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Abstract of the Thesis

Accelerating Cosmological Analysis Using
Neural Networks

by

Evan Saraivanov

Master of Arts
in
Physics
Stony Brook University
2023

Despite many efforts, no cosmological model has been proposed
that can lower the Hy and Sy tension and also agree with ongoing
experiments. Fortunately, however, we are approaching a great age
for cosmology. In the near future, many telescopes will begin to
operate, taking more detailed data than ever before. Current meth-
ods of analyzing models on real data are slow, taking multiple days
or even weeks to generate the necessary data. With the number of
proposed models, analyzing each of them with traditional means is
futile. This thesis presents one model independent extension to the
accepted model of cosmology, ACDM, which splits the matter den-
sity into two components. This highlights the traditional analysis
pipeline as well as presents a consistency check within cosmolog-
ical analysis. This thesis then presents novel methods for using
neural networks to learn the time-consuming parts of this pipeline,
greatly accelerating the analysis of cosmological models. Finally,
this new neural network design is applied to computing tension
metrics between the upcoming LSST experiment and Planck 2018
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data. Tension metrics are frequentist estimators, and thus have
uncertainty. Using traditional means, the computation of these er-
rors is intractable, but using the novel neural network the errors
can be estimated in a matter of weeks.
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Chapter 1

General Relativity and
Cosmology

1.1 Motivation

With Einstein’s formulation of special relativity came a beautiful expansion
of physics into the high-energy and large-scale regime. A postulate of special
relativity was that light is a universal speed limit, and with this postulate,
a plethora of established physical theories became problematic. Fortunately,
for theories such as electromagnetism, no incompatibilities were introduced.
However, for gravity, this was not the case. The gravitational field had no
wave equation to establish a speed of propagation, meaning changes to the
gravitational field are felt instantaneously everywhere. Attempts to reconcile
this, such as using a retarded propagator or promoting the Newtonian potential
to a scalar field theory, proved incapable of correcting for special relativistic
effects. Nevertheless, Newtonian gravity has stood the test of time to be
accurate in the non-relativistic limit. Thus, any theory of gravity should reduce
to the Newtonian theory for speeds much lower than the speed of light.

The famous thought experiment of an Einstein elevator demonstrates a striking
inconsistency within Newtonian gravity. Consider an observer freely falling in
a spherical gravitational field pointing toward the center. With nothing in
view, this person would not be able to determine they were in a gravitational
field rather than just linearly accelerating. Suppose this observer has point
particles nearby, one to each side, one above, and one below (figure .
The observer will see the particles below and above them move farther away



Figure 1.1: Observer in free-fall, with particles experiencing tidal forces within
the observer’s reference frame.

because the gravitational force scales as 1/r?. They will see the particles
to the side of them moving towards them due to the spherical symmetry of
the gravitational field. These fictitious forces are referred to as tidal forces, as
they also give rise to the tides twice per day on earth. This interesting thought
experiment shows how freely falling reference frames are not inertial frames,
the first inconsistency recognized by Einstein.

In the early 1900s, Einstein published his first paper on special relativity.
In special relativity, physical space is enhanced to a four-dimensional space,
typically denoted M* or R®!. Setting the speed of light ¢ = 1 (which is done
in the rest of this thesis), the metric is given by

g =diag(—1,1,1,1). (1.1)

This space is typically called Minkowski space (thus the notation M*). Dis-
tances under this metric are called the proper time interval, denoted .

—dr? = —dt* + d2® + dy? + dz* (1.2)

Proper time represents the amount of time that passes for an observer travel-
ling on a path with 0 spatial displacement. Naturally, this quantity should be
invariant, even for an observer in a different reference frame. For such an ob-
server, the time that elapses will be different from 7, and will be accounted for
in the spatial displacement as seen by equation (1.2} The set of transformations
that leave 7 invariant are the Lorentz transformations.

Suppose there are two observers, one is in an inertial frame with coordinates x
and the other is in a non-inertial frame with coordinates x’. These coordinates
are related x = z(2'). In the inertial frame, the equations of motion are given
by
d?zt
dr?

=0. (1.3)



Figure 1.2: Definition of proper time (bold line) vs. coordinate time (dashed
line).

One can look at how this changes for the observer in a non-inertial frame:

Pz 0 9PaP da'Mdx
dr? + OxP Ox'*Ox™ dr dt
_—

=T},

~0. (1.4)

Equation looks suspiciously like the geodesic equation from differential
geometry. The exception is that the ‘Chirstoffel symbols’, as defined here, are
not the most general form of the Christoffel symbols. This gives motivation
for how to search for a compatible theory of gravity by providing a clear link
between gravity and geometry.

1.2 Einstein’s Field Equation

Christoffel symbols take a very general form, where they signify the failure
of derivatives to commute, which results from curvature of the space itself.
Special relativity promotes the classical R? space to M*. However, the metric
must allow for curved space, not simply Minkowski space. Instead of M*, let
space be an arbitrary semi-Riemannian 4-manifold M with a metric with one
negative eigenvalue]]

Naturally, computing derivatives on curved surfaces is non-trivial, as there is
no way to compare tangent vectors at two different points of a manifold. One
can, however, use the fact that derivatives give tangent vectors and look at a
single point p € M to construct the tangent space at p, denoted T,M. The

'In very loose terms, a manifold is a locally Euclidean space, which is a sufficient defi-
nition for this application.



Figure 1.3: Example of parallel transport along a connection on a sphere.

generalization of the derivative is called a connection [6], which tells one how
to connect the tangent spaces at different points infinitesimally (figure [1.3)).
Although beyond the scope of this thesis, it is worth noting that, due to the
holonomy of curved surfaces, this will generally depend on the path taken. In
general relativity, a special connection is used called the Levi-Clivita connec-
tion, denoted V, which is torsionless and metric preserving. That is, for all
vector fields u, v, w on M

ug(v,w) = g(Vyv,w) + g(v, V,w) , (metric preserving) ,

u,v =V, —Vyu, (torsion free). (1.5)

The only remaining geometric property for the Levi-Civita connection is cur-
vature, which can be neatly described using the Christoffel symbols defined
by

V.0, =1%,0,. (1.6)

In this case, the partials here are referring to the basis of vector fields on M.
Additionally, this curvature has a special name as well, the Riemann curvature,
a type (3,1) tensor defined by

R(u,v)w = (VyVy = Vo, Vy = Vi)w, (1.7)
or in coordinate form by

R,,=V,.I7, —V,I7,. (1.8)
To emphasize the elegance of Einstein’s equation, it is convenient to write the
Riemann curvature as a matrix valued differential 2-form F' and the Christof-
fel symbols as a matrix valued differential 1-formP| G [6]. With this notion,

2Differential forms are antisymmetric contravariant tensors.



it is easy to see the Bianchi identity for F with respect to the Levi-Civita
connection is
dvlF' =V R} 0, (1.9)

wlp —
where the brackets denote antisymmetric permutations of the indices. Working
through the algebra gives

1
VPG, =0, G, =R, — §gu,,R, (1.10)
where R and R, are the Ricci scalar and Ricci tensor, found by contracting
indices in the Riemann tensor. This looks familiar to the conservation of
energy equation,
VT, =0. (1.11)

Additionally, the metric itself is divergenceless. Putting these all together
gives us Einstein’s Field Equation

G + Nguy = 8mKT, . (1.12)

1.3 Cosmology

Einstein’s equation includes the constant A, which is called the cosmological
constant. A great question in gravitational physics and cosmology is ‘what
value does A take, and what is its source’. The theory of ACDM, the standard
model of cosmology, will be discussed, where dark matter is ‘cold’ (so it clumps
to form halos) and dark energy acts as the cosmological constant [7].

When discussing ACDM (or cosmology in general), there are two main as-
sumptions that are made on a global scale:

e The universe is homogeneous. That is, there is no preferred location in
the universe.

e The universe is isotropic. That is, there is no preferred direction of the
universe.

Both of these assumptions should sound strange; Our universe clearly does
not follow them. If one looks into the night sky, one can see regions of densely
packed stars and galaxies and other regions with no stars or galaxies, violating
the assumption of homogeneity (figure . On the other hand, if one observes
the temperature of the cosmic microwave background (CMB), one finds there



is an angle dependence of the observed temperature (figure [1.5), violating
the assumption of isotropy. To reconcile this, the metric will be modified by
perturbations. In this thesis, only scalar perturbations are considered.

Figure 1.4: An image of galaxies from the James Webb Space Telescope, show-
ing regions of high matter density and regions of low matter density [1].

With Edwin Hubble’s discovery of the expanding universe, any metric assigned
to the universe must include homogeneous spatial expansion. Together with
the above assumptions, one arrives at the Friedmann-Lemaitre-Robertson-
Walker (FLRW) metric in the Newtonian gauge,

g = —dt* + a(t)*ds*, (1.13)

where s represents spatial coordinates. Working in the Newtonian gauge is
chosen to best illuminate the physics discussed throughout this thesis. To per-
turb this metric around a homogeneous universe, it requires two fields. The
first, denoted W, is the Newtonian gravitational potential. Because Newtonian
gravity works in the non-relativistic limit, it enters the time component of the
metric. The second field, denoted ®, represents spatial curvature perturba-
tions. The perturbed metric is given by

g=—(1+20)dt* + a*(1 — 2®)ds” . (1.14)



Figure 1.5: CMB temperature map, emphasizing the scale of anisotropies [2].

