Math 2300: Calculus 2 Taylor’s Inequality Examples

Taylor’s Inequality

The remainder of the Taylor series for f(z) centered at a is defined as

R () = f(x) = Ta(),

where T),(z) denotes the nth degree Taylor polynomial (also centered at a). Taylor’s Inequality says that if
| f D) (z)| < M for all z satisfying |z — a| < d, then

M

[Rn@) <

|z — a|n+1 for z satistying |z — a| < d.
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1. Use Taylor’s inequality to determine the number of terms needed to estimate cos(%) using the Taylor series
centered at a = & to within 0.0001 = 1074,

——
tells us F(x)= cosx
Given: o= T ond x=Y2

fl<)= X
=Y < the pont we want 1o
x= 0 ¢ Foappvvx'nmﬁ, o
eno < |0
Need: M so Hiat ,'F("ﬂ)(@léM
n so that the enov is within the desired bownd

Firck detomne M: Since  f00=cosx , £y - rsinx / + catix

= l_F(hﬁ)Cx')) <z 1 Hrvaln ond allx

Choose [ M=41

N+l

Now plug in to Taglorss Incqualihy:  [Rn)] < prgsy Ix-a)

! ntl + colvable hand
lR" (J’:)l = (e \"i- ¢ < Jo~% <= e Sio;amﬁw]‘uc
N st less Huwn
I nt) deSred error
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n (nhD! \" @
1 |0.000278Y%...
2 | 0.0000021... <— 5"':2 :_v;ozgh - Answer: n=2_
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Math 2300: Calculus 2 Taylor’s Inequality Examples

Taylor’s Inequality

The remainder of the Taylor series for f(z) centered at a is defined as

Rn(z) = f(2) = Tu(),

where T),(z) denotes the nth degree Taylor polynomial (also centered at a). Taylor’s Inequality says that if
| f D) (z)| < M for all z satisfying |z — a| < d, then

M

CF |z — a|n+1 for z satistying |z — a| < d.
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1. Use Taylor’s Inequality to determine what degree Taylor polynomial centered at a = % is needed to estimate
cos(3) to within 0.0001 = 10~%.

tells us f(x)= cosx
ord x=Y2 Given: d-= T/

()= b X

x= Y2 < the Po‘\n‘\’ we want o
¢ appmc'.md-e, ot

e = O

Need: M so Hhat- ,'F("ﬂ)(’oléM
n so that the enor is within +he desired bownl

Firck determine M: Since  £00= cosx , LD :t:s‘unx/j: Col x

= l_(:(h-ﬂ)(x‘)) < 1 H all n oand all x

Clhoose | M=141

N+l

N ow Plua_ in o Twélor’s Inw]otam'\a\: th(X)lé G’:—)!lx—“}

| nt) ~ } coluable by hand
|R. (D) = vy |£-F" < ot = v Sf,ﬁ“mkf%auc
N gel lesy Hn
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N | (e "‘— ©
1 10.000278% ...
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2 0.0000021. o toks n=2 Answer: n=12_
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ﬁ n:z_

2. (a) Find the 2nd degree Taylor polynomial, Ty(z) for f(z) = 22 based at a = 1.
(b) Use Taylor’s Inequality to estimate the accuracy of the approximation using T5(z) to estimate f(x) in

the interval [0.9,1.1]. '\lm’gé*' Xy %uamni"eed b\a_ T‘aa\ov’s
lneﬁ[lﬂ“m‘as
(o) $x)= x~* £(0= | C.= |
= -2x"2  £(0=-2 C.= S =-2
00 = bx (D=0 C.=4r=3
(<) = -24x°

T,)=Co+ C,(x=D+ C. (x=-0" =[1-2(x=1) + 36"

(b) Given: £(x)= x~*

a=|
d=061
n=12%2
A
x in [02,117] so d=0. ——
01 4 I

M Mox emov for x in EO-"',LQ a.ccordin.a to Tanalov-.:s

cSince n=2 ‘V\ 'CCIWI'
M so that |[£°00leM on [o,11] *

(f
= ‘2,<?' on [09,1.1])

Firs¥ choose M: l-F"'(x)l =1~ %=

& maxX 24,
Notice 27 1 dwusiv\e on
e the nterval [04, 1] so max

‘Ao ocauvs o e lef- eml‘aolvd-.

