Math 2400: Calculus 3 Double Integrals - Riemann Sums

Single Integrals
b
Recall: / f(z) dx computes the signed area under the graph of f(x). We define this using Riemann sums.
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Here Ax is the length of the subintervals. By taking equal length subintervals, we have that Ax = b_Ta. Also, z

is a sample point in the ith subinterval, [z;_1,x;].

Double Integrals
For f(z,y), we’ll define the double integral over a region R in the xy-plane using double Riemann sums. The

double integral of f(z,y) is denoted // f(z,y) dA.
R

We first focus on rectangular regions R = [a,b] X [c, d], which we divide into subrectangles R;;.

z

// f(z,y) dA computes the signed
R
volume under the graph of f(z,y)

Each subrectangle R;; has area AA = Az Ay = (b_Wa) (%)

The point (7}, y;;) is the sample point for R;;. The height of the ijth approximating box is f(z7;, y};)-

The volume of the ijth approximating box is V;; = f(xfj, y;‘j)AA.



Math 2400: Calculus 3 Double Integrals - Riemann Sums

We sum Vj; for each 1 < i < m and each 1 < j < n to approximate the volume under the graph of f(x,y). The
result is called a double Riemann sum.
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We get the the double integral of f(z,y) over the rectangular region R by taking the limit as both m and n
approach infinity:
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