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Chemotaxis System

System of equations

ut + (uv)x = 0

vt − ux = 0
(1)

where t > 0, x ∈ R with initial data:

Riemann Problem

(u(x , 0), v(x , 0)) =

{
(u−, v−) for x < 0

(u+, v+) for x > 0,
(2)

where (u−, v−) and (u+, v+) are constant states.

1 u ≥ 0 represents the concentration of bacteria

2 v represents function of chemical concentration
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Chemotaxis and The Keller-Segel Model

1 Chemotaxis is the movement of organisms due to chemical response.

Keller-Segel Model

ρt = D(ρx + αρ
wx

w
)x

wt = λpw − µw + ϵwxx ,
(3)

where D > 0, λ > 0, µ ≥ 0, α constant.

2 ρ ≥ 0: cell density, w(x , t) ≥ 0: concentration of chemicals
3 α < 0: ’attractive’ chemotaxis system, α > 0 : ’repulsive’ system
4 In [17], it was shown that with u = ρ, v = ∂x(ln(w))

Modified KS Model

ux + (uv)x = Duxx

vt − (u + ϵv2)x = ϵvxx
(4)

5 (1) is a special case of (4) with ϵ = 0,D = 0.
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System of Conservation Laws

A system of conservation laws is given by

Ut + F (U)x = 0 (5)

with initial data

U(x , 0) = U0(x) =

{
U−, x < 0
U+, x > 0

(6)

is the Riemann problem with U−,U+ constant vectors.

In our system (1), U = (u, v)T and F (U) = (uv ,−u)T .
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Preliminaries

Jacobian

The Jacobian of F is as follows:

A(U) =

(
v u
−1 0

)

Eigenvalues and Eigenvectors

λ1,2 =
v ∓

√
v2 − 4u

2
(7)

r1,2 =
1

2
(−v ∓

√
v2 − 4u, 1)T (8)
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Regions

Regions

H = {(u, v)|u ≥ 0, v2 − 4u > 0},
E = {(u, v)|u ≥ 0, v2 − 4u < 0},
Σ = {(u, v)|u ≥ 0, v2 − 4u = 0},

(9)

Axis Regions

D = D− ∪ D+ ∪ {(0, 0)}
D− = {u = 0, v < 0},D+ = {u = 0, v > 0}

(10)

An eigenvalue λi is said to be genuinely nonlinear (GNL) if
∇λi · ri ̸= 0. Eigenvalues λ1, λ2 are GNL in H ∪ Σ.

An eigenvalue λi is said to be linearly degenerate (LD) if ∇λi · ri = 0.
Eigenvalues are linearly degenerate on some portions of D.
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Features

1 Our system (1) has a strictly hyperbolic and an elliptic region, with a
nonstrictly hyperbolic boundary (parabola shaped).

2 We solved the Riemann problem up to the non-strictly hyperbolic
boundary for u ≥ 0 (physically relevant).

3 We will see shock waves, rarefaction waves, and contact
discontinuities in our solution.

4 This work was published in [1].
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Shock Curves

The Rankine-Hugoniot conditions applied to (1) yields

s(u − u−) = uv − u−v−

s(v − v−) = −(u − u−)
(11)

The 1-shocks satisfy the following Lax Entropy inequalities

s < λ1(U−), λ1(U+) < s < λ2(U+). (12)

Similarly, the 2-shocks satisfy

λ1(U−) < s < λ2(U−), λ2(U+) < s. (13)

Shock Curves

S1(U−) : u − u− = −(v − v−)
v −

√
v2 − 4u−
2

, v > v−

S2(U−) : u − u− = −(v − v−)
v +

√
v2 − 4u−
2

, v < v−.

(14)
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Rarefaction Waves

We now study rarefaction waves.

Rarefaction waves can be derived by finding the integral curves of the
right eigenvectors.

Let ξ = x/t. For (1), we have:(
v − λ u
−1 −λ

)(
uξ
vξ

)
=

(
0
0

)

Rarefaction

R1(U−) :
du

dv
=

−v +
√
v2 − 4u

2
, v < v−

R2(U−) :
du

dv
=

−v −
√
v2 − 4u

2
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Riemann Invariants

Riemann invariants are functions wi such that ∇wi · ri = 0.