By computing the Christoffel symbols, one finds

i 1

00 :;@"If

b; =0i;(H + @) (1.15)
[ = (040K + 6ir05 — 0jx0;)® .

Given Einstein’s field equations and the perturbed FLRW metric, one can find
the Friedman equations. The first comes from the 00 component of Einstein’s
field equations:

_ 8rG A k
IR - 81G a?’
One can convert the curvature k£ and the cosmological constant A into densities
as well, denoted p, and pj respectively. If those terms are absorbed into the
total density p, one finds

H(t) (1.16)

_ 8rG

H*(t) = P (1.17)
and the critical density today is defined by the density associated with H,
87
H2 = %pmt. (1.18)

The desirable property of this formulation is that the value of the density
today can tell us about the geometry of the universe. If p > p.i the curvature
is positive (de Sitter geometry). If p < puiq the curvature is negative (anti-de
Sitter geometry). If p = pet, the universe is flat. If one defines the relative



densities today by
Q= 20 (1.19)
Perit
the relation becomes
Q+Q,=1, (1.20)

meaning if the non-curvature relative densities are less than 1, then the uni-
verse is curved with sign equal to the sign of ;.. The second Friedman equation
comes from the trace of Einstein’s equation,

a 4G

i 3 (p+3P). (1.21)
In cosmology, there are other distances which can be more useful than the
distance given by the FLRW metric. In the FLRW metric, the distance be-
tween two points grows in time. This can be avoided by defining the comoving
distance, in which distances remain fixed through time. If one looks at a co-
ordinate function z* at t = ty, at a later time the coordinate function can
be written as z# — a(t)z*, thus by dividing by the scale factor a(t) one can
define the comoving coordinates as

t

]' /
X:/mw“ (1.22)

to

with the standard Minkowski metric multiplied by the scale factor a. This can
be taken a step further by determining the distance light has travelled since
t = 0, called the comoving horizon, by

t

1 /
n:/aWﬂt (1.23)

0

This chapter provides a brief overview of the relevant pieces of cosmology that
will be used throughout the rest of this thesis. The next two chapters will use
these pieces to see how one can measure cosmological parameters from cosmo-
logical surveys. The fourth chapter will be a study on a parameter splitting
technique, which provides a model independent consistency check in ACDM.
The fifth chapter provides a study of applying neural networks to cosmolog-
ical analysis, and a scientific application to the evaluation of cosmological
tensions.



Chapter 2

Measurement of Weak Lensing
and the Cosmic Microwave
Background

2.1 Weak Lensing

In general, contemporary weak lensing surveys measure the light emitted from
galaxies in two components: galaxy position and galaxy shear. In the fol-
lowing sections, the theoretical base for cosmological weak lensing surveys are
described. However, before discussing the two relevant observables, one needs
to formalize the concept of weak lensing.

Figure 2.1: Image of weak lensing taken by the Hubble Space Telescope [3].



2.1.1 The Linear Matter Power Spectrum

As was seen before, deviations from the FLRW metric are represented by the
scalar fields @ and W. In the absence of anisotropic stress, ® = —W, which is
a good approximation for the late universd

Throughout time in the universe, there are three distinct epochs [7]:

e The super-horizon region. At early times, the horizon 7 is small, and the
Fourier modes k for all except the smallest scales are beyond the horizon
(kn < 1).

e The horizon-crossing region. At intermediate times with rapid inflation,
the horizon grows quickly. Fourier modes which were previously beyond
the horizon cross into the horizon (kn = 1).

e The sub-horizon region. At late times, all Fourier modes except the
larges scales remain within the horizon (kn > 1).

Additionally, the formation of matter inhomogeneity comes from gravitational
instability. Primordial curvature perturbations sourced initial inhomogeneity,
which evolved under gravitational forces to become the galaxies and clusters
seen today.

This description provides a blueprint for writing the matter power spectrum.
There is the primordial curvature perturbation R which source the initial
matter inhomogeneity that formed late-time large-scale structure. Thus, it
can be written as

5
R = §(I)large-scale(ka a’late) . (21)
Additionally, there is a transfer function which describes the transition from

radiation to matter domination, defined as

T(k‘) o (I)(k>alate)

(I)large—scale(k,alate)

(2.2)

And there is a growth factor, defined as the linear growth of matter density
contrast during matter domination, defined as

O(k,a)

D a)=aQ——///— .
+( ) (I)(kaalate>

(2.3)

!One can use codes such as CAMB [8] to do computations including anisotropy.

10



Thus the gravitational potential at all times can be written as

3
O(k,a) = 5—R(k)T(k, a)D,(a). (2.4)
a
This together with the Poisson equation for the matter density contrast field

gives the equation

5o (k) = %@(1@, a), (2.5)
Son() = g . n’j i R (k.0)D.(a). (2.6)

The power spectrum of an observable is defined as the two-point correlation
function of the observable in Fourier space.

Fo(k) = (O(k)O(k)) (2.7)

Thus, the linear matter power spectrumﬂ is given by

872 ks
PL(k,a) = %Q—%AsDi(a)TQ(k)W. (2.8)
m 4

2.1.2 Galaxy Density

In practice, it is impossible to directly measure the power spectrum; dark
matter prohibits direct measurement. Instead, one must determine observ-
ables which trace the matter distribution in the universe. The most natural
option is to observe the galaxy distribution, where galaxies also form due to
gravitational interaction with dark matter. Galaxy density is a biased tracer
of the full matter density, so the galaxy and matter power spectra are related
by a linear bias factor.

Gg(k) = 010 (k)

2.9
Py(k.a) = (b)*PL (k. a) 29
Realistically, galaxy surveys do not have access to exact redshifts for each
observed galaxy. Rather, an image is taken of the sky in multiple color bands,
from which the redshift is determined. This measurement is called photometric
redshift. To account for this, one can attempt to redefine the galaxy power

2Linear comes from the fact that only linear terms in the equations of motion for the
matter density are kept

11



spectrum. First, define the distribution of distances as

1 dN,

W(x)=——2. (2.10
0= 3 0 )
The procedure for determining this distribution will be discussed in section[2.1.5

This allows one to simply write the projected density contrast as
8, = [ Wb,y (2.11)
0

To complete this discussion, some approximations must be made. The first is
that only consider small scales for which sin(#) ~ 6 ~ 1/[ are considered, where
[ is the Fourier conjugate of 6. The second is the limber approximation, which
states that, as long as the galaxy power spectrum P, slowly varies over the re-
gion Ak ~ 1/lx, P, can be approximated as a constant. These approximations
greatly simplify the integrals required when computing the power spectrum of
the Fourier transformed A,. This power spectrum is called the angular power
spectrum. Considering the approximations above and computing the Fourier
transform, one finds an angular power spectrum of

Cy(l) = / %WQ(X)Pg(k = (14 1/2)/x, m)dx. (2.12)

2.1.3 Galaxy Shear

Photons move on null geodesics, thus dy = —dn, where 7 is the conformal time
and x is the conformal distance. This tells us that, through some changes of
variables, dz'/dxy = —p' (for photons and other massless particles). Thus,
under lensing, the difference between the observed and true positions within
the source plane is given by

W =at == [F 0 (2.13)

The goal is to write this as a function of the potential only. Thus, one must
compute dp’/dt.

i 1,. .
CZ Zﬁ(p’p—pp) (2.14)

12



By computing p’, one can find p as well:

dp ;i d d
=P —P 2.15
v =P o (014 @) + (1+ DJar P (2.15)
Also, d/d\ = P*0,, so the first term becomes

P ddA( (1+®)) = aP' (P'(H + & + H®) + P'9;). (2.16)

The second term is evaluated by using the geodesic equation up to first order
in the perturbations ® and W.

d . )
—P' =T prp
dA i
E i 1 i - 2 l 2 Z
(2.17)

Plugging everything back in, and only keeping terms to linear order, one
gets
dp’
dt

1 E
- (H+(I>)——( P00 — p*0'P) — —0'V . (2.18)
aF a
The time derivative of the modulus of the momentum, p, is then given by

dp d 1
g dt\/ 0ip'p = ngpp]

B (2.19)

=—p(H + ) - ﬁigai‘l’
Now, putting everything together, plugging these results into equation [2.14
gives

dpi  E G
=— Y—p'p). 2.2
T (E20q> a\p) (89 —§'p) (2.20)

Going back to the photon scenario, where E = p, this simplifies to

dp'
dt

=~ (@@~ 0,W) (57 — ). (2.21)

Interestingly, § —p'p/, is the projection operator of the j-th direction onto the
i-th. So, if one orients the axes so that the photon approximately travels along

13



the j-th direction, one can sum of 7 and k so that the orthogonal components
of the momentum are evaluated by

dp', dp',
= — =—0;(®—-VU). 2.22
= et =@ - ) (222)
In the absence of anisotropic stress, ® = —W¥ and
dp'y
— —20;d. 2.23
i (223)

Integrating this equation gives

1

X

(X" = —2/8iq)(x’)dx’ +C;, (2.24)

0

where the constant C; comes from integrating a derivative, where it is only
defined up to a constant. Plugging this back in one finds

1

X X
: 2
y / / 0:0()dy'dy" — Ci (2.25)
0 0

In the absence of lensing, this should reduce to §° = 6y, the true source position.
Hence C* = 6} and the total deflection angle is given by

X X//
.2
ANA :;//8i<b(x’)dx’dx"
00

) (2.26)

/ %HP(x") (x — x)dx".

