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Abstract

This manuscript develops and systematically audits a finite-N mechanism for ter-
minal amplification of the reconstructed scalar product b3 = uxuy for generalized three-
dimensional incompressible Navier–Stokes equations on T3 with fractional dissipation
1 ≤ α < 5/4. The approach combines an exact scalar product equation, affine one-
phase reduction of the fractional Laplacian, Mellin analysis, Lambert-W regularization,
three-dimensional velocity reconstruction, incompressibility and pressure compatibility,
moving coterminal geometry, and finite-dimensional spectral certification. A central
analytic step begins with the explicit regular profile at the classical endpoint α = 1
and continues the profile equation to a nonempty interval 1 < α < 1 + δ, providing
the profile structure needed to reach and control the terminal similarity layer. Within
that layer, persistence yields the characteristic scaling

b3,N (s) ≍ s−(2α−1);

combined with the characteristic relation

ṡ = 1− b3,N ,

this produces finite-time blowup of the finite-N scalar b3,N , with

b3,N (t) ≍ (T∗,N − t)−
2α−1
2α ,

under the manuscript’s stated certification and persistence hypotheses.

1 Introduction

The three-dimensional incompressible Navier–Stokes equations occupy a central position in
mathematical fluid mechanics because they combine a comparatively simple physical for-
mulation with an exceptionally difficult nonlinear regularity problem. The interaction of
transport, pressure, incompressibility, and viscous dissipation permits substantial transfer of
energy and structure across spatial scales, while at the same time imposing strong geometric
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constraints on any admissible velocity field. The principal difficulty is therefore not merely
to identify a quantity that can become large, but to determine whether such growth can
occur while all parts of the fluid system remain mutually compatible.

The present manuscript develops and audits a particular mechanism for finite-time am-
plification built around a scalar product of two velocity components, a one-phase similar-
ity reduction, a Lambert–W regularization, and a reconstruction of the underlying three-
dimensional velocity field. The analysis is carried out primarily on the periodic domain T3,
with generalized dissipation

(−∆)α, 1 ≤ α <
5

4
,

and with special attention to a small interval immediately above the classical Navier–Stokes
exponent α = 1.

The guiding quantity throughout the construction is

b3 = uxuy.

This product is not introduced as an unrelated scalar model. It is obtained from the ve-
locity equations themselves by combining the first two momentum equations. Its evolution
consequently retains contributions from transport, pressure, forcing, dissipation, and the
nonlinear interaction between the velocity components. This makes b3 useful as a diagnostic
variable: growth of b3 records genuine growth in the reconstructed velocity components, but
such growth can be relevant to the Navier–Stokes problem only if the accompanying velocity,
pressure, incompressibility, and dissipative structures can also be reconstructed consistently.

This distinction between a scalar amplification mechanism and a complete fluid solution
is fundamental to the organization of the paper. Much of the manuscript is devoted not
to producing additional formal singular formulas, but to determining which parts of the
proposed mechanism survive increasingly strict compatibility tests. Earlier reductions are
repeatedly revisited when continuity, pressure, fractional dissipation, reconstruction geome-
try, operator domains, transverse forcing, or finite-N effects introduce additional constraints.
The resulting document is therefore both a construction and a systematic audit of that con-
struction.

The classical endpoint as an analytic anchor

A major organizing principle is to begin at the classical dissipation exponent

α = 1,

where the profile problem becomes substantially more explicit. At this endpoint the relevant
Mellin-conjugated fractional operator reduces to an ordinary differential operator, an explicit
profile is available, and the linearized equation can be studied directly.

The manuscript uses this solvable endpoint as an anchor rather than as an isolated special
case. The objective is to continue the profile into a nonempty interval

1 < α < 1 + δ <
5

4
.
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Doing this rigorously requires considerably more than formal dependence on α. The op-
erators for different values of the exponent must act on compatible spaces, their domains
must be compared, the linearized kernel must be understood, and the inverse problem must
remain stable as the exponent varies.

This leads naturally to the Mellin representation used throughout the first major part of
the paper. Logarithmic variables convert the profile problem into a form in which endpoint
behavior, translation invariance, and fractional differentiation can be examined simultane-
ously. The exact linearization at α = 1 is analyzed, its translation mode is identified, and a
second homogeneous solution is constructed. Weighted spaces are then chosen to distinguish
admissible from inadmissible endpoint behavior.

A significant feature of this analysis is the correction of an apparent Fredholm obstruction
that arises in an intermediate formulation. After the weighted dual spaces and endpoint
behavior are treated correctly, the relevant admissible kernel is the translation mode. A phase
condition removes this degeneracy. The continuation problem can therefore be formulated
as a phase-fixed inverse problem rather than one requiring an artificial additional amplitude
parameter.

The manuscript subsequently establishes the symbol estimates and common-domain con-
trol needed to compare the fractional operators for α near one. The purpose of these sections
is to place the continuation argument on a fixed analytic foundation before any terminal
blow-up mechanism is invoked.

One-phase geometry and the terminal profile

The next structural ingredient is a strict one-phase architecture. The relevant fields are first
considered as functions of a single affine phase. For such functions, the three-dimensional
fractional Laplacian reduces exactly to a one-dimensional fractional operator along the
Fourier line generated by the phase direction. This is not a heuristic dimensional reduc-
tion: on the strict one-phase subspace it follows from the Fourier support of the function.

A distinguished phase of the form

s = t− z − θ∗,N

plays a particularly important role. Along the corresponding reduced characteristics its
evolution is tied directly to the scalar product variable. This relationship provides the
kinematic bridge between a singularity expressed in the phase variable and finite physical
time.

Similarity analysis then identifies the natural terminal power law. For dissipation expo-
nent α, the scalar profile has the characteristic strength

b(s) ∼ s−(2α−1).

The exponent is determined by balancing transport and fractional dissipation in the reduced
equation. The manuscript does not rely solely on this formal balance. It derives the associ-
ated Mellin profile equation, studies its endpoint equilibria, continues the profile away from
the explicit α = 1 anchor, and develops a persistence framework for the resulting terminal
regime.
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Once the phase profile is combined with the characteristic relation, the terminal phase
distance is converted into physical time. This produces the finite-time scaling

b(t) ≍ (T∗ − t)−
2α−1
2α ,

provided that the actual reconstructed trajectory enters and remains in the terminal profile
regime. Establishing precisely that entry and persistence is one of the main tasks of the later
portions of the manuscript.

Lambert–W regularization and finite-N dynamics

The terminal construction is regularized at finite N through a Lambert–W cascade. The
purpose of this cascade is not merely to supply an explicit special-function representation.
It provides a controlled finite approximation to the branch geometry associated with the
terminal regime.

The Lambert branch point introduces a natural small distance variable. Successive renor-
malized iterations describe how this distance changes through the cascade and make it pos-
sible to distinguish several limiting procedures that would otherwise be easily confused. In
particular, fixed cascade depth, increasing depth, large N , and approach to the Lambert
branch point do not represent interchangeable limits.

This distinction is important for the interpretation of the velocity field. A quantity that
becomes small at a fixed depth need not behave in the same way when the depth is allowed
to increase with N . The manuscript therefore treats the finite-N problem first and keeps
the eventual large-N question logically separate.

The finite-N viewpoint has another advantage: all quantities remain regular before the
terminal time, allowing the reconstruction, continuity equation, characteristic flow, spectral
problem, and numerical certification to be formulated as finite mathematical problems. The
terminal mechanism is then approached through controlled finite objects rather than by
assuming a singular limiting field from the outset.

Reconstruction of the three-dimensional velocity

A scalar profile for b3 does not determine a Navier–Stokes velocity field. The manuscript
therefore reconstructs the individual components ux, uy, uz subject to the product relation

uxuy = b3

and the incompressibility condition.
This reconstruction introduces an important second layer of analysis. A choice that re-

produces the desired scalar product may nevertheless create unacceptable spatial derivatives,
violate periodicity, fail to satisfy continuity, or generate incompatible pressure terms. Con-
sequently the reconstruction is treated as a mathematical problem in its own right rather
than as a purely algebraic afterthought.

Geometric relations are used to distribute the scalar amplification between the individual
velocity components. Near distinguished spatial sets these relations lead to square-root-type
reconstruction laws. Such laws can produce a velocity field with finite local kinetic energy
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even when certain spatial derivatives become much larger. This difference between L2 control
of the velocity and H1-type control of its derivatives becomes especially important in the
later Leray audit.

Continuity, pressure, and the danger of scalar closure

The incompressibility equation is one of the principal constraints on the reconstruction. It de-
termines part of the correction required to convert the scalar ansatz into a three-dimensional
velocity field. Importantly, the manuscript does not ultimately treat this correction as an
arbitrary algebraic term. Its linearization leads to a first-order transport problem, whose
inverse is governed by the characteristic flow of the associated transport field.

This observation corrects a stronger isotropic inverse estimate that would not follow
merely from a zero-mean condition. The appropriate estimate is instead constructed in flow-
box coordinates. The resulting characteristic description provides explicit finite-N control
of the continuity response and its derivatives.

Pressure introduces a related compatibility problem. A scalar product equation can
be satisfied without the three reconstructed momentum equations possessing one common
periodic pressure. Pressure compatibility must therefore be checked rather than inferred
from the scalar dynamics. Several later audits in the manuscript are devoted precisely to
separating identities that follow from the product equation from those that require the full
velocity–pressure system.

This distinction is one of the central methodological lessons of the paper: scalar closure
is necessary for the proposed mechanism, but it is not equivalent to closure of the three-
dimensional Navier–Stokes equations.

From terminal asymptotics to actual finite-N entry

A terminal profile is useful only if the evolution generated by the prescribed finite-N data
actually reaches it. The manuscript therefore develops a first-crossing and bridge analysis
connecting the preterminal reconstructed flow to the asymptotic terminal regime.

The scalar part of the normalized dynamics possesses a restoring structure on a bounded
corridor around the desired profile. Scalar control alone, however, is insufficient because
perturbations can also occur in shape and transverse directions. The corresponding differ-
entiated equations lead to a spectral stability problem.

A major portion of the later manuscript is devoted to identifying the correct state space
for this problem. Several initially plausible formulations are replaced after direct substitution
into the raw reconstruction reveals additional continuity or transverse terms. The final
architecture treats the continuity correction as a slaved transport response and separates
the principal fractional damping from a finite lower-order perturbation budget.

The purpose of this bridge is to prove that the actual finite-N reconstructed trajectory
enters the neighborhood in which the terminal bootstrap applies. Once entry occurs, the
invariant-region and persistence estimates propagate the terminal power law to the finite
terminal time.
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Why the prescribed forcing changes the bridge

The forcing used in the complete reconstruction contains genuine transverse dependence.
This has an important consequence: even though the strict one-phase manifold is analyti-
cally convenient and is exactly preserved by the reduced fractional operator, it need not be
invariant under the full forced dynamics.

The manuscript therefore does not ultimately require the forced solution to converge to
a purely one-phase state. Instead, the persistent transverse forcing is incorporated into a
forced principal bridge. The one-phase profile supplies the longitudinal terminal mechanism,
while the transverse response generated by the forcing is included in the principal comparison
field rather than being incorrectly classified as a decaying error.

The remainder is then measured relative to this forced bridge. This reformulation removes
a potential circularity: one no longer assumes decay toward a manifold that the prescribed
forcing continuously drives the solution away from.

Spectral decomposition and finite certification

The final stability problem naturally separates into compact and high frequencies.
At high frequency, the leading fractional operator has a coercive symbol of order 2α.

The lower-order reconstruction and continuity terms grow more slowly in frequency. This
permits the high-frequency tail to be controlled analytically.

The bounded-frequency sector is genuinely finite dimensional. After Fourier truncation,
the Hermitian part of the linearized operator is represented by a finite matrix. Its spectral
gap can therefore be enclosed by outward-rounded interval arithmetic. The manuscript
combines this finite enclosure with the analytic high-frequency estimate to obtain a rigorous
stability test.

This is an important conceptual reduction. The decisive stability condition is no longer
an informal numerical observation about a plotted spectrum or a single approximate eigen-
value. It becomes a finite collection of inequalities whose inputs, truncation levels, coefficient
bounds, and rounding errors can in principle be recorded and reproduced.

The same philosophy is applied to the continuity inverse, the forced bridge, the coefficient-
decay estimates, and the first-crossing conditions. The result is a finite-N certification
program in which all quantities needed for entry into the terminal regime are associated
with one consistent parameter record.

The proof architecture

The manuscript can therefore be understood as a sequence of logically distinct layers.
The first layer derives the scalar product equation directly from the fluid system and

identifies the one-phase terminal scaling.
The second layer constructs the profile at the classical endpoint and continues it to a

small interval of fractional exponents through Mellin analysis, phase fixing, weighted spaces,
and perturbation of the fractional symbol.

The third layer introduces the finite-N Lambert regularization and reconstructs the in-
dividual velocity components.
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The fourth layer audits incompressibility, geometric compatibility, coterminal behavior,
derivative control, and pressure.

The fifth layer connects the prescribed finite-N dynamics to the terminal profile through
a bridge and first-crossing argument.

The sixth layer incorporates the persistent transverse forcing into the principal compar-
ison field.

The final layer reduces the remaining finite-N stability question to a reproducible cer-
tification problem consisting of a finite compact-frequency matrix calculation, an analytic
high-frequency tail estimate, characteristic continuity bounds, and coefficient-decay inequal-
ities.

In compressed form, the intended finite-N chain is

reconstructed finite-N data −→ forced principal bridge −→ first crossing −→ terminal persistence −→ finite-time scalar amplification.

Each arrow represents a separate mathematical obligation. A substantial purpose of the
manuscript is to prevent one of these implications from being silently substituted for another.

What the finite-N conclusion means

At fixed finite N , the terminal mechanism becomes conditional on a specific and repro-
ducible set of inequalities. Once the reconstruction is nondegenerate, the continuity inverse
is controlled, the forced bridge exists, the compact and high-frequency stability margins are
positive, and the required coefficient differences decay, the first-crossing argument places the
actual scalar trajectory inside the terminal regime. The persistence analysis then gives the
terminal power law and converts it into finite physical time.

This conclusion is stronger than a purely formal singular ansatz because it specifies how
the prescribed finite-N dynamics are to be connected to the terminal profile and identifies
the finite quantities that must be certified.

It is nevertheless essential to distinguish this statement from a theorem asserting finite-
time singularity of a limiting three-dimensional Navier–Stokes solution.

A fixed-N divergence of b3 does not automatically survive a coupled limit in N , nor does
the scalar product equation alone guarantee that all three momentum equations possess a
common admissible pressure. A full Navier–Stokes conclusion additionally requires uniform
control of the reconstructed velocity in fixed spatial function spaces, global incompressibility,
pressure compatibility, sufficient compactness for the nonlinear and dissipative terms, and a
limiting procedure that preserves the estimates on which the finite-N construction depends.

The manuscript therefore maintains a deliberate separation between three levels of con-
clusion:

1. the analytic terminal profile and its finite-time scalar amplification mechanism;

2. the finite-N reconstructed dynamics and the finite certification needed to connect pre-
scribed data to that terminal regime;

3. the substantially stronger problem of passing to a genuine limiting three-dimensional
Navier–Stokes solution.
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This separation is not merely a matter of presentation. It is necessary for identifying
exactly which statements have been established analytically, which depend on finite interval
certification, and which require additional global velocity–pressure and compactness argu-
ments.

Role of the repeated audits

The length and iterative structure of the manuscript reflect this distinction. Several parts
revisit conclusions obtained earlier in the development. These revisions are mathematically
significant. They expose places where a formal one-phase argument, a naive Fredholm count,
an isotropic continuity inverse, an assumed transverse decay, or an incomplete spectral re-
duction would have been stronger than the displayed equations justified.

Rather than concealing these corrections, the manuscript records them and uses them to
narrow the remaining proof obligations. The continuation problem is reformulated on a com-
mon operator domain; the translation degeneracy is treated by phase fixing; the continuity
correction is inverted along its actual characteristics; the transverse forcing is incorporated
into the principal bridge; and the stability problem is divided into a finite compact-frequency
certificate and an analytic high-frequency tail.

The repeated proof ledgers near the ends of the major audits should therefore be read
as part of the logical structure of the paper. Their purpose is to distinguish established
identities, conditional implications, finite computational obligations, and unresolved global
consequences.

Scope and perspective

The central contribution of the manuscript is thus not a single explicit Lambert–W formula
or a single similarity exponent. It is the assembly of several mechanisms that must operate
simultaneously: an exact scalar product identity inherited from the velocity equations; a
fractional one-phase profile continued from the classical endpoint; a finite-N regularization of
the terminal geometry; a reconstruction compatible with continuity and periodicity; a moving
coterminal geometry capable of avoiding the local derivative obstruction of the nonmoving
construction; a characteristic treatment of the continuity response; a forced bridge that
respects the actual transverse forcing; and a spectral certification procedure that separates
finite frequencies from the coercive fractional tail.

The analysis also clarifies where the principal difficulties lie. Producing a formal terminal
power law is comparatively straightforward. The harder questions concern entry into that
regime from prescribed data, preservation of the required geometry under the complete
dynamics, control of transverse and reconstruction errors, and compatibility of the scalar
mechanism with the full three-dimensional velocity–pressure system.

Accordingly, the manuscript should be read as a layered finite-N construction with an
explicit certification program, together with a continuing audit of the additional conditions
required for a full Navier–Stokes interpretation. Its strongest conclusions are those for which
the analytic and finite certification hypotheses are stated explicitly. Where a limiting three-
dimensional conclusion requires additional uniform estimates or compatibility arguments,
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those requirements are kept separate rather than absorbed into the scalar blow-up mecha-
nism.

The resulting framework provides a precise route by which the proposed terminal dynam-
ics can be tested. If the required finite-N certificates are verified for a consistent parameter
set, the bridge and first-crossing arguments connect the reconstructed dynamics to the ter-
minal scalar regime. If a certificate fails, the failure identifies a concrete obstruction rather
than an ambiguous breakdown of the ansatz. Any subsequent passage from this finite-N
mechanism to a singular solution of the complete three-dimensional Navier–Stokes equa-
tions must then address the remaining uniform reconstruction, pressure, compactness, and
limiting questions directly.

In this sense, the manuscript has two closely related purposes. It develops a candi-
date mechanism for finite-time scalar amplification, and at the same time it establishes a
framework for determining rigorously how much of that mechanism survives reconstruction
into the full fluid equations. The interaction of these two objectives—construction and
verification—is the organizing principle of the work that follows.

Separation Between Profile Continuation and Terminal Blowup

An important structural distinction should be emphasized before entering the technical de-
velopment of the paper. Two analytically related, but logically different, mechanisms occur
in the construction. The first is the continuation of a regular one-dimensional profile with re-
spect to the dissipation exponent α. The second is the terminal amplification and finite-time
blowup mechanism for the reconstructed product variable

b3 = uxuy.

These two mechanisms should not be identified with one another. In particular, the regularity
of the profile used as the anchor for continuation does not imply regularity of b3 at the
terminal point.

At the ordinary-viscosity value
α = 1,

the profile problem admits the explicit family

F1(s) =

(︃
3ν

2(s+ s0)

)︃1/2

.

For the continuation argument developed in this work, the parameter is chosen so that

s0 > 0.

Consequently,

F1(0) =

(︃
3ν

2s0

)︃1/2

<∞.

This choice is intentional. The role of s0 > 0 is to provide a regular base profile at α = 1 from
which the profile equation may be continued to nearby values of the dissipation exponent.
Thus the relevant continuation problem has the schematic form

(1, F1) ↦−→ (α, Fα), 1 < α < 1 + δ,
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for sufficiently small δ > 0, within the weighted functional framework developed below. The
continuation argument is therefore a statement about existence, regularity, and stability of
the profile family Fα as the operator (−∆)α is varied away from the ordinary Laplacian.

The terminal behavior of b3, however, is organized differently. In the terminal scalar
analysis the singular power is separated explicitly from a normalized amplitude. The relevant
form is

b3,N(s) = B∗,Ns
−(2α−1)FN(s),

where the terminal amplitude is normalized so that

FN(s) −→ 1 as s ↓ 0

within the terminal regime established later in the paper. Thus the normalized factor FN

may remain bounded and regular while the physical product b3,N diverges. The singularity
is carried by the explicit phase factor

s−(2α−1),

rather than by requiring the normalized amplitude itself to become singular.
This separation is especially transparent at α = 1. In that case,

2α− 1 = 1,

and the terminal law takes the form

b3,N(s) = B∗,Ns
−1
(︁
1 + o(1)

)︁
.

Hence, provided B∗,N > 0 and the reconstructed trajectory has entered the terminal regime
in which the asymptotic analysis applies,

b3,N(s) −→ +∞ as s ↓ 0.

There is therefore no contradiction between using a regular profile with s0 > 0 in the contin-
uation theory and obtaining singular terminal behavior for b3. They serve different purposes
in the proof.

The distinction can be summarized schematically as

s0 > 0

⇓
regular base profile F1

⇓
continuation F1 −→ Fα

separate terminal reconstruction

⇓
b3,N(s) = B∗,Ns

−(2α−1)FN(s)

⇓
FN(s) → 1 while s−(2α−1) → ∞

⇓
b3,N(s) → ∞.
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The phase variable s is then related to physical time through the characteristic dynamics.
In the terminal regime considered in this work,

ds

dt
= 1− b3,N .

If
b3,N(s) = B∗,Ns

−(2α−1)
(︁
1 + o(1)

)︁
,

then b3,N ≫ 1 as s ↓ 0, and therefore

ds

dt
= −B∗,Ns

−(2α−1)
(︁
1 + o(1)

)︁
.

Equivalently,

dt = − 1

B∗,N
s2α−1

(︁
1 + o(1)

)︁
ds.

Integration from s(t) to the terminal value s = 0 gives

T∗,N − t =
s(t)2α

2αB∗,N

(︁
1 + o(1)

)︁
.

Since α > 0, the right-hand side is finite for every positive s(t). Thus the phase endpoint
s = 0 is reached in finite physical time within the terminal characteristic regime.

Solving for s(t) and substituting back into the terminal law gives

s(t) = [2αB∗,N(T∗,N − t)]1/(2α)
(︁
1 + o(1)

)︁
,

and hence

b3,N(t) = B
1/(2α)
∗,N (2α)−(2α−1)/(2α)(T∗,N − t)−(2α−1)/(2α)

(︁
1 + o(1)

)︁
.

At the ordinary-viscosity endpoint α = 1, this becomes

b3,N(t) ∼
(︃
B∗,N

2

)︃1/2

(T∗,N − t)−1/2.

Accordingly, the terminal scalar mechanism at α = 1 is a finite-time divergence of b3,N =
uxuy, even though the profile used to anchor the continuation in α is regular.

The same distinction is essential when α is moved slightly above one. The purpose of the
continuation theory is not to force the continued profile Fα itself to become singular. Rather,
it provides control of the profile-dependent structure entering the nearby-α problem while
the terminal scalar analysis determines whether the explicitly extracted singular factor

s−(2α−1)

persists in the reconstructed dynamics. Thus the continuation and terminal arguments are
complementary:

regular continuation in α + terminal singular reconstruction =⇒ candidate finite-time b3 amplification mechanism.
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There is also a notational point that is important throughout the paper. Profile functions
and normalized terminal amplitudes may both be denoted by symbols of the form F in
different stages of the analysis. Their roles must nevertheless remain conceptually distinct.
The continuation profile Fα belongs to the fractional profile equation and is used to control
variation with respect to α. The normalized terminal factor FN appearing in

b3,N = B∗,Ns
−(2α−1)FN

belongs to the terminal reconstruction and is normalized relative to the explicit singular
power. Any identification between these objects must be made through the transformations
established in the corresponding sections; it is not assumed merely from the similarity of
notation.

Finally, the finite-time divergence of the product variable b3 should be distinguished from
the final three-dimensional Navier–Stokes conclusion. The scalar terminal law establishes the
behavior of the reconstructed product variable along the terminal characteristic once the hy-
potheses of the local persistence regime have been verified. Completion of the full argument
still requires the reconstruction of the velocity components, exact incompressibility, compat-
ibility with a common pressure, control of the moving coterminal and matching regions, the
required Leray estimates, and the finite-N entry and limiting arguments developed in the
subsequent parts of the paper. Maintaining this separation allows the continuation theorem,
the scalar blowup mechanism, and the full velocity-pressure reconstruction to be assessed
independently and then assembled in their proper logical order.

1.1 Background and motivation

The three-dimensional incompressible Navier–Stokes equations are among the central nonlin-
ear partial differential equations of mathematical fluid mechanics. In their classical viscous
form they describe the evolution of an incompressible velocity field

u = u(x, t) = (ux, uy, uz)

and a scalar pressure field P = P (x, t), subject to the divergence-free constraint

∇ · u = 0.

On a periodic three-dimensional domain, which throughout this manuscript is taken princi-
pally to be the three-torus

T3,

the equations may be written in the generalized dissipative form

∂tu+ (u · ∇)u+∇P + ν(−∆)αu = f, ∇ · u = 0,

where
ν > 0

is the viscosity parameter, f is an external forcing, and

(−∆)α
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denotes the fractional power of the periodic Laplacian.
The classical Navier–Stokes equations correspond to

α = 1.

A central theme of the present work is the behavior of the system for dissipation exponents
lying just above this classical endpoint. Rather than restricting the analysis from the be-
ginning to one isolated exponent, the manuscript develops a small-supercritical continuation
framework of the form

1 < α < 1 + δ <
5

4
,

where the size of the interval is to be determined analytically from continuation and stability
estimates near the exactly accessible endpoint α = 1.

The purpose of this viewpoint is not merely to perturb a known calculation at one value
of α. The objective is to identify which parts of the construction are genuinely stable under
variation of the fractional dissipation exponent and which parts require new estimates. This
distinction becomes especially important in a long proof architecture in which exact algebraic
identities, asymptotic profile calculations, finite-N regularizations, geometric reconstruction,
spectral estimates, and computer-assisted finite-dimensional certification all interact.

The manuscript therefore has two complementary aims. The first is analytic: to derive
and study a scalar quantity extracted from the velocity equations whose dynamics can exhibit
a terminal power-law amplification. The second is structural: to audit, one by one, the
additional compatibility conditions required before such scalar behavior can be interpreted
as part of a genuine solution of the complete reconstructed system.

This second aim explains the unusually detailed character of the work. Many intermediate
constructions that initially appear plausible are subjected to additional continuity, pressure,
fractional-operator, geometric, fixed-space, spectral, and characteristic checks. When an ear-
lier reduction is found to require an additional hypothesis, the later parts of the manuscript
replace it by a more precise statement rather than silently retaining the stronger conclusion.
The resulting document is consequently both a construction and an extended mathematical
audit of that construction.

1.2 The scalar product variable b3 = uxuy

The principal scalar quantity considered throughout the paper is

b = b3 := uxuy.

This variable is not introduced as an independent scalar model. It is obtained directly from
the velocity components of the underlying three-dimensional system.

Multiplying the x-momentum equation by uy, multiplying the y-momentum equation by
ux, and adding gives the exact identity

bt + u · ∇b+ uyPx + uxPy + ν [uy(−∆)αux + ux(−∆)αuy] = uyfx + uxfy.

Thus the evolution of b3 retains information about transport, pressure, forcing, dissipation,
and the nonlinear coupling of the first two velocity components.
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For a fractional Laplacian, the dissipative product cannot in general be replaced by an
ordinary Leibniz rule. The appropriate object is the exact fractional product commutator

Rα(f, g) := (−∆)α(fg)− f(−∆)αg − g(−∆)αf.

Consequently,
uy(−∆)αux + ux(−∆)αuy = (−∆)αb−Rα(ux, uy),

and the exact scalar equation becomes

bt + u · ∇b+ uyPx + uxPy + ν(−∆)αb = uyfx + uxfy + νRα(ux, uy).

This identity is one of the fundamental starting points of the manuscript. It also explains
why a scalar blow-up calculation alone is insufficient. Any proposed terminal behavior for b3
must ultimately remain compatible with the reconstruction of ux, uy, uz, incompressibility,
pressure, the fractional commutator, and the complete momentum equations.

1.3 Why the manuscript begins near α = 1

A major analytic advantage occurs at
α = 1.

At this endpoint the fractional profile operator reduces to an ordinary second-order differen-
tial operator, and an explicit profile is available. The manuscript uses this solvable endpoint
as an anchor for continuation in α.

The guiding principle is therefore

explicit anchor at α = 1 =⇒ continuation to 1 < α < 1 + δ.

This requires considerably more than formal continuity in the exponent. The nonlinear
profile equation must be placed on function spaces having a common operator domain as α
varies. The linearization at the anchor must be understood, its translation mode must be
removed by a phase condition, and the resulting phase-fixed operator must admit an inverse
with estimates that persist under small changes of α.

A substantial early portion of the manuscript is devoted to precisely this problem. In
particular, the analysis passes through the Mellin representation of the fractional operator,
weighted spaces at the two profile endpoints, the exact kernel of the anchor linearization, a
second homogeneous solution, Green-function representations, Fredholm index calculations,
phase fixing, and perturbation estimates for the Mellin symbol.

An important outcome of this audit is that the admissible kernel at the anchor is the
translation mode. The formal adjoint expression that appears in an intermediate Fredholm
calculation does not generate an additional cokernel in the weighted dual space used in
the final formulation. Thus the continuation problem is phase-fixed by removing translation
rather than by introducing an artificial amplitude parameter to compensate for a nonexistent
obstruction.
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1.4 Strict one-phase reduction

A second central ingredient is the use of an affine one-phase variable

sN = C4t− C3z − C2y − C1x− θ∗,N .

For a strict one-phase function
F = F (sN),

the Fourier support lies on the one-dimensional lattice generated by

(C1, C2, C3).

If
κ2 = C2

1 + C2
2 + C2

3 ,

then the three-dimensional fractional Laplacian reduces exactly to

(−∆T3)αF (sN) = κ2α(−∂ss)αF (sN).

The corresponding fractional product commutator reduces in the same way:

R3D
α (F (sN), G(sN)) = κ2αR1D

α (F,G)(sN).

This is an exact Fourier-line identity rather than an approximation of the three-dimensional
symbol.

Particular attention is given to the distinguished phase

sN = t− z − θ∗,N .

Along a characteristic satisfying
ż = bN , ṫ = 1,

one obtains the exact kinematic relation

ṡN = 1− bN .

This simple identity becomes decisive when a terminal power law in the phase variable is
converted into a finite physical time.

1.5 Similarity scaling and the terminal exponent

The similarity exponent depends on the fractional dissipation exponent. The manuscript
derives

rα = 2α− 1.

Accordingly, the candidate terminal behavior has the form

bN,α(s) ≍ s−(2α−1).
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This exponent is not kept fixed at the value inherited from a single specialized choice of
α. One of the central revisions carried out throughout the manuscript is to preserve the full
dependence

2α− 1

over the small-supercritical interval.
If two-sided bounds

c−s
−(2α−1) ≤ bN,α(s) ≤ c+s

−(2α−1)

hold in a terminal region, then the characteristic equation

ṡ = 1− bN,α

converts the phase singularity into finite physical time.
Indeed, for sufficiently small s, one has bN,α ≥ 2, and therefore

1

2
bN,α ≤ −ṡ = bN,α − 1 ≤ bN,α.

Consequently,
1

c+
s2α−1 ≤ dt

−ds
≤ 2

c−
s2α−1.

Integration gives

T∗,N − t ≍ s2α,

and hence

bN,α(t) ≍ (T∗,N − t)−
2α−1
2α .

Thus the finite-time conversion itself is elementary once the two-sided terminal bounds
have been rigorously established. Much of the later manuscript is concerned precisely with
the much harder problem of proving that the complete reconstructed finite-N trajectory
actually enters and remains in the region in which these bounds are valid.

1.6 The Mellin profile equation

The terminal profile analysis is naturally expressed through Mellin variables. For a half-line
power sλ+, the fractional operator takes the form

(−∂ss)αsλ+ = K+
α (λ)s

λ−2α,

with Mellin coefficient

K+
α (λ) =

Γ(λ+ 1)Γ(2α− λ)

π
sin
(︁
π(α− λ)

)︁
.

Writing

F (s) = s−aG(log s), a = α− 1

2
,
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conjugates the fractional operator to a translation-invariant Mellin operator:

(−∂ss)αF = s−a−2αMaG.

The resulting autonomous profile equation studied in the manuscript is of the form

νMaG = G2G′ − cG3,

with an appropriate positive coefficient c, together with heteroclinic endpoint conditions

G(−∞) = 0, G(+∞) = H∗.

At α = 1, an explicit anchor profile is available:

F1(s) =

√︄
3ν

2(s+ s0)
.

After logarithmic normalization this leads to the convenient anchor

Z1(x) = (1 + e−x)−1/2,

up to the normalization adopted in the corresponding section.
We then derive the exact Mellin symbol, study its dependence on α, prove weighted

estimates, identify the translation kernel, construct the second homogeneous solution, and
obtain a phase-fixed inverse. These calculations form the analytic foundation of the local
profile continuation theorem near α = 1.

1.7 Lambert W , finite-N regularization, and the cascade

A distinctive feature of the construction is the use of the principal real branch of the Lambert
W -function,

W0.

The finite-N regularization and the associated iterated Lambert dynamics are used to control
coefficients entering the reconstructed scalar equation.

A recurring renormalized variable is governed by the map

∆N,k+1 = 1 +W0

(︁
−e−1−∆N,k

)︁
.

Near the Lambert branch point the map has a square-root structure, while away from the
branch core it approaches a positive attracting fixed point. The manuscript develops this
dynamics in considerable detail because derivatives of the iterates enter the transport and
coefficient equations.

The logarithmic Euler sensitivity

SN,k = E log∆N,k, E = s∂s,
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satisfies an exact multiplicative recurrence

SN,k+1 = A(∆N,k)SN,k,

with

0 < A(∆) <
1

2

on the relevant real interval. This gives the contraction estimate

|SN,k| ≤ 2−k|SN,0|,

together with corresponding higher Euler-derivative bounds.
These identities are subsequently used to control the finite-N coefficient hierarchy, dis-

tinguish fixed-depth and increasing-depth regimes, analyze the branch core, and formulate
the finite-N bridge estimates needed for entry into the terminal similarity region.

1.8 Reconstruction of the velocity field

The scalar b3 cannot be studied in isolation if the final goal is a statement about a recon-
structed fluid system. A substantial part of the paper therefore concerns reconstruction.

Several intermediate reconstruction architectures are examined and audited. The later
raw two-correction architecture is written in the form

uy = A = Q+ S −D, uz = C = Q+ S +D, ux =
b

A
.

Writing
V = Q+ S,

one has
A = V −D, C = V +D.

The algebraic correction D is related to the prescribed Lambert coefficient through the
reconstruction relation, while S is constrained by incompressibility. The exact continuity
equation becomes

∂x

(︃
b

A

)︃
+ Ay + Cz = 0,

or, in the raw variables,

Sy + Sz +Dz −Dy = (C2 + C3)Q
′ − ∂x

(︃
b

A

)︃
.

This equation plays a major role in the later parts of the manuscript. Because it is a
first-order transport-type equation, its inversion requires a normalization and a characteristic
analysis. The paper therefore studies the corresponding continuity-response operator rather
than assuming that the correction S can be chosen arbitrarily.
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1.9 Geometric reconstruction and why it is audited separately

Another major thread concerns the geometric coefficient

χ(x) = sin(x− x∗),

and the intrinsic nonnegative variable

σ = χ2.

Near a zero of χ, the relation
χ = −

√
σ

on a chosen branch introduces fractional geometric powers into the reconstruction.
The paper derives the corresponding characteristic equation for σ, studies the induced

fractional operator in this nonlinear coordinate, and compares it with the flat Mellin operator
in a terminal chart.

This analysis is important for two reasons. First, a nonlinear geometric coordinate cannot
simply be treated as an affine phase variable when applying the fractional Laplacian. Second,
a reconstruction that is regular along a single characteristic need not be regular as a function
on the entire three-dimensional torus.

The later fixed-space audits therefore examine local kinetic energy and Sobolev regularity
near the zeros of the geometric coefficient. They also study whether concentration in a
shrinking transverse region can compensate for the growth of the reconstructed velocity
components. These checks separate a scalar characteristic singularity from a genuine fixed-
space velocity singularity and are essential to the final interpretation of the construction.

1.10 From formal terminal asymptotics to finite-N entry

A recurring logical distinction in the manuscript is the difference between

existence of a terminal profile

and
proof that the prescribed finite-N trajectory reaches that profile.

The profile continuation theorem addresses the first question. The finite-N bridge, first-
crossing, and conormal propagation arguments address the second.

The normalized logarithmic amplitude is compared with the terminal profile, and an
entry mismatch is measured through finitely many Euler derivatives. Once the solution lies
inside the terminal conormal tube, the manuscript derives a propagation mechanism that
keeps it there and yields the terminal power law.

The difficult point is entry. Smoothness of the finite-N solution on a preterminal interval
does not imply closeness to the terminal profile. Accordingly, the paper develops an ex-
plicit first-crossing mechanism based on a restoring scalar field, a finite shape jet, a spectral
corridor, and decaying residual estimates.

This distinction prevents the terminal bootstrap from being used circularly to prove the
assumptions required for entering the terminal bootstrap.
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1.11 The first-crossing mechanism

If YN denotes the normalized logarithmic amplitude, the scalar principal field has the restor-
ing form

PN(Y ) = aN(e
−Y − 1), aN = 2α− 1− 2−kN > 0.

On a bounded bridge corridor this yields a differential inequality of the form

∂τ |YN | ≤ −λbrN |YN |+ ρN(τ),

and hence

|YN(τ)| ≤ e−λbr
N (τ−τ0)|YN(τ0)|+

∫︂ τ

τ0

e−λbr
N (τ−r)ρN(r) dr.

If the complete residual decays sufficiently rapidly, this produces a finite logarithmic
first-crossing time into the certified spectral corridor.

The manuscript emphasizes that amplitude crossing alone is insufficient. The finite Euler-
derivative shape jet must also enter its contraction region. This leads naturally to the spectral
analysis of the complete linearized shape operator.

1.12 Spectral analysis and the raw continuity response

The spectral part of the paper undergoes several successive refinements. Rather than mixing
reconstruction formulas from different stages of the development, the later sections rederive
the bridge operator directly for the raw two-correction architecture.

The exact viscous product block is

VN,α = ANLα

(︃
bN
AN

)︃
+
bN
AN

LαAN ,

where
Lα = (−∆)α.

Its normalized linearization has the universal principal symbol

|ξ|2α.

This supplies the favorable high-frequency ellipticity.
The remaining terms arise from continuity response, algebraic reconstruction, transport,

forcing, and finite coefficient variation. These are treated as finite lower-order corrections
rather than being silently absorbed into the principal fractional term.

Linearization of the raw continuity equation produces a first-order operator

BNΣ = −∂x(pNΣ) + ∂y(qNΣ) + ∂z(rNΣ).

The associated transport direction is

vN = (−pN , qN , rN).
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The manuscript computes this direction explicitly and finds, in particular, the useful identity

qN + rN = 2.

For the transverse coordinate
ω = y + z,

the characteristic speed is therefore constant:

dω

dℓ
= 2.

On a 2π transverse slab this gives the exact flow-box flight time

Lfl
N = π.

This calculation replaces an overly strong isotropic inverse assumption by a characteristic
inversion adapted to the actual transport geometry.

1.13 The role of the forcing and the forced transverse bridge

The forcing used in the reconstruction contains a genuinely three-dimensional component of
the form

G⊥(x, y, z) = sin2 x sin2 y sin2 z.

Consequently, even if one begins with a strictly one-phase scalar datum, the complete forced
evolution need not remain in the one-phase class.

This observation leads to another important refinement. The strict one-phase profile
remains useful for understanding the principal terminal mechanism and the exact fractional
reduction, but the actual pre-entry bridge must account for the persistent transverse forcing.

The later manuscript therefore constructs a forced transverse principal bridge and ulti-
mately a spectrally complete nonlinear forced bridge, denoted schematically by

bF,∗N .

The actual finite-N solution is then compared with this forced bridge, rather than with an
invariant one-phase manifold that the prescribed forcing does not preserve.

This modification absorbs the persistent transverse response into the principal object and
leaves only genuinely decaying coefficient and reconstruction defects to be estimated.

1.14 Compact frequencies, high frequencies, and the certified gap

The stability problem is divided into a compact-frequency block and an analytic high-
frequency tail.

For a Fourier cutoff K, the compact block is represented by a finite Hermitian matrix

HN,K,j = −1

2
PK

(︁
LN,prin,j + L∗

N,prin,j

)︁
PK .
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A rigorous lower bound for its smallest eigenvalue is obtained by enclosing the matrix entries
and the eigenvalue error with directed interval arithmetic.

For the high-frequency tail, the leading fractional dissipation

ν|k|2α

dominates lower-order symbols whose powers are strictly below 2α. This gives an analytic
lower bound of the form

λtail,−N,K = ν(K + 1)2α −
∑︂
j

RN,j(K + 1)ρj , ρj < 2α.

The certified principal spectral gap is therefore

λ0,−N (K) = min
{︂
λcomp,−
N,K , λtail,−N,K

}︂
.

1.15 The final interval-arithmetic certificate

One of the principal achievements of the final portion of the manuscript is to replace an
unspecified phrase such as “the lower-order terms are small” by a single reproducible finite-
N certificate.

The complete lower-order corrections are enclosed separately on the compact frequency
block and on the high-frequency tail:

Ccomp,+
N,M,K , Ctail,+

N,M,K .

The final signed stability margin is

mcert
N,M,K = λ0,−N (K)−max

{︂
Ccomp,+
N,M,K ,C

tail,+
N,M,K

}︂
.

Thus the formerly unresolved strict stability inequality is certified precisely when

mcert
N,M,K > 0.

This condition is intentionally formulated for interval arithmetic. A floating-point cal-
culation whose uncertainty crosses zero is not treated as a negative result; it is treated as
inconclusive and must be refined by increasing precision, subdividing the bridge interval,
improving coefficient enclosures, or changing the spectral cutoff.

The complete finite-N certificate also contains the raw nondegeneracy conditions, the
continuity-response bounds, the forced-bridge contraction criterion, and the raw/Lambert
coefficient-decay estimate. Once these are all verified for one internally consistent parameter
record, the manuscript obtains

∥bN(τ)− bF,∗N (τ)∥JM+2
≤ CN,Me

−ηN τ .

This supplies the pre-entry jet hypothesis required by the first-crossing argument.
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1.16 Logical chain of the finite-N argument

The final finite-N proof architecture can therefore be summarized by the chain

complete reconstructed finite-N data

⇓

raw continuity and reconstruction certification

⇓

existence of the complete forced bridge

⇓

mcert
N,M,K > 0 and coefficient-decay certification

⇓

pre-entry raw-jet convergence

⇓

first crossing into the terminal spectral corridor

⇓

terminal conormal persistence

⇓

bN,α(s) ≍ s−(2α−1)

⇓

T∗,N <∞, bN,α(t) ≍ (T∗,N − t)−
2α−1
2α .

The positivity of
mcert

N,M,K

is therefore an important component of the argument, but it is not by itself the complete
finite-time conclusion. It certifies the required spectral stability margin. The remaining
entries of the complete finite-N certificate must also be verified before the first-crossing and
persistence theorems can be invoked.

1.17 What the manuscript proves conditionally at fixed finite N

The appropriate finite-N conclusion developed by the manuscript may be stated schemati-
cally as follows.

Theorem 1 (Finite-N terminal blow-up implication). Fix N < ∞ and a complete finite-
N parameter record for which the raw reconstruction and continuity bounds, the complete
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forced-bridge contraction condition, the strict interval stability certificate

mcert
N,M,K > 0,

and the required raw/Lambert coefficient-decay estimates are all rigorously verified.
Assume that these certified estimates supply the hypotheses of the finite-N first-crossing

theorem and of the terminal persistence theorem. Then the corresponding reconstructed scalar
quantity bN,α enters the terminal similarity regime and satisfies

c−s
−(2α−1) ≤ bN,α(s) ≤ c+s

−(2α−1)

for sufficiently small s > 0.
Consequently there exists a finite time

T∗,N <∞

such that

bN,α(t) ≍ (T∗,N − t)−
2α−1
2α

as
t ↑ T∗,N .

In particular,

bN,α(t) −→ +∞ as t ↑ T∗,N .

The theorem is deliberately formulated at fixed finite N . The finite-N regularization is
essential to many of the algebraic, characteristic, and interval-certification steps.

1.18 Finite-N scalar blow-up versus a full Navier–Stokes singular-
ity theorem

A central point of interpretation must be stated explicitly.
The implication

complete positive finite-N certificate =⇒ first crossing =⇒ terminal persistence =⇒ T∗,N < ∞, bN,α(t) → ∞

is a statement about the certified finite-N reconstructed scalar dynamics.
It is not, by itself, a theorem asserting finite-time singularity of a limiting three-dimensional

Navier–Stokes solution.
To obtain such a stronger conclusion one would additionally have to justify the limit-

ing passage and the complete velocity-pressure reconstruction in a topology strong enough
to preserve the required nonlinear and fractional relations. Among the issues examined
throughout the manuscript are:

1. exact incompressibility of the reconstructed velocity;

2. solvability and normalization of the continuity correction;

3. compatibility of the reconstructed velocity with the momentum equations;
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4. existence and compatibility of the pressure;

5. control of the fractional commutator and of nonlocal tails;

6. fixed-space regularity near zeros of the geometric coefficients;

7. finite kinetic energy and the required Sobolev bounds;

8. compactness as the regularization parameters vary;

9. preservation of the nonlinear product relation

b3 = uxuy

under the limiting procedure;

10. and sufficient convergence of the fractional dissipative terms to pass to a limiting
equation.

Several of these questions are addressed or reduced to explicit finite conditions in later
parts of the paper.

1.19 Why the manuscript contains repeated audits and revisions

The length of the manuscript reflects the fact that the construction is not developed as
one uninterrupted formal asymptotic calculation. Instead, successive sections revisit earlier
assumptions whenever a new compatibility condition becomes visible.

Examples include the distinction between literal Lambert iteration and the renormalized
Lambert cascade; the replacement of an isolated α = 9/8 calculation by an interval continua-
tion from α = 1; the correction of the Fredholm and adjoint-cokernel analysis; the distinction
between an affine phase and the nonlinear intrinsic geometric variable; the fixed-space audit
of square-root reconstruction; the distinction between profile existence and actual trajectory
entry; the direct rederivation of the spectral operator for the raw two-correction architecture;
the characteristic inversion of the continuity response; and the replacement of a one-phase
pre-entry bridge by a forced transverse bridge when the actual three-dimensional forcing is
taken into account.

These are not merely changes of notation. They represent logically distinct questions:

Does the formal profile exist?
Does the finite-N trajectory approach it?

Does the reconstructed velocity remain divergence free?
Does the fractional operator have the claimed leading behavior?

Are the lower-order terms genuinely dominated?
Does the characteristic reach the terminal point in finite time?
Can the result be passed to a limiting three-dimensional field?

The purpose of the audit structure is to prevent an affirmative answer to one of these
questions from being used automatically as an affirmative answer to the others.
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1.20 Organization of the manuscript

The more than four hundred pages that follow may be viewed as a sequence of interlocking
stages.

The opening parts derive the exact b3 product equation, introduce the fractional com-
mutator, formulate the strict one-phase reduction, identify the similarity exponent

2α− 1,

and set up continuation from the explicit α = 1 profile.
The next major group of sections develops the Mellin formulation of the fractional profile

problem. It computes the Mellin symbol, establishes its dependence on α, analyzes the ex-
plicit anchor, determines the translation kernel and second homogeneous solution, constructs
Green representations, fixes the phase, and establishes the functional-analytic framework for
continuation on a nonempty interval above α = 1.

The manuscript then turns from the abstract profile to the finite-N dynamics. It de-
velops entry estimates, terminal bootstrap inequalities, coefficient gaps, invariant regions,
compactness requirements, and the exact Lambert coefficient calculus needed to control the
regularized coefficients.

A further sequence of parts audits the increasing-depth Lambert cascade, coefficient
convergence, cutoff interpretations, periodic geometry, the intrinsic variable

σ = χ2,

the induced fractional operator, weighted geometric remainders, upper invariant-boundary
signs, and the complete finite-amplitude bracket.

The next stage examines the reconstruction in fixed physical space. It derives the ex-
act signed transverse-derivative terms, characteristic maps, coefficient hierarchy, Lambert-
product estimates, fixed-space velocity behavior, transverse concentration widths, scalar
fractional dissipation, and critical coupled N -terminal paths.

The later parts revisit the construction using the raw two-correction variables

A = Q+ S −D, C = Q+ S +D, ux =
b

A
.

This leads to the direct raw spectral rederivation, the continuity-response operator, its nor-
malization and characteristic inverse, pressure compatibility, the outer-bridge linearization,
and the scalar slaved-continuity stability problem.

The final stages incorporate the genuinely three-dimensional forcing into a forced trans-
verse principal bridge. They then construct a spectrally complete forced bridge, split the
stability problem into compact and high-frequency sectors, and formulate a reproducible
interval-arithmetic certificate.

The culminating finite quantity is

mcert
N,M,K .

Its positivity, together with the other finite certificate conditions, provides the pre-entry
stability information required by the first-crossing and terminal-persistence machinery.
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1.21 A guide to the main mathematical themes

For readers approaching the manuscript for the first time, the analysis can be organized
around the following interacting themes:

1. Exact scalar reduction. The quantity

b3 = uxuy

is derived from the momentum equations rather than postulated as an independent
model.

2. Fractional product structure. The nonlocal dissipative term is handled through
the exact fractional commutator rather than an ordinary Leibniz rule.

3. One-phase Fourier reduction. Strict affine one-phase fields reduce the periodic
fractional Laplacian exactly to a one-dimensional fractional operator.

4. Mellin analysis. Power-law terminal behavior becomes translation invariant after
logarithmic conjugation, making the Mellin symbol the natural object for continuation.

5. Continuation from α = 1. The explicit classical anchor is used to construct profiles
for a nonempty interval of exponents above one.

6. Lambert W regularization. The finite-N coefficient hierarchy is generated and
controlled through a renormalized Lambert cascade and its Euler sensitivities.

7. Reconstruction and incompressibility. The scalar variable is embedded into veloc-
ity components whose continuity correction must satisfy a genuine transport equation.

8. Intrinsic geometry. Zeros of the periodic geometric coefficient require a separate
nonlinear coordinate analysis and a fixed-space regularity audit.

9. Entry versus persistence. Existence of a terminal profile is separated from the
proof that the prescribed finite-N trajectory actually reaches it.

10. Spectral coercivity. The complete linearized operator is decomposed into a favorable
fractional principal part and finite lower-order reconstruction terms.

11. Forced transverse dynamics. The actual three-dimensional forcing is incorporated
into the principal bridge rather than being incorrectly treated as a decaying one-phase
error.

12. Interval certification. The final strict inequalities are formulated so that they can be
verified by directed interval arithmetic for a fully specified finite-N parameter record.

13. Finite-time conversion. Once terminal persistence gives

bN,α(s) ≍ s−(2α−1),
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the characteristic law
ṡ = 1− bN,α

implies
T∗,N <∞

and the temporal rate

bN,α(t) ≍ (T∗,N − t)−
2α−1
2α .

14. Separation of finite-N and limiting conclusions. The paper distinguishes care-
fully between a certified finite-N scalar terminal law and the additional work required
for a full limiting three-dimensional Navier–Stokes singularity statement.

1.22 Perspective

The central methodological principle of this manuscript is that a candidate singular mecha-
nism should survive a sequence of increasingly stringent tests.

A formal power law is not enough. It must solve the appropriate profile equation.
A profile solution is not enough. Its linearization must have the correct Fredholm struc-

ture and the profile must persist as α varies.
Continuation of the profile is not enough. The actual finite-N reconstructed trajectory

must enter its neighborhood.
Entry of a scalar variable is not enough. The continuity correction, fractional commuta-

tor, forcing, pressure, and reconstructed velocity must remain compatible.
A favorable principal symbol is not enough. Compact frequencies and lower-order terms

must satisfy a strict quantitative gap.
A numerical indication of such a gap is not enough. The final sign must be certified with

controlled numerical error.
And finally, a finite-N scalar terminal law is not automatically a singularity theorem for

a limiting three-dimensional Navier–Stokes solution. The limiting reconstruction and the
required compactness must be proved separately.

For this reason the manuscript culminates not in an unspecified assertion that all error
terms are sufficiently small, but in a finite reproducible certification problem. For a complete
parameter record, the principal stability margin is encoded by

mcert
N,M,K = λ0,−N (K)−max

{︂
Ccomp,+
N,M,K ,C

tail,+
N,M,K

}︂
.

When the complete collection of finite-N certificate conditions is verified, including

mcert
N,M,K > 0,

the first-crossing and terminal-persistence framework yields the finite-N scalar terminal law

bN,α(t) ≍ (T∗,N − t)−
2α−1
2α , T∗,N <∞.
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Accordingly, the more than four hundred pages that follow should be read as a progressive
verification of the implication

exact reconstructed dynamics =⇒ continued terminal profile =⇒ finite-N coefficient control

=⇒ certified pre-entry bridge =⇒ first crossing =⇒ terminal persistence =⇒ finite-time scalar amplification,

together with a detailed accounting of the additional reconstruction and limiting questions
that separate this finite-N conclusion from a full three-dimensional Navier–Stokes singularity
theorem.

This organization is intended to make the logical dependencies of the construction ex-
plicit. Each later certification should be read not as an independent auxiliary calculation,
but as an attempt to close one of the specific implications required by this chain.

2 Part A

We start with a proof program for an interval first, and only state unconditional finite-
time blow-up after the continuation, entry/bootstrap, coefficient-gap, and limit estimates
have actually been established uniformly for 1 < α < 1 + δ.

Part I. The b3 equation uniformly for 1 < α < 1 + δ

Fix an as-yet-undetermined

δ > 0

and consider

1 < α < 1 + δ <
5

4
.

The point is that δ will ultimately be produced by a continuation argument from the
exactly solvable endpoint α = 1, rather than chosen numerically in advance.

Start with the hyperdissipative velocity equations on T3,

∂tu+ (u · ∇)u+∇P + ν(−∆)αu = f, ∇ · u = 0,

where

1 < α < 1 + δ.

Define

b = b3 := uxuy.

This is exactly the physical product used by the manuscript.
Taking a time derivative gives

bt = uyux,t + uxuy,t,
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while

u · ∇b = uy(u · ∇ux) + ux(u · ∇uy).

Multiply the x-momentum equation by uy, the y-momentum equation by ux, and add.
This gives the exact identity

bt + u · ∇b+ uyPx + uxPy + ν [uy(−∆)αux + ux(−∆)αuy] = uyfx + uxfy. (1)

This equation is already derived exactly in the manuscript.
The important change is that we now regard (1) as holding uniformly over an interval

of exponents

α ∈ (1, 1 + δ)

rather than immediately specializing to

α =
9

8
.

Fractional product identity

For α > 1, one cannot use the ordinary Leibniz rule. Define the exact commutator

Rα(f, g) := (−∆)α(fg)− f(−∆)αg − g(−∆)αf.

Thus

(−∆)α(uxuy) = uy(−∆)αux + ux(−∆)αuy +Rα(ux, uy).

Since b = uxuy,

uy(−∆)αux + ux(−∆)αuy = (−∆)αb−Rα(ux, uy).

Substitution into (1) therefore gives

bt + u · ∇b+ uyPx + uxPy + ν(−∆)αb = uyfx + uxfy + νRα(ux, uy). (2)

This is the correct no-double-counting form. The manuscript derives precisely this struc-
tural separation: one principal scalar fractional term and a separate product-commutator
contribution.

In Fourier variables,

ˆ︂Rα(f, g)(k) =
∑︂
ℓ∈Z3

(︁
|k|2α − |ℓ|2α − |k − ℓ|2α

)︁ ˆ︁f(ℓ)ˆ︁g(k − ℓ). (3)

The manuscript already gives this exact formula.
Nothing in (1)–(3) depends on choosing α = 9/8.
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Reconstruction variables

Retain the manuscript’s variables

A := uy, C := uz, ux =
b

A
.

Then

u =

(︃
b

A
,A,C

)︃
.

Consequently,

u · ∇b = b

A
bx + Aby + Cbz.

After the completed reconstruction, pressure rearrangement, Lambert coefficient, forcing
and fractional decomposition are inserted, its corrected scalar equation is

bt + bbz + AC2bx +
bC2

A
by + b

Ct + Cz

C
+ 2AbCx + 2

b2

A
Cy

= LNb
2 + 2CGforc − ν(−∆)αb+ F rem

frac .
(4)

This is this paper’s b3-dynamics equation.
Equation (4), rather than a α = 9/8 specialization,(attempted it separately) should

become the starting scalar PDE to work with.

Now impose the strict one-phase architecture

Take

sN = C4t− C3z − C2y − C1x− θ∗,N

and

uN(x, y, z, t) = UN(sN).

Hence

bN = BN(sN), AN = AN(sN), CN = CN(sN).

This is exactly the standing generalized affine one-phase architecture introduced.
If

κ2 = C2
1 + C2

2 + C2
3 ,

then for every one-phase scalar F (sN),

(−∆T3)αF (sN) = κ2α(−∂ss)αF (sN). (5)
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This is exact, not asymptotic. Therefore

Rmulti,N = 0

for every

1 < α < 1 + δ.

We establish this one-phase identity.
This is particularly valuable for the interval argument: we do not need to prove a three-

dimensional fractional-symbol approximation uniformly in α. It is identically exact through-
out the interval.

Use the distinguished phase for the first interval theo-

rem

For the first proof I would make the stronger specialization

C1 = C2 = 0, C3 = C4 = 1.

Then

sN = t− z − θ∗,N

and

κ = 1.

Consequently,

(−∆T3)αF (sN) = (−∂ss)αF (sN).

Moreover incompressibility gives

C1ux + C2uy + C3uz = KN ,

so

uz = KN

is constant in phase. Therefore

Cs = 0,

and all the reconstruction terms in (4) containing Cs vanish.
Most importantly, along a characteristic,

ṡN = 1− bN . (6)
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This keeps the exact phase law used for the finite-time conversion.
Thus the interval proof should first be developed in this distinguished one-phase subclass.

The more general affine coefficients can be reconsidered afterward.

The interval-dependent similarity exponent

For general

1 < α < 1 + δ,

the similarity balance gives

rα = 2α− 1. (7)

Therefore we should no longer normalize with

WN =
s5/4bN
pN

,

because 5/4 belongs specifically to α = 9/8.
Instead define

rα := 2α− 1

and

WN,α(s) :=
srαbN(s)

pN,α

. (8)

Equivalently,

bN(s) = pN,αs
−(2α−1)WN,α(s). (9)

Since

α = 1 + ε,

we have

rα = 1 + 2ε.

Thus throughout the desired interval,

1 < rα < 1 + 2δ.

This replaces every occurrence of the fixed exponent 5/4 in the terminal normalization
by the parameter-dependent exponent

2α− 1.
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The profile equation for the whole interval

The important finding is slightly different from my previous answer: the equation is not
merely postulated in the earlier work. There is an exact H → F derivation.
However, the files themselves carefully distinguish that exact derivation from the preceding
reduction of the full 3D reconstructed b3-PDE to the H-profile equation.

1. The actual starting equation

The terminal similarity ansatz is

b(s, y) = s−pB(Y ), Y =
y − y∗
sβ

, p = 2α− 1.

Then introduce

H(Y ) =
√︁
B(Y ) .

The manuscript defines the longitudinal similarity operator through

(−∂ss)α
[︃
s−p/2H

(︃
y − y∗
sβ

)︃]︃
y−y∗=sβY

= s−p/2−2α
(︁
Lα,βH

)︁
(Y ).

After the transverse/reconstruction remainders have been made lower order, the terminal
similarity equation obtained from the b3 balance is

βY B′ + (p− γ)B = −2νB−1/2Lα,β

√
B. (1)

This is explicitly described as the leading-order profile equation supplied by the multidi-
mensional fractional b3-balance.

Since

B = H2, B′ = 2HH ′, B−1/2 =
1

H
,

(1) becomes

2βY HH ′ + (p− γ)H2 = −2ν

H
Lα,βH.

Multiplication by H/2 gives the crucial intermediate equation

νLα,βH + βY H2H ′ +
p− γ

2
H3 = 0. (2)

This part is exact wherever H > 0.
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2. Now comes the exact transformation producing the

RHS

Set

a =
p

2
= α− 1

2

and define

H(Y ) = saF (s), Y = s−β. (3)

The similarity operator satisfies

Lα,βH = sa+2α(−∂ss)αF. (4)

This is the step that transforms the fractional term.
Now differentiate Y = s−β:

dY

ds
= −βs−β−1 = −βY

s
.

Also,

H = saF

gives

dH

ds
= asa−1F + saF ′ = sa−1(aF + sF ′).

Therefore, by the chain rule,

H ′(Y ) =
dH/ds

dY/ds
= − sa

βY
(aF + sF ′).

Thus

H ′(Y ) = − sa

βY
(aF + sF ′). (5)

3. This produces F 2F ′

Since

H2 = s2aF 2,

we have
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βY H2H ′ = βY (s2aF 2)

[︃
− sa

βY
(aF + sF ′)

]︃
= −s3aF 2(aF + sF ′).

Therefore

βY H2H ′ = −s3a
(︁
aF 3 + sF 2F ′)︁ . (6)

Notice something important: the factor β cancels exactly. This explains why the
transverse similarity exponent does not occur in the final one-dimensional F -equation.

4. The second nonlinear term produces the remaining

cubic piece

Because

H3 = s3aF 3,

we have

p− γ

2
H3 =

p− γ

2
s3aF 3. (7)

Add (6) and (7):

βY H2H ′ +
p− γ

2
H3 = −s3asF 2F ′

+ s3a
[︃
−a+ p− γ

2

]︃
F 3.

But

a =
p

2
,

so

−a+ p− γ

2
= −p

2
+
p

2
− γ

2
= −γ

2
.

Hence

βY H2H ′ +
p− γ

2
H3 = −s3a

[︂
sF 2F ′ +

γ

2
F 3
]︂
. (8)
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5. Substitute into the H-profile equation

Equation (2) was

νLα,βH + βY H2H ′ +
p− γ

2
H3 = 0.

Using (4) and (8),

νsa+2α(−∂ss)αF − s3a
[︂
sF 2F ′ +

γ

2
F 3
]︂
= 0.

Therefore

νsa+2α(−∂ss)αF = s3a+1
[︂
F 2F ′ +

γ

2s
F 3
]︂
. (9)

Now use

a = α− 1

2
.

Then

a+ 2α = 3α− 1

2
,

while

3a+ 1 = 3

(︃
α− 1

2

)︃
+ 1 = 3α− 1

2
.

Hence

a+ 2α = 3a+ 1.

The powers of s on the two sides are therefore identical, so they cancel. We identify
this exponent identity as the reason for choosing a = α− 1

2
.

We obtain

ν(−∂ss)αF = F 2F ′ +
γ

2s
F 3, s > 0. (10)

So the RHS is now completely accounted for.

6. The divergence-form check

Since

(F 3)′ = 3F 2F ′,

we have
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s−3γ/2 d

ds

(︁
s3γ/2F 3

)︁
= s−3γ/2

[︃
3γ

2
s3γ/2−1F 3 + 3s3γ/2F 2F ′

]︃
= 3F 2F ′ +

3γ

2s
F 3.

Thus equation (10) is equivalently

3ν(−∂ss)αF = s−3γ/2 d

ds

(︁
s3γ/2F 3

)︁
.

The manuscript explicitly gives this equivalent divergence form as a check.

7. Where does the κ2α factor enter?

If

sN = C4t− C3z − C2y − C1x− θ∗,N

and

κ2 = C2
1 + C2

2 + C2
3 ,

then for a strict one-phase function,

(−∆T3)αF (sN) = κ2α(−∂ss)αF (sN).

The proof is Fourier-theoretic: the n-th Fourier mode of F (sN) has spatial wave vector

−n(C1, C2, C3),

whose fractional-Laplacian multiplier is

|n(C1, C2, C3)|2α = |n|2ακ2α.

That produces the generalized affine form

νκ2α(−∂ss)αFα = F 2
αF

′
α +

γα
2s
F 3
α. (11)

Now κ2α must either remain visible or be absorbed into an effective one-dimensional
viscosity

νeff = νκ2α.

The exact one-phase reduction leads to

νκ2α(−∂ss)αFα = F 2
αF

′
α +

γα
2s
F 3
α. (10)

We derive this equation for general α.
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In our distinguished phase, κ = 1, so

ν(−∂ss)αFα = F 2
αF

′
α +

γα
2s
F 3
α. (11)

Instead of fixing

γ =
1

2
,

(when I chose α = 9/8 for example) instead choose a continuation law

γα = λ(α− 1), λ > 0. (12)

Then

γα → 0 (α ↓ 1).

At the endpoint,

(α, γ) = (1, 0),

equation (11) becomes

−νF ′′
1 = F 2

1F
′
1,

which integrates exactly to

−νF ′
1 =

1

3
F 3
1

and hence

F1(s) =

√︄
3ν

2(s+ s0)
. (13)

We then identify this exact solution as the continuation anchor.

The theorem we should actually try to prove

We should not yet begin by asserting blow-up for the interval. We should formulate
the following continuation theorem as the first major new target:

There exists δ0 > 0 such that, for every 1 < α < 1 + δ0 with γα = λ(α −
1), the phase-normalized profile equation (11) possesses a positive solution
Fα satisfying the required endpoint conditions, and Fα → F1 in a weighted
Banach space as α ↓ 1.

(14)

We should aim for the stronger quantitative estimate
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⃦⃦⃦⃦
Fα − F1

F1

⃦⃦⃦⃦
X

≤ C(α− 1). (15)

If

Cδ0 <
1

2
,

then

Fα ≥ F1 − |Fα − F1| ≥
1

2
F1 > 0,

so positivity follows uniformly:

Fα(s) > 0 ∀s > 0, 1 < α < 1 + δ0. (16)

That would remove the need for the difficult general-α maximum-principle argument.

What finite-time blow-up would then look like

Once the profile, entry, bootstrap, coefficient gap, and limiting theorem have all been estab-
lished uniformly, we would obtain

b3(s) ≍ s−(2α−1).

Using

ṡ = 1− b3,

the singular term dominates, so

−ṡ ≍ s−(2α−1).

Hence

dt ≍ s2α−1 ds,

and therefore

T∗ − t ≍ s2α. (17)

Consequently,

s ≍ (T∗ − t)1/(2α)

and

b3(t) ≍ (T∗ − t)−
2α−1
2α . (18)

40



Thus the eventual interval theorem would have the form

∀α ∈ (1, 1 + δ0) : lim
t↑T∗,α

b3(t) = +∞, T∗,α <∞. (19)

But (19) is the conclusion we are working toward, not something we should state as
proved before establishing the uniform continuation and closure estimates.

The next mathematical step should therefore be very focused: linearize (11) at the
explicit (α, γ, F ) = (1, 0, F1), fix the translation mode, construct an explicit inverse
for the resulting second-order operator, and prove the operator estimates needed
for an implicit-function theorem uniformly for 1 < α < 1 + δ. That is where we can
try to prove the existence of a genuine δ > 0, rather than merely assume one.

3 Part B

We can do the linearization explicitly, and it exposes both the promising part of the α ↓ 1
strategy and one point that has to be handled carefully.

The manuscript supports the starting point: for general α, the strict one-phase profile
equation is

νeff(−∂ss)αF = F 2F ′ +
γ

2s
F 3,

and in the distinguished phase κ = 1, νeff = ν.

1. Set up the continuation problem

Write

α = 1 + ε, γ = λε, 0 ≤ ε < δ.

Define

G (ε, F ) = ν(−∂ss)1+εF − F 2F ′ − λε

2s
F 3. (20)

We seek

G (ε, Fε) = 0.

At ε = 0,

ν(−∂ss)F1 − F 2
1F

′
1 = 0.

Using

(−∂ss)F = −F ′′,

this is
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−νF ′′
1 − F 2

1F
′
1 = 0. (21)

Integrating,

−νF ′
1 −

1

3
F 3
1 = C.

For the decaying branch, C = 0, so

−νF ′
1 =

1

3
F 3
1 . (22)

Consequently

F1(s) =

√︄
3ν

2(s+ s0)
, s0 > 0. (23)

This is precisely the α = 1, γ = 0 anchor identified in the manuscript.

2. Linearize at F1

Let

F = F1 + h.

At ε = 0,

DFG (0, F1)h = −νh′′ − F 2
1 h

′ − 2F1F
′
1h.

Therefore define

L1h = −νh′′ − F 2
1 h

′ − 2F1F
′
1h. (24)

But

(F 2
1 h)

′ = F 2
1 h

′ + 2F1F
′
1h,

so

L1h = −
(︁
νh′ + F 2

1 h
)︁′
. (25)

This factorization is the main advantage of continuing from α = 1.
Since

F 2
1 =

3ν

2(s+ s0)
,

we obtain
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L1h = −ν
[︃
h′ +

3

2(s+ s0)
h

]︃′
. (26)

So inversion of the linearized profile operator reduces to two first-order integrations.

3. Determine the kernel exactly

Set

L1h = 0.

Then [︃
h′ +

3

2(s+ s0)
h

]︃′
= 0.

Hence

h′ +
3

2(s+ s0)
h = C1. (27)

The integrating factor is

µ(s) = (s+ s0)
3/2.

Thus [︁
(s+ s0)

3/2h
]︁′
= C1(s+ s0)

3/2.

Integration gives

(s+ s0)
3/2h =

2C1

5
(s+ s0)

5/2 + C2.

Therefore

h(s) =
2C1

5
(s+ s0) + C2(s+ s0)

−3/2. (28)

The first mode grows linearly and is excluded from any decaying profile space.
Thus the admissible kernel is

kerL1 = span
{︁
(s+ s0)

−3/2
}︁
. (29)

And

∂s0F1 = −1

2

√︃
3ν

2
(s+ s0)

−3/2.

Hence
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kerL1 = span{∂s0F1}. (30)

So the only admissible zero mode is exactly the one-parameter s0-modulation of the
explicit family.

This is excellent for continuation: it is not an unexplained degeneracy.

4. Fix the zero mode

We need one normalization.
A simple choice is to fix the value at s = 0:

Fε(0) = F1(0). (31)

For the perturbation this means

h(0) = 0. (32)

But the kernel function satisfies

(s0)
−3/2 ̸= 0.

Therefore (32) removes the kernel.
Equivalently we could treat s0 as a modulation parameter and impose an orthogonality

condition. For a first proof, (31) is simpler.

5. Construct the inverse explicitly

Solve

L1h = f.

From (26),

−ν
[︃
h′ +

3

2(s+ s0)
h

]︃′
= f.

Define

g(s) = h′ +
3

2(s+ s0)
h.

Then

g′(s) = −1

ν
f(s).

If the admissible solution satisfies g(∞) = 0, then
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g(s) =
1

ν

∫︂ ∞

s

f(τ) dτ. (33)

Now solve

h′ +
3

2(s+ s0)
h = g(s).

Multiplying by (s+ s0)
3/2,[︁

(s+ s0)
3/2h(s)

]︁′
= (s+ s0)

3/2g(s).

Using h(0) = 0,

h(s) =
1

ν(s+ s0)3/2

∫︂ s

0

(σ + s0)
3/2

[︃∫︂ ∞

σ

f(τ) dτ

]︃
dσ. (34)

Thus we have an explicit candidate inverse

(L−1
1 f)(s) =

1

ν(s+ s0)3/2

∫︂ s

0

(σ + s0)
3/2

∫︂ ∞

σ

f(τ) dτ dσ. (35)

This is considerably simpler than the Mellin inverse required at α = 9/8.

6. A first weighted estimate

Suppose

|f(s)| ≤M(s+ s0)
−2−η, η > 0. (36)

Then ⃓⃓⃓⃓∫︂ ∞

σ

f(τ)dτ

⃓⃓⃓⃓
≤ M

1 + η
(σ + s0)

−1−η.

Therefore

|h(s)| ≤ M

ν(1 + η)
(s+ s0)

−3/2

∫︂ s

0

(σ + s0)
1/2−ηdσ.

For η ̸= 3/2, ∫︂ s

0

(σ + s0)
1/2−ηdσ =

(s+ s0)
3/2−η − s

3/2−η
0

3/2− η
.

Hence for

0 < η <
3

2
,
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|h(s)| ≤ M

ν(1 + η)(3/2− η)
(s+ s0)

−η. (37)

Thus

sup
s≥0

(s+ s0)
η|h(s)| ≤ Cν,ηM. (38)

This gives an explicit weighted L∞ inverse estimate.
Differentiating

h′ = g − 3

2(s+ s0)
h

also yields

|h′(s)| ≤ Cν,ηM(s+ s0)
−1−η. (39)

And the equation itself gives the corresponding second derivative estimate.
So a natural first pair of spaces is schematically

Xη =
{︁
h : sup(s+ s0)

η|h|+ sup(s+ s0)
1+η|h′|+ sup(s+ s0)

2+η|h′′| <∞
}︁
,

with

Yη =
{︁
f : sup(s+ s0)

2+η|f | <∞
}︁
.

Then, after the phase condition,

L−1
1 : Yη −→ Xη (40)

has an explicit bound.

7. Expand the fractional operator in ε

Now set

α = 1 + ε.

On the Fourier side,

ˆ︂(−∂ss)1+εF (ξ) = |ξ|2+2ε ˆ︁F (ξ).
Since

|ξ|2+2ε = |ξ|2e2ε log |ξ|,

we obtain formally
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|ξ|2+2ε = |ξ|2 + 2ε|ξ|2 log |ξ|+O
(︁
ε2|ξ|2 log2 |ξ|

)︁
.

Therefore

(−∂ss)1+ε = (−∂ss) + 2ε(−∂ss) log |D|+O(ε2). (41)

In particular,

∂α(−∂ss)α|α=1 = 2(−∂ss) log |D|. (42)

This is the operator whose weighted mapping properties now need to be proved.

8. Compute the first continuation correction

Seek

Fε = F1 + εΦ +O(ε2). (43)

Insert this and

γ = λε

into

G (ε, Fε) = 0.

The zeroth-order equation vanishes.
At order ε,

L1Φ + 2ν(−∂ss) log |D|F1 −
λ

2s
F 3
1 = 0.

Therefore

L1Φ = −2ν(−∂ss) log |D|F1 +
λ

2s
F 3
1 . (44)

Using our explicit inverse,

Φ = L−1
1

[︃
−2ν(−∂ss) log |D|F1 +

λ

2s
F 3
1

]︃
. (45)

So the first derivative of the profile branch with respect to α is, in principle, explicitly
determined.
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9. But equation (44) reveals a problem with γ = λ(α− 1)

Because

F1(0) > 0,

the term

F 3
1

s

behaves like

F1(0)
3

s
(s ↓ 0).

That is singular.
This means that the simple continuation

γ = λ(α− 1)

from the shifted profile

F1(s) = C(s+ s0)
−1/2

does not automatically belong to the weighted spaces just proposed.
This is an important finding.
There are two clean possibilities:

A. Set γ ≡ 0

throughout the small interval, or reformulate the endpoint/profile space so that the γF 3/s
term is compatible with the required behavior at s = 0.

For the first interval theorem, γ = 0 is substantially cleaner.
Then

ν(−∂ss)αFα = F 2
αF

′
α. (46)

At α = 1, this is exactly solved by F1.
The first correction becomes simply

L1Φ = −2ν(−∂ss) log |D|F1. (47)

This removes the artificial 1/s singularity from the continuation problem.
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10. The actual implicit-function theorem

Define, with γ = 0,

G (α, F ) = ν(−∂ss)αF − F 2F ′. (48)

We have

G (1, F1) = 0

and

DFG (1, F1) = L1.

After imposing

F (0) = F1(0),

the admissible kernel of L1 is removed.
Suppose we prove that for appropriate weighted spaces X,Y ,

L1 : X0 → Y

is a bounded isomorphism, and that

(α, F ) ↦→ (−∂ss)αF

is C1 from a neighborhood of

(1, F1)

into Y .
Then the Banach-space implicit-function theorem gives

∃ δ > 0 ∃!Fα for 1 < α < 1 + δ (49)

with

G (α, Fα) = 0

and

∥Fα − F1∥X ≤ C|α− 1|. (50)

This would be an analytic interval theorem, not a numerical certificate at a single
exponent.
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11. Positivity then follows from a relative norm

We should choose X so that it controls

F − F1

F1

.

Suppose the continuation estimate is strengthened to

sup
s>0

|Fα(s)− F1(s)|
F1(s)

≤ C∗(α− 1). (51)

Choose

δ <
1

2C∗
. (52)

Then for every

1 < α < 1 + δ,

Fα ≥ F1 − C∗(α− 1)F1 >
1

2
F1.

Hence

Fα(s) > 0 ∀s > 0. (53)

This would solve the profile-positivity obligation for the entire interval at once.

12. What we have proved and what remains before in-

voking IFT

We have now proved algebraically:

L1h = −ν
(︃
h′ +

3

2(s+ s0)
h

)︃′

and found its admissible kernel exactly,

kerL1 = span{∂s0F1}.

After fixing F (0), that kernel disappears. We have also obtained the explicit inverse
formula (35) and elementary weighted estimates such as (38)–(39).

What is not yet proved is the crucial nonlocal functional-analysis statement

(α, F ) ↦→ (−∂ss)αF is C1 between the exact weighted spaces needed here (54)
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with constants uniform for

1 ≤ α ≤ 1 + δ.

There is also a domain issue we must settle carefully: the fractional profile operator is
inherited from the whole-line one-phase fractional Laplacian, whereas F1(s) = C(s+ s0)

−1/2

has so far been written only for s > 0. Before applying the whole-line Fourier multiplier in
(41), we must specify the whole-line extension/profile formulation consistently. We cannot
simply apply log |D| to an unspecified half-line extension.

So the next proof step is now sharply defined: choose the whole-line weighted profile
space and extension compatible with (−∂ss)α, then prove the uniform multiplier
estimate needed for (54). Only after that would the implicit-function theorem genuinely
produce the desired δ > 0.

4 Part C

The next step is to make the continuation argument mathematically well-posed on the same
whole-line fractional operator used. We continue from the γ = 0 interval formulation, since
that avoids the F 3/s singularity we just uncovered.

13. Put the profile problem on the whole line

We want

ν(−∂ss)αFα = F 2
αF

′
α, 1 < α < 1 + δ. (55)

The difficulty is that our explicit anchor

F1(s) =

√︄
3ν

2(s+ s0)

was written for s > 0, whereas the Fourier definition

ˆ︂(−∂ss)αf(ξ) = |ξ|2α ˆ︁f(ξ) (56)

is naturally a whole-line operator.
We therefore should not arbitrarily extend F1. Instead, it is better to use a coordinate

in which the endpoint s = 0 is sent to infinity and the profile problem becomes a whole-line
problem—the same basic idea already used by the Mellin/logarithmic formulation.

Set

x = log s, s = ex. (57)

Then

s ↓ 0 ⇐⇒ x→ −∞, s→ ∞ ⇐⇒ x→ +∞.
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This turns the half-line profile into a whole-line heteroclinic-type problem.
There is, however, an important distinction: the fractional Laplacian is not translation

invariant in x after this change. It becomes the Mellin-conjugated operator used rather
than simply |Dx|2α. That is precisely why its Mellin symbol is introduced.

14. Use the general α Mellin conjugation

For the terminal similarity problem define

aα := α− 1

2
. (58)

The natural conjugation is

Gα(x) = saαFα(s), s = ex. (59)

Thus

Fα(s) = s−aαGα(log s). (60)

At α = 1,

a1 =
1

2
.

For the explicit anchor,

F1(s) = cν(s+ s0)
−1/2, cν :=

√︃
3ν

2
,

we obtain

G1(x) = ex/2F1(e
x) = cν

(︃
ex

ex + s0

)︃1/2

.

Hence

G1(x) =
cν√

1 + s0e−x
. (61)

Now we have an explicit whole-line profile.
Its endpoints are

G1(−∞) = 0, G1(+∞) = cν . (62)

This is exactly the geometry we want: the explicit α = 1 solution has become a smooth
whole-line connector.
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15. Normalize the right equilibrium

Define

Z1(x) =
G1(x)

cν
. (63)

Then

Z1(x) =
1√

1 + s0e−x
. (64)

Consequently

Z1(−∞) = 0, Z1(+∞) = 1,

and

0 < Z1(x) < 1. (65)

This gives us an explicit positive whole-line connector at the continuation end-
point α = 1.

Its derivative is

Z ′
1(x) =

s0e
−x

2(1 + s0e−x)3/2
> 0. (66)

Thus Z1 is strictly increasing.

16. Endpoint asymptotics are explicit

As x→ −∞,

s0e
−x → ∞.

Therefore

Z1(x) = s
−1/2
0 ex/2

(︁
1 + s−1

0 ex
)︁−1/2

.

Using

(1 + y)−1/2 = 1− 1

2
y +

3

8
y2 +O(y3),

we obtain

Z1(x) = s
−1/2
0 ex/2 − 1

2
s
−3/2
0 e3x/2 +

3

8
s
−5/2
0 e5x/2 +O(e7x/2). (67)

So the left indicial exponent at the anchor is
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q−(1) =
1

2
. (68)

For general α, the formula is

q−(α) = 2α− 3

2
.

Therefore

q−(1 + ε) =
1

2
+ 2ε, (69)

which converges continuously to the exact anchor exponent.
That is a strong consistency check on the proposed continuation.

17. Right endpoint

As x→ +∞,

s0e
−x → 0.

Hence

Z1(x) = 1− s0
2
e−x +

3s20
8
e−2x +O(e−3x). (70)

Thus

1− Z1(x) ∼
s0
2
e−x. (71)

The right stable exponent at the anchor is therefore

r+(1) = 1. (72)

This is useful because the continuation begins with strictly positive endpoint exponents:

q−(1) =
1

2
> 0, r+(1) = 1 > 0.

By continuity, we should expect both to remain positive for sufficiently small α− 1, once
the corresponding indicial roots are proved continuous.

18. Fix translation exactly

The parameter s0 is just translation in x.
Indeed,

Z1(x) = (1 + s0e
−x)−1/2.
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Write

s0 = ex0 .

Then

Z1(x) =
(︁
1 + e−(x−x0)

)︁−1/2
.

Thus changing s0 simply translates the profile.
Choose the normalization

Zα(0) =
1√
2
. (73)

At α = 1, this gives

s0 = 1.

Therefore from now on we may take

Z1(x) = (1 + e−x)−1/2. (74)

This removes the zero mode globally.

19. Work with the derivative

Define

wα(x) = Z ′
α(x). (75)

At the anchor,

w1(x) =
e−x

2(1 + e−x)3/2
. (76)

This has exponential decay at both ends:

w1(x) ∼
1

2
ex/2, x→ −∞,

and

w1(x) ∼
1

2
e−x, x→ +∞.

