +Ny(t), ŷ(t) = Jrθ(t), (25)

where θ = [θ1, . . . , θr]
T, ŷ(i) = θi+1, i = 0, . . . , r−1, and the matrix M = μ−1TGT−1 and the vector

N = μ−1TB have been obtained in the transition from (3) to (25) using the transformation matrix
T = [CT, (AC)T, . . . , (Ar−1C)T]T.
Consider two cases depending on the dimension of the filter (3).
1. Let r < γ. Rewrite the operator D(p) in the form

D(p) = ρT1

[
pγ−1 pγ−2 . . . pr

]
+ ρT2

[
pr−1 pr−2 . . . 1

]
, (26)

where ρ1 and ρ2 are the vectors with the corresponding coefficients of the operator D(p). In view
of (26), we rewrite the function g(t) in the form

g(t) =

γ−r∑
j=1

ρ1,(j−1+r)Lrθ
(j) + ρT2 θ(t)−

γ−1∑
i=0

di
hi
Jrθ(t)−

γ−1∑
i=1

[
di
hi

i∑
j=1

(−1)j
(
i

j

)
Jrθ(t− jh)

]
, (27)

where ρ1,j is the jth component of the vector ρ1. Taking into account (27), we find the jth derivative
(1 ≤ j ≤ n) of θ in the form

θ(j) =M jθ +

j−1∑
i=0

M j−i−1Ny(i)

=M jθ +

j−1∑
i=0

M j−i−1Nz(i) +

j−1∑
i=0

M j−i−1Nw(i)

=M jθ +

j−1∑
i=0

M j−i−1NKi+1ε+

j−1∑
i=0

M j−i−1Nw(i),

(28)

where Kj =
[
0, . . . , 0, 1, 0, . . . , 0

]
is the matrix of size 1× n with zero entries except for the jth

one, which is equal to 1.
Substituting (27) into (28), we obtain

g =

γ−r∑
j=1

ρ1,(j−1+r)Lr

(
M jθ +

j−1∑
i=0

M j−i−1NKi+1ε+

j−1∑
i=0

M j−i−1Nw(i)

)

+ ρT2 θ(t)−
γ−1∑
i=0

di
hi
Jrθ(t)−

γ−1∑
i=1

[
di
hi

i∑
j=1

(−1)j
(
i

j

)
Jrθ(t− jh)

]
.

(29)
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It follows from (29) that for r < γ it is required that the derivatives order ≤ γ − r − 1 of the
function w be bounded. In view of (23) and (29), we transform Eq. (24) into

ε̇(t) = Aε(t) + αB1

(
γ−r∑
j=1

ρ1,(j−1+r)Lr

(
M jθ +

j−1∑
i=0

M j−i−1NKi+1ε+

j−1∑
i=0

M j−i−1Nw(i)

)

+ ρT2 θ(t)−
γ−1∑
i=0

di
hi
Jrθ(t)

)

− αB1

[
γ−1∑
i=1

di
hi

i∑
j=1

(−1)j
(
i

j

)
Jrθ(t− jh)

]
+ αB2Jnε(t)− αB2Jrθ(t) +B3f(t).

(30)

Let us introduce the notation

εp(t) =
[
εT(t), θT(t)

]T
,

A11 = A+ αB1

γ−r∑
j=1

ρ1,(j−1+r)Lr

j−1∑
i=0

M j−i−1NKi+1 + αB2Jn,

A12 = αB1

(
γ−r∑
j=r

ρ1,(j−1+r)LrM
j + ρT2 −

γ−1∑
i=0

di
hi
Jr

)
− αB2Jr,

Ap =

[
A11 A12

NJn M

]
, Fij =

[
0 (−1)j+1

αB1
di

hi

(
i
j

)
Jr

0 0

]
,

i = 1, . . . , γ − 1, j = 1, . . . , i,

ϑ =

[
0

N

]
w +

γ−r∑
j=1

j−1∑
i=0

[
αB1ρ1,(j−1+r)LrM

j−i−1N

0

]
w(i) +

[
B3

0

]
f.