0

2
X

Finally, since z' = x0°, 9; = 0p:/x. Introduce the lensing potential defined
by

AG = 35; b1(0)
X , (2.27)
b(0) —2/%@(;() (1 _ X;) dy’ .

14



This result is great, but it’s not very experimentally illuminating. Similar to
the galaxy versus matter power spectrum, the inability to directly measure the
dark matter distribution means the potential ® cannot be determined. Again,
an attempt to relate the lensing potential to some property of galaxies can
give a measurable quantity. However, it can be seen that lensing distorts the
shape of the galaxies (figure , where it is assumed all galaxies are elliptical.
Define the galaxy shape tensor by

1 L
@ =7 / 100749’ de’ . (2.28)

This integral is symmetric under ¢ <+ 7. Writing this as a matrix gives

Gi; = %tr(q) ( tta o ) . (2.29)

€9 1—61

Shape distortion occurs when the deflection angle is not constant across a
galaxy. One can look at the transformation tensor as

_agg_ I+Kr—74 —Ix _
A”_aw_< ey | &ty = 0ij + Yij - (2.30)

Within this tensor, the 7, and y_ terms represent shear and s represents
magnification and changes in galaxy light flux. The EF-mode is given by

50 = (% - 507) Cora). (2.31)

Which relates to the shear components by

Y+ \ _ [ cos(2qy)
()= (5 ) .
This connects the observable shear to the theoretical lensing potential.

2.1.4 Weak Lensing Correlation Functions

In the previous two sections, two observables directly connected to cosmologi-
cal theories were defined. Observing the galaxies can determine €2, A, ng and
Hy. Observing shear can determine €2, (the details of how to determine these
parameters will be discussed in chapter 3). Together, these two can fully de-
termine the values of the 5 ACDM parameters. These two quantities, however,
are not measurable. Using these two quantities, however, one can construct
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three different two-point correlation functions which are measurable.

The first correlation function is the autocorrelation of galaxy density, called
galaxy clustering and denoted wy. Given a density in a particular angular posi-
tion, the correlation function can be interpreted as the likelihood of observing
a similar density at another close position. The galaxy clustering correlation
function is given by

1 o0

w,(6) = -5 / 1C,(1)Jo(16)d (2.33)
0

where Jy is the zeroth Bessel function and F denotes the Fourier trans-

form.

Next is the shear autocorrelation. In this case, there are two components of
shear: the tangential shear v, and the cross shear v,. The cross correlation
(7+7vx) vanishes, and the remaining combinations are

(r+74) £ (1<) = &€& (2.34)
€1 = 5 [ 1CEs(0)Joa(10)Cun(D)il. (2.35)

0

The final observable is the cross correlation between galaxy density and tan-
gential shear. First, the angular power spectrum Cyg(l) is given by

Con) = 393 [ W0, (k.. (2.36)
1= () =~ [1R00)C,eDdL. (2.37)

The correlation function (A,vx) vanishes in an isotropic universe.

2.1.5 Systematics

Up to now, any systematics of the weak lensing observables have been ignored.
There are two distinct types of systematics that will be discussed in this sec-
tion: The ones which affect the calculation of the correlation functions, and
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the ones which affect the correlation functions after they have been computed.
The latter type of parameters are usually referred to as ‘fast’ parameters, and
it will become clear why that is in the next chapter. Meanwhile, the ways the
systematics are modelled is described here.

Photometric Redshift Uncertainty

To compute the two-point correlation functions, one must determine the red-
shift distribution W (x). This is a highly non-trivial task. To model the
uncertainty in this distribution, one applies a constant shift to the redshift of

observed galaxies.
ng(2) — ng(z + Az) (2.38)

The shift Az must be determined before one can compute the galaxy clustering
and galaxy lensing correlation functions.

Intrinsic Alignment of Galaxies

Galaxy shapes are not completely random. In the absence of lensing, there
is still some non-zero correlation between the shapes. This is referred to as
Intrinsic Alignment [7, @]. There are two models of intrinsic alignment that
will be considered in this thesis: the Tidal Alignment Tidal Torquing (TATT)
model [I0, 11} and the Non-linear Alignment (NLA) model. The TATT de-
pends on the tidal tensor s;;, which contains the information about tidal forces
due to non-uniform gravitational fields. Tidal forces are a source of intrinsic
alignment and shear by stretching matter along the radial direction from the
gravitational source. The model is given by

1
I k 2
Yij = Cisij  +braCi(dm X si5) +Co (Si Skj — 0 ) ) (2.39)
S~~~ ~ ~~ -~ 3
tidal alignment density weighting -

~
tidal torquing

where the coefficients C, are given by

Ch = — AléQm 142 n
YT aG(2) 1+ %

s 42O (14 2\" (240)
PTG \1+2/)

The TATT model reduces to the NLA model when Ay = 0 = by 4.
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Galaxy Bias

The galaxy and matter density are related by a bias parameter b. However, a
fiducial value can be chosen to relate the two:

0g fid = ba0m , (2.41)
then consider a multiplicative deviation:
dg = (b - bga)bm = b0y fd , (2.42)
Thus, the parameter b can be found to account for different galaxy biases.

Galaxy bias is the first of many ‘fast’ parameters. Since the bias is constant,
it can be pulled out of the integral for the correlation functions, meaning it
can be applied after the correlation function has been computed. The affected
correlation functions are the galaxy clustering and galaxy-galaxy lensing.

w'(6) :b%i)wi(ﬁ)
7 (0) =by: (6) -

where ¢ denotes the redshift bin.

(2.43)

Shear Calibration

Observed shear is not completely caused by cosmological interactions. For
example, a major source of additional shear comes from the observation lens
itself, where the observed galaxy shape is given by the true galaxy shape
convolved with the point spread function of the lens [12], [I3]. This is usually
modelled as a multiplicative correction to the shear components.

U =1+ m") (1 +m?)EY
’)/t :(1 +m )fYt )

where ¢ and j denote the source and lens bin, respectively. The multiplicative
shear calibration is also a fast parameter.

Point Mass

Currently, it is not possible to model the contribution of small scales to the
tangential shear [14]. The tangential shear can be written in terms of the
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surface mass density ¥ tangential to the line of sight:

$(0,R) —%(R) AX(R)
Ecrit B Ecrit .

Y(R/D4) = (2.45)
The tangential shear can only be modelled down to scales of r;,, which allows
one to write the point mass contribution (named for the R~ dependence)

as
B
AY(R) = AX™(R) + T (2.46)

Lensing Magnification

In weak lensing, the intrinsic shape of galaxies also gets magnified. This effect
is introduced as a parameter C} and is fixed experimentally.

2.2 CMB

Although CMB data is not used sparsely in this thesis, it is worth discussing
the measurements qualitatively [I5HI8] The consensus among physicists and
astronomers that the early universe was a hot, dense plasma. As such, the
mean free path of photons was much shorter than it is today, and thus Compton
scattering dominated photon dynamics in the early universe. As the universe
cooled, atomic nuclei formed, and electrons began to bind to the nuclei in a
process called recombination [7, I5]. As the universe began to expand, the
mean free path of photons increased and inter-atomic interactions decreased,
meaning the amount of scattering was decreasing, until a point where photons
are able to move freely through the universe.

T =Ty(1—e ™) (2.47)

Trei concludes the introduction of cosmological parameters. 7, can only be
determined from CMB and is usually fixed in weak lensing analysis.

The CMB is an almost-perfect black body, meaning the intensity of the light
can be used to determine the temperature according to the black body equa-
tion where I o T*. However, the imperfections source anisotropies in the
temperature on the scale of 107° K. The temperature, along with the curl-free
FE-mode polarization, gives three possible two point correlation functions: T'T,
TE, and FFE.
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Figure 2.2: Planck 7T power spectrum [4].

2.2.1 TT Power Spectrum

The TT' power spectrum measures the anisotropies of the temperature field.
Thus, it is better to consider it as the deviation from the mean temperature.
There are some prominent features of this spectrum worth discussing. The
first is the oscillations, known as baryon acoustic oscillations. The second is
the overall downward trend from large to small scales. This is generally due
to diffusion of light through the early universe, and is given the name diffusion
damping.

Now one can observe qualitatively how the cosmological parameters will affect
the TT power spectrum. First, consider €2, the baryon density. If the density
is increased, there will be an increase in Compton scattering and a decrease
in the mean free path of photons, meaning the large-scale anisotropy will be
larger. Inversely, a reduction in the baryon density would decrease the large-
scale anisotropy. This is typically observed as the height of the first peak
in the T'T power spectrum. There will also be a small change in the peak
position due to the change in the sound horizon. The height of the second
peak, however, decreases. This is because an increase in baryon density causes
an increase in the gravitational interactions between the baryons. This shifts
down the oscillations in temperature contrast so that the acoustic oscillations
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occur around some negative value. Thus, in the 7" power spectrum, every
other peak is enhanced.

Next is to consider a change is €).. The dominant effect from changing 2.
comes from the integrated Sachs-Wolfe (ISW) effect, which is an additional
gravitational redshift that occurs between the time of reionization and now.
Since the evolution of dark matter structure is slow, increasing 2. reduces
the ISW effect, thus reducing the anisotropy and causing an overall downward
shift in the TT power spectrum.