Therefore

w1 ∈ L1(R) ∩ L2(R) ∩Hm(R) (77)

for every finite m.
Moreover,
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∫︂ ∞

−∞
w1(x) dx = Z1(+∞)− Z1(−∞) = 1. (78)

This is a much cleaner continuation variable than F1 itself.

20. Choose a two-sided exponentially weighted space

Pick

0 < η <
1

2
. (79)

Define a weight schematically by

ωη(x) =

{︄
e−ηx, x ≤ 0,

eηx, x ≥ 0.
(80)

Then

ωηw1

still decays exponentially at both ends because

η <
1

2
< 1.

A natural space is therefore

Xη =
{︁
h : ωηh ∈ H2+σ(R)

}︁
, (81)

where σ > 0 will provide the extra regularity needed to control variation of the fractional
order.

Take

Yη =
{︁
f : ωηf ∈ L2(R)

}︁
. (82)

The phase-fixed tangent space also imposes∫︂
R
h(x) dx = 0, (83)

because the total jump of Z must remain

Z(+∞)− Z(−∞) = 1.

The translation normalization supplies the second scalar condition needed to remove
translation.
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21. Why a small extra derivative is enough for varying

α

The key multiplier difference is

|ξ|2+2ε − |ξ|2.

For any fixed

0 < σ < 1,

we can use

| log r| ≤ Cσ(r
σ + r−σ)

away from the removable low-frequency point.
At high frequency,

|ξ|2+2ε − |ξ|2 = |ξ|2
(︁
e2ε log |ξ| − 1

)︁
.

By the mean-value theorem,⃓⃓
e2ε log |ξ| − 1

⃓⃓
≤ 2ε| log |ξ|| |ξ|2ε

for |ξ| ≥ 1.
If

0 ≤ ε ≤ σ

4
,

then

|ξ|2ε ≤ |ξ|σ/2.

Also

log |ξ| ≤ Cσ|ξ|σ/2.

Hence ⃓⃓
|ξ|2+2ε − |ξ|2

⃓⃓
≤ Cσε|ξ|2+σ, |ξ| ≥ 1. (84)

Therefore

∥[(−∂ss)1+ε − (−∂ss)]f∥L2 ≤ Cσε∥f∥H2+σ , (85)

for the translation-invariant whole-line operator.
This is the elementary estimate we wanted.
It shows why we should not work merely inH2: the logarithmic derivative of the fractional

power costs an arbitrarily small amount of extra regularity.
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22. But in Mellin coordinates the multiplier is different

For our actual profile problem, the relevant multiplier after logarithmic conjugation is not
simply

|ξ|2α.

The Mellin calculation produces a symbol of the form

mα(ξ) = K+
α

(︁
−aα + iξ

)︁
, aα = α− 1

2
. (86)

At α = 9/8 attempt, I used precisely this structure for the high-frequency inverse analysis.
For the interval argument we need the general-α estimate

mα(ξ) = m1(ξ) +O
(︁
(α− 1)⟨ξ⟩2+σ

)︁
(87)

uniformly for

1 ≤ α ≤ 1 + δ.

More precisely, what we want is

|mα(ξ)−m1(ξ)| ≤ Cσ,δ|α− 1|⟨ξ⟩2+σ. (88)

If this holds, then

∥(Mα −M1)h∥Yη ≤ C|α− 1|∥h∥Xη . (89)

That is exactly the perturbative operator estimate required by the implicit-function the-
orem.

23. We can already see how invertibility persists

Let

Hα(w) = 0

denote the differentiated, phase-normalized Mellin profile equation.
At α = 1,

H1(w1) = 0.

Let

L1 = DwH1(w1). (90)

After the mass and translation constraints, suppose
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∥L−1
1 ∥Yη→Xη ≤ C0. (91)

For nearby α,

Lα = L1 + Eα,

where the desired multiplier and coefficient estimates give

∥Eα∥Xη→Yη ≤ C1|α− 1|. (92)

Thus

Lα = L1

[︁
I + L−1

1 Eα
]︁
.

If

C0C1|α− 1| < 1,

the bracket is invertible by the Neumann series.
Therefore

L−1
α =

[︁
I + L−1

1 Eα
]︁−1 L−1

1 . (93)

And

∥L−1
α ∥ ≤ C0

1− C0C1|α− 1|
. (94)

In particular, if

C0C1δ ≤
1

2
,

then

sup
1≤α≤1+δ

∥L−1
α ∥ ≤ 2C0. (95)

(This is exactly the kind of uniform inverse bound that was found to be difficult to
establish independently at a jump of α = 9/8).

24. Quantitative implicit-function argument

Let

eα = wα − w1.

Expand:
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0 = Hα(w1 + eα).

Then

0 = Hα(w1) + L1eα +Rαeα +Qα(eα),

where

∥Hα(w1)∥Y ≤ C2|α− 1|, (96)

∥Rα∥X→Y ≤ C1|α− 1|, (97)

and

∥Qα(e)∥Y ≤ C3∥e∥2X . (98)

Apply L−1
1 :

∥eα∥X ≤ C0C2|α− 1|+ C0C1|α− 1|∥eα∥X + C0C3∥eα∥2X . (99)

Choose

δ

so that

C0C1δ ≤
1

4
.

Then

3

4
∥eα∥X ≤ C0C2(α− 1) + C0C3∥eα∥2X .

A standard bootstrap gives, after shrinking δ again,

∥wα − w1∥Xη ≤ 2C0C2(α− 1). (100)

Integrating wα − w1 and using the phase normalization gives

∥Zα − Z1∥XZ
≤ C4(α− 1). (101)

This is the desired analytic continuation estimate.
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25. Positivity now follows without a maximum principle

Because

Z1(x) > 0

for every finite x, ordinary absolute L∞ closeness is not sufficient near x = −∞, where
Z1 → 0.

We therefore need the continuation norm to preserve the relative left-tail coefficient.
Since

Z1(x) ∼ ex/2 (x→ −∞),

and

Zα(x) ∼ A−(α)e
q−(α)x,

with

q−(α) = 2α− 3

2
=

1

2
+ 2(α− 1),

positivity follows if

A−(α) > 0 (102)

and the profile remains positive on a compact transition interval.
At α = 1,

A−(1) = 1.

If the implicit-function construction gives continuity,

|A−(α)− 1| ≤ CA(α− 1),

then choosing

δ <
1

2CA

gives

A−(α) ≥
1

2
> 0. (103)

On a fixed compact interval [−R,R],

mR := min
[−R,R]

Z1 > 0.

If
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∥Zα − Z1∥L∞([−R,R]) <
mR

2
,

then

Zα ≥ mR

2
> 0.

At the right endpoint,

Zα → 1,

so positivity is again automatic for sufficiently small perturbations.
Thus the whole line is divided into

(−∞,−R], [−R,R], [R,∞),

and positivity follows separately from left-tail coefficient continuity, compact-interval
closeness, and right-tail stability.

This is much stronger than trying to recover a maximum principle for an operator of
order > 2.

26. We can now state the first interval profile theorem

precisely

What we are aiming to prove is:

Small-supercritical profile theorem. There exists δprof > 0 such that for
every

1 < α < 1 + δprof ,

the phase-normalized one-phase profile equation

ν(−∂ss)αFα = F 2
αF

′
α

possesses a positive profile whose logarithmically conjugated normalization Zα

satisfies
Zα(−∞) = 0, Zα(+∞) = 1,

and
∥Zα − Z1∥XZ

+ ∥Z ′
α − Z ′

1∥Xη ≤ C(α− 1).

Moreover the constants are uniform for 1 < α < 1 + δprof .

(104)

If we prove (104), then we have an analytic continuation theorem on an interval.
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Where the proof genuinely stands

We have now identified the correct whole-line anchor

Z1(x) = (1 + e−x)−1/2,

its endpoint exponents

q−(1) =
1

2
, r+(1) = 1,

its exponentially localized derivative w1, and the perturbative mechanism that would give
a uniform inverse and an interval of profiles.

The one part I have not yet proved is (88), because to do it rigorously we need the
explicit general-α Gamma-function formula for

K+
α (κ).

Differentiate it with respect to α. Then we can try to prove an explicit bound for

∂αK
+
α

(︃
−α +

1

2
+ iξ

)︃
and thereby establish (88) rather than leave it as an assumption.

5 Part D

Calculations shown contain the exact general-α Mellin symbol we need, and with it we can
prove the perturbation estimate near α = 1.

We have that

K+
α (λ) =

Γ(λ+ 1)Γ(2α− λ)

π
sin
(︁
π(α− λ)

)︁
(105)

through

(−∂ss)αsλ+ = K+
α (λ)s

λ−2α.

It also states that after

F (s) = s−aG(log s), a = α− 1

2
,

the logarithmic/Mellin operator acts on eλx by

Ma(e
λx) = K+

α (−a+ λ)eλx.

So we can now do the calculation exactly.
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27. Exact Fourier-line Mellin symbol for general α

On the Fourier line put

λ = iξ.

Since

a = α− 1

2
,

the relevant argument of K+
α is

zα(ξ) = −a+ iξ = −α +
1

2
+ iξ.

Therefore

mα(ξ) := K+
α

(︃
−α +

1

2
+ iξ

)︃
. (106)

Substitute this into (105).
First,

zα + 1 =
3

2
− α + iξ.

Second,

2α− zα = 3α− 1

2
− iξ.

Third,

α− zα = 2α− 1

2
− iξ.

Hence the exact symbol is

mα(ξ) =
Γ
(︁
3
2
− α + iξ

)︁
Γ
(︁
3α− 1

2
− iξ

)︁
π

sin

[︃
π

(︃
2α− 1

2
− iξ

)︃]︃
. (107)

This is the formula we needed.
For

1 ≤ α <
5

4
,

the real parts of the Gamma arguments satisfy

3

2
− α >

1

4
, 3α− 1

2
>

5

2
,

so neither Gamma factor encounters a pole.
Moreover, for
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1 ≤ α <
5

4
,

the sine factor has no zero for real ξ, except at the excluded endpoint (α, ξ) = (5/4, 0).
Thus on every closed interval

1 ≤ α ≤ 1 + δ <
5

4

the symbol is analytic in α for every ξ ∈ R.

28. Check the anchor α = 1

At α = 1,

m1(ξ) =
Γ(1

2
+ iξ)Γ(5

2
− iξ)

π
sin

[︃
π

(︃
3

2
− iξ

)︃]︃
. (108)

Now

sin

(︃
3π

2
− iπξ

)︃
= − cosh(πξ).

Therefore

m1(ξ) = −cosh(πξ)

π
Γ

(︃
1

2
+ iξ

)︃
Γ

(︃
5

2
− iξ

)︃
. (109)

Use

Γ

(︃
5

2
− iξ

)︃
=

(︃
3

2
− iξ

)︃(︃
1

2
− iξ

)︃
Γ

(︃
1

2
− iξ

)︃
and the classical identity

Γ

(︃
1

2
+ iξ

)︃
Γ

(︃
1

2
− iξ

)︃
=

π

cosh(πξ)
.

Everything cancels, giving the remarkably simple formula

m1(ξ) = −
(︃
3

2
− iξ

)︃(︃
1

2
− iξ

)︃
. (110)

Expanding,

m1(ξ) = ξ2 + 2iξ − 3

4
. (111)

So at the continuation endpoint the apparently complicated Mellin operator becomes a
second-order constant-coefficient differential operator in logarithmic coordinates.

That is exactly what we should expect from the local α = 1 problem.
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29. Differentiate mα with respect to α

Set

Aα(ξ) =
3

2
− α + iξ,

Bα(ξ) = 3α− 1

2
− iξ,

and

Cα(ξ) = π

(︃
2α− 1

2
− iξ

)︃
.

Then

mα =
1

π
Γ(Aα)Γ(Bα) sinCα.

Since

d

dz
log Γ(z) = ψ(z),

we obtain

∂α logmα = −ψ(Aα) + 3ψ(Bα) + 2π cotCα.

Therefore

∂αmα(ξ) = mα(ξ)

[︃
−ψ
(︃
3

2
− α + iξ

)︃
+ 3ψ

(︃
3α− 1

2
− iξ

)︃
+ 2π cot

(︁
π(2α− 1

2
− iξ)

)︁]︃
.

(112)
This is exact.

30. Uniform bound for the cotangent term

Let

z = x+ iy.

One has

| sin z|2 = sin2 x+ sinh2 y

and

| cos z|2 = cos2 x+ sinh2 y.
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Hence

| cot z|2 = cos2 x+ sinh2 y

sin2 x+ sinh2 y
. (113)

Here

x = π

(︃
2α− 1

2

)︃
, y = −πξ.

Fix

0 < δ <
1

4
.

Then

1 ≤ α ≤ 1 + δ

lies a positive distance from the zero at α = 5/4.
Consequently there exists

cδ > 0

such that ⃓⃓⃓⃓
sin π

(︃
2α− 1

2

)︃⃓⃓⃓⃓
≥ cδ

uniformly in α ∈ [1, 1 + δ].
From (113),

sup
1≤α≤1+δ

ξ∈R

⃓⃓
cot
(︁
π(2α− 1

2
− iξ)

)︁⃓⃓
≤ Cδ. (114)

So the cotangent term causes no high-frequency growth.

31. Uniform digamma estimate

On any fixed right half-plane

ℜz ≥ c > 0,

the standard digamma asymptotic gives

ψ(z) = log z − 1

2z
+O(|z|−2)

as |z| → ∞.
In particular,
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|ψ(z)| ≤ Cc (1 + log⟨ℑz⟩) , ℜz ≥ c, (115)

where

⟨ξ⟩ = (1 + ξ2)1/2.

For our two Gamma arguments,

ℜAα =
3

2
− α ≥ 1

2
− δ > 0,

and

ℜBα = 3α− 1

2
≥ 5

2
.

Therefore

|ψ(Aα(ξ))|+ |ψ(Bα(ξ))| ≤ Cδ (1 + log⟨ξ⟩) . (116)

Combining (112), (114), and (116),

|∂αmα(ξ)| ≤ Cδ|mα(ξ)| (1 + log⟨ξ⟩) . (117)

We now only need to bound mα.

32. Uniform growth of mα

Use Stirling’s estimate in vertical strips:

|Γ(σ + iξ)| ≤ Cσ0,σ1e
−π|ξ|/2⟨ξ⟩σ−1/2

for

σ0 ≤ σ ≤ σ1.

Therefore

|Γ(Aα)| ≤ Cδe
−π|ξ|/2⟨ξ⟩1−α, (118)

because

ℜAα − 1

2
= 1− α.

Likewise,

|Γ(Bα)| ≤ Cδe
−π|ξ|/2⟨ξ⟩3α−1. (119)

Multiplication gives
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|Γ(Aα)Γ(Bα)| ≤ Cδe
−π|ξ|⟨ξ⟩2α. (120)

Meanwhile

| sin(x− iy)| ≤ Ce|y|.

Thus ⃓⃓⃓⃓
sin π

(︃
2α− 1

2
− iξ

)︃⃓⃓⃓⃓
≤ Ceπ|ξ|. (121)

The exponentials cancel exactly. Hence

|mα(ξ)| ≤ Cδ⟨ξ⟩2α. (122)

This is the expected order-2α Mellin growth.
Substituting into (117),

|∂αmα(ξ)| ≤ Cδ⟨ξ⟩2α (1 + log⟨ξ⟩) . (123)

This is the crucial derivative estimate.

33. Convert it to the desired 2 + σ estimate

Fix an arbitrary

0 < σ < 1.

We will choose δ sufficiently small.
Take

0 < δ ≤ σ

4
. (124)

Then

1 ≤ α ≤ 1 + δ

implies

2α ≤ 2 + 2δ ≤ 2 +
σ

2
.

Therefore

⟨ξ⟩2α ≤ ⟨ξ⟩2+σ/2.

Also

1 + log⟨ξ⟩ ≤ Cσ⟨ξ⟩σ/2.
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Consequently (123) gives

|∂αmα(ξ)| ≤ Cδ,σ⟨ξ⟩2+σ. (125)

Now apply the mean-value theorem in α:

mα(ξ)−m1(ξ) = (α− 1)∂βmβ(ξ)

for some

1 < β < α.

Hence

|mα(ξ)−m1(ξ)| ≤ Cδ,σ(α− 1)⟨ξ⟩2+σ. (126)

This is exactly estimate (88) that was left unproved in the previous step.
So that part is now proved.

34. Operator-norm consequence

Let

ˆ︁Mαh(ξ) = mα(ξ)ˆ︁h(ξ).
Then by Plancherel,

∥(Mα −M1)h∥2L2 =

∫︂
R
|mα(ξ)−m1(ξ)|2|ˆ︁h(ξ)|2 dξ

≤ C2
δ,σ(α− 1)2

∫︂
R
⟨ξ⟩4+2σ|ˆ︁h(ξ)|2 dξ.

Therefore

∥(Mα −M1)h∥L2 ≤ Cδ,σ(α− 1)∥h∥H2+σ . (127)

Equivalently,

∥Mα −M1∥H2+σ→L2 ≤ Cδ,σ(α− 1). (128)

This is already enough for an unweighted implicit-function formulation.
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35. We can prove C1 dependence as well

From (112),

∂αmα

exists pointwise.
We have just obtained the uniform domination

|∂αmα(ξ)| ≤ Cδ,σ⟨ξ⟩2+σ.

Hence, for

h ∈ H2+σ,

dominated convergence gives

∂αMαh = F−1
[︂
(∂αmα)ˆ︁h]︂ (129)

in L2.
Moreover,

α ↦→ Mα ∈ L(H2+σ, L2)

is C1 on every sufficiently small closed interval

[1, 1 + δ]. (130)

Thus the nonlocal operator dependence required by the implicit-function theorem is no
longer merely formal.

36. A useful bonus: ellipticity is uniform near α = 1

Stirling also gives the corresponding lower asymptotic

|mα(ξ)| ∼ |ξ|2α (|ξ| → ∞),

uniformly for α in a compact subinterval of (1, 5/4).
At α = 1, we know exactly

m1(ξ) = ξ2 + 2iξ − 3

4
.

Therefore

|m1(ξ)| ≍ ⟨ξ⟩2

away from any low-frequency issue associated with the full nonlinear linearization.
Since
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mα −m1 = OH2+σ→L2(α− 1),

high-frequency ellipticity persists uniformly for sufficiently small δ.
Thus there exist R <∞, c > 0, and δ1 > 0 such that

|mα(ξ)| ≥ c|ξ|2α, |ξ| ≥ R, 1 ≤ α ≤ 1 + δ1. (131)

This means that the difficult infinite-dimensional tail estimate that I calculated at 9/8
becomes a perturbation of an explicitly known second-order operator near α = 1.

37. What about the exponentially weighted space?

There is one distinction we should preserve carefully.
Equation (127) proves

H2+σ → L2

operator continuity directly.
For an exponential weight eηx, Fourier conjugation shifts

ξ ↦→ ξ + iη.

Thus the weighted symbol is

mα,η(ξ) = K+
α

(︃
−α +

1

2
− η + iξ

)︃
(132)

up to the sign convention for the chosen side of the weight.
The same Gamma/digamma argument works provided the shifted arguments remain a

fixed distance from their Gamma poles and sine zeros.
Since at α = 1 the left endpoint exponent is

q−(1) =
1

2

and the right exponent is

r+(1) = 1,

we can choose a small fixed weight, for example

0 < η <
1

4
. (133)

After shrinking δ, all shifted Gamma arguments remain inside fixed pole-free vertical
strips. Repeating (112)–(126) then gives

∥Mα,η −M1,η∥H2+σ→L2 ≤ Cη,σ(α− 1). (134)

72



For a two-sided weight one performs the calculation separately on the two ends and
patches with a compact transition region. That patching step is standard but is not con-
tained explicitly in the manuscript, so I would state it as the next functional-analytic
lemma rather than silently regard it as proved.

38. What this closes

It has been stated that the explicit α = 1 solution is a continuation anchor, but that
continuation requires both

1. phase-fixed invertibility, and

2. uniform control of the nonlocal operator.

We have now established the second requirement at the multiplier level:

∥Mα −M1∥H2+σ→L2 ≤ C(α− 1).

And we have an explicit formula for its derivative,

∂αmα = mα [−ψ(Aα) + 3ψ(Bα) + 2π cotCα] .

So the nonlocal operator is genuinely a small perturbation of the α = 1 operator.
There is also an important consistency point: the general endpoint calculation gives

F (s) ∼ Asα−1 (s ↓ 0)

and

K+
α (α− 1) = 0.

Thus as α ↓ 1, the left power tends to s0, exactly matching the nonzero left value of the
explicit α = 1 anchor. So the endpoint limit itself is consistent.

The remaining continuation obstruction is now narrower

We should not yet claim the interval profile theorem, because the remaining issue is
the full phase-fixed linearized operator, not merely its Mellin principal part.

We identify that operator schematically as

L1h = νDMa[G1]h− 2G1G
′
1h−G2

1h
′ + 3cG2

1h,

and the missing theorem is the phase-fixed invertibility/spectral gap.
That is now the natural next calculation. Because

Z1(x) = (1 + e−x)−1/2
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is explicit and

m1(ξ) = ξ2 + 2iξ − 3

4

is also explicit, we can write the entire α = 1 phase-fixed linearized ODE in closed
form, solve its homogeneous equation, identify all kernel modes, and attempt to construct
its Green function. If that succeeds with a bounded inverse, the actual implicit-function
theorem producing an existing δ > 0 becomes very close.

6 Part E

The α = 1 linearization is unusually favorable: it reduces to an explicit second-order ODE,
and its two homogeneous solutions can be written in closed form. This gives the nondegen-
eracy needed for the continuation argument.

The α = 1 anchor is

−νF ′′ = F 2F ′ =
1

3
(F 3)′,

hence

−νF ′ =
1

3
F 3, F1(s) =

√︄
3ν

2(s+ s0)
.

This paper identifies this solution as the continuation anchor while saying that phase-fixed
invertibility is the missing theorem.

39. Put the exact α = 1 profile into logarithmic variables

At α = 1,

a = α− 1

2
=

1

2
, c =

2α− 1− γ

2
.

For the classical anchor used here, γ = 0, so

c =
1

2
.

Set

s = ex

and

G1(x) = s1/2F1(s).

Then
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G1(x) =

√︃
3ν

2

√︃
ex

ex + s0
.

Introduce

H∗ :=

√︃
3ν

2

and

Z(x) :=
G1(x)

H∗
.

Thus

Z(x) =
(︁
1 + s0e

−x
)︁−1/2

. (135)

Translation in x changes s0, so without loss of generality for the spectral calculation we
take

s0 = 1.

Therefore

Z(x) =
1√

1 + e−x
. (136)

It is convenient to introduce

t(x) := Z(x)2 =
1

1 + e−x
. (137)

Then

t′ = t(1− t)

and

Z ′ =
1

2
Z(1− Z2) =

1

2

√
t(1− t). (138)

40. The Mellin operator becomes an explicit differential

operator

From the previous calculation,

m1(ξ) = ξ2 + 2iξ − 3

4
.

Since D = ∂x has Fourier multiplier iξ,
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−D2 + 2D − 3

4

has multiplier

ξ2 + 2iξ − 3

4
.

Consequently

M1/2 = −∂2x + 2∂x −
3

4
. (139)

Thus the apparently nonlocal Mellin problem has become a completely local second-order
ODE at the continuation anchor.

41. Exact full linearization

The autonomous profile equation is

νM1/2G = G2G′ − 1

2
G3. (140)

Define

F1(G) = νM1/2G−G2G′ +
1

2
G3.

Then

F1(G1) = 0.

Linearizing G = G1 + εh,

D(G2G′)[h] = 2G1G
′
1h+G2

1h
′,

while

D

(︃
1

2
G3

)︃
[h] =

3

2
G2

1h.

Therefore

L1h = ν

(︃
−h′′ + 2h′ − 3

4
h

)︃
− 2G1G

′
1h−G2

1h
′ +

3

2
G2

1h. (141)

There exists a corresponding linearization.
Because

G1 = H∗Z, H2
∗ =

3ν

2
,
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we have

G2
1

ν
=

3

2
Z2 =

3

2
t

and

2G1G
′
1

ν
= 3ZZ ′.

Divide (141) by ν:

1

ν
L1h = −h′′ +

(︃
2− 3

2
t

)︃
h′ +

(︃
−3

4
− 3ZZ ′ +

9

4
t

)︃
h. (142)

Since

ZZ ′ =
1

2
t(1− t),

the zeroth-order coefficient becomes

−3

4
− 3

2
t(1− t) +

9

4
t = −3

4
+

3

4
t+

3

2
t2.

Hence

1

ν
L1h = −h′′ +

(︃
2− 3

2
t

)︃
h′ +

(︃
−3

4
+

3

4
t+

3

2
t2
)︃
h. (143)

This is the exact phase-linearized differential operator.

42. Translation gives one kernel element automatically

Because the profile equation is invariant under

x ↦→ x+ τ,

differentiate

F1(G1( ·+ τ)) = 0

at τ = 0. We obtain

L1G
′
1 = 0. (144)

Thus

h1(x) = G′
1(x)

is a homogeneous solution.
Ignoring the harmless constant H∗,
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h1(x) = Z ′(x) =
1

2

√
t(1− t). (145)

Equivalently,

h1(x) =
1

2

ex/2

(1 + ex)3/2

up to the equivalent translation convention.
Its endpoint behavior is

h1(x) ∼
1

2
ex/2, x→ −∞, (146)

and

h1(x) ∼
1

2
e−x, x→ +∞. (147)

Thus the translation mode is admissible at both ends.

43. Construct the second homogeneous solution exactly

Multiply (143) by −1. The homogeneous equation takes the standard form

h′′ + P (x)h′ +Q(x)h = 0

with

P (x) = −2 +
3

2
t(x). (148)

Given h1, reduction of order gives

h2 = h1

∫︂
e−

∫︁
P (x) dx

h1(x)2
dx. (149)

Because

t′ = t(1− t),

we have

dx =
dt

t(1− t)
.

Now ∫︂
P dx =

∫︂ −2 + 3
2
t

t(1− t)
dt.

Partial fractions give
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−2 + 3
2
t

t(1− t)
= −2

t
− 1

2(1− t)
.

Therefore ∫︂
P dx = −2 log t+

1

2
log(1− t),

so

e−
∫︁
Pdx = t2(1− t)−1/2. (150)

Also

h21 =
1

4
t(1− t)2.

Consequently

e−
∫︁
Pdx

h21
= 4t(1− t)−5/2.

Including

dx =
dt

t(1− t)

gives ∫︂
e−

∫︁
Pdx

h21
dx = 4

∫︂
(1− t)−7/2 dt.

Hence

=
8

5
(1− t)−5/2 + C. (151)

Thus one may take

h2(x) = h1(x)(1− t(x))−5/2. (152)

Apart from an irrelevant constant,

h2(x) =
√︁
t(x)(1− t(x))−3/2. (153)

This is an exact second homogeneous solution.
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44. Endpoint behavior of the second mode

As

x→ +∞,

we have

1− t ∼ e−x.

Therefore

h2(x) ∼ e3x/2. (154)

So h2 grows exponentially at the right endpoint.
It is therefore excluded from every natural heteroclinic space imposing decay at +∞.
At the left endpoint, it is useful to subtract its component parallel to h1. Define

˜︁h2 = h1
[︁
(1− t)−5/2 − 1

]︁
. (155)

Since

(1− t)−5/2 = 1 +
5

2
t+O(t2)

and

t ∼ ex,

we obtain

˜︁h2 ∼ Ce3x/2 (x→ −∞). (156)

Thus the two left indicial rates are

λ
(1)
− =

1

2
, λ

(2)
− =

3

2
. (157)

At the right endpoint the admissible mode has rate

r+(1) = 1, (158)

while the other solution grows like e3x/2.
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45. The kernel is exactly one-dimensional before phase

fixing

Every solution of

L1h = 0

is

h = C1h1 + C2h2.

If h belongs to the heteroclinic perturbation space, it must decay at +∞.
But

h2(x) ∼ e3x/2.

Therefore necessarily

C2 = 0.

Hence

h = C1G
′
1.

We have therefore proved

kerL1 = span{G′
1} (159)

in the natural two-ended heteroclinic space.
This is stronger than merely identifying a translation mode: there is no second admis-

sible zero mode.
That is precisely the nondegeneracy statement we had left open at the α = 1 anchor.

46. Phase fixing removes the kernel completely

Choose any finite phase point x0. Since

G′
1(x) > 0

for every finite x,

G′
1(x0) ̸= 0.

Impose

h(x0) = 0. (160)

If
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h ∈ kerL1,

then by (159),

h = C G′
1.

Thus

0 = h(x0) = C G′
1(x0).

Since G′
1(x0) ̸= 0,

C = 0.

Therefore

ker
(︂
L1

⃓⃓
{h(x0)=0}

)︂
= {0}. (161)

So the phase-fixed linearization is injective.
This is the first major continuation result.

47. Exact Wronskian

For

h′′ + Ph′ +Qh = 0,

Abel’s identity gives

W ′(x) = −P (x)W (x).

Hence

W (x) = W0e
−

∫︁
Pdx.

Using (150),

W (h1, h2)(x) = CW t(x)
2(1− t(x))−1/2. (162)

In particular,

W (h1, h2)(x) ̸= 0 (−∞ < x <∞). (163)

There is therefore no interior degeneracy whatsoever.
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48. Variation-of-parameters Green representation

Write

L1h = f.

After division by −ν, this is

h′′ + Ph′ +Qh = −f
ν
. (164)

Variation of parameters gives

hp(x) = −h1(x)
∫︂ x h2(y)g(y)

W (y)
dy + h2(x)

∫︂ x h1(y)g(y)

W (y)
dy, (165)

where

g = −f
ν
.

Equivalently,

hp(x) =
1

ν
h1(x)

∫︂ x h2(y)f(y)

W (y)
dy − 1

ν
h2(x)

∫︂ x h1(y)f(y)

W (y)
dy. (166)

Because h2 grows at +∞, the coefficient multiplying it must be chosen so that its growing
component cancels. This gives the right-decaying solution

h(x) = Ch1(x) +
h1(x)

ν

∫︂ x

x0

h2(y)f(y)

W (y)
dy +

h2(x)

ν

∫︂ ∞

x

h1(y)f(y)

W (y)
dy. (167)

The remaining constant C is exactly the translation freedom.
Phase fixing h(x0) = 0 determines it uniquely:

C = − h2(x0)

νh1(x0)

∫︂ ∞

x0

h1(y)f(y)

W (y)
dy. (168)

Therefore the phase-fixed inverse is explicitly

(L −1
1,phf)(x) =

h1(x)

ν

∫︂ x

x0

h2(y)f(y)

W (y)
dy

+
h2(x)

ν

∫︂ ∞

x

h1(y)f(y)

W (y)
dy

− h1(x)h2(x0)

νh1(x0)

∫︂ ∞

x0

h1(y)f(y)

W (y)
dy.

(169)

So we have an explicit Green operator.
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49. The Green kernel itself

Equation (169) may be written

h(x) =

∫︂
R
G1(x, y)f(y) dy.

For x ≥ x0, its principal two pieces have the standard form

G1(x, y) =
1

νW (y)

{︄
h1(x)h2(y), x0 ≤ y ≤ x,

h2(x)h1(y), y ≥ x,
(170)

together with the rank-one phase correction from (169).
The important fact is that every factor here is explicit:

h1 =
1

2

√
t(1− t),

h2 =
√
t(1− t)−3/2,

W = CW t
2(1− t)−1/2,

t =
1

1 + e−x
.

Thus there is no numerical spectral problem at α = 1.

50. What has actually been proved

We can now upgrade the statement at the classical anchor substantially.
At α = 1:

G1(x) =

√︃
3ν

2
(1 + e−x)−1/2,

M1/2 = −∂2x + 2∂x −
3

4
,

kerL1 = span{G′
1},

kerL1,ph = {0},
L −1

1,ph has the explicit Green representation (169).

(171)

This proves the kernel/nondegeneracy part of the missing phase-fixed invertibility
statement.

There is one functional-analytic step I would keep separate rather than overstate: to
claim
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L1,ph : Xη −→ Yη is a bounded isomorphism

for the exact weighted spaces to be used, we still have to insert the endpoint asymptotics
of (169) into those particular norms and prove the corresponding Green-kernel estimate.
The explicit formulas make that a tractable estimate, but injectivity alone does not prove
surjectivity in an unspecified weighted space.

51. Why this is enough to make the interval strategy

much stronger

Previously we said that continuation from α = 1 required an invertibility theorem and
uniform nonlocal control.

We now have:

nonlocal perturbation: ∥Mα −M1∥ ≤ C(α− 1),

from the preceding proof, and

phase-fixed kernel at α = 1 : kerL1,ph = {0},
from the exact calculation above.
The general-α logarithmic profile already has

G(−∞) = 0, G(+∞) = H∗,

with left exponential rate

q(α) = 2α− 3

2
> 0,

so the endpoint structure varies continuously for α near 1.
Thus the route to

∃ δ > 0 such that the positive profile exists for every 1 < α < 1 + δ

is now very concrete: prove the weighted Green estimate from (169), formulate the phase-
fixed nonlinear map on fixed weighted spaces, and apply the Banach-space implicit-function
theorem using the O(α− 1) multiplier estimate already proved.

That is the next piece I would prove, because it would turn the explicit calculation above
into the actual open interval in α that you wanted, rather than a single-α certification.

7 Part F

Let us proceed, but the Green-function calculation reveals an important structural point
that improves the continuation argument: after removing translation, we must also account
for the adjoint solvability condition. Injectivity of the phase-fixed operator by itself is
not yet surjectivity.
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52. Choose weights compatible with both endpoint rates

At α = 1, we found

h1(x) = Z ′
1(x) =

1

2

√︁
t(x)(1− t(x)), t(x) =

1

1 + e−x
,

with

h1(x) ∼
1

2
ex/2 (x→ −∞), h1(x) ∼

1

2
e−x (x→ +∞).

Choose

0 < η <
1

2
. (172)

Let

ωη(x) ≍

⎧⎪⎨⎪⎩
e−ηx, x ≤ −1,

1, |x| ≤ 1,

eηx, x ≥ 1.

Define

Xη =
{︁
h : ωηh ∈ H2(R)

}︁
, Yη =

{︁
f : ωηf ∈ L2(R)

}︁
. (173)

Then h1 ∈ Xη because

e−ηxh1(x) = O(e(1/2−η)x) (x→ −∞)

and

eηxh1(x) = O(e−(1−η)x) (x→ +∞).

Thus translation is genuinely an element of the weighted space.

53. Recheck the two fundamental solutions

Ignoring constant normalizations,

h1 =
√
t(1− t) (174)

and reduction of order gives

h2 =
√
t(1− t)−3/2. (175)

The Wronskian satisfies

W (t) = CW t
2(1− t)−1/2. (176)
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Consequently

h2(x) ∼ ex/2 (x→ −∞),

whereas

h2(x) ∼ e3x/2 (x→ +∞).

A more useful independent left solution is obtained by subtracting the common ex/2

component:

hL = h2 − Ch1,

with C chosen so that

hL(x) ≍ e3x/2, x→ −∞. (177)

Thus the indicial roots are exactly

first rate second rate
x→ −∞ 1/2 3/2
x→ +∞ −1 3/2.

(178)

The spectral gap around the translation mode is therefore explicit.

54. A correction to the naive inverse argument

Here is the point we must not skip.
Because

h1 = Z ′
1

decays at both ends, the whole-line operator has a nontrivial kernel. For a Fredholm
operator of index zero, that normally comes with a one-dimensional cokernel.

Therefore imposing merely

h(0) = 0

removes the kernel but does not automatically make

L1 : Xη → Yη

onto.
This means that the previous Green formula cannot be interpreted as a solution for

completely arbitrary f ∈ Yη without checking a compatibility condition.
We can determine that compatibility condition explicitly.
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55. Compute the adjoint zero mode

Divide by −ν and write the homogeneous equation as

Ah = h′′ + P (x)h′ +Q(x)h = 0,

where

P (x) = −2 +
3

2
t(x). (179)

The formal adjoint is

A∗ψ = ψ′′ − (Pψ)′ +Qψ. (180)

A standard identity says that if Ah = 0, then

ψ = e
∫︁
Pdxh

solves A∗ψ = 0.
We already calculated

e
∫︁
Pdx = t−2(1− t)1/2.

Taking h = h1 =
√
t(1− t), we obtain

ψ1(t) = t−3/2(1− t)3/2 (181)

up to an irrelevant positive constant.
Since

1− t

t
= e−x,

this simplifies dramatically:

ψ1(x) = e−3x/2. (182)

So the adjoint neutral mode is completely explicit.
This is a very useful discovery.

56. The exact solvability condition

If

L1h = f

and the boundary terms vanish in the chosen weighted pairing, then

⟨ψ1,L1h⟩ = ⟨L ∗
1 ψ1, h⟩ = 0.
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Therefore necessarily ∫︂
R
e−3x/2f(x) dx = 0, (183)

whenever this integral is the appropriate convergent pairing.
Thus

RanL1 ⊂ {f : ⟨ψ1, f⟩ = 0} . (184)

Under the Fredholm realization with the corresponding endpoint conditions, this is the
expected codimension-one range.

So the continuation problem has:

dim kerL1 = 1, dimkerL ∗
1 = 1. (185)

This is the usual translation-degenerate heteroclinic situation.

57. Why this does not obstruct continuation

It tells us that we need one additional scalar degree of freedom.
Fortunately the profile problem already has natural scalar parameters.
For example, instead of freezing the right amplitude H∗ from the beginning, write

G(x) = H Z(x), (186)

and treat H as an unknown.
Alternatively one may retain a coefficient such as c, γ, or another normalization parameter

generated by the similarity reduction.
The correct implicit-function formulation is therefore not simply

F (α,Z) = 0.

It should be

F (α,Z,H) = 0, Φ(Z) = 0, (187)

where Φ fixes translation.
The derivative at the anchor has block form

D(Z,H)

(︃
F
Φ

)︃
=

(︃
L1 q
Φ′ 0

)︃
, (188)

where

q = ∂HF (1, Z1, H∗).

Now there are two scalar degeneracies to handle:
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• Φ′ removes the translation kernel;

• q must span the missing cokernel direction.

The required transversality condition is simply

⟨ψ1, q⟩ ̸= 0. (189)

If (189) holds, the bordered operator (188) is invertible.
This is the standard Lyapunov–Schmidt mechanism, but here every ingredient at α = 1

is explicit.

58. Abstract bordered-inverse proof

Suppose

L1h+ aq = f, (190)

together with

Φ(h) = r. (191)

Pair (190) with ψ1. Since

⟨ψ1,L1h⟩ = 0,

we get

a⟨ψ1, q⟩ = ⟨ψ1, f⟩.

Hence, provided (189),

a =
⟨ψ1, f⟩
⟨ψ1, q⟩

. (192)

Define

f0 = f − aq.

Then

⟨ψ1, f0⟩ = 0.

Thus f0 belongs to the range of L1, and we solve

L1h0 = f0.

The general solution is

h = h0 + bh1.
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Finally choose b from

Φ(h) = r :

b =
r − Φ(h0)

Φ(h1)
. (193)

Since we choose the phase functional so that

Φ(h1) ̸= 0, (194)

b is unique.
Therefore the bordered operator is bijective.

59. Quantitative inverse estimate

Let

dcok := |⟨ψ1, q⟩| > 0

and

dph := |Φ(h1)| > 0.

Then

|a| ≤ d−1
cok∥ψ1∥Y ∗

η
∥f∥Yη . (195)

Consequently

∥f0∥Yη ≤
(︃
1 +

∥ψ1∥Y ∗
η
∥q∥Yη

dcok

)︃
∥f∥Yη . (196)

If

L −1
1 : Yη,0 → Xη/ span{h1}

has Green bound CG, where

Yη,0 = {f : ⟨ψ1, f⟩ = 0},

then

∥h0∥Xη ≤ CG∥f0∥Yη . (197)

And

|b| ≤ d−1
ph

(︁
|r|+ ∥Φ∥ ∥h0∥Xη

)︁
. (198)

Thus
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∥h∥Xη + |a| ≤ Cbord

(︁
∥f∥Yη + |r|

)︁
. (199)

This is the precise inverse estimate needed by the implicit-function theorem.

60. Green estimate on the range subspace

For

f ∈ Yη,0,

the growing coefficient cancels by (183). Variation of parameters then gives a solution
whose endpoint behavior is governed by the decaying fundamental modes.

Schematically,

h(x) = hL(x)

∫︂ x

−∞
KL(y)f(y) dy + hR(x)

∫︂ ∞

x

KR(y)f(y) dy, (200)

after the solvability cancellation, where the kernels are explicit combinations of

h1, h2, W−1.

The endpoint exponents give, for 0 < η < 1/2,

|ωη(x)h(x)| ≤ Cη

∫︂
R
e−cη |x−y||ωη(y)f(y)| dy, (201)

where one may take cη > 0 depending on the distances

1

2
− η, 1− η.

Young’s inequality therefore gives

∥ωηh∥L2 ≤ Cη∥ωηf∥L2 . (202)

Using

L1h = f

to solve for h′′, together with the bounded coefficients in (143), yields

∥ωηh∥H2 ≤ Cη∥ωηf∥L2 . (203)

Thus, on the solvability subspace,

∥h∥Xη ≤ CG(η, ν)∥f∥Yη . (204)

This completes the functional mechanism modulo the precise choice of weighted dual
pairing at the left endpoint. For the final proof, I would formulate the weights using separate
exponential dichotomy spaces at the two ends so that (183) is interpreted rigorously; the
raw factor e−3x/2 itself is not in the ordinary unweighted L2 dual.
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61. Now perturb to 1 < α < 1 + δ

Let the full bordered derivative be

Lα =

(︃
Lα qα
Φ′

α 0

)︃
.

At α = 1,

L−1
1

exists by the bordered construction above, provided the transversality condition (189) is
verified for the particular scalar parameter retained in the profile equation.

From our previous Mellin calculation,

∥Mα −M1∥ ≤ CM(α− 1).

Smooth dependence of the remaining coefficients gives

∥Lα − L1∥ ≤ Cpert(α− 1). (205)

Set

C0 := ∥L−1
1 ∥.

If

C0Cpertδ < 1, (206)

then

Lα = L1

[︁
I + L−1

1 (Lα − L1)
]︁

is invertible for every

1 ≤ α ≤ 1 + δ.

Moreover,

∥L−1
α ∥ ≤ C0

1− C0Cpertδ
. (207)

Choosing

C0Cpertδ ≤
1

2
gives

sup
1≤α≤1+δ

∥L−1
α ∥ ≤ 2C0. (208)

This is precisely the uniform inverse estimate we wanted.
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62. The implicit-function theorem now has the correct

form

Define

F(α,Z,H) =

(︃
F (α,Z,H)

Φ(Z)

)︃
.

At the anchor,

F(1, Z1, H∗) = 0.

If the transversality condition

⟨ψ1, ∂HF (1, Z1, H∗)⟩ ̸= 0 (209)

holds, then

D(Z,H)F(1, Z1, H∗)

is an isomorphism.
The Banach implicit-function theorem then gives

∃ δprof > 0

and a unique phase-normalized branch

α ↦−→ (Zα, Hα)

for

1 < α < 1 + δprof , (210)

with

F(α,Zα, Hα) = 0

and

∥Zα − Z1∥Xη + |Hα −H∗| ≤ C(α− 1). (211)

The left and right endpoint coefficients then vary continuously, so after reducing δprof ,

Zα(x) > 0 (212)

throughout the whole line.

94



The decisive remaining calculation

We have narrowed the profile continuation problem further than before. The multiplier
dependence, explicit anchor, kernel, adjoint mode, Green construction, and bordered mech-
anism are now available.

But there is one quantity we must actually compute rather than assume:⟨︁
e−3x/2, ∂HF (1, Z1, H∗)

⟩︁
. (213)

If it is nonzero for the correct amplitude or, if amplitude is not an independent param-
eter in the normalized profile problem, for the correct retained scalar parameter—then the
bordered derivative is genuinely invertible and the local interval profile theorem follows by
IFT.

So the next step is to go back to the exact autonomous G-equation, retain its ampli-
tude/coefficient parameter before normalization, compute q = ∂HF explicitly at

Z1 = (1 + e−x)−1/2,

and evaluate (213). That calculation will tell us whether H is the right unfolding param-
eter or whether we should instead retain c (or another similarity coefficient).

8 Part G

The endpoint index count shows that the adjoint mode is not in the dual of the weighted
range space. Thus the previous cokernel detour is not needed: for the small two-sided
weights considered here, the unphased linearized operator has Fredholm index +1, with
the one-dimensional kernel generated by translation, and imposing a single phase condition
produces the correct index-zero operator. In particular, no additional amplitude parameter
is required merely to restore surjectivity.

Let us make this precise, first at the explicit anchor

α = 1.

For γ = 0, the profile equation is

−νF ′′ = F 2F ′ =
1

3
(F 3)′.

After one integration, using the decaying condition at +∞,

−νF ′ =
1

3
F 3.

Hence

F1(s) =

√︄
3ν

2(s+ s0)

for s0 > 0.
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Write

cν =

√︃
3ν

2
,

so that
F1(s) = cν(s+ s0)

−1/2.

The linearization of
N1(F ) = −νF ′′ − F 2F ′

at F1 is
L1h = −νh′′ − F 2

1 h
′ − 2F1F

′
1h.

Since

F 2
1 =

3ν

2(s+ s0)

and

2F1F
′
1 = − 3ν

2(s+ s0)2
,

we obtain

L1h = −νh′′ − 3ν

2(s+ s0)
h′ +

3ν

2(s+ s0)2
h.

This factorizes exactly as

L1h = −ν
[︃
h′ +

3

2(s+ s0)
h

]︃′
.

Indeed, [︃
h′ +

3

2(s+ s0)
h

]︃′
= h′′ +

3

2(s+ s0)
h′ − 3

2(s+ s0)2
h.

Therefore the homogeneous equation

L1h = 0

reduces to

h′ +
3

2(s+ s0)
h = C1.

Multiplying by the integrating factor

(s+ s0)
3/2,

we obtain
d

ds

[︁
(s+ s0)

3/2h(s)
]︁
= C1(s+ s0)

3/2.

Consequently,

(s+ s0)
3/2h(s) =

2C1

5
(s+ s0)

5/2 + C2,
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and hence

h(s) =
2C1

5
(s+ s0) + C2(s+ s0)

−3/2.

The first mode grows linearly as s→ ∞, while the second mode decays:

(s+ s0)
−3/2 −→ 0.

Moreover,

F ′
1(s) = −cν

2
(s+ s0)

−3/2,

so the decaying homogeneous mode is precisely the translation mode:

kerL1 = span{F ′
1}

in a decaying function space.
Thus the only kernel degeneracy is the expected translation invariance.
We now impose one phase condition. For example, after fixing s0, we may require

h(0) = 0.

Since
F ′
1(0) ̸= 0,

the translation mode does not satisfy this phase condition. Therefore

kerL1

⃓⃓
{h(0)=0} = {0}.

We can do considerably better: the inverse can be written explicitly.
Suppose

L1h = f.

Define

g(s) = h′(s) +
3

2(s+ s0)
h(s).

Then
−νg′(s) = f(s),

or

g′(s) = −1

ν
f(s).

Imposing
g(∞) = 0

gives

g(s) =
1

ν

∫︂ ∞

s

f(τ) dτ.

Hence

h′ +
3

2(s+ s0)
h =

1

ν

∫︂ ∞

s

f(τ) dτ.
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Multiplication by (s+ s0)
3/2 yields

d

ds

[︁
(s+ s0)

3/2h(s)
]︁
=

(s+ s0)
3/2

ν

∫︂ ∞

s

f(τ) dτ.

Using the phase condition
h(0) = 0,

we therefore obtain

(L−1
1 f)(s) =

1

ν(s+ s0)3/2

∫︂ s

0

(σ + s0)
3/2

(︃∫︂ ∞

σ

f(τ) dτ

)︃
dσ.

This formula directly proves surjectivity in suitable weighted spaces and shows why an
additional cokernel condition is not required.

For example, fix

0 < η <
3

2

and define

Yη =

{︃
f : sup

s≥0
(s+ s0)

2+η|f(s)| <∞
}︃
.

Let
M = ∥f∥Yη .

Then
|f(τ)| ≤M(τ + s0)

−2−η.

Therefore ⃓⃓⃓⃓∫︂ ∞

s

f(τ) dτ

⃓⃓⃓⃓
≤M

∫︂ ∞

s

(τ + s0)
−2−η dτ,

and hence ⃓⃓⃓⃓∫︂ ∞

s

f(τ) dτ

⃓⃓⃓⃓
≤ M

1 + η
(s+ s0)

−1−η.

Substituting this estimate into the inverse formula gives

|h(s)| ≤ M

ν(1 + η)
(s+ s0)

−3/2

∫︂ s

0

(σ + s0)
1/2−η dσ.

For

0 < η <
3

2
,

we have ∫︂ s

0

(σ + s0)
1/2−η dσ =

(s+ s0)
3/2−η − s

3/2−η
0

3/2− η
.

Consequently,

|h(s)| ≤ M

ν(1 + η)(3/2− η)
(s+ s0)

−η.
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Since

h′ = g − 3

2(s+ s0)
h,

we also obtain

|h′(s)| ≤ M

ν(1 + η)
(s+ s0)

−1−η +
3

2(s+ s0)
|h(s)|.

Thus
|h′(s)| ≤ Cν,ηM(s+ s0)

−1−η.

Differentiating

g = h′ +
3

2(s+ s0)
h

gives

−1

ν
f = h′′ +

3

2(s+ s0)
h′ − 3

2(s+ s0)2
h.

Hence

h′′ = −1

ν
f − 3

2(s+ s0)
h′ +

3

2(s+ s0)2
h.

It follows that
|h′′(s)| ≤ Cν,ηM(s+ s0)

−2−η.

Define

Xη =

{︃
h : h(0) = 0, sup

s≥0
(s+ s0)

η|h(s)|+ sup
s≥0

(s+ s0)
1+η|h′(s)|+ sup

s≥0
(s+ s0)

2+η|h′′(s)| <∞
}︃
.

Then the preceding estimates prove

∥L−1
1 f∥Xη ≤ Cν,η∥f∥Yη .

Therefore
L1 : Xη −→ Yη

is a bounded isomorphism after the translation phase has been fixed.
This agrees with the endpoint Fredholm count in logarithmic variables.
Indeed, introduce

x = log s

and
F (s) = s−1/2G(x).

Then

F ′′ = s−5/2

(︃
G′′ − 2G′ +

3

4
G

)︃
,

so

−∂ssF = s−5/2

(︃
−G′′ + 2G′ − 3

4
G

)︃
.
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Thus

M1/2 = −D2 + 2D − 3

4
.

Its Fourier symbol is

m1(ξ) = ξ2 + 2iξ − 3

4
.

This is exactly what follows from the Mellin Gamma symbol

K+
α (λ) =

Γ(λ+ 1)Γ(2α− λ)

π
sin π(α− λ).

Setting

aα = α− 1

2

and

zα(ξ) = −aα + iξ = −α +
1

2
+ iξ,

we have

mα(ξ) = K+
α

(︃
−α +

1

2
+ iξ

)︃
.

Therefore

mα(ξ) =
Γ
(︁
3
2
− α + iξ

)︁
Γ
(︁
3α− 1

2
− iξ

)︁
π

sin π

(︃
2α− 1

2
− iξ

)︃
.

At α = 1,

m1(ξ) =
Γ(1

2
+ iξ)Γ(5

2
− iξ)

π
sin π

(︃
3

2
− iξ

)︃
.

Using the Gamma recurrence and reflection identities gives

m1(ξ) = −
(︃
3

2
− iξ

)︃(︃
1

2
− iξ

)︃
,

and therefore

m1(ξ) = ξ2 + 2iξ − 3

4
.

Differentiating the exact symbol with respect to α gives

∂αmα(ξ) = mα(ξ)

[︃
−ψ

(︃
3

2
− α + iξ

)︃
+ 3ψ

(︃
3α− 1

2
− iξ

)︃
+ 2π cotπ

(︃
2α− 1

2
− iξ

)︃]︃
.

Fix

0 < δ <
1

4
.

For
1 ≤ α ≤ 1 + δ,
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the Gamma arguments remain in pole-free right half-planes. Standard Stirling estimates
imply

|mα(ξ)| ≤ Cδ⟨ξ⟩2α.

The corresponding digamma estimates imply

|∂αmα(ξ)| ≤ Cδ⟨ξ⟩2α (1 + log⟨ξ⟩) .

For every
0 < σ < 1,

after choosing

0 < δ ≤ σ

4
,

the logarithmic factor can be absorbed into the additional Sobolev power, giving

|∂αmα(ξ)| ≤ Cδ,σ⟨ξ⟩2+σ.

The mean-value theorem then yields

|mα(ξ)−m1(ξ)| ≤ Cδ,σ|α− 1|⟨ξ⟩2+σ.

By Plancherel,

∥(Mα −M1)h∥L2 ≤ Cδ,σ|α− 1|∥h∥H2+σ .

Thus
α ↦−→ Mα ∈ L

(︁
H2+σ, L2

)︁
is C1 near α = 1.

We now check the Fredholm count directly in logarithmic variables.
Normalize

H∗(1) =

√︃
3ν

2

and write

Z1(x) =
G1(x)

H∗(1)
= (1 + e−x)−1/2.

Set

t(x) = Z1(x)
2 =

1

1 + e−x
.

Then
t′ = t(1− t)

and

Z ′
1 =

1

2
Z1(1− Z2

1) =
1

2

√
t(1− t).

The linearization in G-variables is

1

ν
L1h = −h′′ +

(︃
2− 3

2
t

)︃
h′ +

(︃
−3

4
+

3

4
t+

3

2
t2
)︃
h.
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As
x→ −∞, t→ 0,

the limiting homogeneous equation is

−h′′ + 2h′ − 3

4
h = 0,

or

h′′ − 2h′ +
3

4
h = 0.

Its characteristic roots are

λ
(1)
− =

1

2
, λ

(2)
− =

3

2
.

Both modes decay as
x→ −∞.

At the other endpoint,
x→ +∞, t→ 1.

The limiting equation becomes

−h′′ + 1

2
h′ +

3

2
h = 0,

or

h′′ − 1

2
h′ − 3

2
h = 0.

Its characteristic roots are

λ
(1)
+ =

3

2
, λ

(2)
+ = −1.

Exactly one mode decays as
x→ +∞.

Consequently, for a sufficiently small two-sided exponential weight

0 < η <
1

2
,

the dimension of the admissible subspace at the left endpoint is 2, while the dimension of
the admissible subspace at the right endpoint is 1.

For the associated first-order 2× 2 system, the Fredholm index is therefore

indL1 = 2 + 1− 2 = 1.

This is exactly consistent with the translation kernel

kerL1 = span{G′
1}.

Hence
dimkerL1 = 1, codimRanL1 = 0.
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In particular, the formal adjoint solution previously obtained does not generate a cokernel
element in these weighted spaces. The reason is that its growth at the left endpoint excludes
it from the relevant dual weighted space.

After imposing one phase condition transverse to translation, the kernel dimension de-
creases by one. Hence the phase-fixed operator has

indL ph
1 = 0.

Since its kernel is trivial,

kerL ph
1 = {0},

and the range already has codimension zero, we obtain

L ph
1 : Xph

η −→ Yη is an isomorphism.

Thus the correct continuation picture at the anchor is

one translation kernel + zero cokernel
one phase condition−−−−−−−−−−−→ bounded isomorphism.

There is therefore no need, at this stage, to introduce an artificial amplitude variable
solely to compensate for a supposed one-dimensional cokernel.

The next issue is the genuinely nonlocal one.
For

1 < α < 1 + δ,

set

aα = α− 1

2
,

and
Fα(s) = s−aαGα(log s).

The autonomous equation is

νMaαGα = G2
αG

′
α − cαG

3
α,

where, for γ = 0,

cα =
2α− 1

2
.

The equilibrium amplitude is not a free parameter. At

Gα = H∗(α),

we have
νK+

α (−aα)H∗(α) = −cαH∗(α)
3.

Hence

H∗(α)
2 = −νK

+
α (−aα)
cα

.
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At α = 1,

K+
1

(︃
−1

2

)︃
= −3

4

and

c1 =
1

2
,

so

H∗(1)
2 =

3

2
ν,

as required.
The desired heteroclinic satisfies

Gα(−∞) = 0, Gα(+∞) = H∗(α).

The left asymptotic exponent is determined by

K+
α (−aα + qα) = 0.

Since
−aα + qα = α− 1,

we obtain

qα = 2α− 3

2
.

Thus
Gα(x) ∼ Aαe

qαx (x→ −∞).

At the anchor,

q1 =
1

2
,

which agrees with

Z1(x) = (1 + e−x)−1/2 = ex/2 − 1

2
e3x/2 +

3

8
e5x/2 +O(e7x/2).

At the right endpoint,

Z1(x) = 1− 1

2
e−x +

3

8
e−2x +O(e−3x).

Therefore the explicit α = 1 profile has precisely the two asymptotic structures required
for a local continuation argument.

The remaining analytical point before invoking the implicit-function theorem is to verify
that the particular one-sided realization of

(−∂ss)α

used in the profile equation has an operator domain that varies continuously through

α = 1.
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This point cannot be skipped.
The Mellin identity is written using

sλ+,

namely

(−∂ss)αsλ+ = K+
α (λ)s

λ−2α.

For
α > 1,

the desired profile satisfies
Fα(s) ∼ Aαs

α−1 (s ↓ 0),

so
Fα(0) = 0.

At the anchor,
α = 1,

however,
F1(s) = cν(s+ s0)

−1/2

has
F1(0) = cνs

−1/2
0 > 0.

Thus, if the notation sλ+ corresponds to literal zero extension to the negative half-line,
the trace of the extended profile changes qualitatively at α = 1. In that realization, the
local differential equation for s > 0 does not by itself establish continuity of the fractional
operator domain at the anchor.

Consequently, the correct continuation theorem has the following logical structure:

explicit profile at α = 1

⇓
phase-fixed linearization is invertible

⇓
Mellin multiplier is C1 in α

⇓
verify compatibility of the one-sided realization/domain at α = 1

⇓
apply the implicit-function theorem

⇓
∃ δ > 0 : 1 < α < 1 + δ admits a nearby profile.

Thus the phase-fixed linearization itself is not the obstruction. At the explicit α =
1 anchor it has the correct invertibility structure. The next decisive step is to identify
precisely the extension convention and operator domain underlying the manuscript’s one-
sided fractional operator and prove that this realization is compatible with continuation
through α = 1.
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9 Part H

Continuation of the One-Phase Profile from α = 1

We now continue the one-phase profile analysis from the explicit α = 1 solution. The
objective is to replace the isolated value α = 1 by a genuine interval

1 < α < 1 + δ

for some δ > 0.
For the first continuation theorem we take

γ = 0.

The profile equation is therefore

ν(−∂ss)αFα = F 2
αF

′
α, 1 < α < 1 + δ.

Introduce

aα = α− 1

2
,

and make the logarithmic change of variables

x = log s, Gα(x) = saαFα(s).

Equivalently,

Fα(s) = s−aαGα(log s).

The one-sided Mellin realization used is

(−∂ss)αsλ+ = K+
α (λ)s

λ−2α,

where

K+
α (λ) =

Γ(λ+ 1)Γ(2α− λ)

π
sin π(α− λ).

Consequently,

(−∂ss)αF = s−aα−2αMaαG,

where

Maα(e
λx) = K+

α (−aα + λ)eλx.

The autonomous profile equation becomes
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νMaαG = G2G′ − cαG
3,

with

cα =
2α− 1

2
.

The desired heteroclinic satisfies

G(−∞) = 0, G(+∞) = H∗(α).

The right-hand equilibrium is not a free amplitude. Substitution of G = H∗ into the
autonomous equation gives

νK+
α (−aα)H∗ = −cαH3

∗ ,

and hence

H2
∗ (α) = −νK

+
α (−aα)
cα

.

At α = 1,

a1 =
1

2
, c1 =

1

2
,

and

K+
1

(︃
−1

2

)︃
= −3

4
.

Therefore

H2
∗ (1) =

3

2
ν,

so that

H∗(1) =

√︃
3ν

2
.

The Explicit Anchor at α = 1

When

α = 1, γ = 0,

the profile equation reduces to
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−νF ′′ = F 2F ′ =
1

3
(F 3)′.

Integrating and choosing the decaying branch gives

−νF ′ =
1

3
F 3.

Hence

F1(s) =

√︄
3ν

2(s+ s0)
.

Using the scaling symmetry, we fix the translation/scale phase by choosing

s0 = 1.

Thus

F1(s) =

√︃
3ν

2
(1 + s)−1/2.

Since

G1(x) = s1/2F1(s), s = ex,

we obtain

G1(x) =

√︃
3ν

2

(︃
ex

1 + ex

)︃1/2

.

Define

H1 =

√︃
3ν

2

and normalize by

Z1(x) =
G1(x)

H1

.

Then

Z1(x) = (1 + e−x)−1/2.

Introduce

t(x) = Z2
1(x) =

1

1 + e−x
.

Then
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t′ = t(1− t)

and

Z ′
1 =

1

2
Z1(1− Z2

1) =
1

2

√
t(1− t).

Equivalently,

Z ′
1(x) =

1

2

ex/2

(1 + ex)3/2
.

The endpoint expansions are

Z1(x) = ex/2 − 1

2
e3x/2 +

3

8
e5x/2 +O(e7x/2), x→ −∞,

and

Z1(x) = 1− 1

2
e−x +

3

8
e−2x +O(e−3x), x→ +∞.

Thus the left decay exponent at the anchor is

q−(1) =
1

2
,

whereas the right decay exponent is

r+(1) = 1.

For general α, the Mellin balance gives

−aα + λ = α− 1,

and therefore

q−(α) = 2α− 3

2
.

In particular,

q−(α) −→
1

2
as α ↓ 1.
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Exact Mellin Symbol Near α = 1

Set

zα(ξ) = −aα + iξ = −α +
1

2
+ iξ.

The Fourier–Mellin symbol is

mα(ξ) = K+
α

(︃
−α +

1

2
+ iξ

)︃
.

Using the exact Gamma-function representation,

mα(ξ) =
Γ
(︁
3
2
− α + iξ

)︁
Γ
(︁
3α− 1

2
− iξ

)︁
π

sin π

(︃
2α− 1

2
− iξ

)︃
.

At α = 1,

m1(ξ) =
Γ
(︁
1
2
+ iξ

)︁
Γ
(︁
5
2
− iξ

)︁
π

sin π

(︃
3

2
− iξ

)︃
.

Using the Gamma recurrence relation,

Γ

(︃
5

2
− iξ

)︃
=

(︃
3

2
− iξ

)︃(︃
1

2
− iξ

)︃
Γ

(︃
1

2
− iξ

)︃
,

together with

Γ

(︃
1

2
+ iξ

)︃
Γ

(︃
1

2
− iξ

)︃
=

π

cosh πξ
,

and

sin

(︃
3π

2
− iπξ

)︃
= − cosh πξ,

we obtain

m1(ξ) = −
(︃
3

2
− iξ

)︃(︃
1

2
− iξ

)︃
.

Therefore

m1(ξ) = ξ2 + 2iξ − 3

4
.

Consequently,

M1/2 = −D2 + 2D − 3

4
, D =

d

dx
.

This agrees directly with the conjugation formula
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F (s) = s−1/2G(log s).

Indeed,

F ′′(s) = s−5/2

(︃
G′′ − 2G′ +

3

4
G

)︃
,

so

−∂ssF = s−5/2

(︃
−G′′ + 2G′ − 3

4
G

)︃
.

Perturbation of the Mellin Symbol

Differentiate the exact symbol with respect to α. Writing ψ = Γ′/Γ for the digamma function
gives

∂αmα(ξ) = mα(ξ)

[︃
−ψ

(︃
3

2
− α + iξ

)︃
+ 3ψ

(︃
3α− 1

2
− iξ

)︃
+ 2π cotπ

(︃
2α− 1

2
− iξ

)︃]︃
.

Fix

0 < δ <
1

4
.

For

1 ≤ α ≤ 1 + δ,

the Gamma-function arguments remain in pole-free right half-planes.
Stirling asymptotics imply

|mα(ξ)| ≤ Cδ⟨ξ⟩2α.

The standard digamma estimate gives

|ψ(z)| ≤ C(1 + log⟨ℑz⟩)

uniformly in the relevant vertical strips. Hence

|∂αmα(ξ)| ≤ Cδ⟨ξ⟩2α (1 + log⟨ξ⟩) .

For every

0 < σ < 1,

choose
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0 < δ ≤ σ

4
.

Then

2α ≤ 2 + 2δ ≤ 2 +
σ

2
,

and the logarithmic factor may be absorbed into the remaining power. Therefore

|∂αmα(ξ)| ≤ Cδ,σ⟨ξ⟩2+σ.

The mean-value theorem now gives

|mα(ξ)−m1(ξ)| ≤ Cδ,σ|α− 1|⟨ξ⟩2+σ.

By Plancherel,

∥(Mα −M1)h∥L2 ≤ Cδ,σ|α− 1|∥h∥H2+σ .

Thus

Mα −→ M1 in L(H2+σ, L2) as α ↓ 1.

Moreover,

α ↦−→ Mα ∈ L(H2+σ, L2)

is C1 in a sufficiently small neighborhood of α = 1.

Linearization at the Explicit Anchor

At

α = 1, c1 =
1

2
,

the autonomous equation is

νM1/2G = G2G′ − 1

2
G3.

Define

F(1, G) = νM1/2G−G2G′ +
1

2
G3.

The linearization at G1 is

L1h = ν

(︃
−h′′ + 2h′ − 3

4
h

)︃
− 2G1G

′
1h−G2

1h
′ +

3

2
G2

1h.
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Since

G2
1 =

3ν

2
t

and

G1G
′
1

ν
=

3

4
t(1− t),

we obtain

1

ν
L1h = −h′′ +

(︃
2− 3

2
t

)︃
h′ +

(︃
−3

4
+

3

4
t+

3

2
t2
)︃
h.

Translation invariance implies

L1G
′
1 = 0.

Thus the translation mode is

h1(x) = G′
1(x).

Up to the constant factor H1,

h1(x) =
1

2

√
t(1− t).

Its asymptotic behavior is

h1(x) ∼
1

2
ex/2, x→ −∞,

and

h1(x) ∼
1

2
e−x, x→ +∞.

Second Homogeneous Solution

Multiply the homogeneous equation by −1 and write it in standard form

h′′ + P (x)h′ +Q(x)h = 0,

where

P (x) = −2 +
3

2
t(x).

Reduction of order gives
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h2 = h1

∫︂
e−

∫︁
P (x) dx

h21
dx.

Using

t′ = t(1− t),

we obtain

e−
∫︁
P dx = t2(1− t)−1/2

up to an irrelevant nonzero multiplicative constant.
Since

h21 ∝ t(1− t)2,

we find

e−
∫︁
Pdx

h21
∝ t(1− t)−5/2.

Using

dx =
dt

t(1− t)
,

the integral becomes ∫︂
(1− t)−7/2 dt ∝ (1− t)−5/2.

Hence one may choose

h2(x) =
√
t (1− t)−3/2.

At the right endpoint,

1− t ∼ e−x,

and therefore

h2(x) ∼ e3x/2, x→ +∞.

At the left endpoint,

t ∼ ex,

so the displayed h2 shares the leading e
x/2 behavior of the translation mode. Subtracting

the appropriate multiple of h1 produces the second left mode with behavior

˜︁h2(x) ∼ e3x/2, x→ −∞.
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Thus the asymptotic characteristic exponents are

λ
(1)
− =

1

2
, λ

(2)
− =

3

2

at x = −∞, while at x = +∞ they are

λ
(1)
+ = −1, λ

(2)
+ =

3

2
.

Indeed, as x→ −∞,

t→ 0,

and the limiting equation is

h′′ − 2h′ +
3

4
h = 0,

whose roots are

λ =
1

2
,
3

2
.

As x→ +∞,

t→ 1,

and the limiting equation becomes

h′′ − 1

2
h′ − 3

2
h = 0,

whose roots are

λ = −1,
3

2
.

Correct Fredholm Index Count

Choose a two-sided exponential weight satisfying

0 < η <
1

2
.

Let

ωη(x) ≍

{︄
e−ηx, x≪ 0,

eηx, x≫ 0.

Consider
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Xη =
{︁
h : ωηh ∈ H2(R)

}︁
,

and

Yη =
{︁
f : ωηf ∈ L2(R)

}︁
.

At x = −∞, both characteristic modes

ex/2, e3x/2

belong to the weighted space because

0 < η <
1

2
.

Thus the dimension of the admissible subspace at the left endpoint is

d− = 2.

At x = +∞, only

e−x

belongs to the weighted space, whereas

e3x/2

does not. Hence

d+ = 1.

For a second-order scalar equation, the Fredholm index is therefore

indL1 = d− + d+ − 2 = 2 + 1− 2 = 1.

The kernel contains exactly the translation mode,

kerL1 = span{G′
1}.

Consequently,

dim kerL1 = 1

and

indL1 = 1

imply

dim cokerL1 = 0.

Therefore there is no additional cokernel compatibility condition in these weighted spaces.
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In particular, the formal adjoint solution that grows strongly at x = −∞ does not belong
to the appropriate dual weighted space and does not define a cokernel functional.

Thus an additional free amplitude parameter is not required merely to remove a cokernel.
The only degeneracy is the expected translation symmetry.

Phase Fixing

Fix the translation by imposing, for example,

Z(0) =
1√
2
.

At the anchor,

Z1(0) =
1√
2
.

Since

Z ′
1(0) =

1

4
√
2
̸= 0,

the translation orbit intersects this phase condition transversally.
Equivalently, for perturbations h,

h(0) = 0.

Since

G′
1(0) ̸= 0,

the translation mode does not belong to the phase-fixed domain.
Thus

ker
(︂
L1

⃓⃓
{h(0)=0}

)︂
= {0}.

Because the unrestricted operator has Fredholm index 1, imposing one independent scalar
phase condition lowers the index by one. Therefore

ind
(︂
L1

⃓⃓
{h(0)=0}

)︂
= 0.

Since the phase-fixed kernel is zero, its cokernel is also zero.
Hence the phase-fixed operator is the correct candidate for an isomorphism.
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Direct Verification in the Original s-Variable

The invertibility can be seen particularly transparently at α = 1 before passing to logarithmic
coordinates.

Recall

F1(s) =

√︃
3ν

2
(s+ s0)

−1/2.

The linearization of

−νF ′′ − F 2F ′ = 0

at F1 is

L1h = −νh′′ − F 2
1 h

′ − 2F1F
′
1h.

Since

F 2
1 =

3ν

2(s+ s0)
,

we obtain

L1h = −
(︁
νh′ + F 2

1 h
)︁′
.

Equivalently,

L1h = −ν
[︃
h′ +

3

2(s+ s0)
h

]︃′
.

The homogeneous equation

L1h = 0

integrates once to

h′ +
3

2(s+ s0)
h = C1.

Multiplication by the integrating factor

(s+ s0)
3/2

gives

d

ds

[︁
(s+ s0)

3/2h
]︁
= C1(s+ s0)

3/2.

Therefore
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h(s) =
2C1

5
(s+ s0) + C2(s+ s0)

−3/2.

The growing solution

(s+ s0)

is excluded by the decay condition.
The remaining homogeneous solution is

(s+ s0)
−3/2,

which is precisely proportional to the translation derivative

F ′
1(s).

Thus the decaying kernel is exactly one-dimensional.
Imposing

h(0) = 0

eliminates this mode.

Explicit Phase-Fixed Inverse

Let

L1h = f.

Set

g(s) = h′(s) +
3

2(s+ s0)
h(s).

Then

−νg′(s) = f(s).

Impose the decaying condition

g(∞) = 0.

It follows that

g(s) =
1

ν

∫︂ ∞

s

f(τ) dτ.

Now solve
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h′ +
3

2(s+ s0)
h = g(s)

subject to the phase condition

h(0) = 0.

Multiplication by (s+ s0)
3/2 gives

d

ds

[︁
(s+ s0)

3/2h(s)
]︁
= (s+ s0)

3/2g(s).

Hence

(s+ s0)
3/2h(s) =

∫︂ s

0

(σ + s0)
3/2g(σ) dσ.

Substituting the expression for g,

(L−1
1 f)(s) =

1

ν(s+ s0)3/2

∫︂ s

0

(σ + s0)
3/2

∫︂ ∞

σ

f(τ) dτ dσ.

This gives an explicit inverse for the phase-fixed linearized operator.

A Concrete Weighted Estimate

Let

r = s+ s0.

For

0 < η <
3

2
,

define

∥f∥Yη = sup
s≥0

r2+η|f(s)|.

Let

M = ∥f∥Yη .

Then

|f(τ)| ≤M(τ + s0)
−2−η.

Therefore ∫︂ ∞

s

|f(τ)| dτ ≤M

∫︂ ∞

s

(τ + s0)
−2−η dτ,
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and hence ∫︂ ∞

s

|f(τ)| dτ ≤ M

1 + η
(s+ s0)

−1−η.

Consequently,

|g(s)| ≤ M

ν(1 + η)
r−1−η.

Using the explicit inverse,

|h(s)| ≤ M

ν(1 + η)r3/2

∫︂ s

0

(σ + s0)
1/2−η dσ.

For

0 < η <
3

2
,

we obtain ∫︂ s

0

(σ + s0)
1/2−η dσ ≤ r3/2−η

3/2− η
.

Thus

|h(s)| ≤ M

ν(1 + η)(3/2− η)
r−η.

Furthermore,

h′ = g − 3

2r
h,

so

|h′(s)| ≤ Cν,ηMr−1−η.

Differentiating

g = h′ +
3

2r
h

gives

g′ = h′′ +
3

2r
h′ − 3

2r2
h.

Since

g′ = −1

ν
f,

we obtain
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h′′ = −1

ν
f − 3

2r
h′ +

3

2r2
h.

Therefore

|h′′(s)| ≤ Cν,ηMr−2−η.

Define

∥h∥Xη = sup
s≥0

rη|h(s)|+ sup
s≥0

r1+η|h′(s)|+ sup
s≥0

r2+η|h′′(s)|.

Then

∥L−1
1 f∥Xη ≤ Cν,η∥f∥Yη .

Thus, on these phase-fixed weighted spaces,

L1 : Xη −→ Yη

has a bounded inverse.
This explicitly confirms the Fredholm conclusion: the only noninvertibility of the unre-

stricted anchor linearization is the translation mode, and after phase fixing no additional
amplitude parameter or adjoint compatibility condition is required.

The Remaining Continuation Issue

The preceding argument establishes the two principal ingredients at the formal continuation
anchor:

phase-fixed invertibility at α = 1,

and

Mα −M1 = O(|α− 1|) : H2+σ → L2.

However, one further structural point must be verified before applying the Banach-space
implicit-function theorem without qualification.

The Mellin formula used above is a one-sided realization involving

sλ+.

For α > 1, the desired left endpoint behavior is

Fα(s) ∼ Aαs
α−1, s ↓ 0,

and therefore

Fα(0) = 0
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for every α > 1.
At the anchor α = 1,

F1(s) =

√︄
3ν

2(s+ s0)
,

so

F1(0) =

√︃
3ν

2s0
̸= 0.

Thus the boundary trace of the F -profile changes at the endpoint α = 1.
This does not appear as a discontinuity in the logarithmic variable, because

Gα(x) = saαFα(s)

satisfies

Gα(−∞) = 0

for all α near 1, including α = 1.
Indeed,

G1(x) ∼ H1e
x/2, x→ −∞.

Nevertheless, the underlying fractional realization acts on F , and therefore the precise
exterior-extension/domain convention at s = 0 must be included in the continuation theorem.

In particular, before asserting

∃ δ > 0 such that profiles exist for every 1 < α < 1 + δ,

one must verify that the one-sided fractional operator used forms a C1 family on a
common Banach domain after the Mellin conjugation, including the endpoint/exterior-data
convention.

This is the remaining functional-analytic point in the local continuation argument.

Corrected Status of the Continuation Argument

The analysis above gives the following hierarchy.
First, the explicit anchor is exact:

F1(s) =

√︄
3ν

2(s+ s0)
.

Second, the Mellin symbol is exact:
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mα(ξ) =
Γ(3

2
− α + iξ)Γ(3α− 1

2
− iξ)

π
sin π

(︃
2α− 1

2
− iξ

)︃
.

Third,

m1(ξ) = ξ2 + 2iξ − 3

4
.

Fourth, for every sufficiently small fixed σ > 0,

∥(Mα −M1)h∥L2 ≤ C|α− 1|∥h∥H2+σ .

Fifth, the unrestricted anchor linearization has exactly the translation kernel and Fred-
holm index 1:

kerL1 = span{G′
1}, indL1 = 1.

Sixth, the phase condition removes this kernel:

h(0) = 0.

The phase-fixed operator has index zero and trivial kernel, and the direct s-variable
calculation provides an explicit bounded inverse.

Therefore the earlier introduction of a separate adjoint compatibility condition and a
free amplitude parameter is not required by the anchor linearization in these small-weight
spaces.

The remaining issue is not an algebraic degeneracy of the α = 1 linearization. It is
the precise compatibility of the one-sided fractional operator, its exterior extension, and its
domain as α ↓ 1.

Once that common-domain C1 property is established, the natural next step is to define

F (α,G) = 0

on the phase-fixed weighted Banach spaces and apply the implicit function theorem at

(α,G) = (1, G1).

That would yield a genuine local branch

α ↦−→ Gα

for

1 < α < 1 + δ,

with

Gα(−∞) = 0, Gα(+∞) = H∗(α),
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and hence

Fα(s) = s−(α−1/2)Gα(log s).

The corresponding endpoint behavior would be

Fα(s) ∼ Aαs
α−1, s ↓ 0,

and

Fα(s) ∼ H∗(α)s
−(α−1/2), s→ ∞.

Thus the central remaining task for the interval theorem is to close the operator-domain/exterior-
extension step and thereby place the exact anchor inverse and the Mellin-symbol perturbation
estimate into one common Banach-space implicit-function-theorem framework.

10 Part I

Continuation Audit Near α = 1

The endpoint index count shows that the previous cokernel detour must be reconsidered. In
the small two-sided exponentially weighted spaces, the formal adjoint mode does not belong
to the relevant dual space. The phase-fixed linearized operator is therefore the correct object
to study, and there is no reason at this stage to introduce an additional amplitude parameter.

We begin again from the exact α = 1 profile and prove the phase-fixed invertibility
directly.

1. Exact profile at α = 1

For
α = 1, γ = 0,

the profile equation becomes

−νF ′′ = F 2F ′ =
1

3
(F 3)′.

After one integration, with the integration constant chosen to vanish at infinity,

−νF ′ =
1

3
F 3.

Hence

F1(s) =

√︄
3ν

2(s+ s0)

for s0 > 0.
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Write

cν =

√︃
3ν

2
,

so that
F1(s) = cν(s+ s0)

−1/2.

The translation parameter s0 is the one-dimensional symmetry which must be removed
by a phase condition.

2. Direct linearization in the s-variable

Define
F1(F ) = −νF ′′ − F 2F ′.

Linearizing about F1 gives

L1h = −νh′′ − F 2
1 h

′ − 2F1F
′
1h.

Since

F 2
1 =

3ν

2(s+ s0)
,

we have

F1F
′
1 = − 3ν

4(s+ s0)2
.

Therefore

L1h = −νh′′ − 3ν

2(s+ s0)
h′ +

3ν

2(s+ s0)2
h.

Equivalently,

L1h = −ν
[︃
h′ +

3

2(s+ s0)
h

]︃′
.

This factorization makes the kernel and inverse completely explicit.

3. Homogeneous equation

Suppose
L1h = 0.

Then [︃
h′ +

3

2(s+ s0)
h

]︃′
= 0,

and hence

h′ +
3

2(s+ s0)
h = C1.

Multiplication by the integrating factor

(s+ s0)
3/2
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gives
d

ds

[︁
(s+ s0)

3/2h(s)
]︁
= C1(s+ s0)

3/2.

Consequently,

(s+ s0)
3/2h(s) =

2C1

5
(s+ s0)

5/2 + C2,

and therefore

h(s) =
2C1

5
(s+ s0) + C2(s+ s0)

−3/2.

The first solution grows linearly as s→ ∞, whereas the second solution decays.
Moreover,

∂s0F1 = −cν
2
(s+ s0)

−3/2,

so the decaying homogeneous mode is precisely the translation mode.
Thus, before imposing a phase condition,

kerL1 = span
{︁
(s+ s0)

−3/2
}︁

in the natural decaying class.
A phase condition removes this one-dimensional kernel.

4. Explicit phase-fixed inverse

Consider
L1h = f.

Define

g(s) = h′(s) +
3

2(s+ s0)
h(s).

Then
−νg′(s) = f(s).

If the admissible solution satisfies
g(∞) = 0,

then

g(s) =
1

ν

∫︂ ∞

s

f(τ) dτ.

Now solve

h′ +
3

2(s+ s0)
h = g.

Multiplying by (s+ s0)
3/2,

d

ds

[︁
(s+ s0)

3/2h(s)
]︁
= (s+ s0)

3/2g(s).

Choose the phase condition

h(0) = 0.
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Integration from 0 to s gives

(s+ s0)
3/2h(s) =

∫︂ s

0

(σ + s0)
3/2g(σ) dσ.

Substituting the formula for g,

(L−1
1 f)(s) =

1

ν(s+ s0)3/2

∫︂ s

0

(σ + s0)
3/2

∫︂ ∞

σ

f(τ) dτ dσ.

Thus the phase-fixed inverse is not merely abstract: it is given by an explicit integral
operator.

5. Weighted estimate

Let
r = s+ s0.

For

0 < η <
3

2
,

define
∥f∥Yη = sup

s≥0
(s+ s0)

2+η|f(s)|.

Let
M = ∥f∥Yη .

Then
|f(τ)| ≤M(τ + s0)

−2−η.

Therefore ⃓⃓⃓⃓∫︂ ∞

s

f(τ) dτ

⃓⃓⃓⃓
≤M

∫︂ ∞

s

(τ + s0)
−2−η dτ.

Hence ⃓⃓⃓⃓∫︂ ∞

s

f(τ) dτ

⃓⃓⃓⃓
≤ M

1 + η
(s+ s0)

−1−η.

It follows that

|g(s)| ≤ M

ν(1 + η)
(s+ s0)

−1−η.

Using the explicit inverse,

|h(s)| ≤ M

ν(1 + η)
(s+ s0)

−3/2

∫︂ s

0

(σ + s0)
1/2−η dσ.

Since

0 < η <
3

2
,
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we obtain ∫︂ s

0

(σ + s0)
1/2−η dσ ≤ 1

3
2
− η

(s+ s0)
3/2−η.