Here ϑ is a bounded function. Using this notation, we rewrite systems (28) and (30) in the form

ε̇p(t) = Apεp(t) +

γ−1∑
i=1

i∑
j=1

Fijεp(t− jh) + ϑ(t). (31)

Consider a Lyapunov–Krasovskii functional of the form

V = εTp (t)Pεp(t) +

γ−1∑
i=1

i∑
j=1

0∫
−jh

εTp (t+ s)Nijεp(t+ s)ds, (32)

where P = PT > 0 is a solution of the equation AT
pP + PAp = −Q, Q = QT > 0, Nij = NT

ij > 0.
Taking the time derivative of the functional (32) along the trajectories of system (31), we obtain

V̇ = −εTp (t)Qεp(t) + 2εTp (t)P

γ−1∑
i=1

i∑
j=1

Fijεp(t− jh) + 2εTp (t)Pϑ(t)

+

γ−1∑
i=1

i∑
j=1

(
εTp (t)Nijεp(t)− εTp (t− jh)Nijεp(t− jh)

)
.

(33)
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Let us estimate the terms in (33) from above,

2εTp (t)P

γ−1∑
i=1

i∑
j=1

Fijεp(t− jh) ≤ 0.5γ (γ − 1)χεTp (t)P
2εp(t)

+ χ−1

γ−1∑
i=1

i∑
j=1

εTp (t− jh)FT
ijFijεp(t− jh),

2εTp (t)Pϑ(t) ≤ χεTp (t)P
2εp(t) + χ−1

∣∣ϑ(t)∣∣2.
Taking these estimates into account, we rewrite (30) in the form

V̇ ≤ −εTp (t)Wεp(t)−
γ−1∑
i=1

i∑
j=1

εTp (t− jh)Rijεp(t− jh) + χ−1τ, (34)

where

W = Q− 0.5γ (γ − 1)χP 2 − χP 2 −
γ−1∑
i=1

i∑
j=1

Nij, Rij = Nij − χ−1FT
ijFij, τ = sup

t
|ϑ(t)|2.

Obviously, there exists an α and a χ such that W > 0 and Rij > 0. Let us estimate (34) in the
form

V̇ ≤ −λmin(W )εTp (t)εp(t) + χ−1τ. (35)

Here λmin(W ) is the least eigenvalue of the matrix W . It follows from (35) that |z(t)| ≤ |εp(t)| ≤√
χ−1τ/λmin(W ). Consequently, by appropriately choosing α and χ so that W > 0 and Rij > 0,

we can ensure that the condition δ1 ≤
√
χ−1τ/λmin(W ) is satisfied. It is worth mentioning that the

estimate for z is rather coarse, because in the proof we have used coarse estimates and from (35)
we have eliminated the terms

∑γ−1

i=1

∑i

j=1 ε
T
p (t− jh)Rijεp(t− jh) compensating for χ−1τ .

2. Let r ≥ γ. Rewrite the operator D(p) in the form

D(p) = ρT
[
pγ−1 pγ−2 . . . 1

]
.

Taking into account (23), we rewrite the function g(t) in the form

g(t) = ρTθ(t)−
γ−1∑
i=0

di
hi
Jrθ(t)−

γ−1∑
i=1

[
di
hi

i∑
j=1

(−1)j
(
i

j

)
Jrθ(t− jh)

]
. (36)

In view of (36), we reduce Eq. (24) to the form

ε̇(t) = Aε(t) + αkB1

(
ρTθ(t)−

γ−1∑
i=0

di
hi
Jrθ(t)

)
− αkB1

[
γ−1∑
i=1

di
hi

i∑
j=1

(−1)j
(
i

j

)
Jrθ(t− jh)

]
+ αkB2Jnε(t)− αkB2Jrθ(t) +B3f(t).