Across rarefaction waves, Riemann invariant does not change.

Ri (U−) = {U ∈ R2|wi (U) = wi (U−)}, i = 1, 2

Following Rascle and Zheng [5, 6]

w1(U) =

{√
λ1(λ1 + 3λ2), v > 0

√
−λ1(λ1 + 3λ2), v < 0.

w2(U) =

{√
λ2(3λ1 + λ2), v > 0

√
−λ2(3λ1 + λ2), v < 0.

(16)
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Shock and Rarefaction Curves



Contact Discontinuity

Linearly Degenerate Regions: ∇λi · ri = 0

1 On D+, we have λ2 = v is GNL, λ1 = 0 is LD

2 On D−, we have λ1 = v is GNL, λ2 = 0 is LD.

Let U−,U+ ∈ D− ∪ D+. Then,
U− and U+ can be connected a contact discontinuity of speed s = 0.
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Theorem
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can be constructed if an intermediate state U, which connects U− and
U+, exists in the same region.

We find this intermediate state U by finding where the 1-wave from
U− intersects the 2-wave from U+, see [1], Section 6.1.

We will show this via showcases.
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Regions



U− = (0.5, 2),U+ = (4, 4) ∈ Σ+ and U ≈ (0.194, 4.99).



U− = (4,−4) ∈ Σ−,U+ = (0.5,−2) and U ≈ (0.19,−5).
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System of Balance Laws

Consider the general form of balance laws

Ut + F (U)x + P(U) = 0 (17)

with initial data
U(x , 0) = U0(x), (18)

where x ∈ R, t > 0.

Framework of Dafermos [4]

He assumed P(0) = 0.
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Model

Traffic Flow Model

ρt + (ρv)x = 0,

vt + (
1

2
v2 + g(ρ))x +

v − ve(ρ)

τ
= 0,

(19)

Initial Data

(ρ(x , 0), v(x , 0)) = (ρ0(x), v0(x)) (20)

where x ∈ R, t > 0, τ > 0,

1 ρ - density, v - velocity, ve(ρ) - equilibrium velocity.
2 g(ρ) - anticipation factor and satisfies

g ′(ρ) = ρ(v ′e(ρ)/θ)
2, (21)

where g ′(ρ) ≥ 0, and
0 < θ < 1. (22)
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LWR Model

The equilibrium flow is described by Lighthill-Whitham-Richards
(LWR) model [18, 19]

ρt + (ρve(ρ))x = 0, x ∈ R, t > 0, (23)

with initial data ρ(x , 0) = ρ0(x) > 0.

q(ρ) = ρve(ρ) is known as the fundamental diagram.

For this study, we let ve(ρ) such that

ve(0) = b, v ′e(0) = −a, ve(1) = 0, (24)

where a, b > 0 and v ′e(ρ) < 0.
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Global BV Solution to a system of balance laws with
nonconcave flux

Goal - Existence of BV solutions to Cauchy problem

Context - Nonconcave fundamental diagrams

Study of nonconcave flux is an open problem in the framework of
Dafermos [4] and are seen in experiment data (See [19] and
references there in)

Characteristic fields of this system are neither linearly degenerate nor
genuinely nonlinear

Part of our work was published in [2] and [3].
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First Transformation

Change of Variables

U = (ρ̄, v̄) = (ρ− ρ∗, v − v∗), (25)

where v∗ = ve(ρ∗). We show existence of global BV solutions for (19)
near equilibrium states (ρ, v) = (ρ∗, ve(ρ∗)) for all ρ∗ > 0. With this
transformation, P(0) = 0.

Transformed System

ρ̄t + (ρ̄+ ρ∗)(v̄ + v∗))x = 0

v̄t + (
1

2
(v̄ + v∗)

2 + g(ρ̄+ ρ∗))x +
v + v∗ − ve(ρ̄+ ρ∗)

τ
= 0

(26)

F (U) = (ρ̄v̄ + v∗ρ̄+ ρ∗v̄ ,
1

2
v̄2 + v∗v̄ + g(ρ̄+ ρ∗))

T

P(U) = (0,
v̄ + v∗ − ve(ρ̄+ ρ∗)

τ
)T .