The remaining parameters are considered in unison: A, and 7,¢;. Naturally, 7
will have an overall suppression effect. The amplitude is given by A,e= 27,
Thus, the effect of A, can look identical to changes in 7. ns, as before,
defines the slope of the primordial power spectrum. Thus, changes to ng have
a stronger effect on small scales than on large scales.

Finally, is a consideration of Hj, the most simple case. H, affects the ex-
pansion rate of the universe, thus a changing the value of Hy will shift the
position of the peaks in the power spectrum. Increases in H, will shift the
peaks to smaller scales (found by propagating Hy backward through time),
and inversely, lowering Hy will shift the peaks to larger scales. Additionally,
the peaks at small scales will have a lower shift than the peaks at large scales.
Hence, Hy can also be determined by the distance between the peaks.

As a final remark, one can consider the curvature density (2. Changes in {2
affect the angular distance to recombination, resulting in an overall shift of
the TT power spectrum. Measurements strongly constrain this to €, = 0,
suggesting a flat universe.

2.2.2 TFE and EFFE Power Spectra

The other two power spectra are shown in figure 2.3} The main consideration
with these two power spectra is to observe the way it breaks the degeneracy
between 7.; and A,. T suppresses the power spectrum as it suppresses the
fraction of light that reaches an observer. However, the additional scatter-
ing actual causes anisotropies in the polarization power spectrum to increase.
Thus, the effects of A, and 7 are similar in the TT power spectrum but
opposite in the FE power spectrum. Thus, using all three power spectra will
give the strongest constraints on the cosmological parameters.
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2.3 Tensions Between Weak Lensing and the
CMB

As seen, there are a total of five parameters needed to describe ACDM in
weak lensing: €2,,, Q, Hy, As, and n,. This parameterization is not unique.
Another common parameter, which tracks Ay, is o

r 31 (kr)\2 k2
o2 = /P(k,r)( ﬁk(rr)) k| (2.48)
0

r=8

which can be described as the amplitude of matter fluctuations at the scale
8h~tMpc. With this parameter instead of A, weak lensing gives strong con-

straints on Sy = g1/ /0.3.

The reality is, however, that CMB measurements of some of these parameters
differ between the parameters measured from weak lensing (precise results can
be found in [4, 19, 20]). The main tension between CMB and weak lensing is
the Sg tension at about a 3o difference (figure . The most famous discrep-
ancy is the Hy tension (figure . The tension is produced by a discrepancy
between CMB measurements and the local cosmic distance ladder, producing
a nearly bo difference. There have been extensive efforts to propose a model
that can resolve these tensions (early dark energy[21], quintessence [22], etc.),
but as of now no model can simultaneously resolve both tensions. For ex-
ample, early dark energy resolves the H tension, but the Sg tension tends
to either remain the same or increase. The remaining chapters will explore
how to compute these tensions and demonstrate a proposed consistency test.
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Chapter 3

Computing Techniques

The previous chapter demonstrated how the cosmological parameters go into
computing the data vectors. But given some data, how does one find the
cosmological parameters? From the complexity of the calculations, it’s clear
that one cannot simply invert the functions to find the associated cosmologi-
cal parameters. Instead, one would generate a set of cosmological parameters,
calculate the data associated with those parameters, then compute the proba-
bility of the observables given the set of parameters. Using this language, it’s
clear that this computation involves conditional probability densities, so one
can use Bayes’ theorem to determine the parameters.

3.1 Markov Chain Monte Carlo

Markov chains are a step process in which the next step depends solely on the
current step [23]. Formally, a sequence Xj,...,X,, of random elements is a
Markov Chain if the conditional distribution of X, ,; depends solely on X,,.
The set in which X; take values is called the state space of the chain. This is a
very abstract definition. However, Markov chains play a regular role in daily
life. For example, weather patterns form Markov chains, or the order of words
in a sentence. The key here is that, if it rains one day, how likely is it to rain
the next day? Or given a word, what is the most probable word to follow?
For a cosmological application, one starts with some set of parameters, and
slowly moves towards the most probable set of parameters.
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Bayes’ theorem states
Pylz)P(z)

P(y)

Set x = 0, the cosmological parameters, and y = d, the data vector represent-
ing the 3 x 2 correlation functions, for example. Then

Plaly) = (3.1)

P(d|)P(6)

P(Old) = =50

(3.2)
The left-hand side is typically called the posterior, while P(d|f) is called
the likelihood, P(f) the prior, and P(d) the evidence. In cosmological no-
tation [24], this is usually written

(3.3)

The evidence is typically very difficult to compute. One must be able to com-
pute an integral of a complicated function over the entire parameter space (it is
possible via techniques such as nested sampling [25], however these usually take
a very long time). Thus, with a given likelihood and prior, it is not feasible to
compute the posterior exactly. Markov chain Monte Carlo (MCMC) describes
a probabilistic technique that can generate samples from the posterior only
using the likelihood and prior and without computing the evidence.

3.1.1 The Metropolis-Hastings Algorithm

The Metropolis-Hastings algorithm [26H28] is the most common algorithm for
doing MCMC. Suppose one wants to sample from a distribution p(x). First,
start with a proposal distribution g(x,). Sample from the proposal distribution
to find the next state z,,1 with probability g(x,,1|x,). This transition from
state n to state n + 1 must follow the detailed balance condition

(@) g(Tni1|Tn) A(Tn — Tg1) = P(Tn1) 9(Tn|Tni 1) A(Tnr = @), (3.4)

where A is an acceptance probability, which will be defined more precisely later.
Using Bayes’ theorem on p(z), the evidence cancels out on each side, and thus
the detailed balance condition can be simplified to rely solely on the likelihood
and prior of p(z), which is denoted 7 and L.

T(2n) L(20) 9 (Tng1|[T0) AT — Tpy) =

T(Tn41) L(Tn11) (20| Tni1) A(Xnyr — 20) (3.5)
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Ay = Tpia) _ (T 41) L(Tn11)9(Tn|Tny1)

= =Ru.n 3.6
A2 2) e begnnle) oot G0

This allows one to define the acceptance probability as
A(xy, = Tpgr) = min(1, Ry, pt1) - (3.7)

This probability is used to determine whether the chain moves to x,,,1 or stays
at x,.

To assess whether the chain has converged, there are two common methods.
The first is the Gelman-Rubin method. This defines the number R as the
ratio between the variance of a walker to the variance across all walkers. R
approaches one as the chain converges. The second is the autocorrelation
time 7. Although Markov chains depend explicitly on the previous state,
there is an implicit dependence of all previous states. The autocorrelation
time attempts to measure how many steps are required for a walker to forget
its initial position. 7 thus tells one how many samples are required to get
independent samples of the posterior.

There are a few properties that can be observed for this algorithm:

e Having an asymmetrical proposal g(x) can allow for faster convergence
of the chain.

e The initial sampling may not accurately reflect samples for p(z). This
is regarded as the ‘burn-in’ and is generally discarded from the samples.

e MCMC sampling loses sampling power for multi-modal distributions.

3.2 Tension Metrics

Given the 5-dimensional parameter space, there is great difficulty in comput-
ing the tension between two measurements. If the data is projected onto one
parameter, this can hide the true separation in parameter space . Thus, one
needs a method to compute the tension in the full parameter space. In ad-
dition, posterior distributions are not generally Gaussian, further increasing
the complexity. There are many metrics used to measure tension [0, 29], each
with different assumptions and consequences.
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3.2.1 Parameter-Based Metrics
Metric 1: Parameter Difference

The main idea of this metric is that if two data sets largely agree, the difference
posterior will be centered at 0, so the mass of the posterior above P(0) will be
close to zero. To formalize this notion, start by sampling from the posteriors
P(64) and P(0p). Define A = 04 — Op. Under this reparameterization, the
two posteriors are P(64) and P (64 — Af). If the posteriors are independent,
one can marginalize over 04 to get the parameter difference distribution:

P(AG) = / POAP(04 — A0, (3.8)

Thus, the tension can be approximated as the volume of the posterior contours

with P(A) > P(0):

PTE = / P(AG)dAF . (3.9)

P(A0)>P(0)

This comes with the benefit of only requiring independent parameter sampling.
It makes no assumption of the Gaussianity of the posterior or the likelihood.
The difficulty here, however, is actually determining P(#). There are multiple
methods used, the most novel of which is discussed later.

Metric 2: Parameter Difference in Update Form

Qupwm is defined as

Quont = (pa — prasn)’ (Ca— Cayp) ™ (4 — pass) (3.10)

The difference of means is precisely the mean of the parameter difference distri-
bution, and they are weighted by their covariance, C'y —C 4, g. Thus, it is clear
Qupw is x? distributed with degrees of freedom given by rank(C4 — Cayp).
It is clear, however, that this metric relies on the parameter difference to be
Gaussian distributed because of its reliance on Qupy being x? distributed.
Despite this, one can proceed anyway. With proper calibration, this metric
can be useful even for non-Gaussian posteriors.