(37)

Rewrite systems (28) and (37) in the form

ε̇p(t) = Apεp(t) +

γ−1∑
i=1

i∑
j=1

Fijεp(t− jh) + ϑ(t), (38)
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Table 1. Maximum value of errors in estimating derivatives of the signal z(t) in a steady state when using the
proposed scheme as well as the schemes in [14] and [12, 22]

Control system type

Value of
sup
t
|z(t)− y(t)| 8 s

after the start
of system operation

Value of
sup
t
|ż(t)− y(1)(t)|

8 s after the start
of system operation

Value of
sup
t
|z̈(t)− y(2)(t)|

8 s after the start
of system operation

Value of
sup
t
| ...z (t)− y(3)(t)|

8 s after the start
of system operation

Control system
(40), (43) (based on the
high-gain observer [14])

0.22 8.41 132.3 698

Control system
(40), (42) (based on the

high-gain observer
under measurement

noise conditions [12, 22])

0.26 4.9 31.1 266.1

Control system
(3), (40), (41) with

r = 2 in (3)
0.04 0.2 2 57

Control system
(3), (40), (41) with

r = 5 in (3)
3 · 10−3 7.5 · 10−4 2 · 10−3 5 · 10−3

where

Ap =

[
A+ αB2Jn αB1

(
ρT −∑γ−1

i=0
di

hiJr

)
− αB2Jr

NJn M

]
,

ϑ =

[
0

N

]
w +

[
B3

0

]
f is a bounded function, and the structure of the matrix Fij corresponds

to that of the matrix Fij in (31).
Since the structure of system (38) is similar to that of system (31), wse see that the subsequent

proof of the second case is similar to that of the first case. The proof of Assertion 3 is complete. �

5. EXAMPLE

Consider a plant of the form(
p4 + q3p

3 + q2p
2 + q1p+ q0

)
z(t) = u(t) + f(t),

y(t) = z(t) + w(t).
(39)

The set Ξ of possible parameter values in (39) is given by the inequalities

−1 ≤ q3 ≤ 0.1; −2 ≤ q2 ≤ 2; −3 ≤ q1 ≤ 3; −1 ≤ q0 ≤ 1.

In addition, |f(t)| ≤ 1.
Let us select σi = 1 and μ = 0.01 in (3). The order r in the algorithm (3) will be defined in

Table 1.
Let α = 7, d0 = 0.9, d1 = 1.5, d2 = 2, and d3 = 0.5. Then the control law (23) can be written in

the form
u(t) = −7(0.9y(t) + 1.5y(1)(t) + 2y(2)(t) + 0.5y(3)(t)

)
. (40)
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To estimate the derivatives in (40), we use the observer (22). Let h = 1/20. Then we rewrite
the observer (22) in the form

y(t) = ŷ(t),

y(1)(t) = 20
[
y(t)− y(t− 0.05)

]
,

y(2)(t) = 20
[
y(1)(t)− y(1)(t− 0.05)

]
,

y(3)(t) = 20
[
y(2)(t)− y(2)(t− 0.05)

]
.

(41)

Let us demonstrate the efficiency of the proposed scheme (3), (40), and (41) compared with the
high-gain observer in [3] and the high-gain observer under measurement noise conditions in [15, 16].
To this end, we again define a control law in the form (40) but use the following observers for
estimating the derivatives in (40):

1. The high-gain observer in [14],

ξ̇(t) =

⎡⎢⎢⎢⎢⎣
0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0

⎤⎥⎥⎥⎥⎦ ξ(t) +
⎡⎢⎢⎢⎢⎣

110

1102 · 0.35
1103 · 0.05
1104 · 0.0024

⎤⎥⎥⎥⎥⎦
(
y(t)−

[
1 0 0 0

]
ξ(t)

)
,

y(t) =
[
1 0 0 0

]
ξ(t), y(1)(t) =

[
0 1 0 0

]
ξ(t),

y(2)(t) =
[
0 0 1 0

]
ξ(t), y(3)(t) =

[
0 0 0 1

]
ξ(t).