(27)
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Preliminaries

Eigenvalues

λ1,2 = v̄ + v∗ ± (ρ̄+ ρ∗)
v ′e(ρ̄+ ρ∗)

θ
. (28)

The system (26) is strictly hyperbolic since λ1 < λ2 for ρ̄+ ρ∗ > 0.

We do an a priori estimate: TV (ρ̄0) is small (60) and (59) implies
TV (ρ̄) is small (63) and (62), which implies ρ̄ is small.

Since ρ∗ > 0 and ρ̄ is small by choosing ρ̄0, then ρ̄+ ρ∗ > 0.
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Entropy-Entropy Flux Pair

Admissible solutions U must satisfy the entropy inequality

∂tη(U(x , t)) + ∂xq(U(x , t)) + Dη(U(x , t))P(U(x , t)) ≤ 0 (29)

Solve for nontrivial companion balance laws

DQ1(U) = B1(U)TDG1(U)

DQ2(U) = B2(U)TDG2(U),
(30)

G1 = U,G2 = F (U),DQi = [
∂Qi

∂ρ
,
∂Qi

∂u
], i = 1, 2.
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Simplifying

We calculate
Q1,v̄ v̄ − s2(ρ̄+ ρ∗)Q1,ρ̄ρ̄ = 0, (31)

where

s(ρ̄+ ρ∗) = − θ

v ′e(ρ̄+ ρ∗)
> 0 (32)
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Special Case

Consider the special case s ′(ρ̄+ ρ∗) = 0, i.e. v ′′e (ρ̄+ ρ∗) = 0.

In particular, consider

v̂e(ρ̄+ ρ∗) = −a(ρ̄+ ρ∗) + b, (33)

where a, b > 0 in (24) is satisfied.

Then, the fundamental diagram is

q̂(ρ̄+ ρ∗) = (ρ̄+ ρ∗)v̂e(ρ̄+ ρ∗). (34)

q̂(ρ̄+ ρ∗) in (34) is an actual fundamental diagram observed in traffic
flow, see [7]. The system (26) is GNL under (33).
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Concave Fundamental Diagram

Figure: An Example of concave fundamental diagram



Entropy-Entropy Flux Pair - Special Case

We can construct an explicit solution of a convex entropy-entropy flux
pair for the special case.

η̂(ρ̄, v̄) = Q̂1(ρ̄, v̄) =

(
n1(v̄ + v∗ +

v̂e(ρ̄+ ρ∗)

θ
)

)2

(35)

+

(
n2(v̄ + v∗ −

v̂e(ρ̄+ ρ∗)

θ
)

)2

,

where n1, n2 > 0.

q̂(ρ̄, v̄) = Q̂2(ρ̄, v̄) = Q̂1(ρ̄, v̄)(v̄ + v∗) (36)

+

∫
Q̂1,v̄ (ρ̄+ ρ∗)

(
v̂ ′e(ρ̄+ ρ∗)

θ

)2

d ρ̄+ j(v̄).



Entropy-Entropy Flux Pair - Special Case

We can construct an explicit solution of a convex entropy-entropy flux
pair for the special case.

η̂(ρ̄, v̄) = Q̂1(ρ̄, v̄) =

(
n1(v̄ + v∗ +

v̂e(ρ̄+ ρ∗)

θ
)

)2

(35)

+

(
n2(v̄ + v∗ −

v̂e(ρ̄+ ρ∗)

θ
)

)2

,

where n1, n2 > 0.

q̂(ρ̄, v̄) = Q̂2(ρ̄, v̄) = Q̂1(ρ̄, v̄)(v̄ + v∗) (36)

+

∫
Q̂1,v̄ (ρ̄+ ρ∗)

(
v̂ ′e(ρ̄+ ρ∗)

θ

)2

d ρ̄+ j(v̄).