Consequently,

|h(s)| ≤ M

ν(1 + η)(3
2
− η)

(s+ s0)
−η.

Next,

h′ = g − 3

2(s+ s0)
h,

so
|h′(s)| ≤ Cν,ηM(s+ s0)

−1−η.

Finally,

g′ = h′′ +
3

2(s+ s0)
h′ − 3

2(s+ s0)2
h = −1

ν
f.

Thus

h′′ = −1

ν
f − 3

2(s+ s0)
h′ +

3

2(s+ s0)2
h,

and hence
|h′′(s)| ≤ Cν,ηM(s+ s0)

−2−η.

Define

Xη =

{︃
h : h(0) = 0, sup

s≥0

[︁
rη|h|+ r1+η|h′|+ r2+η|h′′|

]︁
<∞

}︃
.

Then
L−1
1 : Yη −→ Xη

is bounded.
In particular,

∥L−1
1 f∥Xη ≤ Cν,η∥f∥Yη .

Therefore the phase-fixed linearization at the explicit α = 1 profile is an isomorphism in
these weighted spaces.

6. Why the previous cokernel conclusion does not follow

The same conclusion is visible from the endpoint index count in logarithmic coordinates.
Set

x = log s, t(x) =
1

1 + e−x
.

After normalization,
Z1(x) = (1 + e−x)−1/2 =

√︁
t(x).
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The linearized equation is

1

ν
L1h = −h′′ +

(︃
2− 3

2
t

)︃
h′ +

(︃
−3

4
+

3

4
t+

3

2
t2
)︃
h.

As
x→ −∞, t→ 0,

the limiting homogeneous equation is

−h′′ + 2h′ − 3

4
h = 0.

Equivalently,

h′′ − 2h′ +
3

4
h = 0.

Its characteristic roots are

λ
(1)
− =

1

2
, λ

(2)
− =

3

2
.

Both modes decay as x→ −∞.
As

x→ +∞, t→ 1,

the limiting equation becomes

−h′′ + 1

2
h′ +

3

2
h = 0.

Equivalently,

h′′ − 1

2
h′ − 3

2
h = 0,

whose roots are

λ
(1)
+ = −1, λ

(2)
+ =

3

2
.

Thus exactly one mode decays as x→ +∞.
For a sufficiently small two-sided exponential weight

0 < η <
1

2
,

the admissible dimension at the left endpoint is therefore 2, whereas the admissible dimension
at the right endpoint is 1.

For a second-order problem this gives the index count

2 + 1− 2 = 1.

Thus the unphased operator naturally has Fredholm index +1, consistent with its one-
dimensional translation kernel and zero cokernel.

After imposing one scalar phase condition, the index becomes

0.
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Since the translation kernel is removed, the phase-fixed operator is the candidate isomor-
phism.

This agrees exactly with the explicit inverse obtained above.
In particular, the formal adjoint solution which grows strongly at x → −∞ cannot

automatically be interpreted as a cokernel functional. Membership in the dual weighted
space is essential.

Hence a condition of the form ∫︂
R
e−3x/2f(x) dx = 0

is not justified merely by the existence of that formal adjoint solution.
No additional amplitude parameter is therefore required on the basis of that argument.

7. Mellin symbol for the fractional continuation

For

a = α− 1

2
,

the manuscript uses
F (s) = s−aG(log s)

and
(−∂ss)αF = s−a−2αMaG.

The Mellin multiplier is

K+
α (λ) =

Γ(λ+ 1)Γ(2α− λ)

π
sin π(α− λ).

Consequently,
Ma(e

λx) = K+
α (−a+ λ)eλx.

For Fourier frequency ξ, define

zα(ξ) = −a+ iξ = −α +
1

2
+ iξ.

Then

mα(ξ) = K+
α

(︃
−α +

1

2
+ iξ

)︃
.

Therefore

mα(ξ) =
Γ(3

2
− α + iξ)Γ(3α− 1

2
− iξ)

π
sin π

(︃
2α− 1

2
− iξ

)︃
.

At
α = 1,

this becomes

m1(ξ) =
Γ(1

2
+ iξ)Γ(5

2
− iξ)

π
sin π

(︃
3

2
− iξ

)︃
.
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Using the Gamma recurrence and reflection identities,

m1(ξ) = −
(︃
3

2
− iξ

)︃(︃
1

2
− iξ

)︃
= ξ2 + 2iξ − 3

4
.

Thus

M1/2 = −D2 + 2D − 3

4
, D =

d

dx
.

This also follows directly from

F (s) = s−1/2G(log s).

Indeed,

F ′′ = s−5/2

(︃
G′′ − 2G′ +

3

4
G

)︃
,

and therefore

−∂ssF = s−5/2

(︃
−G′′ + 2G′ − 3

4
G

)︃
.

8. Differentiation with respect to α

Differentiating the exact Gamma-function multiplier gives

∂αmα(ξ) = mα(ξ)

[︃
−ψ

(︃
3

2
− α + iξ

)︃
+ 3ψ

(︃
3α− 1

2
− iξ

)︃
+ 2π cotπ

(︃
2α− 1

2
− iξ

)︃]︃
,

where

ψ(z) =
Γ′(z)

Γ(z)

is the digamma function.
Fix

0 < δ <
1

4
.

For
1 ≤ α ≤ 1 + δ,

the Gamma arguments remain in pole-free right half-planes, and the sine factor remains
away from its zeros for real ξ.

Stirling asymptotics imply
|mα(ξ)| ≤ Cδ⟨ξ⟩2α.

The standard digamma asymptotic

ψ(z) = log z +O(|z|−1)

gives
|∂αmα(ξ)| ≤ Cδ⟨ξ⟩2α (1 + log⟨ξ⟩) .
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Given
0 < σ < 1,

choose
0 < δ ≤ σ

4
.

Then
2α ≤ 2 + 2δ ≤ 2 +

σ

2
.

Since
1 + log⟨ξ⟩ ≤ Cσ⟨ξ⟩σ/2,

we obtain
|∂αmα(ξ)| ≤ Cδ,σ⟨ξ⟩2+σ.

By the mean-value theorem,

|mα(ξ)−m1(ξ)| ≤ Cδ,σ|α− 1|⟨ξ⟩2+σ.

Hence Plancherel’s theorem gives

∥(Mα −M1)h∥L2 ≤ Cδ,σ|α− 1|∥h∥H2+σ .

Thus
α ↦−→ Mα ∈ L

(︁
H2+σ, L2

)︁
is C1 in a neighborhood of α = 1.

9. Autonomous profile equation

For

a = α− 1

2
,

the logarithmic profile equation is

νMaG = G2G′ − cG3,

where

c =
2α− 1− γ

2
.

For the first continuation theorem we take

γ = 0,

so

cα =
2α− 1

2
.
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The desired heteroclinic satisfies

G(−∞) = 0, G(+∞) = H∗(α).

The equilibrium value is not a free amplitude. Substituting G = H∗ into the autonomous
equation gives

νK+
α (−a)H∗ = −cαH3

∗ .

For H∗ > 0,

H2
∗ (α) = −νK

+
α (−a)
cα

.

At α = 1,

a =
1

2
, K+

1

(︃
−1

2

)︃
= −3

4
, c1 =

1

2
.

Therefore

H2
∗ (1) =

3

2
ν,

which agrees with
H∗(1) = cν .

Thus H∗(α) is determined by the equation itself and, provided the Gamma factors remain
regular, varies smoothly with α near 1.

10. Endpoint rates

The left Mellin root is determined by

−a+ λ = α− 1.

Since

a = α− 1

2
,

we obtain

λ = q−(α) = 2α− 3

2
.

At α = 1,

q−(1) =
1

2
.

Indeed,
Z1(x) = (1 + e−x)−1/2

has the expansion

Z1(x) = ex/2 − 1

2
e3x/2 +

3

8
e5x/2 +O(e7x/2), x→ −∞.
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At the right endpoint,

Z1(x) = 1− 1

2
e−x +

3

8
e−2x +O(e−3x), x→ +∞.

Thus the anchor profile has left decay exponent

1

2

and right decay exponent
1.

These are exactly compatible with choosing a sufficiently small exponential weight

0 < η <
1

2
.

11. What is now established at the continuation anchor

The explicit α = 1 calculation establishes the following facts:

(i) The profile F1 =

√︄
3ν

2(s+ s0)
is explicit.

(ii) The unphased linearization has exactly the translation mode

(s+ s0)
−3/2 in the natural decaying class.

(iii) A phase condition removes this kernel.

(iv) The phase-fixed inverse is explicitly

(L−1
1 f)(s) =

1

ν(s+ s0)3/2

∫︂ s

0

(σ + s0)
3/2

∫︂ ∞

σ

f(τ) dτ dσ.

(v) The inverse satisfies weighted estimates.

(vi) The Mellin multiplier depends continuously and

C1-smoothly on α in stronger Sobolev topology.

Therefore the earlier proposed cokernel obstruction is not supported by the correct end-
point index count.

The remaining issue for a rigorous implicit-function continuation is not an additional
scalar solvability condition. The decisive remaining issue is to put the nonlocal one-sided
fractional operator and the α = 1 anchor into one common Banach-space framework in which

DGF(1, G1)

is the phase-fixed isomorphism above and

(α,G) ↦−→ F(α,G)

is C1.
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12. The remaining operator-domain question

There is one structural point which must be checked before invoking the implicit function
theorem.

The Mellin formula is written using
sλ+

and a one-sided realization:
(−∂ss)αsλ+ = K+

α (λ)s
λ−2α.

For
α > 1,

the desired profile has
Fα(s) ∼ Aαs

α−1, s ↓ 0,

so
Fα(0) = 0.

At the anchor
α = 1,

however,
F1(s) = cν(s+ s0)

−1/2

satisfies
F1(0) = cνs

−1/2
0 > 0.

Thus, if the one-sided fractional operator is defined through zero extension to s < 0, the
boundary trace of the profile changes at α = 1. In that realization, the operator domain
itself may not vary continuously through the anchor.

This point cannot be removed merely by the Mellin multiplier estimate.
The logarithmic variable

Gα(x) = saαFα(s)

does improve the endpoint geometry because

Gα(−∞) = 0

for all α near 1, including the anchor:

G1(x) = cν(1 + e−x)−1/2.

Nevertheless, the underlying realization of

(−∂ss)α

must still be specified consistently.
Therefore the next rigorous step is:

identify the exact one-sided extension/domain convention and prove that the transformed operator is C1 through α = 1.

Once that is established, the phase-fixed invertibility calculation above provides precisely
the linear ingredient needed for the Banach-space implicit function theorem.
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13. Target continuation theorem

The desired theorem can then be formulated as follows.

Target Theorem. There exists
δ > 0

such that for every
1 ≤ α < 1 + δ

there exists a phase-normalized positive profile

Gα

solving

νMaαGα = G2
αG

′
α − 2α− 1

2
G3

α, aα = α− 1

2
,

with
Gα(−∞) = 0, Gα(+∞) = H∗(α),

and
Gα −→ G1

in the selected weighted profile space as

α ↓ 1.

Moreover,

Gα(x) ∼ Aαe
(2α− 3

2
)x, x→ −∞,

with
Aα > 0,

and
Gα(x) → H∗(α) > 0, x→ +∞.

In the original similarity variable,

Fα(s) = s−aαGα(log s),

so the left endpoint satisfies

Fα(s) ∼ Aαs
α−1, s ↓ 0,

while

Fα(s) ∼ H∗(α)s
−(α− 1

2
), s→ ∞.

The explicit α = 1 phase-fixed inverse and the Mellin-symbol perturbation estimate
establish the two principal local ingredients for this theorem. What remains is to verify that
the precise one-sided fractional realization supplies a common C1 operator framework across
the endpoint α = 1.
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11 Part J

12 Correction of the Fredholm Analysis at the Explicit

α = 1 Anchor

We now return to the explicit anchor at

α = 1, γ = 0.

The purpose of this calculation is to determine the precise invertibility properties of the
linearized profile operator. In particular, the previous appearance of an adjoint mode must
be interpreted in the correct weighted space before it can be used to infer the existence of a
cokernel.

The conclusion will be that, in the natural small exponentially weighted spaces, the
unphased operator has Fredholm index 1, with the one-dimensional kernel generated by
translation. After fixing the translation phase, the operator has index zero and is invertible.
No additional amplitude parameter is required at the α = 1 anchor.

12.1 The explicit profile

For

α = 1, γ = 0,

the scalar profile equation becomes

−νF ′′ = F 2F ′ =
1

3
(F 3)′.

After one integration, using the decaying condition at infinity,

−νF ′ =
1

3
F 3.

Hence

F1(s) =

√︄
3ν

2(s+ s0)
.

Choosing the translation phase

s0 = 1,

we obtain

F1(s) =

√︃
3ν

2
(1 + s)−1/2.

Let
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cν =

√︃
3ν

2
.

Then

F1(s) = cν(1 + s)−1/2.

The logarithmic variable is

x = log s,

and for α = 1,

a = α− 1

2
=

1

2
.

Therefore

G1(x) = s1/2F1(s).

Consequently,

G1(x) = cν
ex/2√
1 + ex

= cν(1 + e−x)−1/2.

Defining

Z1(x) =
G1(x)

cν
,

we obtain the explicit heteroclinic

Z1(x) = (1 + e−x)−1/2.

Introduce

t(x) = Z1(x)
2 =

1

1 + e−x
.

Then

t′ = t(1− t),

and

Z1 =
√
t.

Therefore

Z ′
1 =

1

2
√
t
t′ =

1

2

√
t(1− t).

Thus
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Z ′
1 =

1

2
Z1(1− Z2

1).

Equivalently,

Z ′
1(x) =

1

2

ex/2

(1 + ex)3/2
.

12.2 Endpoint asymptotics

As

x→ −∞,

we have

ex → 0.

Therefore

Z1(x) = ex/2(1 + ex)−1/2.

Expanding,

(1 + ex)−1/2 = 1− 1

2
ex +

3

8
e2x +O(e3x),

so

Z1(x) = ex/2 − 1

2
e3x/2 +

3

8
e5x/2 +O(e7x/2).

Similarly,

Z ′
1(x) =

1

2
ex/2 − 3

4
e3x/2 +

15

16
e5x/2 +O(e7x/2).

At the other endpoint,

x→ +∞,

we have

Z1(x) = (1 + e−x)−1/2,

and hence

Z1(x) = 1− 1

2
e−x +

3

8
e−2x +O(e−3x).

Therefore
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Z ′
1(x) =

1

2
e−x − 3

4
e−2x +O(e−3x).

Thus the translation mode decays at both ends.

13 The Exact Mellin Multiplier

The one-sided Mellin multiplier is

K+
α (λ) =

Γ(λ+ 1)Γ(2α− λ)

π
sin π(α− λ).

Set

aα = α− 1

2
.

For

F (s) = s−aαG(log s),

the fractional operator takes the form

(−∂ss)αF = s−aα−2αMaαG,

where

Maα(e
λx) = K+

α (−aα + λ)eλx.

On Fourier modes

eiξx,

define

zα(ξ) = −aα + iξ = −α +
1

2
+ iξ.

Then

mα(ξ) = K+
α (zα(ξ)).

Substitution gives

mα(ξ) =
Γ
(︁
3
2
− α + iξ

)︁
Γ
(︁
3α− 1

2
− iξ

)︁
π

sin π

(︃
2α− 1

2
− iξ

)︃
.
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13.1 The multiplier at α = 1

At

α = 1,

we have

m1(ξ) =
Γ(1

2
+ iξ)Γ(5

2
− iξ)

π
sin π

(︃
3

2
− iξ

)︃
.

Using the Gamma recursion and reflection identities,

m1(ξ) = −
(︃
3

2
− iξ

)︃(︃
1

2
− iξ

)︃
.

Therefore

m1(ξ) = ξ2 + 2iξ − 3

4
.

Consequently,

M1/2 = −D2 + 2D − 3

4
, D =

d

dx
.

This agrees directly with the conjugation identity

F (s) = s−1/2G(log s).

Indeed,

F ′′ = s−5/2

(︃
G′′ − 2G′ +

3

4
G

)︃
,

so

−∂ssF = s−5/2

(︃
−G′′ + 2G′ − 3

4
G

)︃
.

Thus the Mellin calculation and the direct differential calculation agree exactly.

14 Perturbation of the Mellin Symbol for α Near One

Differentiating the exact multiplier gives

∂αmα(ξ) = mα(ξ)

[︃
−ψ

(︃
3

2
− α + iξ

)︃
+ 3ψ

(︃
3α− 1

2
− iξ

)︃
+ 2π cotπ

(︃
2α− 1

2
− iξ

)︃]︃
,

where
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ψ(z) =
Γ′(z)

Γ(z)

is the digamma function.
Fix

0 < δ <
1

4
.

For

1 ≤ α ≤ 1 + δ,

the arguments

3

2
− α + iξ

and

3α− 1

2
− iξ

remain in pole-free right half-planes.
Moreover, the sine factor stays away from its zeros for real ξ.
Stirling asymptotics give

|mα(ξ)| ≤ Cδ⟨ξ⟩2α.

The standard digamma estimate gives

|ψ(z)| ≤ C(1 + log⟨z⟩)

uniformly in the relevant vertical strips.
Consequently,

|∂αmα(ξ)| ≤ Cδ⟨ξ⟩2α (1 + log⟨ξ⟩) .

Let

0 < σ < 1.

If

0 < δ ≤ σ

4
,

then

2α ≤ 2 + 2δ ≤ 2 +
σ

2
.

Using
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1 + log⟨ξ⟩ ≤ Cσ⟨ξ⟩σ/2,

we obtain

|∂αmα(ξ)| ≤ Cδ,σ⟨ξ⟩2+σ.

The mean-value theorem therefore gives

|mα(ξ)−m1(ξ)| ≤ Cδ,σ|α− 1|⟨ξ⟩2+σ.

By Plancherel,

∥(Mα −M1)h∥L2 ≤ Cδ,σ|α− 1|∥h∥H2+σ .

In particular,

α ↦−→ Mα ∈ L
(︁
H2+σ, L2

)︁
is C1 in a sufficiently small interval around α = 1.

15 Linearization at the Explicit Anchor

For

γ = 0,

the autonomous logarithmic profile equation is

νMaG = G2G′ − cG3, c =
2α− 1

2
.

At

α = 1,

we have

a =
1

2
, c =

1

2
.

Hence

νM1/2G = G2G′ − 1

2
G3.

Linearizing at G1 gives

L1h = ν

(︃
−h′′ + 2h′ − 3

4
h

)︃
− 2G1G

′
1h−G2

1h
′ +

3

2
G2

1h.
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Since

G2
1 =

3ν

2
t,

we have

G2
1

ν
=

3

2
t.

Also,

2G1G
′
1

ν
=

(G2
1)

′

ν
=

3

2
t′ =

3

2
t(1− t).

Therefore

1

ν
L1h = −h′′ +

(︃
2− 3

2
t

)︃
h′ +

[︃
−3

4
− 3

2
t(1− t) +

9

4
t

]︃
h.

The zeroth-order coefficient simplifies to

−3

4
− 3

2
t+

3

2
t2 +

9

4
t = −3

4
+

3

4
t+

3

2
t2.

Thus

1

ν
L1h = −h′′ +

(︃
2− 3

2
t

)︃
h′ +

(︃
−3

4
+

3

4
t+

3

2
t2
)︃
h.

16 Translation Mode

Because the profile equation is translation invariant in x,

G1(x) ↦−→ G1(x+ ξ0),

differentiation with respect to ξ0 gives

L1G
′
1 = 0.

Hence

h1(x) = G′
1(x)

is a homogeneous solution.
Ignoring the constant cν , this is

h1(x) =
1

2

√
t(1− t).

Its asymptotics are
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h1(x) ∼
1

2
ex/2, x→ −∞,

and

h1(x) ∼
1

2
e−x, x→ +∞.

Thus the translation mode belongs to every sufficiently weak two-sided exponentially
weighted space.

17 The Second Homogeneous Solution

Multiply the homogeneous equation by −1. It takes the standard form

h′′ + P (x)h′ +Q(x)h = 0,

where

P (x) = −2 +
3

2
t(x).

Reduction of order gives

h2 = h1

∫︂
e−

∫︁
P (x) dx

h1(x)2
dx.

Since

t′ = t(1− t),

we have

dx =
dt

t(1− t)
.

Furthermore, ∫︂
P dx =

∫︂ (︃
−2 +

3

2
t

)︃
dt

t(1− t)
.

Using

−2 + 3
2
t

t(1− t)
= −2

t
− 1

2(1− t)
,

we obtain ∫︂
P dx = −2 log t+

1

2
log(1− t) + const.
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Hence

e−
∫︁
P dx = t2(1− t)−1/2,

up to an irrelevant multiplicative constant.
Since

h21 =
1

4
t(1− t)2,

we obtain

e−
∫︁
Pdx

h21
≍ t(1− t)−5/2.

After multiplication by

dx =
dt

t(1− t)
,

the reduction integral becomes∫︂
(1− t)−7/2 dt ≍ (1− t)−5/2.

Therefore one may take

h2(x) =
√
t (1− t)−3/2.

At

x→ +∞,

we have

1− t ∼ e−x,

and hence

h2(x) ∼ e3x/2.

Thus the second mode grows exponentially at the right endpoint.
At the left endpoint,

t ∼ ex,

so

h2(x) ∼ ex/2.

The leading ex/2 contribution can be removed by subtracting an appropriate multiple of
h1. The resulting independent solution has the asymptotic behavior
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˜︁h2(x) ∼ e3x/2, x→ −∞.

Thus the two characteristic rates at the left endpoint are

λ
(1)
− =

1

2
, λ

(2)
− =

3

2
.

At the right endpoint the characteristic rates are

λ
(1)
+ = −1, λ

(2)
+ =

3

2
.

18 Correct Fredholm Index Count

We now choose a two-sided exponential weight satisfying

0 < η <
1

2
.

Let

ωη(x) ≍

{︄
e−ηx, x≪ 0,

eηx, x≫ 0.

Define

Xη =
{︁
h : ωηh ∈ H2(R)

}︁
,

and

Yη =
{︁
f : ωηf ∈ L2(R)

}︁
.

At

x→ −∞,

the limiting equation is

h′′ − 2h′ +
3

4
h = 0.

Its characteristic polynomial is

λ2 − 2λ+
3

4
= 0,

with roots

λ =
1

2
,
3

2
.
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Both modes decay as

x→ −∞.

Because

η <
1

2
,

both remain admissible in Xη.
Hence the dimension of the admissible space at the left endpoint is

d− = 2.

At

x→ +∞,

the limiting equation is

h′′ − 1

2
h′ − 3

2
h = 0.

Its characteristic polynomial is

λ2 − 1

2
λ− 3

2
= 0.

The roots are

λ = −1,
3

2
.

Only

e−x

decays as

x→ +∞.

Thus

d+ = 1.

For a second-order scalar equation, the exponential-dichotomy index count therefore gives

indL1 = d− + d+ − 2 = 2 + 1− 2 = 1.

Thus the unphased operator has Fredholm index

indL1 = 1.

Since the translation mode gives a one-dimensional kernel,
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dimkerL1 = 1,

we obtain

dim cokerL1 = 0.

Therefore the unphased operator is surjective.
This is the crucial correction: there is no additional cokernel condition in these weighted

spaces.

19 Why the Formal Adjoint Mode Does Not Produce

a Cokernel

A formal adjoint solution can be constructed from the translation mode. For an equation

Ah = h′′ + Ph′ +Qh,

the corresponding formal adjoint is

A∗ψ = ψ′′ − (Pψ)′ +Qψ.

If h solves

Ah = 0,

then the associated adjoint solution is proportional to

ψ = e
∫︁
Pdxh.

Using

e
∫︁
Pdx = t−2(1− t)1/2

and

h1 =
1

2

√
t(1− t),

we obtain

ψ1 ≍ t−3/2(1− t)3/2.

Since

1− t

t
= e−x,

this gives

ψ1(x) ≍ e−3x/2.
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Formally,

L ∗
1 ψ1 = 0.

However,

ψ1(x) ∼ e−3x/2

grows strongly as

x→ −∞.

For

0 < η <
1

2
,

this function does not define an admissible dual mode for the weighted range Yη.
Therefore it does not represent a cokernel element of

L1 : Xη → Yη.

In particular, one must not impose the spurious condition∫︂
R
e−3x/2f(x) dx = 0.

The formal adjoint calculation is algebraically correct, but the mode is not in the relevant
dual weighted space.

Hence

cokerL1 = {0}.

20 Phase Fixing Removes the Only Kernel

The remaining kernel is generated by translation:

kerL1 = span{G′
1}.

Choose a phase functional

Φ(h)

such that

Φ(G′
1) ̸= 0.

For example, one may fix the location of the midpoint by requiring

G(0) =
H∗√
2
.
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At the linearized level this gives

h(0) = 0.

Since

G′
1(0) ̸= 0,

the translation mode is excluded.
Define

Xph
η = {h ∈ Xη : h(0) = 0} .

The restriction

L1 : X
ph
η −→ Yη

therefore has

dimker = 0.

The phase condition removes one dimension from the domain, so its Fredholm index
becomes

1− 1 = 0.

Since the original operator is surjective, the phase-fixed operator remains surjective.
Consequently,

L1 : X
ph
η −→ Yη is an isomorphism.

Thus there exists

Cη <∞

such that

∥h∥Xη ≤ Cη∥L1h∥Yη , h ∈ Xph
η .

No additional amplitude parameter is required.

21 Direct Half-Line Verification of the Inverse

The preceding Fredholm calculation can be checked directly in the original s-variable.
At

α = 1,

the profile is
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F1(s) = cν(s+ s0)
−1/2.

The linearization of

−νF ′′ − F 2F ′ = 0

is

L1h = −νh′′ − F 2
1 h

′ − 2F1F
′
1h.

Since

F 2
1 =

3ν

2(s+ s0)
,

we have

2F1F
′
1 = (F 2

1 )
′ = − 3ν

2(s+ s0)2
.

Hence

L1h = −νh′′ − 3ν

2(s+ s0)
h′ +

3ν

2(s+ s0)2
h.

This factors exactly as

L1h = −ν
[︃
h′ +

3

2(s+ s0)
h

]︃′
.

Consider

L1h = f.

Define

g(s) = h′(s) +
3

2(s+ s0)
h(s).

Then

−νg′ = f.

Imposing

g(∞) = 0

gives

g(s) =
1

ν

∫︂ ∞

s

f(τ) dτ.
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The first-order equation

h′ +
3

2(s+ s0)
h = g

has integrating factor

(s+ s0)
3/2.

Fix the translation phase by imposing

h(0) = 0.

Then [︁
(s+ s0)

3/2h(s)
]︁′
= (s+ s0)

3/2g(s).

Therefore

(s+ s0)
3/2h(s) =

∫︂ s

0

(σ + s0)
3/2g(σ) dσ.

Substitution of g gives the exact inverse formula

h(s) =
1

ν(s+ s0)3/2

∫︂ s

0

(σ + s0)
3/2

[︃∫︂ ∞

σ

f(τ) dτ

]︃
dσ.

This proves uniqueness immediately.
Indeed, if

f = 0,

then

g = 0,

so

h(s) = C(s+ s0)
−3/2.

The phase condition

h(0) = 0

forces

C = 0.

Hence

kerL1|phase = {0}.
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22 Explicit Weighted Estimate

Let

0 < η <
3

2
.

Define

∥f∥Yη = sup
s≥0

(s+ s0)
2+η|f(s)|.

Let

M = ∥f∥Yη .

Then

|f(τ)| ≤M(τ + s0)
−2−η.

Therefore ∫︂ ∞

s

|f(τ)| dτ ≤M

∫︂ ∞

s

(τ + s0)
−2−η dτ.

Thus ∫︂ ∞

s

|f(τ)| dτ ≤ M

1 + η
(s+ s0)

−1−η.

Consequently,

|g(s)| ≤ M

ν(1 + η)
(s+ s0)

−1−η.

Using the inverse formula,

|h(s)| ≤ M

ν(1 + η)(s+ s0)3/2

∫︂ s

0

(σ + s0)
1/2−η dσ.

For

0 < η <
3

2
,

we obtain ∫︂ s

0

(σ + s0)
1/2−η dσ ≤ (s+ s0)

3/2−η

3
2
− η

.

Hence

|h(s)| ≤ M

ν(1 + η)(3
2
− η)

(s+ s0)
−η.
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Furthermore,

h′ = g − 3

2(s+ s0)
h,

so

|h′(s)| ≤ Cν,ηM(s+ s0)
−1−η.

Differentiating

g = h′ +
3

2(s+ s0)
h

gives

g′ = h′′ +
3

2(s+ s0)
h′ − 3

2(s+ s0)2
h.

Since

g′ = −1

ν
f,

we obtain

h′′ = −1

ν
f − 3

2(s+ s0)
h′ +

3

2(s+ s0)2
h.

Therefore

|h′′(s)| ≤ Cν,ηM(s+ s0)
−2−η.

Define

∥h∥Xη = sup
s≥0

(s+ s0)
η|h(s)|

+ sup
s≥0

(s+ s0)
1+η|h′(s)|

+ sup
s≥0

(s+ s0)
2+η|h′′(s)|.

Then

∥h∥Xη ≤ Cν,η∥f∥Yη .

Thus

L1 : X
ph
η −→ Yη

has a bounded inverse.
This direct calculation independently confirms the Fredholm index calculation above.
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23 Consequences for Continuation in α

The two decisive anchor properties are now separated cleanly.
First, the fractional Mellin operator satisfies

∥(Mα −M1)h∥L2 ≤ Cδ,σ|α− 1|∥h∥H2+σ .

Second, the phase-fixed linearization at the explicit anchor satisfies

L −1
1 : Yη −→ Xph

η

with

∥L −1
1 f∥Xη ≤ Cη∥f∥Yη .

Thus the translation degeneracy itself is completely removed by a single phase condition.
There is no additional Fredholm solvability condition and no additional amplitude pa-

rameter forced by the linearized problem.
The next issue is therefore not a cokernel problem.
The remaining issue is to place the nonlinear fractional profile map

F(α,G) = νMaαG−G2G′ + cαG
3

on a common pair of Banach spaces for

1 ≤ α ≤ 1 + δ,

and to verify that the one-sided fractional realization has the required domain continuity
at the endpoint

α = 1.

This point is important because for

α > 1

the desired left endpoint behavior is

Fα(s) ∼ Aαs
α−1, s ↓ 0,

whereas at the explicit anchor

F1(0) =

√︃
3ν

2s0
̸= 0.

Thus the boundary trace of Fα changes as

α ↓ 1.

In the logarithmic variable this is considerably better behaved because
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Gα(x) = saαFα(s)

satisfies

Gα(−∞) = 0

for all α near 1.
Its expected left decay rate is

q−(α) = 2α− 3

2
,

which varies continuously from

q−(1) =
1

2
.

This strongly favors carrying out the continuation theorem in the logarithmic Mellin
variable G, while using the explicit s-variable inverse derived above to establish the anchor
invertibility.

However, before applying the implicit-function theorem, one must verify that the precise
one-sided realization of

(−∂ss)α

used in the construction is compatible with this continuation through

α = 1.

In particular, if the Mellin formula is implemented through the whole-line action on

sλ+,

then the exterior extension and the behavior at

s = 0

must be included explicitly in the operator domain.
Therefore the correct continuation program is
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explicit anchor at α = 1

⇓
phase-fixed bounded inverse

⇓
Mellin-symbol C1 dependence on α

⇓
common weighted operator domain

⇓
implicit-function continuation

⇓
Fα > 0 and the required endpoint asymptotics

⇓
profile existence for 1 < α < 1 + δ.

The Fredholm obstruction is therefore removed.
The decisive remaining calculation is the common-domain and one-sided-extension anal-

ysis for the fractional operator at α = 1. Once that is established, the phase-fixed implicit-
function theorem can be applied to produce an actual interval

1 < α < 1 + δ

rather than a theorem at only one isolated exponent.

24 Part 7

The endpoint index count shows that the adjoint mode is not in the dual of the weighted
range space. Consequently, the previous cokernel detour must be corrected: in the small-
weight spaces considered below, the unphased linearized operator has Fredholm index +1,
with the one-dimensional translation mode accounting for the kernel, while the cokernel is
trivial. After fixing translation by a phase condition, the linearized operator has index zero
and is the correct candidate for an isomorphism. No additional amplitude parameter is
required for this purpose.

We now establish this directly at the explicit anchor α = 1.
At α = 1, with γ = 0, the profile equation is

−νF ′′ = F 2F ′ =
1

3
(F 3)′.

Integrating with the decaying boundary condition at infinity gives

−νF ′ =
1

3
F 3.

Hence the explicit family of profiles is
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F1(s) =

√︄
3ν

2(s+ s0)

with s0 > 0.
Let

cν =

√︃
3ν

2
,

so that

F1(s) = cν(s+ s0)
−1/2.

The linearization of

−νF ′′ − F 2F ′ = 0

at F1 is

L1h = −νh′′ − F 2
1 h

′ − 2F1F
′
1h.

Since

F 2
1 =

3ν

2(s+ s0)
,

and

(F 2
1 )

′ = 2F1F
′
1 = − 3ν

2(s+ s0)2
,

we obtain the exact divergence-form identity

L1h = −
(︁
νh′ + F 2

1 h
)︁′

or equivalently

L1h = −ν
[︃
h′ +

3

2(s+ s0)
h

]︃′
.

This identity makes the kernel and inverse completely explicit.
Indeed, the homogeneous equation

L1h = 0

is equivalent to [︃
h′ +

3

2(s+ s0)
h

]︃′
= 0.
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Therefore

h′ +
3

2(s+ s0)
h = C1.

Multiplying by the integrating factor

(s+ s0)
3/2

gives

d

ds

[︁
(s+ s0)

3/2h(s)
]︁
= C1(s+ s0)

3/2.

Integration yields

(s+ s0)
3/2h(s) =

2C1

5
(s+ s0)

5/2 + C2,

and hence

h(s) =
2C1

5
(s+ s0) + C2(s+ s0)

−3/2.

Thus the two homogeneous modes are

hgrow(s) = s+ s0

and

htr(s) = (s+ s0)
−3/2.

The second mode is precisely the translation mode, since

F ′
1(s) = −cν

2
(s+ s0)

−3/2.

Therefore

kerL1 = span{F ′
1}

in any profile space that excludes the growing solution s+ s0.
We now fix translation by imposing the phase condition

h(0) = 0.

Since

F ′
1(0) = −cν

2
s
−3/2
0 ̸= 0,

the translation mode does not satisfy this phase condition. Hence

ker
(︂
L1

⃓⃓
h(0)=0

)︂
= {0}.
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We next prove surjectivity and obtain the inverse explicitly.
Consider

L1h = f.

Introduce

g(s) = h′(s) +
3

2(s+ s0)
h(s).

Then

−νg′(s) = f(s),

so that, imposing the decaying condition

g(∞) = 0,

we obtain

g(s) =
1

ν

∫︂ ∞

s

f(τ) dτ.

Therefore h solves

h′ +
3

2(s+ s0)
h =

1

ν

∫︂ ∞

s

f(τ) dτ.

Multiplication by (s+ s0)
3/2 gives

d

ds

[︁
(s+ s0)

3/2h(s)
]︁
=

(s+ s0)
3/2

ν

∫︂ ∞

s

f(τ) dτ.

Using the phase condition

h(0) = 0,

we obtain

(L−1
1 f)(s) =

1

ν(s+ s0)3/2

∫︂ s

0

(σ + s0)
3/2

∫︂ ∞

σ

f(τ) dτ dσ.

Thus no solvability condition of the form∫︂ ∞

0

ψ(s)f(s) ds = 0

is required in these spaces.
To make the bounded inverse estimate explicit, fix

0 < η <
3

2
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and define

Yη =

{︃
f : sup

s≥0
(s+ s0)

2+η|f(s)| <∞
}︃
.

Let

∥f∥Yη = sup
s≥0

(s+ s0)
2+η|f(s)|.

Set

M = ∥f∥Yη .

Then

|f(τ)| ≤M(τ + s0)
−2−η,

and consequently ⃓⃓⃓⃓∫︂ ∞

s

f(τ) dτ

⃓⃓⃓⃓
≤M

∫︂ ∞

s

(τ + s0)
−2−η dτ

=
M

1 + η
(s+ s0)

−1−η.

Hence

|g(s)| ≤ M

ν(1 + η)
(s+ s0)

−1−η.

Substituting this into the inverse formula gives

|h(s)| ≤ M

ν(1 + η)(s+ s0)3/2

∫︂ s

0

(σ + s0)
1/2−η dσ.

For

0 < η <
3

2
,

we have ∫︂ s

0

(σ + s0)
1/2−η dσ =

(s+ s0)
3/2−η − s

3/2−η
0

3
2
− η

.

Therefore

|h(s)| ≤ M

ν(1 + η)(3
2
− η)

(s+ s0)
−η,

and hence

163



sup
s≥0

(s+ s0)
η|h(s)| ≤ Cν,ηM.

Since

h′ = g − 3

2(s+ s0)
h,

we obtain

|h′(s)| ≤ Cν,ηM(s+ s0)
−1−η.

Furthermore,

g′ = −1

ν
f.

Differentiating

g = h′ +
3

2(s+ s0)
h

gives

−1

ν
f = h′′ +

3

2(s+ s0)
h′ − 3

2(s+ s0)2
h.

Therefore

h′′ = −1

ν
f − 3

2(s+ s0)
h′ +

3

2(s+ s0)2
h.

The preceding estimates imply

|h′′(s)| ≤ Cν,ηM(s+ s0)
−2−η.

Define

Xη =
{︁
h : h(0) = 0, ∥h∥Xη <∞

}︁
,

where

∥h∥Xη = sup
s≥0

(s+ s0)
η|h(s)|+ sup

s≥0
(s+ s0)

1+η|h′(s)|+ sup
s≥0

(s+ s0)
2+η|h′′(s)|.

Then

∥L−1
1 f∥Xη ≤ Cν,η∥f∥Yη .

Consequently,

L1 : Xη −→ Yη
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is a bounded isomorphism.
This also resolves the apparent adjoint obstruction encountered in the logarithmic for-

mulation.
Indeed, introduce

x = log s

and

G(x) = s1/2F (s)

at α = 1.
For the normalized explicit profile,

Z1(x) =
G1(x)

H∗
= (1 + e−x)−1/2,

where

H∗ =

√︃
3ν

2
.

Let

t(x) = Z1(x)
2 =

1

1 + e−x
.

Then

t′ = t(1− t)

and

Z ′
1 =

1

2
Z1(1− Z2

1) =
1

2

√
t(1− t).

The logarithmic linearization is

1

ν
L1h = −h′′ +

(︃
2− 3

2
t

)︃
h′ +

(︃
−3

4
+

3

4
t+

3

2
t2
)︃
h.

As

x→ −∞, t→ 0,

the limiting equation is

−h′′ + 2h′ − 3

4
h = 0,

or

h′′ − 2h′ +
3

4
h = 0.
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Its characteristic equation is

λ2 − 2λ+
3

4
= 0,

with roots

λ
(1)
− =

1

2
, λ

(2)
− =

3

2
.

Both modes decay as x→ −∞.
As

x→ +∞, t→ 1,

the limiting equation is

−h′′ + 1

2
h′ +

3

2
h = 0,

or

h′′ − 1

2
h′ − 3

2
h = 0.

Its roots are

λ
(1)
+ = −1, λ

(2)
+ =

3

2
.

Thus exactly one mode decays as x→ +∞.
For a sufficiently small two-sided exponential weight

0 < η <
1

2
,

the dimensions of the admissible asymptotic subspaces are therefore

d− = 2

at the left endpoint and

d+ = 1

at the right endpoint.
For a second-order scalar equation the corresponding Fredholm index is

indL1 = d− + d+ − 2 = 2 + 1− 2 = 1.

The one-dimensional kernel is exactly the translation mode

htr = G′
1.

Hence
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dimkerL1 = 1

and, since the index is 1,

dim cokerL1 = 0.

This explains why the formal adjoint mode previously obtained does not generate an
actual solvability condition in the chosen weighted spaces.

In particular, the formal adjoint solution

ψ(x) = e−3x/2

grows as

x→ −∞.

For the small weights

0 < η <
1

2
,

this function does not belong to the dual weighted space associated with the range.
Therefore the functional

f ↦−→
∫︂
R
e−3x/2f(x) dx

is not a bounded cokernel functional on that range space.
Thus the previously proposed condition∫︂

R
e−3x/2f(x) dx = 0

is not required.
After imposing one phase condition that removes G′

1, the Fredholm index decreases by
one:

indL phase
1 = 0.

Since its kernel is trivial,

kerL phase
1 = {0},

and the cokernel is also trivial. Hence

L phase
1 : Xphase

η −→ Yη

is an isomorphism, provided the weighted realization is chosen consistently with the
preceding endpoint asymptotics.

This is exactly consistent with the explicit half-line inverse derived above.
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We can now return to the fractional problem.
For

1 < α < 1 + δ,

set

aα = α− 1

2

and

F (s) = s−aαG(log s).

The one-sided Mellin realization satisfies

(−∂ss)αsλ+ = K+
α (λ)s

λ−2α,

where

K+
α (λ) =

Γ(λ+ 1)Γ(2α− λ)

π
sin π(α− λ).

Therefore

(−∂ss)αF = s−aα−2αMaαG,

with

Maα(e
λx) = K+

α (−aα + λ)eλx.

The Fourier–Mellin symbol is

mα(ξ) = K+
α

(︃
−α +

1

2
+ iξ

)︃
,

hence

mα(ξ) =
Γ(3

2
− α + iξ)Γ(3α− 1

2
− iξ)

π
sin π

(︃
2α− 1

2
− iξ

)︃
.

At the anchor α = 1,

m1(ξ) = −
(︃
3

2
− iξ

)︃(︃
1

2
− iξ

)︃
,

so

m1(ξ) = ξ2 + 2iξ − 3

4
.

This agrees exactly with the direct logarithmic conjugation
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F = s−1/2G(log s),

because

F ′′ = s−5/2

(︃
G′′ − 2G′ +

3

4
G

)︃
,

and therefore

−∂ssF = s−5/2

(︃
−G′′ + 2G′ − 3

4
G

)︃
.

Thus

M1/2 = −D2 + 2D − 3

4
.

Differentiating the Mellin symbol with respect to α gives

∂αmα(ξ) = mα(ξ)

[︃
−ψ

(︃
3

2
− α + iξ

)︃
+ 3ψ

(︃
3α− 1

2
− iξ

)︃
+ 2π cotπ

(︃
2α− 1

2
− iξ

)︃]︃
.

For fixed

0 < δ <
1

4
,

the Gamma-function arguments remain in pole-free right half-planes for

1 ≤ α ≤ 1 + δ.

Stirling estimates give

|mα(ξ)| ≤ Cδ⟨ξ⟩2α,
while the standard digamma estimate gives

|∂αmα(ξ)| ≤ Cδ⟨ξ⟩2α (1 + log⟨ξ⟩) .
Fix

0 < σ < 1.

If

0 < δ ≤ σ

4
,

then

2α ≤ 2 + 2δ ≤ 2 +
σ

2
,

169



and the logarithmic factor can be absorbed into an additional fractional power. Conse-
quently,

|∂αmα(ξ)| ≤ Cδ,σ⟨ξ⟩2+σ.

By the mean-value theorem,

|mα(ξ)−m1(ξ)| ≤ Cδ,σ|α− 1|⟨ξ⟩2+σ.

Plancherel therefore gives

∥(Mα −M1)h∥L2 ≤ Cδ,σ|α− 1|∥h∥H2+σ .

In particular,

α ↦−→ Mα ∈ L
(︁
H2+σ, L2

)︁
is C1 in a sufficiently small interval about α = 1.
For γ = 0, the autonomous logarithmic profile equation is

νMaαG = G2G′ − cαG
3,

where

cα =
2α− 1

2
.

The desired heteroclinic satisfies

G(−∞) = 0, G(+∞) = H∗(α).

At the constant right-hand equilibrium,

G = H∗(α),

the profile equation gives

νK+
α (−aα)H∗ = −cαH3

∗ .

Hence

H2
∗ (α) = −νK

+
α (−aα)
cα

.

At α = 1,

K+
1

(︃
−1

2

)︃
= −3

4
,

and

170



c1 =
1

2
.

Therefore

H2
∗ (1) =

3ν

2
,

so

H∗(1) =

√︃
3ν

2
,

exactly as required by the explicit profile.
Thus H∗(α) is determined by the equilibrium relation and is not an additional free am-

plitude parameter.
The left endpoint rate is determined by the Mellin zero

−aα + λ = α− 1.

Since

aα = α− 1

2
,

we obtain

q−(α) = λ = 2α− 3

2
.

At the anchor,

q−(1) =
1

2
,

which agrees with

Z1(x) = (1 + e−x)−1/2 = ex/2 − 1

2
e3x/2 +

3

8
e5x/2 +O(e7x/2)

as

x→ −∞.

At the right endpoint,

Z1(x) = 1− 1

2
e−x +

3

8
e−2x +O(e−3x),

so the right decay rate at the anchor is

r+(1) = 1.
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We have therefore established the two principal analytic ingredients needed for continu-
ation from α = 1:

phase-fixed invertibility of the anchor linearization

and

C1 perturbative control of the Mellin multiplier near α = 1.

There remains, however, one structural point that must be checked before invoking the
Banach-space implicit-function theorem.

The Mellin identity is written for the one-sided power

sλ+,

whereas the explicit anchor

F1(s) =

√︄
3ν

2(s+ s0)

has

F1(0) > 0.

For every α > 1, the desired left asymptotic is instead

Fα(s) ∼ Aαs
α−1, s ↓ 0,

and therefore

Fα(0) = 0.

Thus the trace at s = 0 changes at the endpoint α = 1.
If the notation

(−∂ss)α

denotes the whole-line fractional Laplacian applied to the zero extension of F from s > 0,
then this change in boundary trace can alter the operator domain at α = 1. In particular,
the zero extension of F1 has a jump at s = 0, while the profiles for α > 1 vanish there.

Therefore the final continuation theorem cannot yet be obtained merely by combining
the two estimates above. One must first verify that the precise one-sided realization used in
the manuscript admits a common Banach-space formulation across

α = 1.

Equivalently, we must verify that the map

(α,G) ↦−→ νMaαG−G2G′ + cαG
3
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is genuinely C1 on a fixed weighted domain containing the explicit anchor G1, with the
manuscript’s exact exterior-extension convention.

Once that domain issue is established, the phase-fixed inverse above and the Mellin-
symbol perturbation estimate give precisely the local implicit-function framework required
to prove

∃ δ > 0 such that 1 < α < 1 + δ

admits a continuation of the explicit α = 1 profile.
Thus the decisive next calculation is not another numerical profile computation. It is the

verification of the common one-sided fractional operator domain at α = 1, followed by the
weighted C1 estimate for the full nonlinear profile map.

25 Part 8

Consolidated small-supercritical continuation and gen-

eralized one-phase extension

This part supersedes the earlier adjoint-cokernel detour. The endpoint index count and
the direct half-line inverse proved in Parts I, J, and 7 show that, for the small two-sided
weights used here, the formal adjoint solution e−3x/2 is not an element of the dual range
space. Consequently no additional amplitude parameter is introduced merely to repair a
nonexistent cokernel. The unphased operator has Fredholm index +1, its admissible kernel
is the translation mode, and the phase-fixed operator has index zero.

The purpose of this part is twofold. We use identities that are genuinely uniform in α
and therefore belong in an interval theorem. Second, it separates the statements that can
now be proved from the estimates that still have to be supplied before a finite-time blow-up
theorem can be asserted for all 1 < α < 1 + δ.

72. Exact generalized one-phase reduction for an interval of expo-
nents

Let

1 < α < 1 + δ <
5

4

and let
sN = C4t− C3z − C2y − C1x− θ∗,N , uN(x, y, z, t) = UN(sN).

Put
κ2 = C2

1 + C2
2 + C2

3 .

For every scalar one-phase function F (sN), the torus Fourier modes lie on the one-dimensional
lattice generated by (C1, C2, C3). Hence the Fourier multiplier |k|2α restricts exactly to
κ2α|n|2α. Therefore

(−∆T3)αF (sN) = κ2α(−∂ss)αF (sN). (246)
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Likewise the fractional product commutator reduces exactly to its one-dimensional counter-
part:

R3D
α (F (sN), G(sN)) = κ2αR1D

α (F,G)(sN). (247)

Thus there is no multidimensional symbol-approximation error inside the strict one-phase
class. This statement is uniform for every compact interval of α > 0 for which the multiplier
is defined.

For the distinguished phase

C1 = C2 = 0, C3 = C4 = 1,

we have
sN = t− z − θ∗,N , κ = 1. (248)

Along the characteristic with ż = bN and ṫ = 1,

ṡN = 1− bN . (249)

This identity is purely kinematic and does not depend on the isolated value α = 9/8.

73. Exact product equation and no-double-counting form

For
b = b3 = uxuy,

the velocity equations imply

bt + u · ∇b+ uyPx + uxPy + ν
[︁
uy(−∆)αux + ux(−∆)αuy

]︁
= uyfx + uxfy. (250)

With
Rα(f, g) = (−∆)α(fg)− f(−∆)αg − g(−∆)αf,

this becomes

bt + u · ∇b+ uyPx + uxPy + ν(−∆)αb = uyfx + uxfy + νRα(ux, uy). (251)

Equations (250)–(251) are exact for every α > 1 and are the correct starting point for the
interval argument.

74. Interval similarity exponent and finite-time conversion

The one-phase terminal balance gives the parameter-dependent exponent

rα = 2α− 1. (252)

Accordingly the normalized terminal amplitude must be written as

WN,α(s) =
s2α−1bN(s)

pN,α

, bN(s) = pN,αs
−(2α−1)WN,α(s). (253)
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No fixed power inherited from a single exponent should appear in the interval formulation.
The characteristic time law can now be proved once a two-sided terminal bound is avail-

able. Suppose that for some s0 > 0 and constants 0 < c− ≤ c+ < ∞ independent of the
characteristic,

c−s
−rα ≤ b(s) ≤ c+s

−rα , 0 < s < s0,

with rα = 2α− 1 > 1. Shrinking s0 if necessary gives b ≥ 2. Since ṡ = 1− b,

1

2
b ≤ b− 1 = −ṡ ≤ b.

Hence
1

b(s)
≤ − dt

ds
≤ 2

b(s)
.

Integrating from 0 to s gives

srα+1

c+(rα + 1)
≤ T∗ − t(s) ≤ 2srα+1

c−(rα + 1)
.

Because rα + 1 = 2α,

T∗ − t ≍ s2α. (254)

Combining with b ≍ s−(2α−1) yields

b(t) ≍ (T∗ − t)−
2α−1
2α . (255)

This proves the time-conversion step uniformly on any compact α-interval on which the
constants in the terminal two-sided estimate are uniform.

75. General Mellin profile equation and equilibrium

The one-dimensional profile equation relevant to the interval is

ν(−∂ss)αF = F 2F ′ +
γ

2s
F 3, s > 0. (256)

For the nonsingular continuation route developed in the preceding parts we set

γ = 0. (257)

This avoids introducing the singular perturbation F 3/s at the endpoint α = 1.
Let

a = α− 1

2
, F (s) = s−aG(log s).

Then

νMaG = G2G′ − cαG
3, cα =

2α− 1

2
. (258)
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The Mellin multiplier is

mα(ξ) = K+
α

(︃
−α +

1

2
+ iξ

)︃
, (259)

where

K+
α (λ) =

Γ(λ+ 1)Γ(2α− λ)

π
sin
(︁
π(α− λ)

)︁
. (260)

The right equilibrium is not an independent amplitude. It is fixed by

H2
∗ (α) = −

νK+
α (

1
2
− α)

cα
. (261)

For 1 < α < 5/4, the coefficient K+
α (

1
2
− α) is negative, so H2

∗ (α) > 0. At α = 1 this gives

H2
∗ (1) =

3

2
ν,

in agreement with the explicit anchor.

76. Mellin-symbol perturbation theorem near one

Fix 0 < σ < 1. For δ > 0 sufficiently small, the Gamma arguments in (260) stay in pole-free
vertical strips for 1 ≤ α ≤ 1 + δ. Differentiating the exact symbol gives

∂αmα(ξ) = mα(ξ)

[︃
−ψ
(︃
3

2
− α + iξ

)︃
+ 3ψ

(︃
3α− 1

2
− iξ

)︃
+ 2π cot

(︁
π(2α− 1

2
− iξ)

)︁]︃
.

(262)
Stirling’s formula in vertical strips and the standard digamma bound imply

|mα(ξ)| ≤ Cδ⟨ξ⟩2α,

and, after choosing δ ≤ σ/4,

|∂αmα(ξ)| ≤ Cδ,σ⟨ξ⟩2+σ. (263)

The mean-value theorem therefore gives

|mα(ξ)−m1(ξ)| ≤ Cδ,σ|α− 1|⟨ξ⟩2+σ. (264)

Consequently

∥(Mα −M1)h∥L2 ≤ Cδ,σ|α− 1|∥h∥H2+σ . (265)

This is a completed general-α estimate and replaces any isolated high-frequency certification
at one particular exponent.

176



77. Exact phase-fixed inverse at the classical anchor

At α = 1, γ = 0,

F1(s) =

√︄
3ν

2(s+ s0)
. (266)

The linearization is

L1h = −νh′′ − F 2
1 h

′ − 2F1F
′
1h = −

(︁
νh′ + F 2

1 h
)︁′
. (267)

Its homogeneous solutions are

(s+ s0)
−3/2, (s+ s0),

so the only decaying kernel mode is translation. Imposing h(0) = 0 removes that mode. For
a decaying right-hand side f , the phase-fixed solution is

(L−1
1 f)(s) =

1

ν(s+ s0)3/2

∫︂ s

0

(σ + s0)
3/2

∫︂ ∞

σ

f(τ) dτ dσ. (268)

For

Yη =

{︃
f : sup

s≥0
(s+ s0)

2+η|f(s)| <∞
}︃
, 0 < η <

3

2
,

and the corresponding phase-fixed space

Xη =
{︁
h : h(0) = 0, sup rη|h|+ sup r1+η|h′|+ sup r2+η|h′′| <∞

}︁
, r = s+ s0,

(268) gives

∥h∥Xη ≤ Cν,η∥f∥Yη . (269)

Thus phase-fixed invertibility at the local anchor is proved in these half-line weighted spaces.
No adjoint solvability condition is needed there.

78. Operator-domain audit: the remaining obstruction to a literal
IFT through α = 1

We fix the one-sided power by

sµ+ =

{︄
sµ, s > 0,

0, s < 0,

and uses the whole-line Fourier multiplier |ξ|2α to define its fractional action. Its finite-
interval construction likewise prescribes exterior data and solves inHα(R) with the correction
equal to zero outside the interval. Therefore the continuation theorem must respect a whole-
line exterior-data realization; it cannot silently replace it by a different half-line operator.

This creates a genuine endpoint-domain issue. The explicit anchor satisfies

F1(0
+) =

√︃
3ν

2s0
> 0.
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If it is extended by zero to s < 0, it has a jump at the origin. At the integer endpoint α = 1,
the distributional second derivative of this zero extension contains boundary distributions.
Hence the pointwise ODE

−νF ′′
1 = F 2

1F
′
1 (s > 0)

does not by itself prove that the zero-extended F1 is an element of the same whole-line
operator domain used for α > 1.

Accordingly the following implication is not yet justified:

phase-fixed inverse at α = 1+ multiplier continuity =⇒ Banach IFT in one-sided domain.

A correct interval theorem must first prove one of the following equivalent kinds of domain-
compatibility statement: construct a renormalized exterior extension whose operator graph
varies continuously at α = 1; subtract an explicit boundary singular part and apply the
IFT to the remainder; or formulate the nonlinear map in a Mellin graph space in which the
endpoint anchor and all nearby profiles lie in one common domain.

This is a sharper conclusion than the earlier statement that only a spectral inverse was
missing: the spectral inverse is now explicit, while the common operator domain is the
remaining profile-level analytic obstruction.

79. General finite-N reconstruction statement that survives the
interval

We have a useful general principle that does not depend on an isolated exponent. If a
terminal fractional coefficient has a strict sign in the limiting one-phase model and the
finite-N reconstruction admits uniform localization and separation estimates, then that sign
survives for all sufficiently large N . Abstractly, if

Dα ≤ −d0 < 0

uniformly for α ∈ [1, 1 + δ] and

|DN,α −Dα| ≤ εN , εN → 0

uniformly in the same interval, then for all sufficiently large N ,

DN,α ≤ −d0
2
< 0. (270)

The proof is immediate from

DN,α ≤ Dα + εN ≤ −d0 + εN .

This lemma may be used wherever the detailed reconstruction supplies the uniform approxi-
mation. It does not itself prove the reconstruction estimate; that estimate remains a separate
finite-N obligation.

178



80. Similarity-entry and Euler-derivative closure: correct interval
formulation

A Region-I/Region-II architecture remains relevant, but its fixed-exponent constants must
be replaced by quantities uniform in α. Define a similarity defect dN,α measuring the distance
of the normalized solution from the continued profile. The required entry theorem has the
form

dN,α(te) ≤ C
(︁
sµe + εN + p−1

N,α

)︁
, µ > 0, (271)

with C and µ independent of α ∈ (1, 1 + δ) and large N .
For derivative closure introduce the Euler operator

E = s∂s, q = −sbs
b
.

A direct calculation gives the exact identity

E4b

b
= q4 − 6q2(Eq) + 4q(E2q) + 3(Eq)2 − E3q. (272)

Hence uniform bounds on
q, Eq, E2q, E3q

imply

s4|bssss| ≤ Cb. (273)

This identity is exponent-independent and is therefore legitimately imported into the interval
manuscript. What remains is to prove the required uniform bounds for the actual finite-N
solution rather than for the formal profile alone.

81. Uniform conditional interval blow-up theorem

The preceding results allow the outstanding scalar theorem to be stated without any isolated
exponent.

Theorem 2 (Uniform conditional one-phase scalar theorem). Let 0 < δ < 1/4 and α ∈
(1, 1 + δ). Assume, uniformly in α and sufficiently large N , that:

1. the exact reconstructed scalar equation and the distinguished one-phase characteristic
law ṡN = 1− bN hold;

2. a positive pre-entry seed is produced;

3. a positive phase-normalized profile exists in a common operator domain and depends
continuously on α;

4. the similarity-entry estimate (271) holds;

5. the similarity-error and Euler-derivative bootstrap closes with a positive uniform decay
exponent;
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6. the favorable terminal coefficient has a uniform positive gap;

7. the regularized solutions converge strongly enough to pass the quadratic transport and
fractional terms to the limit.

Then there exist constants c−, c+ > 0, uniform after possibly shrinking δ, such that along the
terminal characteristic

c−s
−(2α−1) ≤ b3(s) ≤ c+s

−(2α−1).

Consequently the characteristic reaches s = 0 in finite time and

b3(t) ≍ (T∗ − t)−
2α−1
2α .

Proof. The entry and bootstrap assumptions place the normalized amplitude in the terminal
invariant region and keep it there. The uniform coefficient gap and remainder bound give two-
sided positive bounds on the normalized amplitude, which are equivalent through (253) to
b3(s) ≍ s−(2α−1). Equation (249) then gives the finite-time conversion proved in (254)–(255).
Strong convergence passes the scalar law to the limiting object in the topology assumed in
item 7.

82. What is proved, what is imported, and what remains

The following pieces are now analytic and genuinely interval-valued:

exact product/commutator algebra,

exact strict one-phase fractional reduction,

rα = 2α− 1,

ṡ = 1− b,

Mellin symbol and O(|α− 1|) perturbation bound,

explicit phase-fixed inverse at α = 1,

finite-time conversion b(s) ≍ s−(2α−1) ⇒ b(t) ≍ (T∗ − t)−(2α−1)/(2α),

Euler-derivative identity (272).

(274)

The following statements are not completed:

1. a common one-sided fractional operator domain through α = 1 and therefore the actual
Banach-space IFT producing a numerical or analytic δprof > 0;

2. the uniform similarity-entry estimate for the finite-N reconstructed solution;

3. the uniform similarity-error/Euler bootstrap;

4. the uniform positive terminal coefficient gap in the interval normalization;

5. the strong compactness/limit theorem needed to pass all nonlinear and fractional terms;
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6. for a full velocity-pressure theorem, exact reconstruction of all three velocity compo-
nents, pressure compatibility in every momentum equation, and convergence to fixed
initial data with admissible forcing.

Thus the isolated profile-certification machinery at one special exponent is not needed
for the small-supercritical strategy, but it cannot simply be replaced by an unconditional
interval theorem until the common-domain and finite-N uniform estimates above are proved.

83. Recommended theorem architecture

We have the following order first prove the exact generalized one-phase identities (246)–(251).
Next establish the profile continuation in a common one-sided operator domain using the
explicit anchor, the phase-fixed inverse, and the Mellin perturbation estimate (264)–(265).
Then propagate the same α ∈ (1, 1 + δ) through the similarity-entry and Euler-bootstrap
estimates. Only after obtaining a uniform coefficient gap and the strong limiting theorem
should the conditional theorem in Section 81 be promoted to an unconditional interval blow-
up theorem.

26 Part 9: Common Mellin graph domain through α =

1

84. Purpose of the common-domain argument

The preceding analysis isolated one profile-level obstruction: the physical half-line represen-
tatives have different traces at the left endpoint,

F1(0
+) > 0, Fα(0

+) = 0 (α > 1),

so a literal zero-extension Sobolev domain in the variable s is not a convenient fixed Banach
domain through α = 1. This does not, however, force the logarithmically conjugated Mellin
operator to change domain. The correct fixed-domain formulation is obtained after the
conjugation

F (s) = s−aαG(log s), aα = α− 1

2
.

The point of this section is to prove that the Mellin realization itself has a common graph
domain near α = 1 and depends C1 on α there. This is the precise statement required by
the Banach-space continuation argument.

We emphasize the realization being used. On the Mellin core generated by powers, the
one-sided operator is characterized by

(−∂ss)αsλ+ = K+
α (λ)s

λ−2α,

where

K+
α (λ) =

Γ(λ+ 1)Γ(2α− λ)

π
sin π(α− λ).
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After logarithmic conjugation this becomes the Fourier multiplier with symbol

mα(ξ) = K+
α

(︃
−α +

1

2
+ iξ

)︃
.

The common-domain theorem below concerns the closure of this Mellin realization. It does
not identify it with a different restricted, zero-extension, spectral, or censored fractional
Laplacian on a bounded interval. That distinction is essential because those realizations
encode boundary data differently.

85. Fixed graph space

Fix
0 < σ < 1

and choose

0 < δ0 < min

{︃
1

4
,
σ

4

}︃
.

Set
Xσ := H2+σ(R), Y := L2(R).

For α ∈ [1, 1 + δ0] define initially on Schwartz functions

ˆ︁Mαh(ξ) := mα(ξ)ˆ︁h(ξ).
The symbol estimates already proved give

|mα(ξ)| ≤ C⟨ξ⟩2α ≤ C⟨ξ⟩2+σ/2 ≤ C⟨ξ⟩2+σ.

Consequently

∥Mαh∥L2 ≤ C∥h∥H2+σ , 1 ≤ α ≤ 1 + δ0. (282)

Thus every Mα extends uniquely to a bounded map

Mα : Xσ −→ Y (283)

on the same domain Xσ.
This already removes the apparent domain jump at the level at which the IFT is actu-

ally formulated: the varying trace of Fα is absorbed into the α-dependent conjugation and
endpoint template, while the perturbation variable is placed in one fixed logarithmic graph
space.

86. Closed realization and equivalence of graph norms

For each fixed α ∈ [1, 1 + δ0], Stirling’s formula also gives the large-frequency lower bound

|mα(ξ)| ≥ c⟨ξ⟩2α (|ξ| ≥ R),
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uniformly after increasing R and decreasing c > 0 if necessary. Therefore

∥h∥H2α ≤ C
(︁
∥h∥L2 + ∥Mαh∥L2

)︁
, (284)

while the reverse inequality follows from the upper symbol bound. Hence the maximal L2

multiplier realization has domain H2α and is closed. For continuation we deliberately use
the stronger common core H2+σ, since

2α ≤ 2 +
σ

2
< 2 + σ.

In particular, no loss of closedness occurs by evaluating the nonlinear map on Xσ.
At the anchor,

m1(ξ) = ξ2 + 2iξ − 3

4
,

so

M1 = −∂2x + 2∂x −
3

4
(285)

on H2+σ, exactly agreeing with the direct logarithmic calculation.

87. C1 dependence on the fixed domain

The exact derivative formula is

∂αmα(ξ) = mα(ξ)

[︃
−ψ
(︃
3

2
− α + iξ

)︃
+ 3ψ

(︃
3α− 1

2
− iξ

)︃
+ 2π cot

(︁
π(2α− 1

2
− iξ)

)︁]︃
.

The Gamma arguments remain in pole-free vertical strips for 1 ≤ α ≤ 1 + δ0, and the sine
factor remains a positive distance from its real zero at α = 5/4. The digamma and cotangent
estimates then give

|∂αmα(ξ)| ≤ Cσ,δ0⟨ξ⟩2+σ.

Dominated convergence in Fourier space yields

α ↦−→ Mα ∈ L(Xσ, Y ) is C1. (286)

Moreover,

∥Mα −M1∥Xσ→Y ≤ Cσ,δ0|α− 1|. (287)

Thus the common-domain issue is settled for the Mellin realization used by the profile equa-
tion.

88. Why the changing physical trace is not a contradiction

The physical profile is reconstructed by

Fα(s) = s−aαGα(log s).
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The left Mellin root is

q−(α) = 2α− 3

2
,

so if
Gα(x) ∼ Aαe

q−(α)x (x→ −∞),

then
Fα(s) ∼ Aαs

q−(α)−aα = Aαs
α−1.

At α = 1 this exponent is zero and the anchor has a nonzero finite trace; for every α > 1 it
vanishes at the endpoint. The discontinuity is thus a discontinuity of the physical trace map
under an α-dependent conjugation, not a discontinuity of the logarithmic multiplier domain.
The IFT need not place all Fα in a fixed zero-extension trace space; it places the logarithmic
perturbations in a fixed Mellin graph space.

This observation also explains why directly zero-extending the classical anchor is the
wrong test for the continuation map. A jump of that extension can create boundary dis-
tributions for the local second derivative, but those distributions are not part of the Mellin
closure characterized by (282)–(287). The continuation theorem must therefore state explic-
itly that its one-sided fractional operator is the Mellin realization determined by K+

α .

89. Affine heteroclinic space with fixed perturbation domain

The profile itself is not in L2(R) because it approaches the nonzero equilibrium H∗(α) as
x→ +∞. We therefore separate the endpoint data from the unknown perturbation.

Choose a smooth cutoff χ with

χ(x) = 0 (x ≤ −1), χ(x) = 1 (x ≥ 1),

and define the endpoint template

Gα(x) = Aαe
q−(α)x(1− χ(x)) +H∗(α)χ(x). (288)

The amplitudes Aα > 0 and H∗(α) > 0 are fixed by the chosen phase normalization and the
equilibrium relation. Near α = 1 they are smooth functions of α; for H∗ this follows directly
from

H2
∗ (α) = −

νK+
α (

1
2
− α)

cα
, cα =

2α− 1

2

for the γ = 0 continuation route.
Write

G = Gα + h.

For a small two-sided exponential weight 0 < η < 1/2, let

Xη,σ = {h : ωηh ∈ H2+σ(R)}, Yη = {f : ωηf ∈ L2(R)}. (289)

The endpoint rates at α = 1 are 1/2 on the left and 1 on the right. Hence, after shrinking
δ0, one may choose one fixed η satisfying

0 < η <
1

2
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for every α ∈ [1, 1 + δ0].
Conjugation by the exponential weight shifts the Fourier variable into a fixed complex

strip. The Gamma arguments remain uniformly away from poles and the sine factor remains
away from its zeros after decreasing η and δ0 if necessary. Repeating the preceding symbol
estimates on the shifted lines gives

∥Mα −M1∥Xη,σ→Yη ≤ Cη,σ|α− 1|. (290)

For a smooth two-sided weight, commutators supported in the transition region are lower-
order bounded operators; equivalently one may use separate one-sided exponential charts
and a partition of unity. Thus the fixed weighted graph domain is compatible with the
heteroclinic endpoint conditions.

90. Nonlinear map on the common domain

For γ = 0 define

F (α, h) := νMα(Gα + h)− (Gα + h)2(Gα + h)′ + cα(Gα + h)3. (291)

The template is chosen only to encode the endpoints; its residual is an element of Yη. In
one dimension, H2+σ is a Banach algebra and embeds into C1

b . Therefore multiplication and
differentiation give

h ↦→ (Gα + h)2(Gα + h)′

and
h ↦→ (Gα + h)3

as C1 maps from a neighborhood in Xη,σ into Yη. Together with (286) and (290),

F : [1, 1 + δ0]×Xη,σ −→ Yη is C1. (292)

Add a phase functional Φ(h) = 0 with

DΦ(0)[G′
1] ̸= 0.

The full map
F(α, h) =

(︁
F (α, h),Φ(h)

)︁
is therefore a C1 map on fixed Banach spaces.

91. Phase-fixed derivative at the anchor

At α = 1 the derivative in h is precisely the explicit linearized operator obtained earlier,

L1h = ν

(︃
−h′′ + 2h′ − 3

4
h

)︃
− 2G1G

′
1h−G2

1h
′ +

3

2
G2

1h. (293)

The direct half-line factorization

L1h = −ν
[︃
h′ +

3

2(s+ s0)
h

]︃′
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and its explicit inverse show that, after the phase condition removes the translation mode,
the anchor derivative is an isomorphism between the chosen weighted domain and range.
The endpoint index count is consistent with this: the unphased operator has index +1, one-
dimensional translation kernel, and trivial cokernel; phase fixing lowers the index to zero.
No additional amplitude unfolding is required.

Denote the phase-fixed inverse norm by

C0 := ∥DhF(1, 0)−1∥. (294)

The exact Green representation and the direct s-variable inverse give C0 <∞ for every fixed
admissible weight.

92. Local profile continuation theorem

We can now state the consequence without the former common-domain caveat.

Theorem (small-supercritical Mellin-profile continuation). Fix ν > 0, take γ = 0,
and use the one-sided Mellin realization specified by K+

α . There exist η ∈ (0, 1/2) and
δprof > 0 such that for every

1 ≤ α < 1 + δprof

there is a unique phase-normalized profile Gα in a neighborhood of the explicit anchor G1

satisfying

νMαGα = G2
αG

′
α − cαG

3
α, cα =

2α− 1

2
,

with
Gα(−∞) = 0, Gα(+∞) = H∗(α) > 0.

Moreover the phase-normalized branch is C1 in α and

∥Gα −G1∥Xη,σ ≤ C|α− 1|.

After shrinking δprof if necessary, Gα(x) > 0 for all x ∈ R.

Proof. The common weighted domain and C1 dependence of the fractional part are (286)–
(292). The phase-fixed derivative at the anchor is an isomorphism by (293)–(294) and the
explicit inverse established earlier. The Banach-space implicit-function theorem therefore
gives a unique C1 branch for |α − 1| < δprof . The endpoint template gives the prescribed
limits. Positivity follows by combining: (i) the positive left asymptotic coefficient, (ii) uni-
form closeness to the strictly positive anchor on a fixed compact interval, and (iii) closeness
to the positive equilibrium on the right tail. These three regions cover R after decreasing
δprof . □

93. Quantitative lower bound for the continuation interval

The IFT proof is constructive at the level of constants. Let C0 be as in (294), and let Clin

satisfy
∥DhF(α, 0)−DhF(1, 0)∥ ≤ Clin|α− 1|.
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Let Cnl be a Lipschitz constant for the derivative with respect to h on a ball of radius ρ
around the anchor. A sufficient choice is any δprof > 0 for which

C0Clinδprof ≤
1

4
, C0Cnlρ ≤

1

4
, (295)

and the residual generated by the α-variation obeys

∥F(α, 0)∥ ≤ ρ

2C0

(1 ≤ α ≤ 1 + δprof). (296)

Hence the analysis proves existence of a strictly positive interval δprof > 0. Producing a sharp
decimal value requires explicit numerical upper bounds for C0, Clin, Cnl and is not needed for
the qualitative interval theorem.

94. Consequence for the remaining manuscript ledger

The profile-level common-domain item in Section 82 is now closed, provided the fractional
profile operator is understood in the Mellin realization explicitly specified above. The out-
standing work is therefore no longer profile existence near α = 1. What remains for the
full finite-time theorem is uniform control of the passage from the reconstructed finite-N
dynamics to the profile regime:

1. the uniform similarity-entry estimate;

2. the similarity-error/Euler bootstrap;

3. a uniform positive terminal coefficient gap;

4. strong compactness sufficient to pass the nonlinear and fractional terms;

5. and, for a full three-component Navier–Stokes statement, the remaining velocity-
pressure reconstruction and compatibility estimates.

Thus the small-supercritical strategy has advanced from a conditional profile-continuation
program to an actual local profile theorem on a nonempty interval

1 < α < 1 + δprof .

The theorem is deliberately not stated for a restricted zero-extension fractional Laplacian on
a bounded interval; changing to such a realization would require a separate boundary-domain
analysis and would define a different continuation problem.

95. Revised theorem architecture

We should use the following logical order. The exact generalized one-phase identities and
characteristic reduction come first. The Mellin profile theorem above then supplies the
positive connector uniformly for α in a nonempty interval above one. The terminal scaling
law

rα = 2α− 1
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and time conversion can then be applied uniformly on that interval. The only remaining
conditional hypotheses in the interval blow-up theorem are the finite-N entry, bootstrap,
coefficient-gap, and limiting estimates listed in Section 94. No isolated-α profile certification
is used in this architecture.

27 Part 10: Uniform finite-N entry on the small-supercritical

interval

96. Interval notation and the uniformity problem

Fix once and for all a compact continuation interval

Iδ = [1, 1 + δ], 0 < δ ≤ δprof ,

where the positive phase-normalized profile branch from Part 9 exists. Put

rα = 2α− 1, mα = rα + 1 = 2α. (297)

Then
1 ≤ rα ≤ 1 + 2δ, 2 ≤ mα ≤ 2 + 2δ. (298)

All constants in Parts 10–13 are required to be independent of α ∈ Iδ and of all sufficiently
large N unless dependence is explicitly displayed.

Let pN,α → ∞ denote the finite-N terminal amplitude scale and let X be the Region-I
logarithmic coordinate. Assume that the exact finite-N characteristic reduction supplies, on
Region I,

dbN,α

dX
≥ (1− θ0)

b2N,α

h1 + γN,αbN,α

, 0 < θ0 < 1, (299)

with

0 < h0 ≤ HN,α ≤ h1, 0 ≤ γN,α ≤ Cγ

pN,α

. (300)

The point of the present section is that the bounded-excursion part of the entry argument is
already uniform in α once (299)–(300) are uniform. No isolated value of α enters the proof.

97. Uniform bounded logarithmic excursion

Let
a0 = 1− θ0 > 0

and define

ΦN,α(b) =
h1
a0

(︃
1

b−
− 1

b

)︃
+
γN,α

a0
log

b

b−
. (301)

Then

Φ′
N,α(b) =

h1 + γN,αb

a0b2
.
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Combining this identity with (299) gives

d

dX
ΦN,α(bN,α(X)) ≥ 1. (302)

Let Xe be the first point at which

bN,α(Xe) =MpN,α, M > 1. (303)

Integration of (302) yields

Xe −X− ≤ h1
a0

(︃
1

b−
− 1

MpN,α

)︃
+
γN,α

a0
log

MpN,α

b−
. (304)

Using (300),

0 ≤ γN,α

a0
log

MpN,α

b−
≤ Cγ

a0pN,α

log
MpN,α

b−
. (305)

If
inf
α∈Iδ

pN,α −→ ∞, (306)

then the right-hand side of (305) tends to zero uniformly in α. Consequently

sup
α∈Iδ

(Xe −X−) ≤ L∗ + oN(1), L∗ :=
h1

(1− θ0)b−
. (307)

This closes the bounded-excursion component of the finite-N entry problem uniformly on the
continuation interval.

98. Entry before Region-I exit

Assume Region I is known to remain valid for

0 ≤ X −X− ≤ LR

with a strict uniform margin
LR − L∗ = ℓ0 > 0. (308)

By (307), choose N0 so large that

sup
α∈Iδ

|oN(1)| <
ℓ0
2

(N ≥ N0).

Then

Xe −X− < L∗ +
ℓ0
2
< LR (309)

for every α ∈ Iδ and N ≥ N0. Hence

the amplitude bN,α =MpN,α is reached before Region-I exit, uniformly in α. (310)

This part of the former “finite-N entry hypothesis” is therefore a theorem under the explicit
uniform Region-I inequalities (299)–(300), (306), and (308).
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99. What remains in the entry bridge

The conclusion (310) is an amplitude-entry statement, not yet a profile-entry statement.
Define

WN,α(s) =
srαbN,α(s)

pN,α

(311)

and let Bα denote the continued positive similarity profile. A natural interval defect is

dN,α(t) = ∥WN,α(t)−Bα∥X + rN,α(t), (312)

where rN,α contains the reconstructed-variable norms. The genuinely remaining entry esti-
mate is

dN,α(te) ≤ Cent

(︁
sµ0
e + εN + p−1

N,α

)︁
, µ0 > 0, (313)

uniformly in α. We have the architecture leading to (313), but not an interval-uniform proof
of (313). Thus Part 10 closes the logarithmic-excursion and Region-I-exit portions of entry,
while isolating (313) as the only nonalgebraic profile-entry estimate.

28 Part 11: Uniform terminal bootstrap and coeffi-

cient gap

100. Uniform terminal equation

Write the normalized finite-N terminal equation in the form

∂τWN,α = Aα(WN,α) + EN,α, (314)

where τ = − log s, Aα is the autonomous similarity vector field having equilibrium/profile
Bα, and EN,α contains reconstruction, finite-N , transverse, and cutoff errors. Put

VN,α = WN,α −Bα. (315)

Taylor expansion about the profile gives

∂τVN,α = LαVN,α +Nα(VN,α) + EN,α, (316)

where
∥Nα(V )∥X ≤ CQ∥V ∥2X (317)

in a fixed ball, after decreasing δ if necessary. The C1 profile branch from Part 9 makes CQ

uniform on Iδ.

101. Perturbative uniform spectral gap lemma

Suppose the phase-fixed anchor semigroup satisfies

∥eτL1∥X→X ≤M0e
−λ0τ , τ ≥ 0, (318)
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for some λ0 > 0. The C1 operator dependence proved in Parts 7–9 gives

∥Lα − L1∥X→X ≤ CL|α− 1|. (319)

Duhamel’s formula yields

eτLα = eτL1 +

∫︂ τ

0

e(τ−σ)L1(Lα − L1)e
σLα dσ.

A standard Gronwall estimate therefore gives, whenever

M0CLδ ≤
λ0
2
, (320)

∥eτLα∥X→X ≤M0e
−λ∗τ , λ∗ :=

λ0
2
, α ∈ Iδ. (321)

Thus any verified phase-fixed spectral gap at the explicit anchor persists on a sufficiently
small nonempty α-interval. Equation (321) is the uniform linear input needed for the non-
linear bootstrap.

102. Nonlinear bootstrap lemma

Assume
∥EN,α(τ)∥X ≤ CEe

−µτ + ϵN , ϵN → 0, (322)

uniformly in α, with µ > 0. Variation of constants in (316) gives

∥V (τ)∥X ≤M0e
−λ∗(τ−τe)∥V (τe)∥X

+M0CQ

∫︂ τ

τe

e−λ∗(τ−σ)∥V (σ)∥2X dσ

+M0

∫︂ τ

τe

e−λ∗(τ−σ)(CEe
−µσ + ϵN) dσ.

(323)

Let

λb =
1

2
min{λ∗, µ}. (324)

For a bootstrap assumption

∥V (τ)∥X ≤ 2Ae−λb(τ−τe) + 2AϵN , (325)

the quadratic integral in (323) is bounded by

C(M0, CQ, λb)A
2
(︁
e−λb(τ−τe) + ϵN

)︁
. (326)

Hence there exist A0 > 0, ϵ0 > 0 and εent > 0, depending only on the uniform constants,
such that if

∥V (τe)∥X ≤ εent, ϵN ≤ ϵ0, (327)
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then the factor 2 in (325) improves to 1. By continuity,

∥VN,α(τ)∥X ≤ A0e
−λb(τ−τe) + A0ϵN , τ ≥ τe, (328)

uniformly in α ∈ Iδ.
Thus the nonlinear bootstrap is reduced to two checkable inputs: the uniform linear decay

(321) and the finite-N forcing estimate (322). It is not necessary to re-prove the nonlinear
stability separately for every exponent.

103. Euler-derivative closure in the interval

Let

E = s∂s, qN,α = −s∂sbN,α

bN,α

.

The exact identity already established in Section 80 is

E4b

b
= q4 − 6q2(Eq) + 4q(E2q) + 3(Eq)2 − E3q. (329)

Suppose

qN,α = AN,α
1 + ηN,α

1 + ρN,α

, (330)

with
inf |1 + ρN,α| ≥ cρ > 0 (331)

and

sup
α,N

3∑︂
j=0

(︁
∥EjAN,α∥∞ + ∥EjηN,α∥∞ + ∥EjρN,α∥∞

)︁
<∞. (332)

Repeated quotient differentiation then gives

sup
α,N

∥EjqN,α∥∞ <∞, 0 ≤ j ≤ 3, (333)

and (329) implies

s4|∂4sbN,α| ≤ CbN,α (334)

uniformly. Thus the Euler-derivative portion of the bootstrap is completely closed once the
regular-singular factors in (330) satisfy the explicit uniform bounds (331)–(332).

104. Coefficient-gap continuation lemma

Let Dα be the limiting terminal coefficient produced by the continued profile and suppose

D1 ≥ 2d∗ > 0. (335)

Since the profile branch and all algebraic coefficient functionals are C1 in α, there is CD <∞
such that

|Dα −D1| ≤ CD|α− 1|. (336)
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Choose

δgap ≤ d∗
CD

. (337)

Then
Dα ≥ d∗ (α ∈ [1, 1 + δgap]). (338)

If in addition the finite-N reconstruction obeys

sup
α∈Iδ

|DN,α −Dα| ≤ ε
(D)
N , ε

(D)
N → 0, (339)

then for sufficiently large N ,

DN,α ≥ d∗
2
> 0 uniformly in α ∈ Iδ. (340)

Therefore the coefficient-gap problem is reduced to two concrete quantities: a strict positive
anchor margin (335) and the uniform reconstruction error (339). Continuity in α itself
creates no additional obstruction.

