
ex: (adx 2 issues : in top bound

and discty in bottom

bound

= S' * dx + 9, dx
O

u= f(x)
- -

① ② du -
if x = + , u

=f(t)

#St dx = lin S'x -3dx
E

t O I

t+ 0 t

= lim+ (2x
-2)))

= lin( - z - ( - 2 + 2)
= lim

, (-z + c)t-0

↑ denom
=
-
↓ + O goes

to 0
,

2
so fraction
blows up

= D diverges

Since one piece divages , the whole integral
Cdiverges.



#Six is convergent if por

and divergent if pel .

examples using the fact
&

2)
,

dx p =23
1 so converges

and S
.

dx
p
=11) so diverges

· [dx = S
.and ca

e: /.x = 2 S . dx

p=EX)

so diverges .



: Sax

x= x+x
- -
-

diverges
p
= (4 = / a number too

so diverges
-

Now to prove :

We'll want to compute him x

where a is a constant.

Think about the graph of X
for x30

#
a

-



It #
Now we want to compute 1.Todx .

·

Ypdx = him &xdx E assume-S #

= li (ipx
- p+) ) ,

= hi (ip to - )
-
= lin =p(t

+0
- 1)

t-x

Y

=hi (to - 1)
el: ito, lin to

so /
.

"

Todx diverges if pal



Se2 : if
O
, lintp- o

S, dx = #p li (to - 1)

-
a constant

So the integral
converges

Six converges
if p>/

Acces : if p = 1
, 9** x diverges

(we showed before)
-

1/

Determine if the imp-integral
converges or diverges.

If it converges ,

compute the value . "I use
the limit

definition



Math 2300: Calculus 2 Comparison of Improper Integrals

1. Use technology to help you draw the graphs of f(x) =
1

x2 ln(x)
and g(x) =

1

x2
. Pay attention to any

intersection points, and pay attention to which function has higher values.

2 4 6 8 10

0.1

0.2

g(x) = 1
x2

f(x) = 1
x2 ln(x)

x

y

2. Using the graph you just made:

(a) Do you think

Z 1

3

1

x2 ln(x)
dx 

Z 1

3

1

x2
dx is true? Why or why not?

(b) What does this suggest about the convergence/divergence of the two integrals and why?

1

· le
,
Ye]

I ↓↳ C- 2

Notice for X33 , 2ex
=

X

so this should be true . 11 lux

which is
the on

Xe

10*2dx is a p-integral with p=2

so converges

=> Shxdx also converges .

*



Math 2300: Calculus 2 Comparison of Improper Integrals

3. Use technology to help you draw the graphs of f(x) =
ln(x)p

x
and g(x) =

1p
x
. Do these functions

both have horizontal asymptotes?

2 4 6 8 10

0.5

1

y = 1p
x

y = lnxp
x

x

y

4. Using the graph you just made:

(a) Do you think

Z 1

3

1p
x
dx 

Z 1

3

ln(x)p
x

dx is true? Why or why not?

(b) What does this suggest about the convergence/divergence of the two integrals and why?

2

y
diverges y also diverges

Notice * for all x ze

Sandx diverges bl p=



Math 2300: Calculus 2 Comparison of Improper Integrals

The punchline:

Comparison Theorem for Integrals
If f and g are continuous functions with f(x) � g(x) � 0 for x � a, then

(a) If

Z 1

a
f(x) dx is convergent, then

Z 1

a
g(x) dx is convergent.

(b) If

Z 1

a
g(x) dx is divergent, then

Z 1

a
f(x) dx is divergent.

If we know

Z 1

a
f(x) dx diverges, what can we conclude about

Z 1

a
g(x) dx?

If we know

Z 1

a
g(x) dx converges, what can we conclude about

Z 1

a
f(x) dx?

Putting it into practice:

5. Consider the integral

Z 1

2

cos2(x)

x2
dx.

(a) A good comparison function is:

(b) What is the relationship between your comparison function and
cos2(x)

x2
?

(c) What conclusion can you make using the Comparison Theorem?

3

Eg

Saf(x)dx Sog(x)dX

Sag(x)dx Saf(x)dX

nothing

nothing

*

want : t
cos2 x = 1 true bl osx & I

So Fedx converges
blc p

= 23/

2

by Comparison Thm. (x converges too
2

becausecs for all x



Math 2300: Calculus 2 Comparison of Improper Integrals

6. Consider the integral

Z 1

1

1p
x2 + 1

dx.

(a) A good comparison function is:

(b) What is the relationship between your comparison function and
1p

x2 + 1
?

(c) Will this inequality help you determine if

Z 1

1

1p
x2 + 1

dx is convergent or divergent?

4

= =
↓

X2 X

want : ↓-~- 2
X

M

larger donomn than LS
=> smaller over alll.

-

unfortunately , no



ng-Guidelinesforchoosacomparisonfunctioneustest
growing term

X ↓
- =

: x = X
2 X

fact : luxx
*

: Sexx -

compare to
#

Fax =*

Sotdx diverges bk p= 1 =

I

want: xex

x(x -(x) . * =/Mx) - x(x -(x)

X- lux = X

0 = lux tre if x >



e : Sex dx

compare
toex = tex

would need to compute S x
-

not a p-integral
-

-

② replace functions with one their extreme

values

Since OsinxEl
,

ex: Sand replace sinx with

either O or 1

Y ↓
↓& ⑮*

Ex and J both diverge
&

because p
=12 <



Want: g(x) in
so choose g(x)=
which makes this inequality true

Z
ex: d g(x)= a orOX2

Sig(x)dx converges
blap=2)

want : Sinx g(-

if Jog(x)dx converges

then Sinax also crys.

& replace lux withI



: Sex dx

compare
to *

#