Entropy-Entropy Flux Pair - Special Case

We can construct an explicit solution of a convex entropy-entropy flux
pair for the special case.

η̂(ρ̄, v̄) = Q̂1(ρ̄, v̄) =

(
n1(v̄ + v∗ +

v̂e(ρ̄+ ρ∗)

θ
)

)2

(35)

+

(
n2(v̄ + v∗ −

v̂e(ρ̄+ ρ∗)

θ
)

)2

,

where n1, n2 > 0.

q̂(ρ̄, v̄) = Q̂2(ρ̄, v̄) = Q̂1(ρ̄, v̄)(v̄ + v∗) (36)

+

∫
Q̂1,v̄ (ρ̄+ ρ∗)

(
v̂ ′e(ρ̄+ ρ∗)

θ

)2

d ρ̄+ j(v̄).



Entropy-Entropy Flux Pair - Special Case

We can construct an explicit solution of a convex entropy-entropy flux
pair for the special case.

η̂(ρ̄, v̄) = Q̂1(ρ̄, v̄) =

(
n1(v̄ + v∗ +

v̂e(ρ̄+ ρ∗)

θ
)

)2

(35)

+

(
n2(v̄ + v∗ −

v̂e(ρ̄+ ρ∗)

θ
)

)2

,

where n1, n2 > 0.

q̂(ρ̄, v̄) = Q̂2(ρ̄, v̄) = Q̂1(ρ̄, v̄)(v̄ + v∗) (36)

+

∫
Q̂1,v̄ (ρ̄+ ρ∗)

(
v̂ ′e(ρ̄+ ρ∗)

θ

)2

d ρ̄+ j(v̄).



Perturbation Analysis

We will estimate our nonconcave fundamental diagram with the
solution of our special case.

Assume that
|s ′(ρ)| ≤ γ << 1, (37)

where γ > 0 is small.

This is equivalent to |v ′′e (ρ)| ≤ Cγ, where C > 0 is a constant.

Finally, we can estimate

Q1(ρ, u) = Q̂1(ρ, u) +O(γ), (38)

Q2(ρ, u) = Q̂2(ρ, u) +O(γ). (39)
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Nonconcave Fundamental Diagram

Figure: An Example of non-concave fundamental diagram



Convexity

Convexity Conditions

Q1,ρ̄ρ̄ > 0, (40)

D = det

[
Q1,ρ̄ρ̄ Q1,ρ̄v̄

Q1,v̄ ρ̄ Q1,v̄ v̄

]
> 0. (41)

Q̂1,ρ̄ρ̄ =

(
v̂ ′e(ρ̄+ ρ∗)

θ

)2 (
β̂′′n21 + Ĝ ′′n22

)
> 0. (42)

D̂ = 4

(
v̂ ′e(ρ̄+ ρ∗)

θ

)2

β̂′′Ĝ ′′n21n
2
2 > 0, (43)

with β̂, Ĝ > 0.

1 For γ > 0 small, Q1(ρ̄, v̄) satisfies (40) and (41).
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Partial Dissipative Inequality

We assume that P is dissipative semidefinite relative to η, i.e.

Dη(U) · P(U) ≥ α|P(U)|2, (44)

with α > 0.

For our system (26), we needed to find a condition such that[
∂η̂

∂ρ̄

∂η̂

∂v̄

] 0
v̄ + v∗ − v̂e(ρ̄+ ρ∗)

τ

 ≥ α

(
v̄ + v∗ − v̂e(ρ̄+ ρ∗)

τ

)2

,

(45)

where η̂ is defined in (35).