29 Part 12: Uniform invariant region and limiting pas-

sage

105. General-α invariant-region inequality

Let

WN,α =
srαbN,α

pN,α

, rα = 2α− 1. (341)

Assume the exact normalized terminal equation implies on the boundary WN,α = W∗ the
lower differential inequality

d

dt
WN,α ≥ ΛN,α(s)W∗

[︁
DN,αW∗ −Kdiss

α −RN,α(s)
]︁
, (342)

where ΛN,α(s) > 0, the dissipative coefficient satisfies

sup
α∈Iδ

Kdiss
α ≤ K∗ <∞, (343)

and
sup
α,N

|RN,α(s)| ≤ CRs
µR + ϵ

(R)
N , µR > 0. (344)

Using (340), choose

W∗ >
4K∗

d∗
. (345)

Then
d∗
2
W∗ −K∗ > K∗.
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Choose s∗ > 0 and then N∗ so that

CRs
µR
∗ + ϵ

(R)
N ≤ K∗ (N ≥ N∗). (346)

Equations (342)–(346) imply

d

dt
WN,α > 0 whenever WN,α = W∗, 0 < s ≤ s∗. (347)

Hence
WN,α ≥ W∗ (348)

is a forward-invariant terminal region uniformly for α ∈ Iδ and N ≥ N∗. This is the general
interval form of the invariant-region mechanism and contains no special exponent.

106. Two-sided terminal amplitude bounds

The lower invariant bound gives

bN,α(s) ≥ pN,αW∗s
−rα . (349)

For the matching upper bound, suppose the normalized equation also yields, for W ≥ W ∗,

d

dt
WN,α < 0 (350)

uniformly in the same terminal layer. Then the strip

W∗ ≤ WN,α ≤ W ∗ (351)

is invariant, and

pN,αW∗s
−rα ≤ bN,α(s) ≤ pN,αW

∗s−rα . (352)

If the normalization is chosen so that pN,α is absorbed into the profile amplitude, (352)
becomes the uniform physical statement

c−s
−rα ≤ bN,α(s) ≤ c+s

−rα . (353)

The upper barrier (350) must be derived from the exact normalized finite-N equation; it
cannot be inferred from the lower barrier alone.

107. Uniform finite-time conversion

Assume (353) and the exact characteristic law

ṡ = 1− bN,α. (354)

For sufficiently small s, the lower bound in (353) gives b ≥ 2, hence

1

2
b ≤ b− 1 = −ṡ ≤ b. (355)
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Therefore
1

c+
srα ≤ dt

−ds
≤ 2

c−
srα . (356)

Integrating from 0 to s(t) gives

1

c+(rα + 1)
srα+1 ≤ T∗ − t ≤ 2

c−(rα + 1)
srα+1. (357)

Since rα + 1 = 2α and α lies in a compact interval, all prefactors are uniform. Thus

T∗ − t ≍ s2α, bN,α(t) ≍ (T∗ − t)−
2α−1
2α . (358)

This proves the finite-time conversion uniformly on the entire continued profile interval once
the invariant two-sided terminal bounds are available.

108. Strong compactness criterion sufficient for the scalar limit

Let 0 < T < T∗ be fixed. A convenient sufficient compactness package is

bN,α → bα strongly in L2(0, T ;Hα+ε), (359)

∂tbN,α bounded in L2(0, T ;H−α−ε), (360)

for some ε > 0, together with analogous bounds for the reconstructed transport velocity. By
the compact embedding on the torus and the Aubin–Lions mechanism, after extraction,

bN,α → bα strongly in L2(0, T ;Hα) (361)

and hence strongly in L2.
The quadratic term then passes by

∥b2N − b2∥L1 ≤ ∥bN − b∥L2(∥bN∥L2 + ∥b∥L2) → 0. (362)

Moreover
(−∆)α/2bN → (−∆)α/2b strongly in L2, (363)

so the fractional energy pairings pass to the limit. If

uN,α → uα strongly in L2(0, T ;H1) (364)

and ∇bN,α is uniformly bounded in the conjugate space required by the scalar equation, then

uN,α · ∇bN,α → uα · ∇bα (365)

in distributions. Finally, any cutoff or reconstruction residual RN,α satisfying

sup
α∈Iδ

∥RN,α∥L1(0,T ;H−m) → 0 (366)

vanishes in the limit.
Thus (359)–(366) constitute a concrete sufficient strong-limit theorem. The remaining

task is to derive these bounds from the exact finite-N reconstruction; compactness itself is
then standard and no special exponent is required.
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30 Part 13: Revised interval theorem and exact re-

maining ledger

109. Uniform finite-N theorem under explicit verifiable estimates

Theorem 3 (Small-supercritical finite-N terminal theorem). Let Iδ = [1, 1+ δ] be contained
in the profile interval from Part 9. Assume the exact finite-N reconstructed scalar equation
and characteristic law hold and suppose the following estimates are uniform in α ∈ Iδ for all
sufficiently large N :

1. the Region-I inequalities (299)–(300), the growth (306), and the strict validity margin
(308);

2. the profile-entry estimate (313);

3. the terminal forcing estimate (322) and the anchor spectral-gap hypothesis (318), with
δ chosen to satisfy (320);

4. the regular-singular Euler bounds (331)–(332);

5. the positive anchor coefficient margin (335) and reconstruction convergence (339);

6. the terminal remainder estimate (344) and a matching upper barrier of the form (350);

7. the compactness estimates (359)–(366) on every preterminal interval [0, T ], T < T∗.

Then the finite-N trajectories enter the continued profile neighborhood before leaving Region
I, the terminal bootstrap closes uniformly, the coefficient gap remains strictly positive, and
the normalized terminal strip is invariant. Consequently

bN,α(s) ≍ s−(2α−1)

with constants uniform on a possibly smaller interval, and

bN,α(t) ≍ (T∗,N,α − t)−
2α−1
2α . (367)

If the compactness hypotheses pass the characteristic and terminal lower bound to a limiting
scalar solution, then the same exponent law holds for the limit up to its terminal time.

Proof. Part 10 gives uniform entry to the amplitude scale before Region-I exit; (313) places
the trajectory in the profile neighborhood. Part 11, equations (321)–(328), closes the ter-
minal stability bootstrap, while (333)–(334) close the Euler derivative estimates. Equations
(335)–(340) give a uniform positive coefficient gap. Part 12 then gives the invariant terminal
strip and the two-sided power law. Equation (358) converts that power law to physical time.
Finally (359)–(366) are sufficient to pass the scalar equation and its controlled residuals on
each preterminal interval.
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110. Which former Section 94 items are now reduced or closed

The four items listed in Section 94 should now be separated more finely.

1. Finite-N entry. The bounded logarithmic excursion and entry before Region-I exit
are proved uniformly by (304)–(310). The only remaining nonalgebraic entry input is
the similarity-distance estimate (313).

2. Bootstrap. Once the anchor spectral decay (318) is verified in the chosen phase-fixed
terminal norm and the finite-N forcing obeys (322), the interval bootstrap follows by
perturbation and Duhamel, giving (328). Euler fourth-derivative closure is already a
consequence of the explicit regular-singular bounds (331)–(332).

3. Coefficient gap. A strict positive gap at the anchor persists for all 1 < α < 1 + δgap
by continuity. The finite-N gap then follows from the single uniform reconstruction
estimate (339). Thus no separate exponent-by-exponent gap proof is needed.

4. Limiting estimates. The sufficient topology is made explicit in (359)–(366). What
remains is not an abstract compactness theorem but the derivation of those uniform
bounds from the reconstruction formulas.

Accordingly, after the profile theorem of Part 9, the genuinely construction- specific
estimates still to be established are

(313), (318), (322), (331)–(332), (335), (339), (344), (350), and (359)–(366). (368)

Several of these are continuity or perturbation estimates rather than new nonlinear existence
problems.

111. No isolated exponent enters Parts 10–13

Every exponent used above is expressed through

rα = 2α− 1

and every interval restriction is obtained by shrinking the already nonempty profile interval.
In particular, no numerical profile, Mellin root, coefficient, or remainder exponent tied to
a single isolated value of α is used in Parts 10–13. This is essential: the purpose of the is
to establish a theorem on an open interval above the classical endpoint, not to repackage a
one-exponent certification.

112. Revised status

The manuscript now proves the positive Mellin-profile branch on a nonempty small-supercritical
interval and proves the uniform pre-entry excursion mechanism on that same interval under
the explicit Region-I inequalities. It also proves abstract uniform bootstrap, coefficient-
continuation, invariant-region, and limiting lemmas whose hypotheses are stated in norms
that can be checked directly against the finite-N reconstruction.
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It would still be mathematically premature to delete all conditional language from the
scalar interval theorem until the reconstruction-specific estimates listed in (368) are verified
from the exact finite-N formulas. The gain is that the former four broad hypotheses have
now been reduced to a short list of precise inequalities, with the purely functional-analytic
parts proved once and for all uniformly in α.

31 Part 14: Exact finite-N dynamics to the continued

profile

113. Purpose and logical form of the bridge

The profile theorem of Part 9 supplies a positive phase-normalized branch Bα for α ∈ Iδ =
[1, 1 + δ]. Parts 10–13 isolate the remaining problem: the exact finite-N trajectory must be
shown to enter a neighborhood of Bα, remain there uniformly, and converge strongly enough
that the terminal inequalities survive N → ∞. This part gives a single bridge theorem
that separates what follows from exact identities from what must be estimated from the
reconstruction coefficients.

Put
rα = 2α− 1, τ = − log s,

and normalize the exact finite-N scalar by

WN,α(τ) =
srαbN,α(s)

pN,α

. (369)

Let Bα be the continued profile and set

VN,α = WN,α −Bα. (370)

The exact finite-N equation can always be decomposed, without approximation, as

∂τVN,α = LαVN,α +Nα(VN,α) + EN,α, (371)

where Lα = DAα(Bα), the nonlinear remainder is

Nα(V ) = Aα(Bα + V )−Aα(Bα)− LαV, (372)

and EN,α is defined to be the exact difference between the finite-N normalized vector field
and the autonomous profile vector field. Thus (371) is an identity. No smallness has yet
been assumed.

114. Exact decomposition of the finite-N defect

For the one-phase reconstruction the defect may be grouped as

EN,α = Ecoeff
N,α + E rec

N,α + E frac
N,α + Ecut

N,α. (373)
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Here Ecoeff is produced by replacing the finite-N coefficient functions by their terminal limits,
E rec is the velocity/reconstruction residual, E frac is the difference between the exact fractional
term and its Mellin one-phase limit, and Ecut contains any regularization or localization
terms. The exact one-phase identity

(−∆T3)αF (sN) = κ2α(−∂ss)αF (sN) (374)

shows that, in the strict generalized affine one-phase class, there is no independent transverse
fractional error. In that class E frac

N,α consists only of the finite-N coefficient, regularization, or
cutoff discrepancy actually present in the reconstruction. This is stronger than the earlier
multidimensional remainder bookkeeping.

Define the uniform defect modulus

εbrN (s) := sup
α∈Iδ

∥EN,α(s)∥X . (375)

The bridge requires an estimate, not an assumption about the terminal shape, of the form

εbrN (s) ≤ Cbrs
µbr + ϵN , µbr > 0, ϵN → 0. (376)

Every term on the right of (373) is to be estimated directly from the exact finite-N coeffi-
cients. Equation (376) is therefore noncircular: it does not assume WN,α → Bα.

115. Entry from an overlap interval rather than from amplitude
alone

Large amplitude by itself cannot imply profile closeness. The correct bridge uses an overlap
interval

JN,α = [τ−, τe], τe − τ− ≤ Lov, (377)

whose length is uniformly bounded by Part 10. On this interval solve (371) backward from
τe or, equivalently, forward from τ−. Let Sα(τ) denote the phase-fixed evolution generated
by Lα and assume the uniform dichotomy/stability estimate already isolated in (321):

∥Sα(τ)∥X→X ≤M0e
−λ∗τ , τ ≥ 0. (378)

Variation of constants gives the exact identity

V (τe) = Sα(τe − τ−)V (τ−) +

∫︂ τe

τ−

Sα(τe − σ)
[︁
Nα(V (σ)) + EN,α(σ)

]︁
dσ. (379)

Suppose the overlap starts in a fixed bounded set,

sup
N,α

∥VN,α(τ−)∥X ≤Mov, (380)

and that the exact preterminal dynamics keep ∥V ∥X ≤ Rov on JN,α. Since the profile branch
is C1 on a compact interval,

∥Nα(V )∥X ≤ CQ∥V ∥2X (381)
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with CQ independent of α.
Combining (376)–(381) yields

∥V (τe)∥X ≤M0e
−λ∗(τe−τ−)Mov

+
M0CQ

λ∗
sup
JN,α

∥V ∥2X

+
M0

λ∗
(Cbrs

µbr
e + ϵN)

(382)

when the defect is monotone in the terminal direction; the obvious supremum version holds
otherwise. Thus the desired entry estimate (313) follows once the overlap has enough stable
time and the preterminal normalized error is small enough. More precisely, if

M0e
−λ∗LstabMov ≤

εent
4
, (383)

M0CQ

λ∗
R2

ov ≤
εent
4
, (384)

and
M0

λ∗
(Cbrs

µbr
e + ϵN) ≤

εent
2
, (385)

then
∥WN,α(τe)−Bα∥X ≤ εent. (386)

This is the rigorous form of the finite-N -to-profile connection. It also shows why the am-
plitude condition b = MpN alone was insufficient: one needs the stable overlap estimate
(379).

116. A quantitative bridge theorem

Theorem 4 (Uniform finite-N profile-entry bridge). Assume the continued profile branch
of Part 9, the uniform phase-fixed linear estimate (378), the quadratic estimate (381), and
the exact defect estimate (376). Assume further that the exact Region-I dynamics produce
an overlap interval satisfying (377), (380), and a bootstrap bound supJ ∥V ∥X ≤ Rov. If
the overlap contains a stable subinterval of length Lstab for which (383)–(385) hold, then
the finite-N trajectory enters the terminal profile ball (386), uniformly for α ∈ Iδ and all
sufficiently large N .

Proof. Equation (379) is variation of constants applied to the exact identity (371). Use (378)
on the homogeneous term, (381) on the nonlinear term, and (376) on the finite-N defect.
Integration of the exponential kernel gives (382). The three contributions are bounded by
(383), (384), and (385), respectively. Their sum is at most εent, proving (386).
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32 Part 15: Uniform propagation from entry to the

terminal layer

117. Bootstrap begins exactly at the bridge time

At τ = τe, (386) supplies the initial smallness required in (327). Consequently the Part 11
bootstrap applies without any additional matching assumption and gives

∥WN,α(τ)−Bα∥X ≤ A0e
−λb(τ−τe) + A0ϵN , τ ≥ τe. (387)

Thus, once (376) and the overlap inequalities are verified from the exact coefficients, the
former entry hypothesis (313) and the subsequent nonlinear profile bootstrap become one
continuous argument.

118. Exact logarithmic-slope closure along the profile tube

The exact characteristic identities from the generalized affine manuscript are

ḃ = ΓN,αb
2 + FN,α −RN,α −DN,α, (388)

−ṡ = HN,α + γN,αb. (389)

Define

AN,α =
sΓN,α

γN,α

, ηN,α =
FN,α −RN,α −DN,α

ΓN,αb2
, ρN,α =

HN,α

γN,αb
. (390)

Then, with E = s∂s,

qN,α := −sbs
b
= AN,α

1 + ηN,α

1 + ρN,α

. (391)

This is exact. Hence (331)–(332) are not independent dynamical hypotheses: they follow
from uniform coefficient bounds

inf
N,α,s

|1 + ρN,α| ≥ cρ > 0, (392)

sup
N,α

3∑︂
j=0

(︁
∥EjAN,α∥∞ + ∥EjηN,α∥∞ + ∥EjρN,α∥∞

)︁
≤ Cq. (393)

Repeated quotient differentiation gives

sup
N,α

∥EjqN,α∥∞ ≤ Cj, 0 ≤ j ≤ 3, (394)

and therefore
s4|∂4sbN,α| ≤ CbN,α. (395)

Thus the derivative closure is reduced entirely to coefficient estimates in (392)–(393), which
can be checked before assuming the terminal power law.
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119. Defect decay is preserved by the profile tube

Suppose the normalized reconstruction residual has the exact factorization

Rnorm
N,α :=

RN,α

ΓN,αb2N,α

= sµRaN,α(s), µR > 0, (396)

with
sup
N,α

∥EjaN,α∥∞ ≤ Cj, 0 ≤ j ≤ 3. (397)

Then
|EjRnorm

N,α | ≤ C ′
js

µR , 0 ≤ j ≤ 3. (398)

The same conclusion holds for every defect term admitting such a positive terminal power.
Since α ranges in a compact interval, the minimum of finitely many continuous positive re-
mainder exponents remains positive after shrinking δ if necessary. Hence the forcing estimate
(322) follows from the coefficient-level factorizations, with

µ = inf
α∈Iδ

µrem(α) > 0. (399)

No isolated exponent is required.

33 Part 16: Coefficient gap and invariant strip from

profile convergence

120. Uniform convergence of coefficient functionals

Let Dα(W, c) denote the exact normalized coefficient functional, where cN,α denotes the
finite-N reconstruction coefficients. Define

Dα = Dα(Bα, cα), DN,α = Dα(WN,α, cN,α). (400)

On a fixed profile tube, local Lipschitz continuity gives

|DN,α −Dα| ≤ CD (∥WN,α −Bα∥X + ∥cN,α − cα∥C) . (401)

Using (387), if
sup
α∈Iδ

∥cN,α − cα∥C ≤ ϵcN → 0, (402)

then
sup
α∈Iδ

|DN,α −Dα| ≤ CDA0e
−λb(τ−τe) + CD(A0ϵN + ϵcN). (403)

Therefore (339) follows in the deep terminal layer. If the anchor coefficient has a strict
margin D1 ≥ 2d∗ > 0, continuity of the profile branch gives, after reducing δ,

Dα ≥ d∗, (404)

and then (403) gives

DN,α ≥ d∗/2 (405)

for all sufficiently large N and sufficiently deep terminal time.
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121. Two-sided invariant strip

The lower boundary argument of Part 12 uses (405) and the decaying normalized remainder.
For the upper boundary one applies the same exact normalized equation with the inequalities
reversed. Suppose on a fixed tube

Ẇ = ΛN,α(s)W
[︁
DN,αW −Kdiss

α +RN,α(s,W )
]︁
, ΛN,α > 0, (406)

with
|RN,α(s,W )| ≤ CRs

µR + ϵ
(R)
N (407)

for W in a compact interval. Choose W− so that the bracket is positive at W = W− and
W+ so that the exact orientation of the normalized equation makes the vector field point
downward at W =W+. Then

W− ≤ WN,α(τ) ≤ W+ (408)

is forward invariant. The second sign must be checked from the exact finite-N normalized
equation; it is not a consequence of the lower sign. Once both signs hold, however,

c−s
−rα ≤ bN,α(s) ≤ c+s

−rα , rα = 2α− 1, (409)

with constants uniform on a possibly smaller interval.

34 Part 17: Uniform passage to the finite-N limit

122. Compactness on every preterminal interval

Fix T < T∗. Suppose the exact reconstruction provides the uniform energy package

sup
N,α

∥bN,α∥L2(0,T ;Hα+ε) ≤ CT , (410)

sup
N,α

∥∂tbN,α∥L2(0,T ;H−α−ε) ≤ CT , (411)

and corresponding bounds for the reconstructed transport velocity. Then Aubin–Lions gives,
after extraction,

bN,α → bα strongly in L2(0, T ;Hα), (412)

which is enough for the quadratic and fractional terms as described in Part 12. If the
residuals satisfy

sup
α∈Iδ

∥RN,α∥L1(0,T ;H−m) → 0, (413)

the limiting scalar equation follows distributionally on [0, T ].
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123. Passing the terminal lower bound without losing it in the limit

Preterminal compactness alone does not automatically pass a lower bound at a moving
terminal point. A sufficient uniform statement is the following. Assume there exist s0, c− > 0,
independent of N and α, such that

bN,α(s) ≥ c−s
−rα , 0 < s ≤ s0, (414)

and the characteristic maps t ↦→ sN,α(t) converge locally uniformly on every [0, T ], T < T∗,
to sα(t). If, in addition, bN,α → bα locally uniformly along the distinguished characteristic
away from s = 0, then for every fixed s ∈ (0, s0],

bα(s) ≥ c−s
−rα . (415)

The constants do not deteriorate with N , so the lower terminal barrier is not lost in the
limit.

Using the upper bound in (409) and the exact characteristic law ṡ = 1−b, the calculation
of Part 12 gives

T∗,α − t ≍ sα(t)
2α, bα(t) ≍ (T∗,α − t)−

2α−1
2α . (416)

Thus the limiting scalar diverges in finite time whenever the hypotheses of this part, including
the uniform terminal barrier, are verified.

124. Uniformity in the exponent

All constants above may be chosen uniformly after replacing δ by

δ∗ = min{δprof , δlin, δgap, δrem, δcomp} > 0, (417)

provided each listed interval is nonempty. The exponent functions rα = 2α− 1 and 2α vary
continuously and remain bounded away from zero. Therefore no step in Parts 14–17 requires
selecting an isolated value of α.

35 Part 18: Closed bridge theorem and remaining coefficient-

level checks

125. Finite-N to profile to limit theorem

Theorem 5 (Uniform connection theorem). Let 1 < α < 1+δ∗, with δ∗ > 0 as in (417), and
suppose the continued profile Bα exists. Assume the exact finite-N reconstruction satisfies
the coefficient-level estimates (376), (378), (380), (383)–(385), (392)–(393), (396)–(397),
(402), (407), and (410)–(414), together with the upper-boundary sign required for (408).
Then, uniformly for sufficiently large N :

1. the exact finite-N trajectory enters the profile neighborhood;
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2. the profile error remains small and decays according to (387);

3. the logarithmic derivatives close according to (394)–(395);

4. the terminal coefficient gap is positive according to (405);

5. the normalized terminal strip (408) is invariant;

6. the two-sided power law (409) holds;

7. a subsequence converges strongly on every preterminal interval; and

8. the limiting scalar satisfies the finite-time law (416).

Proof. The entry statement is Theorem 116. Equation (387) is the Part 11 nonlinear boot-
strap initialized by (386). Equations (391)–(395) give derivative closure from the exact
characteristic coefficients. Equations (400)–(405) transfer the positive profile coefficient to
finite N . Equations (406)–(409) give the invariant strip. Equations (410)–(413) yield strong
preterminal compactness, while the uniform barrier (414) and characteristic convergence give
(415). The finite-time conversion then gives (416).

126. What has and has not been proved by the bridge argument

Parts 14–18 remove an important logical ambiguity. The similarity-entry estimate is not
to be inferred from large amplitude. It follows from the exact defect equation (371), a
stable overlap interval, and coefficient-level defect smallness. Likewise, the Euler bounds
and coefficient gap are consequences of exact identities plus uniform coefficient convergence.

The argument does not manufacture the coefficient estimates. For the particular finite-N
construction one must still verify directly from its explicit formulas:

the defect estimate (376), the overlap bounds (380), (383)–(385),

the coefficient derivative bounds (392)–(393), the residual factorization (396)–(397), coefficient convergence (402),

the upper invariant-boundary sign in (406)–(408), and the uniform compactness/barrier hypotheses (410)–(414).

(418)

These are now coefficient-level checks, not a missing profile theory. If the explicit recon-
struction formulas establish (418), the scalar finite-N to profile to limiting blow-up chain is
closed on the nonempty interval 1 < α < 1+ δ∗. The separate reconstruction of a full three-
component velocity-pressure solution remains an additional theorem and is not asserted by
the scalar bridge alone.

36 Part 19: Term-by-term attack on the coefficient

ledger (418)

127. Purpose: separate identities, theorems, and genuinely missing
estimates

Equation (418) is a ledger rather than a single analytic inequality. It contains several logi-
cally different assertions. Some follow from exact one-phase identities already proved in the
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manuscript; some follow from elementary quotient/Euler calculus once coefficient bounds
are known; and some require new information about the particular finite-N reconstruction.
The purpose of this part is to remove every item that can be removed without inserting a
new hypothesis.

Throughout
Iδ = [1, 1 + δ], rα = 2α− 1, τ = − log s,

and δ > 0 is reduced, when necessary, but is independent of N . No isolated value of α is
used in this part.

128. Exact one-phase fractional reduction removes an entire defect
block

For the generalized affine phase

sN = C4t− C3z − C2y − C1x− θ∗,N , κ2 = C2
1 + C2

2 + C2
3 ,

Fourier multiplier calculus gives the exact identity

(−∆T3)αF (sN) = κ2α(−∂ss)αF (sN). (419)

Consequently there is no transverse fractional approximation error inside the strict one-phase
class. If the same fractional realization is used in the finite-N equation and in the profile
equation, then

E frac
N,α = 0. (420)

If a cutoff or regularization is retained, the only fractional contribution to the bridge defect
is the explicit cutoff/regularization commutator. Thus the fractional part of (376) is not an
independent hypothesis.

Proof. For a one-phase Fourier mode einsN the spatial frequency is n(−C1,−C2,−C3) and
hence has modulus |n|κ. The torus multiplier |k|2α therefore acts as κ2α|n|2α. Summing the
Fourier series proves (419). Subtracting the identical one-dimensional fractional term in the
profile vector field proves (420).

129. Reconstruction residual: exact normalization and positive-
power criterion

Write the exact scalar characteristic equation as

ḃ = ΓN,αb
2 + FN,α −RN,α −DN,α, (421)

and introduce

RN,α :=
RN,α

ΓN,αb2N,α

. (422)
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The reconstruction estimates derived earlier have the structural form

|RN,α|
|ΓN,α|b2N,α

≤ C

(︃
1

|ΓN,α|bN,α

+ cN,α(s)

)︃
, (423)

where cN,α denotes the remaining explicit coefficient corrections. In the terminal profile tube

bN,α = pN,αs
−rαWN,α, WN,α ≥ W− > 0, (424)

and if
|ΓN,α(s)| ≥ g−s

−1, g− > 0, (425)

then
1

|ΓN,α|bN,α

≤ 1

g−W−pN,α

srα+1 =
1

g−W−pN,α

s2α. (426)

Since α ∈ Iδ, 2α ≥ 2, and therefore

1

|ΓN,α|bN,α

≤ Cp−1
N,αs

2. (427)

Thus the algebraic reconstruction term already has a uniform positive terminal power. Only
the explicit coefficient correction cN,α remains to be estimated from its reconstruction for-
mula.

More generally, if

cN,α(s) = sµccN,α(s), µc > 0, sup
N,α

3∑︂
j=0

∥EjcN,α∥∞ <∞, (428)

then (423)–(428) imply

|EjRN,α| ≤ Cj

(︁
p−1
N,αs

2 + sµc
)︁
, 0 ≤ j ≤ 3. (429)

This proves the residual factorization (396)–(397) whenever the remaining explicit recon-
struction coefficient possesses the positive-power expansion (428). The important point is
that the 1/(Γb) term itself is now closed uniformly in α.

37 Part 20: Exact Lambert coefficient calculus and Eu-

ler closure

130. A general Euler-quotient lemma

The finite-N Lambert reconstruction enters the characteristic dynamics only through dimen-
sionless coefficient combinations. Let

AN,α =
sΓN,α

γN,α

, ηN,α =
FN,α −RN,α −DN,α

ΓN,αb2N,α

, ρN,α =
HN,α

γN,αbN,α

. (430)

Then the exact characteristic quotient gives

qN,α := −sbs
b
= AN,α

1 + ηN,α

1 + ρN,α

. (431)
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Theorem 6 (Uniform Euler quotient closure). Assume for some cρ > 0

|1 + ρN,α| ≥ cρ (432)

and

sup
N,α

3∑︂
j=0

(︁
∥EjAN,α∥∞ + ∥EjηN,α∥∞ + ∥EjρN,α∥∞

)︁
≤ C∗. (433)

Then there are constants Cj = Cj(C∗, cρ) such that

∥EjqN,α∥∞ ≤ Cj, 0 ≤ j ≤ 3. (434)

Proof. Apply E repeatedly to (431). Every derivative is a finite sum of products of EkA,
Ekη, and Ekρ, divided by a power of 1+ρ no larger than four. Equations (432)–(433) bound
every such term uniformly.

The fourth derivative of b then follows algebraically:

E4b

b
= q4 − 6q2Eq + 4qE2q + 3(Eq)2 − E3q. (435)

Hence (432)–(433) prove the derivative closure required in (392)–(395). The only construction-
specific obligation is therefore to prove (432)–(433) for the explicit Lambert coefficients; no
further PDE estimate is hidden in this step.

131. Uniform increasing-depth Lambert logarithmic sensitivity

The fixed-depth representation (437) is useful only while the iterates remain inside the branch
core. It is not the correct object to propagate when the depth k = k(N) tends to infinity.
The exact renormalized branch-distance map is instead

∆N,k+1 = F(∆N,k), F(∆) = 1 +W0

(︁
−e−1−∆

)︁
. (436)

Write
q = F(∆) ∈ (0, 1).

Since W0(−e−1−∆) = q − 1, the Lambert identity gives the exact inverse relation

∆ = −q − log(1− q). (437)

Differentiating (437) yields

d∆

dq
=

q

1− q
, F ′(∆) =

1− q

q
. (438)

Define the Euler logarithmic sensitivity

SN,k := E log∆N,k, E = s∂s. (439)
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Then the exact chain rule gives

SN,k+1 = A(∆N,k)SN,k, A(∆) :=
∆F ′(∆)

F(∆)
=

∆(1− q)

q2
. (440)

Thus the increasing-depth problem reduces to an exact scalar multiplier.

Theorem 7 (Global contraction of the Lambert logarithmic sensitivity). For every ∆ > 0,
with q = F(∆) ∈ (0, 1),

0 < A(∆) <
1

2
. (441)

Moreover A extends smoothly to ∆ = 0 with A(0) = 1/2. Consequently, for every finite N
and every depth k ≥ 0,

|SN,k| ≤ 2−k|SN,0|. (442)

The estimate is uniform for arbitrary choices k = k(N), including k(N) → ∞.

Proof. Positivity is immediate from (440). To prove the upper bound, (441) is equivalent to

2(1− q)
[︁
−q − log(1− q)

]︁
< q2.

Set
H(q) = q2 − 2(1− q)

[︁
−q − log(1− q)

]︁
.

Then H(0) = 0 and

H ′(q) = −2q − 2 log(1− q) = 2
[︁
−q − log(1− q)

]︁
> 0

for 0 < q < 1. Hence H(q) > 0, proving A < 1/2. The branch expansion −q − log(1− q) =
q2/2 + q3/3 +O(q4) gives A→ 1/2 as q ↓ 0. Iteration of (440) now proves (442).

This theorem contains the branch-core exponent-halving law as its small-∆ limit, but it
remains valid after the orbit leaves the branch core. Indeed,

F(∆) =
√
2∆− 2

3
∆ +O(∆3/2), A(∆) =

1

2
+O(

√
∆), (443)

whereas near the positive fixed point ∆∗,

A(∆∗) = F ′(∆∗) =
1−∆∗

∆∗
< 1. (444)

Thus the square-root description is a branch-core asymptotic, while (440)–(442) are exact
and increasing-depth uniform.
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131A. Higher Euler derivatives: triangular induction

For the Euler bootstrap one needs three further derivatives of SN,k. Introduce

B1(∆) = ∆A′(∆), B2(∆) = ∆∂∆B1(∆), B3(∆) = ∆∂∆B2(∆). (445)

On any invariant interval 0 ≤ ∆ ≤ ∆+ with ∆+ < 1 (and in particular on [0,∆∗]), the
functions A,B1, B2, B3 extend continuously to zero and are uniformly bounded. Applying E
to (440) gives exactly

ESk+1 = AkESk +B1,kS
2
k , (446)

E2Sk+1 = AkE
2Sk + 3B1,kSkESk +B2,kS

3
k , (447)

and

E3Sk+1 = AkE
3Sk + 4B1,kSkE

2Sk + 3B1,k(ESk)
2

+ 6B2,kS
2
kESk +B3,kS

4
k ,

(448)

where Ak = A(∆N,k) and Bj,k = Bj(∆N,k).

Theorem 8 (Uniform increasing-depth Euler derivative theorem). Assume the terminal
input obeys

sup
N

3∑︂
m=0

|EmSN,0| ≤M0 (449)

on the coupled terminal window, and assume the Lambert orbit remains in a fixed compact
invariant interval 0 ≤ ∆N,k ≤ ∆+ < 1. Then there exist constants Cm = Cm(M0,∆+),
independent of N and k, such that

|EmSN,k| ≤ Cm2
−k, 0 ≤ m ≤ 3. (450)

Consequently, for every sequence k(N) → ∞,

max
0≤m≤3

∥Em(E log∆N,k(N))∥∞ −→ 0. (451)

Proof. The case m = 0 is (442). Let Mj = sup0≤∆≤∆+
|Bj(∆)|. Equation (446), the contrac-

tion Ak ≤ 1/2, and (442) give

|ESk+1| ≤
1

2
|ESk|+M1M

2
0 4

−k.

Discrete convolution with 2−(k−ℓ) yields |ESk| ≤ C12
−k. Substitution of this estimate into

(447) gives

|E2Sk+1| ≤
1

2
|E2Sk|+ C4−k,

and therefore |E2Sk| ≤ C22
−k. Finally (448) and the three already proved estimates give

|E3Sk+1| ≤
1

2
|E3Sk|+ C4−k,

so |E3Sk| ≤ C32
−k. All constants depend only on the uniform input bound and the compact

coefficient bounds, not on N or on the terminal depth. Taking k = k(N) → ∞ proves
(451).
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For the manuscript’s terminal input

∆N,0(s) = λNs(1 + ζN(s)), (452)

one has
SN,0 = 1 + E log(1 + ζN). (453)

Hence (449) follows directly from a uniform denominator gap |1+ ζN | ≥ cζ > 0 and bounded
first four Euler derivatives of ζN . The Lambert part of the old condition (439) is therefore
replaced by the exact theorem (440)–(451); no small multiplicative remainder ωN,k(N) is
required once the orbit leaves the branch core.

131B. Consequence for the coefficient bootstrap

Every reconstruction coefficient that depends smoothly on a finite collection of ∆N,k and
their logarithmic Euler sensitivities inherits uniform Euler bounds from (450), provided its
algebraic denominators remain separated from zero. Thus the Lambert contribution to (433)
is now a theorem of the exact recurrence. The remaining content of (433) is only the non-
Lambert coefficient/cutoff convergence and the stated denominator gaps.

38 Part 21: Coefficient convergence and the positive

gap

132. Continuity in α transfers a strict anchor margin

Let Dα be the terminal coefficient functional evaluated on the continued profile and limiting
reconstruction coefficients. Since Part 9 provides a C1 profile branch and the coefficient
formulas are smooth in α on a compact pole-free interval, Dα is continuous. Thus, if

D1 ≥ 2d∗ > 0, (441)

then there is δgap > 0 such that

Dα ≥ 3

2
d∗, 1 ≤ α ≤ 1 + δgap. (442)

This is an interval statement and uses no isolated exponent.
Suppose now that the explicit finite-N coefficient vector satisfies

sup
α∈Iδ

∥cN,α − cα∥C ≤ ϵcN , ϵcN → 0, (443)

and that WN,α is in the profile tube. Local Lipschitz continuity then gives

|DN,α −Dα| ≤ CD (∥WN,α −Bα∥X + ϵcN) . (444)

Choose the terminal tube and N so that the right side is at most d∗/2. Combining (442)–
(444) proves

DN,α ≥ d∗ > 0 (445)
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uniformly on a possibly smaller nonempty interval.
Thus the coefficient-gap problem has been reduced to one explicit convergence statement,

(443). The gap itself is not an additional independent hypothesis.

133. What the finite-N Lambert expansion proves about (443)

A finite-depth expansion of the form (436)–(437) proves coefficient convergence for every
coefficient that is a smooth function of finitely many quantities

∆N,j, E∆N,j, . . . , E
m∆N,j, j ≤ k, m ≤ 3, (446)

provided the corresponding remainders converge uniformly. Indeed, the mean value theorem
on a compact coefficient set yields

∥cN,α − cα∥C ≤ C max
j≤k,m≤3

∥Em∆N,j − Em∆j∥. (447)

Therefore fixed-depth coefficient convergence is a theorem once the displayed Lambert asymp-
totics are uniform. For increasing depth k(N), (447) again shows exactly which uniform
cascade estimate is required; it cannot be replaced by pointwise-in-N convergence.

39 Part 22: Closing the two invariant boundaries

134. The lower and upper signs must come from the same scalar
field

Write the exact normalized terminal equation as

∂τW = ΛN,α(s)W
[︁
DN,αW −KN,α(W ) +RN,α(s,W )

]︁
, ΛN,α > 0. (448)

Assume on a compact interval [W−,W+]

DN,α ≥ d∗ > 0, |RN,α(s,W )| ≤ εR(s,N), εR → 0, (449)

and suppose the limiting bracket

Bα(W ) = DαW −Kα(W ) (450)

has strict opposite boundary signs

inf
α∈Iδ

Bα(W−) > 2σ, sup
α∈Iδ

Bα(W+) < −2σ (451)

for some σ > 0. Uniform coefficient convergence and (449) imply, for large N and sufficiently
small s,

BN,α(W−) ≥ σ, BN,α(W+) ≤ −σ. (452)

Consequently the vector field points inward on both boundaries and

W− ≤ WN,α(τ) ≤ W+ (453)
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is forward invariant.
This proves the upper-boundary part of (406)–(408) once the strict limiting upper sign

in (451) is verified from the continued profile vector field. It also shows why a positive
lower coefficient gap alone cannot prove the upper barrier: the nonlinear dissipative function
Kα(W ) must dominate at W+.

40 Part 23: The defect estimate (376) reduced to ex-

plicit finite-N moduli

135. A noncircular defect theorem

Let
ωcoeff
N (s) := sup

α∈Iδ
∥cN,α(s)− cα∥C, (454)

ωcut
N (s) := sup

α∈Iδ
∥Ecut

N,α(s)∥X . (455)

On a fixed profile tube the normalized vector field is locally Lipschitz in its coefficient vector.
Using (420) and (429),

∥EN,α(s)∥X ≤ Cωcoeff
N (s) + C

(︁
p−1
N,αs

2 + sµc
)︁
+ ωcut

N (s). (456)

Therefore the bridge estimate (376) follows if the two genuinely construction-specific moduli
obey

ωcoeff
N (s) ≤ Csµ1 + ϵ

(1)
N , ωcut

N (s) ≤ Csµ2 + ϵ
(2)
N , (457)

with µ1, µ2 > 0 and ϵ
(i)
N → 0. Indeed, with

µbr = min{2, µc, µ1, µ2} > 0, ϵN = Cp−1
N,− + Cϵ

(1)
N + ϵ

(2)
N , (458)

where pN,− = infα∈Iδ pN,α → ∞, one gets

εbrN (s) ≤ Cbrs
µbr + ϵN . (459)

Thus (376) is reduced to the explicit coefficient and cutoff moduli (457). There is no re-
maining fractional one-phase defect and the algebraic reconstruction contribution is already
controlled by (427).

41 Part 24: Uniform compactness and passage to the

limit

136. A sufficient compactness theorem adapted to the interval

Fix T < T∗. Let δ > 0 be small and choose ε > δ. Since α ≤ 1 + δ, a uniform bound in the
fixed space H1+δ+ε dominates every Hα+ε/2 norm. Assume

sup
N,α

∥bN,α∥L2(0,T ;H1+δ+ε) ≤ CT , (460)
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sup
N,α

∥∂tbN,α∥L2(0,T ;H−1−δ−ε) ≤ CT . (461)

For every 0 < θ < ε/2, Aubin–Lions gives relative compactness in

L2(0, T ;H1+δ+ε−θ
loc ). (462)

In particular, after extraction,

bN,α → bα strongly in L2(0, T ;Hα
loc) (463)

uniformly for α in a smaller compact interval, in the sense needed for all subsequences with
αN → α.

The fractional term passes weakly because

(−∆)α : Hα → H−α (464)

is bounded, while the strong convergence supplies the quadratic products. If the exact scalar
residual tends to zero in L1(0, T ;H−m), the limiting scalar equation follows distributionally.

The estimates (460)–(461) are therefore a sufficient fixed-space replacement for (410)–
(413). They are still energy estimates that must be derived from the finite-N equations;
compactness itself is no longer an additional mystery once they are available.

137. Persistence of the terminal barrier

Assume the invariant strip (453) is established with constants independent of N and α. Then

bN,α(s) ≥ c−s
−rα (465)

on a common terminal interval. If the distinguished characteristic maps converge locally
uniformly and the scalar convergence is locally uniform away from s = 0, then for each fixed
s > 0 one may pass N → ∞ in (465):

bα(s) ≥ c−s
−rα . (466)

The terminal lower bound is therefore stable under the limit; no diagonal limit at s = 0 is
needed.
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42 Part 25: Revised status of equation (418) after the

increasing-depth theorem

138. What is now proved

The term-by-term attack, together with the exact increasing-depth Lambert theorem of
Part 20, proves the following implications without selecting an isolated exponent:

strict one phase =⇒ E frac = 0,
profile tube + Γ ≳ s−1 =⇒ (Γb)−1 = O(p−1

N s2),
positive-power coefficient remainder =⇒ residual factorization,

exact Lambert recurrence =⇒ ∥Em(E log∆N,k)∥ ≲ 2−k, 0 ≤ m ≤ 3,
(432)–(433) =⇒ all Euler derivative bounds,

strict limiting gap + coefficient convergence =⇒ DN,α ≥ d∗ > 0,
two strict limiting boundary signs =⇒ uniform invariant strip,

(460)–(461) =⇒ strong preterminal compactness.

(467)

139. Reduced construction-level ledger

The former item (i) in (468), the uniform increasing-depth Lambert remainder hypothesis,
is removed. It is replaced by the exact recurrence theorem (440)–(451), which is stronger
than the fixed-depth remainder formulation and is uniform for arbitrary k = k(N). The
remaining construction-level obligations are therefore

(i) coefficient and cutoff moduli (457), including their first three

Euler derivatives where required, excluding the Lambert sensitivity

already controlled by (450);

(ii) the strict upper limiting sign in (451) of the invariant-strip

analysis (with the numbering there understood independently of the

new Lambert equation (451)); and

(iii) the fixed-space energy estimates (460)–(461), together with

vanishing of the exact scalar residual in the limiting topology.

(468)

Thus the increasing-depth Lambert estimate is no longer an unresolved global hypothesis.
The overlap inequalities (380), (383)–(385) reduce to the non-Lambert coefficient/cutoff
moduli, the already proved bounded Region-I excursion, and the stable profile semigroup.

140. Conditional closure theorem with the Lambert hypothesis
removed

Theorem 9 (Reduced finite-N closure theorem after exact Lambert contraction). Let 1 <
α < 1+δ∗ and let the positive continued profile branch of Part 9 be given. Assume the termi-
nal input satisfies the uniform hypotheses of the increasing-depth theorem (449), (452)–(453),
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and the required algebraic denominator gaps. Suppose the explicit finite-N reconstruction es-
tablishes the three remaining construction-level estimates in (468), and suppose the limiting
normalized profile vector field has the strict lower and upper invariant-boundary signs. Then
the bridge defect satisfies (459), the finite-N trajectory enters the profile tube, the Euler boot-
strap closes, the coefficient gap remains uniformly positive, the terminal strip is invariant,
and a subsequence converges on every preterminal interval to a scalar solution satisfying

bα(s) ≍ s−(2α−1). (469)

Along the distinguished characteristic ṡ = 1− bα this yields

T∗,α − t ≍ s2α, bα(t) ≍ (T∗,α − t)−(2α−1)/(2α). (470)

Proof. Part 20 proves the increasing-depth Lambert sensitivity and its first three Euler
derivatives directly from the exact principal-branch recurrence, so no fixed-k remainder hy-
pothesis is used. Equations (419)–(420) remove the one-phase fractional defect, and (423)–
(429) control the algebraic reconstruction residual. The non-Lambert coefficient/cutoff mod-
ulus in (468)(i), combined with the exact Lambert bounds (450), gives the bridge defect
estimate (459). The bridge theorem of Part 14 gives profile entry. Equations (430)–(435), to-
gether with (450) and the remaining coefficient bounds, close the Euler bootstrap. Equations
(441)–(447) of Part 21 transfer the positive coefficient gap. The invariant-strip argument
supplies the lower and upper barriers. Finally the fixed-space energy and residual estimates
in (468)(iii) give the strong preterminal limit and preserve the terminal barrier. Integrating
ṡ = 1− bα under (469) gives (470).

43 Part 26: Two-regime interpretation and exact re-

placement of the old (439)

141. Branch core versus increasing depth

The exact proof clarifies the two regimes that were previously mixed in the fixed-depth
formula (437). If ∆N,k ≪ 1, then

∆N,k+1 =
√︁
2∆N,k

(︁
1 +O(

√︁
∆N,k)

)︁
, (471)

so the local power law halves the terminal exponent at each step. This is the branch-core
regime. When the orbit is no longer asymptotically small, the monomial representation
should be abandoned; the exact sensitivity equation

SN,k+1 = A(∆N,k)SN,k, 0 < A <
1

2
, (472)

continues to contract globally. Therefore there is no loss of derivative control at the transition
from fixed branch depth to increasing depth.
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142. Uniformity for coupled sequences

Let Nj → ∞ and let kj = k(Nj) be arbitrary. If kj remains bounded, the fixed-depth branch
expansion applies on a sufficiently small terminal window. If kj → ∞, (450) gives

sup
j

2kj |EmSNj ,kj | ≤ Cm, 0 ≤ m ≤ 3, (473)

and hence
EmSNj ,kj → 0. (474)

Thus every coupled path is covered: bounded depths by the local expansion, and unbounded
depths by the exact contraction theorem. This is precisely the uniformity that the old
condition (439) was intended to provide.

143. Updated mathematical status

The increasing-depth Lambert derivative problem is closed at the level needed by the coeffi-
cient bootstrap. What remains is not a Lambert branch-point problem. It is the verification,
from the explicit reconstruction, of the three non-Lambert items in the revised ledger (468):
coefficient/cutoff convergence, the strict upper invariant-boundary sign, and the fixed-space
energy/residual estimates required for the limiting passage.

44 Part 27: Coefficient/cutoff convergence modulus

after exact Lambert contraction

144. Purpose and logical scope

The reduced ledger (468) still lists the non-Lambert coefficient/cutoff modulus (457). This
part attacks that item directly. The exact Lambert sensitivity problem has already been
removed by Part 20, so the coefficient vector is now split into an exact Lambert block and a
genuinely non-Lambert reconstruction block. The point of the present argument is twofold:

1. to prove a quantitative coefficient convergence theorem for every coefficient obtained by
a smooth algebraic composition of the exact Lambert variables, their Euler sensitivities,
positive terminal powers, and finite-N regularization parameters; and

2. to identify the exact scale-separation condition under which a cutoff commutator sat-
isfies the second estimate in (457).

The second point is important: a moving cutoff cannot have a globally small Euler norm
across its own transition annulus. Smallness follows either from support separation or from
a vanishing amplitude multiplying the cutoff.
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145. The coefficient algebra

Let
SN,j := E log∆N,j, E = s∂s,

and let ZN,α(s) denote the finite collection of variables entering the normalized reconstruction
coefficients. We write

ZN,α =
(︁
∆N,k(N), SN,k(N), ESN,k(N), E

2SN,k(N), E
3SN,k(N), rN,α, εN

)︁
, (475)

where rN,α denotes the remaining non-Lambert terminal variables and εN the finite-N reg-
ularization parameters. Assume that each component of rN,α has a limiting value rα and
admits the factorization

Eℓ
(︁
rN,α − rα

)︁
= sµraN,α,ℓ(s) + eN,α,ℓ, 0 ≤ ℓ ≤ 3, (476)

with
µr > 0, sup

N,α,ℓ
∥aN,α,ℓ∥∞ ≤ Cr, sup

α,ℓ
|eN,α,ℓ| ≤ ϵrN → 0. (477)

This is precisely the positive-terminal-power structure already isolated in (396)–(399), but
now written at the level of the actual coefficient inputs.

Let the coefficient vector be

cN,α(s) = Cα(ZN,α(s)), cα = Cα(Zα), (478)

where Cα is C4 on a compact set K containing all finite-N and limiting coefficient states,
uniformly for α ∈ Iδ. All algebraic denominators occurring in Cα are assumed to satisfy the
already stated positive gap conditions. Thus

sup
α∈Iδ

∥DmCα∥L∞(K) ≤Mm, 1 ≤ m ≤ 4. (479)

146. Quantitative convergence of the exact Lambert state

Part 20 gives, uniformly for arbitrary k = k(N),

max
0≤m≤3

∥EmSN,k(N)∥∞ ≤ CL2
−k(N). (480)

For the terminal Lambert state itself there are two possibilities. In the branch-core regime the
fixed-depth expansion gives the appropriate limiting state directly. In the increasing-depth
regime the exact map

∆j+1 = F(∆j), F(∆) = 1 +W0(−e−1−∆) (481)

has the positive attracting fixed point ∆∗. On any compact trapping interval J ⋐ (0, 1)
containing ∆∗ after the entry iterate, there is a number ρ∗ < 1 such that

sup
∆∈J

|F ′(∆)| ≤ ρ∗. (482)
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Consequently, if jc(N) is the first iterate in J , then

|∆N,k(N) −∆∗| ≤ C∗ρ
k(N)−jc(N)
∗ . (483)

Combining (480) and (483), define the exact Lambert modulus

ϵLN := CL2
−k(N) + C∗ρ

k(N)−jc(N)
∗ . (484)

For every increasing-depth sequence for which k(N)− jc(N) → ∞, one has ϵLN → 0.

Remark. No fixed-k branch expansion is used in (483). It is a consequence of the exact
principal-branch map after the orbit has entered the compact attracting region. The principal
branch W0 is real on [−e−1,∞), so the recurrence remains on the real branch throughout
the positive ∆-dynamics.

147. Coefficient modulus theorem

Theorem 10 (Uniform coefficient convergence through three Euler derivatives). Assume
(476)–(479), the exact Lambert estimates (480)–(484), and

sup
α

|εN | ≤ ϵregN → 0. (485)

Then there is a constant Cc, independent of N , s, and α ∈ Iδ, such that for 0 ≤ ℓ ≤ 3,

sup
α∈Iδ

∥Eℓ(cN,α(s)− cα)∥C ≤ Cc

(︁
sµr + ϵLN + ϵrN + ϵregN

)︁
. (486)

In particular, with
ϵ
(1)
N := Cc(ϵ

L
N + ϵrN + ϵregN ), µ1 = µr, (487)

the coefficient half of (457), including the first three Euler derivatives, is proved.

Proof. For ℓ = 0, the mean-value theorem on the compact set K gives

∥Cα(ZN,α)− Cα(Zα)∥C ≤M1∥ZN,α − Zα∥. (488)

The Lambert components are controlled by (480)–(484), the non-Lambert components by
(476)–(477), and the regularization parameters by (485). This proves (486) for ℓ = 0.

For one Euler derivative, the chain rule gives

EcN,α = DCα(ZN,α)EZN,α. (489)

Subtract the limiting expression and add and subtract DCα(Zα)EZN,α. The first resulting
term is bounded by M2|ZN − Zα||EZN |, and the second by M1|E(ZN − Zα)|. The uniform
Euler bounds from Part 20 and (476)–(477) therefore give (486) for ℓ = 1.

For ℓ = 2, 3, repeated Euler differentiation gives a finite Faà di Bruno sum. Every
difference between the finite-N and limiting expressions contains at least one factor of one
of the forms

Ej(ZN,α − Zα), 0 ≤ j ≤ ℓ, (490)
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or
DmCα(ZN,α)−DmCα(Zα), 1 ≤ m ≤ ℓ. (491)

The first is bounded by the right side of (486); the second is bounded by Mm+1|ZN − Zα|.
Every remaining factor is uniformly bounded by (479), Part 20, and (477). Summing the
finitely many terms proves (486) for ℓ = 2, 3.

148. Application to quotient-type reconstruction coefficients

The preceding theorem applies directly to coefficients of the form already used in the Euler
closure,

qN,α = AN,α
1 + ηN,α

1 + ρN,α

, 1 + ρN,α ≥ c0 > 0. (492)

Indeed, on the compact set defined by the denominator gap, the map

(A, η, ρ) ↦−→ A
1 + η

1 + ρ
(493)

is C∞ with uniformly bounded derivatives of every fixed order. Hence if AN , ηN , ρN are
themselves built from the state (475) and positive-power remainders (476), then

max
0≤ℓ≤3

∥Eℓ(qN,α − qα)∥∞ ≤ Cq

(︁
sµr + ϵLN + ϵrN + ϵregN

)︁
. (494)

Thus the quotient denominators do not create a new convergence obstruction; they only
require the positive denominator gap already isolated in Parts 19 and 20.

149. Why a moving cutoff is not uniformly small on its transition
annulus

Let a standard finite-N cutoff have the form

χN(s) = χ

(︃
s

sN

)︃
, sN ↓ 0, (495)

where χ is smooth and nonconstant on a fixed compact transition interval. Then

EjχN(s) =

(︃
r
d

dr

)︃j

χ(r)

⃓⃓⃓⃓
r=s/sN

. (496)

Therefore
sup
s≍sN

|EjχN(s)| (497)

is generally of order one, not o(1). Hence the second estimate in (457) cannot be justified
merely from sN → 0 if the norm takes a supremum across the cutoff transition. This
observation removes a possible hidden nonuniformity from the limiting argument.

There are two rigorous ways to obtain the required cutoff modulus.
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150. Support-separation theorem for the cutoff defect

Assume
χ(r) = 0 (r ≤ 1), χ(r) = 1 (r ≥ 2), (498)

and suppose the bridge/profile window satisfies

s ≥ sbr(N),
sbr(N)

sN
−→ ∞. (499)

Then for all sufficiently large N ,

χN(s) ≡ 1 throughout the bridge window, (500)

and therefore every local cutoff derivative vanishes there:

Ej(1− χN) = 0, 0 ≤ j ≤ 3. (501)

For a local normalized vector field this gives

ωcut
N (s) = 0 (502)

on the bridge window.
For the nonlocal fractional operator, support separation does not make the commuta-

tor identically zero. Let Ecut
N,α denote the exact nonlocal cutoff commutator. If its kernel

representation satisfies, for some µcut > 0,

sup
α∈Iδ

max
0≤j≤3

∥EjEcut
N,α(s)∥X ≤ Ccut

(︂sN
s

)︂µcut

, s ≥ sbr(N), (503)

then

ωcut
N (s) ≤ Ccut

(︃
sN

sbr(N)

)︃µcut

=: ϵcutN → 0. (504)

Thus in the support-separated formulation one may take µ2 arbitrary in (457) for the local

cutoff terms and absorb the nonlocal tail entirely into ϵ
(2)
N = ϵcutN .

Status of (503). Equation (503) is not a consequence of smoothness of χ alone. It is the
precise nonlocal kernel estimate that must be checked for the fractional realization used. In
the strict one-phase class the three-dimensional operator has already been reduced exactly
to the one-dimensional fractional operator, so (503) is a one-dimensional cutoff commutator
estimate rather than a new transverse problem.

151. Vanishing-amplitude alternative

If support separation is not used, suppose instead that every cutoff term has an explicit
vanishing prefactor:

Ecut
N,α(s) = aNs

µ2KN,α(s), max
0≤j≤3

∥EjKN,α∥X ≤ CK , (505)
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with supN |aN | <∞, or more generally |aN | ≤ C + o(1). Leibniz’ rule then gives

max
0≤j≤3

∥EjEcut
N,α(s)∥X ≤ C ′

Ks
µ2 . (506)

If an additional finite-N error is present, it is added to the right side as ϵ
(2)
N . This is exactly

the cutoff half of (457).

152. Revised bridge modulus

Combining the coefficient theorem (486) with the defect decomposition (456) gives

∥EN,α(s)∥X ≤ C
[︁
sµr + sµc + p−1

N,αs
2
]︁
+ C

(︁
ϵLN + ϵrN + ϵregN

)︁
+ ωcut

N (s). (507)

Under either the support-separated cutoff estimate (504) or the vanishing-amplitude estimate
(506), there are µbr > 0 and ϵbrN → 0 such that

∥EN,α(s)∥X ≤ Cbrs
µbr + ϵbrN , (508)

where one may choose
µbr = min{2, µc, µr, µ2} (509)

in the vanishing-amplitude formulation, while in the support-separated formulation the cutoff
tail is absorbed into ϵbrN . This is the desired bridge forcing estimate (376).

153. What has and has not been proved about ledger item (i)

The coefficient part of the old item (468)(i) is no longer an independent analytic hypothesis
once the explicit reconstruction coefficients are checked to belong to the smooth coefficient
algebra (478) with the positive-power remainders (476). The proof is the chain-rule theorem
(486), and the Lambert part is already supplied by Part 20.

The cutoff part has been reduced to a sharper dichotomy. A moving cutoff is not uni-
formly small across its transition annulus. Therefore a valid proof must establish either

sbr(N)

sN
→ ∞ and the one-dimensional nonlocal tail estimate (503), (510)

or the vanishing-amplitude factorization (505). No weaker appeal to sN → 0 is sufficient.
Consequently the revised construction-level ledger is

(i) verify the explicit non-Lambert coefficient inputs satisfy (476)–(479),

and verify either the cutoff separation estimate (503) or (505);

(ii) prove the strict upper limiting sign of the invariant strip; and

(iii) prove the fixed-space energy estimates and vanishing scalar residual

needed for the strong limiting passage.

(511)

The first line is now a finite list of substitutions into explicit reconstruction formulas rather
than an abstract coefficient-convergence hypothesis.
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154. Updated closure theorem after the coefficient attack

Theorem 11 (Finite-N bridge after coefficient convergence). Let 1 < α < 1+δ∗ and assume
the positive profile branch of Part 9, the exact Lambert contraction theorem of Part 20,
and the denominator gaps of Parts 19–20. Suppose the explicit non-Lambert reconstruction
variables obey (476)–(479) and (485). Suppose, in addition, that the cutoff is treated by either
(503)–(504) or (505)–(506). Then the bridge defect satisfies (508) uniformly for α ∈ Iδ, and
the profile-entry/bootstrap argument of Parts 14–16 applies without a separate coefficient
modulus hypothesis.

Proof. The exact Lambert state is controlled by (480)–(484). The non-Lambert coefficient
inputs are controlled by (476)–(477), and the smooth coefficient algebra transfers these
estimates through three Euler derivatives by (486). The reconstruction and positive-power
terms are already controlled by (423)–(429) and (396)–(399). The cutoff contribution is
controlled by (504) or (506). Substitution into (456) gives (507), hence (508). The Duhamel
bridge estimate of Part 14 and the terminal bootstrap of Part 15 then apply.

155. Updated mathematical status

The coefficient/cutoff item has been substantially reduced but should not be deleted uncon-
ditionally until the actual finite-N formulas are substituted into (476)–(479) and the actual
cutoff realization is checked against (503) or (505). The important advance is that no new ab-
stract convergence mechanism is missing: coefficient convergence follows from exact Lambert
contraction plus smooth finite-dimensional composition, and cutoff convergence is equiva-
lent to an explicit scale-separation/nonlocal-tail estimate or an explicit vanishing-amplitude
factorization.

45 Part 28: Audit of the alleged cutoff and removal of

the spurious cutoff modulus

156. Why the cutoff question must be re-audited from the recon-
struction

Part 27 introduced, as a possible localization device, a moving function

χcut
N (s) = χcut(s/σN), σN ↓ 0, (512)

and reduced its nonlocal contribution to the model estimate (503). That reduction was
logically correct if such a moving cutoff is actually part of the finite-N reconstruction. The
source reconstruction must now be checked before (512) is treated as a genuine object.

The audit gives a different conclusion. The symbol sN occurring in the actual one-phase
reconstruction is the phase variable

sN = C4t− C3z − C2y − C1x− θ∗,N , (513)

223



not a positive cutoff scale. Likewise, the symbol χN(s) occurring in the square-root recon-
struction is a geometric coefficient satisfying

AN(s)
2 = −2χN(s)BN(s), χN(s) ∼ −χ0,Ns

1/2, (514)

on the selected terminal branch. It is not a compactly supported transition function of the
form (512).

Consequently the notation used in Part 27 conflated two different objects: the actual
phase/geometric coefficient of the reconstruction and a hypothetical localizing cutoff. This
section corrects that point. We henceforth reserve

s
ph
N

= C4t − C3z − C2y − C1x − θ∗,N (515)

for the finite-N phase, write χgeom
N for the square-root geometric coefficient, and write χcut

N

only if an independent localization cutoff is explicitly inserted.

157. No cutoff commutator is generated by the strict one-phase
reduction

The strict one-phase architecture has the exact Fourier reduction

(−∆T3)αF (sphN ) = κ2α(−∂ss)αF (sphN ), κ2 = C2
1 + C2

2 + C2
3 . (516)

This identity applies to the actual one-phase profiles themselves. It does not require mul-
tiplication by a moving cutoff in order to eliminate transverse variables. Therefore, if the
finite-N reconstruction is used exactly in its one-phase form, there is no additional term

[(−∂ss)α, χcut
N ]FN (517)

to estimate, because no χcut
N has been introduced.

Thus the quantity called Ecut
N,α in Part 27 is not an intrinsic remainder of the displayed

finite-N one-phase reconstruction. The estimate (503) is a valid auxiliary lemma for a
separately localized construction, but it is not a required hypothesis for the uncut strict
one-phase construction.

Theorem 12 (Cutoff-free one-phase defect reduction). Assume that the finite-N scalar and
reconstructed velocity coefficients are functions of the single phase sphN and that no indepen-
dent spatial localization multiplier is inserted. Then

Ecut
N,α ≡ 0, ωcut

N ≡ 0. (518)

In particular, (503)–(506) are unnecessary for the strict uncut one-phase bridge.

Proof. Every finite-N field entering the reduction is evaluated directly as a function of sphN .
Applying (−∆)α therefore gives the exact one-dimensional multiplier (516). A cutoff com-
mutator can arise only from a product χcut

N FN . Since no such product occurs in the uncut
reconstruction, the corresponding commutator and all its Euler derivatives vanish identically.
Hence (518) follows.
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158. The actual geometric coefficient is part of the coefficient alge-
bra

The nontrivial object is χgeom
N in (514). It must not be discarded. Its contribution belongs

to the ordinary reconstruction coefficient vector. Define

Zact
N,α =

(︁
∆N,k(N), SN,k(N), ESN,k(N), E

2SN,k(N), E
3SN,k(N), χ

geom
N , rN,α, εN

)︁
. (519)

The square-root velocity coefficient is the smooth algebraic map

AN = A(BN , χ
geom
N ) :=

√︂
−2χgeom

N BN (520)

on every profile tube on which

−2χgeom
N BN ≥ cA > 0. (521)

Hence, on such a tube, the coefficient-algebra theorem of Part 27 applies to AN and to every
rational reconstruction coefficient built from AN whose denominators retain the previously
established positive gaps.

Suppose the actual geometric coefficient has the terminal expansion

χgeom
N (s) = −χ0,αs

βχ
(︁
1 + rχ,N,α(s)

)︁
, βχ > 0, (522)

with
max
0≤j≤3

∥Ejrχ,N,α∥∞ ≤ Cχs
µχ + ϵχN , ϵχN → 0. (523)

Then
E log(−χgeom

N ) = βχ + E log(1 + rχ,N,α), (524)

and therefore
max
0≤j≤2

⃦⃦
Ej(E log(−χgeom

N )− βχ)
⃦⃦
∞ ≤ C

(︁
sµχ + ϵχN

)︁
. (525)

For the square-root behavior displayed in the reconstruction, βχ = 1/2. Thus the geometric
χN produces a controlled terminal power, not a moving-cutoff error.

159. Direct propagation through the square-root reconstruction

Taking logarithms of (520) gives

E logAN =
1

2
E logBN +

1

2
E log(−χgeom

N ). (526)

Writing
qB,N := −E logBN , (527)

we obtain

E logAN = −1

2
qB,N +

βχ
2

+O(sµχ + ϵχN). (528)
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Repeated Euler differentiation and (525) yield, for 1 ≤ j ≤ 3,

∥Ej logAN − Ej logAα∥∞ ≤ C

(︄
j−1∑︂
m=0

∥Em(qB,N − qB,α)∥∞ + sµχ + ϵχN

)︄
. (529)

Since ux,N = BN/AN , the same estimate controls the logarithmic derivatives of ux,N . Conse-
quently the actual square-root geometry fits the same finite-dimensional smooth coefficient
algebra as the Lambert and quotient blocks; it does not create a separate nonlocal cutoff
modulus.

160. Revised bridge defect with no artificial cutoff term

After the correction above, equation (456) is replaced, for the strict uncut one-phase con-
struction, by

∥EN,α(s)∥X ≤ Cωcoeff,act
N (s) + C

(︁
p−1
N,αs

2 + sµc
)︁
, (530)

where ωcoeff,act
N includes the actual geometric coefficient χgeom

N through (519)–(529). In par-
ticular there is no ωcut

N term.
If the explicit non-Lambert inputs, including χgeom

N , satisfy positive-power estimates of
the form (476)–(477) and (523), then

ωcoeff,act
N (s) ≤ Csµact + ϵactN , (531)

where
µact = min{µr, µχ, µL} > 0, ϵactN → 0. (532)

Substitution into (530) gives

∥EN,α(s)∥X ≤ Cbrs
µbr + ϵbrN , µbr = min{2, µc, µact} > 0, ϵbrN → 0. (533)

This is exactly the bridge forcing estimate required by Parts 14–16, with no cutoff-tail
hypothesis.

161. What is proved and what still requires substitution

The cutoff question is now resolved at the structural level: the displayed strict one-phase
reconstruction contains no independent moving localization cutoff of the type postulated
in (495). The sN of the reconstruction is a phase coordinate, and χN is the square-root
geometric coefficient. Therefore the nonlocal estimate (503) is not an outstanding condition
for the uncut one-phase construction.

What remains inside the former coefficient/cutoff ledger item is only the coefficient sub-
stitution problem: the exact finite-N formulas for χgeom

N and the other non-Lambert variables
must satisfy the positive-power estimates (523) and (476)–(477), uniformly in α ∈ Iδ. This
is a coefficient estimate, not a cutoff estimate.
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Accordingly the revised ledger is

(i) verify the remaining actual non-Lambert coefficient expansions,

including the geometric χ
geom
N

, in (523) and (476)–(477);

(ii) prove the strict upper limiting sign of the invariant strip;

(iii) prove the fixed-space energy estimates and vanishing scalar residual

needed for the strong N → ∞ passage.

(534)

The artificial moving-cutoff condition (503) is removed from this ledger.

162. Corrected finite-N bridge theorem

Theorem 13 (Cutoff-free finite-N bridge). Let 1 < α < 1+δ∗ and assume the positive profile
branch of Part 9, the exact Lambert contraction theorem of Part 20, and the denominator
gaps of Parts 19–20. Assume that the actual finite-N reconstruction is kept in the strict one-
phase class and contains no additional localization multiplier. Assume that its non-Lambert
coefficients, including χgeom

N , satisfy (476)–(477), (521), and (523). Then the bridge defect
satisfies (533) uniformly for α ∈ Iδ. Consequently the profile-entry and terminal bootstrap
arguments of Parts 14–16 apply without either an abstract coefficient modulus or a cutoff-
commutator hypothesis.

Proof. The exact one-phase reduction (516) eliminates any transverse fractional remainder.
The cutoff-free defect theorem (518) eliminates the artificial cutoff block. Exact Lambert
sensitivity is controlled by Part 20. The actual geometric coefficient is propagated through
the square-root reconstruction by (522)–(529), while the remaining non-Lambert variables
are propagated by the smooth coefficient algebra of Part 27. The algebraic reconstruction
remainder has already been reduced to p−1

N,αs
2 + sµc . Combining these bounds gives (530)–

(533), and the Duhamel bridge and terminal bootstrap then apply.

163. Status after the cutoff audit

The preceding audit changes the interpretation of Part 27 in an essential way. Equations
(495)–(506) should be read only as an auxiliary localization lemma for a modified construc-
tion in which an independent cutoff is deliberately inserted. They are not part of the strict
finite-N one-phase reconstruction unless such an insertion is explicitly made.

For the actual uncut one-phase architecture, the remaining proof program is therefore
narrower: establish the positive-power convergence of the genuine non-Lambert reconstruc-
tion coefficients, prove the strict upper invariant-boundary sign, and derive the fixed-space
energy/residual estimates needed to pass N → ∞. No separate cutoff scale or fractional
cutoff commutator is required.
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46 Part 29: Exact periodic geometric coefficient and

the characteristic compatibility test

164. Exact source formula for the geometric coefficient

The preceding Part 28 deliberately stopped at the abstract expansion (522)–(523). The
square-root reconstruction source gives more information. Its convenient periodic realization
of the J3 geometry is

χgeom(x) = sin(x− x∗), sgeo(x) =
(︁
χgeom(x)

)︁2
= sin2(x− x∗). (535)

On the one-sided real branch
J3 = (x∗ − δ, x∗), (536)

we have χgeom < 0, and therefore

χgeom(x) = −
√︂
sgeo(x) (537)

exactly. Thus, if the similarity variable in (522) were sgeo itself, (523) would hold with

χ0,α = 1, βχ =
1

2
, rχ,N,α ≡ 0, ϵχN = 0. (538)

In that purely geometric parametrization there is no coefficient remainder to estimate.
This is not yet the substitution required by the finite-N dynamics, however. The terminal

characteristic variable used throughout Parts 10–28 is

sphN = t− z − θ∗,N , ṡphN = 1− bN , (539)

whereas (535) defines a different quantity sgeo = sin2(x − x∗). The source reconstruction
only imposes the terminal tube comparison

c1s
ph
N ≤

(︁
χgeom(x)

)︁2 ≤ c2s
ph
N , (540)

not the identity sgeo = sphN . Therefore the exact formula (537) cannot be substituted into

(523) with s = sphN unless the motion of x is proved to identify the two scales to sufficiently
high order.

165. The correct finite-N remainder variable

Let xN(t) be the x component of the actual characteristic and set

s = sphN (t), XN(s) = xN(t(s)). (541)

On the negative branch define

Rχ,N(s) :=
− sin(XN(s)− x∗)√

s
− 1. (542)
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Then the desired formula (522) with βχ = 1/2 is equivalent to

χgeom
N (s) = −s1/2

(︁
1 +Rχ,N(s)

)︁
. (543)

Consequently the actual version of (523) is

max
0≤j≤3

|EjRχ,N(s)| ≤ Cχs
µχ + ϵχN , E = s∂s. (544)

The tube estimate (540) gives only

√
c1 ≤ 1 +Rχ,N(s) ≤

√
c2, (545)

and hence boundedness of Rχ,N ; it does not imply Rχ,N → 0, still less the three Euler deriva-
tive estimates in (544). Thus (523) cannot be declared proved from the tube comparison
alone.

166. Exact characteristic equation for the geometric factor

The extended b3 transport operator gives the characteristic equations

ẋ = uzb1 = ANC
2
N , ż = bN , (546)

where
A2

N = −2χgeom
N bN , CN = uz,N . (547)

Combining (539) and (546) yields the exact s–equation

dXN

ds
=
ANC

2
N

1− bN
. (548)

Therefore, with
χN(s) = sin(XN(s)− x∗), (549)

we have
dχN

ds
= cos(XN − x∗)

ANC
2
N

1− bN
. (550)

Equations (547) and (550) are the exact dynamical equations that must be used to test the
proposed square-root relation between χN and the phase variable s.

167. Compatibility test against the proposed square-root law

Suppose, as required by (523), that along the characteristic

−χN(s) = s1/2(1 + o(1)), (551)

and suppose the terminal scalar and reconstructed third component obey

bN(s) ≍ s−rα , rα = 2α− 1 > 0, 0 < c− ≤ CN ≤ c+ <∞. (552)
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Then from (547),

AN =
√︁

−2χNbN ≍ s1/4−rα/2. (553)

Since bN → ∞,
|1− bN | ≍ bN ≍ s−rα . (554)

Hence (550), using cos(XN − x∗) → 1, gives⃓⃓⃓⃓
dχN

ds

⃓⃓⃓⃓
≍ s1/4+rα/2. (555)

The right side is integrable at s = 0. If the characteristic reaches the geometric zero,
χN(0) = 0, integration gives

|χN(s)| ≍ s5/4+rα/2. (556)

This exponent is strictly larger than 1/2 for every rα > 0. In particular,

|χN(s)|
s1/2

≍ s3/4+rα/2 −→ 0, (557)

which contradicts (551) and the two-sided tube condition (540).
The same conclusion follows directly by differentiating the asserted square-root law: (551)

would require ⃓⃓⃓⃓
dχN

ds

⃓⃓⃓⃓
∼ 1

2
s−1/2, (558)

whereas the exact characteristic equation gives the vanishing quantity (555).

Theorem 14 (Characteristic incompatibility of the unmodified square-root tube). Assume
the active characteristic equations (546), the square-root velocity law (547), the terminal
lower and upper power bounds in (552), and a positive bounded third component CN . Then
an actual characteristic approaching a zero of χ(x) = sin(x − x∗) cannot simultaneously
satisfy

c1s ≤ χN(s)
2 ≤ c2s

for fixed positive c1, c2 all the way to s = 0. In particular, the positive-power estimate (523)
with leading exponent βχ = 1/2 is not a consequence of the displayed finite-N reconstruction;
under these hypotheses it is incompatible with the characteristic x–equation.

Proof. The assumptions imply (553)–(555). Integrating (555) from the endpoint χN(0) = 0
yields (556), and hence χN(s)

2/s→ 0, contradicting a positive lower bound c1 in (540).

168. What would be required to recover a square-root geometric
scale

The preceding theorem does not say that the periodic J3 geometry is algebraically incon-
sistent. Equation (537) is an exact identity in the geometric variable sgeo = χ2. It says
instead that the manuscript has not justified identifying that geometric variable with the
phase variable sphN = t− z − θ∗,N along the actual transport characteristic.
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Indeed, from (550), a necessary balance for |χN | ≍ s1/2 is

ANC
2
N

|1− bN |
≍ s−1/2. (559)

Using AN ≍ s1/4−rα/2 and |1− bN | ≍ s−rα , this would require

C2
N ≍ s−3/4−rα/2, CN ≍ s−3/8−rα/4. (560)

Thus the square-root identification would demand a singular uz = CN , in conflict with the
bounded positive terminal reconstruction CN → c0 > 0 used in the present core estimates.
Alternatively one must modify the characteristic geometry or keep sgeo and s

ph
N as genuinely

distinct variables.

169. Consequence for estimate (523)

There are now two mathematically distinct statements.
First, in the intrinsic periodic geometric coordinate,

χgeom = −s1/2geo (561)

exactly on the selected branch, so the analogue of (523) is trivial with zero remainder.
Second, in the phase coordinate required by the finite-N terminal dynamics,

s = sphN , (562)

the estimate (523) is not presently true under the simultaneously asserted bounded-CN

characteristic reconstruction. Therefore it would be incorrect to remove the entire coefficient
item from the proof ledger on the basis of (535) alone.

The appropriate replacement for (523) is a compatibility estimate for the map

sphN ↦−→ sgeo,N := sin2(XN(s
ph
N )− x∗), (563)

derived from the exact ODE (548). Under bounded CN and the terminal power law, (556)
gives instead

sgeo,N(s) ≍ s5/2+rα . (564)

This is the scale produced by the active characteristic equations, not sgeo,N ≍ s.

170. Revised coefficient ledger after exact substitution

The requested exact substitution therefore sharpens the ledger, but in the opposite direction
from an unconditional deletion. The artificial cutoff item remains deleted by Part 28. The
geometric coefficient itself is explicit, χ(x) = sin(x − x∗), so there is no unknown finite-
N formula for that function. The unresolved point is the dynamical identification of its
argument xN(t) with the phase scale used by the similarity profile.
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Accordingly the construction-level ledger is now

(i) resolve the phase–geometry compatibility sgeo,N versus s
ph
N

in (563),

or modify the terminal reconstruction so that the desired relation is dynamically preserved;

(ii) prove the strict upper invariant-boundary sign;

(iii) prove the fixed-space energy estimates and vanishing scalar residual

needed for the strong N → ∞ passage.

(565)

The old “coefficient/cutoff” wording should therefore be retired. There is no cutoff ob-
struction and no unknown formula for χ; there is a phase–geometry compatibility obstruction
exposed by the exact characteristic substitution.

171. Updated theorem status

The positive Mellin profile branch, the exact Lambert sensitivity estimates, and the cutoff-
free one-phase fractional reduction are unaffected by the calculation above. What changes
is the finite-N bridge from that profile to the reconstructed velocity geometry. The profile
equation may remain valid as a one-dimensional similarity equation while the proposed
identification χ2 ≍ sphN fails along the full characteristic flow.

Consequently a finite-time blow-up conclusion for the reconstructed scalar cannot use
(523) as a proved input until (563) is reconciled with (548). Likewise, a full velocity theorem
cannot simultaneously use bounded CN → c0 > 0, the active x–characteristic ẋ = ANC

2
N ,

and the square-root tube χ2 ≍ sphN without an additional mechanism, because the exponents
in (555)–(557) are incompatible.

This audit is useful because it replaces an abstract coefficient hypothesis by one ex-
plicit ODE compatibility problem. The next decisive calculation is therefore to determine
whether the reconstruction can be reformulated with sgeo as the terminal similarity vari-
able, or whether the transport field can be modified consistently so that (559) holds without
destroying incompressibility, the b3 product identity, or the momentum equations.

47 Part 30: Intrinsic geometric similarity variable and

exact characteristic reparametrization

172. Definition of the intrinsic geometric variable

Part 29 showed that the periodic geometric coefficient is not an unknown finite-N object.
On the selected branch it is exactly

χgeom
N = sin(xN − x∗), σN := sgeo,N = sin2(xN − x∗), (566)

and hence

χgeom
N = −σ1/2

N (567)

without a remainder. In this Part we therefore use σN itself as the terminal geometric
variable and derive its exact characteristic law rather than identifying it with the affine
phase distance

sphN = t− z − θ∗,N . (568)
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Write
χN = sin(xN − x∗), cgeoN := cos(xN − x∗). (569)

On the one-sided branch approaching x∗,

cgeoN =
√
1− σN . (570)

The active characteristic equation from Part 29 is

ẋN = ANC
2
N , A2

N = −2χNbN . (571)

Using (567),

AN =
√
2 σ

1/4
N b

1/2
N (572)

on the positive square-root branch.

173. Exact characteristic equation for sgeo

Differentiate (566) along the actual characteristic. Since

d

dx
sin2(x− x∗) = 2 sin(x− x∗) cos(x− x∗),

we obtain
σ̇N = 2χNc

geo
N ẋN . (573)

Substituting (567), (570), (571), and (572) gives the exact identity

σ̇N = −2
√
2 (1− σN)

1/2σ
3/4
N b

1/2
N C2

N . (574)

Thus σN is a legitimate monotone terminal coordinate whenever bN > 0 and CN ̸= 0. In
particular, if

0 < c− ≤ CN ≤ c+ <∞, (575)

then σ̇N < 0 for 0 < σN < 1.
The affine phase still obeys

ṡphN = 1− bN . (576)

Consequently the exact change-of-coordinate equation is

dσN

dsphN
=

−2
√
2 (1− σN)

1/2σ
3/4
N b

1/2
N C2

N

1− bN
. (577)

Equation (577), rather than σN ≍ sphN , is the correct finite-N compatibility law.
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174. Exact bN equation in the geometric variable

Let the scalar characteristic equation be written in the form already used in the terminal
analysis,

ḃN = ΓNb
2
N + 2CNGN −RN , (578)

where
ΓN = ∂ξ logQN (579)

is the Lambert logarithmic sensitivity. Dividing (578) by (574) yields the exact geometric-
coordinate equation

dbN
dσN

= − ΓNb
2
N + 2CNGN −RN

2
√
2 (1− σN)1/2σ

3/4
N b

1/2
N C2

N

. (580)

Equivalently,

dbN
dσN

= − ΓN

2
√
2C2

N

(1− σN)
−1/2σ

−3/4
N b

3/2
N [1 + eN ] , (581)

where

eN :=
2CNGN −RN

ΓNb2N
. (582)

Thus the previously established condition eN = o(1) remains exactly the condition which
makes the Lambert term dominant; changing coordinates does not discard the reconstruction
remainder.

175. Induced geometric power law from the already established
phase law

Suppose on a terminal interval that

bN(s) ≍ s−rα , rα = 2α− 1 > 0, CN ≍ 1, (583)

where here and only here s = sphN . Equation (577), or equivalently the calculation of Part 29,
gives

σN ≍ sλα , λα :=
5

2
+ rα = 2α+

3

2
. (584)

Hence
s ≍ σ

1/λα

N , (585)

and therefore

bN(σN) ≍ σ−ρα
N , ρα :=

rα
λα

=
2α− 1

2α + 3/2
=

4α− 2

4α + 3
. (586)

For example, at the continuation anchor α = 1,

ρ1 =
2

7
. (587)

This exponent is not rα. Thus merely renaming sgeo as the old similarity variable would
change the profile scaling.
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176. Transformation of the Lambert coefficient

The finite-depth Lambert analysis gives, in the affine phase coordinate,

ΓN(s) =
γN,α

s
[1 + o(1)] (588)

with the appropriate positive finite-depth coefficient γN,α. Combining (585) and (588) gives

ΓN(σ) ≍ σ−1/λα , (589)

not σ−1. More precisely, if
s = aN,ασ

1/λα
(︁
1 + o(1)

)︁
, (590)

then
ΓN(σ) =

γN,α

aN,α

σ−1/λα
(︁
1 + o(1)

)︁
. (591)

Substitution in (581) is consistent with the exponent (586). Indeed, writing b ≍ σ−ρ, the
left side scales as σ−ρ−1, while the leading right side scales as

σ−1/λα−3/4−3ρ/2. (592)

Equality of powers gives

ρ+ 1 =
1

λα
+

3

4
+

3ρ

2
, (593)

or

ρ =
1

2
− 2

λα
. (594)

Using λα = 5/2 + rα and the particular phase exponent assumed in (583) shows that the
geometric-coordinate equation imposes an additional coefficient/exponent consistency con-
dition. Therefore the old phase-profile power law cannot simply be transplanted into σ
without rederiving the full scalar balance. Equation (580) is the exact starting point for
that rederivation.

177. The decisive fractional-operator obstruction

There is a more fundamental issue. The successful Mellin profile equation in the preceding
Parts uses the affine one-phase variable

sphN = C4t− C3z − C2y − C1x− θ∗,N , (595)

for which the manuscript proved the exact reduction

(−∆T3)αF (sphN ) = κ2α(−∂ss)αF (sphN ). (596)

The intrinsic geometric coordinate

σ = sin2(x− x∗) (597)
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is not affine. Therefore a field F (σ) is not a function of the affine one-phase variable used in
(596), and the identity (596) cannot be invoked with s replaced by σ.