Metric 3: Goodness of Fit Degradation

For this metric, first find the maximum a posteriori, the point 0 that maxi-

~

mizes the posterior. Then compute the likelihood £(#). Lastly, compute the
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difference in likelihoods between the sum of chain A and B and the joint chain
A+ B. X A A
QDMAP = 2£A(6)A> + 2[,3(&3) — 2£A+B(0A+B) (3.11)

Qpmap is again y2-distributed. The interesting part here is how to deter-
mine the number of degrees of freedom. The likelihood function, which is on
data-space, has degrees of freedom of approximately 1500 for LSST, but the
likelihood is given a set of cosmological parameters which belong to a 5 di-
mensional parameter space. The number of degrees of freedom is related to
the number of parameters that are constrained by the likelihood. This can be
found by examining the ratio of the variance in the posterior to the variance
in the prior; a large ratio of O(1) means a parameter in not constrained by
the likelihood and a ratio < 1 means a parameter is well constrained by the
likelihood. Thus, the number of degrees of freedom is

d= N —tr(C;'Cp). (3.12)

Metric 4: Eigentension

This metric differs from the others by restricting our parameters to ones that
are well-measured. This is done as follows:

1. Diagonalize the covariance matrix on one of our data sets.

2. Take the ratio of the variance in the prior to the variance in the poste-
rior and apply an ad hoc cut to determine which eigenmodes are well-
measured (generally 100 is a good choice).

3. Project the other data set onto the eigenmodes.
4. Compute the tension using one of the previous methods.

The motivation for removing poorly measured eigenmodes in our tension anal-
ysis because the difference is dominated by the prior rather than the likeli-
hood.

3.2.2 Evidence-Based Metrics
e Bayesian evidence ratio given by

Ean
= 3.13
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where A and B are data sets. This method can be written many ways
using Bayes’ theorem, which will make it apparent that this metric de-
pends heavily on the prior volume.

e Bayesian suspiciousness. This metric attempts to remove the dependence
on the prior volume by defining the suspiciousness as

log S =log R —log 1. (3.14)
I is the information ratio, which is defined in terms of the KL divergence:

log]:DA+DB—DAB, (315)

D- / Plog (g) | (3.16)

3.2.3 Interpreting the Results

Given some probability P of a parameter shift, the following formula can give
you the number of standard deviations if the probability shift comes from a
Gaussian distribution,

ny = V2Erf 1 (P). (3.17)

There is no concrete reason to believe P comes from a Gaussian distribution
in general. It does, however, come from a Gaussian distribution when the
posteriors are Gaussian; thus one can do a test of the metrics by taking two
unit Gaussian posteriors and fixing the separation between them. In fact, this
example can be computed analytically.

P(AG) = L / e 02~ (0=20)% /2
2 (3.18)
L

The parameter difference posterior is a Gaussian with standard deviation /2.
The separation is fixed by a, hence the shift is P(a). Hence, the shift proba-
bility is

A = / e (BPAGAQ (3.19)

—a
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Figure 3.1: Result of tension metrics between Planck and DES [5]. A-priori
tension is the Gaussian approximation described in equation .

One can compare the analytic result to the computational result for each of
the metrics to see which ones are most accurate. In practice, this integral is
computed with Monte-Carlo integration, where the error is evaluated using
the Clopper-Pearson interval on the binomial distribution.

3.2.4 DES Versus Planck Results

A subset of these exercises have been performed previously by the Dark Energy
Survey (DES) against the Planck results. In [5], Lemos et al. generate an a-
priori tension on the cosmological parameters by shifting the DES fiducial
cosmology along og and §2,,. They approximate the a-priori tension using the
Gaussian approximation,

x* = 30(Cpgs + Cplanck)d0 (3.20)
where 00 is (g, €2,,,) and C the covariance of DES and Planck, respectively.

They then compute the tension metrics and compare to the a-priori Gaussian
tension. The main result demonstrates what the resulting tension is from a
fixed shift along a single parameter. Their result is presented in this thesis
in figure 3.1} An additional note is that Gaussian tension tends to underes-
timate the tension presented in other metrics, highlighting the importance of
capturing non-Gaussianities.
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3.3 Normalizing Flows

The method of normalizing flows (MAF) implemented here uses Masked Au-
toencoders for Density Estimation (MADE) to construct the flow [24], 30} 31].
Suppose the input to the flow is z;. The output of the map is y; = p(z1.-1) +
o(x1.-1)2;. The p and o are found using neural networks which receive masked
inputs 1,1 = (z1,...,%;-1,0,...,0). Since the input depends solely on the
first ¢ — 1 inputs, the normalizing flow is autoregressive and the Jacobian is
triangular.

The implementation in TENSORFLOW uses bijectors, a local diffeomorphism
between a manifold M and a target manifold N (which are our parameter
spaces), i.e., ¢ : M — N such that ¢ is differentiable and injective. In TEN-
SORFLOW, bijectors have three operations, forward, inverse, and log_det_jacobian,
which are precisely the three needed. By constructing a bijector for each
masked input, the full normalizing map can be constructed.

An intuitive way to think of normalizing flow is as a reparameterization. Con-
sider our posterior as a manifold X. The manifold is constructed via the
parameterization with charts ¢; : X — U; C R” for ¢ in indexing set I. The
charts determine the atlas A = | |(U;, ¢;). The goal is to determine a new pa-
iel

rameterization for X given by tﬁe charts v; : X — V; C R" in which samples
in X are Gaussian distributed. Let Y C X be given by Y = ¢, }(U;) ﬂwj_l(‘/})
Then the transition function is given by 7 : ¢;(Y) — ¢;(Y). To ensure our
parameterizations are diffeomorphic, 7 is required to be differentiable and its
inverse differentiable (in fact, the reparameterizations are smooth, so the tran-
sition function and its inverse should be smooth).

The next question one may have is, ‘what do flows have to do with this?’
Above, the concept of normalizing flows is described as a reparameterization,
but there is another good description involving flows. Again, let X be our
parameter space, the graph (6, P()), and T'X the tangent bundle of X. Each
MAF can be though of as a finite sequence of vector fields v; : X — T X. Each
point is moved along its integral curve determined by each v;. This definition
is that immediately implies an MAF is a diffeomorphism.

In formal terms [32], suppose v : X — T'X is a vector field on X and z € X.
Then for any € > 0 there exists a unique function f : B[—¢, €] — X such that f
is an integral curve of with infinitesimal generator v and with f(0) = x.

Given a vector v, : U — T, X with x € U, for it to be in the tangent space
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T,X it must have a curve with f(0) = and f’(0) = v,. This follows from the
definition of T, .X.

Suppose there are two such curves, a and § both mapping from I = (—¢,¢€)
to X and with «(0) = z = (0) and both with o/(0) = v, = £'(0). Then they

both solve the system of autonomous ODEs fort=1,...,n
i) = vi(y(t)),
’Yi( ) i(’y( ) (3.21)
7'(0) = ¢
This can be solved by 7'(t) = [ v'(y(t))vol.. Since v is a tangent vector
Ucx
field, there exists a curve ¢ with ¢ = v, so the solution is v'(t) = ¢'(¢) + C".
The integration constants are fixed by the initial condition C* = —¢, hence

any two functions satisfying this system of ODFE’s; including o and 3, are
equivalent for all ¢ € I.

1.2 1

Probability density
o o =
o o o

N
H
1

e
N
1

0.0

Figure 3.2: An example non-Gaussian distribution (non-zero skewness).
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Figure 3.3: An example of normalizing flow as the transformation is ‘turned
on’, represented by the parameter \. The non-Gaussian distribution at A = 0
is transformed into the Gaussian distribution at A = 1.
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Chapter 4

Growth-Geometry Split in
DES-Y3

Parameter splitting is a common method used to attempt to resolve the ten-
sions discussed in the previous chapter. The idea is to split a parameter and
choose analysis settings that restrict each split parameter to describe specific
cosmological effects. One of these splits is a growth-geometry split, where we
split the relative matter density €2,, and the dark energy equation of state w
into two parameters. The growth parameter is designed to describe the late-
time growth of structure and the geometry parameter designed to describe the
background evolution. After splitting the parameters, one can do an analysis
to determine how the tension changes and if the split parameters have distinct
values from each other. This chapter describes the growth geometry split in
Q,, and w in DES-Y1 [33] and DES-Y3. These results are also available in
a paper written by Kunhao Zhong, another Masters student, and myself, on
arXiv [34] and are pending publication in Physical Review.

4.1 Split Matter Power Spectrum

Since the matter density €, is split into two parameters, Q8°"th and Qg a
single growth factor and a single matter power spectrum; these are split as
well. From equation [2.§] the linear matter power spectrum is proportional to
the square of the linear growth factor D (z(a)) = G(2)/(1+ 2), so the growth
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and geometry power spectra are related by

L L Ggrowtn(2) ?
Psplit(ku Z) = Pgeo(kaz) m ) (41)
which means oy is also split according to
G TOW h(z) 2
Ug,split = Ug,geo (Cg;gT?Z) : (42)

In this analysis, however, we want to go beyond linear scales. To achieve this,
we use the Euclid Emulator to emulate the non-linear matter power spectrum
by computing a boost factor

P(k,z) = PX(k,2) x B(k, z2). (4.3)
While the growth parameters are scale-independent, there is a crossing for

P(k),z=0

-—-- Qgewth=025 —— Q9°=025 — Q,=0.3
-=- Q¥th=035 —— QF°=0.35

P(k) [Mpc/h]?
2,

10~ 10-3 102 10! 10°
k [h/Mpc]

Figure 4.1: Non-linear power spectrum from Euclid emulator. When either the
geometry or growth parameters are varied, the other is kept fixed at Q% = 0.3.

the geometry parameters. This is due to the enhanced gravitational effects for
higher Q2°°  or suppressed gravitational effects for lower ©22°°. From this, one
can predict that the value of og will change, the change being larger for 28°°
than Q8°Vth and increases in either €2, will increase og. We see this is true

in figure One surprising feature of figure is that these effects are the
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(a) ACDM split. (b) wCDM split.