(42)

2. The high-gain observer under measurement noise conditions in [12, 22],

η̇1(t) =

[
0 1

0 0

]
η1(t) +

[
0 0

0 1

]
η2(t)

+

[
110 0

0 1102

][
0.5

0.16

](
y(t)−

[
1 0

]
η1(t)

)
,

η̇2(t) =

[
0 1

0 0

]
η2(t) +

[
0 0

0 1

]
η3(t)

+

[
110 0

0 1102

][
0.5

0.0525

]([
0 1

]
η1(t)−

[
1 0

]
η2(t)

)
,

η̇3(t) =

[
0 1

0 0

]
η3(t)

+

[
110 0

0 1102

][
0.5

0.0171

]([
0 1

]
η2(t)−

[
1 0

]
η3(t)

)
,

y(t) =
[
1 0

]
η1(t), y(1)(t) =

[
1 0

]
η2(t),

y(2)(t) =
[
1 0

]
η3(t), y(3)(t) =

[
0 1

]
η3(t).

(43)

Let q3 = 0, q2 = 1, q1 = 1, q0 = 0, f(t) = 0, w(t) = sin(0.5 · 103t) and z(0) = 1, ż(0) = z̈(0) = 0,
...
z (0) = −1 in (39). Table 1 lists the maximum values of the estimation errors for the derivatives
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Fig. 1. Simulation results for (a) z(t), ż(t) and (b) z̈(t),
...
z (t).

Fig. 2. Simulation results for u(t).

of the signal z(t) in the steady state when using the control system (3), (40), (41), the control
system (40), (42) (based on [14]), and the control system (40), (43) (based on [12, 22]).
It can be seen from Table 1 that the proposed control algorithm permits considerably reducing

the errors in the estimation of the derivatives of the signal z, and for r = 2 the dynamic order of
the proposed algorithm is one less than that of the algorithm in [12, 22]. In this case, it follows
from Table 1 that by increasing the parameter r one can improve the derivative estimation quality.
Let q3 = 0.1, q2 = 2, q1 = 3, q0 = 1, f(t) = sin t, w(t) = sin(0.5 · 103t) + sin(103t) + sin(104t),

z(0) = 1, ż(0) = z̈(0) = 0,
...
z (0) = −1 in (3). Figure 1 shows the results of modeling for z(t), ż(t),

z̈(t), and
...
z(t) when using the control system (3), (40), (41) with r = 5 in (3). The graphs of z(t)

and z̈(t) are shown by solid curves and the graphs of ż(t) and
...
z(t), by dashed curves.

The results of modeling showed (Fig. 1) that after 10 s the absolute values of the signals z(t),
ż(t), z̈(t), and

...
z(t) do not exceed 0.014, and the absolute values of the estimation errors for the

signals z(t), ż(t), z̈(t), and
...
z(t) are under 2.10−3. The modeling results for the control are shown

in Fig. 2. We point out that the transients in u(t) for each of the schemes [12, 14, 22] are similar.
However, given the same level and quality of the control signal, different quality indicators with
respect to the output signal were obtained (see Table 1), and these indicators assume the least value
for the proposed control algorithm.

6. CONCLUSIONS

The article synthesizes a robust control algorithm under conditions of parametric uncertainty,
external bounded disturbances, and high-frequency noise in the measurements of the output variable.
For the synthesis of the control system, we have an approach that permits independently controlling
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the noise filtering quality and the quality of the output-variable stabilization error. Simulation
results are presented that illustrate the efficiency of our algorithm in comparison with the classical
high-gain observer [14] and the high-gain observer under measurement noise conditions [12, 22].
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