L
Choose M-m,-

sS4

n+l

Now Plv% in o Tmalor's |wa1ma|'n¥\a_: an(xﬂS(—n’:—)!lx'“,

-S -5
l?z(’Olé 24 (;'.q) Ix-1[® o 2% (;'.q) (01" % 0.006FF

<ol if

x is in [oa,l1.i] s
2 o 0.006F+
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3. How many terms of the Maclaurin series for f(z) = cos(2x) are needed to guarantee that the approximation
of f(z) on the interval E—%, 31 is within 10767

Given: a=0
£00= cos (2%<)
ad= -‘_—,: (swnce the nfenrval s C“% ,'\.‘;&>

Wark: N so that (e} < 107
M so thar €00 2 M o x in [-3,

Delevimmne M - 6= cos (25D
£ed= —28n 2D

0D = =2 o520
€406 = 2% sn(2sD
L000)= 2% cos (2%)

—f‘"’(x); + 2" Snfes (0

So \-P("m (K)l lZ. Sin/eas (Z){)l M?
. —a n+l\ 2"\""‘ _ n+\
P|ug n: |2, (»0\ n-(-D‘ |-l é(vwl)! x ~o|
n+l n+ -6
| e zZ_.($) =lo
(nD! (') (”"'D‘

0.00\0A F3A

0.000\2193 ¥
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0.0600000%6 VvV~
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*Smal( Wﬂ‘\w“h().ﬁ This qw&h\oh aske for- the number
of tums of the Maclawnin Sevies .

When we Say n=7F, thet is the degree

Mlxl"n :’"g;m of- the Ta‘élw rn\lﬁmowa( Hat we should
for @08 (4 use 1o do the approximation
2 W @F D 2 ST e e
Cos (20) = ,\Zu‘; O e = Z‘Gn o © éc ¥
2 3 4
= \_-%x” v - %!—xb +%!—x&—...

w o
On‘\a use up o dgﬁm T, which is the
bk 4 torms of fhe Maclaurin sevies v o5 (2x)

Real answer : Y feyms
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If you’re using a Taylor polynomial to approximate f at a particular value of x instead of a range of z, the following
formulation of Taylor’s Inequality is sometimes useful.

Alternate Statement of Taylor’s Inequality interval of focus
1 ¢
If |f(n+ )(;p)‘ < M for all x between a and xg, then - L } >
Xo
M n+1
|Rn($0)| S m|xo—a| .

4. How large should n be to guarantee that the approximation of e~%!

for e* centered at a = 0 is within 0.00017

using an nth degree Taylor polynomial

Guwen: fx)= =
a=0

Need: M so that [£00|£ M fr x in [00, 4]
n So Huat an(—o.Dlelo“’

Firsk chioose. M2 Since  f0)=e* | £7(x)= €*

T/cx 'Fvv'al\ n

-l o Since e s InUreasing, oh [(o1,9]
—ot | ' we know thel the max ocang ot
Chose | M=¢c'=4

n+l

R, (xo)

X o— O

Now Plug_ n o Al T@(/)l,or& \V\eol:

n+l (0. ‘)'\'H "

an(_o.Dls E\L—D‘ l—o.\—o| = Tonl £ 10

c M __
= (n+d!

n | @07 faey
I 0. 005

2 0.0001606
3 0.000 00416 < less tHhan o~*
4

Answer: n=93
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X '\?— ‘N Eo&—d , 0\+d]
5. Estimate the range of values of z for which the approximation S
X : e pows of- (x-2
ln(:v)%ln2+§(x—2)—§(:v—2)2 So a=2
is accurate to within 0.01. N
degree, 2 polxav\ovn'.o.\ so n=2

Guven: £(x) = fu(x)
n=72
a=2
exrvovr < 0.0)
aA=Z

[ ¢
Need: M so that |£*(0| M 4o x in [2-d,2+d]

:

d so that |R26d|& 001 fov x in [2-d,2¢d]

Firshy chossee M:  £6)= fnx

[ [}
£09=5 i & max
-2
£'t=—x
3
w -2 2 P Y _Vx
F6)=2x7" =753 2-d 2 2+d

- —=
Choose | M a-a7

,X—al'\+l

where |x-al= d

Plug in +o Taylors Inequalivg: [R.63[< frgy

(Since, we're So\\Ar\? o d, veplace [x—al with o\)

2/(2-4) 3 2 3
,Rz(x)l Sy [x-2]" < 3‘7 (z-a)° d
«d ds
= m < 0.0\

+Hrue fo d= 0.4F4%...

Answor: [1.526, 2.474]