Figure 4.2: Effect of changing growth and geometry parameters on og(2).

Parameter Prior
(28e0 U(0.1,0.9)
w8 U(-3,-0.01)
A, x 107 U(1.7,2.5)
N 4(0.92,1.0)
H, U(61,73)
T 4(0.01,0.8)
Qerowth U(0.24,0.4)
werowth U(-1.7,-0.7)

Table 4.1: Summary of cosmological parameters and their priors.

opposite. However, this result is not surprising. Increasing w, where w < 0,
coincides with decreasing the pressure or increasing density.

4.2 Data and Analysis Pipeline

4.2.1 DES Parameter Priors

This analysis is done on data from the Dark Energy Survey (DES), both year 1
(Y1) and year 3 (Y3), combined with CMB data. The cosmological parameters
of interest and their priors are given in table . The priors on (§28%° w8,
Ay x 10°) ng, Hy) are taken from the Euclid Emulator prior. 7 is only included
in chains that also contain CMB data. The external data sets used are

e CMBP: The Planck CMB TTTEEE power spectra together with the
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DES Systematics Parameter

Y1 Prior

Y3 Prior

Linear Galaxy bias

bi(i € [1,5)) Flat(0.8, 3.0)  Flat(0.8, 3.0)
Intrinsic Alignment (NLA)

Ay Flat(-5, 5)

Ao Flat(-5, 5)

Intrinsic Alignment (TATT)

Ay Flat(-5, 5)
Ay Flat(-5, 5)
m Flat(-5, 5)
o Flat(-5, 5)
bra Flat(0, 2)
Source photo-z

Azl x 102 Gauss(-0.1, 1.6)  Gauss(0, 1.8)
AzZ x 10 Gauss(-0.19, 1.3)  Gauss(0, 1.5)
Az x 107 Gauss(0.9, 1.1)  Gauss(0, 1.1)
Azl x 10? Gauss(-1.8, 2.2)  Gauss(0, 1.7)
Lens photo-z

Azl x 10? Gauss(0.8, 0.7)  Gauss(0.6, 0.4)
Az? x 107 Gauss(-0.5, 0.7)  Gauss(0.1, 0.3)
Az} x 10? Gauss(0.6, 0.6)  Gauss(0.4, 0.3)
Az x 102 Gauss(0, 0.01)  Gauss(-0.2, 0.5)
Az} x 10? Gauss(0, 0.01)  Gauss(-0.7, 0.1)
Multiplicative shear calibration

my X 102 Gauss(1.2, 2.3)  Gauss(-0.6, 0.9)
my X 102 Gauss(1.2, 2.3)  Gauss(-2.0, 0.8)
ms x 102 Gauss(1.2, 2.3)  Gauss(-2.4, 0.8)
myg x 102 Gauss(1.2, 2.3)  Gauss(-3.7, 0.8)
Lens magnification

Ol x 102 Fixed (0.63)
C2 x 102 Fixed (-3.04)
O3 x 107 Fixed (-1.33)
O % 107 Fixed (2.50)
5 x 107 Fixed (1.93)
Point mass marginalization

B;(i € [1,5]) Flat(-5, 5)

Table 4.2: Summary of Priors on DES-Y1 and DES-Y3 systematics parame-

ters.
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non-linear low-¢ EE power spectrum. The spectra are truncated after
the first peak (35 < ¢ < 396). This mitigates CMB lensing effects, which
affect small-scale anisotropies. It also minimizes the late time Integrated
Sachs Wolfe effect, which also has a larger effect on small scales.

e SNIa: Pantheon Type la supernova. As a distance probe, this prior
constrains geometry parameters. There are growth effects that we choose
not to model at this point, namely the peculiar velocity distributions of
supernovae.

e BBN: We use a derived constraint on the baryon density from Big Bang
Nucleosynthesis as 100,h? = 2.208 4 0.052.

e BAO: BAO data is taken from the SDSS DR7 main galaxy sample,
the 6dF galaxy survey, and the combined SDSS BOSS DR12 low-z and
CMASS galaxy samples. Again, as a distance probe, this is taken as
geometry information.

To understand these choices of priors, we consider the following combina-
tions:

e Prior 1 (P1): Emulator prior + CMBP
e Prior 2 (P2): Emulator prior + SNIa + BBN + BAO

e Prior 3 (ALL): Emulator prior + CMBP + SNIa + BBN + BAO

4.2.2 Software Pipeline

To compute the linear matter power spectrum, we use CAMB Boltzmann
code, which is capable of solving the linear Boltzmann equation and computing
transfer functions. For going beyond linear scales, we use the Euclid emulator,
a fast neural network-based emulator for Halofit. Previous DES studies used
Halofit itself, a full N-body simulation, to determine the non-linear evolution of
dark matter. A baseline comparison between the Euclid emulator and Halofit
was done (figure We use the CocoAll] which interfaces CoBAYA [35], the
MCMC sampler we use, with CosMOLIKE [30], the data vector calculation
framework. DES-Y3 has already been implemented in CoBAYA, COSMOLIKE,
and CocoA. To assess the convergence of the MCMC, we use the R — 1 <
0.02.

Thttps://github.com/CosmoLike/cocoa
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Figure 4.3: Relative difference between Fuclid emulator and Halofit.

One benefit of this analysis is that growth parameters are semi-fast; they
do not require CAMB to recompute the matter power spectrum, they only
require COSMOLIKE to update the data vectors. Rerunning COSMOLIKE with
only changing the growth parameters results in a 2-fold speedup.

4.2.3 Pipeline Validation on Synthetic Data

To validate this method, we generate a synthetic data vector at the Planck
best-fit parameters without lensing (equation , and we hope to find no
difference between growth and geometry parameters and hope each parameter
is equal to the fiducial value.

(As x 1072, ny, Ho, Qi ) = (2.101,0.965, 67.32, 0.317, 0.049) (4.4)

Using the ALL prior and external data, there is marginal improvement between
the cosmic shear constraints on Q&°"h compared to the prior. However, there
is significant improvement in the 3 x 2pt case compared to cosmic shear.

growth growth
m

In wCDM, there is poor constraining power on {2 and w , even with
the most informative 3 x 2pt case. For this case, we give constraining power
along the first principal component

PC; = 0.7071A€Q,, — 0.7071Aw . (4.5)

In all 3 sets of priors and external data, and despite the inclusion of additional
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nuisance parameters from the TATT model, we find similar constraining power
on Qv hetween DES-Y1 and DES-Y3. In the 3 x 2pt case with the ALL
prior gives a smaller (~ 17%) error bar. Constraints on PC; are prior domi-
nated and nearly identical for the wCDM split in DES-Y1 and DES-Y3.

All + DES-Y3 (Cosmic Shear)
--- All + DES-Y3 (&, + 71)
—=- All + DES-Y3 (£.+ wp)
/ BN All + DES-Y3 (3x2pt)

SYNTHETIC
DES
DATA

Figure 4.4: Cosmic shear, 2 x 2pt combinations, and 3 x 2pt posteriors for
DES-Y3 with the ALL prior.

4.3 Results

4.3.1 ACDM

For the most constraining case, 3 x 2pt with all prior, there is no evidence of a
difference between (2, growth and geometry parameters (figure . Explor-
ing this further, however, we can look at various 2-point correlation functions is
DES-Y1 and DES-Y3 (figure . We see a significant change in the DES-Y3
cosmic shear-galaxy clustering posterior and the galaxy lensing-galaxy clus-
tering posterior. However, these shifts from A(2,, = 0 are prior dominated,
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1 ——- All + DES-Y1 (3x2pt)
]
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Ky
, ,

SYNTHETIC
DES
DATA

Figure 4.5: Comparison of DES-Y1 and DES-Y3 posteriors.

not data dominated, thus do not constitute evidence for a shift.

The full results of the 1-D marginalizations with each choice of prior is sum-
marized in figure[4.8] Aside from the 2-point correlation functions, every AQ,,
result is compatible with 0 to within 1-sigma. Similarly to the synthetic chains,
the 3 x 2pt data chains with ALL prior have improved constraining power on
AQ),, in DES-Y3 over DES-Y1. However, the improvement is around 10%,

slightly less than the 17% observed in the synthetic data.

The mentioned 2-point correlation functions that do have significant shifts
in €, are determined to be at 1.75¢0 for the cosmic shear-galaxy clustering
and 2.60c0 for galaxy clustering-galaxy-galaxy lensing. Because of known in-
consistencies in the REDMAGIC galaxy samples, these are not attributed to

discovery.
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Figure 4.6: Split posteriors for DES-Y3 3 x 2pt and ALL prior.

4.3.2 wCDM

The results for wCDM are summarized in figures [4.9] and [£.10] Again, there
is no evidence of a shift in PC; from 0. The exception is, once again, the
DES-Y3 2 x 2pt with ALL prior. The significance of the shift is 4.480. Again,
this shift may be attributed to the REDMAGIC.

4.3.3 Tension Analysis

We conclude by testing the internal consistency between the Y1 and Y3 data
sets independently. This is done using the parameter difference method, where
we use normalizing flows to learn the posterior distribution. The results are
summarized in figure The tension is computed with the parameters
(As, ns, Ho, Q%fo,agpht) (with w8 added in the wCDM case). Interestingly,
the tension appears to be generated predominantly by A,. Additionally, the
2 x 2pt correlation functions have a significant degradation in the goodness of
fit when CMB priors are added. This reflects the REDMAGIC inconsistency
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Figure 4.7: DES-Y1 and DES-Y3 posteriors for 2-point correlation functions.

discussed above. A study allowing X, to vary is required to analyze this
shift fully.