We require
0 < α ≤ 2ζτ, (46)

where

ζ = n21 + n22 =
1

θ
(n22 − n21) > 0. (47)

With γ small (37), (44) is satisfied for Q1(ρ̄, v̄).
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Kawashima Condition

The Kawashima condition is given by

DP(0)ri (0) ̸= 0, i = 1, ..., n. (48)

For our system, we have

DP(0)ri (0) =

[
0

∓θ + 1

τ

]
̸=

[
0
0

]
(49)

since 0 < θ < 1.
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Sub-characteristic condition

The sub-characteristic is satisfied when

λ1 < λ∗ < λ2. (50)

For v̄ + v∗ = v̂e(ρ̄+ ρ∗),

λ∗(ρ̄+ ρ∗) = −2a(ρ̄+ ρ∗)

The sub-characteristic condition is satisfied for (26) since we have

v̄ + v∗ −
a

θ
(ρ̄+ ρ∗) < −2a(ρ̄+ ρ∗) + b < v̄ + v∗ +

a

θ
(ρ̄+ ρ∗) (51)

since 0 < θ < 1.

With γ small (37), (50) is satisfied for Q1(ρ̄, v̄).
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Equivalent Form

In order to apply Dafermos’ theory, we needed to convert (26) into an
equivalent form

∂tV + ∂xG (V ,W ) = 0

∂tW + ∂xH(V ,W ) + C (V ,W )W = 0,
(52)

where x ∈ R, t > 0,and ηWWC (0, 0) > 0.

Denote
a∗ = −v ′e(ρ∗) > 0. (53)

.

We calculate

DP(0) =
1

τ

[
0 0

−v ′e(ρ∗) 1

]
=

1

τ

[
0 0
a∗ 1

]
= S−1ΓS ,

where S =

[
1 0
a∗ 1

]
and Γ =

[
0 0

0
1

τ

]
.
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Change of Variables (Continued)

Using this decomposition, define

SU =

[
ρ̄

a∗ρ̄+ v̄

]
.

Change of Variables

V = ρ̄,W = a∗ρ̄+ v̄ . (54)

New System

This transformed (26) to

Vt + ((V + ρ∗)(W − a∗V + v∗))x = 0, (55)

Wt + (
1

2
(W 2 − a2∗V

2) + a∗ρ∗(W − a∗V ) + v∗W + g(V + ρ∗))x (56)

+ C (V ,W )W = 0.
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Significance of Change of Variables

C (V ,W ) =
1

W
(
W − a∗V + v∗ − ve(V + ρ∗)

τ
)

Note that C (0, 0) =
1

τ
> 0 and ηWWC (0, 0) > 0 is satisfied.

Let
Z = (V ,W ) = (ρ̄, aρ̄+ v̄). (57)

We have initial data

Z0 = (V0,W0) = (ρ̄0, aρ̄0 + v̄0). (58)

W in (54) is the difference between velocity and equilibrium velocity

Significance of transforming is to identify and expose the component
of the state vector that is directly affected by damping.
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Theorem 2

Under the conditions (21) (22) (37), the system of balance laws (55) (56)
is endowed with a convex entropy-entropy flux pair (η, q), satisfies the
partial dissipative inequality, and satisfies the Kawashima condition. Then
there exists positive constants δ0, σ0 such that if Z0 satisfies∫ ∞

−∞
(x2 + 1)|Z0(x)|2 dx = σ2 < σ2

0, (59)

with bounded variation

TV(−∞,∞)Z0(·) = δ < δ0, (60)

and ∫ ∞

−∞
V0(x) dx = 0, (61)



Theorem Continued

then the Cauchy problem (55) (56) (58) possesses a unique admissible BV
solution Z defined on (−∞,∞)× [0,∞) and∫ ∞

−∞
|Z (x , t)| dx ≤ c0σ, 0 ≤ t < ∞, (62)

TV(−∞,∞)Z (·, t) ≤ c1σ + c2δe
−νt , 0 ≤ t < ∞, (63)

∫ ∞

−∞
|Z (x , t)| dx → 0, as t → ∞, (64)

TV(−∞,∞)Z (·, t) → 0, as t → ∞ (65)

for some positive constants c0, c1, c2, ν.



Table of Contents

1 Introduction

2 Riemann problem for a system in chemotaxis

3 Theorem 1

4 Existence of Global BV solutions in Traffic Flow

5 Theorem 2

6 Future Work



Future Work

Studying occurrence of transitional waves

Analyzing viscous profiles in mixed-type problems

Generalizing to nonconcave fundamental diagrams with large
perturbations
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