For the ordinary Laplacian this failure is already explicit. If U(x) = F (σ(x)), then

Ux = σxFσ, Uxx = σ2
xFσσ + σxxFσ. (598)

Since
σx = sin(2(x− x∗)), σ2

x = 4σ(1− σ), σxx = 2(1− 2σ), (599)

we obtain
−∂xxF (σ) = −4σ(1− σ)Fσσ − 2(1− 2σ)Fσ. (600)

Thus even at α = 1 the geometric-coordinate operator is a degenerate variable-coefficient
operator, not −∂σσ. For noninteger α the transformed fractional operator is nonlocal and
cannot be obtained by the formal substitution (−∂ss)α ↦→ (−∂σσ)α.

Theorem 15 (Geometric reparametrization theorem). The intrinsic variable

σ = sgeo = χ2 = sin2(x− x∗)

resolves the geometric coefficient identity exactly and yields the exact monotone characteristic
equations (574), (577), and (580). It therefore removes the false requirement sgeo ≍ sphN .
However, it does not preserve the affine one-phase fractional reduction or the previously
proved Mellin profile equation. Consequently the existing profile theorem cannot be transferred
to sgeo by a change of notation alone.

Proof. The exact identity χ = −σ1/2 is (567). Differentiation along the actual characteristic
and the square-root reconstruction give (574), and combining it with (576) and (578) gives
(577) and (580). Hence no comparison between σ and sphN is required to parametrize the
characteristic. On the other hand, (598)–(600) show already for α = 1 that the spatial
operator in σ differs from the affine one-dimensional operator. Since the noninteger fractional
Laplacian is nonlocal, the affine identity (596) likewise does not survive the nonlinear map
x ↦→ sin2(x − x∗). The Mellin profile equation proved earlier is therefore not the profile
equation associated with (580).

178. What is proved and what is not proved by choosing sgeo

The proposed repair succeeds at one level and fails at another. It succeeds in the precise
sense

χgeom
N = −s1/2geo,N (601)

with zero finite-N coefficient remainder. Thus the geometric part of the old estimate (523)
is completely closed in its natural coordinate.

It also gives a regular exact characteristic reparametrization through (574) and (580).
Hence the contradiction in Part 29 disappears: that contradiction came from imposing sgeo ≍
sphN , which is no longer imposed.

What does not follow is that the already proved Mellin heteroclinic is a profile for the new
geometric-coordinate equation. To obtain a theorem by this route one would have to analyze
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the new operator induced by x ↦→ sin2(x − x∗) and prove a corresponding profile theorem
for (580), including the transformed fractional term. This is a new analytic problem, not a
remaining coefficient estimate.

179. Revised proof ledger after the geometric-variable test

The exact test permits a sharper ledger. The old coefficient/cutoff item is now deleted as a
finite-N coefficient issue:

the cutoff is absent and χ = −s1/2geo exactly. (602)

The phase–geometry contradiction of Part 29 is also removed if the two variables are kept
distinct. But there are now two alternative proof routes:

Route A: retain the affine phase sphN and modify/justify the

velocity geometry without asserting sgeo ≍ sphN ;

Route B: use sgeo intrinsically and prove a new profile theorem
for the variable-coefficient/nonlocal operator induced by (597).

(603)

Therefore it is not yet mathematically justified to say that only the upper invariant-boundary
sign and the energy/residual limit remain. That shorter ledger would be valid only after one
of Routes A or B is closed.

The rigorous remaining ledger is

(i) close Route A or Route B in (603);

(ii) prove the strict upper invariant-boundary sign;

(iii) prove the fixed-space energy estimates and the vanishing residual

needed for the strong N → ∞ passage.

(604)

This formulation preserves the successful Mellin continuation theorem while preventing the
intrinsic geometric identity from being used as though it were an affine-phase identity.

180. Updated theorem status after the sgeo reparametrization

The calculation above proves that sgeo is an exact and monotone local terminal coordinate
for the reconstructed characteristic and that the geometric coefficient has no positive-power
remainder in this coordinate. It also proves that the old incompatibility is not an algebraic
failure of the J3 geometry; it is a mismatch between two different coordinates.

At the same time, the calculation prevents an unjustified conclusion. The positive Mellin
profile branch established earlier belongs to the affine one-phase fractional operator. The
nonlinear geometric coordinate produces a different spatial operator. Hence a finite-time
singularity theorem based on the existing profile still requires a rigorous bridge between the
affine profile dynamics and the intrinsic geometric reconstruction, or a new profile analysis
directly in sgeo.

237



This is the exact outcome of the proposed reparametrization: it removes the false identifi-
cation sgeo ≍ sphN , closes the geometric coefficient remainder itself, and isolates the remaining
issue as an operator/profile compatibility problem rather than a cutoff or unknown coefficient
problem.

48 Part 31: Fractional operator induced by the intrin-

sic geometric coordinate

181. The correct square-root coordinate behind sgeo

Set
y = x− x∗, σ = sin2 y,

and restrict to the one-sided branch y ∈ (−δ, 0). Introduce

r = − sin y =
√
σ. (605)

Then r ∈ (0, sin δ) and
dr

dy
= − cos y = −

√
1− r2. (606)

Consequently r is a smooth local coordinate with

r = −y +O(y3), y = −r +O(r3), r ↓ 0. (607)

Thus the nonlinear map y ↦→ σ is quadratic, but its square root is locally a smooth diffeo-
morphism. This is the structural point that permits a comparison with the affine Mellin
operator.

182. Exact check at α = 1

For U(y) = f(r(y)) one has
Uy = −

√
1− r2 fr

and hence
−Uyy = −(1− r2)frr + rfr. (608)

Equivalently, if F (σ) = f(
√
σ), (608) is exactly the same operator as (600). Its terminal

decomposition is

−Uyy = −frr +R1f, R1f = r2frr + rfr. (609)

For a Mellin monomial f(r) = rλ,

−frr = −λ(λ− 1)rλ−2,

whereas
R1f = λ2rλ. (610)
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Therefore the geometric correction is two powers less singular than the principal affine op-
erator. In particular,

R1(r
λ)

−∂rrrλ
= O(r2) (611)

whenever the denominator is nonzero.

183. Exact induced fractional operator

Let Φ(r) = − arcsin r, so that y = Φ(r) on the chosen branch, and define the pullback

(Tf)(y) = f(r(y)). (612)

The exact geometric fractional operator is

Lgeo
α := T−1(−∂yy)αT. (613)

For the periodic problem the same definition is made with the periodic one-dimensional
fractional Laplacian. Formula (613), rather than (−∂σσ)α, is the operator induced by the
intrinsic geometry.

The principal symbol follows from conjugation by the diffeomorphism y = Φ(r):

ℓgeoα (r, ξ) = (1− r2)α|ξ|2α + ℓα,<(r, ξ), (614)

where ℓα,< has order at most 2α− 1 locally. Since

(1− r2)α = 1− αr2 +O(r4), (615)

the principal symbol converges to the affine symbol |ξ|2α at the terminal point.

184. Blow-up rescaling and operator convergence

For ε > 0 let
(Sεf)(r) = f(r/ε)

and define the rescaled geometric operator

Lgeo
α,ε := ε2αS−1

ε Lgeo
α Sε. (616)

On every fixed compact R-interval, the rescaled coordinate map satisfies

Φ(εR)

ε
= −R +O(ε2R3), Φ′(εR) = −1 +O(ε2R2). (617)

Hence the conjugated kernels, or equivalently the local symbols, converge to those of the
translation-invariant fractional Laplacian. In particular, for 0 < σ0 < 1 and compactly
supported smooth f ,

∥Lgeo
α,εf − (−∂RR)

αf∥H−σ0 −→ 0 (ε ↓ 0), (618)

uniformly for α in a sufficiently small compact interval [1, 1+ δ]. The same conclusion holds
locally for the periodic operator: the difference between the periodic kernel and its Euclidean
singular kernel is smooth near the diagonal and is annihilated at leading order by the factor
ε2α.
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Proof. The map in (617) converges in C∞ on compact R-sets to the reflection R ↦→ −R.
The fractional Laplacian is invariant under reflection. After rescaling, the singular part of
its kernel has the form |R − R′|−1−2α multiplied by Jacobian and metric factors converging
uniformly to one. Away from the diagonal the kernel is smooth and its contribution is
lower order after multiplication by ε2α. Dominated convergence after the standard second-
difference cancellation gives (618) for smooth compactly supported f . Uniformity in α ∈
[1, 1+ δ] follows because the kernel constants and the cancelled integrands vary continuously
on this compact interval. The periodic kernel is the Euclidean singular kernel plus a smooth
local remainder, so the same argument applies.

185. Mellin homogeneity in r =
√
σ

The preceding theorem identifies the correct terminal homogeneity. If

f(r) = rλ,

then the affine leading operator satisfies

(−∂rr)αrλ+ = K+
α (λ)r

λ−2α. (619)

Since r = σ1/2, this may also be written

(−∂rr)ασλ/2 = K+
α (λ)σ

(λ−2α)/2. (620)

Thus the apparent change from a 2α Mellin shift in the affine variable to an α shift in
σ is exactly the quadratic change of variable; it is not a new scaling law. The existing
Mellin symbol is recovered without alteration when the intrinsic geometry is expressed in its
square-root coordinate r =

√
sgeo.

186. Logarithmic conjugation and comparison with the existing
profile operator

Set

r = eX , f(r) = r−aαG(X), aα = α− 1

2
. (621)

For the affine leading operator,

(−∂rr)αf = r−aα−2αMaαG, (622)

with exactly the Mellin multiplier already used in Parts 8–9,

Maα(e
λX) = K+

α (−aα + λ)eλX . (623)

Combining (618) and (622) gives the terminal operator decomposition

Lgeo
α

(︁
r−aαG(log r)

)︁
= r−aα−2α [MaαG+Qα,rG] , (624)

where the rescaled remainder Qα,r tends to zero on compact logarithmic windows translated
toward X = −∞. Thus the existing Mellin operator is the terminal tangent operator of the
exact geometric fractional operator.
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187. What this proves for Route B

Theorem 16 (Terminal Mellin tangent theorem for the intrinsic geometry). Let

σ = sin2(x− x∗), r =
√
σ = − sin(x− x∗)

on the selected one-sided branch. Then the exact fractional operator induced by the geometric
coordinate is the conjugated operator (613). Under terminal blow-up rescaling r = εR, its
rescaled realization converges to (−∂RR)

α uniformly for α ∈ [1, 1 + δ] on compact R-sets in
the sense of (618). After the logarithmic Mellin conjugation (621), the tangent operator is
precisely the existing Mellin operator Maα.

This theorem closes the leading-operator part of Route B. It proves that the nonlinear
geometric coordinate does not generate a different terminal principal profile operator: after
passing to its natural square-root coordinate, the old Mellin operator is recovered as the
tangent operator.

It is important, however, to distinguish tangent-operator convergence from a full hetero-
clinic persistence theorem. To transfer the already constructed Mellin profile to the exact
geometric equation one still needs a weighted estimate of the form

∥Qα,rG∥Yη ≤ CeµX0∥G∥Xη,σ (625)

for logarithmic windows X ≤ X0 ≪ 0, together with the corresponding C1 estimate for the
linearization. Equation (618) proves convergence on fixed rescaled compact sets; (625) is the
global weighted estimate needed by the Banach-space profile theorem.

188. Revised Route-B ledger

The operator/profile compatibility issue is therefore reduced to one precise analytic estimate.
The following statements are now proved:

χ = −s1/2geo exactly,

r =
√
sgeo is a smooth terminal coordinate,

Lgeo
α = T−1(−∂yy)αT,

ε2αS−1
ε Lgeo

α Sε −→ (−∂RR)
α,

and the logarithmic tangent operator is Maα .

(626)

Accordingly Route B is no longer an unidentified “new profile operator” problem. Its re-
maining profile–geometry bridge is the weighted global remainder estimate (625). Only after
(625) and its linearized analogue are proved may the exact geometric profile be obtained
from the existing Mellin heteroclinic by perturbation.

The construction-level ledger is therefore sharpened to

(i) prove the weighted geometric-operator remainder estimate (625) and its C1 analogue;

(ii) prove the strict upper invariant-boundary sign;

(iii) prove the fixed-space energy estimates and vanishing residual for N → ∞.

(627)
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189. Status of the profile–geometry bridge

The calculation in this Part resolves the principal scaling question raised at the end of
Part 30. The coordinate σ itself is not an affine Mellin coordinate, but r =

√
σ is asymp-

totically affine at the terminal point. The exact geometric fractional operator is therefore
asymptotically conjugate to the same affine fractional operator that generated the successful
Mellin profile equation. This is a genuine compatibility result and removes the principal-
symbol obstruction identified in Part 30.

What remains is quantitative rather than structural: the local tangent convergence must
be upgraded to the weighted global estimate (625) on the profile space. Until that estimate
is established, Route B is strongly supported at the terminal operator level but is not yet a
complete exact profile theorem for the nonlinear periodic geometry.

49 Part 32: Weighted geometric-operator remainder

on the terminal chart

190. Precise formulation of the estimate left open in (625)

The estimate written schematically in (625) must first be interpreted on the actual terminal
chart. The intrinsic square-root coordinate satisfies

0 < r = − sin(x− x∗) < 1, X = log r < 0, (628)

so the exact geometric chart does not by itself cover the whole Mellin line X ∈ R. Con-
sequently (625) cannot literally be a global estimate on all of R for the exact map r =
− sin(x − x∗). What is required by the finite-N terminal matching is the uniform estimate
on a left terminal window

ΩX0 = {X ≤ X0}, X0 < 0. (629)

We now prove that estimate, including its C1 analogue in α and its linearized version in the
profile variable.

Choose 0 < r0 < 1/4 and X0 ≤ log r0. Let ζ ∈ C∞
c ((−2r0, 2r0)) be equal to one on

(−r0, r0). The local geometric operator is obtained by applying the exact periodic fractional
Laplacian to

U(y) = ζ(r(y))f(r(y)) (630)

and then restricting to 0 < r < r0/2. The complementary part of the periodic kernel is
smooth on this restricted chart and will be denoted by Sα. This decomposition does not
alter the exact operator; it only separates its singular near-diagonal part from its smooth
far-field part.

For

f(r) = r−aαG(log r), aα = α− 1

2
, (631)

define the exact logarithmic remainder by

Qgeo
α G(X) := e(aα+2α)XLgeo

α f(eX)−MaαG(X). (632)

This is the precise version of the schematic quantity Qα,r in (624)–(625).
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191. Geometry of the terminal diffeomorphism

On the chosen branch
y = Φ(r) = − arcsin r.

Taylor expansion gives, uniformly for 0 ≤ r ≤ r0,

Φ(r) = −r − r3

6
+O(r5), Φ′(r) = −(1− r2)−1/2 = −1− r2

2
+O(r4), (633)

Φ′′(r) = −r(1− r2)−3/2 = O(r), Φ(j)(r) = O(1), j ≥ 3. (634)

For r, r′ ∈ (0, r0), the mean-value theorem and (633) imply

Φ(r)− Φ(r′) = −(r − r′)
[︁
1 + Θ(r, r′)

]︁
, |Θ(r, r′)| ≤ C(r2 + r′2). (635)

Likewise the Jacobian satisfies
|Φ′(r′)| = 1 +O(r′2). (636)

Thus every metric or Jacobian correction in the singular kernel begins at quadratic order
in the terminal variables. The only apparently linear geometric coefficient is Φ′′ = O(r);
because it multiplies an operator one order lower, it also produces a quadratic error after
Mellin scaling.

192. Local symbol decomposition with a quadratic terminal factor

Let pgeoα (r, ξ) be the full local symbol of the singular part of Lgeo
α in the r coordinate. Standard

one-dimensional change-of-variables calculus for the classical elliptic symbol |ξ|2α, together
with (633)–(636), gives

pgeoα (r, ξ) = |ξ|2α + r2pα,2(r, ξ) + rpα,1(r, ξ), (637)

where pα,2 has order 2α and pα,1 has order at most 2α− 1. Uniformly for

α ∈ Iδ = [1, 1 + δ], 0 < δ ≤ σ

4
, (638)

one has, for the finite number of symbol seminorms needed below,

|∂jr∂ℓξpα,2(r, ξ)| ≤ Cjℓ⟨ξ⟩2α−ℓ, (639)

|∂jr∂ℓξpα,1(r, ξ)| ≤ Cjℓ⟨ξ⟩2α−1−ℓ. (640)

Differentiation with respect to α adds at most one logarithm:

|∂α∂jr∂ℓξpα,k| ≤ Cjℓ⟨ξ⟩2α+1−k−ℓ(1 + log⟨ξ⟩), k = 1, 2. (641)

Because 2α ≤ 2 + σ/2 under (638),

⟨ξ⟩2α(1 + log⟨ξ⟩) ≤ Cσ⟨ξ⟩2+σ. (642)
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Hence all constants in (639)–(641) may be chosen uniformly on Iδ as operators from H2+σ

to L2.
The significance of (637) is seen directly after logarithmic conjugation. A r-derivative of

order m applied to (631) has the form

∂mr f(r) = r−aα−mPm,aα(DX)G(X), X = log r, (643)

with Pm,a a polynomial of degree m. Therefore

raα+2α
[︁
r2Op(pα,2)f

]︁
= r2Pα,2G, (644)

while the lower-order term satisfies

raα+2α
[︁
rOp(pα,1)f

]︁
= r2Pα,1G. (645)

The operatorsPα,j are uniformly bounded H2+σ → L2 on logarithmic unit charts. Equations
(644)–(645) are the fractional analogue of the exact α = 1 identity (609): both the principal
metric correction and the subprincipal curvature correction are two terminal powers smaller
than the affine operator.

193. Smooth far-field part

The periodic kernel outside the local diagonal is smooth. For 0 < r < r0/2, Taylor expansion
of that kernel in the observation variable gives

|∂jrSαf(r)| ≤ Cj∥f∥Z , 0 ≤ j ≤ 2, (646)

where Z is any fixed norm controlling the chosen smooth extension in (630). After multipli-
cation by the Mellin factor in (632),

raα+2α|Sαf(r)| ≤ Craα+2α∥f∥Z . (647)

Since

aα + 2α = 3α− 1

2
≥ 5

2
, (648)

the far-field contribution is smaller than r2 throughout Iδ. This is the point at which non-
locality enters the proof: it does not disappear, but after the singular local kernel has been
extracted its remaining contribution has strictly higher terminal order than the quadratic
geometric error.

194. Weighted left-tail estimate

Let
∥h∥Xη,σ(X0) := ∥ωηh∥H2+σ((−∞,X0)), ∥g∥Yη(X0) := ∥ωηg∥L2((−∞,X0)). (649)

On X ≤ X0 < 0,
e2X ≤ e2X0 . (650)
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A partition into logarithmic unit intervals, application of (639)–(645) on each interval, and
summation with the exponential weight therefore give

∥ωηQloc
α G∥L2(X≤X0) ≤ Ce2X0∥G∥Xη,σ(X0+2). (651)

The two-unit enlargement only records the finite overlap of the local partition. From (647)–
(648),

∥ωηQfar
α G∥L2(X≤X0) ≤ Ce(3α−1/2)X0∥G∥Xη,σ ≤ Ce2X0∥G∥Xη,σ , (652)

after the fixed extension operator is included in the norm. Combining (651)–(652) proves
the desired terminal estimate.

Theorem 17 (Uniform weighted geometric remainder). Fix 0 < η < 1/2 and σ > 0. There
exist δ∗ > 0, X∗ < 0, and C <∞ such that for

1 ≤ α ≤ 1 + δ∗, δ∗ ≤
σ

4
, X0 ≤ X∗,

the exact geometric remainder (632), restricted to the terminal chart, satisfies

∥Qgeo
α G∥Yη(X0) ≤ Ce2X0∥G∥Xη,σ . (653)

Thus the exponent in the schematic estimate (625) may be taken to be

µ = 2. (654)

The constant is uniform in α on the stated interval.

Proof. The singular local part is estimated by (637)–(645), which yields the quadratic factor
r2 = e2X . The weighted summation gives (651). The nonlocal far-field part is smooth and,
by (648), carries the stronger factor r3α−1/2, giving (652). Since 3α − 1/2 ≥ 5/2 > 2, both
pieces are bounded by the right side of (653). Uniformity in α follows from (638)–(642) and
compactness of Iδ∗ .

195. The C1 estimate in the fractional order

Differentiate (632) with respect to α. There are three contributions: variation of the geo-
metric fractional symbol, variation of the Mellin symbol, and variation of the conjugating
power aα = α− 1/2. The first two are controlled by (641)–(642) and by the Mellin estimate
already proved in Part 9. Differentiating the powers of r produces factors log r = X. For
X ≤ X0 < 0 and every 0 < ε < 2,

|X|e2X ≤ Cεe
(2−ε)X0 after weighted summation on (−∞, X0]. (655)

Consequently one loses an arbitrarily small amount of the quadratic exponent, but no deriva-
tive beyond the already reserved σ derivatives.
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Theorem 18 (C1 weighted remainder estimate). Under the hypotheses of the preceding
theorem, for every fixed 0 < ε < min{1, 2− 2η} there is Cε <∞ such that

∥∂αQgeo
α G∥Yη(X0) ≤ Cεe

(2−ε)X0∥G∥Xη,σ . (656)

In particular
α ↦−→ Qgeo

α ∈ L(Xη,σ, Yη(X0)) (657)

is C1, uniformly on sufficiently negative terminal windows, and its operator norm tends to
zero as X0 → −∞.

Proof. The α derivative of an order-2α symbol introduces at most log⟨ξ⟩, absorbed by (642).
The derivative of raα+2α and of r−aα introduces at most one factor |X|. The elementary
bound supX≤X0

|X|eεX ≤ Cε(1 + |X0|)eεX0 , combined with e2X , gives (655) after decreasing
the exponent from 2 to 2−ε. The far-field exponent in (648) remains larger than 2−ε. This
proves (656).

196. Linearization in the profile variable

The fractional geometric operator and the Mellin operator are linear in the profile. Therefore
the remainder (632) is linear in G and

DGQgeo
α [G]h = Qgeo

α h. (658)

There is consequently no new nonlinear commutator in the profile linearization. Equations
(653) and (656) immediately imply

∥DGQgeo
α [G]h∥Yη(X0) ≤ Ce2X0∥h∥Xη,σ , (659)

and
∥∂αDGQgeo

α [G]h∥Yη(X0) ≤ Cεe
(2−ε)X0∥h∥Xη,σ . (660)

These are exactly the linearized estimates required when the geometric operator is inserted
into the phase-fixed profile map.

197. What has and has not been closed

The estimate requested in (625) is now proved in the mathematically correct form dictated
by the intrinsic chart:

∥Qgeo
α ∥Xη,σ→Yη(X0) ≤ Ce2X0 , X0 → −∞, (661)

with the C1 estimate (656) and the profile-linearized estimates (659)–(660). Hence there is
no longer an unresolved terminal weighted operator remainder in Route B.

There is, however, one distinction that must be retained. Since r = − sin(x − x∗) takes
values only in a bounded interval, the exact geometric chart corresponds to X = log r < 0
and does not represent the full Mellin heteroclinic line X ∈ R. Therefore (661) proves the
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operator bridge needed in the terminal overlap region, but by itself it does not identify the
right-hand equilibrium X → +∞ of the old Mellin profile with an exact geometric endpoint.
A global Route-B heteroclinic theorem would require one additional global chart or matching
construction. The finite-N terminal argument, by contrast, uses precisely the left overlap
window, and for that purpose (661) is the required estimate.

198. Revised ledger after the weighted remainder theorem

The first item in (627) can now be removed as a terminal-overlap hypothesis. The revised
construction-level ledger is

(i) prove the strict upper invariant-boundary sign;

(ii) prove the fixed-space energy estimates and the vanishing residual for N → ∞.
(662)

for the terminal finite-N matching problem. If the manuscript is to claim a global ex-
act geometric-profile heteroclinic rather than terminal matching to the already constructed
Mellin profile, the bounded-chart issue identified in Section 197 remains a separate global
profile question and must not be hidden inside (662).

Theorem 19 (Terminal Route-B operator bridge). For α ∈ [1, 1 + δ∗], the exact fractional
operator induced by sgeo = sin2(x − x∗), expressed in the natural coordinate r =

√
sgeo,

differs from the affine Mellin profile operator by an operator of weighted size O(e2X0) on
every terminal logarithmic window X ≤ X0. Its α derivative is O(e(2−ε)X0), and the same
estimates hold for the profile linearization. Hence the geometric fractional operator is a
uniformly small C1 perturbation of the Mellin tangent operator in the finite-N terminal
overlap region.

199. Consequence for the next proof step

The weighted operator estimate no longer blocks the terminal matching. The next construction-
specific question is therefore the upper invariant boundary: one must insert the now-controlled
geometric fractional remainder into the exact finite-N scalar differential inequality and prove
that at a sufficiently large normalized amplitude W ∗ the vector field points strictly inward,
uniformly in N and in α ∈ [1, 1 + δ∗]. That sign calculation is independent of the operator-
domain issue settled in this Part.

50 Part 33: Exact audit of the strict upper invariant-

boundary sign

200. Substitution of the geometric fractional remainder

Part 32 proves, on every terminal logarithmic window X ≤ X0 < 0,

∥Qgeo
α ∥Xη,σ→Yη(X0) ≤ Cgeoe

2X0 , (663)
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uniformly for α ∈ [1, 1 + δ∗]. In the normalized finite-N scalar field (448), this contributes
to the remainder rather than changing the leading bracket. Thus the exact boundary field
has the form

∂τW = ΛN,α(s)W
[︂
DN,αW −KN,α(W ) +Rold

N,α(s,W ) +Rgeo
N,α(s,W )

]︂
, ΛN,α > 0, (664)

where, on every fixed compact W -interval on which the normalization is regular,

|Rgeo
N,α(s,W )| ≤ Cgeoe

2X0 , (665)

and the previously established finite-N moduli give

|Rold
N,α(s,W )| ≤ CRs

µR + ϵ
(R)
N . (666)

Consequently
|Rtot

N,α(s,W )| ≤ CRs
µR + ϵ

(R)
N + Cgeoe

2X0 . (667)

The geometric operator correction is therefore uniformly small after first choosing the ter-
minal window X0 ≪ 0, then the terminal scale s∗ > 0, and finally N sufficiently large.

201. The exact sign criterion at an upper boundary

Let
Bα(W ) := DαW −Kα(W ) (668)

be the limiting normalized bracket. A uniform upper boundary W ∗ is obtained if and only
if one can find W ∗ > 0 and σ∗ > 0 such that

sup
α∈Iδ

Bα(W
∗) ≤ −4σ∗. (669)

Indeed, coefficient convergence gives, after increasing N ,

sup
α∈Iδ

|(DN,αW
∗ −KN,α(W

∗))− (DαW
∗ −Kα(W

∗))| ≤ σ∗. (670)

Choose X0, s∗ and N∗ so that

Cgeoe
2X0 + CRs

µR
∗ + ϵ

(R)
N ≤ σ∗, N ≥ N∗. (671)

Then (664), (669)–(671) imply

∂τW
⃓⃓
W=W ∗ ≤ −2σ∗ΛN,α(s)W

∗ < 0, (672)

uniformly for α ∈ Iδ, N ≥ N∗ and 0 < s ≤ s∗. Hence W ≤ W ∗ is forward invariant at the
upper boundary.

Theorem 20 (Uniform upper-boundary transfer). Assume the limiting bracket has the strict
upper sign (669), the finite-N coefficient convergence (670), and the old normalized residual
estimate (666). Then the weighted geometric fractional estimate of Part 32 preserves the
sign: there exist X0 < 0, s∗ > 0 and N∗ for which (672) holds uniformly. Thus the geometric
fractional remainder is not an obstruction to the upper invariant boundary.
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202. Why a sufficiently large amplitude does not follow from the
present positive gap

We must distinguish the transfer theorem above from existence of a value W ∗ satisfying
(669). The information already proved is

Dα ≥ d∗ > 0. (673)

This controls the lower boundary, but by itself it drives DαW upward as W increases.
Therefore a large-W upper barrier requires quantitative growth of the dissipative nonlinear
term. A sufficient condition is

lim inf
W→∞

inf
α∈Iδ

Kα(W )

W
> D∗, D∗ := sup

α∈Iδ
Dα. (674)

Under (674), choose ϑ > 0 and W ∗ so large that

Kα(W
∗) ≥ (D∗ + ϑ)W ∗ for every α ∈ Iδ. (675)

Then
Bα(W

∗) ≤ −ϑW ∗, (676)

so (669) follows with, for example, 4σ∗ ≤ ϑW ∗.
Conversely, the earlier simplified model (342), in which Kdiss

α is merely bounded indepen-
dently of W , cannot yield an upper barrier by taking W large. If

Kα(W ) ≤ K∗ <∞, (677)

then (673) gives
Bα(W ) ≥ d∗W −K∗, (678)

which is positive for every W > K∗/d∗. The vector field then points in the same direction
as at the lower boundary, not inward from above.

Theorem 21 (Large-amplitude obstruction under bounded dissipation). Under Dα ≥ d∗ > 0
and the bounded-dissipation hypothesis (677), no sufficiently large constant W ∗ can satisfy
the required upper sign (669). The O(e2X0) geometric remainder cannot repair this, because
it can be made arbitrarily small and does not change the limiting sign (678).

203. Audit of the construction actually present

The current source introduces the abstract nonlinear quantity KN,α(W ) in (448) and states
in (450)–(453) that an upper boundary would follow from a strict limiting sign. It does not,
however, subsequently supply an explicit construction-level formula for Kα(W ) or a proved
growth estimate of the form (674). Earlier Part 12 uses only the bounded coefficient Kdiss

α in
(343). Those statements are sufficient for the lower barrier but are insufficient for the upper
one.

Therefore the requested substitution settles the effect of the new geometric fractional
remainder but does not prove existence of a uniform W ∗ from the presently recorded hy-
potheses. The exact missing statement is now isolated as

prove (669) directly from the explicit normalized finite-N dissipative term, or prove the uniform dominance condition (674). (679)

This is a construction-level sign question, not an operator-remainder question.
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204. Revised ledger after the upper-sign audit

Part 32 and the present Part prove that all already-controlled remainders, including the
intrinsic geometric fractional correction, transfer any strict limiting upper sign to the finite-
N equation. What is not yet supplied is the strict limiting upper sign itself. Accordingly
the ledger becomes

(i) derive the explicit limiting function Kα(W ) from the actual normalized

finite-N dissipative term and verify (669), equivalently a sufficient condition such as (674);

(ii) prove the fixed-space energy estimates and vanishing scalar residual

needed for the strong N → ∞ passage.

(680)

If the explicit Kα(W ) is found to be bounded in W , then (678) shows that the proposed
large-amplitude upper barrier is impossible in the present normalization and a different
invariant variable or barrier mechanism is required. If insteadKα(W ) grows faster thanDαW
uniformly, then (674)–(676), together with (663), close the upper boundary immediately.

Theorem 22 (Status of the strict upper invariant-boundary problem). The weighted geo-
metric fractional correction has now been fully inserted into the finite-N boundary field and
is O(e2X0); hence it preserves every strict limiting upper sign. A uniform upper invariant
boundary follows from (669), and in particular from the uniform dissipative dominance con-
dition (674). This paper does not contain an explicit formula or growth theorem for Kα(W )
sufficient to establish (669). Thus the upper-sign problem is reduced to the single explicit
construction-level calculation (679), but it is not yet closed.

51 Part 34: Explicit dissipative amplitude and the fixed-

space limiting audit

205. The principal fractional term fixes the amplitude dependence
exactly

The abstract notation KN,α(W ) in (448) can now be audited from the actual scalar equation
rather than assigned an independent nonlinear growth law. The corrected product equation
contains exactly one principal scalar fractional term,

−ν(−∆)αb, (681)

with the fractional product commutator placed in the separately controlled remainder. In
the strict one-phase terminal coordinate the principal fractional operator is linear. Write

rα = 2α− 1, b = pN,αWs−rα . (682)

At a constant-amplitude boundary W = const, Mellin homogeneity gives

(−∂ss)αb = pN,αWK+
α (−rα)s−rα−2α. (683)

If the one-phase wave number is κ, then

(−∆)αb = κ2αpN,αWK+
α (−rα)s−rα−2α + Egeo

N,α, (684)
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where Part 32 places the geometric correction in the small terminal remainder. Consequently
the principal dissipative contribution is

Dprin
N,α = −νκ2αpN,αWK+

α (−rα)s−rα−2α. (685)

The crucial point is that (685) is linear in W . After extracting the positive prefactor
ΛN,α(s)W used in (448), its contribution to the bracket is independent of W . Thus the
function denoted abstractly by KN,α(W ) has, for the principal fractional term, the form

Kprin
N,α (W ) = kprinN,α(s), (686)

not a superlinear function of W . In the limiting autonomous normalization,

Kprin
α (W ) = kprinα is constant in W . (687)

The exact numerical value of kprinα depends on the positive normalizing prefactor used in
(448), but its W -dependence does not: linearity of (−∆)α forces (687).

206. The strict large-amplitude upper sign cannot come from prin-
cipal dissipation

Suppose, as established earlier, that

Dα ≥ d∗ > 0 (688)

uniformly on Iδ. Absorb every already-controlled commutator, geometric, reconstruction,
and coefficient defect into Rtot

N,α. Then the limiting constant-amplitude bracket produced by
the principal scalar dissipation is

Bprin
α (W ) = DαW − kprinα . (689)

If
k∗ := sup

α∈Iδ
|kprinα | <∞, (690)

then
Bprin

α (W ) ≥ d∗W − k∗. (691)

Hence

W >
k∗

d∗
=⇒ Bprin

α (W ) > 0 (692)

uniformly in α. This is the opposite of the required upper-boundary condition (669).

Theorem 23 (Explicit W -dependence of the principal dissipative term). For the corrected
scalar equation in which the principal hyperdissipation is exactly −ν(−∆)αb and all fractional
product commutators are kept in the remainder, substitution of b = pN,αWs−rα shows that
the principal normalized dissipative quantity is constant in W . Therefore it cannot satisfy
the superlinear dominance condition (674). Under the positive gap (688), no sufficiently
large constant upper barrier can be generated by the principal fractional dissipation alone.

251



This theorem resolves the ambiguity in Part 33. The abstract notation Kα(W ) must not
be treated as though the linear fractional operator could manufacture a superlinear amplitude
law. Any additional W -dependence must come from a term outside the principal fractional
block, and such a term must be derived explicitly rather than hidden in the remainder.

207. What would be required to recover an upper invariant bound-
ary

There are only three logically distinct possibilities. First, an explicit reconstruction or com-
mutator term retained in the leading field may produce a negative contribution − ˜︁Kα(W )
satisfying

lim inf
W→∞

inf
α∈Iδ

˜︁Kα(W )

W
> D∗. (693)

Second, the normalization may be changed so that the invariant variable has a bounded
natural profile range and the upper boundary is placed at a finite profile value rather than
at large amplitude. Third, one may prove a strict upper sign at a finite W ∗ directly from
the full limiting profile vector field even though no large-W dominance occurs. Without one
of these three mechanisms, the two-sided strip (453) is not proved.

208. Energy identity available at the velocity level

We next audit the second item of (680). If the finite-N reconstruction is an exact divergence-
free solution of the hyperdissipative velocity equation on T3, then testing the velocity equa-
tion by uN gives

1

2

d

dt
∥uN∥2L2 + ν∥(−∆)α/2uN∥2L2 = ⟨fN , uN⟩. (694)

The transport and pressure terms vanish by periodicity and incompressibility. If

sup
N

∥uN(0)∥L2 ≤ C0, sup
N

∥fN∥L2(0,T ;H−α) ≤ Cf , (695)

then duality and Young’s inequality give

|⟨fN , uN⟩| ≤
ν

2
∥uN∥2Hα + Cν∥fN∥2H−α , (696)

and therefore
sup
N

∥uN∥2L∞(0,T ;L2) + ν sup
N

∥uN∥2L2(0,T ;Hα) ≤ CT . (697)

Thus a standard fixed-space velocity energy bound follows once (695) is verified for the actual
reconstruction.

209. Why the velocity energy estimate does not imply the scalar
estimate (460)

The scalar is the product
bN = ux,Nuy,N . (698)
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In three dimensions, the Sobolev product rule gives schematically

Hα ·Hα −→ H2α−3/2−ε (699)

for arbitrarily small ε > 0 in the relevant non-endpoint range. For α near 1, the right-hand
exponent is near 1/2, whereas (460) asks for the much stronger fixed-space control

bN ∈ L2(0, T ;H1+δ+ε0). (700)

Consequently (697) alone cannot prove (460). In particular, the scalar fixed-space estimate
is not a formal consequence of the basic Navier–Stokes energy identity.

A sufficient stronger package would be, for some su > 3/2 and su ≥ 1 + δ + ε0,

sup
N

∥uN∥L∞(0,T ;Hsu ) + sup
N

∥uN∥L2(0,T ;Hsu+α) ≤ CT . (701)

Since Hsu(T3) is then an algebra,

∥bN∥Hsu ≤ C∥ux,N∥Hsu∥uy,N∥Hsu , (702)

which supplies the spatial part of (460). But (701) is a higher-order estimate and must be
proved from the exact finite-N equations and their forcing; it is not contained in (694).

210. Time derivative and the scalar residual

From the exact scalar equation write

∂tbN = −uN · ∇bN − ν(−∆)αbN + SN +RN , (703)

where SN denotes the explicitly retained amplification, forcing, pressure/reconstruction
terms and RN the exact approximation residual. If (700) holds and

sup
N

∥SN∥L2(0,T ;H−1−δ−ε0 ) ≤ CT , (704)

together with a corresponding transport bound, then

sup
N

∥∂tbN∥L2(0,T ;H−1−δ−ε0 ) ≤ CT , (705)

which is (461). If in addition

∥RN∥L1(0,T ;H−m) −→ 0, (706)

then Parts 17 and 24 give the strong preterminal compactness and the limit equation.
The important logical point is that (706) is not implied by boundedness of RN or by

pointwise convergence of reconstruction coefficients. It requires an actual norm estimate for
the exact residual after every finite-N velocity, pressure, commutator, and forcing term has
been substituted.
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211. Status of the two items in ledger (680)

The present audit produces a definitive answer for item (i), but it is an obstruction rather
than the desired large-amplitude closure:

Kprin
α (W ) = kprinα and therefore principal hyperdissipation cannot force the large-W upper sign.

(707)
Thus item (i) is replaced by the sharper finite-amplitude question

derive the full limiting bracket at finite W and locate a strict upper zero/sign, or change the invariant normalization. (708)

For item (ii), the basic velocity energy estimate (697) is available under the uniform
data/forcing hypothesis (695), but it does not imply the stronger scalar compactness package
(460)–(461). The remaining estimates are exactly (701), or another reconstruction-specific
substitute strong enough to imply (700), together with (704)–(706).

Accordingly the rigorous ledger is now

(i) resolve the finite-amplitude upper boundary using the full explicit normalized bracket, since principal dissipation is only linear in amplitude;

(ii) derive reconstruction-specific higher-order fixed-space bounds sufficient for (460)–(461); and

(iii) prove the exact residual estimate (706).

(709)

Theorem 24 (Outcome of the explicit dissipation and energy audit). The corrected scalar
equation determines the principal W -dependence of the fractional dissipative block: it is
linear before division by the positive factor W and hence constant in the normalized bracket.
Therefore the large-amplitude upper-sign mechanism proposed in (674) cannot be supplied
by principal hyperdissipation. At the same time, the standard velocity energy identity yields
(697) under uniform initial-data and forcing bounds, but this regularity is insufficient by
itself to yield the scalar fixed-space estimate (460) near α = 1. Hence neither a two-sided
invariant strip nor the strong N → ∞ scalar passage can be declared unconditional until
the finite-amplitude bracket and the higher-order reconstruction/residual bounds in (709) are
verified.

52 Part 35: Full finite-amplitude bracket and compact

upper-sign criterion

212. Start from the exact characteristic scalar equation

The finite-amplitude sign calculation must retain every term whose size changes with the
amplitude parameter. Starting from the corrected scalar equation (4), write the exact char-
acteristic equation as

ḃN = ΓNb
2
N + 2CNGN −Rrec

N − νLN,αbN + νCN,α(ux,N , uy,N), (710)

where

Rrec
N := bN

CN,t + CN,z

CN

+ 2ANbNCN,x + 2
b2N
AN

CN,y, (711)
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LN,α denotes the principal one-phase/geometric fractional operator, and

CN,α(f, g) = Rα(f, g) (712)

is the exact fractional product commutator. Equation (710) is only a regrouping of the
already established product equation; in particular the commutator is not counted twice.

Use the intrinsic geometric variable

σ = sin2(x− x∗), χ = −σ1/2, (713)

and place a constant-amplitude boundary at

bN = PN,α(σ)W, PN,α(σ) := pN,ασ
−ρα . (714)

The exact square-root reconstruction gives

A2
N = −2χbN = 2σ1/2PN,αW, (715)

so on the positive branch

AN = A0,N,α(σ)W
1/2, A0,N,α :=

√︂
2σ1/2PN,α, (716)

and therefore

ux,N = U0,N,α(σ)W
1/2, U0,N,α :=

PN,α

A0,N,α

. (717)

Thus both reconstructed factors in bN = ux,Nuy,N are exactly homogeneous of degree 1/2 in
W .

213. Exact amplitude degrees of every retained term

At a constant boundary value W , linearity of the fractional operator gives

LN,α(PN,αW ) = W LN,αPN,α. (718)

Bilinearity of the fractional commutator and (716)–(717) give the equally important identity

CN,α(ux,N , uy,N) =W CN,α(U0,N,α, A0,N,α). (719)

Hence the fractional commutator is leading order in the finite-amplitude sign problem, but
it is only degree one in W ; it cannot create a hidden superlinear damping law.

The three reconstruction terms have the exact amplitude decomposition

bN
CN,t + CN,z

CN

= W PN,α
CN,t + CN,z

CN

, (720)

2ANbNCN,x = 2A0,N,αPN,αCN,xW
3/2, (721)
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and

2
b2N
AN

CN,y = 2
P 2
N,α

A0,N,α

CN,yW
3/2. (722)

The Riccati term is degree two,

ΓNb
2
N = ΓNP

2
N,αW

2, (723)

whereas the retained forcing is degree zero,

2CNGN = 2CNGNW
0. (724)

These identities exhaust the amplitude dependence of the displayed corrected scalar equation
provided CN , its displayed derivatives, ΓN , and GN are reconstruction coefficients indepen-
dent of the boundary parameter W . If a later reconstruction makes any of those quantities
depend on W , that dependence must be inserted before the sign test.

214. The geometric-coordinate drift is also degree 3/2

Because bN = PN,α(σ)W , differentiation along the exact geometric characteristic gives

ḃN = PN,αẆ + P ′
N,α(σ)Wσ̇. (725)

From (574) and (714),

σ̇ = −2
√
2(1− σ)1/2σ3/4P

1/2
N,αC

2
N W

1/2. (726)

Since PN,α = pN,ασ
−ρα ,

P ′
N,α = −ρα

σ
PN,α, (727)

and therefore moving the second term in (725) to the right produces

−P ′
N,αWσ̇ = −2

√
2 ρα(1− σ)1/2σ−1/4P

3/2
N,αC

2
N W

3/2. (728)

Thus the intrinsic geometric reparametrization contributes another explicit W 3/2 term. It
cannot be hidden in an amplitude-independent remainder when the upper sign is tested.

215. Entire finite-N amplitude field

Substituting (718)–(728) into (710) and solving (725) for Ẇ gives

Ẇ = a2,N,α(σ)W
2 + a3/2,N,α(σ)W

3/2 + a1,N,α(σ)W + a0,N,α(σ), (729)

with the exact coefficients
a2,N,α = ΓNPN,α, (730)
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a3/2,N,α = − 2A0,N,αCN,x − 2
PN,α

A0,N,α

CN,y

− 2
√
2 ρα(1− σ)1/2σ−1/4P

1/2
N,αC

2
N ,

(731)

a1,N,α = − CN,t + CN,z

CN

− ν
LN,αPN,α

PN,α

+ ν
CN,α(U0,N,α, A0,N,α)

PN,α

,

(732)

and

a0,N,α =
2CNGN

PN,α

. (733)

Equations (729)–(733) are the requested full finite-amplitude decomposition. They retain the
reconstruction terms, the geometric drift, the principal fractional operator, and the fractional
product commutator simultaneously. No one of these terms may be discarded solely because
it is lower order in a large-W expansion when the desired barrier lies at finite W .

Whenever the coefficient limits exist uniformly on a terminal overlap window, write

aj,N,α(σ) −→ aj,α(σ), j ∈ {2, 3/2, 1, 0}. (734)

Factoring the positive quantity W from (729) gives the entire limiting normalized bracket

Bα(W ; σ) = a2,α(σ)W + a3/2,α(σ)W
1/2 + a1,α(σ) +

a0,α(σ)

W
. (735)

This replaces the overly compressed notation DαW − Kα(W ). In particular, the frac-
tional commutator enters a1,α, while the two nontrivial reconstruction derivatives and the
geometric-coordinate drift enter a3/2,α.

216. Compact finite-amplitude sign problem becomes a quartic
problem

Set
y =

√
W > 0. (736)

Since multiplication by W = y2 preserves sign, (735) is negative exactly when

Pα(y; σ) := a2,αy
4 + a3/2,αy

3 + a1,αy
2 + a0,α < 0. (737)

Thus the finite-amplitude upper-boundary problem is not an asymptotic large-amplitude
question. It is the compact minimization problem

inf
α∈Iδ, 0<σ≤σ∗

y∈[y−,y+]

Pα(y; σ) < 0. (738)
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For a uniform invariant boundary one needs a common y∗ > 0 and a strict margin ζ∗ > 0
such that

sup
α∈Iδ

0<σ≤σ∗

Pα(y
∗; σ) ≤ −4ζ∗ < 0. (739)

ThenW ∗ = (y∗)2, and uniform convergence (734), together with the already proved terminal
operator remainders, transfers the sign to all sufficiently large finite N .

For fixed (α, σ), every interior candidate is found from

∂yPα = 4a2,αy
3 + 3a3/2,αy

2 + 2a1,αy = 0, (740)

or, for y > 0,

4a2,αy
2 + 3a3/2,αy + 2a1,α = 0. (741)

Hence the sign test requires only the endpoints of the chosen compact y-interval and the
positive roots of the quadratic (741). This is the exact algebraic reduction of the finite-
amplitude problem.

217. What can and cannot be concluded from the coefficients
presently proved

The current manuscript proves convergence and smallness for several terminal coefficient
defects, but it does not yet provide uniform signed limits for CN,x and CN,y in the geometric
reconstruction sufficient to evaluate (731), nor a signed evaluation of the commutator quo-
tient in (732) on the whole compact (α, σ)-set. Therefore it would be incorrect to assert
(739) from the existing estimates alone.

There is also an architectural distinction which must be preserved. In the strict affine
one-phase specialization

C1 = C2 = 0, C3 = C4 = 1, (742)

one has Cx = Cy = 0 and, for C = C(t− z− θ∗), Ct+Cz = 0. Then the three reconstruction
terms (720)–(722) vanish. But the intrinsic geometric route uses σ = sin2(x − x∗) and the
active characteristic ẋ = AC2. These two reductions cannot be combined merely to set the
geometric reconstruction coefficients to zero. The finite-amplitude sign must be evaluated
in one consistent architecture.

Consequently the requested bracket has now been derived, while the requested strict
inequality is reduced to the following explicit coefficient theorem:

prove the signed uniform limits in (731)–(733) and verify (739). (743)

If (739) fails, no constant upper boundary in this normalization follows from the present
vector field; if it holds, the finite-N upper boundary follows by the transfer argument of
Part 33.

Theorem 25 (Exact finite-amplitude bracket). Assume the geometric reconstruction (713)–
(717), the exact characteristic scalar equation (710), and that CN ,ΓN , GN and the displayed
spatial derivatives of CN are independent of the boundary amplitude parameter W . Then
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the constant-boundary vector field has exactly the amplitude decomposition (729)–(733). If
the coefficients converge uniformly as in (734), the limiting normalized bracket is (735). A
uniform finite upper boundary W ∗ is equivalent to the strict common sign condition (739),
with W ∗ = (y∗)2. The only candidate interior amplitudes needed for this test are given by
the quadratic equation (741).

218. Revised ledger

The abstract function Kα(W ) is no longer an unresolved object: its actual amplitude con-
tent has been decomposed into the linear fractional and commutator coefficient a1,α, the
square-root reconstruction and geometric-drift coefficient a3/2,α, the quadratic amplification
coefficient a2,α, and the forcing coefficient a0,α. The remaining upper-sign task is therefore
finite-dimensional but still construction-specific:

(i) prove the signed uniform coefficient limits in (731)–(734) and evaluate the compact quartic criterion (739);

(ii) derive the reconstruction-specific higher-order fixed-space bounds sufficient for (460)–(461);

(iii) prove the exact residual convergence (706).

(744)

This removes the ambiguity about the amplitude law without claiming a sign which the
presently proved coefficient information does not determine.

53 Part 36: Signed uniform coefficient limits — exact

audit and maximal theorem

219. The coefficient question must be separated into four indepen-
dent limits

Part 35 reduced the constant-boundary dynamics to

Ẇ = a2,N,αW
2 + a3/2,N,αW

3/2 + a1,N,αW + a0,N,α. (745)

The present section determines exactly which signed limits follow from the reconstruction
already proved and which require additional signed data. This distinction is essential: uni-
form magnitude bounds do not determine the sign of CN,x, CN,y, or of the fractional product
commutator.

Throughout the terminal overlap let

PN,α = pN,ασ
−ρα > 0, A0,N,α =

√︂
2σ1/2PN,α > 0, (746)

and assume the positive branch CN > 0. We work on a compact terminal annulus

Kσ := {(α, σ) : α ∈ Iδ, σ− ≤ σ ≤ σ∗}, 0 < σ− < σ∗ < 1, (747)

before taking the terminal limit σ− ↓ 0. This order avoids confusing uniform convergence on
a compact overlap with a singular endpoint asymptotic.
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220. The quadratic coefficient a2

By (730),
a2,N,α = ΓNPN,α. (748)

The Lambert construction gives ΓN = ∂ξ log∆N,k and the terminal branch is chosen so that
the amplification coefficient is positive. Thus

ΓN > 0, PN,α > 0, (749)

and therefore
a2,N,α > 0. (750)

If, as required by the coefficient convergence theorem already used in the terminal normal-
ization,

sup
Kσ

|ΓNPN,α −Dα(σ)| −→ 0, (751)

then
a2,N,α −→ a2,α = Dα > 0 uniformly on Kσ. (752)

In particular the previously established gap Dα ≥ d∗ > 0 transfers to a2,α. Notice that (752)
is a positive, not dissipative, contribution to the upper-boundary polynomial.

221. The constant coefficient a0

Equation (733) gives

a0,N,α =
2CNGN

PN,α

. (753)

For the retained forcing branch, CN > 0 and GN ≥ 0, hence

a0,N,α ≥ 0. (754)

Assume the already used terminal bounds

0 < c− ≤ CN ≤ c+, 0 ≤ GN ≤ G+, (755)

and infKσ PN,α → ∞ along the terminal finite-N sequence. Then

0 ≤ a0,N,α ≤ 2c+G+

infKσ PN,α

−→ 0. (756)

Consequently

a0,N,α −→ a0,α = 0+ uniformly on Kσ. (757)

If PN is not uniformly divergent on the chosen overlap, the weaker correct statement is only
a0,N,α ≥ 0 plus convergence inherited from the separate limits of CN , GN , PN .
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222. Exact sign decomposition of a3/2

Write (731) as
a3/2,N,α = Rx

N,α +Ry
N,α + JN,α, (758)

where

Rx
N,α := −2A0,N,αCN,x, Ry

N,α := −2
PN,α

A0,N,α

CN,y, (759)

and

JN,α := −2
√
2 ρα(1− σ)1/2σ−1/4P

1/2
N,αC

2
N < 0. (760)

Thus the intrinsic geometric drift has a strict favorable sign. This is the first unconditional
signed component of the finite-amplitude upper field.

However, exact continuity determines a derivative of C but does not fix the signs of both
Cx and Cy. In the square-root reconstruction one has schematically

Cs = ∂x(b/A), (761)

and the reconstructed formula for C contains an arbitrary periodic integration datum C0(x).
Differentiation therefore leaves a C ′

0(x) contribution in Cx. No estimate of the form |Cx| ≤M
determines its sign. Likewise the general multidimensional reconstruction does not supply a
signed Cy limit.

Consequently the strongest theorem available from the present hypotheses is conditional
dominance. If

Rx
N,α → Rx

α, Ry
N,α → Ry

α, JN,α → Jα (762)

uniformly on Kσ, then
a3/2,α = Rx

α +Ry
α + Jα. (763)

A strict negative limit follows precisely from the verifiable margin

sup
Kσ

(Rx
α +Ry

α) < − sup
Kσ

Jα − η3/2 (η3/2 > 0), (764)

or, more transparently pointwise,

Rx
α +Ry

α ≤ |Jα| − η3/2. (765)

The current reconstruction has not proved (764). Therefore a signed uniform limit a3/2,α < 0
cannot be asserted without an additional signed reconstruction estimate.

223. Exact sign decomposition of a1

From (732), define
a1,N,α = TN,α +DN,α +MN,α, (766)

with

TN,α := −CN,t + CN,z

CN

, (767)
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DN,α := −νLN,αPN,α

PN,α

, (768)

and

MN,α := ν
CN,α(U0,N,α, A0,N,α)

PN,α

. (769)

In the old affine distinguished phase, Ct + Cz = 0, so T = 0; but Part 35 showed that this
identity cannot simply be imported into the intrinsic x-geometric architecture. Hence TN,α

has no established sign in the present route.
For the tangent fractional operator and a pure power P ∝ r−λ, r =

√
σ, Mellin homo-

geneity gives
(−∂rr)αP

P
= K+

α (−λ)r−2α. (770)

Thus even the sign of the fractional quotient is controlled by the Mellin coefficient K+
α (−λ)

and must be evaluated at the actual normalization exponent. The geometric-operator re-
mainder proved in Part 32 is small in the terminal overlap, but smallness does not alter the
sign unless a strict tangent-operator margin is first established.

Finally the fractional product commutator has no sign for arbitrary factors. Indeed, with
the convention used,

Cα(f, g) = (−∆)α(fg)− f(−∆)αg − g(−∆)αf, (771)

its Fourier/integral bilinear form changes sign with the relative variation of f and g. There-
fore the reconstruction identity U0A0 = P does not by itself imply MN,α ≤ 0 or MN,α ≥ 0.

If the three terms converge uniformly,

TN,α → Tα, DN,α → Dfrac
α , MN,α →Mα, (772)

then
a1,α = Tα +Dfrac

α +Mα. (773)

A strict negative limit is equivalent to the signed margin

sup
Kσ

(Tα +Mα) < − sup
Kσ

Dfrac
α − η1 (774)

with the obvious pointwise interpretation. This margin has not yet been proved by the
reconstruction.

224. Uniform-limit theorem and obstruction to the requested four-
sign claim

Theorem 26 (Maximal signed coefficient theorem). Assume the coefficient convergence
hypotheses already established for the Lambert/profile state, positivity of PN , CN , bounded
nonnegative forcing, and the terminal geometric operator estimate of Part 32. Then on
every fixed compact overlap Kσ:

1. if (751) holds, a2,N,α → Dα uniformly and Dα ≥ d∗ > 0;
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2. if PN → ∞ uniformly while CN , GN remain uniformly bounded and nonnegative, then
a0,N,α → 0 uniformly from above;

3. the geometric part JN,α of a3/2,N,α is strictly negative, but the sign of the full a3/2 is
undetermined until signed limits for CN,x and CN,y are proved;

4. the sign of a1 is undetermined until the transport quotient and the normalized fractional
commutator are evaluated with sign, together with the actual Mellin coefficient of the
chosen power.

Therefore the current hypotheses do not imply a prescribed sign for all four limiting coef-
ficients. In particular, no rigorous proof of a3/2 < 0 or a1 < 0 follows from the presently
available magnitude bounds.

Proof. Items (1) and (2) are (748)–(757). Item (3) follows from the exact splitting (758)–
(760): JN < 0, whereas the signs of Rx

N , R
y
N are the opposite of unknown derivative signs.

Item (4) is the exact splitting (766)–(769), for which neither the general geometric transport
term nor the bilinear commutator has a sign theorem in the stated hypotheses. Uniform
convergence preserves a strict sign only after a nonzero signed margin is supplied. This
proves the claim.

225. Consequence for the quartic upper-boundary problem

The limiting quartic is

Pα(y; σ) = a2,αy
4 + a3/2,αy

3 + a1,αy
2 + a0,α. (775)

The newly proved signs give

a2,α > 0, a0,α ≥ 0 (and a0,α = 0 under (756)). (776)

Hence negativity on a finite interval can only be created by the middle coefficients. A useful
sufficient criterion is obtained by selecting a common y∗ > 0 and proving

a3/2,α(y
∗)3 + a1,α(y

∗)2 ≤ −a2,α(y∗)4 − a0,α − 4ζ∗. (777)

Equivalently,

a3/2,αy
∗ + a1,α ≤ −a2,α(y∗)2 −

a0,α
(y∗)2

− 4ζ∗
(y∗)2

. (778)

Thus the unknown signs isolated above are not cosmetic: at least one of the middle coeffi-
cients must supply enough negative contribution to overcome the positive Riccati coefficient
and nonnegative forcing.

There is also a necessary condition. If

a3/2,α ≥ 0, a1,α ≥ 0, (779)

for some (α, σ), then by (776)

Pα(y; σ) ≥ 0 ∀y > 0, (780)

so no constant upper boundary exists at that parameter value. Consequently a uniform
upper barrier requires a uniform negative contribution from a3/2 or a1 (or both).
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226. Revised proof ledger

The requested signed-limit calculation therefore produces a partial theorem and an obstruc-
tion, rather than four automatically signed limits. The ledger is now

(i) a2 is uniformly positive and a0 → 0
+

under the terminal normalization;

(ii) prove the signed reconstruction derivative margin (764) for Cx, Cy,

or prove instead a signed fractional/transport margin (774) for a1;

(iii) once either middle-coefficient margin is available, evaluate the explicit compact criterion (777)–(778);

(iv) retain the higher-order fixed-space and residual limits from Part 34.

(781)

This is the maximal conclusion supported by the current reconstruction. It would be
mathematically incorrect to label the signs of a3/2 and a1 as proved before the missing
signed derivative/commutator information is supplied.

Part 37. Exact Signed Transverse-Derivative Calcula-

tion and the Intrinsic-Geometry Compatibility Test

The preceding signed-coefficient audit reduced the unresolved middle coefficient to the trans-
verse reconstruction combination

Rx
N,α +Ry

N,α = −2

(︃
A0,N,αCN,x +

PN,α

A0,N,α

CN,y

)︃
. (782)

The purpose of this part is to compute the sign supplied by the actual square-root recon-
struction and, equally importantly, to determine whether that computation can be imported
unchanged into the intrinsic σ = sgeo = χ2 similarity architecture of Parts 30–36.

227. Exact directional derivative in the periodic square-root core

In the revised square-root reconstruction one has

A2 = −2χ(x)b, X = A∂x +
b

A
∂y. (783)

In the local distinguished-phase core used in the reconstruction,

b = b(s), s = t− z − θ∗,N , bx = by = 0, (784)

and exact incompressibility gives

Cs = ∂x

(︃
b

A

)︃
=
Aχ′

4χ2
. (785)

Writing

b = BNs
−βFN(s), IN(s) =

∫︂ s

0

r−β/2FN(r)
1/2 dr, (786)

the explicit reconstruction is

C(x, s) = c0 +
χ′(x)

√︁
−2BNχ(x)

4χ(x)2
IN(s). (787)

264



Here BN > 0, FN > 0, IN > 0 on the selected positive branch. A direct differentiation,
already implicit in the revised reconstruction, gives

XC = BNs
−β/2FN(s)

1/2IN(s)

[︃
3

4

(χ′)2

χ2
− 1

2

χ′′

χ

]︃
. (788)

For the genuine periodic geometry

χ(x) = sin(x− x∗), χ′′ = −χ, (789)

so
3

4

(χ′)2

χ2
− 1

2

χ′′

χ
=

3

4
cot2(x− x∗) +

1

2
≥ 1

2
. (790)

Consequently
XC > 0 (791)

throughout every one-sided core on which χ ̸= 0. Therefore the factor-2 reconstruction
contribution to the scalar equation satisfies

−2bXC < 0. (792)

This is a genuine signed statement, stronger than the magnitude estimate used earlier.
If the finite-amplitude normalization is performed while retaining the independent affine

phase variable s, then at fixed amplitude W

A = A0

√
W,

b

A
=

P

A0

√
W, (793)

and hence

A0Cx +
P

A0

Cy =
1√
W

XC. (794)

Thus the reconstruction part of the W 3/2 coefficient has the strict sign

Rx
N,α +Ry

N,α = − 2√
W

XC < 0. (795)

The precise coefficient obtained after collecting the normalization factors is therefore non-
positive, and is strictly negative wherever the reconstructed core is nontrivial. Together with
the already negative geometric drift JN,α < 0, this would give a strict negative a3/2 in that
architecture once a uniform lower margin is proved.

228. Why (795) does not yet prove the intrinsic-σ coefficient limit

The calculation above uses the Eulerian reconstruction hypotheses (784): s = t − z − θ∗,N
is independent of x, while χ = χ(x) is an independent geometric variable. The intrinsic
Route-B normalization instead sets

σ = χ(x)2 (796)
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and uses σ itself as the terminal similarity coordinate. If one now writes an Eulerian ansatz

b = P (σ)W, (797)

then, unless P is constant,
bx = Pσ(σ)σxW ̸= 0. (798)

Therefore the derivation of (785)–(788), which used bx = 0, cannot be imported unchanged.
There is an even sharper periodicity test. If b = b(σ(x)) and A = A(σ(x)) have no

z-dependence, exact incompressibility reads

Cz = −∂x
(︃
b

A

)︃
− Ay. (799)

In the one-dimensional intrinsic geometric ansatz Ay = 0, the right-hand side is independent
of z. A periodic C can then exist only if

∂x

(︃
b

A

)︃
= 0. (800)

But from A2 = −2χb,

b

A
=

√︄
−b
2χ
, (801)

which is not constant for the terminal power profiles under consideration. Thus a pure
Eulerian replacement of the affine phase by σ = χ2(x) is incompatible with periodic incom-
pressibility unless additional y, z-dependence is introduced.

Theorem 27 (Signed derivative theorem with compatibility obstruction). For the revised
square-root core with independent variables s = t−z−θ∗,N and χ(x) = sin(x−x∗), the exact
continuity reconstruction satisfies

XC > 0, −2bXC < 0. (802)

Hence the transverse reconstruction contribution has the favorable negative sign. However
this signed formula does not, by itself, establish the coefficient a3/2 of the intrinsic-σ finite-
amplitude bracket, because the latter changes the Eulerian dependence from b = b(s) to a
profile parametrized by σ = χ2. A pure b = b(σ(x)) periodic ansatz fails the incompressibility
test (800) unless an additional multidimensional correction is supplied.

229. Correct interpretation of σ along characteristics

There is no contradiction in using

σN(t) = χ(xN(t))
2 (803)

as a characteristic parameter. Along one trajectory it is a valid monotone coordinate when-
ever σ̇N ̸= 0, and Parts 30–32 correctly use it to identify the tangent fractional homogeneity.
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What fails is the stronger, unstated identification of this Lagrangian parameter with a global
Eulerian one-variable ansatz b = b(σ(x)).

Accordingly the rigorous Route-B architecture must retain two levels:

Eulerian reconstruction: (x, s) with exact periodic continuity,

Lagrangian terminal parameter: σN(t) = χ(xN(t))
2.

(804)

The coefficient limit in the σ-bracket must therefore be obtained by pulling the already
reconstructed Eulerian coefficients along the characteristic and then reparametrizing by σN ,
rather than by replacing the Eulerian phase everywhere by σ.

230. What is now proved for the signed a3/2 problem

Let
RN(t) := −2XC(xN(t), sN(t)). (805)

Then (791) gives

RN(t) < 0. (806)

exactly on the selected sine branch. Reparametrize by σ = σN(t):

ˆ︁RN(σ) := RN(tN(σ)). (807)

The sign is preserved: ˆ︁RN(σ) < 0. (808)

Thus the missing issue is no longer the sign of the reconstruction derivative combination. It
is the uniform normalized lower margin: one must prove for some ηR > 0

inf
N≥N0

inf
α∈Iδ

inf
σ∈[σ−,σ+]

[︂
−ˆ︁RN,α(σ)/NN,α(σ)

]︂
≥ ηR, (809)

where NN,α is the exact positive normalization used in (731). Pointwise negativity alone is
insufficient for a uniform invariant boundary.

The source gives the useful exact lower estimate

XC ≥ 1

2
BNs

−β/2FN(s)
1/2IN(s), (810)

but converting (810) into (809) requires the explicit overlap relation sN = sN(σ) along the
actual characteristic. Importantly, this is not the discarded assumption χ2 ≍ s; it is the
dynamically computed characteristic reparametrization.
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231. Updated ledger

The attempted signed-derivative closure therefore yields a genuine advance and a precise
remaining bridge:

(i) the exact transverse reconstruction sign is favorable: XC > 0, −2bXC < 0;

(ii) do not impose the inconsistent Eulerian ansatz b = b(χ
2
(x));

(iii) derive the actual characteristic map sN ↔ σN and prove the normalized margin (809);

(iv) combine that margin with JN,α < 0 to obtain a3/2 ≤ −η3/2 < 0;

(v) then evaluate the compact quartic upper-boundary criterion, while retaining the fixed-space energy/residual obligations of Part 34.

(811)

This replaces the earlier request for separately signed limits of Cx and Cy: the scalar
equation only needs their characteristic combination XC, and that combination has now
been signed exactly. The remaining task is quantitative uniformity under the Lagrangian
s-to-σ reparametrization.

54 Part 38: Exact characteristic map sN ↔ σN and the

self-consistent continuity asymptotic

232. Exact differential relation without the discarded identification
sN ≍ σN

We now compute the characteristic relation requested at the end of Part 37. Throughout
this part write s = sphN and σ = σN . In the large-amplitude terminal region bN > 1, the two
exact characteristic laws are

ṡ = 1− bN , σ̇ = −2
√
2(1− σ)1/2σ3/4b

1/2
N C2

N . (812)

Since both derivatives are negative, s and σ decrease together and

dσ

ds
= 2

√
2(1− σ)1/2σ3/4 b

1/2
N

bN − 1
C2

N > 0. (813)

Equivalently,

d

ds
σ1/4 =

1√
2
(1− σ)1/2

b
1/2
N

bN − 1
C2

N . (814)

Thus, if the terminal endpoint is normalized by s = σ = 0, the exact implicit characteristic
map is

σ(s)1/4 =
1√
2

∫︂ s

0

(1− σ(r))1/2
bN(r)

1/2

bN(r)− 1
CN(r)

2 dr. (815)

This is the actual relation. No comparison s ≍ σ has been used.
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233. First test with bounded CN and why it is not self-consistent

Suppose provisionally that

bN(s) = BNs
−βFN(s), 0 < β < 2, FN(s) −→ F0,N > 0, (816)

and that CN(s) → c0,N > 0. Since bN → ∞,

b
1/2
N

bN − 1
= b

−1/2
N

(︁
1 +O(b−1

N )
)︁
. (817)

Equation (815) would then give

σ(s)1/4 ∼
c20,N√︁

2BNF0,N

s1+β/2

1 + β/2
, (818)

so that

σ(s) ∼

[︄
c20,N√︁

2BNF0,N(1 + β/2)

]︄4
s4+2β. (819)

This already proves that the old relation σ ≍ s is not the characteristic law.
However, (819) cannot be combined with bounded CN and the exact continuity recon-

struction. On the negative sine branch,

χ = −
√
σ, χ′ =

√
1− σ, (820)

and (787) becomes exactly

CN(s, σ) = c0,N +

√
2BN

4
(1− σ)1/2σ−3/4IN(s), (821)

where

IN(s) =

∫︂ s

0

r−β/2FN(r)
1/2 dr. (822)

Under (816),

IN(s) ∼
F

1/2
0,N

1− β/2
s1−β/2. (823)

Substitution of (819) into (821) makes the second term diverge. Hence the bounded-CN

calculation (818)–(819) is only a diagnostic contradiction; it is not the self-consistent terminal
characteristic asymptotic.

234. Self-consistent dominant balance using exact continuity

The exact reconstruction (821) must instead be inserted into (813). Because IN(s) > 0, the
reconstructed term is positive. If it dominates c0,N , then, uniformly on a terminal regime in
which (816) holds,

CN ∼
√︁
2BNF0,N

4(1− β/2)
σ−3/4s1−β/2. (824)
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Using (817) and (824) in (813) yields

dσ

ds
∼ KNσ

−3/4s2−β/2, KN :=

√
2

4

√︁
BNF0,N

(1− β/2)2
. (825)

Therefore
4

7
σ7/4 ∼ KN

3− β/2
s3−β/2, (826)

and hence

σ(s) ∼ KNs
pβ , pβ :=

12− 2β

7
, (827)

with

KN =

[︄
7
√
2
√︁
BNF0,N

16(1− β/2)2(3− β/2)

]︄4/7
. (828)

Equivalently,

s(σ) ∼ K
−1/pβ
N σ1/pβ = K

−7/(12−2β)
N σ7/(12−2β). (829)

This is the first self-consistent characteristic relation produced by the simultaneous use of
the characteristic equations and exact continuity.

235. Consistency check for the reconstructed longitudinal velocity

Combining (824) and (827) gives

CN(s) ≍ s−
2(β+1)

7 , (830)

or, in the intrinsic parameter,

CN(σ) ≍ σ− β+1
6−β . (831)

Thus the exact characteristic reparametrization has an important consequence: for every
β > 0 in the regime above, CN does not tend to a positive finite constant. It grows.
Consequently the collection of assumptions

CN → c0,N > 0, ẋN = ANC
2
N , Cs =

Aχ′

4χ2
, bN ∼ BNF0,Ns

−β (832)

cannot all describe the same deep terminal characteristic.
This does not invalidate exact incompressibility. Rather, it says that exact incompress-

ibility itself forces a different CN asymptotic once the actual x–characteristic is followed.
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236. Substitution into the exact signed lower bound for XC
For the sine geometry the bracket in (788) can be written exactly as

3

4

(χ′)2

χ2
− 1

2

χ′′

χ
=

3

4σ
− 1

4
. (833)

Hence

XC = BNs
−β/2FN(s)

1/2IN(s)

(︃
3

4σ
− 1

4

)︃
. (834)

This is sharper than the coarse lower bound (810). From (816), (823), and (827),

XC ∼ 3BNF0,N

4(1− β/2)

s1−β

σ(s)
. (835)

Therefore

XC ≍ s−
5(β+1)

7 ≍ σ− 5(β+1)
2(6−β) . (836)

In particular,
−2XC −→ −∞ (837)

along the self-consistent terminal characteristic, provided the uniform version of (816), the
dominance in (824), and the coefficient bounds needed for (827) hold.

Thus the transverse reconstruction contribution has not merely a favorable pointwise
sign: at the level of this dominant balance it has an increasing negative magnitude.

237. What this says about the uniform a3/2 margin

At W = 1, the reconstruction part of (731) is the characteristic combination

Rx
N,α +Ry

N,α = −2XC. (838)

The geometric drift term already satisfies

JN,α < 0. (839)

Consequently, if the finite-N overlap admits uniform constants

0 < B− ≤ BN ≤ B+, 0 < F− ≤ FN ≤ F+, 0 < β− ≤ β ≤ β+ < 2, (840)

together with uniform control of the errors in (823)–(827), then for every sufficiently small
fixed terminal annulus 0 < σ− ≤ σ ≤ σ∗ the reconstruction term possesses a strict nega-
tive lower margin. After dividing by any positive normalization NN,α which is uniformly
comparable to the leading scale in (836), one obtains

inf
N≥N0

inf
α∈Iδ

inf
σ∈[σ−,σ∗]

−ˆ︁RN,α(σ)

NN,α(σ)
≥ ηR > 0. (841)
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Hence the sign mechanism required by (809) is compatible with the actual characteristic
map.

There is, however, a new and more fundamental issue: (831) contradicts the bounded-CN

terminal hypothesis used in several earlier coefficient and velocity estimates. Therefore (841)
cannot yet be promoted to an unconditional closure of a3/2 for the full reconstruction. The
CN -dependent coefficients in (731)–(733), the velocity norms, and the fixed-space residual
estimates must first be re-audited with the growth law (831).

238. Revised characteristic-map theorem

Theorem 28 (Self-consistent s–σ characteristic asymptotic). Assume the exact character-
istic laws (812), the exact continuity reconstruction (821), and the terminal scalar profile
(816), with 0 < β < 2 and FN(s) → F0,N > 0. Assume that the reconstructed term in (821)
dominates its integration constant and that the displayed asymptotics hold uniformly on the
terminal overlap. Then

σN(s) ∼ KNs
(12−2β)/7, sN(σ) ∼ K

−7/(12−2β)
N σ7/(12−2β), (842)

with KN given by (828). Moreover,

CN(σ) ≍ σ−(β+1)/(6−β), (843)

and
XC ≍ σ−5(β+1)/(2(6−β)) > 0. (844)

Thus the signed reconstruction contribution to a3/2 is strictly negative and grows in magnitude
toward the terminal endpoint. At the same time, the bounded-CN deep-core hypothesis is
incompatible with this self-consistent characteristic asymptotic.

239. Updated ledger after the exact characteristic calculation

The requested calculation therefore resolves the immediate question in a more informative
way than the provisional comparison s ≍ σ:

(i) The exact map is (815), and the self-consistent power law is (842).

(ii) The reconstruction sign not only survives but strengthens as in (844).

(iii) A uniform normalized negative margin follows conditionally from uniform
overlap constants and error control.

(iv) The same calculation forces the new growth law (843), so the earlier
bounded-CN terminal coefficient estimates cannot be reused.

(v) The next decisive audit is to substitute (842)–(843) into every CN -dependent
coefficient in (731)–(733), especially JN,α and a1,N,α, and determine whether
the compact quartic criterion remains uniformly negative.

(845)

The important logical conclusion is therefore not yet a full closure of the upper invariant
boundary. The a3/2 reconstruction sign is favorable, but the exact characteristic map changes
the longitudinal-velocity scaling and consequently changes the remaining coefficient audit.
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55 Part 39: Complete CN-dependent coefficient hier-

archy after the self-consistent characteristic map

240. The intrinsic amplitude exponent must be recomputed

Part 38 changes more than the longitudinal velocity. It also changes the power of the
intrinsic boundary profile itself. The exponent ρα in (586) was obtained from the provisional
bounded-CN relation and cannot be retained after (842). From

bN(s) ∼ BNF0,Ns
−β, s(σ) ∼ K

−7/(12−2β)
N σ7/(12−2β), (846)

we obtain instead

bN(σ) ≍ σ−ˆ︁ρβ , ˆ︁ρβ :=
7β

2(6− β)
. (847)

Accordingly, throughout this audit the self-consistent finite-amplitude normalization is

PN,α(σ) = ˆ︁pN,ασ
−ˆ︁ρβ . (848)

This is a correction to the use of the old ρα in (714) when one passes all the way to the deep
characteristic regime of Part 38.

For later use set

qβ :=
β + 1

6− β
, eR :=

5(β + 1)

2(6− β)
, eJ :=

7(β + 1)

2(6− β)
. (849)

Then (843)–(844) read
CN ≍ σ−qβ , XC ≍ σ−eR . (850)

241. Complete a3/2 hierarchy

The reconstruction part of (731) is the exact characteristic combination

−2A0,N,αCN,x − 2
PN,α

A0,N,α

CN,y = −2XC (851)

at unit boundary amplitude. Hence, by (850),

Rrec
N,α ≍ −cR,N,ασ

−eR , cR,N,α > 0. (852)

The geometric drift in (731) is

JN,α = −2
√
2 ˆ︁ρβ(1− σ)1/2σ−1/4P

1/2
N,αC

2
N . (853)

Using (848) and (850),

|JN,α| ≍ σ
−
(︃

1
4
+

ˆ︁ρβ
2
+2qβ

)︃
. (854)
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A direct simplification gives

1

4
+
ˆ︁ρβ
2

+ 2qβ =
7(β + 1)

2(6− β)
= eJ . (855)

Moreover,
eJ − eR = qβ > 0. (856)

Therefore the negative geometric drift is more singular than the already negative transverse
reconstruction term:

a3/2,N,α(σ) = −cJ,N,ασ
−eJ (1 +O(σqβ)) , cJ,N,α > 0. (857)

Under uniform two-sided bounds on the coefficients entering (848)–(850), cJ,N,α is bounded
below by a positive constant. Thus the full a3/2 coefficient, not merely one of its pieces, has
a strict negative terminal sign.

242. The transport part of a1 cancels exactly in the active Eulerian
reconstruction

The exact continuity reconstruction has the form CN = CN(x, s) with

s = t− z − θ∗,N . (858)

At fixed Eulerian x,
CN,t = CN,s, CN,z = −CN,s. (859)

Consequently
CN,t + CN,z = 0, (860)

and the first term in (732) vanishes identically. This cancellation is a partial-derivative
identity; it is not the total derivative of CN along the x-moving characteristic.

243. Fractional principal term and commutator in a1

Write r =
√
σ. From (848),

PN,α = ˆ︁pN,αr
−2ˆ︁ρβ . (861)

The two square-root factors in (716)–(717) have the tangent powers

A0,N,α ≍ rλA , U0,N,α ≍ rλU , (862)

where

λA =
1

2
− ˆ︁ρβ, λU = −1

2
− ˆ︁ρβ, λA + λU = −2ˆ︁ρβ. (863)

For the terminal Mellin tangent operator,

(−∂rr)αrλ = K+
α (λ)r

λ−2α. (864)
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Hence
LN,αPN,α

PN,α

= K+
α (−2ˆ︁ρβ)σ−α + o(σ−α), (865)

while the exact commutator definition gives

CN,α(U0,N,α, A0,N,α)

PN,α

=
[︂
K+

α (−2ˆ︁ρβ)−K+
α (λU)−K+

α (λA)
]︂
σ−α + o(σ−α). (866)

The K+
α (−2ˆ︁ρβ) terms cancel between the two pieces of (732). Therefore

a1,N,α(σ) = −ν
[︂
K+

α (λU) +K+
α (λA)

]︂
σ−α + o(σ−α). (867)

This is the complete leading tangent coefficient of a1. Its sign is not needed for the final
dominance statement below, provided the Mellin coefficients remain uniformly finite on the
continuation interval.

At the anchor α = 1, K+
1 (λ) = λ(1− λ), so (867) can be checked directly. The sign may

be positive for the self-consistent powers; this does not destroy the upper sign because the
negative a3/2 term has a strictly larger terminal exponent in the profile scaling considered
below.

244. The CN-dependent forcing coefficient a0

Equation (733), together with (848) and (850), gives

a0,N,α =
2CNGN

PN,α

≍ 2
GNˆ︁pN,α

σˆ︁ρβ−qβ . (868)

Since ˆ︁ρβ − qβ =
5β − 2

2(6− β)
, (869)

we obtain, for uniformly bounded GN ,

a0,N,α =

⎧⎪⎨⎪⎩
o(1), β > 2/5,

O(1), β = 2/5,

O
(︁
σ−(2−5β)/(2(6−β))

)︁
, 0 < β < 2/5.

(870)

In the similarity regime relevant to the continuation from α = 1, where β = 2α− 1, one has
β ≥ 1 for α ≥ 1, and therefore

a0,N,α = o(1) (871)

uniformly if GN and the prefactors are uniformly controlled.
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245. a2 and the complete hierarchy

The coefficient a2 contains no explicit CN :

a2,N,α = ΓNPN,α. (872)

Thus the previous positive-gap conclusion survives only under the same renormalized coef-
ficient hypothesis, now with the corrected P from (848):

a2,N,α −→ Dα, 0 < d∗ ≤ Dα ≤ D∗. (873)

It is important that (873) be reverified with ˆ︁ρβ; it does not follow merely by copying the old
bounded-CN normalization.

Combining (857), (867), (870), and (873), the terminal hierarchy is

a2 = O(1),

a3/2 ∼ −cJσ−eJ ,

a1 = c1(α, β)σ
−α + o(σ−α),

a0 = O
(︁
σˆ︁ρβ−qβ

)︁
(GN = O(1)).

(874)

246. Comparison in the continuation scaling β = 2α− 1

For the profile scaling used in the general-α continuation,

β = rα = 2α− 1, 1 ≤ α < 1 + δ, (875)

we have ˆ︁ρα =
7(2α− 1)

2(7− 2α)
, eJ =

7α

7− 2α
. (876)

The decisive exponent comparison is

eJ − α =
2α2

7− 2α
> 0 (877)

for α < 7/2, in particular throughout every sufficiently small interval 1 ≤ α < 1 + δ.
Therefore, for every fixed compact amplitude interval

0 < W− ≤ W ≤W+ <∞, (878)

the negative term
a3/2W

3/2 (879)

dominates the entire a1W contribution as σ ↓ 0. It also dominates the bounded a2W
2 term

under (873), while a0 = o(1) by (871). Thus

Ẇ = −cJW 3/2σ−7α/(7−2α)
(︁
1 + o(1)

)︁
< 0 (880)
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uniformly on compact positive W -intervals, provided all asymptotic errors and coefficient
bounds above are uniform in N and α.

Equivalently, the quartic

Pα(y; σ) = a2y
4 + a3/2y

3 + a1y
2 + a0, y =

√
W, (881)

satisfies
Pα(y; σ) = −cJy3σ−7α/(7−2α)

(︁
1 + o(1)

)︁
< 0 (882)

uniformly for y ∈ [y−, y+] ⋐ (0,∞).

247. What has been proved and the remaining uniformity obliga-
tion

Theorem 29 (Conditional terminal dominance of the full finite-amplitude bracket). Assume
the exact reconstruction and characteristic hypotheses of Part 38, the corrected intrinsic
scaling (848), the continuation relation β = 2α − 1, the tangent Mellin realization used
in Parts 31–32, bounded GN , the renormalized positive-gap estimate (873), and uniform
versions of the asymptotic expansions (850), (865), and (866). Then on every compact
positive amplitude interval [W−,W+] there exists a sufficiently small terminal σ∗ > 0 such
that, for all sufficiently large N and all α ∈ [1, 1 + δ],

BN,α(W ; σ) < 0, 0 < σ ≤ σ∗, W− ≤ W ≤W+. (883)

The mechanism is the strict exponent gap (877): the negative geometric-drift part of a3/2
is more singular than the complete fractional a1 block, while a2 remains bounded and a0
vanishes.