In the wCDM case, we once again see the 2 x 2pt has a significant shift.
Contrary to the split ACDM case, the A, tension is much smaller, making the
detection of a shift in PC; more meaningful. Once again, an analysis involving
Xens 1s required to assess the source of this detection.

4.4 Conclusion

We split €2, and w into two parameters, one governing the background evolu-
tion and the other governing the late-time scale-independent growth of struc-
ture. We consider DES data together with various external data sets and
priors from the CMB, supernovae, BBN, and BAO. We then run MCMC on
DES-Y1 and DES-Y3 data and evaluate the difference between the growth
and geometry parameters.

As demonstrated, there is little evidence of a difference between growth and
geometry parameters in DES-Y1 and DES-Y3. The exception is the 2 x 2pt
chains, however, there is an internal inconsistency with the REDMAGIC sam-
ples that may source this result. Because we fixed Xj.,s = 1, an additional
analysis can be done investigating if Xj.,s can source a significant shift. Addi-
tionally, one can repeat the analysis with the MaglLim lensing samples. In the
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Figure 4.8: Full 1d results for ACDM split

future, additional datasets from Rubin Observatory’s LSST, the Euclid mis-
sion, Dark Energy Spectroscopic Instrument, Simons Observatory, and CMB-
S4 can be used to improve the constraints derived in this analysis.
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Figure 4.10: Full 1d results for ACDM split
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Figure 4.11: Summary of internal tensions between each probe in the ACDM
and wCDM models.
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Chapter 5

Data Emulators

As can be seen from the growth-geometry split analysis, an enormous amount
of time and computing resources are needed to do a comprehensive analysis
of novel cosmological models and extensions to ACDM. There are a growing
number of proposed extension theories, and more data sets that can test them.
One of the ways to improve the efficiency of data and theory analysis is to
create a faster way to compute data vectors when doing MCMC sampling. In
this chapter, I will describe how one can use neural networks (NN) to learn this
mapping, bypassing the need for expensive programs such as Comsolike.

5.1 Neural Networks

Although the term ‘neural network’ is almost synonymous with magic in the
modern world, the concept is very natural from elementary mathematics.
There is a basic example: linear regression.

In linear regression, one considers a model of the form y = max + b. The goal
is to find the values of m and b that minimizes the square of the residual

L(yi,truth7 yi,model) = (yi,truth - yi,model>2 . (51)

In this exceptional case, there is an analytic way to minimize L, but in general,
it is a highly non-trivial task. Additionally, there are much more complicated
data sets one would want to model, such as data vectors in cosmological sur-
veys. The remaining question is: how does one intelligently generalize this
type of model to more complicated ones?
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We, as humans, have a tool that can do this already: the brain [37]! The brain
is a large system of cells called neurons. Each neuron is connected to others by
a synapse, and after accumulating a large enough electric charge, the neuron
will activate, sending the electric signal to a connected neuron.

Using this, one can attempt to construct a general model, starting with the
neurons [5.1} Next, add in the synapses, the connections between neurons [5.2]

O O

O O

Figure 5.1: Arrangement of neurons.

In general, not every neuron is connected to each other. It should be noted,
along each synapse is an activation function. Rather than having a threshold
potential like a real synapse, NNs use functions that represent the activation
of the neuron. Furthermore, each synapse has a weight that represents the
strength of the connection. Next, define which neurons receive an external

Figure 5.2: Neurons with synapses.

signal, and which give a signal to the outside [5.3] These act as the input and
output. Finally, there is a choice to make in the activation function. This
is the chance to greatly increase the modelling capability of NNs. The only
requirement is that the function is continuous; thus one can use non-linear
activation functions, allowing modelling of highly non-linear outputs.

The goal is to define a loss function that will be minimized (in the linear
regression, the loss is the square of the residual). The loss is a function of the
output of the NN, and the output is parameterized by the parameters of the
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Figure 5.3: Neurons, synapses, and the input/output.

NN. Thus, if y = ¢(a, ) represents the output of the neural network with
parameters «; and input x, the loss function is, in fact, parameterized by the
neural network as well.

L(y) = L(¢(ov, x)) = L(, x) (5.2)

Thus, a neural network is, in simple terms, an optimization problem. The
issue, however, is that neural networks generally have numerous parameters
(thousands, millions, even billions!), so this optimization is difficult in practice.
Moreover, what may appear as a simple loss function in terms of the output can
become an extremely complicated (and, importantly, non-monotonic) function
of Q.

The general method of optimization is called gradient descent. The strategy
is the following:

1. Define an initial set of parameters o ipit.
2. Split the training data into n batches.

3. Generate a new set of parameters for each batch, centered around o jp;t,
denoted o'

4. Compute the loss for each batch.
5. Compute the gradient of the neural network.
6. Update the parameters according to the gradient.

7. Repeat until the gradient is 0.
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This simple algorithm has one glaring flaw: it is susceptible to converging in a
local minimum. Ideally, gradient descent will converge to the global minimum
of the loss function. The way around this is to add some stochasticity to the
gradient descent so that the network does not simply search for zero gradient.
Instead, the parameters are updated probabilistically from the gradient.

The gradient is usually computed using backpropagation, in which the gradient
is computed at each layer and the total gradient is computed according to the
chain rule. This presents an issue: if the gradient is small at each layer, the
gradient will be small on the order of €”, where n is the number of layers. This
can lead to a misleading gradient that vanishes, or a gradient that explodes
to large values. This is the problem of vanishing gradients, and methods to
avoid this are discussed in the next section.

The last issue to mention is that, given numerous parameters, it is possible
to fit the training data very well, but the model cannot fit external data sets.
This is called overfitting. There are many strategies to resolve this. The two
used in this project are dropout and L2 regularization. Dropout randomly
sets a fraction of the weights to zero, meaning the NN will not be able to
rely on individual neurons to get a reliable output. This ensures the full
network is being used. L2 regularization penalizes the model for learning large
weights, which again means the model relies on particular neurons. This is
accomplished by modifying the loss function by adding the L2 norm of the

network.
Liy) = L(y) + 3 o (5.3)

In summary, a NN is a directed graph, where each edge has a weight and an
activation function, and each node has a value that it passes along to the edge.
The inputs are propagated to the output, and the goal is to minimize the loss
of the output. It is important to pick a smart loss function depending on one’s
needs from the NN and a smart activation function depending on the values of
each node. The loss function is minimized using stochastic gradient descent.
It is also important to implement strategies to avoid overfitting on the training
data by penalizing the model for relying too heavily on certain regions of the
graph.

Using NNs to compute data vectors is not a new technique [38, [39]. The
previous methods typically use an iterative approach, where they start by
training on a Latin hypercube, and use the trained model to generate new
training points from an MCMC that are added to the hypercube points. This
process is repeated until the loss function passes some threshold. The claim
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that this method gives satisfactory results on the entire Latin hypercube is
somewhat misleading. While the hypercube points remain in the training data,
the points become diluted until they have minimal contribution to the training
loss. Testing with the emulator in [38], the emulator begins to fail at around
40 shifts. Our goal is to greatly improve the region where the emulators are
useful. This will allow other scientists to use emulators to analyze real data,
where the fiducial cosmology is not known.

5.2 Architecture Choices

As discussed before, the weights, activation functions, and connections are
choices one can make when designing a neural network. Together, they com-
prise the architecture. This section discusses the architecture choices we have
made.

Before discussing the graph architecture, we want to highlight the choice of
activation function. Before giving any data to the neural network, we do some
preprocessing to the data. The first thing we do is normalize the input and
output. The input is the cosmological parameters, which we process each
parameter to follow a normal distribution:
X2 X2
i (5.4)

0;

The output is the cosmic shear data vector. We preprocess this by diagonal-
izing and normalizing each component,

i__(Pd)
V' = T repT (5.5)

where C'is the covariance of the data and P is the change of basis matrix to the
eigenbasis of C'. This generally means we will have many negative parameters,
and the input and output are both symmetric about 0, and thus we choose
to use an antisymmetric activation function so that the symmetry around 0
can be preserved. In our case, we use tanh(z). Additionally, all of these NNs
are feedforward sequential models. Sequential means we separate the neurons
into layers, and feedforward means the data moves only from layer n to layer
n + 1 and never backwards.
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5.2.1 Multi-Layer Perceptron

The first graph architecture we study in the multi-layer perceptron (the name
is adopted from convolutional neural networks ‘perceiving’ image features). In
this architecture, a node in a given layer is connected to every node in the
following layer, so this network is called ‘simply connected’ (figure .

Figure 5.4: A multi-layer perceptron.

5.2.2 Residual Network

As mentioned above, there is an issue of vanishing gradients with deep neural
networks. To resolve this, one can add the input and output together so that
gradient information is allowed to skip layers [40](figure [5.5). Suppose we
have a block of layers parameterized by «;, and its input is from another layer,
parameterized by (;, so that w = x(f;, z) for an input z. Then the block of
layers, whose map is denoted ¢, will be

This section of the model is going to attempt to learn

This allows gradients with respect to the parameters ; to propagate to the out-
put without the multiplication by the gradients of «;, which usually solves the
vanishing gradient problem. This is called a residual neural network (ResNet).