The theorem is deliberately conditional on uniformity. Part 38 derived the self-consistent
powers by dominant balance, but it did not yet prove the uniform error estimates in N
required to replace every ≍ by a common two-sided estimate on a shrinking terminal overlap.
Nor has (873) yet been reproved with the corrected exponent ˆ︁ρβ. Those are now the precise
construction-level obligations; the exponent/sign competition itself is resolved.

248. Revised ledger after the complete coefficient hierarchy

The coefficient audit therefore yields

(i) recompute the intrinsic profile exponent as ˆ︁ρβ =
7β

2(6 − β)
;

(ii) the full a3/2 has a negative leading term of order σ
−7(β+1)/(2(6−β))

;

(iii) Ct + Cz = 0 exactly, and the complete tangent fractional block a1 is of order σ
−α

;

(iv) for β = 2α − 1, eJ > α, so the negative a3/2 term dominates the full compact-amplitude quartic;

(v) prove the uniform finite-N error bounds behind Parts 38–39 and reverify a2 → Dα with the corrected P ;

(vi) retain the higher-order fixed-space energy and residual convergence obligations of Part 34.

(884)

Thus the new CN growth does not reverse the favorable upper-boundary mechanism. On
the contrary, after the normalization is corrected self-consistently, the C2

N geometric drift
produces the strongest terminal singularity in the finite-amplitude bracket. What remains
is to make the dominant-balance estimates uniform in N and compatible with the full ve-
locity/residual reconstruction.
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56 Part 40: Uniform finite-N terminal estimates and

the corrected ΓNPN,α law

249. Quantified hypotheses and notation

Part 38 obtained the self-consistent powers by dominant balance. We now replace each
use of ∼ by a uniform finite-N estimate and, at the same time, re-audit the coefficient
a2,N,α = ΓNPN,α. This second calculation produces an important correction to (873).

Let
β = 2α− 1, 1 ≤ α ≤ 1 + δ, 1 ≤ β ≤ β+ < 2, (885)

and assume
bN(s) = BNFN(s)s

−β, 0 < B− ≤ BN ≤ B+, (886)

with
0 < F− ≤ F0,N,α ≤ F+, FN(s) = F0,N,α(1 + εFN,α(s)), (887)

where
sup
N≥N0

sup
α∈Iδ

|εFN,α(s)| ≤ ωF (s), ωF (s) ↓ 0. (888)

All constants below depend only on the displayed compact parameter bounds, not on N , α,
or the terminal point.

Define

IN(s) =

∫︂ s

0

r−β/2FN(r)
1/2 dr, I

(0)
N (s) =

F
1/2
0,N,α

1− β/2
s1−β/2. (889)

Since |
√
1 + z − 1| ≤ C|z| for |z| ≤ 1/2, after decreasing s0 if necessary,⃓⃓⃓⃓

⃓ IN(s)I
(0)
N (s)

− 1

⃓⃓⃓⃓
⃓ ≤ C ΩF (s), ΩF (s) := sup

0<r≤s
ωF (r). (890)

In particular there are uniform constants 0 < I− < I+ such that

I−s
1−β/2 ≤ IN(s) ≤ I+s

1−β/2. (891)

250. Uniform control of the exact continuity reconstruction

Write the exact reconstruction (821) as

CN = c0,N +RC
N , RC

N :=

√
2BN

4
(1− σ)1/2σ−3/4IN(s). (892)

Assume 0 ≤ c0,N ≤ c∗0. On a terminal region on which RC
N ≥ 2c∗0, define

εCN :=
c0,N
RC

N

. (893)

Then 0 ≤ εCN ≤ 1/2 and
CN = RC

N(1 + εCN). (894)
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Using (890) and (1− σ)1/2 = 1 +O(σ) gives

CN =

√︁
2BNF0,N,α

4(1− β/2)
σ−3/4s1−β/2(1 + θCN), (895)

with the quantified error

|θCN | ≤ C
(︁
ΩF (s) + σ + εCN

)︁
. (896)

Consequently, whenever the right side of (896) is at most ε0 < 1, CN satisfies uniform
two-sided estimates with factors 1± Cε0.

251. Quantified characteristic ODE and two-sided s–σ law

The exact factor in (813) satisfies

b
1/2
N

bN − 1
= b

−1/2
N (1 + θbN), |θbN | ≤ Cb−1

N ≤ Csβ, (897)

uniformly after decreasing s0. Substitution of (895)–(897) into (813) yields

dσ

ds
= KN,ασ

−3/4s2−β/2(1 + θσN), (898)

where

KN,α =

√
2

4

√︁
BNF0,N,α

(1− β/2)2
, (899)

and
|θσN | ≤ C

(︁
ΩF (s) + sβ + σ + εCN

)︁
. (900)

Set
EN(s) := sup

0<r≤s

(︁
ΩF (r) + rβ + σN(r) + εCN(r)

)︁
. (901)

Multiplying (898) by σ3/4 and integrating gives

4

7
σ(s)7/4 =

KN,α

3− β/2
s3−β/2(1 + ΘN(s)), |ΘN(s)| ≤ CEN(s). (902)

Therefore, with pβ = (12− 2β)/7 and KN,α from (828),

σN(s) = KN,αs
pβ
(︁
1 + ϑσ

N(s)
)︁
, |ϑσ

N(s)| ≤ CEN(s). (903)

In particular, if CEN(s) ≤ 1/2,

1

2
KN,αs

pβ ≤ σN(s) ≤
3

2
KN,αs

pβ . (904)
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Since BN and F0,N,α have uniform two-sided bounds and β ∈ [1, β+] ⋐ (0, 2), there exist
0 < K− < K+ such that

K− ≤ KN,α ≤ K+. (905)

Inverting (903),

sN(σ) = K
−1/pβ
N,α σ1/pβ

(︁
1 + ϑs

N(σ)
)︁
, |ϑs

N | ≤ CEN . (906)

Equations (903)–(906) are the requested uniform two-sided finite-N replacement of the dom-
inant balance (827)–(829).

252. Uniform PN , CN , and reconstruction estimates

From PN,α = bN at unit boundary amplitude, (886), (887), and (906) give

PN,α(σ) = ˆ︁pN,ασ
−ˆ︁ρβ(1 + θPN), ˆ︁ρβ =

7β

2(6− β)
, (907)

where ˆ︁pN,α := BNF0,N,αK
β/pβ
N,α , |θPN | ≤ C(EN + ΩF ), (908)

and
0 < p− ≤ ˆ︁pN,α ≤ p+ <∞. (909)

Similarly,

CN(σ) = ˆ︁cN,ασ
−qβ(1 + θC,σ

N ), qβ =
β + 1

6− β
, (910)

with
0 < c− ≤ ˆ︁cN,α ≤ c+, |θC,σ

N | ≤ CEN . (911)

The exact identity (834) likewise yields

XC = ˆ︁rN,ασ
−eR(1 + θRN), eR =

5(β + 1)

2(6− β)
, (912)

where
0 < r− ≤ ˆ︁rN,α ≤ r+, |θRN | ≤ CEN . (913)

Finally the geometric drift satisfies

JN,α = −ˆ︁jN,ασ
−eJ (1 + θJN), eJ =

7(β + 1)

2(6− β)
, (914)

with
0 < j− ≤ ˆ︁jN,α ≤ j+, |θJN | ≤ CEN . (915)

Thus for CEN ≤ 1/2,

a3/2,N,α ≤ −j−
2
σ−eJ + CRσ

−eR . (916)
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Since eJ − eR = qβ ≥ q− > 0, there is a uniform σ1 > 0 such that

a3/2,N,α ≤ −j−
4
σ−eJ < 0, 0 < σ ≤ σ1. (917)

This upgrades the sign part of Part 39 to a genuine two-sided finite-N estimate, conditional
only on the quantified profile modulus (888) and the terminal reconstruction bootstrap EN ≪
1.

253. Exact re-audit of ΓNPN,α

We now address the second requested point. The earlier statement (873) cannot be retained
unchanged. By definition of the Euler logarithmic sensitivity,

SN,k = s ∂s log∆N,k. (918)

Up to the fixed orientation sign between s and ξ, the positive terminal coefficient is therefore

ΓN(s) =
gN,α(s)

s
, gN,α(s) := |SN,k(N)(s)|. (919)

The exact Lambert theorem gives the unconditional upper estimate

0 ≤ gN,α(s) ≤ 2−k(N)|SN,0(s)|. (920)

It does not by itself give a positive lower bound comparable to 2−k(N); such a lower bound
is an additional nondegeneracy statement.

Using (906)–(908),

1

sN(σ)
PN,α(σ) = ˆ︁dN,ασ

−(1/pβ+ˆ︁ρβ)(1 + θDN), (921)

with 0 < d− ≤ ˆ︁dN,α ≤ d+ and |θDN | ≤ CEN . But

1

pβ
+ ˆ︁ρβ =

7(β + 1)

2(6− β)
= eJ . (922)

Consequently the correct law is

a2,N,α(σ) = ΓNPN,α = gN,α(σ)ˆ︁dN,ασ
−eJ (1 + θDN). (923)

This has the same terminal power as the negative geometric-drift part of a3/2. In particular,
for fixed finite N with nonzero sensitivity, a2 is not O(1) as σ ↓ 0.

Equation (923) also shows why the asserted convergence ΓNPN,α → Dα > 0 cannot
hold uniformly on a fixed σ-annulus merely from the increasing-depth Lambert theorem. If
k(N) → ∞ and SN,0 is uniformly bounded, then (920) gives gN,α → 0 for every fixed σ > 0,
and hence

a2,N,α(σ) −→ 0 (924)

on compact annuli where the remaining prefactors are bounded. Conversely, for fixed N and
gN,α > 0, (923) diverges as σ ↓ 0. Thus the limits N → ∞ and σ ↓ 0 do not commute for
this coefficient.
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254. The only consistent positive-gap limit is a coupled overlap
limit

Suppose, in addition to the upper Lambert estimate, that on the selected coupled overlap
there is a positive sensitivity scale g∗N > 0 and a relative modulus

gN,α(σ) = g∗N gα(1 + θgN), 0 < g− ≤ gα ≤ g+, |θgN | ≤ ωg(N), (925)

with ωg(N) → 0. Define the terminal matching scale

σ∗
N := (g∗N)

1/eJ . (926)

For the rescaled coordinate ζ = σ/σ∗
N , (923) becomes

a2,N,α(σ
∗
Nζ) = DN,α ζ

−eJ
(︁
1 +O(EN + ωg(N))

)︁
, (927)

where
DN,α := gα ˆ︁dN,α. (928)

Therefore a nonzero finite limit exists if and only if the prefactors DN,α converge. If

sup
α∈Iδ

|DN,α −Dα| → 0, 0 < d∗ ≤ Dα ≤ D∗, (929)

then on every compact 0 < ζ− ≤ ζ ≤ ζ+ <∞,

a2,N,α(σ
∗
Nζ) −→ Dαζ

−eJ (930)

uniformly in α and ζ. Notice carefully that the limit is Dαζ
−eJ , not the σ-independent

constant Dα of (873). The old statement is recovered only on the single normalized slice
ζ = 1.

255. Corrected finite-N quartic competition

The correction (923) changes the leading quartic hierarchy of Part 39. Both a2W
2 and the

negative geometric part of a3/2W
3/2 have order σ−eJ . Using (914), (923), and the already

proved exponent gap eJ > α, while a0 = o(σ−eJ ), gives

Ẇ = σ−eJW 3/2
[︂
gN,α(σ)ˆ︁dN,α

√
W − ˆ︁jN,α + rN,α(σ,W )

]︂
, (931)

where, uniformly for W ∈ [W−,W+] ⋐ (0,∞),

|rN,α(σ,W )| ≤ C
(︁
EN + σq− + σeJ−α + σeJ |a0,N,α|

)︁
. (932)

Thus the negative upper sign is not a consequence of exponents alone. The correct finite-
amplitude condition is the coefficient inequality

gN,α(σ)ˆ︁dN,α

√
W ∗ < ˆ︁jN,α. (933)
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A convenient uniform sufficient condition is: for some η∗ > 0,

sup
N,α,σ≤σ∗

gN,α(σ)ˆ︁dN,α

√
W ∗ ≤ j− − 2η∗. (934)

If in addition the right side of (932) is at most η∗, then

Ẇ
⃓⃓
W=W ∗ ≤ −η∗σ−eJ (W ∗)3/2 < 0. (935)

This is a genuine uniform finite-N inward-pointing theorem on any overlap where the quan-
tified errors close.

In the increasing-depth regime, (920) makes (934) especially natural: if SN,0 is uniformly
bounded and k(N) → ∞, then the positive quadratic coefficient is suppressed by the exact
Lambert sensitivity contraction, whereas ˆ︁jN,α has a positive geometric lower bound. No false
a2 = O(1) assumption is required.

256. Uniform finite-N theorem and precise status

Theorem 30 (Quantified terminal estimates and corrected invariant-boundary criterion).
Assume (885)–(888), the exact characteristic equations (812), the exact continuity recon-
struction (892), uniform bounds on c0,N , and a terminal overlap on which EN → 0 uniformly.
Then the two-sided estimates (903)–(917) hold uniformly in N and α. In particular,

PN,α(σ) = ˆ︁pN,ασ
−7(2α−1)/(2(7−2α))(1 +O(EN)), (936)

with uniform positive upper and lower bounds on ˆ︁pN,α, and a3/2,N,α has the strict negative
estimate (917).

Moreover, the exact Lambert identity implies (923), not the old bounded law (873). Hence
ΓNPN,α → Dα > 0 can only be interpreted on a coupled terminal matching scale. Under
the additional relative nondegeneracy/convergence assumptions (925) and (929), the coupled
limit is (930). Finally, if the strict coefficient margin (934) and the error bound following
(934) hold, then the finite-N vector field points strictly inward at W = W ∗ as in (935).

The theorem separates what follows from the exact reconstruction from what still requires
a Lambert lower/nondegeneracy input. The contraction theorem (442) supplies the needed
upper sensitivity bound, but it cannot be converted into the relative lower estimate (925)
without additional information about the initial sensitivity and the product of the exact
multipliers A(∆N,j).

257. Revised ledger after the uniform finite-N audit

The requested upgrade therefore closes the dominant-balance error estimates but corrects
the proposed a2 limit:

(i) the laws sN ↔ σN , PN , CN , XC, and JN admit uniform two-sided estimates with error O(EN );

(ii) PN,α ≍ σ
−7(2α−1)/(2(7−2α))

is rigorous on the quantified overlap;

(iii) ΓNPN,α = gN,α
ˆ︁dN,ασ

−eJ (1 + O(EN )), so (873) is not a uniform fixed-σ limit;

(iv) the positive a2W
2

and negative geometric a3/2W
3/2

have the same terminal power;

(v) the actual upper-boundary criterion is the coefficient margin (934), with finite-N error controlled by (932);

(vi) to obtain a nonzero coupled limit Dα one must prove the relative Lambert sensitivity statement (925) and prefactor convergence (929);

(vii) the fixed-space energy and residual convergence obligations of Part 34 remain.

(937)
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Thus the finite-N asymptotic hierarchy is now quantitatively controlled, but the calculation
also shows that the previously requested conclusion ΓNPN,α → Dα cannot be proved in
its old σ-independent form. The mathematically consistent replacement is the coupled law
(930) together with the explicit invariant-boundary margin (934)–(935).

57 Part 41: Two-sided Lambert sensitivity and closure

of the finite-N upper boundary

258. Exact product representation and the fixed-point multiplier

We now close the Lambert nondegeneracy issue left open in Part 40 as far as is needed for
the upper invariant boundary. Recall the exact recurrence

∆N,j+1 = F(∆N,j), SN,j+1 = A(∆N,j)SN,j, (938)

where

A(∆) =
∆(1− q)

q2
, q = F(∆), 0 < A(∆) <

1

2
. (939)

Therefore, for every k > jc,

SN,k = SN,jc

k−1∏︂
j=jc

A(∆N,j). (940)

At the positive attracting fixed point ∆∗, q = ∆∗ and hence

A∗ := A(∆∗) =
1−∆∗

∆∗
∈ (0, 1/2). (941)

Numerically A∗ ≈ 0.2550, but no numerical value is needed below.

259. Uniform tail product lemma

Let J ⋐ (0, 1) be a compact trapping interval containing ∆∗. Since A is positive and C1 on
J , there are constants

0 < A− ≤ A(∆) ≤ A+ <
1

2
, | logA(∆)− logA∗| ≤ LA|∆−∆∗|, (942)

for ∆ ∈ J . Assume that after the capture index jc = jc(N,α),

∆N,j ∈ J, |∆N,j −∆∗| ≤ C∗ρ
j−jc
∗ εcN,α, j ≥ jc, (943)

where 0 < ρ∗ < 1 and 0 ≤ εcN,α ≤ εc. Then⃓⃓⃓⃓
⃓
k−1∑︂
j=jc

log
A(∆N,j)

A∗

⃓⃓⃓⃓
⃓ ≤ LAC∗

1− ρ∗
εcN,α =: CAε

c
N,α. (944)
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Exponentiation yields the uniform two-sided product estimate

e−CAεcN,α ≤

k−1∏︂
j=jc

A(∆N,j)

Ak−jc
∗

≤ eCAεcN,α . (945)

In particular,

|SN,jc|Ak−jc
∗ e−CAεcN,α ≤ |SN,k| ≤ |SN,jc |Ak−jc

∗ eCAεcN,α . (946)

This is the required two-sided finite-depth sensitivity estimate. Notice that it does not
manufacture a lower bound independent of the entrance sensitivity |SN,jc |: if that quantity
vanishes, the whole sensitivity vanishes.

If, more strongly,
sup
α∈Iδ

εcN,α −→ 0, (947)

then (945) gives the relative asymptotic

SN,k = SN,jcA
k−jc
∗

(︁
1 +O(εcN,α)

)︁
(948)

uniformly in α and in all k ≥ jc.

260. What is needed for a positive coupled Dα limit

Define the exact entrance scale

g∗N := s∗N
⃓⃓
∂s log∆N,jc

⃓⃓
Ak(N)−jc

∗ , (949)

with the harmless normalization s∗N chosen consistently with the overlap. Equivalently, at
the Euler-sensitivity level one may absorb |SN,jc | into g∗N . If the entrance sensitivity has the
uniform relative factorization

|SN,jc(N,α)| = sentN sα(1 + ϑN,α), 0 < s− ≤ sα ≤ s+, sup
α

|ϑN,α| → 0, (950)

then (948) proves, rather than assumes, the Part 40 form

gN,α = g∗N gα (1 +O(ωg(N))) , ωg(N) = sup
α

(︁
|ϑN,α|+ εcN,α

)︁
, (951)

with 0 < g− ≤ gα ≤ g+. Thus the only genuinely independent nondegeneracy datum is the
entrance sensitivity (950); the entire long Lambert tail contributes the explicit factor Ak−jc

∗
and a quantified relative error.

Combining (951) with the already proved prefactor convergence of Part 40 gives, on
σ = σ∗

Nζ,

ΓNPN,α = Dαζ
−eJ +O

(︃
ωg(N) + EN + sup

α
|DN,α −Dα|

)︃
ζ−eJ . (952)

Hence the coupled Dα law is fully quantified once (950) and the prefactor convergence are
verified. No lower estimate of order 2−k is correct: the true tail rate is Ak−jc

∗ after capture.
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261. Upper-boundary closure does not require the positive Dα limit

For the upper invariant boundary, however, the relative lower estimate (950) is unnecessary.
The exact global contraction already gives

gN,α ≤MS2
−k(N), (953)

whenever |SN,0| ≤MS. Let

ˆ︁dN,α ≤ d+, ˆ︁jN,α ≥ j− > 0 (954)

be the uniform bounds proved in Part 40. Fix any finite W ∗ > 0. Choose N1 so large that

MSd+2
−k(N)

√
W ∗ ≤ j−

4
, N ≥ N1. (955)

Next choose the terminal overlap and N2 ≥ N1 so that the remainder in (932) satisfies

sup
α,W∈[W−,W+]

|rN,α(σ,W )| ≤ j−
4
, N ≥ N2. (956)

Substitution into the exact leading field (931) gives at W = W ∗

Ẇ ≤ σ−eJ (W ∗)3/2
(︃
j−
4

− j− +
j−
4

)︃
= −j−

2
σ−eJ (W ∗)3/2 < 0.

(957)

Therefore

Ẇ
⃓⃓
W=W ∗ ≤ −j−

2
σ−eJ (W ∗)3/2 < 0 (958)

uniformly for N ≥ N2, α ∈ Iδ, and the quantified terminal overlap.

Theorem 31 (Uniform finite-N upper invariant boundary). Assume the hypotheses of the
quantified Part 40 theorem, the uniform initial sensitivity bound |SN,0| ≤ MS, k(N) → ∞,

the positive geometric coefficient bound ˆ︁jN,α ≥ j− > 0, and the remainder closure (956).
Then every fixed finite W ∗ > 0 lying in the admissible compact amplitude window is, for
all sufficiently large N , a strict upper invariant boundary for the normalized terminal field.
More precisely, (958) holds uniformly in α and in the terminal overlap.

This theorem is stronger than the conditional criterion (934): the positive quadratic coef-
ficient is suppressed by increasing Lambert depth, whereas the negative geometric coefficient
retains a uniform positive prefactor. The proof uses only the one-sided contraction for the
sign closure. The two-sided product estimate (946) is needed only when one also wants a
nonzero coupled coefficient limit Dα.
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262. Revised ledger after the exact multiplier-product audit

The terminal invariant-boundary ledger is now

(i) the exact Lambert tail satisfies the two-sided estimate (946);

(ii) under shrinking capture error it has the relative asymptotic (948);

(iii) a positive coupled Dα limit reduces precisely to the entrance sensitivity nondegeneracy (950) and prefactor convergence;

(iv) the strict finite-N upper invariant-boundary sign does not require (950): the global contraction, k(N) → ∞, and the geometric lower bound imply (958);

(v) the remaining global obligations are the fixed-space higher-order energy estimates and vanishing scalar/full momentum residuals for the strong N → ∞ passage.

(959)

Thus the upper-sign problem is closed on the quantified terminal overlap, subject to the
Part 40 reconstruction-error hypotheses. What remains is no longer an invariant-boundary
sign problem; it is the compactness and residual passage needed to convert the finite-N
terminal construction into a limiting solution statement.

58 Part 42: Reconstruction-specific fixed-space energy

audit and the global square-root obstruction

263. The precise question left by Part 41

Part 41 closed the finite-N upper invariant-boundary sign on the quantified terminal overlap.
The remaining compactness argument in Part 24, however, requires the global fixed-space
estimates

sup
N,α

∥bN,α∥L2(0,T ;H1+δ+ε) ≤ CT , (960)

sup
N,α

∥∂tbN,α∥L2(0,T ;H−1−δ−ε) ≤ CT (961)

for every fixed T < T∗. The stronger sufficient velocity package proposed in Part 34 was

sup
N

∥uN∥L∞(0,T ;Hsu ) + sup
N

∥uN∥L2(0,T ;Hsu+α) ≤ CT , su >
3

2
. (962)

We now test (962) against the actual square-root reconstruction rather than treating it as
an abstract higher-order estimate.

264. Exact component formulas and a necessary local integrability
condition

The active reconstruction is

b = uxuy, A = uy, C = uz, A2 = −2χ(x)b, (963)

so on the selected sign branch

uy =
√︁

−2χb, ux =

√︄
− b

2χ
, uz = C. (964)
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Let x∗ be a simple zero of the periodic geometric coefficient,

χ(x∗) = 0, χ′(x∗) ̸= 0. (965)

Then
χ(x) = χ′(x∗)(x− x∗) +O((x− x∗)

2). (966)

Suppose that, at some fixed (y, z, t), the scalar has a nonzero trace

b(x, y, z, t) −→ b∗ > 0 (x→ x∗ through the selected branch). (967)

Substitution into (964) gives

|ux(x, y, z, t)|2 =
b(x, y, z, t)

2|χ(x)|
∼ b∗

2|χ′(x∗)|
1

|x− x∗|
. (968)

Consequently ∫︂ x∗

x∗−η

|ux|2 dx = +∞ (969)

for every η > 0 on which the branch is defined. Hence a nonzero scalar trace at a simple
zero of χ is incompatible even with ux ∈ L2, and therefore a fortiori with (962).

Theorem 32 (Necessary vanishing for finite-energy square-root reconstruction). Let χ have
a simple zero at x∗ and let b ≥ 0 on a one-sided branch. If ux is reconstructed by (964) and
ux ∈ L2

loc near x∗, then

b

|χ|
∈ L1

loc. (970)

In particular a continuous b must satisfy b(x∗, y, z, t) = 0. More generally, if

b(x, y, z, t) = O(|χ(x)|1+ϑ) for some ϑ > 0, (971)

then u2x = O(|χ|ϑ) and the zeroth-order kinetic-energy obstruction is removed.

265. Higher Sobolev compatibility at the geometric zero

The obstruction becomes stronger at higher derivative order. Write locally r = |x− x∗| and
suppose

b = O(rm), m > 0. (972)

Then (964) gives
ux = O(r(m−1)/2), uy = O(r(m+1)/2). (973)

For an integer j ≥ 0,
∂jxux = O(r(m−1)/2−j). (974)

The one-dimensional transverse integral of its square is finite only if

m− 1− 2j > −1, i.e. m > 2j. (975)

Thus Hj control through a simple zero requires increasingly high vanishing of b. For non-
integer su > 3/2, the corresponding fractional compatibility is at least as restrictive as the
integer conditions below su; in particular, a scalar that stays bounded below by a positive
constant at the geometric zero cannot generate a global Hsu velocity through (964).
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266. Local tame estimates away from the zero set

The failure at χ = 0 does not prevent a rigorous fixed-space estimate on a preterminal chart
separated from the zero set. Let ΩT ⋐ T3 be a chart on which, uniformly in N and α,

|χ| ≥ cχ,T > 0, bN,α ≥ cb,T > 0, (976)

and suppose for an integer m > 3/2

sup
N,α

(︁
∥bN,α∥Hm(ΩT ) + ∥CN,α∥Hm(ΩT )

)︁
≤MT . (977)

Since Hm is an algebra and smooth composition is tame on sets separated from zero, the
maps

b ↦→ (−2χb)1/2, b ↦→
(︃
− b

2χ

)︃1/2

(978)

are locally Lipschitz from Hm to Hm. Therefore

∥ux,N∥Hm(ΩT ) + ∥uy,N∥Hm(ΩT ) + ∥uz,N∥Hm(ΩT ) ≤ CT,m(1 +MT ). (979)

The same argument at order m+ α gives

∥uN∥Hm+α(ΩT ) ≤ CT,m,α

(︁
1 + ∥bN∥Hm+α(ΩT ) + ∥CN∥Hm+α(ΩT )

)︁
. (980)

Thus the reconstruction itself is tame away from the geometric zero. The problem is not an
algebraic derivative loss there; it is the denominator χ−1/2 at the global periodic zero set.

267. Higher-order velocity energy inequality on a regular recon-
struction chart

For completeness, suppose the reconstructed velocity actually satisfies the finite-N hyperdis-
sipative momentum equation on such a regular chart (or on a global periodic reconstruction
for which the compatibility conditions remove the zero-set singularity). Applying Λsu , pair-
ing with ΛsuuN , and using the standard commutator estimate gives

1

2

d

dt
∥uN∥2Hsu + ν∥uN∥2Hsu+α ≤ C∥∇uN∥L∞∥uN∥2Hsu + ∥fN∥Hsu−α∥uN∥Hsu+α . (981)

Young’s inequality yields

d

dt
∥uN∥2Hsu + ν∥uN∥2Hsu+α ≤ C∥∇uN∥L∞∥uN∥2Hsu + Cν∥fN∥2Hsu−α . (982)

Hence, if
sup
N

∥uN(0)∥Hsu ≤M0, sup
N

∥fN∥L2(0,T ;Hsu−α) ≤Mf , (983)

and the reconstruction supplies the uniform Lipschitz integral

sup
N

∫︂ T

0

∥∇uN(t)∥L∞ dt ≤ LT , (984)
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then Gronwall gives

sup
N

∥uN∥2L∞(0,T ;Hsu ) + ν sup
N

∥uN∥2L2(0,T ;Hsu+α) ≤ C(M0,Mf , LT , T ). (985)

This proves the sufficient package (962) once (984) and global reconstruction regularity are
established. For 1 < α < 1 + δ < 5/4, (984) cannot be deleted from the argument by
appealing to a general global hyperdissipative regularity theorem; doing so would make the
proof circular.

268. Consequence for the scalar fixed-space estimate

Under (985), choose

su >
3

2
, su ≥ 1 + δ + ε. (986)

The algebra property gives

∥bN∥Hsu = ∥ux,Nuy,N∥Hsu ≤ C∥ux,N∥Hsu∥uy,N∥Hsu , (987)

so
sup
N

∥bN∥L2(0,T ;H1+δ+ε) ≤ CT . (988)

Thus (960) follows rigorously from the reconstruction-compatible velocity estimate (985).
The time derivative follows from the exact scalar equation provided its retained source/reconstruction
block is uniformly bounded in L2H−1−δ−ε and the exact residual has the same boundedness:

sup
N

∥∂tbN∥L2(0,T ;H−1−δ−ε) ≤ CT . (989)

The stronger convergence requirement RN → 0 remains a separate residual problem and is
not implied by (989).

269. The terminal scaling fails the necessary global compatibility
test

The terminal construction used in Parts 38–41 has, along the selected characteristic,

bN(σ) ≍ σ−ˆ︁ρα , ˆ︁ρα =
7(2α− 1)

2(7− 2α)
> 0, σ = χ2 ↓ 0. (990)

Therefore
bN ≍ |χ|−2ˆ︁ρα . (991)

Substitution into (964) gives
|ux,N |2 ≍ |χ|−1−2ˆ︁ρα , (992)

and hence ∫︂
|ux,N |2 dx = +∞ (993)
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if this characteristic asymptotic is interpreted as an Eulerian profile on a full one-sided neigh-
borhood of a simple zero of χ. The divergence is stronger than the logarithmic obstruction
(969).

This does not say that a single characteristic value by itself has infinite energy: a charac-
teristic is measure zero. It says that the present manuscript has not supplied the transverse
localization/concentration law needed to turn the characteristic amplification into a globally
finite-energy periodic velocity. One cannot infer (962), (960), or even a global L2 velocity
merely from the one-characteristic asymptotic (990).

270. Fixed-space theorem and obstruction verdict

Theorem 33 (Reconstruction-specific fixed-space criterion). Fix T < T∗. Suppose the finite-
N reconstruction is extended globally on T3 so that the square-root zero set satisfies the
compatibility needed for uN ∈ Hsu, with su > 3/2 and su ≥ 1 + δ + ε. Assume the uniform
initial/forcing bounds (983) and the uniform reconstruction Lipschitz integral (984). Then
the higher-order energy estimate (985) holds, and consequently the scalar fixed-space estimate
(988) holds. If the exact scalar source and residual also satisfy the uniform negative-Sobolev
bound stated before (989), then (989) holds and hence the compactness hypotheses (460)–
(461) are proved.

Theorem 34 (Obstruction for the present unlocalized square-root terminal profile). For the
current reconstruction (963)–(964) with a simple periodic zero of χ, a positive nonvanishing
scalar trace at that zero is incompatible with finite kinetic energy. The terminal law (990), if
extended with its displayed power to a one-sided Eulerian neighborhood, violates the necessary
condition (970) and gives (993). Therefore the present manuscript does not prove the global
fixed-space estimates (460)–(461) from the terminal characteristic bounds alone.

The requested higher-order estimate has therefore been resolved in the strongest form
supported by the reconstruction: the exact energy estimate and its tame reconstruction
closure are proved under explicit global compatibility, and the current square-root terminal
ansatz is shown to fail that compatibility if interpreted without transverse localization.

271. Revised ledger

The global ledger after this audit is

(i) the finite-N upper invariant boundary remains closed on the quantified terminal overlap;

(ii) away from χ = 0, the reconstruction is tame in fixed Sobolev spaces, (979)–(980);

(iii) under global compatibility and the Lipschitz integral (984), the higher-order energy

estimate (985) proves the scalar fixed-space bound (988);

(iv) the unlocalized terminal square-root law fails the global finite-energy compatibility test (993);

(v) a global proof must therefore add and quantify a transverse localization/concentration mechanism,

or replace the square-root reconstruction near the zero set, before invoking Aubin–Lions;

(vi) after that repair, the remaining analytic task is the vanishing scalar/full momentum residual.

(994)
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59 Part 43: Transverse concentration width and the

fixed-space scaling obstruction

272. Localization model and exact Sobolev scaling

Part 42 showed that the characteristic terminal law cannot be extended with its full strength
across a fixed-width Eulerian neighborhood of the simple zero of χ. We now test whether a
shrinking transverse concentration width can repair that obstruction.

Let d⊥ ∈ {1, 2, 3} denote the number of spatial directions in which a terminal core is
localized, let ℓN(σ) ↓ 0, and let Φ ∈ C∞

c (Rd⊥) be nonzero. For an amplitude MN(σ) define
the model concentrated field

fN,σ(x⊥) =MN(σ)Φ

(︃
x⊥ − x∗,⊥
ℓN(σ)

)︃
. (995)

A direct Fourier change of variables gives, for every r ≥ 0,

∥fN,σ∥2Ḣr(Rd⊥ )
=MN(σ)

2ℓN(σ)
d⊥−2r∥Φ∥2

Ḣr , (996)

and
∥fN,σ∥2L2 =MN(σ)

2ℓN(σ)
d⊥∥Φ∥22. (997)

Thus the fixed-shape localization cost is exact, not merely an upper bound. The same powers
hold on a torus chart for sufficiently small ℓN , up to uniform multiplicative constants.

Write
ℓN(σ) ≍ σλ, λ > 0, (998)

and suppose
MN(σ) ≍ σ−a, a > 0. (999)

Then
∥fN,σ∥2Ḣr ≍ σ−2a+λ(d⊥−2r). (1000)

Consequently a necessary and sufficient power condition for this model norm to remain
bounded is

λ(d⊥ − 2r) ≥ 2a. (1001)

For r = 0 this becomes

λ ≥ 2a

d⊥
. (1002)

If r ≥ d⊥/2 and a > 0, however, the left side of (1001) is nonpositive for every shrinking width
λ > 0, whereas the right side is positive. Therefore no shrinking fixed-shape localization can
uniformly bound such an Hr norm.
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273. Terminal amplitudes of the reconstructed velocity

Retain the corrected characteristic scaling from Parts 38–42,

bN(σ) ≍ σ−ˆ︁ρα , ˆ︁ρα =
7(2α− 1)

2(7− 2α)
, (1003)

and on the selected square-root branch |χ| = σ1/2. The two algebraically reconstructed
components therefore have amplitudes

|ux,N | ≍ σ−ax , ax =
1

4
+
ˆ︁ρα
2
, (1004)

|uy,N | ≍ σ−ay , ay =
ˆ︁ρα
2

− 1

4
, (1005)

where ay may have either sign depending on the parameter range. The continuity recon-
struction obtained in Part 38 gives

|uz,N | = |CN | ≍ σ−az , az =
α

7− 2α
, (1006)

because qβ = (β + 1)/(6− β) and β = 2α− 1.
For the dominant ux component, (997) yields

∥ux,N∥22 ≍ σ−2ax+λd⊥ . (1007)

Hence kinetic-energy control of this component requires

λ ≥ λL2,x :=
2ax
d⊥

=
ˆ︁ρα + 1/2

d⊥
. (1008)

The CN component requires

λ ≥ λL2,z :=
2α

d⊥(7− 2α)
. (1009)

Thus, at the kinetic-energy level alone, concentration can in principle compensate an ampli-
fying pointwise velocity: one chooses

λ ≥ max{λL2,x, λL2,z, λL2,y}, (1010)

with the uy condition omitted whenever ay ≤ 0.

274. Why shrinking width cannot prove the required velocity fixed-
space estimate

The fixed-space argument of Part 42 requires su > 3/2. For any physically available concen-
tration dimension d⊥ ≤ 3,

d⊥ − 2su < 0. (1011)
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Applying (1000) to the amplifying ux component gives

∥ux,N∥2Ḣsu
≍ σ−2ax+λ(d⊥−2su). (1012)

Both exponents on the right are strictly unfavorable: ax > 0 and d⊥ − 2su < 0. Hence for
every λ > 0,

−2ax + λ(d⊥ − 2su) < 0, (1013)

so
∥ux,N∥Hsu −→ ∞ as σ ↓ 0 (1014)

in the fixed-shape shrinking-core model.

Theorem 35 (No fixed-shape shrinking-width repair above the Sobolev threshold). Let a
reconstructed velocity component have terminal amplitude MN(σ) ≍ σ−a with a > 0, and
localize it in at most three spatial directions at a shrinking scale ℓN(σ) ≍ σλ, λ > 0, with a
nontrivial fixed rescaled profile. Then no such localization can remain uniformly bounded in
Hsu for any su > 3/2. In particular the amplified ux component (1004) cannot satisfy the
fixed-space hypothesis (983)–(985) by transverse width shrinkage alone.

This is the familiar concentration cost of supercritical Sobolev norms: shrinking sup-
port lowers L2 mass but increases derivatives more rapidly than the support volume can
compensate once su > d⊥/2.

275. Scalar fixed-space requirement

Let
rb := 1 + δ + ε > 1. (1015)

The scalar amplitude is Mb ≍ σ−ˆ︁ρα , so
∥bN∥2Ḣrb

≍ σ−2ˆ︁ρα+λ(d⊥−2rb). (1016)

Thus the exact power criterion is

λ(d⊥ − 2rb) ≥ 2ˆ︁ρα. (1017)

For one transverse direction, d⊥ = 1, this is impossible because rb > 1 and therefore 1−2rb <
0. For two transverse directions it is again impossible because 2 − 2rb < 0. For isotropic
three-dimensional concentration, a power-law width could control the scalar norm only if

rb <
3

2
(1018)

and

λ ≥ 2ˆ︁ρα
3− 2rb

. (1019)

Even in this exceptional scalar-only case, the velocityHsu estimate still fails because su > 3/2
makes 3− 2su < 0.
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276. Anisotropic widths

The conclusion is unchanged for anisotropic concentration. Let the widths be

ℓN,j(σ) ≍ σλj , j = 1, . . . , d⊥, (1020)

with λj > 0. The L2 mass has the favorable volume factor∏︂
j

ℓN,j = σ
∑︁

j λj , (1021)

but a derivative of order s in the narrowest active direction costs the corresponding inverse
width. Already for an integer m > su − 1 one obtains schematically

∥∂mxj
f∥22 ≍M2

N

(︄∏︂
i

ℓN,i

)︄
ℓ−2m
N,j . (1022)

Thus anisotropy may redistribute the derivative cost, but it does not provide a general
uniform Hsu bound for a genuinely concentrating, amplifying three-dimensional core. In
particular, concentration in only the transverse x direction is the least favorable case for the
present square-root zero.

277. Consequence for the reconstruction architecture

The width calculation separates two statements which should not be conflated. First, kinetic
energy alone can be repaired by a sufficiently rapidly shrinking core, subject to (1008)–(1010).
Second, the fixed-space higher-order estimate required for the compactness argument cannot
be repaired by a standard shrinking fixed-profile localization, because the derivative cost has
the wrong sign once su > 3/2.

Therefore the route proposed at the end of Part 42 does not close in its simplest form.
A successful global continuation must use at least one of the following genuinely different
mechanisms: a reconstruction in which the singular factor |χ|−1/2 is cancelled by vanishing of
b at the zero set; a non-concentrating regularized geometry with a uniform denominator gap;
or a compactness framework weaker than the fixed Hsu velocity bound, with the nonlinear
and residual limits proved directly in that weaker framework. Merely multiplying the current
amplified profile by a cutoff of shrinking width is insufficient.

Theorem 36 (Transverse-width verdict). For the corrected terminal amplitudes (1003)–
(1006), fixed-shape localization on a scale ℓN(σ) → 0 can make the kinetic energy uniform
provided its volume decays at least as rapidly as prescribed by (1008)–(1010). It cannot,
however, produce a uniform velocity Hsu bound with su > 3/2 in spatial dimension three or
less. In one or two transverse dimensions it also cannot produce the scalar H1+δ+ε bound.
Hence transverse concentration width alone does not repair the fixed-space obstruction of
Part 42.
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278. Revised global ledger

The global proof ledger is now

(i) the quantified finite-N upper invariant boundary remains available on the terminal overlap;

(ii) the exact reconstruction is tame on charts separated from the zero set of χ;

(iii) a shrinking terminal core can preserve kinetic energy if (1008)–(1010) hold;

(iv) shrinking fixed-profile localization cannot provide the required uniform Hsu velocity bound;

(v) therefore the square-root zero-set reconstruction must be regularized/cancelled, or the limiting

compactness argument must be rebuilt in a weaker topology;

(vi) only after that structural repair should the scalar and full momentum residual limits be closed.

(1023)

Part I

Scalar b3 Viscosity-versus-Riccati
Audit

60 Purpose of the scalar-only audit

The preceding fixed-space discussion concerns reconstruction of the velocity. The present
part deliberately sets that question aside and asks a narrower question: can the dissipative
term in the corrected scalar b3 equation itself dominate the positive quadratic mechanism
strongly enough to rule out the proposed finite-time amplification?

Along the terminal characteristic the scalar equation has the form

ḃN = ΓNb
2
N + 2CNGN −Rrec

N − νLN,αbN + νCN,α(ux,N , uy,N). (1024)

The principal comparison in this part is between the positive quadratic term and the complete
fractional block.

61 Critical-width law for the scalar fractional dissipa-

tion

Suppose, locally in the active spatial direction, that an amplified scalar core has amplitude
BN and width ℓN ,

bN(x) ≃ BNΦ

(︃
x− xN
ℓN

)︃
, BN > 0. (1025)

By homogeneity of the fractional Laplacian,

(−∆)αbN ≃ BNℓ
−2α
N (−∆)αΦ. (1026)

296



Thus the magnitude ratio of principal viscosity to the Riccati source is

VN :=
ν|(−∆)αbN |

ΓNB2
N

≍ ν

ΓNBNℓ2αN
. (1027)

The critical width is consequently

ℓcrit,N :=

(︃
ν

ΓNBN

)︃1/(2α)

. (1028)

Up to profile-dependent positive constants, ℓN ≫ ℓcrit,N puts viscosity below the quadratic
term, whereas ℓN ≪ ℓcrit,N makes the fractional scale larger. At a positive spatial maximum
the fractional Laplacian has the dissipative sign, so the latter regime is precisely the regime
in which viscosity could arrest the scalar growth.

62 Insertion of the corrected characteristic scaling

The corrected terminal characteristic laws obtained earlier are

bN(s) ≍ s−β, ΓN(s) =
gN,α(s)

s
, σN(s) ≍ spβ , pβ =

12− 2β

7
. (1029)

Therefore
ΓNBN ≍ gN,αs

−(β+1), (1030)

and

ℓcrit,N(s) ≍
(︃

ν

gN,α

)︃1/(2α)

s(β+1)/(2α). (1031)

Since
s ≍ σ1/pβ = σ7/[2(6−β)], (1032)

we obtain

ℓcrit,N(σ) ≍
(︃

ν

gN,α

)︃1/(2α)

σλcrit , λcrit =
7(β + 1)

4α(6− β)
. (1033)

For the continuation scaling β = 2α− 1 this simplifies exactly to

λcrit(α) =
7

2(7− 2α)
. (1034)

For every α > 0 with α < 7/2,

λcrit(α)−
1

2
=

α

7− 2α
> 0. (1035)
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63 Comparison with the actual geometric width

The intrinsic geometric coordinate is

σ = sin2(x− x∗). (1036)

Near the simple zero x∗,
σ = (x− x∗)

2 +O(|x− x∗|4), (1037)

so the geometric spatial scale associated with a terminal level σ is

ℓgeo(σ) ≍ σ1/2. (1038)

Because λcrit > 1/2, for fixed nondegenerate prefactors,

ℓgeo
ℓcrit,N

≍
(︂gN,α

ν

)︂1/(2α)
σ1/2−λcrit −→ +∞ (σ ↓ 0). (1039)

Thus the actual geometric core is asymptotically broader than the width at which fractional
viscosity would balance the Riccati term.

Equivalently, substituting ℓgeo ≍ σ1/2 into (1027) gives

VN ≍ ν

gN,α

σeJ−α, eJ =
7α

7− 2α
, (1040)

and

eJ − α =
2α2

7− 2α
> 0. (1041)

Hence, whenever gN,α is held nonzero at the finite-N level,

VN −→ 0 (σ ↓ 0). (1042)

The principal scalar viscosity is therefore lower order relative to the positive quadratic term
on the corrected geometric terminal scale.

64 The finite-N order of limits

Equation (1042) is a finite-N terminal statement. It must not be confused with a uniform
statement under an arbitrary coupled limitN → ∞ and σ → 0. Since the Lambert sensitivity
gN,α may tend to zero with N , the exact ratio is

VN ≍ νg−1
N,ασ

eJ−α. (1043)

Thus viscosity is lower order along a coupled sequence precisely when

σeJ−α
N

gN,α

−→ 0. (1044)

It is critical when this ratio tends to a finite nonzero constant and can be larger when the
ratio diverges. This is the scalar analogue of the path dependence already encountered in the
Lambert limit. Consequently, the finite-N blow-up mechanism is not disproved by viscosity,
but a uniform N → ∞ singular limit requires the coupling condition (1044) or an equivalent
two-sided estimate.
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65 Complete fractional block

The scalar product equation contains not only −ν(−∆)αb but also the fractional product
commutator. The previous coefficient audit combined these terms and obtained, on the
geometric terminal scale,

a1,N,α = O(σ−α), (1045)

whereas the Riccati/geometric leading scale is

σ−eJ , eJ > α. (1046)

Therefore the commutator does not change the exponent conclusion: under the same finite-N
nondegeneracy and coefficient-control assumptions,

complete fractional block

leading quadratic/geometric block
= O(σeJ−α) → 0. (1047)

The sign of the fractional coefficient matters in the critical coupled regime, but it cannot
overturn the strict exponent separation at fixed N .

66 Scalar viscosity verdict

Theorem 37 (Scalar viscosity-versus-Riccati verdict). Assume the quantified terminal esti-
mates of the preceding parts, the continuation scaling β = 2α − 1, and a fixed finite N for
which gN,α > 0. Assume also that the complete fractional block obeys the uniform terminal
estimate (1045). Then the geometric width ℓgeo ≍ σ1/2 is asymptotically larger than the
critical viscous width (1033), and

ν|(−∆)αbN |
ΓNb2N

→ 0 (σ ↓ 0). (1048)

The same lower-order conclusion holds for the complete fractional block. Thus, within the
corrected scalar b3 terminal asymptotics, fractional viscosity does not by itself eliminate the
finite-N Riccati amplification mechanism.

For a coupled N → ∞, σN → 0 limit, the conclusion is uniform only if (1044) holds.
Without such a coupling estimate, the scalar analysis alone permits subcritical, critical, or
viscosity-dominant paths and hence does not establish a uniform limiting blow-up theorem.

The theorem is intentionally a statement about the scalar b3 equation only. It neither
uses nor repairs the fixed-space velocity obstruction of Parts 42–43.

279. Revised scalar ledger

The scalar-only conclusion is

(i) the critical dissipative width is ℓcrit,N ≍ (ν/gN,α)
1/(2α)

σ
7/[2(7−2α)]

;

(ii) the actual geometric width is ℓgeo ≍ σ
1/2

;

(iii) since 7/[2(7 − 2α)] > 1/2, viscosity is lower order at fixed finite N ;

(iv) the complete fractional block has the same lower-order exponent α < eJ ;

(v) a coupled N → ∞ conclusion requires σ
eJ−α

N
/gN,α → 0;

(vi) therefore the present scalar audit does not support the claim that viscosity necessarily prevents finite-time amplification.

(1049)
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Part II

Exact Critical Coupled Path from the
Two-Sided Lambert Product

67 The coupled scalar ratio

Set

dα := eJ − α =
2α2

7− 2α
> 0. (1050)

The scalar viscosity audit gives, up to positive coefficient factors that are uniformly bounded
above and below on the terminal overlap,

VN,α(σ) :=
complete fractional scale

positive Riccati scale
≍ νσdα

gN,α

. (1051)

Thus the coupled problem is determined by the relative size of σdα and the Lambert sensi-
tivity gN,α.

68 Insertion of the exact Lambert tail

Let jc = jc(N,α) be the capture index into a fixed compact trapping interval about the
positive Lambert fixed point ∆∗. The exact sensitivity recurrence proved earlier gives

SN,k = SN,jc

k−1∏︂
j=jc

A(∆N,j), (1052)

where

A∗ = A(∆∗) =
1−∆∗

∆∗
∈ (0, 1/2). (1053)

The two-sided product theorem yields

e−CAεcN,α ≤
∏︁k(N)−1

j=jc
A(∆N,j)

A
k(N)−jc
∗

≤ eCAεcN,α . (1054)

Consequently, writing
G∗

N,α := |SN,jc|Ak(N)−jc
∗ , (1055)

we have the quantified two-sided law

G∗
N,αe

−CAεcN,α ≤ gN,α ≤ G∗
N,αe

CAεcN,α . (1056)

If εcN,α → 0 uniformly, then

gN,α = |SN,jc |Ak(N)−jc
∗

(︁
1 +O(εcN,α)

)︁
. (1057)

No lower bound on |SN,jc| independent of N is asserted here; the entrance sensitivity remains
the exact nondegeneracy datum.
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69 Exact critical coupled path

To retain the positive constants in the scalar comparison, write

VN,α(σ) =
ν cN,α

gN,αdN,α

σdα(1 + ϑN,α), (1058)

where on the quantified overlap

0 < c− ≤ cN,α ≤ c+, 0 < d− ≤ dN,α ≤ d+, |ϑN,α| ≤ ωN → 0. (1059)

Define the coefficient-exact critical scale by

σcrit
N,α :=

(︃
gN,αdN,α

νcN,α

)︃1/dα

. (1060)

Then

VN,α(σ) =

(︄
σ

σcrit
N,α

)︄dα

(1 + ϑN,α). (1061)

Using
1

dα
=

7− 2α

2α2
, (1062)

and the Lambert product (1057), the critical path has the explicit form

σcrit
N,α =

[︄
|SN,jc |A

k(N)−jc
∗

ν

dN,α

cN,α

]︄ 7−2α

2α2 (︁
1 +O(εcN,α + ωN)

)︁
. (1063)

In the coefficient-free ≍ notation this is

σcrit
N,α ≍

(︃
|SN,jc |
ν

Ak(N)−jc
∗

)︃ 7−2α

2α2

. (1064)

At the anchor α = 1,

d1 =
2

5
,

1

d1
=

5

2
, (1065)

so

σcrit
N,1 ≍

(︃
|SN,jc|
ν

Ak(N)−jc
∗

)︃5/2

. (1066)

70 Classification of coupled paths

Let σN ↓ 0 while N → ∞. Equation (1061) gives the complete scalar classification.
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If
σN
σcrit
N,α

−→ 0, (1067)

then
VN,α(σN) −→ 0, (1068)

so the complete fractional block is asymptotically lower order than the positive Riccati scale.
This is the viscosity-subcritical regime and is the coupled regime compatible with persistence
of the scalar amplification mechanism.

If
σN
σcrit
N,α

−→ L ∈ (0,∞), (1069)

then
VN,α(σN) −→ Ldα (1070)

up to the limiting coefficient normalization. This is the critical regime. Exponent counting
alone cannot decide growth versus damping here: the signed fractional coefficient and the
remaining leading scalar coefficients must be compared.

Finally, if
σN
σcrit
N,α

−→ ∞, (1071)

then
VN,α(σN) −→ ∞. (1072)

This is the viscosity-dominant magnitude regime. If the complete fractional block has the
dissipative sign on this overlap, it overwhelms the positive Riccati contribution; if its signed
coefficient changes sign or undergoes a leading cancellation, the magnitude comparison alone
is not sufficient to conclude suppression.

Equivalently, using (1055), the three regimes are classified by

CN,α :=
νσdα

N

|SN,jc |A
k(N)−jc
∗

. (1073)

Namely,
CN,α → 0 ⇐⇒ fractional block lower order, (1074)

CN,α → c ∈ (0,∞) ⇐⇒ critical competition, (1075)

and
CN,α → ∞ ⇐⇒ fractional block dominant in magnitude. (1076)
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71 Depth law and the noncommutation of limits

Because 0 < A∗ < 1, increasing Lambert depth makes the critical terminal scale expo-
nentially small in k(N) − jc. If the entrance sensitivity is bounded above and below and
k(N)− jc → ∞, then

σcrit
N,α ≍ A

7−2α

2α2 (k(N)−jc)
∗ . (1077)

Thus the terminal point must be approached at least this rapidly, and in fact strictly faster
for (1067), if the fractional block is to remain negligible uniformly in the coupled limit.

For example, if
k(N)− jc ∼ c logN, (1078)

then

σcrit
N,α ≍ N−µα , µα = c | logA∗|

7− 2α

2α2
, (1079)

up to the entrance-sensitivity and coefficient factors. If instead k(N)−jc grows like log logN ,
the corresponding critical scale is a power of logN . These formulas make the noncommuta-
tion of the terminal and increasing-depth limits explicit.

72 Coupled-path theorem for the scalar b3 equation

Theorem 38 (Critical coupled path for scalar viscosity). Assume the quantified terminal
estimates of Parts 40–44, the two-sided Lambert capture estimate (1054), and positive coef-
ficient bounds (1059). Let dα = 2α2/(7 − 2α) and define σcrit

N,α by (1060). Then uniformly
for α in a sufficiently small interval [1, 1 + δ],

VN,α(σN) =

(︄
σN
σcrit
N,α

)︄dα

(1 + o(1)). (1080)

Consequently, σN = o(σcrit
N,α) is the precise coupled condition under which the complete frac-

tional block is lower order than the positive Riccati scale. Comparable scales produce critical
competition, whereas σcrit

N,α = o(σN) produces fractional dominance in magnitude.
The last alternative is a no-blow-up conclusion only after the complete fractional block is

shown to have the damping sign with a nonvanishing coefficient. Thus the present theorem
determines the exact critical path; it does not replace the remaining signed critical-regime
calculation.
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280. Revised scalar coupled-limit ledger

The scalar coupled-limit audit now gives

gN,α ≍ |SN,jc|Ak(N)−jc
∗ ,

dα = eJ − α =
2α2

7− 2α
,

σcrit
N,α ≍

(︃
|SN,jc|
ν

Ak(N)−jc
∗

)︃(7−2α)/(2α2)

,

σN = o(σcrit
N,α) =⇒ fractional viscosity is lower order,

σN ≍ σcrit
N,α =⇒ signed critical competition,

σcrit
N,α = o(σN) =⇒ fractional dominance in magnitude.

(1081)

The remaining scalar question is therefore no longer an exponent question: on the critical
and viscosity-dominant coupled paths one must compute the sign and nondegeneracy of the
complete fractional coefficient itself.

Part III

Signed Complete Fractional
Coefficient on the Critical Coupled
Scale

73 The sign question after the critical-path reduction

The preceding scalar audit reduced the complete fractional contribution to

FN,α := −νLN,αbN + νCN,α(ux,N , uy,N). (1082)

On the terminal Mellin tangent, with r =
√
σ and

PN,α ∼ ˆ︁pN,αr
−2ˆ︁ρα , ˆ︁ρα =

7(2α− 1)

2(7− 2α)
, (1083)

the square-root reconstruction has powers

λU(α) = −1

2
− ˆ︁ρα, λA(α) =

1

2
− ˆ︁ρα. (1084)

The already-derived commutator cancellation therefore gives

FN,α

PN,α

= −νHα σ
−α + o(σ−α), (1085)
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where
Hα := K+

α (λU(α)) +K+
α (λA(α)). (1086)

Thus the desired damping sign would require Hα > 0. The sign can be checked exactly at
the anchor α = 1.

74 Exact anchor calculation at α = 1

At α = 1 one has ˆ︁ρ1 = 7

10
, λU(1) = −6

5
, λA(1) = −1

5
. (1087)

For the local anchor operator (−∂rr) = −∂rr,

K+
1 (λ) = −λ(λ− 1) (1088)

under the same analytic continuation used by the Mellin tangent formula. Consequently

K+
1

(︃
−6

5

)︃
= −66

25
, K+

1

(︃
−1

5

)︃
= − 6

25
, (1089)

and hence

H1 = −72

25
< 0. (1090)

Substitution into (1085) gives

FN,1

PN,1

= +
72

25
ν σ−1 + o(σ−1). (1091)

Therefore the complete fractional block has the positive, not the negative, tangent sign at
the α = 1 anchor.

The same conclusion follows directly from the local product identity. If ux = cUr
λU and

uy = cAr
λA with cUcA > 0, then

−ν(−∂rr)b+ νC1(ux, uy) = ν∂rrb− 2ν(∂rux)(∂ruy). (1092)

Since λU = −6/5 and λA = −1/5, the coefficient obtained after factoring b r−2 is exactly
72ν/25. This independently verifies the sign in (1091).

75 Uniform persistence for 1 ≤ α < 1 + δ

The Mellin coefficient is

K+
α (λ) =

Γ(λ+ 1)Γ(2α− λ)

π
sin
(︁
π(α− λ)

)︁
. (1093)
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The functions ˆ︁ρα, λU(α) and λA(α) are smooth near α = 1. On any sufficiently small
interval avoiding poles of the analytically continued Gamma factors, Hα is continuous. Since
H1 = −72/25, there exist δfrac > 0 and h∗ > 0 such that

Hα ≤ −h∗ < 0, 1 ≤ α < 1 + δfrac. (1094)

For example one may choose any h∗ < 72/25 after shrinking δfrac sufficiently; no numerical
value of δfrac is asserted without a certified interval bound for the Gamma factors.

If the finite-N geometric/Mellin remainder satisfies uniformly⃓⃓⃓⃓
FN,α

PN,α

+ νHασ
−α

⃓⃓⃓⃓
≤ 1

2
νh∗σ

−α, (1095)

then

FN,α ≥ 1

2
νh∗PN,ασ

−α > 0. (1096)

Thus the signed finite-N conclusion furnished by the tangent realization is uniformly anti-
damping on the small continuation interval.

76 Consequences on the critical coupled path

Let QN,α > 0 denote the positive Riccati scale and define σcrit
N,α using the absolute fractional

coefficient, as in the preceding part. Then

FN,α

QN,α

= +cN,α

(︄
σN
σcrit
N,α

)︄dα

(1 + o(1)), cN,α > 0, (1097)

with

dα =
2α2

7− 2α
> 0. (1098)

Hence the three coupled regimes have the following signed interpretation within this Mellin
tangent model:

σN/σ
crit
N → 0 =⇒ FN,α = o(QN,α),

σN/σ
crit
N → L ∈ (0,∞) =⇒ FN,α is comparable and positive,

σN/σ
crit
N → ∞ =⇒ FN,α dominates with positive tangent sign.

(1099)

Therefore the hoped-for conclusion “viscosity-dominant paths imply scalar damping” is false
for the present tangent coefficient: the leading fractional block points in the same sign as
the positive scalar growth at the anchor and, by continuity, throughout a sufficiently small
interval above α = 1.

306



77 Why this is not yet an unconditional blow-up con-

clusion

There is a necessary domain qualification. At the anchor λU = −6/5 < −1, so the singular
tangent power is outside the naive locally-integrable half-line power class. Equations (1085)–
(1094) therefore use the manuscript’s analytic/distributional continuation of the Mellin co-
efficient. The actual finite-N fields are regularized, and the fractional Laplacian is nonlocal.
A rigorous finite-N signed theorem must show that the regularized operator converges to
this continued tangent coefficient with the relative error required in (1095). Without that
step, one may not infer the sign of the exact finite-N nonlocal term merely from (1090).

Accordingly the result of this part is precise but limited:

The complete Mellin tangent fractional coefficient is not dissipative near α = 1; it
is strictly positive, with anchor coefficient 72ν/25. Hence the tangent calculation
supplies no scalar viscosity-prevents-blow-up mechanism. The remaining issue is
to certify that this signed tangent coefficient is the actual finite-N limit of the
regularized nonlocal fractional block.

(1100)

78 Updated scalar ledger

The scalar-only problem is now reduced to the following certification step:

prove the uniform finite-N tangent estimate (1095) for the regularized geometric fractional operator and product commutator;

if (1095) holds, the complete fractional term is positive near α = 1;

therefore viscosity-dominant coupled paths do not yield damping in this model.

(1101)

This statement concerns only the scalar b3 equation and does not assert a finite-time sin-
gularity for the full Navier–Stokes velocity field.

Part IV

Finite-N Certification of the Signed
Scalar Fractional Block

79 The certification problem and the missing scale sep-

aration

The preceding part identified the Mellin-tangent coefficient

Hα = K+
α (λU(α)) +K+

α (λA(α)), H1 = −72

25
< 0, (1102)
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and reduced the exact finite-N sign question to (1095). We now separate what follows from
the already proved geometric operator estimate from what requires an additional finite-N
core hypothesis.

Let r =
√
σ = − sin(x − x∗) on the one-sided terminal chart and let εN > 0 denote

the smallest regularization/core scale on which the finite-N factors cease to be accurately
represented by their tangent powers. Write

U0,N,α(r) = cU,N,αr
λU (α)(1 + ηU,N,α(r)), A0,N,α(r) = cA,N,αr

λA(α)(1 + ηA,N,α(r)), (1103)

for r ≥ RεN , with cU,N,αcA,N,α = ˆ︁pN,α. The analytic continuation used in Part 46 does not,
by itself, imply that (1103) holds uniformly down to r ≍ εN . In particular, the weighted
geometric estimate (661) controls the change from the affine fractional operator to the in-
trinsic geometric operator on a terminal logarithmic window, but it does not control the
inner regularization layer of a tangent power with λU < −1.

Accordingly the correct overlap condition is

εN
rN

−→ 0, rN =
√
σN . (1104)

Only on such an outer terminal overlap can the continued Mellin coefficient be certified from
the regularized finite-N fields without resolving the inner core explicitly.

80 A quantified outer-overlap tangent hypothesis

Fix 0 < ϑ < 1. Assume that for j = 0, 1, 2,

sup
1≤α<1+δ
RεN≤r≤r∗

⃓⃓
(r∂r)

jηU,N,α(r)
⃓⃓
+
⃓⃓
(r∂r)

jηA,N,α(r)
⃓⃓
≤ ωN(R), (1105)

where
lim
R→∞

lim sup
N→∞

ωN(R) = 0. (1106)

Assume also uniform positive bounds on the amplitude coefficients and the finite-N coeffi-
cient errors already isolated in Parts 39–40. This is the precise regularized tangent statement
needed below; it is stronger than the mere pointwise asymptotic notation used in Part 39.

For the intrinsic geometric operator, Part 32 gives

∥Qgeo
α ∥Xη,σ→Yη(X0) ≤ Ce2X0 = Cr2∗. (1107)

Thus, after shrinking r∗, the geometric change of variables contributes a relative O(r2∗) error
to the tangent coefficient. The profile errors in (1105) contribute O(ωN(R)). The remaining
nonlocal interaction with the inner core is denoted by T core

N,α .
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81 Core-tail estimate and the exact finite-N error bud-

get

For a fractional operator of order 2α, points with r ≥ RεN see the inner interval 0 < ρ <
CεN through a kernel separated from the evaluation point by a distance comparable to r.
Consequently the inner-core contribution has the schematic bound

|T core
N,α (r)| ≤ Cr−1−2α

∫︂ CεN

0

(︁
|U0,N,α(ρ)|+ |A0,N,α(ρ)|+ |PN,α(ρ)|

)︁
dρ. (1108)

Define the dimensionless core-tail modulus

ΘN,α(r) := rα
|T core

N,α (r)|
PN,α(r)

. (1109)

The normalization is chosen so that Θ measures the core tail relative to the leading Pσ−α =
Pr−2α fractional scale. A sufficient finite-N separation condition is

sup
1≤α<1+δ
RεN≤r≤r∗

ΘN,α(r) ≤ ωcore
N (R), lim

R→∞
lim sup
N→∞

ωcore
N (R) = 0. (1110)

This condition is not automatic from analytic continuation of K+
α ; it is the exact nonlocal

datum that must be verified for the chosen finite-N regularization.
Combining (1105), (1107), and (1110) yields the error budget⃓⃓⃓⃓

FN,α

PN,α

+ νHασ
−α

⃓⃓⃓⃓
≤ Cνσ−α

[︁
ωN(R) + ωcore

N (R) + r2∗ + ϵcoeffN

]︁
. (1111)

Here ϵcoeffN collects the already quantified finite-N coefficient moduli from the Lambert/reconstruction
audit.

Theorem 39 (Finite-N signed fractional certification on an outer overlap). Assume (1105)–
(1110), the coefficient bounds of Parts 39–40, and choose δ > 0 so that

Hα ≤ −h∗ < 0, 1 ≤ α < 1 + δ. (1112)

There exist R0 <∞, r∗ > 0, and N0 <∞ such that, for R ≥ R0, N ≥ N0, and

RεN ≤ r ≤ r∗, (1113)

provided the bracket in (1111) is at most h∗/(2C), one has⃓⃓⃓⃓
FN,α

PN,α

+ νHασ
−α

⃓⃓⃓⃓
≤ 1

2
νh∗σ

−α, (1114)

and hence

FN,α ≥ 1

2
νh∗PN,ασ

−α > 0. (1115)

Thus the positive tangent sign is a genuine finite-N sign on every regularized outer overlap
for which the inner-core tail is negligible.
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Proof. The affine tangent contribution is −νHαPN,ασ
−α by the cancellation already proved

in (866)–(867). The intrinsic geometric correction is bounded by (1107), the multiplicative
tangent-profile errors by (1105), the nonlocal inner-core interaction by (1110), and the re-
maining finite-N coefficient errors by ϵcoeffN . This gives (1111). Choose the parameters in the
order r∗ ↓ 0, R ↑ ∞, and then N ↑ ∞ so that the bracket is at most h∗/(2C). Equation
(1114) follows, and (1112) then gives (1115).

82 Exact local check at the anchor α = 1

At α = 1 no analytic continuation is needed to check the sign at every point of the outer
region where the finite-N factors are C2. Since L = −∂rr and

C1(u, v) = L(uv)− vLu− uLv, (1116)

the complete fractional block satisfies the exact identity

−νL(uv) + νC1(u, v) = −ν
(︁
vLu+ uLv

)︁
. (1117)

For the tangent powers
u = cUr

−6/5, v = cAr
−1/5, (1118)

we have

Lu = −66

25
cUr

−16/5, Lv = − 6

25
cAr

−11/5. (1119)

Therefore

−ν
(︁
vLu+ uLv

)︁
=

72

25
νcUcAr

−17/5 > 0. (1120)

This verifies directly that the anchor sign found in Part 46 is not a sign artifact of the
Gamma-function representation. What remains nontrivial is uniform convergence of the
regularized finite-N factors and their nonlocal core tails to this outer tangent behavior.

83 Interaction with the critical coupled path

The critical path of Part 45 is admissible for the signed theorem only if it lies outside the
regularization core:

εN√︂
σcrit
N,α

−→ 0. (1121)

Equivalently,
ε2N = o(σcrit

N,α). (1122)

If (1121) and the core-tail condition (1110) hold, then the signed classification of the coupled
regimes is rigorous on the selected overlap: critical and viscosity-dominant paths carry a
positive complete fractional block rather than damping. If instead rN ≍ εN or rN ≪ εN ,
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the tangent theorem does not apply and the sign must be computed from the explicit inner
regularization.

This produces a sharp dichotomy:

εN/
√
σN → 0 =⇒ outer tangent sign is certifiable under (1110),

√
σN = O(εN) =⇒ inner-core sign remains regularization-dependent.

(1123)

84 Status of the scalar no-blow-up alternative

The finite-N audit therefore does not establish a viscosity-driven no-blow-up mechanism. On
every certified outer overlap the complete fractional block has the positive sign (1115), and
at α = 1 the sign is confirmed directly by the local identity (1120). However, the manuscript
does not yet specify enough about the inner finite-N regularization to prove (1110) on paths
entering r ≍ εN . Thus no statement about the sign in that inner layer is justified without
an explicit regularization formula.

The exact remaining scalar question is

derive εN and the inner profiles from the actual finite-N construction,then verify (1110) and (1121), or compute the inner fractional block directly if (1121) fails.

(1124)

This is strictly a statement about the scalar b3 product equation; it does not assert finite-
time singularity of the full velocity field.

Part V

Actual Finite-N Lambert
Regularization and Inner-Core Audit

85 Correction of the auxiliary core notation

Part 47 introduced an abstract spatial core radius, denoted there by εN , solely to formulate
a core–tail estimate for the fractional operator. The revised Lambert construction already
contains a quantity with the same symbol, but it has a different geometric meaning. The
two quantities must not be identified without calculation.

In the revised finite-N construction the actual base profile is

RN(θ) =
1

1− sin θ + εLN
, εLN =

λ

L2
N

, LN = log(1 + 2N), (1125)

with fixed λ > 0 (or, more generally, with the real-branch constraint LNε
L
N < 1). Hence

εLN ∼ λ

(log 2)2
N−2. (1126)
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This is a denominator regularization in the variable 1− sin θ; it is not a cutoff inserted into
the reconstructed scalar profile.

Near θ = π/2 write x = π/2− θ. Then

1− sin θ = 1− cos x =
x2

2
+O(x4), (1127)

so the physical angular radius on which the denominator regularizer itself is comparable with
the quadratic geometric term is

rε,N ≍ (εLN)
1/2 ≍ L−1

N . (1128)

Thus, if one uses a squared geometric coordinate, the corresponding regularization scale is
σε,N ≍ εLN , not (ε

L
N)

2. The condition (1122) therefore cannot be applied to the manuscript’s
εLN without this conversion.

86 The branch point lies outside the denominator core

The finite-N branch point is defined by

RN(θ∗,N) = LN . (1129)

Putting θ∗,N = π/2− x∗,N gives

1− cos x∗,N + εLN =
1

LN

. (1130)

For εLN = λL−2
N ,

x∗,N ∼
√︃

2

LN

. (1131)

Consequently
x∗,N
rε,N

≍ L
1/2
N −→ ∞. (1132)

The Lambert branch point therefore does not sit in the denominator regularization core
around π/2. At the branch point the denominator is exactly L−1

N , whereas εLN = O(L−2
N ) is

lower order.
This observation changes the interpretation of Part 47: the nonlocal “inner core” relevant

to a tangent expansion about θ∗,N is not r ≲ εLN . One must instead use the actual Lambert
branch-layer width generated by ∆N,0.

87 The actual Lambert inner profile

Define
∆N,0(θ) = RN(θ)− LN . (1133)
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At the left branch point,

R′
N(θ∗,N) = L2

N cos θ∗,N ∼
√
2L

3/2
N . (1134)

Hence, with y = θ − θ∗,N ,

∆N,0(θ) = aNy +O(L2
Ny

2), aN ∼
√
2L

3/2
N . (1135)

The normalized Lambert layer used in the revised construction is

22N∆N,0 = O(1). (1136)

It follows that its actual angular width is

wN ≍ 2−2N

√
2L

3/2
N

≍ 2−2NN−3/2. (1137)

Introduce the genuine inner coordinate

ξN :=
y

wN

. (1138)

Then on bounded ξN -sets,

∆N,0(θ) = 2−2NξN [1 + o(1)]. (1139)

For every fixed finite Lambert depth k, the branch expansion

F(∆) =
√
2∆− 2

3
∆ +O(∆3/2) (1140)

therefore yields the inner cascade

∆N,k(θ) = Ck 2
−2N/2k ξ

1/2k

N [1 + o(1)], (1141)

with Ck > 0. Equation (1141), rather than an arbitrarily cut off power, is the actual finite-N
Lambert inner profile.

88 Comparison with the critical fractional path

Part 45 gave, up to uniformly positive coefficient factors,

σcrit
N,α ≍

[︁
|SN,jc|A k(N)−jc

∗
]︁1/dα

, dα =
2α2

7− 2α
. (1142)

The correct comparison now involves two distinct scales:

σε,N ≍ L−2
N (1143)
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for the squared angular radius of the denominator regularization about π/2, and

σLam,N ≍ w2
N ≍ 2−4NL−3

N (1144)

for the squared local Lambert branch-layer radius about θ∗,N . They are exponentially sepa-
rated:

σLam,N

σε,N
≍ 2−4NL−1

N −→ 0. (1145)

If k(N)− jc ∼ c logN and the entrance sensitivity is nondegenerate, then

σcrit
N,α ≍ N−µα , µα = c| logA∗|

7− 2α

2α2
. (1146)

Therefore every such polynomial critical path satisfies

σLam,N

σcrit
N,α

−→ 0. (1147)

Thus the critical path is asymptotically far outside the exponentially thin Lambert branch
layer. The critical fractional competition does not, under this depth law, force the solution
into the actual Lambert inner layer.

The comparison with the denominator radius is different and depends on µα:

σcrit
N,α

σε,N
≍ N2−µα . (1148)

Hence
µα < 2 =⇒ σcrit

N ≫ σε,N ,

µα = 2 =⇒ comparable squared scales,

µα > 2 =⇒ σcrit
N ≪ σε,N .

(1149)

This comparison must not be interpreted as entry into the Lambert branch layer, because
the centers of the two scalings are different: the denominator regularization is centered at
π/2, while the branch tangent is centered at θ∗,N and (1132) separates those centers by many
denominator-core radii.

89 Consequence for the inner fractional block

The preceding calculation removes an ambiguity in the proposed inner fractional audit.
There is no manuscript-defined cutoff profile of radius εLN around the branch point whose
fractional Laplacian can be computed. The finite-N scalar coefficient is generated instead by
the smooth denominator (1125), the translated branch point (1129), and the renormalized
inner cascade (1141).

Accordingly, the correct finite-N inner fractional object is obtained by substituting the
exact regularized factors reconstructed from ∆N,k(θ) into

FN,α = −ν(−∆)αbN + νCN,α(ux,N , uy,N), (1150)
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and rescaling θ = θ∗,N + wNξ. Since wN ≪ (εLN)
1/2 but the branch point itself is a distance

x∗,N ≫ (εLN)
1/2 from π/2, the regularized denominator is analytic on the wN branch window.

Its Taylor coefficients enter through aN in (1135); there is no additional cutoff singularity at
|ξ| = O(1).

For critical paths satisfying (1147), however, the evaluation scale remains outside this wN

layer. Therefore the inner formula (1141) is not the leading profile on the critical path, and
the outer signed fractional audit of Parts 46–47 remains the relevant candidate provided its
nonlocal tail estimate is proved using the exact denominator profile rather than the auxiliary
cutoff model.

90 Revised scalar status

We have therefore identified the actual regularization and corrected the scale comparison:

εLN = λL−2
N , rε,N ≍ L−1

N , wN ≍ 2−2NL
−3/2
N . (1151)

The earlier abstract condition ε2N = o(σcrit
N ) is not a theorem about the εLN and is superseded

by the two-center, two-scale comparison (1147)–(1149).
In particular, under the standard logarithmic depth law the critical path is polynomial

while the genuine Lambert inner branch layer is exponential, so

σLam,N = o(σcrit
N,α). (1152)

Thus the critical path does not reach the actual Lambert inner layer. What remains to
certify the positive fractional sign is not an arbitrary inner cutoff computation, but a direct
core–tail estimate for the exact finite-N denominator/cascade profile in (1125), (1133), and
(1141).

This remains a scalar b3 statement only. It neither proves nor disproves finite-time
singularity of the reconstructed velocity field.

Part 49. Exact Nonlocal Core–Tail Audit for the Actual

Finite-N Lambert Profile

The preceding part identified the genuine Lambert branch layer without introducing an aux-
iliary cutoff. We now use that exact layer to replace the schematic core–tail condition of
(1108)–(1110) by a quantitative estimate. The conclusion has two levels. For the reduced
scalar characteristic the Lambert invariant gives an explicit exponentially small core mass.
For the complete reconstructed fractional block the same conclusion follows provided the
square-root geometric coefficient stays uniformly separated from zero on the Lambert phase
window. This distinction is essential because the Lambert phase variable and the indepen-
dent periodic geometric variable are not the same Eulerian coordinate.
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91 Exact periodic fractional kernel representation

For a 2π-periodic function f = f(θ), write the one-dimensional fractional operator in
singular-integral form

(−∂θθ)αf(θ) = cα PV

∫︂ π

−π

(︁
f(θ)− f(η)

)︁
Kα(θ − η) dη, (1153)

where
Kα(h) =

∑︂
m∈Z

|h+ 2πm|−1−2α. (1154)

For |h| ≤ h0 < π,
Kα(h) = |h|−1−2α +Oh0,δ(1) (1155)

uniformly for 1 ≤ α < 1 + δ.
Let

y = θ − θ∗,N , wN ≍ 2−2NL
−3/2
N , (1156)

and fix M > 1. The actual Lambert core is

IN(M) = {η : 0 < η − θ∗,N < MwN}. (1157)

For an evaluation point y > 2MwN , every η ∈ IN(M) satisfies

y

2
≤ |θ − η| ≤ 3y

2
, (1158)

and hence
sup

η∈IN (M)

Kα(θ − η) ≤ CM,δy
−1−2α. (1159)

Thus the contribution of the genuine Lambert core to the fractional operator obeys the exact
separated-kernel estimate

|T Lam
N,α [f ](y)| ≤ CM,δy

−1−2α

(︃
MwN |f(θ)|+

∫︂ MwN

0

|f(θ∗,N + ρ)| dρ
)︃
. (1160)

No artificial cutoff has entered (1160): the interval is the actual branch window selected by
the Lambert normalization 22N∆N,0 = O(1).

92 Exact Lambert invariant and the inner scalar am-

plitude

The reduced characteristic system possesses the exact invariant

∆N,k = KNqNe
−qN , qN =

1

bN
, (1161)
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with KN > 0 fixed along a characteristic. Equivalently,

qN = −W0

(︃
−∆N,k

KN

)︃
, bN = − 1

W0(−∆N,k/KN)
. (1162)

Since W0(−x) = −x+O(x2) as x ↓ 0,

bN =
KN

∆N,k

(︁
1 +O(∆N,k)

)︁
. (1163)

For fixed finite k, Part 48 gave

∆N,k(θ∗,N + wNξ) = Ck2
−2N/2kξpk [1 + o(1)], pk = 2−k. (1164)

Therefore, uniformly on compact subintervals 0 < ξ ≤M ,

bN(θ∗,N + wNξ) =
KN

Ck

22N/2kξ−pk [1 + o(1)]. (1165)

For every k ≥ 1, 0 < pk ≤ 1/2, so the inner scalar singularity is locally integrable. Changing
variables ρ = wNξ gives∫︂ MwN

0

bN(θ∗,N + ρ) dρ =
KN

Ck

22N/2kwN

∫︂ M

0

ξ−pk dξ [1 + o(1)]

=
KN

Ck

M1−pk

1− pk
22N/2kwN [1 + o(1)].

(1166)

Using wN ≍ 2−2NL
−3/2
N , ∫︂ MwN

0

bN dρ ≤ CM,kKN2
−2N(1−2−k)L

−3/2
N . (1167)

Thus the actual finite-N Lambert core has exponentially small scalar L1 mass for every fixed
k ≥ 1.

93 The coupled depth is even safer

The fixed-depth expansion (1164) must not be extrapolated blindly to k = k(N) → ∞. In
the coupled regime the exact nonlinear Lambert map is used. Once the orbit has entered
a compact subset of (0,∆∗), the renormalized branch distance is bounded above and below
by positive constants. The invariant (1161) then keeps qN , and hence bN , bounded on that
captured portion of the inner window. Consequently∫︂ MwN

0

bN dρ = O(wN) = O(2−2NL
−3/2
N ) (1168)

there. Therefore the fixed-k estimate (1167) is the worst Lambert-core mass estimate relevant
to the present audit; the captured coupled cascade does not create a larger core mass merely
by increasing the Lambert depth.
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94 Scalar fractional tail on an outer evaluation scale

Apply (1160) to f = bN . If yN/wN → ∞, then the evaluation value in the outer tangent
region satisfies

bN(yN) ≍ BN,αy
−βα

N (1169)

with the outer exponent used in the scalar terminal profile. The term wNbN(yN) in (1160) is
smaller than the local fractional scale by the factor wN/yN . The inner-mass term is controlled
by (1167). In particular, for fixed k ≥ 1,

|T Lam
N,α [bN ](yN)| ≤ Cy−1−2α

N

[︂
wNbN(yN) +KN2

−2N(1−2−k)L
−3/2
N

]︂
. (1170)

Relative to the local outer fractional magnitude bN(yN)y
−2α
N this yields

|T Lam
N,α [bN ](yN)|
bN(yN)y

−2α
N

≤ C

[︄
wN

yN
+
KN2

−2N(1−2−k)L
−3/2
N

yNbN(yN)

]︄
. (1171)

On every polynomial outer path yN ≍ N−γ for which KN and the outer normalization grow
at most subexponentially, both terms in (1171) vanish exponentially. In particular, the

polynomial critical path of Part 48 satisfies yN =
√︂
σcrit
N,α ≫ wN , and hence

T Lam
N,α [bN ] = o

(︁
bN(yN)y

−2α
N

)︁
. (1172)

This proves the required core–tail separation for the reduced scalar fractional term under
the displayed subexponential normalization condition.

95 Passage to the complete reconstructed fractional

block

The complete block is

FN,α = −ν(−∆)αbN + νCN,α(ux,N , uy,N). (1173)

The active square-root reconstruction is

uy,N =
√︁
−2χbN , ux,N =

√︄
−bN
2χ
. (1174)

The Lambert branch window is in the phase variable θ = t − z, whereas χ = χ(x) is an
independent periodic geometric coefficient. Therefore one must not identify the Lambert
distance y with the distance to a zero of χ.

Fix a transverse Eulerian point x for which

0 < cχ ≤ |χ(x)| ≤ Cχ <∞. (1175)
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Then on the Lambert phase window

|ux,N |+ |uy,N | ≤ Cχb
1/2
N . (1176)

Using (1165), ∫︂ MwN

0

b
1/2
N dρ ≤ CM,kK

1/2
N 2−2N(1−2−k−1)L

−3/2
N . (1177)

Hence the separated nonlocal tails generated by ux and uy are also exponentially small on
every polynomial critical path. The bilinear commutator kernel can be written schematically
as

Cα(f, g)(θ) = cα

∫︂
(f(θ)− f(η))(g(θ)− g(η))Kα(θ − η) dη, (1178)

up to the sign convention already fixed in Part 46. On the separated core, (1159), (1167),
and (1177), together with Cauchy–Schwarz or the elementary product bound, give

T Lam
N,α [C(ux, uy)] = o

(︁
PN,α(yN)y

−2α
N

)︁
(1179)

provided (1175) holds uniformly and the characteristic constant KN and outer coefficient
moduli are subexponential in N .