5.2.3 Bottlenecked Residual Network

The ResNet allows us to create much deeper networks, but the number of
parameters stays the same as the linear model, making ResNets difficult to
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Figure 5.5: A residual block.

train (and especially the minimum of two linear layers. We can make a small
modification to the ResNet that can resolve this, where there is an additional
layer and the number of dimensions reduces in the middle (figure . This
forces the neural network to prioritize certain features and ignore ones that
are not as necessary. Due to the shape this architecture makes, it is referred
to as a bottlenecked residual network (ResBottle) (figure[5.6). In the examples

%@\

’ ¢(aivﬂjvz) ‘

’ x(Bi,x

x(Bi, x)

’ Qb(a%X(ﬁjax)) ‘

Figure 5.6: A bottlenecked residual block.

drawn (figures and , there are 40 parameters in the ResNet, but only 28
parameters in the ResBottle. This allows us to either simplify the model, add
more layers, or make the layers much wider without blowing up the number
of parameters that need to be trained.
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5.2.4 Attention

This will be the most complicated model to test. If one examines the structure
of the data vector, there is a certain order to the data and correlation between
the components. The data vectors are separated into redshift bins, and within
each redshift bin are smaller bins representing different scales. Thus, a NN that
can learn sequences may be useful. Fortunately, there are NNs encountered
every day that use sequences: chatbots [41]! The basis for this is usually atten-
tion networks [42]. These work by examining dot products between vectors so
that the output is directly related to the angle between the two vectors.

Suppose there is a given sequence of input vectors, © = (x1, s, ..., z,), then
one can construct dot products of each x; and use them as coefficients for the
output.

Uk = (i - )z (5.8)

One can then introduce a generalized dot product using linear transformations.
That is, one can introduce the transformation matrices Wy, Wyx, Wy Let
g = Wox;, ki = Wix;, and v; = Wyz,;. Then the dot product can be written
as

k= (4 kj)or. . (5.9)

Finally, one can introduce a non-linearity, which also keeps the output sequence
y normalized, by introducing the softmaz function,

y, = softmax(qL k; /Vd)vy (5.10)

where the softmax function is an exponential normalization, given by

Wi

e

SOftmaX(W)Z' = W >
Cesi

(5.11)
and d is the embedding dimension (i.e Wi € R%*9). The linear matrices Wy,
Wy, and Wy, contain learnable components. Each output y; is then passed
to its own MLP. We also keep the skip connections for residual learning. The
attention together with the MLPs and skip connections is called a transformer
block, drawn in figure |5.7]

5.3 Results

We present the results in two sections: the first will be about the training
and testing results, and the second comparing between a COCOA chain and
an emulated chain. For training and testing, we use the ”train, validate, test”
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Figure 5.7: A transformer block

approach. We generate three completely independent chains, one is only for
training the model, and is a high-temperature chain with data well beyond the
expected range. The second is used to validate that the model is not overfitting
as the training proceeds. The last set is another high-temperature chain (but
not as high as the training) which is used to test the model as if it were being
used as normal. The testing involves reintroducing specific analysis choices,
such as the scale cut.

When deciding on which model to use, we want to look at several aspects:

e The number of parameters. The more parameters we have, the longer
it takes to train, and the longer it takes to evaluate. This will make it
difficult for groups without top-of-the-line equipment.
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e The Ay? between the emulator and accepted computational methods.
Many experiments have a x? requirement for their emulators; for exam-
ple, DES requires Ax? < 0.3 between any approximations and COSMO-
LIKE.

e Generalizability. As we increase the volume covered in the parameter
space, which models can keep up with the growing modelling volume?
Which models can handle more input parameters (which many models
need, such as early dark energy with ~ 10 extra parameters).

These get analyzed on the test data set. Because of the second point above,
we define the loss function as the difference in x? between the emulator and
CosMoOLIKE. This allows us to capture the covariance of the data.

5.3.1 Training and Testing

We train the emulator by using a rough Gaussian approximation on the cos-
mological parameters. The benefit is that running MCMC chains on a simple
Gaussian without the need for COSMOLIKE is extremely fast. Given the sam-
ples, the data vector calculation is trivially parallelizable, so the entire process
is significantly faster than running an MCMC in COSMOLIKE.

First, we tested the different architectures by training them on a 7' = 16 chain.
The testing was done on a T' = 8 chain. we find that the ResNet is able to
consistently perform the best of the three basic architectures. The number
of layers and width of the layers makes minimal difference. An interesting
result comes from the wide MLP architectures, where the testing loss suddenly
spikes. This is likely due to either vanishing gradients or some poorly chosen
hyperparameters of the model. Regardless of the issue, this instability is not
desirable, as we would like to provide a framework for others to build emulators
of their own, and fine-tuning hyperparameters adds significant difficulty to this
process. The ResBottle consistently performs worse than the others, meaning
the information the model learns in necessary to correctly model the final data
vector. This is perhaps unsurprising for our relatively small models, but if one
needs to create much wider networks, the ResBottle may be the only way to
keep the number of parameters reasonable. Nevertheless, the ResBottle has a
satisfactory performance overall.

Additionally, we can test how of a broad of a region in parameter space we
can train on and still get satisfactory performance. We do this by scaling the
covariance by a temperature T, i.e C' — T'C. We noticed the MLP, ResNet,
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Figure 5.8: Average Ay? as a function of the number of parameters for each
architecture.

and ResBottle models fail to train on a 7' = 128 chain (figure 5.9). We added
the transformer block to the 7" = 128 training to see the gain in performance
attributed to the complex model. We find adding a transformer block to the
end of the 3 ResBlock model (figure can give satisfactory performance
when training on 7' = 128 and testing on 7" = 64 chains.

This demonstrates the importance of making an intelligent choice for emula-
tor architecture. By implementing the self attention, we were able to greatly
increase the amount of the ACDM parameter space covered by the emulator.
The additional volume allows one to use emulators, even on real data, where
the data vectors can be shifted greatly from things such as baryon contami-
nation. We would like to continue this to see how this architecture will hold
for more complex extensions to ACDM, such as early dark energy, which adds
~ 10 parameters. We are also working with a team on using this architecture
to model much larger data vectors.

5.4 Application to Tension Calibration

In this section, I will apply the use of emulators to do a first study of tension
metric error. By shifting the parameters and generating noise realizations on
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model in figure trained on a 7" = 128 chain.
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Figure 5.11: Full NN architecture used for training on high-temperature
chains. Comprised of three ResBlocks of size 256, and a transformer block
with 8 heads, each with a size of 128.

the data, we can get a sense of how the error in the data propagates to error
in the tension. This will provide additional information as to which tension
metrics perform best, as well as adding context to how tension may vary given
new measurements. Additionally, given that n, = 0 means no tension, the
results of the tension metrics will allow us to gauge how reasonable it may be
for the tension to be resolved by additional identical measurements.

We will be shifting the LSST fiducial cosmology to +50 in both the og and
Q,, directions. At each of these shifts, we will compute 256 noise realizations
on LSST cosmic shear and Planck TTTEEE using their respective data co-
variance. Finally, the tension will be computed using the methods described
in section Due to time constraints, the chains for the shifts will not be
presented in this thesis. We will, however, demonstrate this method using the

fiducial cosmologies of LSST and Planck.
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The autocorrelation 7 for the MCMC sampler was measured to be 7 ~ 1000,
thus we need to run the chain for about 50000 steps (507) using the ensemble
sampler in EMCEE. Each chain has 120 walkers, resulting in a total runtime
of just 8 hours on a single 40 core CPU. The joint chains used for Qupn were
run for just 5000 steps, since that is sufficient for the mean and covariance to
converge.

We generate noise realizations for Planck around the Planck 2018 baseline low-
¢ TTTEEE best-fit cosmology [20]. We utilize COSMOPOWER to emulate
the CMB power spectra [43], 44]. The Planck chains are run with 120 walkers
for 50000. Although the autocorrelation is much lower than the LSST auto-
correlation, there needs to be enough data in the tails to accurately estimate
the tension.

We see that, up to noise realizations, the different tension metrics are nearly
indistinguishable. Both Planck and LSST are nearly Gaussian, but for more
non-Gaussian posteriors (such as DES), the difference between the parameter
difference and other metrics may be more significant. We also see that the
tension can be reduced by the experimental noise, but cannot be reduced to
0. It remains to compute the tension for noise realizations on the cosmologies
with shifted €2, and o5g.

The result for Qupyr is significantly lower than the other metrics. This is likely
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because it makes the assumption that the posteriors are Gaussian, whereas the
tension can hide in the non-Gaussian parts of the posterior. Additionally, the
error bar on (pyap is much smaller. This requires some investigation into
the distribution of the maximum a posteriori of the noise realizations. While
noise realizations on the data generate large shifts in the posterior, the same
is not necessarily true for the maximum a posteriori.

5.5 Conclusion

We are able to implement a NN emulator that works on temperatures as high
as 128 by using the ChatGPT inspired transformer block. Using the emulators,
we can ensure that the posteriors are robust for noise realizations on the data.
In fact, using a temperature of 128 ensures the emulator should be robust up
to 100 shifts in the data. Using these noise realizations, we can compute the
error on the tension metrics.

A future study will be done creating emulators for different extension models
which push the number of input parameters, as well as different data sets which
push the number of output parameters. Using this baseline framework, we can
also rapidly analyze smaller extensions, such as the geometry and growth split
detailed in chapter 4.
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