The condition (1175) cannot be deleted. If the Lambert phase window is simultaneously
forced onto a zero of χ, the fixed-space obstruction of Part 41 reappears and the preceding
one-dimensional Lambert mass estimate is not sufficient to control the reconstructed velocity
commutator. That is a separate two-variable concentration problem, not an inner Lambert-
tail problem.

96 Finite-N sign certification without an auxiliary cut-

off

Combine the outer fractional estimate (1111) with (1172) and (1179). The abstract cutoff
modulus ωcore

N (R) can now be replaced, on the actual Lambert branch window, by

ΩLam
N,α (yN) ≤ C

[︄
wN

yN
+
KN2

−2N(1−2−k)L
−3/2
N

yNbN(yN)
+ Ωrec

N,α(yN)

]︄
, (1180)

where Ωrec denotes the square-root component contribution estimated by (1177)–(1179).
Under (1175), subexponential coefficient control, and a polynomial critical path,

ΩLam
N,α (yN) −→ 0 (1181)

uniformly for 1 ≤ α < 1 + δ after decreasing δ if necessary.
Recall that Part 46 proved

H1 = −72

25
< 0 (1182)
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and, by continuity, chose δ > 0 and h∗ > 0 so that

Hα ≤ −h∗ < 0, 1 ≤ α < 1 + δ. (1183)

Therefore the finite-N complete fractional block satisfies

FN,α

PN,α

= −νHασ
−α + o(σ−α), (1184)

and hence, for sufficiently large N on the certified outer/critical path,

FN,α ≥ 1

2
νh∗PN,ασ

−α > 0. (1185)

Thus the positive fractional sign found at the Mellin tangent survives the actual exponentially
thin finite-N Lambert branch core; no auxiliary cutoff is needed for this scalar core–tail
separation.

97 Precise status and remaining obstruction

The result of this part is narrower than a Navier–Stokes blow-up theorem. It proves that the
genuine Lambert inner layer does not reverse the positive signed scalar fractional coefficient
on polynomial critical paths, subject to the explicit uniform separation (1175) and subex-
ponential coefficient bounds. It does not resolve the independent fixed-space singularity at
a zero of χ or the higher Sobolev compactness problem.

The scalar ledger is therefore sharpened to

actual Lambert width wN ≍ 2−2NL
−3/2
N ,

actual inner invariant bN = −1/W0(−∆N,k/KN),

Lambert core mass exponentially small,

nonlocal Lambert core tail negligible on polynomial critical paths,

positive fractional sign survives at finite N under (1175) and subexponential coefficient control.

(1186)
The next genuinely new obstruction is therefore no longer the one-dimensional Lambert core
tail. It is the compatibility of this certified scalar sign with the full reconstructed velocity
geometry, especially if the terminal characteristic approaches the geometric zero set χ = 0.

Part 50. Interaction of the Certified Lambert Fractional

Sign with the Full Reconstructed Velocity Geometry

98 Why the remaining issue is genuinely two-variable

Part 49 certifies the finite-N scalar fractional sign on a Lambert phase window provided that
the independent square-root coefficient satisfies

0 < cχ ≤ |χ(x)|. (1187)
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The point of the present part is to audit exactly what happens when this hypothesis is
weakened along the physical characteristic. The two small variables are

y = θ − θ∗,N , θ = t− z, r = −χ(x) > 0, (1188)

on the selected branch. They are independent Eulerian variables. In particular, no identity
of the form r ≍ y is available unless it is proved from the characteristic equations.

The reconstruction is

b = uxuy, uy = A =
√
2rb, ux =

√︃
b

2r
, uz = C. (1189)

Thus the scalar b may have a certified one-dimensional fractional sign while the individual
velocity factors become singular as r ↓ 0. This is the precise mechanism that must now be
separated from the Lambert core-tail calculation.

99 Exact geometric evolution along the characteristic

For the reconstructed transport field used in the scalar equation,

ẋ = AC2, ż = b. (1190)

Consequently
θ̇ = 1− b. (1191)

Since r = −χ(x),
ṙ = −χ′(x)AC2 = −χ′(x)

√
2rbC2. (1192)

Equivalently, with
σ = χ2 = r2, (1193)

one obtains
σ̇ = 2χχ′ẋ = 2χχ′AC2. (1194)

For the periodic choice χ(x) = sin(x−x∗) on the branch χ = −
√
σ, |χ′| =

√
1− σ. Choosing

the orientation for which the characteristic moves toward σ = 0 gives the exact law

σ̇ = −2
√
2(1− σ)1/2σ3/4b1/2C2. (1195)

This formula contains no Lambert approximation and no auxiliary cutoff.
Dividing (1195) by (1191), on the terminal branch b > 1, gives

dσ

dθ
= 2

√
2(1− σ)1/2σ3/4 b

1/2

b− 1
C2. (1196)

Therefore the approach to χ = 0 is not free data: it must be generated by this coupled
characteristic equation.
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100 Exact loss factors in the reconstructed Lambert

core-tail estimate

The scalar estimate of Part 49 used only the L1 mass of b. The reconstructed factors carry
explicit powers of r:

|ux| =
b1/2√
2 r1/2

, |uy| =
√
2 r1/2b1/2. (1197)

Let
rN,min := inf

|y|≤MwN

rN(y) (1198)

be the smallest geometric distance reached across the actual Lambert core. Then the exact
finite-N inner estimate (1177) implies∫︂

|y|≤MwN

|ux,N(y)| dy ≤ Cr
−1/2
N,minK

1/2
N 2−2N(1−2−k−1)L

−3/2
N . (1199)

Similarly, ∫︂
|y|≤MwN

|uy,N(y)| dy ≤ Cr
1/2
N,maxK

1/2
N 2−2N(1−2−k−1)L

−3/2
N , (1200)

where rN,max = sup|y|≤MwN
rN(y). Thus uy does not create the dangerous geometric loss; the

potentially singular factor is ux.
Equation (1199) immediately gives a quantitative replacement for the fixed separation

assumption (1175). It is sufficient that

r
−1/2
N,minK

1/2
N 2−2N(1−2−k−1)L

−3/2
N = o(SN), (1201)

where SN denotes the outer normalization against which the commutator tail is compared.
In particular, if KN and S−1

N are subexponential and

rN,min ≥ e−o(N), (1202)

then the exponentially small Lambert mass still wins. More generally, if

rN,min = e−λN+o(N), (1203)

then (1199) retains exponential decay whenever

λ

2
< 2 log 2 (1− 2−k−1) (1204)

for fixed k, modulo the displayed subexponential coefficient factors. This is a sufficient
threshold, not a necessary one, because the exact bilinear commutator may contain additional
cancellation.
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101 The square-root product cancellation and what it

does not prove

Pointwise, the reconstruction has the exact product identity

uxuy = b. (1205)

Hence the most singular algebraic powers r−1/2 and r1/2 cancel in the undifferentiated prod-
uct. This is why the scalar equation can remain well organized even as the individual
components become geometrically singular.

For the fractional commutator, however,

Cα(ux, uy)(X) = cα p.v.

∫︂
(ux(X)− ux(Y ))(uy(X)− uy(Y ))

|X − Y |3+2α
dY (1206)

in three dimensions, with the corresponding periodic kernel on T3. The identity (1205)
does not reduce (1206) to a scalar function of b, because the two differences sample the
independent x-geometry at the remote point Y . Therefore the scalar core-tail certification
cannot be promoted to the full reconstructed commutator merely from uxuy = b.

This identifies the exact remaining nonlocal datum: one needs a two-variable estimate
which simultaneously resolves the Lambert phase distance and the transverse geometric
distance to χ = 0.

102 A two-scale core-tail modulus

Introduce the physical Lambert width wN and a transverse geometric width ℓχ,N by

|y| ≲ wN , |x− x∗| ≲ ℓχ,N . (1207)

Near a simple zero,
r = |χ(x)| ≍ |x− x∗|. (1208)

Define the reconstructed two-scale tail modulus

Θrec
N,α(X) :=

⃓⃓⃓⃓∫︂
QN

(ux(X)− ux(Y ))(uy(X)− uy(Y ))Kα(X − Y ) dY

⃓⃓⃓⃓
PN,α(X)σ(X)−α

, (1209)

where
QN = {|y(Y )| ≤MwN , |x(Y )− x∗| ≤Mℓχ,N}. (1210)

The exact condition required to extend Part 49 through the geometric zero is

sup
X∈ON

Θrec
N,α(X) −→ 0 (1211)

uniformly for 1 ≤ α < 1 + δ on the chosen outer evaluation region ON . Unlike the old
auxiliary-cutoff hypothesis, (1211) is formulated directly for the actual reconstructed velocity
and the actual finite-N core.
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103 Finite-energy obstruction if the geometric singu-

larity fills an Eulerian neighborhood

There is an independent obstruction which no fractional sign calculation can remove. From
(1189),

|ux|2 =
b

2r
. (1212)

At fixed (y, z, t), if b→ b∗ > 0 as r ↓ 0, then∫︂ η

0

|ux|2 dr ∼
b∗
2

∫︂ η

0

dr

r
= +∞. (1213)

Thus an Eulerian neighborhood carrying a nonzero scalar trace at χ = 0 is incompatible
with finite kinetic energy. A single characteristic has measure zero, so (1213) does not follow
merely from the fact that one trajectory reaches χ = 0. What must be determined is the
transverse measure and profile of the set of nearby trajectories.

If locally
b(r) = O(rm), (1214)

then
ux = O(r(m−1)/2). (1215)

Consequently the zeroth-order energy obstruction is removed whenm > 0 in a one-dimensional
transverse slice, whereas control of higher derivatives requires progressively stronger vanish-
ing. This is a compatibility condition on the full Eulerian reconstruction, not on the scalar
characteristic alone.

104 A conditional geometric persistence theorem

Theorem 40 (Persistence of the finite-N positive fractional sign under geometric separa-
tion). Fix a sufficiently small δ > 0 so that

Hα ≤ −h∗ < 0, 1 ≤ α < 1 + δ. (1216)

Assume the scalar hypotheses of Part 49, the polynomial outer critical path, and subexponen-
tial Lambert/coefficient normalizations. Suppose in addition that either

inf
QN

|χ| ≥ cχ > 0, (1217)

or, more generally, the actual reconstructed two-scale modulus satisfies (1211). Then

FN,α

PN,α

= −νHασ
−α + o(σ−α) (1218)

uniformly on the certified outer region, and therefore for sufficiently large N ,

FN,α ≥ 1

2
νh∗PN,ασ

−α > 0. (1219)
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The theorem deliberately separates two statements. Part 49 proves that the one-dimensional
Lambert core itself has too little mass to reverse the sign. The new hypothesis (1211) asks
whether the independent square-root geometry can amplify that exponentially small core
enough to destroy the same conclusion. No auxiliary cutoff is inserted.

105 What would falsify the present terminal recon-

struction

The preceding analysis gives a concrete obstruction test. The present terminal reconstruction
would fail to inherit the certified scalar sign if the characteristic geometry forced

rN,min ↓ 0 (1220)

so rapidly, or on so large a transverse set, that the two-scale modulus (1209) remained
order one or diverged. Even if the scalar fractional block stayed positive, a nonintegrable ux
neighborhood as in (1213) would also prevent the reconstructed field from belonging to the
finite-energy class required by the Navier–Stokes problem.

Conversely, proving (1211), together with the necessary fixed-space energy and Sobolev
estimates, would remove this particular geometric obstruction. Pressure compatability also
needs to be checked.

106 Updated proof ledger

The current logical status is

Lambert scalar core tail: certified negligible on the stated paths,
finite-N scalar fractional sign: positive on the certified overlap,
fixed separation from χ = 0 : sufficient for reconstructed persistence,
approach to χ = 0 : reduced to the exact two-scale modulus (1209),
finite-energy compatibility: requires transverse Eulerian control.

(1221)

The next calculation should therefore evaluate (1209) using the explicit continuity recon-
struction for C(x, s) and the exact characteristic map (1195)–(1196), rather than imposing
an artificial relation between the Lambert phase distance and |χ|.

107 Part 51: Can the exact characteristic map prove

the reconstructed two-scale modulus?

273. The precise question

Part 50 isolated the remaining reconstructed core–tail quantity

Θrec
N,α(X) :=

⃓⃓⃓⃓∫︂
QN

(ux(X)− ux(Y ))(uy(X)− uy(Y ))Kα(X − Y ) dY

⃓⃓⃓⃓
PN,α(X)σ(X)−α

. (1222)
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The proposed next step was to prove

sup
X∈ON

Θrec
N,α(X) → 0 (1223)

from the exact continuity reconstruction and characteristic map. This part performs that
audit without adding an auxiliary cutoff and, crucially, separates what follows from the
present equations from what would require a new transverse hypothesis.

274. Exact Eulerian reconstruction and exact Lagrangian map

The active Eulerian reconstruction keeps the two variables independent:

s = t− z − θ∗,N , χ = sin(x− x∗), σ = χ2, (1224)

with

uy = A =
√︁

−2χb, ux =
b

A
=

√︄
− b

2χ
, uz = C. (1225)

On the negative sine branch, χ = −
√
σ, and the exact continuity reconstruction is

CN(s, σ) = c0,N +

√
2BN

4
(1− σ)1/2σ−3/4IN(s), (1226)

where

IN(s) =

∫︂ s

0

r−β/2FN(r)
1/2 dr. (1227)

Along a selected characteristic one has exactly

ṡ = 1− bN , σ̇ = −2
√
2(1− σ)1/2σ3/4b

1/2
N C2

N , (1228)

and hence

dσ

ds
= 2

√
2(1− σ)1/2σ3/4 b

1/2
N

bN − 1
C2

N . (1229)

Under the terminal scalar asymptotic

bN(s) = BNs
−βFN(s), FN(s) → F0,N > 0, 0 < β < 2, (1230)

the self-consistent dominant balance already proved in Part 38 gives

σN(s) ∼ KNs
pβ , pβ =

12− 2β

7
, (1231)

and
CN(σ) ≍ σ−(β+1)/(6−β). (1232)

Equations (1226)–(1232) are Lagrangian information about the selected trajectory after the
Eulerian field has been reconstructed. They do not identify s with σ throughout an Eulerian
neighborhood.
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275. Exact algebraic reduction of the commutator numerator

At two points X,Y on the selected sign branch set

bX = b(X), bY = b(Y ), rX = |χ(X)|, rY = |χ(Y )|. (1233)

Then

ux =
b1/2√
2 r1/2

, uy =
√
2 b1/2r1/2. (1234)

A direct multiplication, with no asymptotic approximation, gives

(ux(X)− ux(Y ))(uy(X)− uy(Y ))

= bX + bY −
√︁
bXbY

[︄(︃
rY
rX

)︃1/2

+

(︃
rX
rY

)︃1/2
]︄
.

(1235)

Equivalently, with q = (rY /rX)
1/2 > 0,

D(X, Y ) := (ux(X)− ux(Y ))(uy(X)− uy(Y )) = bX + bY −
√︁
bXbY (q + q−1). (1236)

This identity exposes the exact geometric difficulty. The product identity uxuy = b removes
the pointwise square-root singularity, but the commutator contains the ratios rY /rX and
rX/rY . Therefore control of b along one characteristic does not by itself control the bilinear
difference kernel.

A useful absolute bound is

|D(X, Y )| ≤ bX + bY +
√︁
bXbY

[︄(︃
rY
rX

)︃1/2

+

(︃
rX
rY

)︃1/2
]︄
. (1237)

276. What the characteristic map actually controls

Let XN(t) be the distinguished characteristic. From (1231),

rN(t) := |χ(xN(t))| = σN(t)
1/2 ∼ K

1/2
N sN(t)

pβ/2. (1238)

Thus the exact reconstruction and characteristic map determine the rate at which that
trajectory approaches the geometric zero. They also give CN on that trajectory through
(1232).

However, the supremum in (1223) is Eulerian and the integral in (1222) samples a set of
remote points Y ∈ QN . To estimate it one needs, simultaneously,

r(Y ), b(Y ), |X − Y |, (1239)

for a positive-measure family of points Y , not only for the selected curve. Neither (1228)
nor (1229) supplies a Jacobian or a transverse stability estimate for the map from nearby
initial characteristics to Y . Consequently the one-trajectory law (1238) cannot by itself
imply (1223).
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Theorem 41 (No-go theorem for deriving the two-scale modulus from the present one-char-
acteristic data). Assume only the Eulerian reconstruction (1224)–(1227), the distinguished
characteristic laws (1228)–(1229), and the asymptotic relation (1231) along that distin-
guished characteristic. These data do not imply

sup
X∈ON

Θrec
N,α(X) → 0. (1240)

More precisely, they leave undetermined the transverse distribution of r(Y ) = |χ(Y )|, the
transverse scalar profile b(Y ), and the distance of QN from the evaluation set ON . Since
all three enter (1237) and the singular kernel Kα(X − Y ), two Eulerian fields may agree on
the distinguished characteristic and satisfy the same one-curve law (1231), while producing
different values of Θrec

N,α.

Proof. The characteristic equations constrain only the trace of the reconstructed field on
XN(t). Modify the field away from this curve inside a shrinking transverse tube, leaving its
trace and all quantities in (1228)–(1231) unchanged. Such a modification can alter rY and
bY in (1236), and can place positive measure arbitrarily close to the singular kernel region
Y = X. Hence the integral in (1222) is not determined by the one-curve data. Therefore no
bound tending to zero can be deduced from those data alone. □

This is a logical obstruction, not a claim that (1223) is false for the actual solution. It
identifies the missing estimate needed to prove it.

277. A sufficient two-scale theorem that can be proved

The preceding no-go result suggests the minimal quantitative information. Let

dN := dist(ON ,QN) > 0, VN := |QN |, (1241)

and suppose that on ON ∪QN

0 < r−,N ≤ r ≤ r+,N , 0 < b ≤ Bmax
N . (1242)

For the periodic fractional kernel there is a constant Cδ, uniform for 1 ≤ α < 1 + δ, such
that whenever X ∈ ON and Y ∈ QN ,

|Kα(X − Y )| ≤ Cδd
−3−2α
N . (1243)

Using (1237),

|D(X, Y )| ≤ 2Bmax
N

[︄
1 +

(︃
r+,N

r−,N

)︃1/2
]︄
. (1244)

Therefore

sup
X∈ON

Θrec
N,α(X) ≤ Cδ

Bmax
N VN
Pmin
N,α

[︄
1 +

(︃
r+,N

r−,N

)︃1/2
]︄
d−3−2α
N (σmax

N )α. (1245)

Here Pmin
N,α = infON

PN,α and σmax
N = supON

σ; the last factor follows from (Pσ−α)−1 ≤
(Pmin

N,α)
−1(σmax

N )α.
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Theorem 42 (Sufficient Eulerian two-scale criterion). If

sup
1≤α<1+δ

Bmax
N VN
Pmin
N,α

[︄
1 +

(︃
r+,N

r−,N

)︃1/2
]︄
d−3−2α
N (σmax

N )α −→ 0, (1246)

then
sup

1≤α<1+δ
sup

X∈ON

Θrec
N,α(X) −→ 0. (1247)

The proof is exactly (1243)–(1245). Unlike an auxiliary cutoff condition, (1246) is a statement
about the actual Eulerian core volume, geometric separation, scalar amplitude, and kernel
distance.

278. Incorporating the actual Lambert width

Part 49 gives the genuine Lambert phase width

wN ≍ 2−2NL
−3/2
N . (1248)

If the core occupies a phase interval of width O(wN) and a transverse geometric region of
measure Aχ,N , then

VN ≲ wNAχ,N . (1249)

Substitution into (1245) yields

sup
X

Θrec
N,α(X) ≲

Bmax
N

Pmin
N,α

2−2NL
−3/2
N Aχ,N

[︄
1 +

(︃
r+,N

r−,N

)︃1/2
]︄
d−3−2α
N (σmax

N )α. (1250)

Thus the exponential Lambert width wins against every collection of factors on the right
that grows only subexponentially in N . In particular, a sufficient outer-core regime is

log
Bmax

N

Pmin
N,α

= o(N), logA−1
χ,N = o(N), log r−1

−,N = o(N), log d−1
N = o(N), (1251)

with polynomial σN . Under (1251), (1247) follows.
This recovers and strengthens the qualitative conclusion of Part 50: the Lambert core is

exponentially thin enough to survive subexponential geometric deterioration. What is not
yet derived from the current PDE is that the actual Eulerian transverse quantities in (1251)
obey those bounds.

279. Consequence for the scalar differential inequality

Suppose now that (1246), or the sufficient specialization (1251), has been proved for the
actual Eulerian solution. Then Part 50 gives uniformly on the certified overlap

FN,α ≥ 1

2
νh∗PN,ασ

−α > 0. (1252)
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This term is favorable for a lower bound on ḃN ; it does not need to be discarded as a negative
viscous error.

Write the exact scalar characteristic equation in the form

ḃN = ΓNb
2
N + FN,α + 2CNGN −Rrec

N . (1253)

Therefore a sufficient condition for a Riccati lower inequality is

Rrec
N − 2CNGN ≤ (1− c)ΓNb

2
N for some c ∈ (0, 1), (1254)

because (1252) then gives

ḃN ≥ cΓNb
2
N . (1255)

Integrating (1255) gives

d

dt

1

bN(t)
= − ḃN

b2N
≤ −cΓN(t), (1256)

so
1

bN(t)
≤ 1

bN(te)
− c

∫︂ t

te

ΓN(τ) dτ. (1257)

Consequently, if for some finite TN > te

c

∫︂ TN

te

ΓN(τ) dτ >
1

bN(te)
, (1258)

then a positive classical solution satisfying (1255) cannot remain finite up to TN . It must
become unbounded at or before the first time at which the right side of (1257) reaches zero.

Theorem 43 (Conditional finite-time scalar blow-up criterion). Assume on a terminal char-
acteristic that bN(te) > 0, ΓN ≥ 0, the reconstructed two-scale estimate (1247), the posi-
tive fractional sign (1252), and the remainder inequality (1254) hold throughout [te, TN). If
(1258) holds for a finite TN , then

lim sup
t↑T∗,N

bN(t) = +∞ (1259)

for some T∗,N ≤ TN .

The proof is the reciprocal comparison (1256)–(1258). This theorem is a rigorous impli-
cation, but its hypotheses (1246)/(1251), (1254), and (1258) must still be verified from the
actual finite-N reconstruction before it can be called an unconditional blow-up theorem for
the scalar PDE.
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280. Updated status: what was proved and what remains

The attempted proof of (1223) has therefore produced a sharper result than a formal asser-
tion:

one-characteristic map s↔ σ : insufficient by itself for the Eulerian supremum,

exact square-root difference identity (1236): proved,

sufficient two-scale bound (1245): proved,

Lambert-width specialization (1250): proved,

subexponential criterion (1251): sufficient, but not yet derived from the PDE,

Riccati implication (1255)–(1259): rigorous once the displayed hypotheses are verified.

(1260)
Thus the present manuscript must not state that supX Θrec

N,α → 0 follows solely from the
exact characteristic map. The missing object is an Eulerian transverse stability or Jacobian
estimate for the family of characteristics. Proving such an estimate, together with the signed
reconstruction remainder bound (1254), is the next scalar-only task.

108 Part 52: Eulerian transverse Jacobian and signed

reconstruction-remainder audit

281. Triangular characteristic structure of the active Eulerian re-
construction

The scalar transport field appearing in the corrected b3 equation is

VN = (ANC
2
N , bNC

2
N/AN , bN). (1261)

In the active reconstruction bN = bN(s), AN = AN(x, s), CN = CN(x, s) and s = t−z−θ∗,N .
Hence the (x, s) subsystem is triangular:

ẋ = AN(x, s)CN(x, s)
2, ṡ = 1− bN(s). (1262)

In particular, neighboring characteristics having the same initial phase se retain the same
s(t); their transverse separation is governed by the one-dimensional nonautonomous x flow.

Let a denote the initial transverse coordinate and writeXN(t; a) for the solution of (1262).
Its transverse Jacobian

JN(t; a) := ∂aXN(t; a) (1263)

satisfies the exact variational equation

J̇N = ∂x(ANC
2
N)(XN(t; a), s(t))JN , JN(te; a) = 1. (1264)

Thus

JN(t; a) = exp

(︃∫︂ t

te

∂x(ANC
2
N)(XN(τ ; a), s(τ)) dτ

)︃
> 0. (1265)

This is the missing Eulerian Jacobian formula; it follows from the actual reconstruction and
does not impose b = b(σ) Eulerianly.
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282. Exact terminal form of the transverse velocity

Put r = −χ(x) > 0 on the selected negative sine branch. Then

AN =
√︁

2rbN , |χ′| = (1− r2)1/2. (1266)

From the exact continuity reconstruction (1226),

CN = c0,N +DN(s)(1− r2)1/2r−3/2, DN(s) :=

√
2BN

4
IN(s). (1267)

In the deep terminal overlap in which the reconstructed term dominates c0,N , uniformly up
to a relative error εC,N = o(1),

CN = DN(s)(1− r2)1/2r−3/2(1 +O(εC,N)). (1268)

Consequently

ANC
2
N =

√︁
2bN(s)DN(s)

2(1− r2)r−5/2(1 +O(εC,N)). (1269)

Since rx = −χ′ = −(1− r2)1/2 in the chosen orientation, differentiation gives, uniformly for
r ↓ 0,

∂x(ANC
2
N) =

5

2

√︁
2bND

2
Nr

−7/2(1 +O(r2 + εC,N)). (1270)

The same characteristic satisfies

ṙ = rxẋ = −
√︁

2bND
2
Nr

−5/2(1 +O(r2 + εC,N)). (1271)

Dividing (1270) by (1271) eliminates every large coefficient:

d log JN
dr

= −5

2

1

r
(1 +O(r2 + εC,N)). (1272)

Therefore, between an entry radius re and a terminal radius r < re,

JN(r; a) =
(︂re
r

)︂5/2
exp

(︃
O(r2e) +O

(︃∫︂ re

r

εC,N(ρ)
dρ

ρ

)︃)︃
. (1273)

Thus the transverse distortion is algebraic in r−1, not exponential in the Lambert depth. On
every polynomial critical path rN = σ

1/2
N = N−O(1), and under a uniform integrable relative

reconstruction error,

log JN = O(logN) = o(N). (1274)

The inverse Jacobian obeys the corresponding lower bound. Hence an initial transverse set
whose measure and distance from the evaluation region have subexponential N dependence
remains subexponential after transport through the terminal overlap.
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Theorem 44 (Eulerian transverse/Jacobian estimate). Assume the finite-N reconstruction
(1266)–(1268) on a common terminal overlap, with

sup
N

∫︂ re

0

εC,N(r)
dr

r
<∞. (1275)

Then the transverse flow is orientation preserving and there exist uniform constants cJ , CJ >
0 such that

cJ

(︂re
r

)︂5/2
≤ JN(r; a) ≤ CJ

(︂re
r

)︂5/2
. (1276)

In particular, on polynomial critical paths all Jacobian losses are subexponential in N .

283. Consequence for the two-scale modulus

Part 51 proved that the genuine Lambert width contributes wN ≍ 2−2NL
−3/2
N . The only

new loss generated by the transported transverse family is algebraic by (1276). Therefore,
provided the entry cross-section, the outer/core distance dN , the scalar amplitude ratio
Bmax

N /Pmin
N,α , and the geometric ratio r+,N/r−,N have at most polynomial (more generally

subexponential) growth, (1250) becomes

sup
X

Θrec
N,α(X) ≤ 2−2N exp(o(N)). (1277)

Hence
sup

1≤α<1+δ
sup

X∈ON

Θrec
N,α(X) −→ 0. (1278)

This closes the missing Jacobian part of the two-scale estimate under the explicit entry-set
and separation hypotheses just stated. It does not prove those hypotheses for an arbitrary
global Eulerian neighborhood; they are now isolated as finite-dimensional outer-overlap data
rather than an unknown characteristic Jacobian.

284. Exact simplification of the reconstruction remainder

Recall

Rrec
N = bN

CN,t + CN,z

CN

+ 2ANbNCN,x + 2
b2N
AN

CN,y. (1279)

For the active Eulerian reconstruction CN = CN(x, s) with s = t− z − θ∗,N ,

CN,t + CN,z = 0. (1280)

Moreover CN is independent of y in the displayed reconstruction, so CN,y = 0. Equivalently,
retaining the directional notation of Part 37,

Rrec
N = 2bNXCN > 0, X = AN∂x +

bN
AN

∂y. (1281)
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Using (834)–(836),

XCN ≍ σ−eR , eR =
5(β + 1)

2(6− β)
, (1282)

and

bN ≍ σ−ˆ︁ρβ , ˆ︁ρβ =
7β

2(6− β)
. (1283)

Therefore

Rrec
N ≍ crec,N σ

− 12β+5
2(6−β) , crec,N > 0. (1284)

285. Comparison with the Riccati coefficient

The Lambert sensitivity has the form

ΓN =
gN,α

s
, gN,α > 0, (1285)

and the exact characteristic map gives

s ≍ σ7/[2(6−β)]. (1286)

Hence

ΓNb
2
N ≍ cQ,NgN,ασ

− 14β+7
2(6−β) . (1287)

Subtracting the powers in (1284) and (1287) gives

14β + 7− (12β + 5)

2(6− β)
=
β + 1

6− β
=: qβ > 0. (1288)

Consequently
Rrec

N

ΓNb2N
≤ Crec

σqβ

gN,α

(1 + o(1)). (1289)

This is the precise coupled-limit condition hidden by a fixed-N exponent comparison. At
each fixed finite N , the ratio tends to zero as σ ↓ 0. Uniformly in N it tends to zero along
every path satisfying

σ
qβ
N

gN,α

−→ 0. (1290)

286. The forcing term relative to the Riccati scale

Assume, as in the scalar core-tail audit, that the forcing profile is uniformly bounded on the
terminal overlap,

|GN | ≤ G∗. (1291)

Since CN ≍ σ−qβ , (1287) gives

2|CNGN |
ΓNb2N

≤ CG
σmβ

gN,α

(1 + o(1)), mβ :=
12β + 5

2(6− β)
> 0. (1292)
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Because

mβ − qβ =
10β + 3

2(6− β)
> 0, (1293)

the reconstruction remainder is the slower-decaying of these two normalized errors. Thus
the single condition (1290) implies both

Rrec
N

ΓNb2N
→ 0,

2|CNGN |
ΓNb2N

→ 0, (1294)

provided 0 < σN < 1 and the coefficient prefactors are uniformly bounded. In particular,

Rrec
N − 2CNGN

ΓNb2N
≤ C

σ
qβ
N

gN,α

+ o(1). (1295)

287. Uniform Riccati lower inequality on the terminal overlap

Choose any c ∈ (0, 1). If the coupled terminal path is chosen so that for all sufficiently large
N

C
σ
qβ
N

gN,α

≤ 1− c, (1296)

then (1295), after shrinking the terminal overlap if necessary, gives

Rrec
N − 2CNGN ≤ (1− c)ΓNb

2
N . (1297)

Together with the positive finite-N fractional block certified in Parts 46–50 and the two-scale
persistence (1278), the exact scalar equation therefore yields

ḃN ≥ cΓNb
2
N . (1298)

Thus the signed remainder estimate requested after Part 51 closes on every coupled path
satisfying (1290), subject to the explicit uniform coefficient, entry-set, and separation as-
sumptions of this part.

288. What is still required for actual finite-time blow-up

The reciprocal comparison now gives

1

bN(t)
≤ 1

bN(te)
− c

∫︂ t

te

ΓN(τ) dτ. (1299)

Accordingly finite-time blow-up follows if the accumulated Riccati coefficient crosses the
reciprocal entry amplitude:

c

∫︂ TN

te

ΓN(τ) dτ >
1

bN(te)
. (1300)

The present calculation has proved the missing Jacobian estimate and the relative recon-
struction/forcing estimate only under the displayed terminal overlap hypotheses. It has
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not proved (1300). Moreover, because ΓN = gN,α/s and ṡ = 1 − bN , the time integral in
(1300) must be evaluated along the actual accelerating characteristic; it cannot be replaced
by a formal

∫︁
ds/s without the factor dt = ds/(1 − bN). This is the next decisive scalar

calculation.

Theorem 45 (Conditional closure of the two missing scalar estimates). Fix 1 ≤ α < 1 + δ
and 0 < β < 2. Assume the uniform terminal profile bounds used in Parts 38–41, the domi-
nance and error condition (1275), subexponential entry geometry and outer/core separation,
bounded forcing (1291), the finite-N positive fractional sign, and the coupled path condition
(1290). Then

sup
X

Θrec
N,α(X) → 0,

Rrec
N − 2CNGN

ΓNb2N
→ 0, (1301)

and for every fixed c ∈ (0, 1) the terminal overlap can be chosen so that

ḃN ≥ cΓNb
2
N . (1302)

The theorem is a conditional finite-N/coupled-limit closure of the two estimates requested
after Part 51; it is not yet an unconditional finite-time blow-up theorem because the integral
threshold (1300) remains to be proved.

289. Updated scalar proof ledger

The scalar-only status is now

transverse variational equation: exactly derived,
terminal Jacobian distortion: JN ≍ (re/r)

5/2 under (1275),
two-scale modulus: closed under subexponential entry/separation data,
reconstruction remainder/Riccati ratio: O(σqβ/gN,α),
forcing/Riccati ratio: O(σmβ/gN,α),
Riccati lower inequality: closed under (1290),
finite-time threshold: still requires evaluation of

∫︁
ΓNdt.

(1303)
The next scalar calculation should therefore evaluate the accumulated coefficient in (1300)
using ṡ = 1− bN and the already established terminal profile, rather than assuming that the
logarithmic singularity of ΓN = gN,α/s is automatically nonintegrable in physical time.

109 Part 52: Exact physical-time audit of the accumu-

lated Riccati coefficient

290. The threshold integral in the phase variable

We now evaluate the quantity left open in (1300). Along the terminal characteristic the two
exact identities are

ΓN(t) =
gN,α

s(t)
, ṡ(t) = 1− bN(t). (1304)
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On the large-amplitude branch bN > 1, s decreases as physical time increases. Therefore, if
se = s(te) and s = s(t) < se, then∫︂ t

te

ΓN(τ) dτ = gN,α

∫︂ se

s

dξ

ξ [bN(ξ)− 1]
. (1305)

This is the exact physical-time formula. The factor (bN −1)−1 is the factor which was absent
from the formal logarithmic argument.

291. Two-sided terminal profile bounds make the integral finite

Assume the terminal profile bounds already used in the preceding characteristic analysis: for
some 0 < β < 2 and positive constants B−, B+ independent of the terminal phase,

B− ξ
−β ≤ bN(ξ) ≤ B+ ξ

−β, 0 < ξ ≤ se. (1306)

Shrink se so that B−s
−β
e ≥ 2. Then

bN(ξ)− 1 ≥ 1

2
bN(ξ) ≥

B−

2
ξ−β, (1307)

and (1305) gives

0 ≤
∫︂ TN

te

ΓN(t) dt ≤
2gN,α

B−β
sβe <∞. (1308)

Thus the singular factor 1/s in ΓN is integrable in physical time once the accelerating char-
acteristic law is included.

If the sharper asymptotic

bN(s) = BNF0,Ns
−β(1 + o(1)) (1309)

holds, then dominated asymptotics in (1305) yield∫︂ TN

te

ΓN(t) dt =
gN,α

βBNF0,N

sβe (1 + o(1)). (1310)

At entry,
1

bN(te)
=

1

BNF0,N

sβe (1 + o(1)), (1311)

so the ratio appearing in the reciprocal threshold is

c

∫︂ TN

te

ΓN(t) dt

1/bN(te)
=
c gN,α

β
(1 + o(1)). (1312)

Consequently (1300) can hold asymptotically through this terminal interval only if

c gN,α > β + o(1). (1313)
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292. The Lambert coupled limit gives the opposite regime

The Lambert sensitivity estimates used earlier give gN,α = |SN,k(N)|, with the global contrac-
tion bound

gN,α ≤MS2
−k(N). (1314)

Hence whenever k(N) → ∞,
gN,α −→ 0. (1315)

For every fixed β > 0 and fixed c ∈ (0, 1), (1312) therefore implies

c

∫︂ TN

te

ΓN(t) dt

1/bN(te)
−→ 0. (1316)

In particular, the proposed threshold (1300) is not merely unproved on this coupled terminal
regime: under the two-sided profile asymptotic and the Lambert contraction gN,α → 0, it is
asymptotically false.

A version requiring only two-sided bounds follows from (1306). Since 1/bN(te) ≥ sβe/B+,
(1308) gives

c

∫︂ TN

te

ΓNdt

1/bN(te)
≤ 2cB+

B−β
gN,α. (1317)

Thus (1300) fails for all sufficiently large N whenever gN,α → 0 and the ratio B+/B− is
uniformly bounded.

293. Compatibility check with the Riccati lower inequality

There is a useful independent check. From

ḃN ≥ c
gN,α

s
b2N , ṡ = 1− bN < 0, (1318)

division by the negative quantity ṡ reverses the inequality:

dbN
ds

≤ −cgN,α

s

b2N
bN − 1

. (1319)

For bN → ∞ this is
d log bN
d log s

≤ −cgN,α(1 + o(1)). (1320)

A power profile bN ∼ Bs−β has left side −β + o(1), so compatibility requires

β ≥ cgN,α + o(1). (1321)

This is exactly opposite to the strict condition (1313) required for the reciprocal threshold.
Thus the terminal power profile and the Riccati lower comparison are mutually consistent,
but the lower comparison by itself is too weak to force the reciprocal to cross zero on the
same terminal interval.
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294. Finite physical time of the terminal power profile

The failure of (1300) must not be confused with a proof that the terminal profile cannot
blow up. If the two-sided profile (1306) is independently proved to persist all the way to
s = 0, then the exact phase law itself gives finite physical terminal time:

TN − t =

∫︂ s(t)

0

dξ

bN(ξ)− 1
. (1322)

Using (1309),

TN − t =
s(t)β+1

(β + 1)BNF0,N

(1 + o(1)). (1323)

Therefore
s(t) ∼ [(β + 1)BNF0,N(TN − t)]1/(β+1), (1324)

and
bN(t) ∼ (BNF0,N)

1/(β+1)(β + 1)−β/(β+1)(TN − t)−β/(β+1). (1325)

For the similarity value β = 2α− 1, this becomes

bN(t) ≍ (TN − t)−(2α−1)/(2α). (1326)

Thus a rigorously persistent terminal profile would itself imply finite-time scalar blow-up.
What remains to be proved is the persistence/existence of that profile for the actual finite-N
scalar PDE up to s = 0; it cannot be replaced by the failed integral threshold (1300).

Theorem 46 (Resolution of the integral-threshold question). Assume the two-sided terminal
profile (1306), bN > 1, the exact phase law ṡ = 1 − bN , and ΓN = gN,α/s. Then the
accumulated Riccati coefficient is finite and satisfies (1308). If in addition (1309) holds,
its sharp terminal asymptotic is (1310), and threshold (1300) is equivalent at leading order
to cgN,α > β. Consequently, on the Lambert coupled regime gN,α → 0 with fixed β > 0,
threshold (1300) fails for all sufficiently large N . If the terminal profile is independently
known to persist to s = 0, then nevertheless s = 0 is reached in finite physical time and bN
obeys the blow-up law (1325).

295. Updated scalar proof ledger

The corrected scalar status is

two-scale reconstructed modulus: closed under the hypotheses of Part 51,
signed reconstruction/forcing ratio: closed under (1290),

Riccati lower inequality: ḃN ≥ cΓNb
2
N ,

physical-time
∫︁
ΓNdt : finite and explicitly evaluated,

threshold (1300): fails when gN,α → 0 with fixed β > 0,
finite-time scalar profile law: follows if terminal-profile persistence is proved,
remaining scalar gap: prove actual finite-N profile persistence to s = 0.

(1327)
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The next scalar step is therefore not to seek a larger value of the integral in (1300). It is to
close a bootstrap which proves that the actual finite-N solution remains trapped between
two positive multiples of s−β all the way to the terminal endpoint, with the already audited
fractional, reconstruction, forcing, and transverse errors remaining subordinate.

110 Part 53: Two-Sided Terminal Persistence Audit

and the Coefficient-Matching Obstruction

296. Exact normalized equation for the proposed terminal profile

Part 52 showed that the reciprocal threshold (1300) cannot close the scalar argument in the
Lambert coupled regime. We now test the more decisive proposal

bN(s) = BNs
−βFN(s), 0 < F− ≤ FN(s) ≤ F+ <∞, (1328)

all the way to s = 0. This test must be performed from the exact characteristic equation
rather than by assuming the desired power in the coefficient estimates.

Along the large-amplitude branch,

ṡ = 1− bN < 0. (1329)

Introduce the exact dimensionless physical-time growth coefficient

HN(s) :=
s ḃN
b2N

. (1330)

Since dbN/ds = ḃN/(1− bN), direct differentiation of FN = B−1
N sβbN gives the exact identity

d logFN

d log s
= β − HN(s)

1− bN(s)−1
. (1331)

No asymptotic approximation has entered (1331). It is the correct equation for a two-sided
terminal bootstrap.

Integrating between s and an entry point se gives

FN(s) = FN(se) exp

{︃
−
∫︂ se

s

[︃
β − HN(r)

1− bN(r)−1

]︃
dr

r

}︃
. (1332)

Thus the persistence question is exactly a logarithmic coefficient-matching problem.

297. A rigorous sufficient persistence theorem

Define the matching defect

DN(s) := β − HN(s)

1− bN(s)−1
. (1333)
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Suppose bN ≥ 2 on (0, se] and there is a nonnegative modulus ωN such that

|DN(s)| ≤ ωN(s),

∫︂ se

0

ωN(r)
dr

r
≤M <∞. (1334)

Then (1332) immediately yields

FN(se)e
−M ≤ FN(s) ≤ FN(se)e

M , 0 < s ≤ se. (1335)

Consequently

BNFN(se)e
−Ms−β ≤ bN(s) ≤ BNFN(se)e

Ms−β. (1336)

If, more strongly, ∫︂ se

0

|DN(r)|
dr

r
<∞, (1337)

then the integral in (1332) has a finite limit and

FN(s) −→ F0,N ∈ (0,∞). (1338)

This proves a genuine two-sided persistence theorem, but it also identifies the precise esti-
mate that must be verified from the scalar PDE: the matching defect must be integrable in
logarithmic phase measure.

A convenient sufficient specialization is

HN(s) = β +O(sη), bN(s)
−1 = O(sβ), η > 0, (1339)

which gives DN(s) = O(smin{η,β}) and hence (1334)–(1338).

298. What the presently audited scalar equation actually gives

The exact scalar characteristic equation is

ḃN = ΓNb
2
N + FN,α + 2CNGN −Rrec

N , ΓN =
gN,α(s)

s
. (1340)

Multiplying by s/b2N gives the exact decomposition

HN(s) = gN,α(s) + ΦN,α(s) + EN(s), (1341)

where

ΦN,α(s) :=
sFN,α

b2N
, EN(s) :=

s(2CNGN −Rrec
N )

b2N
. (1342)

The Part 51 estimate

Rrec
N

ΓNb2N
= O

(︃
σqβ

gN,α

)︃
,

2|CNGN |
ΓNb2N

= O

(︃
σmβ

gN,α

)︃
(1343)
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implies, on the coupled path (1290),

EN(s) = o(gN,α(s)). (1344)

Indeed sΓN = gN,α.
For the already certified positive tangent fractional block, the terminal scalings used in

Parts 40–50 give, within a bootstrap in which (1328) and the corresponding s–σ law hold,

FN,α ≍ νbNσ
−α. (1345)

Hence

ΦN,α ≍ ν
sσ−α

bN
. (1346)

For the continuation exponent β = 2α− 1 and

σ ≍ spβ , pβ =
12− 2β

7
=

2(7− 2α)

7
, (1347)

one obtains the exact exponent identity

1 + β − αpβ =
4α2

7
> 0. (1348)

Therefore, subject to the same uniform coefficient bounds used in the fractional audit,

ΦN,α(s) = O
(︂
s4α

2/7
)︂
= o(1). (1349)

The positive fractional sign is favorable for ḃN , but in this normalization its contribution to
the exponent-matching quantity HN is lower order.

Combining (1341), (1344), and (1349) yields

HN(s) = gN,α(s) + o(gN,α(s)) + o(1). (1350)

This is the decisive persistence audit.

299. Necessary coefficient matching and failure of the proposed
fixed exponent on the Lambert coupled regime

Suppose the desired stronger persistence holds:

FN(s) −→ F0,N ∈ (0,∞). (1351)

Then (1331) shows that the logarithmic defect must have zero accumulated leading order.
In particular, if HN(s) has a terminal limit hN , then necessarily

hN = β. (1352)
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More generally, if for some ε > 0 ⃓⃓⃓⃓
HN(s)

1− bN(s)−1
− β

⃓⃓⃓⃓
≥ ε (1353)

with one fixed sign for all sufficiently small s, then (1332) forces FN(s) either to 0 or to +∞.
Thus no two-sided trapping with a positive finite terminal amplitude is possible.

Now impose the Lambert coupled regime used in Parts 40–52. If

sup
0<s≤se

gN,α(s) −→ 0 (1354)

and the uniform versions of (1344) and (1349) hold, then

sup
0<s≤se

HN(s) −→ 0. (1355)

For every fixed β = 2α− 1 > 0, the defect in (1333) therefore satisfies

DN(s) = β + o(1) (1356)

on the coupled terminal overlap. Its logarithmic integral is not integrable toward s = 0:∫︂ se

0

|DN(s)|
ds

s
= ∞. (1357)

Consequently the persistence criterion (1334) fails, and the proposed fixed-β profile cannot
be proved from the present subordinate-error regime. Under the uniform limit assumptions
just stated, it is in fact incompatible with that regime.

This conclusion is consistent with Part 52. There the reciprocal threshold would have
required cgN,α > β, whereas the present exact normalized equation shows that persistence of
the exponent β requires the stronger coefficient matching HN → β. If all non-Riccati terms
are lower order and gN,α → 0, that matching is absent.

300. The exponent selected by a Riccati-dominant finite-N regime

The obstruction does not say that every finite-N scalar trajectory is bounded. It says that
the previously imposed exponent β = 2α−1 is not selected by the currently audited Riccati-
dominant coefficient balance when gN,α is small.

For example, suppose at one fixed finite N that

gN,α(s) −→ g∗,N > 0, ΦN,α(s) + EN(s) −→ 0. (1358)

Then (1331) suggests the self-consistent exponent

γN = g∗,N , (1359)

not the externally imposed value 2α − 1. Indeed, defining ˜︁FN = sγN bN , the exact analogue
of (1331) is

d log ˜︁FN

d log s
= γN − HN(s)

1− b−1
N

. (1360)
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If the right side is logarithmically integrable, then

bN(s) ∼ ˜︁BNs
−γN . (1361)

Any rigorously established γN > 0 profile persisting to s = 0 would still reach s = 0 in finite
physical time, since

TN − t ≍ s1+γN , bN(t) ≍ (TN − t)−γN/(1+γN ). (1362)

But (1358), the positive lower limit g∗,N > 0, and the logarithmic integrability needed for
(1360) are new statements; they have not yet been proved uniformly from the finite-N
Lambert construction.

Theorem 47 (Terminal persistence criterion and obstruction for the current fixed exponent).
Let bN > 1 solve the exact scalar characteristic equation (1340) on (0, se], and define HN

by (1330). For any β > 0, the profile bN = BNs
−βFN satisfies the exact identity (1331). If

the matching defect (1333) obeys (1334), then the two-sided trapping estimate (1336) holds;
if (1337) holds, then FN converges to a positive finite limit. Conversely, if the defect is
eventually separated from zero with one sign, then such a positive finite terminal amplitude
is impossible. In particular, under the uniform Lambert coupled assumptions (1354), (1344),
and (1349), one has HN → 0, so a fixed exponent β = 2α− 1 > 0 cannot satisfy the required
coefficient matching.

301. Corrected scalar proof ledger and the next non-circular prob-
lem

The attempted persistence proof therefore produces a structural correction:

exact normalized profile equa-
tion:

proved in (1331),

two-sided persistence criterion: proved in (1334)–(1338),

fractional exponent contribu-
tion:

O(s4α
2/7) in the current bootstrap,

reconstruction/forcing contribu-
tion:

o(gN,α) under (1290),

required fixed-β matching: HN → β,
current Lambert coupled bal-
ance:

HN → 0 under (1354),

fixed β = 2α− 1 persistence: not closed; incompatible with the stated
uniform subordinate-error assumptions,

next scalar problem: derive the exponent from the exact
finite-N coefficient balance.

(1363)
Thus one must not use the power law bN ≍ s−(2α−1) as an input to prove the same power law.
The next non-circular route is to analyze HN(s) directly from the exact finite-N Lambert
coefficients, without assuming a terminal exponent, and determine whether it has a positive
limit or a positive logarithmic average. Only after that coefficient is derived can a terminal
power and the corresponding finite-time scalar blow-up law be claimed.
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111 Part 54: Exact Fixed-N Terminal Lambert Sen-

sitivity and the Exponent Selected by the Scalar

Balance

302. Fixed finite N must be taken before the coupled limit

Part 53 reduced the non-circular scalar problem to the terminal behavior of

SN,k(s) = s ∂s log∆N,k(s), gN,α(s) = |SN,k(N)(s)|. (1364)

We now keep N <∞ fixed. Then kN := k(N) is one fixed finite integer. The actual branch
coordinate from Part 48 satisfies, on the positive side of the finite-N Lambert branch point,

∆N,0(s) = aNs
(︁
1 +ON(s)

)︁
, aN = R′

N(θ∗,N) > 0, (1365)

where s = θ − θ∗,N after choosing the orientation for which ∆N,0 > 0. In the revised
regularization,

aN ∼
√
2L

3/2
N . (1366)

Consequently

SN,0(s) = 1 +ON(s). (1367)

This fixed-N statement is different from the later coupled estimate |SN,k(N)| ≤ 2−k(N)|SN,0|:
at fixed N there is no limit in which kN is sent to infinity while s ↓ 0.

303. Exact recurrence and its branch-point limit

Recall the exact renormalized Lambert map

∆N,j+1 = F(∆N,j), F(∆) = 1 +W0(−e−1−∆), (1368)

and the exact sensitivity recurrence

SN,j+1 = A(∆N,j)SN,j, A(∆) =
∆(1− q)

q2
, q = F(∆). (1369)

The branch expansion

q =
√
2∆− 2

3
∆ +O(∆3/2) (1370)

gives

A(∆) =
1

2
+O(∆1/2) (∆ ↓ 0). (1371)

For every fixed j the same expansion gives

∆N,j(s) = Cj(aNs)
2−j
(︂
1 +ON

(︁
s2

−j)︁)︂
, Cj = 21−2−j

, (1372)
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with the convention C0 = 1. Hence

A(∆N,j(s)) =
1

2
+ON

(︁
s2

−(j+1))︁
. (1373)

Iterating (1369) only a fixed number kN of times and using (1367) yields

SN,kN (s) = 2−kN
[︂
1 +ON

(︁
s2

−kN
)︁]︂
. (1374)

In particular the terminal limit exists and is strictly positive:

g∗,N := lim
s↓0

gN,α(s) = 2−kN > 0. (1375)

Moreover the convergence is logarithmically integrable:∫︂ se

0

|gN,α(s)− 2−kN | ds
s
<∞ (1376)

after decreasing the fixed-N branch neighborhood if necessary. Thus the positive lower limit
requested in (1358) is not an additional Lambert nondegeneracy hypothesis at fixed finite
N ; it follows from the actual branch expansion and the exact sensitivity recurrence.

Theorem 48 (Exact fixed-N terminal Lambert sensitivity). Fix N <∞ and a finite Lambert
depth kN . On the real positive side of a simple branch point for which (1365) holds, the exact
renormalized Lambert cascade satisfies (1374)–(1376). In particular

lim
s↓0

s ∂s log∆N,kN (s) = 2−kN . (1377)

304. What this proves for the Riccati part of the scalar equation

The exact scalar normalized coefficient from Part 53 is

HN(s) = gN,α(s) + ΦN,α(s) + EN(s). (1378)

If the last two terms were logarithmically integrable errors, then (1374) would give

HN(s) = 2−kN +ON(s
ηN ) (1379)

for some ηN > 0, and the persistence theorem of Part 53 would select

γN = 2−kN . (1380)

Indeed
bN(s) = ˜︁BNs

−γN (1 + o(1)) (1381)

would then be the exponent generated by the Riccati/Lambert coefficient itself, rather than
an exponent inserted in advance. If (1381) persisted to s = 0, the exact characteristic law
would give

TN − t ≍ s1+γN , bN(t) ≍ (TN − t)−γN/(1+γN ). (1382)

Thus the Lambert part alone does select a positive finite-N candidate exponent.
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305. Re-audit of the fractional term at the newly selected exponent

It is essential, however, not to declare (1381) proved before checking the fractional term with
this new exponent. The geometric characteristic calculation for a general tentative power
bN ≍ s−β gives

σ ≍ spβ , pβ =
12− 2β

7
. (1383)

The normalized fractional contribution has the scale

ΦN,α =
sFN,α

b2N
≍ ν sσ−α

bN
≍ sEα(β), (1384)

where

Eα(β) := 1 + β − αpβ =
7− 12α + (7 + 2α)β

7
. (1385)

Therefore the fractional term is lower order in the normalized coefficient only if

β > βfrac(α), βfrac(α) :=
12α− 7

7 + 2α
. (1386)

At the anchor

βfrac(1) =
5

9
. (1387)

For every kN ≥ 1,

γN = 2−kN ≤ 1

2
<

5

9
= βfrac(1), (1388)

and the strict inequality persists for α in a sufficiently small right neighborhood of 1. Hence,
in the depth regime relevant to the renormalized construction,

Eα(γN) < 0 (kN ≥ 1, α ≈ 1). (1389)

Thus ΦN,α is not a subordinate error at the Riccati-selected power s−2−kN ; according to the
currently audited scaling it becomes larger in the normalization HN . This prevents us from
promoting (1380) to a proved terminal exponent for the complete scalar equation.

306. The fractional-critical candidate and the amplitude matching
equation

Equation (1385) identifies the only power at which the leading fractional block can remain
of the same normalized order as the Riccati coefficient:

β = βfrac(α) =
12α− 7

7 + 2α
. (1390)

At this exponent Eα(β) = 0. If the complete finite-N fractional coefficient has a positive
terminal constant

FN,α = ν hN,α bNσ
−α(1 + o(1)), hN,α > 0, (1391)
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and
σ = KNs

pβ(1 + o(1)), bN = BNs
−β(1 + o(1)), (1392)

then

ΦN,α(s) −→
νhN,αK

−α
N

BN

. (1393)

The exact coefficient-matching condition HN → β would consequently become

βfrac(α) = 2−kN +
νhN,αK

−α
N

BN

, (1394)

up to any other nonvanishing normalized terminal terms. Formally this gives

BN =
νhN,αK

−α
N

βfrac(α)− 2−kN
. (1395)

For kN ≥ 1 and α sufficiently close to 1, the denominator is positive by (1388). Thus the
complete balance has a plausible positive amplitude rather than a sign contradiction.

But (1391) has not yet been certified for the new exponent (1390). The signed fractional
audit in Parts 46–50 was carried out for the previous continuation exponent, so its Mellin
coefficient and geometric powers must be recomputed at βfrac(α) before (1394)–(1395) can
be used as a theorem. This is the next non-circular scalar calculation.

307. Order of limits and reconciliation with the coupled contraction

There is no contradiction between (1375) and the coupled result gN,α → 0. The two limits
are

lim
N→∞

[︃
lim
s↓0

gN,α(s)

]︃
= lim

N→∞
2−k(N) = 0, (1396)

when k(N) → ∞. At every fixed finite N , however,

lim
s↓0

gN,α(s) = 2−k(N) > 0. (1397)

The fixed-N terminal coefficient is therefore positive but degenerates as N → ∞. This
precisely explains why Part 53’s uniform coupled limit lost the positive exponent while the
fixed-N calculation recovers one.

Theorem 49 (Fixed-N coefficient selection and remaining fractional obstruction). For every
fixed finite N and finite kN , the actual Lambert sensitivity has the positive terminal limit
g∗,N = 2−kN with logarithmically integrable error. Hence γN = 2−kN is the exponent selected
by the Riccati/Lambert part of the scalar equation. For kN ≥ 1 and α in a sufficiently small
right neighborhood of 1, however, the presently audited fractional scaling is not lower order at
that exponent. The complete scalar balance instead points to the fractional-critical candidate
βfrac(α) = (12α − 7)/(7 + 2α) and the amplitude matching condition (1394). A finite-time
scalar blow-up theorem therefore requires a new signed fractional coefficient calculation at
this exponent and a logarithmically integrable persistence estimate for the resulting matched
profile.

348



308. Updated scalar proof ledger

The fixed-N audit gives the following sharpened status:

SN,0 at the simple branch point: 1 +ON(s),

fixed-N Lambert sensitivity: SN,kN = 2−kN [1 +ON(s
2−kN )],

positive fixed-N limit: g∗,N = 2−kN > 0,
Riccati-selected candidate expo-
nent:

γN = 2−kN ,

fractional term at γN : not subordinate for kN ≥ 1, α ≈ 1,
fractional-critical exponent: βfrac = (12α− 7)/(7 + 2α),
complete amplitude matching: conditional formula (1394)–(1395),
finite-time scalar blow-up: not yet proved; requires signed frac-

tional certification and persistence at
βfrac.

(1398)
The next calculation is therefore sharply determined: recompute the complete signed finite-
N fractional coefficient for the general exponent β, evaluate it at βfrac(α), and test whether
the amplitude in (1395) is positive and whether the remaining matching defect is integrable
in ds/s. That calculation, rather than the Lambert sensitivity itself, is now the decisive
scalar obstruction.

112 Part 55: Complete Signed Fractional Coefficient

at the Derived Critical Exponent

309. Recompute the complete tangent coefficient for arbitrary β

We now perform the calculation requested at the end of Part 54 without reusing the special-
ization β = 2α− 1. Assume only the self-consistent characteristic scaling of Parts 38–39,

bN(σ) ∼ ˆ︁pNσ−ˆ︁ρβ , ˆ︁ρβ =
7β

2(6− β)
, 0 < β < 2. (1399)

Put r =
√
σ. The square-root reconstruction

uy,N =
√︁

−2χbN , ux,N =

√︄
−bN
2χ

has tangent powers
uy,N ∼ cA,Nr

λA(β), ux,N ∼ cU,Nr
λU (β), (1400)

where

λA(β) =
1

2
− ˆ︁ρβ, λU(β) = −1

2
− ˆ︁ρβ. (1401)

For

K+
α (λ) =

Γ(λ+ 1)Γ(2α− λ)

π
sin
(︁
π(α− λ)

)︁
, (1402)
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the product/commutator cancellation from (865)–(867) is algebraic and does not require the
old value of β. Consequently the complete leading fractional block is

FN,α

bN
= −νHα(β)σ

−α + o(σ−α), (1403)

with

Hα(β) := K+
α

(︃
−1

2
− ˆ︁ρβ)︃+K+

α

(︃
1

2
− ˆ︁ρβ)︃ . (1404)

Thus the signed positive fractional coefficient is

hα(β) := −Hα(β). (1405)

The finite-N certification requires, as before, that the actual geometric/nonlocal remainder
be o(σ−α) relative to bN . Equation (1403) is the exact Mellin tangent coefficient; that
remainder condition is logically separate.

310. Exact simplification at the fractional-critical exponent

Set

βc(α) :=
12α− 7

7 + 2α
. (1406)

A useful cancellation occurs:

6− βc =
49

7 + 2α
, ˆ︁ρβc =

12α− 7

14
. (1407)

Therefore

λU(α, βc) = −6α

7
, λA(α, βc) = 1− 6α

7
. (1408)

The complete coefficient at the derived exponent is consequently

Hcrit
α = K+

α

(︃
−6α

7

)︃
+K+

α

(︃
1− 6α

7

)︃
, hcritα = −Hcrit

α . (1409)

This is the requested general-α signed coefficient.
At α = 1, K+

1 (λ) = −λ(λ− 1). Hence

K+
1

(︃
−6

7

)︃
= −78

49
, K+

1

(︃
1

7

)︃
=

6

49
, (1410)

and therefore

Hcrit
1 = −72

49
< 0, hcrit1 =

72

49
> 0. (1411)
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Thus the complete tangent fractional block is strictly positive at the critical exponent:

FN,1

bN
=

72

49
ν σ−1 + o(σ−1). (1412)

Because the two arguments in (1409) and the analytically continued Mellin coefficient vary
continuously with α away from Gamma poles, there are δcrit > 0 and hcrit > 0 such that,
after shrinking the continuation interval if necessary,

hcritα ≥ hcrit > 0, 1 ≤ α < 1 + δcrit. (1413)

No explicit decimal value of δcrit is asserted without a certified interval evaluation of the
Gamma factors.

311. The amplitude equation must include the dependence of KN

on amplitude

There is a correction to the formal formula (1395). The characteristic constant KN is not
independent of the terminal amplitude. Write the physical leading amplitude as

bN(s) = BNs
−βc(1 + o(1)). (1414)

Equation (828) gives

KN = CβcB
2/7
N , Cβ :=

[︄
7
√
2

16(1− β/2)2(3− β/2)

]︄4/7
. (1415)

At the critical exponent the normalized fractional term therefore has the limit

ΦN,α −→ νhcritα C−α
βc

B−(1+2α/7)
N . (1416)

Together with the fixed-N Lambert limit g∗,N = 2−kN , coefficient matching HN → βc be-
comes

βc − 2−kN = νhcritα C−α
βc

B−(1+2α/7)
N . (1417)

Thus, whenever

βc(α) > 2−kN , (1418)

there is one and only one positive matched amplitude,

BN =

[︄
νhcritα C−α

βc

βc(α)− 2−kN

]︄7/(7+2α)

. (1419)

At α = 1, βc = 5/9 > 1/2, so (1418) holds for every kN ≥ 1; by continuity it continues to
hold on a sufficiently small right neighborhood of α = 1.
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312. Logarithmic persistence of the matched profile

Return to the exact identity from Part 53,

d logFN

d log s
= βc −

HN(s)

1− bN(s)−1
. (1420)

The fixed-N Lambert calculation gives

gN,α(s) = 2−kN +ON(s
2−kN ). (1421)

Suppose now that the finite-N fractional certification at the new exponent is sharpened from
o(1) to a positive-power remainder,

FN,α

bN
= νhcritα σ−α

(︁
1 +ON(s

ηF )
)︁
, ηF > 0, (1422)

and that the characteristic reconstruction and the normalized reconstruction/forcing errors
satisfy

σ = CβcB
2/7
N spβc

(︁
1 +ON(s

ησ)
)︁
, EN(s) = ON(s

ηE), (1423)

for some ησ, ηE > 0. Since b−1
N = O(sβc), equations (1417) and (1420)–(1423) give

d logFN

d log s
= ON(s

ηN ), ηN := min{2−kN , ηF , ησ, ηE, βc} > 0. (1424)

Therefore ∫︂ se

0

⃓⃓⃓⃓
d logFN

d log s

⃓⃓⃓⃓
ds

s
<∞, (1425)

and the persistence lemma of Part 53 yields

FN(s) −→ F0,N ∈ (0,∞), bN(s) ∼ BNs
−βc . (1426)

This is a genuine conditional persistence theorem. What remains to make it unconditional
is the positive-power finite-N remainder estimate (1422)–(1423) for the actual reconstructed
fields at the newly selected exponent. A mere o(1) remainder is not sufficient for logarithmic
integrability.

313. Consequence for finite physical time

If the hypotheses of the preceding persistence result are established, then βc > 0 for α > 7/12,
in particular throughout the continuation interval near α = 1. Since ṡ = 1− bN ,

TN − t =

∫︂ s(t)

0

dξ

bN(ξ)− 1
∼ s(t)βc+1

(βc + 1)BN

. (1427)

Hence the terminal point occurs in finite physical time and

bN(t) ∼ B1/(βc+1)
N (βc + 1)−βc/(βc+1)(TN − t)−βc/(βc+1). (1428)
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Using (1406), the time exponent simplifies to

βc
1 + βc

=
12α− 7

14α
. (1429)

Thus the complete signed tangent coefficient and the nonlinear amplitude matching are
favorable. The remaining obstruction is no longer a sign or amplitude obstruction: it is the
quantitative positive-power remainder needed to justify (1422)–(1423) for the actual finite-N
nonlocal and reconstructed scalar equation.

Theorem 50 (Critical signed coefficient and conditional matched persistence). Let kN ≥ 1
be fixed and finite and let α lie in a sufficiently small right neighborhood of 1. For βc =
(12α − 7)/(7 + 2α), the complete Mellin tangent coefficient is given by (1409), with hcrit1 =
72/49 > 0 and hence hcritα > 0 after shrinking the continuation interval. Accounting for
the amplitude dependence of the characteristic constant gives the unique positive amplitude
(1419). If, in addition, the actual finite-N fractional, characteristic, reconstruction, and
forcing remainders obey the positive-power estimates (1422)–(1423), then the matching defect
is integrable in ds/s, the profile persists as (1426), and the scalar bN becomes unbounded at
a finite physical time with rate (1428). Without those positive-power remainder estimates,
the last persistence and blow-up conclusion remains conditional.

314. Updated scalar proof ledger

General-β complete tangent coeffi-
cient:

Hα(β) in (1404),

critical exponent: βc = (12α− 7)/(7 + 2α),
critical tangent powers: λU = −6α/7, λA = 1− 6α/7,
anchor signed coefficient: hcrit1 = 72/49 > 0,
near-anchor sign: strictly positive after shrinking δcrit,
fixed-N Lambert limit: g∗,N = 2−kN > 0,
matched amplitude: unique positive value (1419) for βc >

2−kN ,
logarithmic persistence: proved under positive-power remain-

ders (1422)–(1423),
finite-time scalar blow-up: follows conditionally from that persis-

tence,
remaining scalar obstruction: prove (1422)–(1423) for the actual

finite-N fields.

(1430)
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113 Part 56: Positive-Power Remainder Audit at the

Matched Critical Exponent

315. Purpose and the distinction between what can and cannot be
closed

We now test the three positive-power statements left open in (1422)–(1423), with

β = βc(α) :=
12α− 7

7 + 2α
, pc := pβc =

12− 2βc
7

. (1431)

A direct simplification gives

pc =
14

7 + 2α
> 0. (1432)

The audit must be non-circular: estimates obtained previously after assuming FN → F0,N >
0 may be used inside a bootstrap, but they cannot by themselves establish that convergence.

The outcome is asymmetric. The reconstruction/forcing error admits an unconditional
positive power once the two-sided terminal bootstrap holds. The characteristic law admits
a positive-power improvement coupled to the profile modulus. The complete fractional re-
mainder, however, is not yet controlled by the existing estimates all the way to s = 0 at
fixed N . The obstruction is the order of the fixed-N terminal limit relative to the actual
Lambert inner width. This distinction is essential for the proof ledger.

316. The reconstruction/forcing term has an explicit positive power

Recall

EN(s) =
s(2CNGN −Rrec

N )

b2N
, ΓN =

gN,α(s)

s
. (1433)

Equations (1289) and (1292) imply, at every fixed finite N ,

Rrec
N

ΓNb2N
= ON(σ

qβ),
2|CNGN |
ΓNb2N

= ON(σ
mβ), (1434)

because gN,α(s) → 2−kN > 0. Multiplying by sΓN = gN,α therefore cancels the apparent g−1

loss and gives

|EN(s)| ≤ CN

(︁
σqβ + σmβ

)︁
. (1435)

Here

qβ =
β + 1

6− β
, mβ =

12β + 5

2(6− β)
, mβ > qβ > 0. (1436)

At β = βc one obtains the exact simplifications

qc =
2α

7
, pcqc =

4α

7 + 2α
. (1437)
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Consequently, on any two-sided characteristic bootstrap σ ≍ spc ,

EN(s) = ON(s
ηE) , ηE =

4α

7 + 2α
> 0. (1438)

Thus the third estimate requested in (1423) is genuinely available at fixed N ; it is not merely
an o(1) statement.

317. Quantitative characteristic reconstruction and its bootstrap
exponent

The exact finite-N characteristic estimate (900) is

|θσN | ≤ CN

(︁
ΩF (s) + sβc + σ + εCN(s)

)︁
. (1439)

After integration, (903) gives

σ(s) = CβcB
2/7
N spc

[︁
1 +ON

(︁
ΩF (s) + sβc + σ + εCN(s)

)︁]︁
. (1440)

Suppose temporarily that the profile bootstrap has a positive modulus

ΩF (s) ≤MNs
η (1441)

and that the explicit continuity-reconstruction error satisfies

εCN(s) = ON(s
ηC ), ηC > 0. (1442)

Using σ ≍ spc on the bootstrap interval, (1440) yields

σ(s) = CβcB
2/7
N spc

(︁
1 +ON(s

ησ)
)︁
, (1443)

where
ησ = min{η, βc, pc, ηC} > 0. (1444)

This is a quantitative improvement, but it is coupled to the profile modulus ΩF . Hence
(1443) is suitable for a bootstrap closure; it is not an independent proof of persistence.

318. Positive powers already present in the local geometric opera-
tor

The geometric fractional reduction from Part 35 has a quadratic metric remainder. In the
intrinsic variable r =

√
σ,

Lgeo
α

(︁
r−aG(log r)

)︁
= r−a−2α

[︁
MaG+Qα,rG

]︁
, Qα,r = O(r2). (1445)

Therefore its local relative error is

O(r2) = O(σ) = O(spc), (1446)
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which is a genuine positive power. Likewise, the fixed-N Lambert sensitivity has

gN,α(s) = 2−kN +ON(s
2−kN ). (1447)

Thus two natural positive exponents are already available:

ηgeo = pc, ηLam = 2−kN . (1448)

If the complete finite-N fractional block were represented on one common terminal chart by
the Mellin tangent plus only these local corrections, then one would obtain

FN,α

bN
= νhcritα σ−α

(︂
1 +ON(s

min{pc,2−kN ,η})
)︂
. (1449)

The remaining question is whether the actual nonlocal reconstructed operator has exactly
this common-chart property at fixed N as s ↓ 0.

319. The fixed-N Lambert inner scale prevents promotion of (1449)
from the existing core–tail audit

The actual finite-N Lambert layer has phase width

wN ≍ 2−2NL
−3/2
N > 0 (1450)

for every fixed N . The core–tail estimates of Parts 48–50 certify that this layer is negligible
on an outer path satisfying a separation condition of the form

s≫ wN (1451)

(or, in the squared geometric comparison, a corresponding separation from σLam,N). At fixed
N , however,

s ↓ 0 =⇒ s/wN ↓ 0. (1452)

Thus the terminal limit required by logarithmic persistence eventually enters the actual
Lambert inner layer. Exponential smallness of wN in N does not remove this issue when N
is held fixed first.

Accordingly, the previously proved separated-support estimate does not imply an esti-
mate of the form

FN,α/bN = νhcritα σ−α(1 +ON(s
ηF )) (1453)

for all sufficiently small s at that fixed N . The order of limits is crucial: an estimate uniform
on polynomial N -dependent outer paths is not a fixed-N asymptotic through the inner core.

This is not a sign reversal. It is a missing asymptotic matching theorem for the complete
nonlocal operator in the inner Lambert chart.
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320. What must be proved in the inner chart

Introduce the genuine inner coordinate

ξ =
s

wN

. (1454)

For fixed N the desired result would follow from an inner expansion of the complete recon-
structed fractional block of the form

FN,α

bN
= νσ−α

[︁
hcritα +Rin

N,α(ξ, s)
]︁
, (1455)

with
|Rin

N,α(ξ, s)| ≤ CNs
ηF uniformly for 0 ≤ ξ ≤ ξ0, (1456)

and with matching to the outer coefficient as ξ → ∞. Neither the weighted geometric
estimate O(r2) nor the separated core–tail estimate proves (1456), because the complete
operator samples both the Lambert phase and the independent χ-geometry.

A rigorous proof therefore requires one of the following equivalent pieces of new informa-
tion: an exact inner spectral calculation for the finite-N reconstructed fields, or a two-variable
pseudodifferential expansion whose remainder is uniform through s ∼ wN . No such estimate
has yet been derived in the manuscript.

321. A closed bootstrap theorem conditional only on the inner
fractional estimate

The preceding audit nevertheless reduces the persistence problem to one precise missing
estimate. Assume (1455)–(1456) for some ηF > 0 and assume the explicit continuity error
(1442). Set

η∗ := min

{︃
2−kN , ηF , ηC , βc, pc,

4α

7 + 2α

}︃
> 0. (1457)

Choose a bootstrap exponent 0 < η < η∗. Equations (1438), (1443), (1447), (1455)–(1456),
the amplitude identity (1417), and b−1

N = O(sβc) then give⃓⃓⃓⃓
d logFN

d log s

⃓⃓⃓⃓
≤ CNs

η. (1458)

Integrating from s to se yields

| logFN(s)− logFN(se)| ≤
CN

η
sηe , (1459)

and, after choosing se sufficiently small, improves the assumed bound (1441). Standard
continuity of the bootstrap therefore gives

FN(s) = F0,N

(︁
1 +ON(s

η)
)︁
, F0,N ∈ (0,∞). (1460)

Substitution into (1443) then gives the requested positive-power characteristic law, and
(1438) supplies the requested EN estimate. Thus the persistence proof closes once and
only once the inner fractional estimate (1456) is supplied.
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Theorem 51 (Positive-power audit at fixed finite N). Let N and kN ≥ 1 be fixed and let
α lie in the continuation interval where hcritα > 0 and βc > 2−kN . On the matched terminal
bootstrap, the normalized reconstruction/forcing term satisfies the unconditional positive-
power estimate

EN = ON

(︁
s4α/(7+2α)

)︁
.

The exact characteristic reconstruction has the positive-power form (1443) whenever the pro-
file modulus and explicit continuity error have positive powers. The local geometric fractional
remainder contributes the positive power spc and the Lambert sensitivity contributes s2

−kN .
However, the existing separated Lambert core–tail audit does not control the complete non-
local fractional remainder through the fixed-N inner region s ≲ wN . Therefore the estimate
(1422), and hence unconditional logarithmic persistence and finite-time scalar blow-up, can-
not yet be claimed. If the inner estimate (1456) is established with any ηF > 0, the bootstrap
closes and yields (1460), followed by the finite physical-time law (1427)–(1429).

322. Corrected proof ledger and next decisive calculation

EN positive power: proved, ηE = 4α/(7 + 2α),
characteristic σ positive power: proved inside the profile/continuity

bootstrap,
local geometric fractional error: O(spc), pc = 14/(7 + 2α),

fixed-N Lambert sensitivity error: ON(s
2−kN ),

outer Lambert core–tail error: negligible only while separated from
the inner layer,

fixed-N limit s ↓ 0: eventually enters s ≲ wN ,
complete fractional positive-power
estimate:

not yet proved through that inner
layer,

logarithmic persistence: closes if the inner estimate (1456) is
proved,

finite-time scalar bN blow-up: remains conditional on that single in-
ner fractional matching step.

(1461)
The next calculation is therefore more precise than the statement at the end of Part 55:

compute the complete reconstructed fractional operator in the inner variable ξ = s/wN ,
prove uniform matching of its signed coefficient to hcritα , and obtain a remainder ON(s

ηF ).
The reconstruction and characteristic positive powers no longer constitute the principal
obstruction.
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114 Part 57: Genuine Inner-Lambert Fractional Oper-

ator and the Failure of Constant-Coefficient Match-

ing

323. Purpose

Part 56 reduced the fixed-N persistence problem to the inner estimate

FN,α

bN
= νσ−α

[︁
hcritα +Rin

N,α

]︁
, Rin

N,α = ON(s
ηF ). (1462)

We now compute the leading operator in the genuine Lambert coordinate

ξ =
s

wN

(1463)

at fixed finite N . The calculation shows that (1462) is not the correct inner asymptotic. The
sign at the anchor remains favorable, but the inner Lambert singularity generates a different
power of s. Consequently the outer coefficient hcritα cannot be matched to the inner region
by a positive-power relative error of the form assumed in Part 56.

324. Exact fixed-N inner Lambert power

Let kN = k(N) <∞ be fixed and put

pN := 2−kN ∈ (0, 1/2]. (1464)

From (1139)–(1141), for bounded positive ξ,

∆N,kN (s) = DNξ
pN
(︁
1 +ON(ξ

pN )
)︁
, (1465)

where DN > 0 is independent of s. The exact characteristic invariant used in Part 49 is

∆N,kN = KNqNe
−qN , qN =

1

bN
. (1466)

Since qN → 0 as ∆N,kN → 0, inversion gives

bN =
KN

∆N,kN

(︁
1 +O(∆N,kN )

)︁
. (1467)

Therefore, at every fixed finite N ,

bN(s) = Bin
Ns

−pN (1 +ON(s
pN )) , (1468)

where the factor wpN
N has been absorbed into the positive constant Bin

N . This is the genuine
pointwise inner Lambert law. It is not the outer critical power s−βc unless the two exponents
happen to coincide.
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325. Reconstructed velocities in the inner phase chart

Keep the independent geometric variable x in a compact set on which

0 < cχ ≤ |χ(x)| ≤ Cχ <∞. (1469)

This hypothesis is only for the present phase-inner calculation; the separate approach to
χ = 0 remains governed by Parts 50–51. The exact reconstruction

ux =

√︄
−bN
2χ
, uy =

√︁
−2χbN (1470)

then gives

ux(s, x) = ax(x)s
−pN/2 (1 +ON(s

pN )) , uy(s, x) = ay(x)s
−pN/2 (1 +ON(s

pN )) , (1471)

with
ax(x)ay(x) = Bin

N . (1472)

Because s = t − z − θ∗,N is affine in z, the phase-direction part of (−∆)α has exactly the
one-dimensional Mellin scaling. For the model power sλ+,

(−∂ss)αsλ+ = K+
α (λ)s

λ−2α. (1473)

Thus the singular phase contribution to the complete fractional block

FN,α = −ν [uy(−∆)αux + ux(−∆)αuy] (1474)

is

Fph
N,α = −2νK+

α

(︂
−pN

2

)︂
Bin

Ns
−pN−2α (1 +ON(s

pN )) . (1475)

The derivatives falling only on the smooth x-dependent factors in (1471), as well as smooth
torus tails separated from the phase singularity, carry at most the amplitude s−pN and
are therefore lower than (1475) by the positive factor s2α on the region (1469). Mixed
pseudodifferential corrections have strictly lower phase order and can be absorbed into a
positive-power remainder after localization away from χ = 0. Hence the phase singularity
determines the leading inner order.

Dividing by (1468) gives the genuine inner normalized law

FN,α

bN
= νhinN,αs

−2α (1 +ON(s
ηin)) , hinN,α := −2K+

α

(︂
−pN

2

)︂
, (1476)

for some positive local exponent ηin bounded above by pN and by the localization/pseudodifferential
remainder exponent. Formula (1476) is the correct inner replacement for (1455).
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326. Signed anchor computation

At α = 1,
K+

1 (λ) = −λ(λ− 1). (1477)

Taking λ = −pN/2 gives

K+
1

(︂
−pN

2

)︂
= −pN

2

(︂
1 +

pN
2

)︂
< 0, (1478)

and therefore

hinN,1 = pN

(︂
1 +

pN
2

)︂
> 0. (1479)

For each fixed finite N , continuity in α consequently yields a number δinN > 0 such that

hinN,α > 0, 1 ≤ α < 1 + δinN . (1480)

Thus entry into the genuine Lambert layer does not reverse the fractional sign at the Lapla-
cian anchor. What changes is the homogeneity.

327. Why the Part 56 matching ansatz cannot hold

The desired outer law was proportional to σ−α. If one inserts the characteristic scaling
corresponding to the inner Lambert power β = pN ,

σ(s) ≍ sppN , ppN =
12− 2pN

7
, (1481)

then
σ−α ≍ s−α(12−2pN )/7. (1482)

The actual phase-inner operator instead has s−2α. Their quotient is

s−2α

σ−α
≍ s−2α+α(12−2pN )/7 = s−2α(1+pN )/7. (1483)

Since pN > 0, the exponent in (1483) is strictly negative. Hence

FN,α/bN
νhcritα σ−α

̸−→ 1 (s ↓ 0, N fixed). (1484)

In fact its magnitude grows like a negative power of s, provided both coefficients are nonzero.
Therefore no estimate

Rin
N,α = ON(s

ηF ), ηF > 0, (1485)

can repair (1455). The obstruction is not lack of technical precision: the leading inner
homogeneity is different.
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328. Consequence for the normalized scalar balance

Recall

HN(s) :=
sḃN
b2N

. (1486)

For a tentative power bN ≍ s−β, the phase fractional term (1476) contributes to HN at order

s

b2N
Fph
N,α ≍ s1+β−2α. (1487)

Thus the phase fractional term is lower order only if

β > 2α− 1, (1488)

critical if
β = 2α− 1, (1489)

and dominant if β < 2α− 1. Since

pN = 2−kN ≤ 1

2
(1490)

while 2α−1 ≥ 1 for α ≥ 1, the genuine Lambert power β = pN lies in the fractional-dominant
regime. Therefore the pointwise invariant law (1468) cannot simultaneously be used as a
terminal solution law for the full scalar PDE without a further leading-order balance. The
fractional operator feeds back before s = 0.

This calculation also explains why the earlier exponent 2α− 1 reappears naturally: it is
the critical exponent selected by the affine phase-direction fractional operator itself. This is
logically distinct from assuming that exponent in advance.

329. Corrected status of the outer critical exponent βc

Part 55 found the geometric critical exponent

βc =
12α− 7

7 + 2α
(1491)

by balancing the σ−α geometric fractional contribution with the scalar coefficient equation.
Part 57 shows that this balance cannot be continued unchanged into the fixed-N phase-
inner limit, because the phase-direction contribution has the stronger homogeneity s−2α. In
particular, near α = 1,

βc(1) =
5

9
< 1 = 2α− 1. (1492)

Hence a profile s−βc would also enter the phase-fractional dominant regime as s ↓ 0 at fixed
N .

Accordingly, the unique positive amplitude derived in Part 55 remains an outer matched
amplitude; it is not by itself the amplitude of a fixed-N terminal profile extending through
the Lambert inner layer.

362



330. Revised inner problem

The correct next scalar problem is no longer to prove (1455). Instead one must solve the
full leading inner balance in ξ = s/wN , retaining the affine phase fractional operator. In
normalized form the required equation has the structure

HN(s) = gN,α(s) + νhinN,α

s1−2α

bN(s)
+ Ein

N (s), (1493)

with the already determined positive sign at α = 1 and with Ein
N containing reconstruction,

transverse geometry, and lower phase orders. A power-law fixed point of (1493) can occur
only after the coefficient at the critical phase exponent

βph = 2α− 1 (1494)

is matched. The corresponding amplitude equation and its stability must be derived from
the actual finite-N inner equation; they cannot be imported from the outer βc calculation.

Theorem 52 (Fixed-N inner fractional audit). Fix N < ∞ and kN ≥ 1, and work on a
transverse compact set satisfying (1469). The actual Lambert cascade gives the inner point-
wise power bN ∼ Bin

Ns
−pN with pN = 2−kN . The complete phase-direction contribution to the

reconstructed fractional block has leading normalized form (1476). At α = 1 its coefficient
is strictly positive, namely pN(1 + pN/2). Nevertheless its homogeneity is s−2α, not σ−α.
Therefore the positive-power matching estimate (1455)–(1456) to the outer coefficient hcritα is
false in the fixed-N inner limit. The phase fractional term is dominant at the Lambert expo-
nent pN and becomes critical at β = 2α− 1. Consequently Part 56’s conditional persistence
theorem cannot be made unconditional by proving (1456); the full inner scalar balance must
instead be rebuilt with the affine phase fractional contribution retained at leading order.

331. Updated proof ledger

actual inner Lambert exponent: pN = 2−kN ,
inner reconstructed phase coeffi-
cient:

hinN,α = −2K+
α (−pN/2),

anchor sign: positive, hinN,1 = pN(1 + pN/2),
inner normalized homogeneity: F/b ≍ s−2α,
matching to σ−αhcritα : fails by the power (1483),
Part 56 estimate (1456): cannot hold in the stated form,
outer amplitude from Part 55: valid only as an outer matched ampli-

tude,
phase-fractional critical exponent: βph = 2α− 1,
finite-time scalar blow-up: not yet proved; requires the new inner

balance (1493).

(1495)
The calculation therefore resolves the specific question posed at the end of Part 56: the

inner signed coefficient remains favorable at the anchor, but it does not converge to hcritα
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with a positive-power relative error. The reason is a genuine change of leading homogeneity.
The next rigorous step is to derive and analyze the amplitude fixed point of (1493) at
β = 2α − 1, including the exact finite-N reconstruction errors, before any finite-time scalar
blow-up conclusion is made.

Part VI

Fixed-N Inner Amplitude Fixed
Point, Stability, and Compatibility
Audit

115 Purpose of the audit

Part 57 reduced the terminal scalar problem to

HN(s) = gN,α(s) + νhinN,α

s1−2α

bN(s)
+ Ein

N (s), (1496)

where

HN(s) :=
sḃN
b2N

, gN,α(s) = 2−kN +ON(s
2−kN ). (1497)

The purpose here is to derive the amplitude fixed point at the phase-critical exponent, prove
the stability of that fixed point for the normalized scalar equation, quantify the reconstruc-
tion error, and then check compatibility with the exact finite-N Lambert invariant. The last
check is essential: a stable fixed point of the scalar balance is useful only if it is compatible
with all exact relations imposed by the construction.

116 The fractional coefficient must be recomputed at

the candidate exponent

For a general phase power
bN(s) ∼ Bs−β, (1498)

the reconstructed velocities on a transverse compact set with 0 < cχ ≤ |χ| ≤ Cχ have phase
exponent −β/2. Hence the complete leading phase fractional coefficient is

hphα (β) := −2K+
α

(︃
−β
2

)︃
. (1499)

This corrects a possible ambiguity in (1493): once the scalar exponent changes from the raw
Lambert exponent pN to a candidate PDE-selected exponent, the Mellin coefficient must be
evaluated at the new exponent.
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The phase-critical exponent is
βph = 2α− 1. (1500)

Accordingly define

hphα := −2K+
α

(︃
−2α− 1

2

)︃
. (1501)

At α = 1,
K+

1 (λ) = −λ(λ− 1), (1502)

so

K+
1 (−1/2) = −3

4
, hph1 =

3

2
> 0. (1503)

Therefore, by continuity, there exists δph > 0 such that

hphα > 0, 1 ≤ α < 1 + δph. (1504)

No numerical value of δph is asserted without certified bounds for the Gamma factors in K+
α .

117 Exact formal amplitude fixed point

Set
β := 2α− 1, bN(s) = BNs

−βFN(s). (1505)

For a persistent power law, HN → β. At the critical exponent,

s1−2α

bN(s)
=

1

BNFN(s)
. (1506)

Let
g∗,N := lim

s↓0
gN,α(s) = 2−kN . (1507)

Neglecting only terms which tend to zero, (1496) therefore requires

β = g∗,N +
νhphα
BN

. (1508)

Thus the candidate amplitude is uniquely determined:

B∗,N =
νhphα

2α− 1− 2−kN
. (1509)

For kN ≥ 1 and α ≥ 1,

2α− 1− 2−kN ≥ 1

2
> 0, (1510)

so (1509) is a unique positive number whenever (1504) holds. In particular, at α = 1,

B∗,N =
(3/2)ν

1− 2−kN
> 0. (1511)

This is the exact positive amplitude fixed point of the formal phase-critical scalar balance.
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118 Stability of the formal fixed point

The exact profile identity from Part 53 is

d logFN

d log s
= β − HN(s)

1− bN(s)−1
. (1512)

Introduce terminal logarithmic time

τ := − log(s/se), τ → +∞ (s ↓ 0). (1513)

Then, using (1509),
d logFN

dτ
= −β + g∗,N +

β − g∗,N
FN

+ EN(τ), (1514)

where EN contains the convergence error in gN,α, the factor (1 − b−1
N )−1 − 1, the fractional

positive-power remainder, and E in
N .

Let YN = logFN . The autonomous part is

VN(Y ) = −(β − g∗,N) + (β − g∗,N)e
−Y . (1515)

It has the unique zero Y = 0, and

V ′
N(0) = −(β − g∗,N) < 0. (1516)

Hence the amplitude fixed point is linearly asymptotically stable in terminal logarithmic
time. More quantitatively, for |Y | ≤ Y0,

Y VN(Y ) ≤ −cNY 2, cN > 0. (1517)

If
|EN(τ)| ≤ CNe

−ητ (1518)

for some η > 0, the variation-of-constants/Gronwall estimate gives

|YN(τ)| ≤ CNe
−min{cN ,η}τ , (1519)

provided the trajectory enters a sufficiently small fixed neighborhood of the equilibrium.
Equivalently,

FN(s) = 1 +ON(s
η∗), η∗ := min{cN , η} > 0. (1520)

Thus the formal phase-critical amplitude is not merely algebraically matched; it is a stable
scalar fixed point if the normalized errors possess positive powers.
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119 Positive-power reconstruction error at the phase-

critical exponent

The reconstruction estimates of Part 56 were obtained for general β:

|EN(s)| ≤ CN (σqβ + σmβ) , qβ =
β + 1

6− β
, mβ > qβ. (1521)

The corresponding characteristic exponent is

pβ =
12− 2β

7
. (1522)

At β = 2α− 1,

pph =
14− 4α

7
=

2(7− 2α)

7
, (1523)

and

qph =
2α

7− 2α
. (1524)

Their product simplifies exactly to

pphqph =
4α

7
. (1525)

Consequently, on a two-sided phase-critical characteristic bootstrap σ ≍ spph ,

E
rec/forc
N (s) = ON(s

4α/7). (1526)

This is a genuine positive power. In particular it is logarithmically integrable:∫︂ se

0

|Erec/forc
N (s)|ds

s
<∞. (1527)

The Lambert sensitivity error also has the positive power

gN,α(s)− g∗,N = ON(s
2−kN ). (1528)

Finally, b−1
N = O(s2α−1) on the candidate bootstrap. Thus, apart from the localized fractional

remainder already isolated in Part 57, all explicitly audited terms entering EN have positive
powers.

120 Conditional persistence theorem for the rebuilt in-

ner equation

Assume that the complete localized phase fractional expansion at the candidate exponent
satisfies

FN,α

bN
= νhphα s

−2α (1 +ON(s
ηF )) , ηF > 0, (1529)
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and that the two-sided characteristic reconstruction used in (1526) holds. Then, with

η = min

{︃
2−kN ,

4α

7
, 2α− 1, ηF

}︃
> 0, (1530)

we have
|EN(τ)| ≤ CNe

−ητ . (1531)

The stability estimate (1519) therefore closes the local bootstrap and yields

bN(s) = B∗,Ns
−(2α−1) (1 +ON(s

η∗)) . (1532)

This is the desired persistence theorem for the rebuilt scalar inner equation, conditional
only on the positive-power localized fractional remainder (1529) and entry into the stable
neighborhood.

121 Compatibility with the exact Lambert invariant

There is, however, a second exact relation already present in the active finite-N construction.
Part 57 used

∆N,kN = KNqNe
−qN , qN =

1

bN
, (1533)

together with

∆N,kN (s) = DN(s/wN)
pN (1 +ON(s

pN )) , pN = 2−kN , (1534)

to obtain the exact inner consequence

bN(s) = Bin
Ns

−pN (1 +ON(s
pN )) . (1535)

If (1533)–(1535) are imposed on the same bN all the way to s = 0, then (1532) can be
compatible with them only if

pN = 2α− 1. (1536)

But for kN ≥ 1 and α ≥ 1,

pN = 2−kN ≤ 1

2
, 2α− 1 ≥ 1. (1537)

Hence
pN ̸= 2α− 1. (1538)

This is an exponent-level incompatibility; no choice of positive amplitude can remove it.
The same obstruction is visible directly in the normalized scalar equation. If the exact

Lambert law (1535) is retained, then HN → pN , whereas the positive phase fractional term
in (1496) behaves like

νhinN,α

s1−2α

bN(s)
≍ s1+pN−2α. (1539)
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Since
1 + pN − 2α < 0, (1540)

this term diverges positively as s ↓ 0 while the left side tends to the finite number pN . The
reconstruction error (1526), being a positive power on the corresponding bootstrap, cannot
cancel that negative-power divergence. Therefore the raw Lambert invariant profile cannot
solve the full scalar PDE through the terminal endpoint when the positive phase fractional
term is retained.

Theorem 53 (Inner amplitude and compatibility audit). Fix N < ∞, kN ≥ 1, and 1 ≤
α < 1 + δph. For the rebuilt phase-critical scalar balance, the exponent β = 2α − 1 has the
unique positive formal amplitude (1509). This amplitude is linearly asymptotically stable
in terminal logarithmic time, and the already audited reconstruction/forcing and Lambert-
sensitivity errors decay with positive powers, including the explicit reconstruction exponent
4α/7. If the remaining localized fractional remainder has a positive-power expansion, then the
rebuilt scalar equation has the conditional persistent asymptotic (1532). However, the exact
finite-N Lambert invariant used in Part 57 simultaneously enforces the distinct exponent
pN = 2−kN . For kN ≥ 1 and α ≥ 1 these exponents cannot agree. Consequently the current
construction cannot simultaneously retain the exact Lambert invariant (1533) and the phase-
critical persistent solution of the full scalar PDE all the way to s = 0. A finite-time scalar
blow-up theorem does not follow until this compatibility conflict is resolved by identifying
which relation belongs to the actual full PDE rather than to a reduced characteristic model.

122 Finite physical time: conditional calculation and

present status

If the phase-critical persistent law (1532) were established for the actual scalar PDE after
resolving the compatibility issue, then the characteristic identity

ṡ = 1− bN (1541)

would give

TN − t =

∫︂ s(t)

0

dξ

bN(ξ)− 1
=

s(t)2α

2αB∗,N
(1 +ON(s

η∗∗)) , (1542)

for some η∗∗ > 0. Therefore

bN(t) ≍ (TN − t)−(2α−1)/(2α). (1543)

This finite-time computation is rigorous conditional on the persistent phase-critical law, but
the compatibility theorem above shows that the current exact Lambert invariant prevents us
from promoting that conditional statement to the actual finite-N construction as presently
written.
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123 Updated proof ledger

phase-critical exponent: βph = 2α− 1,
correct coefficient at that exponent: hphα = −2K+

α (−(2α− 1)/2),

anchor sign: hph1 = 3/2 > 0,
formal amplitude: B∗,N = νhphα /(2α− 1− 2−kN ) > 0,
linear stability: proved for the normalized rebuilt in-

ner equation,

Lambert sensitivity error: ON(s
2−kN ),

reconstruction/forcing error: ON(s
4α/7),

localized fractional positive-power
remainder:

still required for unconditional per-
sistence,

exact Lambert invariant exponent: pN = 2−kN ,
compatibility with 2α− 1: impossible for kN ≥ 1, α ≥ 1,
finite physical-time rate: conditional rate (TN − t)−(2α−1)/(2α),
finite-time scalar blow-up theorem: not established; exact-model com-

patibility must be resolved first.

(1544)
The amplitude calculation therefore closes algebraically and dynamically, but it also

exposes a sharper obstruction than a missing remainder estimate: the raw finite-N Lambert
invariant and the full phase-fractional scalar balance select different terminal exponents. The
next rigorous task is to trace the derivation of (1533) and determine whether it is an exact
invariant of the full reconstructed scalar PDE or only of the reduced Lambert characteristic
subsystem. Only after that distinction is settled can one consistently choose the terminal
equation whose persistence is to be proved.

Part VII

Provenance Audit of the Lambert
Characteristic Invariant

124 The equation from which the invariant was actu-

ally derived

The compatibility issue isolated in Part 58 can now be decided directly by tracing the
derivation of

∆N,kN = KNqNe
−qN , qN =

1

bN
. (1545)

We did not derive (1545) from the full reconstructed scalar equation. It first replaces that
equation by the reduced transport model

bt + bbz = −b2∂z log∆N,k. (1546)
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With the affine phase
θ = t− z, (1547)

a characteristic Z(t) of (1546) satisfies

Ż = B, B(t) = b(t, Z(t)), θ̇ = 1−B. (1548)

Along the same reduced characteristic,

Ḃ = B2∂θ log∆N,k. (1549)

Introducing q = 1/B therefore gives

q̇ = −∂θ log∆N,k, θ̇ =
q − 1

q
. (1550)

Dividing the two equations yields

dq

dθ
= − q

q − 1
∂θ log∆N,k, (1551)

and hence (︃
1− 1

q

)︃
dq = −d log∆N,k. (1552)

Integration gives
q − log q + log∆N,k = C, (1553)

which exponentiates to

∆N,k = Kqe−q. (1554)

Thus (1554) is indeed exact for (1546), but its proof uses the reduced identity (1549) at the
decisive step.

125 Comparison with the actual reconstructed scalar

equation

The scalar equation audited in Parts 51–58 is instead

ḃN = ΓNb
2
N + FN,α + 2CNGN −Rrec

N , ΓN = ∂θ log∆N,kN =
gN,α(s)

s
. (1555)

For clarity define the complete non-Lambert contribution

PN,α := FN,α + 2CNGN −Rrec
N . (1556)

Then (1555) is
ḃN = b2N∂θ log∆N,kN + PN,α. (1557)

Consequently, for qN = 1/bN ,

q̇N = −∂θ log∆N,kN − PN,α

b2N
. (1558)

The second term in (1558) is absent from the reduced derivation. Therefore one cannot pass
from the full scalar PDE to (1550) unless PN,α ≡ 0 along the characteristic.
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126 Exact defect formula for the would-be invariant

Define
IN(t) := qN − log qN + log∆N,kN (θ(t)). (1559)

Using

θ̇ = 1− bN = 1− 1

qN
(1560)

and differentiating (1559) gives

˙IN =

(︃
1− 1

qN

)︃
q̇N + (∂θ log∆N,kN )θ̇

=

(︃
1− 1

qN

)︃
(q̇N + ∂θ log∆N,kN ) .

(1561)

Substitution of (1558) therefore gives the exact identity

˙IN =
bN − 1

b2N
PN,α. (1562)

In particular,
˙IN = 0 ⇐⇒ (bN − 1)PN,α = 0. (1563)

On the terminal branch bN > 1, constancy of the Lambert invariant is thus equivalent to
the vanishing of the entire fractional/reconstruction/forcing correction.

127 The correct full-PDE replacement: a running Lam-

bert constant

Set
KN(t) := eIN (t). (1564)

Then the algebraic relation

∆N,kN (θ(t)) = KN(t)qN(t)e
−qN (t) (1565)

is an identity by definition, but KN is no longer constant. Indeed (1562) gives

˙KN

KN

=
bN − 1

b2N
(FN,α + 2CNGN −Rrec

N ) . (1566)

Hence

KN(t) = KN(te) exp

[︃∫︂ t

te

bN(τ)− 1

bN(τ)2
PN,α(τ) dτ

]︃
. (1567)

Equation (1567) is the exact full-scalar-PDE replacement for the constant KN used in the
reduced Lambert model.
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128 Why the phase-critical fixed point is no longer ex-

cluded

Part 58 found an apparent exponent conflict by imposing simultaneously

bN ∼ Bin
Ns

−2−kN (1568)

from constant-KN Lambert invariance and

bN ∼ B∗,Ns
−(2α−1) (1569)

from the complete phase-fractional balance. The provenance calculation above shows that
(1568) is not an exact consequence of the full scalar PDE: it requires KN to be constant,
while the full equation forces (1566).

This can be seen quantitatively at the phase-critical profile. Suppose conditionally that

bN(s) = B∗,Ns
−β(1 + o(1)), β = 2α− 1, (1570)

and that the amplitude balance from Part 58 holds. Since

HN =
sḃN
b2N

= gN,α +
sPN,α

b2N
, (1571)

we have at the matched equilibrium

sPN,α

b2N
= β − g∗,N + o(1), g∗,N = 2−kN . (1572)

Using ṡ = 1− bN in (1566),

d logKN

d log s
=

s

1− bN

bN − 1

b2N
PN,α = −sPN,α

b2N
. (1573)

Therefore
d logKN

d log s
= −(β − g∗,N) + o(1). (1574)

Integration yields

KN(s) = K0,Ns
−(β−g∗,N )(1 + o(1)). (1575)

Since the Lambert cascade itself has

∆N,kN (s) ≍ sg∗,N , (1576)

while qN ≍ sβ, relation (1565) requires precisely

KN(s) ≍
sg∗,N

sβ
= s−(β−g∗,N ), (1577)

which agrees exactly with (1575). Thus the running constant absorbs the exponent difference
found in Part 58. The two exponents are not incompatible once the full-PDE defect is
retained.
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129 Stability interpretation

The conclusion above does not by itself prove persistence, but it removes the artificial
constant-invariant obstruction. The full scalar equation must be studied with the coupled
pair

HN = gN,α +
sPN,α

b2N
,

d logKN

d log s
= −sPN,α

b2N
.

(1578)

Adding the two equations gives the exact identity

HN +
d logKN

d log s
= gN,α. (1579)

At the phase-critical equilibrium HN → β and gN,α → g∗,N , so (1579) again forces the
running exponent −(β − g∗,N). There is therefore no need to require β = g∗,N for the full
PDE.

Theorem 54 (Provenance of the Lambert invariant and exact full-PDE defect). The relation

∆N,kN = KNqNe
−qN

with constant KN is an exact first integral of the reduced characteristic model (1546). Its
derivation uses ḃN = b2N∂θ log∆N,kN and therefore does not remain an exact first integral after
the fractional, forcing, and reconstruction terms of the actual scalar equation are restored.
For the full scalar PDE, the exact replacement is (1565)–(1567), with

˙KN

KN

=
bN − 1

b2N
PN,α.

Consequently the exponent conflict of Part 58 is not an obstruction to the phase-critical fixed
point: at a persistent profile bN ≍ s−(2α−1), the running factor develops exactly the power
needed to reconcile the Lambert cascade exponent 2−kN with the phase-critical scalar exponent.
This removes the constant-invariant compatibility obstruction, but it does not by itself prove
the remaining localized fractional positive-power estimate or nonlinear persistence of the full
scalar PDE.
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130 Corrected proof ledger after the provenance audit

constant Lambert invariant: exact only for the reduced transport
model (1546),

full scalar equation: contains PN,α = FN,α + 2CNGN −
Rrec

N ,

exact invariant defect: ˙IN = (bN − 1)PN,α/b
2
N ,

running Lambert factor: equations (1565)–(1567),
Part 58 exponent conflict: removed for the full scalar PDE,
phase-critical amplitude: no longer excluded by constant-KN

compatibility,

running-factor exponent: KN ≍ s−(2α−1−2−kN ) conditionally at
the fixed point,

localized fractional positive-power
remainder:

still to be proved for unconditional
persistence,

finite physical-time law: remains conditional on full-PDE per-
sistence,

finite-time scalar blow-up theorem: not yet established.

(1580)
The decisive compatibility question is therefore resolved: the constant Lambert invariant

belongs to the reduced characteristic subsystem, not to the complete reconstructed b3 equa-
tion. The stable phase-critical amplitude derived in Part 58 is consequently admissible with
respect to this particular obstruction. The remaining scalar task is now genuinely dynam-
ical: prove the localized fractional positive-power expansion and use it to close the stable
persistence bootstrap for the full scalar equation, with the running factor KN rather than a
constant KN .

Part VIII

Localized Fractional Positive-Power
Persistence Audit

131 The remaining estimate after the running-invariant

correction

The provenance audit changes the role of the Lambert relation but does not change the local
phase-fractional homogeneity. We therefore return to the phase-critical exponent

β := 2α− 1, bN(s) = B∗,Ns
−βFN(s), B∗,N =

νhphα
β − g∗,N

, (1581)
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where

g∗,N = 2−kN , hphα = −2K+
α

(︃
−β
2

)︃
> 0 (1582)

on the continuation interval already fixed in Part 58. The exact normalized profile equation
is

d logFN

d log s
= β − HN(s)

1− bN(s)−1
, HN = gN,α +

sPN,α

b2N
. (1583)

All terms in the right side except the localized fractional block have already been assigned
positive powers in Part 58. The question is whether one can justify

FN,α

bN
= νhphα s

−2α (1 +ON(s
ηF )) , ηF > 0, (1584)

for the full reconstructed fields, without returning to the false constant-KN invariant.

132 A proof localization is not a modification of the

construction

Fix a transverse compact set
0 < cχ ≤ |χ(x)| ≤ Cχ (1585)

and choose smooth proof cutoffs ψs, ψx which equal one on a smaller terminal cylinder. They
are used only to decompose the operator; they do not alter bN , ux, uy, or the PDE. Write

uj = ulocj + ufarj , ulocj = ψsψxuj, j = x, y. (1586)

On the support of the evaluation cutoff, the Schwartz kernel of (−∆)α applied to ufarj is
smooth because the two supports are separated. Consequently, for every fixed finite N and
every finite number of derivatives,

|∂ms (−∆)αufarj | ≤ CN,m, (1587)

provided the finite-N reconstructed field is smooth away from the terminal phase point.
Relative to the singular local scale s−β/2−2α, (1587) is a positive-power error of order at least
sβ/2+2α.

Thus the nonlocality of the torus operator is not itself an obstruction in the terminal
chart. The only delicate part is the singular local operator acting on the conormal phase
profile.

133 Fourier reduction of the localized full operator

Expand a localized reconstructed component in transverse Fourier modes,

ulocj (x, s) =
∑︂
m∈Z

aj,m(s)e
imx. (1588)
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For each m, the spatial fractional multiplier is

Lα,m := (m2 − ∂ss)
α. (1589)

The singular phase part is Lα,0 = (−∂ss)α. For fixed m the high phase-frequency symbol has
the expansion

(ξ2 +m2)α = |ξ|2α
(︃
1 + α

m2

ξ2
+Oα

(︃
m4

ξ4

)︃)︃
. (1590)

After localization this is the standard conormal pseudodifferential expansion

Lα,m = (−∂ss)α + αm2(−∂ss)α−1 +R(4)
α,m, (1591)

where, on a phase power sλ and its conormal perturbations, the second term is lower than the
first by s2, while R(4)

α,m is lower by s4. Summation over m is legitimate for the proof-localized
finite-N fields because their smooth transverse dependence gives rapid Fourier decay.

In particular, transverse geometry does not change the leading Mellin coefficient. It
enters the localized fractional block only through positive even powers beginning with s2.

134 Conormal Mellin lemma for a positive-power per-

turbation

Let

λ = −β
2
= −2α− 1

2
. (1592)

Suppose on the terminal cylinder

a(s) = a0s
λ(1 + r(s)), max

0≤j≤M
|Ejr(s)| ≤ CNs

η, E = s∂s, (1593)

for some η > 0 and sufficiently large fixed M . Shrink η, if necessary, so that the Mellin line
segment from λ to λ+ η avoids the poles of the meromorphic Mellin symbol. Then

(−∂ss)αa(s) = a0K
+
α (λ)s

λ−2α (1 +ON(s
η)) . (1594)

The same estimate holds after a fixed finite number of Euler derivatives.

Proof. Write r(s) = sηρ(s) after decreasing η slightly if necessary, with Ejρ bounded. Mellin
conjugation gives

(−∂ss)α
(︁
sλr(s)

)︁
= sλ+η−2αMλ+ηρ(log s). (1595)

On a closed pole-free Mellin strip, the multiplier and the finitely many Euler commutators
are bounded on the weighted conormal space used in the continuation argument. Hence the
right side of (1595) is ON(s

λ+η−2α). The leading term is the exact Mellin identity

(−∂ss)αsλ = K+
α (λ)s

λ−2α. (1596)

Combining (1595)–(1596) proves (1594). The proof uses a positive-width Mellin strip, not a
pointwise o(1) estimate; this is why conormal control is the correct persistence norm.
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135 Application to the reconstructed velocity pair

On (1585), the square-root reconstruction is

ux =

(︃
− 1

2χ

)︃1/2

b
1/2
N , uy = (−2χ)1/2b

1/2
N . (1597)

Normalize the phase-critical amplitude by

FN = 1 + vN . (1598)

If the terminal tube is measured in the conormal norm

∥vN∥Zη := max
0≤j≤M

sup
0<s≤se

s−η|EjvN(s)|, (1599)

then smooth composition of (1 + v)1/2 gives

ux = ax(x)s
−β/2

(︃
1 +

1

2
vN +O(v2N)

)︃
, uy = ay(x)s

−β/2

(︃
1 +

1

2
vN +O(v2N)

)︃
, (1600)

with axay = B∗,N . Equations (1587), (1591), and (1594) therefore give

(−∆)αuj = ajK
+
α (−β/2)s−β/2−2α [1 +ON(s

ηF )] , (1601)

where one may take

ηF < min{η, 2, β/2 + 2α}. (1602)

The exact product form of the complete fractional block is

FN,α = −ν [uy(−∆)αux + ux(−∆)αuy] . (1603)

Substituting (1600)–(1601), using uxuy = bN , yields

FN,α

bN
= −2νK+

α

(︃
−β
2

)︃
s−2α [1 +ON(s

ηF )] = νhphα s
−2α [1 +ON(s

ηF )] . (1604)

Thus the formerly missing positive-power fractional estimate is a direct consequence of a
positive-power conormal tube for the reconstructed fields. No constant Lambert invariant is
used.

136 The bootstrap closes in the conormal tube

The pointwise stability calculation of Part 58 can now be upgraded to the same conormal
norm. Put

τ = − log(s/se), YN = logFN . (1605)

The normalized equation has the form

∂τYN = VN(YN) + EN(τ), V ′
N(0) = −(β − g∗,N) < 0. (1606)
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The already audited terms give

gN,α − g∗,N = ON(s
2−kN ), E

rec/forc
N = ON(s

4α/7), b−1
N = ON(s

β), (1607)

and (1604) supplies the missing fractional power. Choose

0 < η0 < min

{︃
β − g∗,N , 2

−kN ,
4α

7
, β, ηF

}︃
. (1608)

Differentiating the localized equation by Ej, 0 ≤ j ≤ M , and using the Mellin bounds in
(1594) gives

d

dτ
∥YN∥Zη0

≤ −cN∥YN∥Zη0
+ CN∥YN∥2Zη0

+ CNs
η1
e , (1609)

for some cN > 0 and η1 > η0, as long as the tube is sufficiently small. Hence, after choosing
the entry scale and tube radius so that the quadratic and forcing terms are dominated by
the linear gap,

∥YN∥Zη0
≤ CN , |EjYN(s)| ≤ CNs

η0 , 0 ≤ j ≤M. (1610)

In particular,

FN(s) = 1 +ON(s
η0), bN(s) = B∗,Ns

−(2α−1) (1 +ON(s
η0)) . (1611)

This is the desired local scalar persistence estimate once the full localized PDE trajectory
has entered the conormal tube.

137 Compatibility with the running Lambert factor

The exact full-PDE relation from Part 59 is

∆N,kN = KNqNe
−qN ,

d logKN

d log s
= −sPN,α

b2N
. (1612)

Using (1604), (1607), and (1611),

sPN,α

b2N
= β − g∗,N +ON(s

η0), (1613)

after reducing η0 if necessary. Therefore

KN(s) = K0,Ns
−(β−g∗,N ) (1 +ON(s

η0)) . (1614)

The running invariant is therefore not merely exponent-compatible with the stable profile;
it inherits the same positive-power persistence remainder.
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138 Finite physical time at fixed N

From (1611) and ṡ = 1− bN ,

T∗,N − t =

∫︂ s(t)

0

dρ

bN(ρ)− 1
=

s(t)β+1

(β + 1)B∗,N
(1 +ON(s(t)

ηt)) , (1615)

where
ηt = min{η0, β} > 0. (1616)

Since β + 1 = 2α,

bN(t) = B
1/(2α)
∗,N (2α)−(2α−1)/(2α)(T∗,N − t)−(2α−1)/(2α) (1 + oN(1)) . (1617)

This is a fixed-N scalar characteristic conclusion inside the localized conormal persistence
tube.

139 What has actually been closed and the remaining

PDE-level entry issue

The positive-power estimate (1604) closes the operator obstruction isolated in Parts 57–59:
once the reconstructed fields are in a positive-power conormal neighborhood of the phase-
critical profile, the full localized fractional operator maps that neighborhood into itself with
the required positive-power remainder. Equations (1609)–(1611) then close the local scalar
stability bootstrap.

There is, however, an important distinction between this local persistence statement and
an unconditional construction theorem. The characteristic ODE alone does not prove that an
arbitrary solution of the full spatial scalar PDE enters the conormal tube (1599). A complete
PDE theorem still requires an entry/propagation statement controlling the localized spatial
Euler derivatives of the reconstructed fields up to the entry section. That is a different issue
from the fractional positive-power calculation.

Theorem 55 (Localized fractional persistence at the phase-critical exponent). Fix N <∞,
kN ≥ 1, and 1 ≤ α < 1+ δph. Work on a transverse compact set satisfying (1585), and sup-
pose a finite-N smooth solution of the complete reconstructed scalar PDE enters a sufficiently
small localized conormal tube (1599) about the phase-critical profile, with the previously au-
dited continuity/reconstruction estimates valid there. Then the complete reconstructed frac-
tional block satisfies the positive-power expansion (1604). The normalized amplitude fixed
point B∗,N is asymptotically stable in that tube, and for some η0 > 0 the solution obeys
(1611). The exact running Lambert factor obeys (1614), so no constant-invariant contra-
diction occurs. Along the corresponding trapped characteristic, the terminal phase point is
reached in finite physical time with scalar rate (1617).

This theorem is a local persistence theorem for the complete scalar characteristic dynam-
ics. It does not establish that general finite-N initial data enter the conormal tube,and does
not remove the separate χ→ 0 fixed-space reconstruction issue.
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140 Updated proof ledger after the persistence audit

constant Lambert invariant: not used; replaced by the exact run-
ning factor,

phase-critical coefficient: hphα = −2K+
α (−(2α− 1)/2) > 0,

nonlocal far field: smooth after proof localization,
hence positive-power relative to the
terminal singular scale,

transverse fractional correction: lower phase order, beginning at rela-
tive order s2,

conormal Mellin perturbation: preserves a positive power by (1594),
localized complete fractional re-
mainder:

closed in the conormal tube by
(1604),

reconstruction/forcing remainder: ON(s
4α/7),

Lambert sensitivity remainder: ON(s
2−kN ),

local scalar amplitude persistence: closed after conormal entry, equa-
tions (1609)–(1611),

running Lambert factor: positive-power law (1614),
finite physical-time scalar rate: (1617) along the persistent character-

istic,
remaining scalar PDE issue: prove entry/propagation of the re-

quired localized conormal tube from
the actual finite-N data.

(1618)
The decisive gain is that the formerly missing fractional positive-power remainder is no

longer an independent asymptotic assumption once the terminal profile is formulated in the
correct conormal norm. The next non-circular question is now the entry theorem: derive
the localized conormal tube (1599), including its Euler derivative bounds, directly from the
actual finite-N scalar PDE and reconstruction before the terminal bootstrap begins.

Part IX

Finite-N Conormal Entry and
Propagation Audit

141 Purpose: separate propagation from entry

The persistence theorem of Part 60 begins at a section s = se on which the normalized
phase-critical amplitude

bN(s) = B∗,Ns
−βFN(s), β = 2α− 1, FN = 1 + vN , (1619)
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already lies in the localized conormal tube

∥vN∥Zη = max
0≤j≤M

sup
0<s≤se

s−η|EjvN(s)| <∞, E = s∂s. (1620)

There are two logically different questions:

propagation: tube at one entry section =⇒ tube for all smaller s, (1621)

and
entry: prescribed data at t = 0 =⇒ tube at some s = se. (1622)

Part 60 already contains the zeroth-order mechanism for (1621). The present audit upgrades
it to Euler derivatives and then tests whether the information currently specified in the
construction is sufficient to prove (1622) without inserting the terminal profile into the data.

142 Normalized complete finite-N equation

Let
YN = logFN , τ = − log(s/se). (1623)

After the amplitude choice

B∗,N =
νhphα

β − g∗,N
, g∗,N = 2−kN , (1624)

the exact normalized scalar equation on the localized branch can be written in the form

∂τYN = VN(YN) + EN(τ, YN), (1625)

where
VN(Y ) = (β − g∗,N)(e

−Y − 1), (1626)

and all differences between the complete finite-N PDE and the autonomous phase-critical
balance are placed in EN . By (1604), (1607), and the reconstruction estimates,

|EN(τ, Y )| ≤ CNe
−η0τ (1627)

whenever |Y | and the required localized conormal derivatives remain in a fixed sufficiently
small tube. Here

η0 < min

{︃
2−kN ,

4α

7
, 2α− 1, ηF

}︃
. (1628)

The important point is that (1625) is not used to assume entry. It is used only after a section
on which the local coordinate chart and reconstruction bounds are valid has been reached.
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143 Strict inward pointing at the two amplitude bound-

aries

Choose 0 < δY < 1. Since
V ′
N(Y ) = −(β − g∗,N)e

−Y < 0, (1629)

there is a number
cN,Y := (β − g∗,N)e

−δY > 0 (1630)

such that
Y VN(Y ) ≤ −cN,Y Y

2, |Y | ≤ δY . (1631)

Choose τe so large that

CNe
−η0τe ≤ 1

4
cN,Y δY . (1632)

Then on Y = δY ,

∂τY ≤ −cN,Y δY +
1

4
cN,Y δY < 0, (1633)

whereas on Y = −δY ,
∂τY ≥ cN,Y δY − 1

4
cN,Y δY > 0. (1634)

Thus the scalar amplitude interval

|YN | ≤ δY (1635)

is forward invariant in terminal logarithmic time after the entry section. This proves ampli-
tude propagation without assuming convergence of FN .

144 Euler derivative equations

Set
Zj,N := ∂jτYN = (−1)jEjYN , 1 ≤ j ≤M. (1636)

Differentiating (1625) j times gives

∂τZj,N = V ′
N(YN)Zj,N + Qj,N(Z1,N , . . . , Zj−1,N) + ∂jτEN , (1637)

where Q1,N = 0 and, for j ≥ 2, every monomial in Qj,N contains at least two lower-order
Zℓ,N factors. On (1635),

V ′
N(YN) ≤ −cN,Y . (1638)

The localized fractional conormal calculus of Part 60 supplies, after shrinking the tube if
necessary,

|∂jτEN | ≤ CN,je
−η0τ + εN,tube

j∑︂
ℓ=1

|Zℓ,N |, 0 ≤ j ≤M, (1639)

with εN,tube as small as desired by the tube radius. This is the derivative form of the already
proved conormal mapping property; it introduces no new fractional asymptotic hypothesis.
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Define

EM(τ) :=
M∑︂
j=0

aj|Zj,N(τ)|2, Z0,N = YN , (1640)

with positive triangular weights aj. Choosing the weights successively and then the tube
radius sufficiently small gives

d

dτ
EM + cN,MEM ≤ CN,Me

−2η0τ , cN,M > 0. (1641)

Hence
EM(τ) ≤ e−cN,M (τ−τe)EM(τe) + CN,Me

−2η∗τ , (1642)

where

η∗ =
1

2
min{cN,M , 2η0} > 0. (1643)

Consequently

|EjvN(s)| ≤ CN,js
η∗ , 0 ≤ j ≤M, (1644)

provided the finite-N solution reaches one sufficiently small entry section with the conormal
energy below the invariant threshold.

Theorem 56 (Finite-N conormal propagation). Fix N <∞, kN ≥ 1, and 1 ≤ α < 1+ δph.
Assume the localized reconstruction chart is valid on 0 < s ≤ se and the complete finite-
N solution reaches s = se with EM(τe) below the strict invariant threshold determined by
(1632), (1638), and (1639). Then the conormal tube is propagated for every smaller s > 0,
the estimates (1642)–(1644) hold, and the persistence conclusions (1611), (1614), and (1617)
follow. In particular, propagation of the full finite-N conormal tube is a consequence of the
complete scalar PDE once entry is known.

145 What the prescribed scalar data do and do not

determine

The earlier finite-k numerical construction prescribes the smooth scalar profile

b3(z, 0) = 3 + sin z, (1645)

or, in the phase coordinate θ = t− z at t = 0,

B(θ, 0) = 3− sin θ. (1646)

This is legitimate initial information for the reduced scalar transport problem. It gives
immediately

2 ≤ b3(z, 0) ≤ 4, ∥∂mz b3(·, 0)∥L∞ ≤ 1 (m ≥ 1). (1647)

Thus the prescribed scalar datum is smooth, positive, and has finite conormal derivatives on
every region separated from the terminal phase point.
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For the complete reconstructed scalar PDE, however, entry into (1620) is not a conse-
quence of (1645) alone. The full equation contains

PN,α = FN,α + 2CNGN −Rrec
N , (1648)

and the reconstruction uses the spatial fields AN = uy and CN = uz. Therefore the map
from the initial scalar profile to the entry section also depends on the initial/reconstructed
values and spatial derivatives of these coefficients, on the chosen real Lambert branch region,
and on the forcing and pressure-compatible reconstruction. A scalar pointwise datum does
not by itself specify those quantities.

This gives a precise non-circular obstruction. To claim

b3(z, 0) = 3 + sin z =⇒ EM(τe) < εtube (1649)

one must first prove a preterminal estimate for the complete PDE, not for the reduced
Lambert transport equation.

146 A sufficient preterminal entry functional

Let te < T∗,N be the first time at which the distinguished characteristic reaches a chosen
phase section s = se. Define the exact entry mismatch

DN,M(te) :=
M∑︂
j=0

⃓⃓⃓⃓
Ej log

(︃
sβe bN(XN(te), te)

B∗,N

)︃⃓⃓⃓⃓2
, (1650)

where XN(t) denotes the complete reconstructed characteristic. The propagation theorem
shows that it is sufficient to establish

DN,M(te) ≤ εentN,M (1651)

for a computable threshold depending only on the finite-N coefficient bounds in the localized
chart.

Before te all coefficients are smooth at fixed N . Commuting the complete scalar PDE
with spatial derivatives up to order m and using the fractional dissipative term gives the
standard finite-N differential inequality

d

dt
∥bN(t)∥2Hm + ν∥bN(t)∥2Hm+α ≤ CN,m(t)

(︁
1 + ∥bN(t)∥2Hm

)︁
, (1652)

where CN,m is an explicit polynomial in the smooth reconstruction coefficients and their
derivatives on [0, te]. Hence

∥bN(te)∥2Hm ≤
(︃
∥bN(0)∥2Hm +

∫︂ te

0

CN,m(r) dr

)︃
exp

(︃∫︂ te

0

CN,m(r) dr

)︃
. (1653)

For m large enough, Sobolev embedding controls the pointwise derivatives needed in (1650).
Thus smooth finite-N evolution gives finiteness of the entry functional. It does not give its
smallness relative to the phase-critical profile.
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The missing quantitative statement is therefore exactly

preterminal attraction: DN,M(te) < εentN,M . (1654)

No estimate derived so far in the manuscript forces (1654) from (1645). Energy regularity
such as (1653) controls size and smoothness, whereas entry requires closeness to a specific
amplitude and its Euler jet.

147 Why propagation does not imply entry

This distinction can be seen already in the autonomous normalized equation. The equilib-
rium Y = 0 is asymptotically stable in increasing terminal time, but the local Lyapunov
estimate (1631) only applies after |Y | ≤ δY . It does not imply that a trajectory beginning
outside that neighborhood ever crosses its boundary. In the complete PDE the error term is
not known to be small on the entire preterminal interval, so extending the local Lyapunov
function backward to t = 0 would be circular.

In particular, the smooth positivity (1647) cannot be converted into FN ≈ 1 at se without
comparing the actual solution with the phase-critical orbit. Such a comparison requires either
a global trapping region for the normalized PDE or a direct finite-N estimate of the entry
map.

148 Two rigorous routes to close the entry theorem

The first route is an invariant-region argument. One seeks two explicit preterminal barriers
B−

N(s) and B
+
N(s) satisfying

B−
N(s) ≤ bN ≤ B+

N(s), (1655)

with strict inward signs for the complete scalar PDE and

B±
N(s)

B∗,Ns−β
−→ 1 as the barriers enter the terminal chart. (1656)

If the prescribed datum lies between the barriers at t = 0, comparison gives (1651) at a finite
section. The present manuscript has not yet constructed such complete-PDE barriers.

The second route is a quantitative entry-map estimate. Let SN(t) denote the finite-
N solution operator for the complete scalar PDE coupled to its reconstruction. One must
estimate

E map
N : bN,0 ↦−→

(︃
Ej log

sβe bN(XN(te), te)

B∗,N

)︃M

j=0

(1657)

and prove
∥E map

N (3 + sin z)∥ℓ2 < (εentN,M)1/2. (1658)

At fixed N this is a finite quantitative problem, but it depends on the actual complete
reconstruction coefficients. A calculation using only the reduced equation

bt + bbz = (∂θ log∆N,k)b
2 (1659)
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cannot establish (1658), because Part 59 proved that the omitted fractional, forcing, and
reconstruction terms change the exact Lambert invariant.

149 Entry-propagation theorem with the exact remain-

ing hypothesis

Theorem 57 (Complete finite-N entry-propagation criterion). Fix N < ∞, kN ≥ 1, 1 ≤
α < 1+ δph, and sufficiently large derivative index M . Let a smooth solution of the complete
reconstructed scalar PDE exist from the prescribed initial section to a terminal chart s =
se, with the real branch and transverse reconstruction remaining regular on the preterminal
interval. If the exact entry map satisfies (1651), then the conormal tube is forward invariant
in terminal logarithmic time, (1644) holds through the endpoint, and the scalar persistence
and finite-time characteristic laws (1611), (1614), and (1617) follow.

For the historical scalar datum b3(z, 0) = 3 + sin z, the currently audited manuscript
proves smooth finite-N preterminal control of the type (1653) under bounded reconstruction
coefficients, but it does not yet prove the small entry mismatch (1651). Therefore entry from
that prescribed scalar datum is not established merely by the local persistence theorem.

150 Updated proof ledger after the entry audit

localized fractional positive-power
remainder:

closed in Part 60,

zeroth-order amplitude propaga-
tion:

strict invariant interval (1633)–
(1635),

Euler-derivative propagation: conormal energy estimate (1641)–
(1644),

finite-N smooth preterminal regu-
larity:

follows conditionally from bounded
reconstruction coefficients by (1652)–
(1653),

prescribed scalar datum: b3(z, 0) = 3 + sin z in the earlier re-
duced finite-k construction,

entry functional: exact mismatch DN,M(te) in (1650),
propagation after entry: proved if DN,M(te) is below the in-

variant threshold,
entry from scalar datum alone: not proved; scalar data do not specify

the full reconstructed coefficient jet,
non-circular remaining estimate: prove (1651) by complete-PDE barri-

ers or the entry map (1657)–(1658),
finite-time scalar law: follows after verified entry and prop-

agation.

(1660)
The entry audit therefore closes one half of the problem completely: propagation of the

conormal tube, including finitely many Euler derivatives, follows from the complete finite-

387



N scalar PDE and the localized fractional estimate already proved. It also prevents a
circular claim about the other half. The prescribed scalar profile supplies smooth positive
data, but we still need a quantitative complete-PDE entry estimate proving that the actual
reconstructed trajectory reaches the small stable tube. Equation (1651), rather than a
qualitative appeal to smoothness or to the reduced Lambert invariant, is the exact remaining
finite-N scalar condition.

Part X

Quantitative Complete-PDE Entry
from the Prescribed Finite-N Data

151 Purpose of the entry calculation

Part 61 reduced the remaining scalar issue to the quantitative inequality

DN,M(te) ≤ εentN,M . (1661)

The point of the present part is to push this condition backward toward the prescribed
initial section without using the reduced Lambert invariant. We work at fixed finite N
throughout. All constants in this part are therefore allowed to depend on N , M , and the
compact preterminal chart, but not on the terminal variable after the entry section has been
selected.

Let

β = 2α− 1, bN(s) = B∗,Ns
−β, YN = log

bN

bN
. (1662)

Along the complete reconstructed characteristic introduce terminal logarithmic time

τ = − log s, τe = − log se. (1663)

The entry functional (1650) is equivalent, up to fixed finite-N norm constants, to the squared
conormal jet of YN at τe.

152 Exact normalized equation before the local tube

Write the complete characteristic equation in the form

ḃN = QN [bN ] +Rfull
N , (1664)

where QN denotes the phase-critical principal part used in Parts 58–60 and Rfull
N is the exact

difference between the complete reconstructed PDE and that principal part. No term is
dropped in this definition. Dividing by bN , subtracting the logarithmic derivative of bN , and
changing from t to τ gives the exact identity

∂τYN = −ΛN(τ, YN)YN + RN(τ), (1665)
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where, for Y ̸= 0,

ΛN(τ, Y ) := −PN(τ, Y )− PN(τ, 0)

Y
, RN(τ) := PN(τ, 0) + E full

N (τ). (1666)

Here PN is the exact normalized principal vector field and E full
N is the normalized complete-

PDE remainder. At Y = 0 we define

ΛN(τ, 0) = −∂Y PN(τ, 0). (1667)

Thus (1665) is an algebraic rewriting of the complete equation, not a linearization assump-
tion.

153 Preterminal coercive corridor

The local stability calculation proves positivity of the limiting damping coefficient at Y = 0.
To obtain entry one needs this sign on a corridor larger than the final conormal tube. Fix
RN > 0 and suppose that on

CN = {(τ, Y ) : τ0 ≤ τ ≤ τe, |Y | ≤ RN} (1668)

the exact normalized principal field satisfies

ΛN(τ, Y ) ≥ λcorN > 0. (1669)

This is a finite-N sign condition on a compact set and is strictly stronger than the local
derivative sign used in Part 60. It can be checked directly from the actual coefficient func-
tions; it is not implied by local stability alone.

Under (1669), multiplying (1665) by sgnYN yields

d

dτ
|YN | ≤ −λcorN |YN |+ |RN |. (1670)

Consequently

|YN(τ)| ≤ e−λcor
N (τ−τ0)|YN(τ0)|+

∫︂ τ

τ0

e−λcor
N (τ−r)|RN(r)| dr. (1671)

This is the first non-circular entry estimate: the right side depends only on the actual nor-
malized initial mismatch and the complete-PDE residual measured along the actual charac-
teristic.

154 Euler-jet entry estimate

Set
ZN,j = EjYN , 0 ≤ j ≤M, ZN = (ZN,0, . . . , ZN,M). (1672)
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Commuting the exact normalized equation with Ej gives

∂τZN = −AN(τ)ZN +NN(τ,ZN) +RN,M(τ), (1673)

where AN contains the diagonal corridor damping and the bounded finite-N commutators.
Assume the symmetric part obeys the compact-corridor bound

1

2

(︁
AN +A∗

N

)︁
≥ λjetN,MI, λjetN,M > 0, (1674)

and that on ∥Z∥ ≤ RN,M ,
∥NN(τ,Z)∥ ≤ Lnl

N,M∥Z∥2. (1675)

If

Lnl
N,MRN,M ≤ 1

4
λjetN,M , (1676)

then the energy YN,M = ∥ZN∥ℓ2 satisfies

d

dτ
YN,M ≤ −3

4
λjetN,MYN,M + ∥RN,M(τ)∥. (1677)

Hence

YN,M(τe) ≤ e−
3
4
λjet
N,M (τe−τ0)YN,M(τ0) +

∫︂ τe

τ0

e−
3
4
λjet
N,M (τe−r)∥RN,M(r)∥ dr. (1678)

The bootstrap condition YN,M ≤ RN,M is propagated provided the same right side, with τe
replaced by every τ ∈ [τ0, τe], is strictly smaller than RN,M .

155 A computable sufficient condition for quantitative

entry

Define the complete preterminal residual budget

BN,M(τ0, τe) :=

∫︂ τe

τ0

e−
3
4
λjet
N,M (τe−r)∥RN,M(r)∥ dr (1679)

and the damped initial mismatch

IN,M(τ0, τe) := e−
3
4
λjet
N,M (τe−τ0)YN,M(τ0). (1680)

Then (1678) gives the explicit implication

IN,M +BN,M ≤ (εentN,M)1/2 =⇒ DN,M(te) ≤ εentN,M . (1681)

Thus the formerly qualitative entry problem has been reduced to a finite-N coercivity check
and a single weighted residual integral for the complete reconstructed PDE.
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A useful stronger condition is obtained if, on the corridor,

∥RN,M(τ)∥ ≤ Cpre
N,Me

−ηpreN,M τ , ηpreN,M > 0. (1682)

Then

BN,M ≤ Cpre
N,M

e−ηpreN,M τe + e−
3
4
λjet
N,M (τe−τ0)e−ηpreN,M τ0

|3
4
λjetN,M − ηpreN,M |

, (1683)

with the usual (τe−τ0)e−ητe replacement in the resonant case. Therefore both the initial mis-
match and the complete residual are forced below the entry threshold by taking a sufficiently
deep but finite entry section, provided the solution remains inside the coercive corridor.

156 What the prescribed datum contributes

For the historical scalar datum
b3(z, 0) = 3 + sin z, (1684)

positivity gives
2 ≤ b3(z, 0) ≤ 4. (1685)

At fixed N this supplies a finite zeroth-order initial mismatch wherever the reference profile
and reconstruction chart are regular. Its derivatives are also uniformly finite at the initial
section. Hence

YN,M(τ0) <∞. (1686)

Equation (1680) then shows that the initial contribution can be made arbitrarily small by a
sufficiently long coercive terminal-time interval. The datum therefore causes no obstruction
to entry once the complete trajectory has been proved to remain in the corridor (1668).

This observation does not dispose of the reconstruction coefficients. The quantity RN,M

contains the actual fractional, forcing, continuity, pressure/reconstruction, and transverse
terms. Their boundedness alone is insufficient: (1682), or an integrable substitute strong
enough for (1681), must be verified from the actual reconstruction.

157 Corridor persistence from an outer barrier

The remaining bootstrap can itself be expressed without assuming entry. At the two faces
Y = ±RN , (1665) gives

∂τYN
⃓⃓
Y=RN

≤ −λcorN RN + |RN |, ∂τYN
⃓⃓
Y=−RN

≥ λcorN RN − |RN |. (1687)

Therefore the corridor is forward invariant whenever

sup
τ0≤τ≤τe

|RN(τ)| < λcorN RN . (1688)

If the initial normalized state lies in the corridor, (1688) prevents exit; then (1678) contracts
the complete Euler jet and (1681) proves quantitative entry. This is precisely the desired
outer-to-inner trapping mechanism.
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158 Finite-N quantitative entry theorem

Theorem 58 (Outer-corridor criterion for complete-PDE conormal entry). Fix N < ∞,
kN ≥ 1, 1 ≤ α < 1 + δph and M large enough for the reconstruction estimates. Suppose
that on a finite preterminal interval [τ0, τe] the complete reconstructed solution is smooth and
remains on the real branch and away from the independent reconstruction zero set χ = 0.
Suppose further that:

1. the exact normalized principal field satisfies the corridor coercivity (1669) and the
Euler-jet coercivity (1674);

2. the nonlinear commutator bound (1675)–(1676) holds on the chosen outer jet ball;

3. the complete residual satisfies the inward boundary condition (1688) and the weighted
budget inequality

IN,M +BN,M ≤ (εentN,M)1/2; (1689)

4. the normalized initial state belongs to the outer corridor and jet ball.

Then the actual complete finite-N trajectory cannot leave the outer corridor, reaches the
entry section with

DN,M(te) ≤ εentN,M , (1690)

and thereafter Part 61 propagates the positive-power conormal tube through the terminal end-
point. Consequently the conditional scalar persistence and finite-physical-time characteristic
laws of Part 60 apply.

Proof. Condition (1688) gives strict inward pointing at both zeroth-order corridor faces by
(1687), so the first-exit argument excludes loss of the outer amplitude bound. Conditions
(1674)–(1676), together with the corresponding first-exit argument for the Euler jet, jus-
tify (1677) on the whole interval. Integration gives (1678), and (1689) gives (1690). The
hypotheses of the entry-propagation theorem in Part 61 are therefore met at τe; its conor-
mal propagation estimate then continues the solution inside the local tube. No reduced
characteristic invariant is used.

159 Status for the actual reconstruction

The theorem above is stronger than the entry criterion (1651): it identifies the exact finite
collection of estimates that would prove (1651) directly from the complete evolution. It also
shows exactly what has not yet been obtained from the formulas presently audited. We do
not yet have a global preterminal estimate proving either

ΛN ≥ λcorN > 0 on an outer corridor (1691)

or
∥RN,M(τ)∥ ≤ Cpre

N,Me
−ηpreN,M τ before local conormal entry. (1692)
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The positive-power estimates of Part 60 establish the analogue of (1692) inside the local
conormal tube; using them to prove entry into that same tube would be circular. Therefore
(1691)–(1692) must be proved on a strictly larger preterminal region from the raw recon-
struction formulas.

In particular, the calculation here does not convert the historical datum (1684) into an
unconditional scalar blow-up theorem. It proves instead that quantitative entry follows from
two checkable complete-PDE estimates: outer-corridor coercivity and a weighted residual
budget. These are now the only preterminal estimates separating the prescribed data from
the already proved local propagation mechanism.

160 Updated proof ledger after the quantitative-entry

reduction

localized fractional persistence: closed in Part 60,
conormal propagation after entry: closed in Part 61,
exact normalized preterminal equa-
tion:

rewritten as the damping–residual
identity (1665),

zeroth-order outer trapping: follows from corridor coercivity and
the inward residual bound (1688),

Euler-jet contraction before entry: follows from (1674)–(1678),
quantitative entry: follows from the explicit budget cri-

terion (1681),
prescribed datum 3 + sin z: finite positive initial mismatch; its

damped contribution decays by
(1680),

remaining complete-PDE estimate
I:

prove outer-corridor coercivity
(1691) from the actual reconstructed
coefficients,

remaining complete-PDE estimate
II:

prove the preterminal residual de-
cay/integrability (1692) without as-
suming local conormal closeness,

finite-time scalar law: follows once (1691)–(1692) close and
entry is obtained.

(1693)
The quantitative entry problem has therefore been reduced from an abstract smallness

requirement at te to an explicit outer-to-inner contraction argument. The next decisive
calculation is no longer to assume the terminal profile, but to evaluate ΛN and RN,M directly
from the raw finite-N reconstruction on a larger preterminal corridor and verify (1691)–
(1692).
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Part XI

Raw Outer-Corridor Coercivity and
Preterminal Residual Audit

161 Purpose and non-circular starting point

The preceding quantitative-entry reduction left two estimates:

ΛN ≥ λcorN > 0, (1694)

and
∥RN,M(τ)∥ ≤ Cpre

N,Me
−ηpreN,M τ . (1695)

The first estimate can in fact be proved directly from the exact phase-critical principal
vector field, without assuming conormal entry. The second estimate requires a separate
audit because the complete fractional operator depends on the shape of the normalized
profile, not only on its amplitude.

Fix finite N and write

β = 2α− 1, g∗,N = 2−kN , aN := β − g∗,N . (1696)

For kN ≥ 1 and α ≥ 1,

aN ≥ 1

2
> 0. (1697)

The matched phase-critical amplitude is

B∗,N =
νhphα
aN

> 0. (1698)

Introduce
bN = B∗,Ns

−βFN , YN = logFN . (1699)

No smallness of YN is assumed in the present section.

162 Exact principal vector field on an arbitrary finite

corridor

The phase-critical matching calculation of Part 58 gives the normalized principal equation

∂τ logFN = −aN +
aN
FN

(1700)

before the complete remainder is restored. Since FN = eYN , the exact principal vector field
is therefore

PN(Y ) = aN(e
−Y − 1). (1701)
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In particular,
PN(0) = 0, P ′

N(0) = −aN < 0. (1702)

Substitution into the definition (1666) gives, for Y ̸= 0,

ΛN(Y ) = aN
1− e−Y

Y
. (1703)

The continuous value at the origin is

ΛN(0) = aN . (1704)

163 Global sign of the corridor damping

Define

ϕ(Y ) =
1− e−Y

Y
, ϕ(0) = 1. (1705)

For every real Y ̸= 0, the numerator 1− e−Y has the same sign as Y . Hence

ϕ(Y ) > 0 (Y ∈ R). (1706)

Moreover, on a symmetric finite corridor |Y | ≤ RN ,

min
|Y |≤RN

ϕ(Y ) =
1− e−RN

RN

. (1707)

Consequently

ΛN(Y ) ≥ λcorN := aN
1− e−RN

RN

> 0, |Y | ≤ RN . (1708)

Thus the zeroth-order outer-corridor coercivity left open in (1691) is not an additional hy-
pothesis: it follows algebraically from the exact matched phase-critical principal field. Notice
that no Taylor expansion in Y and no local conormal smallness have been used.

At the two corridor faces one therefore has the exact principal inward margin

−ΛN(RN)RN = −aN(1− e−RN ) < 0, (1709)

and
−ΛN(−RN)(−RN) = aN(e

RN − 1) > 0. (1710)

The negative face has the stronger restoring force. The smaller inward margin is

mcor
N = aN(1− e−RN ) > 0. (1711)

Therefore the corridor is forward invariant whenever the complete normalized remainder
obeys

sup
τ0≤τ≤τe

|RN(τ)| < mcor
N . (1712)
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164 What can be proved for the raw algebraic residuals

on the corridor

The corridor bound |YN | ≤ RN is equivalent to the two-sided amplitude comparison

e−RNB∗,Ns
−β ≤ bN(s) ≤ eRNB∗,Ns

−β. (1713)

This comparison is sufficient for all purely algebraic power-counting estimates that do not
require decay of conormal derivatives. In particular, the exact finite-N Lambert sensitivity
gives

gN,α(s)− g∗,N = ON(s
g∗,N ), (1714)

and the reconstruction/forcing audit at β = 2α− 1 gives, uniformly on any fixed amplitude
corridor,

E
rec/forc
N (s) = ON,RN

(s4α/7). (1715)

The geometric characteristic relation similarly gives the two-sided power comparison

cN,RN
spph ≤ σN(s) ≤ CN,RN

spph , pph =
2(7− 2α)

7
> 0, (1716)

as long as the reconstruction chart remains on the same real branch and away from the
independent zero set where that chart degenerates.

Consequently the non-fractional part of the normalized preterminal residual obeys

|Ralg
N (τ)| ≤ CN,RN

e−ηalgN τ , ηalgN = min

{︃
2−kN ,

4α

7
, pph

}︃
> 0. (1717)

The same estimate holds for finitely many Euler derivatives provided the raw coefficient
maps are differentiated only a finite number of times on the compact reconstruction chart.

165 The complete fractional residual and the remain-

ing gap

The fractional term is qualitatively different. Let

FN = eYN . (1718)

After subtraction of the matched phase-critical monomial, the localized fractional remainder
has the schematic exact form

Rfrac
N = TN,α[FN ]− TN,α[1] + Rfar

N + Rgeo
N , (1719)

where TN,α is the normalized finite-N fractional operator in the reconstruction chart. Parts 60–
61 proved

Rfrac
N = ON(s

ηF ) (1720)
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inside the conormal tube because there

|EjYN | ≤ CNs
η∗ . (1721)

On the larger amplitude corridor, however, (1713) gives only

e−RN ≤ FN ≤ eRN , (1722)

and does not force FN−1, EFN , or higher Euler derivatives to decay. For a nonlocal operator
this distinction is essential: bounded amplitude does not imply

TN,α[FN ]− TN,α[1] −→ 0. (1723)

Thus the positive-power fractional estimate cannot be deduced from zeroth-order corridor
trapping alone.

More quantitatively, the localized operator estimate gives on a compact finite-N chart

∥Rfrac
N,M(τ)∥ ≤ CN,M,RN

(︄
M∗∑︂
j=0

∥EjYN(τ)∥+ e−ηkerN τ

)︄
, (1724)

for a finite derivative index M∗ determined by the fractional order and the reconstruction
product estimates. The second term contains the genuine kernel/geometric positive powers.
The first term is the profile-shape defect. Equation (1724) identifies exactly why (1692)
cannot be proved from the raw amplitude corridor without an additional preterminal shape
estimate.

166 A non-circular replacement for the missing resid-

ual hypothesis

The correct preterminal target is therefore weaker than assuming the final conormal asymp-
totic, but stronger than amplitude trapping. It is enough to prove a finite-jet decay estimate

M∗∑︂
j=1

∥EjYN(τ)∥ ≤ Csh
N,M∗e

−ηshN τ , ηshN > 0, (1725)

together with decay of the zeroth-order deviation generated by the coercive ODE. Combining
(1717), (1724), and (1725) yields

∥RN,M(τ)∥ ≤ Cpre
N,Me

−ηpreN,M τ , (1726)

where one may take
ηpreN,M = min{ηalgN , ηkerN , ηshN } > 0. (1727)

Unlike the final conormal-tube hypothesis, (1725) asks only for decay of a finite number of
shape derivatives on the larger outer corridor. It does not prescribe the terminal amplitude
or its limiting constant.
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167 Differentiated corridor equation and the shape-

entry mechanism

Applying E = s∂s = −∂τ to the exact normalized equation gives for Z1,N = EYN

∂τZ1,N = −ΛN(YN)Z1,N + C1,N(YN , Z1,N) + ERN , (1728)

where C1,N contains the derivative of the exact damping coefficient. Since |YN | ≤ RN , all
coefficients are bounded, and the strict positivity (1708) provides a zeroth-order restoring
margin. Iterating gives a triangular finite-jet system

∂τZ
sh
N = −Ash

N (τ)Zsh
N +Nsh

N (Zsh
N ) +Graw

N (τ), (1729)

with
Zsh

N = (EYN , E
2YN , . . . , E

M∗YN). (1730)

The algebraic forcing part of Graw
N decays by (1717). The only component not already

controlled by raw coefficient powers is the fractional shape operator acting on Zsh
N itself.

Therefore a direct non-circular closure would follow from the finite-N outer-corridor
accretivity estimate⟨︂

Z,Ash
NZ− Lfrac,sh

N,α Z
⟩︂
≥ λshN,M∗∥Z∥

2, λshN,M∗ > 0, (1731)

on |Y | ≤ RN . Under (1731), the same first-exit/variation-of-constants argument as in Part 62
gives (1725), then (1726), and finally quantitative entry. Importantly, (1731) is an operator
sign estimate on a compact preterminal corridor; it does not assume the conclusion (1725).

168 What has and has not been closed

The present audit therefore resolves one of the two estimates left in (1691)–(1692) and
reduces the other to an operator-level statement:

ΛN ≥ (2α− 1− 2−kN )
1− e−RN

RN

> 0. (1732)

This is the requested outer-corridor coercivity, proved directly from the matched principal
field.

For the complete residual, the raw reconstruction already supplies positive powers for the
Lambert, reconstruction, forcing, geometric, and separated kernel pieces. What remains is
not another scalar power count but the fractional shape accretivity (1731), or an equivalent
finite-jet estimate. Without such an estimate, claiming (1695) from amplitude trapping
would be circular because the missing decay is precisely the decay of the profile shape toward
the conormal state.
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169 Updated proof ledger after the raw-corridor audit

localized fractional persistence: closed in Part 60,
conormal propagation after entry: closed in Part 61,
quantitative-entry reduction: closed in Part 62,
outer-corridor coercivity: closed explicitly by (1703)–(1708),
non-fractional preterminal residual: positive-power decay closed by

(1714)–(1717),
complete fractional residual on am-
plitude corridor:

reduced to the finite-jet shape defect
(1724),

preterminal residual decay: follows from the non-circular shape
estimate (1725),

remaining operator estimate: prove outer-corridor fractional shape
accretivity (1731),

quantitative entry from prescribed
data:

follows once (1731) closes, via
Parts 62–63,

finite-time scalar persistence law: follows after entry and propagation.

(1733)
The decisive remaining preterminal calculation is therefore no longer the zeroth-order

damping sign. That sign is globally positive on every finite amplitude corridor. The re-
maining question is whether the localized fractional shape operator is accretive relative to
this damping on the larger preterminal corridor, as quantified by (1731). Establishing that
estimate would produce the exponential residual bound (1726), quantitative conormal entry,
and hence the already proved terminal scalar persistence mechanism.

Part XII

Outer-Corridor Fractional Shape
Operator Audit

170 Purpose and a necessary correction to the formu-

lation of (1731)

Part 63 reduced quantitative entry to the sign of the localized fractional shape operator. The
purpose of the present audit is to compute that operator at the phase-critical profile and
to determine what coercive estimate is actually compatible with its differential order. The
calculation shows that (1731), if interpreted as a purely zeroth-order Euclidean estimate on
the finite jet, is not the natural statement. The fractional shape term contains a positive
derivative quadratic form and must be retained in the energy rather than estimated as an
arbitrary bounded perturbation.

399



Work on the proof-localized transverse chart

0 < cχ ≤ |χ(x)| ≤ Cχ, (1734)

and write
β = 2α− 1, aβ(s) = s−β/2, b = B∗,Ns

−βeY . (1735)

Up to the already audited positive-power geometric and transverse remainders, the two
reconstructed factors have the same phase amplitude

ux = cx(x) aβ(s)e
Y/2, uy = cy(x) aβ(s)e

Y/2, cxcy = B∗,N . (1736)

Thus the principal localized fractional block is governed by the conjugated operator

Tα,βZ := a−1
β (−∂ss)α(aβZ)− Z a−1

β (−∂ss)αaβ. (1737)

The subtraction in (1737) is forced by differentiating the quotient ((−∂ss)αa)/a; in particular
constants lie in the kernel,

Tα,β1 = 0. (1738)

This is the correct linearized shape operator before the finite-jet commutators and positive-
power reconstruction errors are restored.

171 Exact anchor computation at α = 1

At α = 1 one has β = 1, aβ = s−1/2 and (−∂ss)1 = −∂ss. More generally, for a = sλ,
λ = −β/2,

a−1{−∂ss(aZ)} − Za−1{−∂ssa} = −Zss − 2
as
a
Zs. (1739)

Since E = s∂s,
Zs = s−1EZ, Zss = s−2(E2 − E)Z, (1740)

and therefore
T1,βZ = s−2{−E2 + (1 + β)E}Z. (1741)

At the phase-critical anchor β = 1 this becomes

T1,1Z = s−2(−E2 + 2E)Z. (1742)

The normalized scalar equation multiplies the fractional block by s/b ∼ s1+β/B∗,N . At
α = 1, β = 1, the factor s2 exactly cancels the s−2 in (1742). Hence the principal linearized
fractional shape contribution in terminal logarithmic time is a constant-coefficient second-
order operator.

Put
τ = − log(s/se), E = −∂τ . (1743)

Then
−E2 + 2E = −∂2τ − 2∂τ . (1744)
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The first derivative is skew with respect to the unweighted whole-line quadratic form (or
contributes only boundary/weight terms on a localized interval), while the second derivative
gives the positive form ⟨︁

Z,−∂2τZ
⟩︁
= ∥∂τZ∥22. (1745)

Thus the anchor principal fractional shape operator is not an uncontrolled zeroth-order
defect. Its highest-order part is accretive.

172 Mellin symbol for general α near one

The same statement can be expressed without differentiating an integer-order operator. The
exact Mellin formula already established in the manuscript is

(−∂ss)αsλ = K+
α (λ)s

λ−2α, K+
α (λ) =

Γ(λ+ 1)Γ(2α− λ)

π
sin π(α− λ). (1746)

For a logarithmic Fourier mode Z = eiξ log s, (1737) has symbol

tα,β(ξ) = K+
α

(︃
−β
2
+ iξ

)︃
−K+

α

(︃
−β
2

)︃
. (1747)

The normalized phase-critical equation removes the common factor s−2α because 1+β = 2α.
Consequently (1747) is precisely the terminal logarithmic shape symbol.

At (α, β) = (1, 1), using K+
1 (λ) = −λ(λ− 1),

t1,1(ξ) = ξ2 − 2iξ. (1748)

Therefore
ℜt1,1(ξ) = ξ2 ≥ 0. (1749)

The zero at ξ = 0 is the amplitude mode and is already controlled by the strict scalar corridor
damping ΛN(Y ). Nonzero shape frequencies receive a positive derivative contribution.

The general-α Gamma-symbol perturbation estimates proved earlier imply, for 1 ≤ α <
1 + δ and β = 2α− 1,

|tα,β(ξ)− t1,1(ξ)| ≤ C |α− 1| ⟨ξ⟩2α(1 + log⟨ξ⟩), (1750)

on the common weighted Mellin domain. This proves continuity of the shape operator, but
by itself it is not a global positive lower bound at every frequency: the logarithmic loss in
(1750) cannot simply be absorbed by the anchor ξ2 uniformly as |ξ| → ∞. The correct
high-frequency statement must use the principal symbol directly.

173 High-frequency ellipticity and low-frequency com-

pactness

Stirling asymptotics for (1746) give the order-2α principal behavior

ℜtα,β(ξ) ≥ cα|ξ|2α − Cα, |ξ| ≥ Ξα, (1751)
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for α in a sufficiently small interval above one, after fixing the same branch and weighted
Mellin line used in Part 60. Hence the only possible loss of accretivity occurs on a compact
frequency interval.

For every fixed finite N and finite amplitude radius RN , the localized reconstruction
coefficients range over a compact coefficient set. The low-frequency shape symbol and its
finite-jet commutators therefore have a finite lower bound. Define the actual corridor spectral
margin

µN,RN ,α := inf
|Y |≤RN

inf
ξ∈R

shape mode

ℜ ℓshN,α(Y, ξ), (1752)

where the amplitude mode is excluded because it is handled by ΛN . The anchor computation
gives a positive derivative form, but the information currently present in the manuscript does
not determine the sign of the full compact-frequency number (1752) for an arbitrary large
RN . In particular, compactness proves that µN,RN ,α > −∞; it does not prove µN,RN ,α ≥ 0.

This is the key outcome of the audit. The global statement (1731) cannot be promoted
to a theorem merely from amplitude boundedness and the anchor sign. One must either
compute the compact-frequency margin (1752), or choose a corridor on which perturbation
from the already certified conormal operator is quantitatively smaller than its spectral gap.

174 A rigorous coercive replacement for (1731)

The natural energy statement retains the derivative norm. Let Z = (Z1, . . . , ZM∗) and let
∥Z∥Hα

N
denote the finite-jet weighted Mellin norm containing the order-α derivative of every

shape component. The localized pseudodifferential Garding estimate has the form

ℜ⟨Z,Lfrac,sh
N,α Z⟩ ≥ cN,α∥Z∥2Hα

N
− CN,RN

∥Z∥22. (1753)

Combining this with the already proved scalar corridor margin

λcorN = (2α− 1− 2−kN )
1− e−RN

RN

(1754)

shows that the desired preterminal shape contraction follows whenever the compact-frequency
loss obeys

Ceff
N,RN

< λcorN . (1755)

Equivalently, in the spectral notation (1752), it is enough that

λcorN + µN,RN ,α > 0. (1756)

Under (1756), one obtains

1

2

d

dτ
∥Zsh

N ∥22 + λshN,M∗∥Z
sh
N ∥22 + cN,α∥Zsh

N ∥2Hα
N
≤ CNe

−2ηalgN τ , (1757)

for some
λshN,M∗ > 0. (1758)
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Integration gives

∥Zsh
N (τ)∥2 ≤ CNe

−ηshN (τ−τ0)∥Zsh
N (τ0)∥2 + CNe

−ηshN τ . (1759)

Equations (1724) and (1759) then imply the complete preterminal residual bound

∥RN,M(τ)∥ ≤ Cpre
N,Me

−ηpreN,M τ . (1760)

Thus (1756), rather than the schematic zeroth-order version of (1731), is the precise finite-N
spectral condition needed for quantitative entry.

175 What is proved at the anchor and what remains

for the full corridor

At α = 1 the principal shape symbol is explicit:

ℜt1,1(ξ) = ξ2. (1761)

Hence the phase fractional operator has the favorable high-frequency sign and no negative
principal spectrum. The amplitude mode is separately damped by λcorN > 0. This proves
that there is no principal-symbol obstruction to outer-corridor shape coercivity.

What is not supplied by the present raw reconstruction is a certified lower bound for
the compact-frequency margin (1752) over an arbitrary entire amplitude corridor |Y | ≤ RN .
The finite-N coefficients are explicit, so this has now become a finite-dimensional/compact-
frequency certification problem rather than an uncontrolled nonlocal remainder problem. A
rigorous closure can proceed by either

(i) analytic interval bounds for ℓshN,α(Y, ξ), or (ii) a certified Galerkin/interval enclosure on |ξ| ≤ Ξα,
(1762)

with the high-frequency tail already controlled by (1751).

Theorem 59 (Outer-corridor fractional shape audit). Fix N < ∞ and the proof-localized
transverse chart (1734). At the phase-critical anchor α = 1, the principal linearized localized
fractional shape operator has Mellin symbol t1,1(ξ) = ξ2 − 2iξ and therefore nonnegative real
part ξ2. For α sufficiently close to one, its high-frequency part remains elliptic and accretive
in the weighted Mellin energy, up to a bounded compact-frequency loss. Consequently the
preterminal finite-jet estimate and residual decay follow from the explicit spectral margin
condition (1756).

The present paper’s data presently prove the anchor sign and high-frequency accretivity,
but do not by themselves certify the sign of the full compact-frequency margin uniformly on
an arbitrary prescribed outer corridor. Therefore (1731) is not declared closed on the entire
corridor without the additional finite-N compact-frequency certification (1762).
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176 Updated proof ledger after the shape-operator au-

dit

outer-corridor scalar damping: closed by (1732),
linearized fractional shape operator: computed explicitly by (1737)–

(1748),
anchor fractional shape sign: ℜt1,1(ξ) = ξ2 ≥ 0,
high-frequency fractional shape sec-
tor:

accretive/elliptic by (1751),

compact-frequency corridor sector: reduced to the explicit margin
µN,RN ,α in (1752),

correct coercive condition: λcorN + µN,RN ,α > 0,
preterminal shape decay: follows from (1756) by (1757)–

(1759),
complete preterminal residual: follows as (1760) once the compact-

frequency margin is certified,
quantitative entry: then follows from Parts 62–63,
terminal scalar persistence: already proved after verified entry.

(1763)
The remaining calculation is now finite and sharply localized: certify the compact-

frequency number (1752) for the actual finite-N coefficient family. The nonlocal high-
frequency sign is favorable; what remains is a bounded spectral enclosure, not a new terminal
asymptotic assumption.

Part XIII

Certified Compact–Frequency
Enclosure on a Finite Outer Corridor

177 Purpose: replace the unresolved number µN,RN ,α

by a quantitative enclosure

Part 64 reduced the remaining preterminal issue to the compact-frequency margin

µN,RN ,α = inf
|Y |≤RN

inf
|ξ|≤Ξα

ℜ ℓshN,α(Y, ξ), (1764)

with the amplitude mode treated separately by the positive scalar damping. The point of
the present calculation is that one does not need to prove µN,RN ,α ≥ 0. It is enough to prove
that its possible negative part is strictly smaller than the already available damping margin
λcorN .

Write the complete localized symbol on the bounded frequency block as

ℓshN,α(Y, ξ) = t1,1(ξ) + pN,α(Y, ξ), |ξ| ≤ Ξ, (1765)
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where
t1,1(ξ) = ξ2 − 2iξ, ℜt1,1(ξ) = ξ2. (1766)

All finite-N proof-localized coefficients are smooth on the compact transverse chart and on
a finite amplitude corridor. Hence, for every fixed N and fixed finite cutoff Ξ, the symbol is
C1 in (Y, α) on a neighborhood of (0, 1) away from the already excluded Mellin poles. Define

LY
N,Ξ := sup

|Y |≤R0, |ξ|≤Ξ
1≤α≤1+δ0

⃓⃓
∂YℜℓshN,α(Y, ξ)

⃓⃓
, (1767)

and
Lα
N,Ξ := sup

|Y |≤R0, |ξ|≤Ξ
1≤α≤1+δ0

⃓⃓
∂αℜℓshN,α(Y, ξ)

⃓⃓
. (1768)

These constants are finite for each fixed N , R0, Ξ, and sufficiently small δ0.

178 Anchor normalization and the finite-N coefficient

defect

The exact anchor calculation of Part 64 gives the principal phase symbol t1,1. The proof-
localized finite-N reconstruction may also contain a bounded anchor coefficient defect. Iso-
late it by

εancN,Ξ := sup
|ξ|≤Ξ

⃓⃓
ℜℓshN,1(0, ξ)− ξ2

⃓⃓
. (1769)

This quantity is zero if the localized coefficient normalization at Y = 0 is exactly the phase-
critical anchor, and otherwise it is an explicit finite-N number determined by the raw recon-
struction. The mean-value theorem now implies, uniformly for |Y | ≤ R ≤ R0, |ξ| ≤ Ξ, and
1 ≤ α ≤ 1 + δ ≤ 1 + δ0,

ℜℓshN,α(Y, ξ) ≥ ξ2 − εancN,Ξ − LY
N,ΞR− Lα

N,Ξ(α− 1). (1770)

Consequently

µN,R,α ≥ −εancN,Ξ − LY
N,ΞR− Lα

N,Ξ(α− 1). (1771)

This is the desired analytic compact-frequency enclosure. It does not use smallness of the
shape derivatives and therefore does not assume conormal entry.

179 Comparison with the scalar damping margin

Recall

λcorN (R,α) =
(︁
2α− 1− 2−kN

)︁ 1− e−R

R
. (1772)

For 0 < R ≤ R0 and α ≥ 1,

λcorN (R,α) ≥
(︁
1− 2−kN

)︁ 1− e−R0

R0

=: λN,0 > 0. (1773)
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Combining (1771) and (1773) gives the explicit sufficient inequality

εancN,Ξ + LY
N,ΞR + Lα

N,Ξ(α− 1) < λN,0. (1774)

Whenever (1774) holds,

λcorN + µN,R,α ≥ λN,0 − εancN,Ξ − LY
N,ΞR− Lα

N,Ξ(α− 1) > 0. (1775)

Thus the compact-frequency obstruction is perturbatively closed on every corridor satisfying
the explicit budget (1774).

180 A nonzero certified corridor exists when the an-

chor defect is below the damping gap

Assume the checkable finite-N anchor condition

εancN,Ξ <
1

4
λN,0. (1776)

Choose

Rspec
N := min

{︄
R0,

λN,0

4(1 + LY
N,Ξ)

}︄
, (1777)

and

δspecN := min

{︄
δ0,

λN,0

4(1 + Lα
N,Ξ)

}︄
. (1778)

Then for
|Y | ≤ Rspec

N , 1 ≤ α < 1 + δspecN , (1779)

one has

εancN,Ξ + LY
N,ΞR

spec
N + Lα

N,Ξ(α− 1) <
3

4
λN,0, (1780)

and hence the uniform margin

λcorN + µN,Rspec
N ,α ≥ 1

4
λN,0 > 0. (1781)

This proves existence of a genuine nonzero finite-N spectral corridor. It is stronger than the
small conormal tube because no decay of EY,E2Y, . . . is assumed in deriving (1770). It is,
however, not a certification of an arbitrarily large preassigned RN .
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181 The zero-frequency issue is absorbed by the am-

plitude equation

The compact interval contains ξ = 0, where the anchor shape symbol vanishes. This causes
no loss because the corresponding constant logarithmic mode is precisely the amplitude
direction. Let Π0 denote the amplitude projection and Πsh = I − Π0. The normalized
linearized evolution has the block form

∂τ

(︃
Π0Z
ΠshZ

)︃
= −

(︃
ΛN(Y ) B0sh

Bsh0 Ash + Lfrac

)︃(︃
Π0Z
ΠshZ

)︃
+Graw

N . (1782)

The off-diagonal blocks are smooth finite-N coefficient perturbations and are included in the
constants in (1767)–(1769). By Young’s inequality they consume only part of the positive
margin in (1781). Shrinking the spectral budget from λN,0/4 to λN,0/8 if necessary yields

ℜ⟨Z, (Ash
N − Lfrac,sh

N,α )Z⟩ ≥ λN,0

8
∥Z∥22 + cN,α∥ΠshZ∥2Hα

N
. (1783)

Thus frequencies arbitrarily close to zero are controlled by the combination of amplitude
damping and the nonnegative fractional derivative form; no artificial frequency gap is re-
quired.

182 High-frequency tail and compact block fit together

Choose Ξ = ΞN,α so that the elliptic estimate (1751) gives

ℜℓshN,α(Y, ξ) ≥ cN,α|ξ|2α − CN,R0 (|ξ| ≥ Ξ). (1784)

Increasing Ξ if necessary absorbs the bounded lower-order coefficient loss and gives

ℜℓshN,α(Y, ξ) ≥
cN,α

2
|ξ|2α > 0, |ξ| ≥ Ξ. (1785)

On |ξ| ≤ Ξ, (1781)–(1783) supply the missing bounded-frequency coercivity. Therefore,
subject only to the explicit anchor-defect check (1776), the full frequency axis is controlled
on the certified corridor (1779).

183 Consequences for preterminal entry

Insert (1783) into the finite-jet energy equation of Part 63. The nonlinear triangular terms
obey, on a sufficiently small but fixed jet radius,

|⟨Z,Nsh
N (Z)⟩| ≤ λN,0

16
∥Z∥22. (1786)

The raw algebraic forcing already satisfies the positive-power estimate (1717). Hence

1

2

d

dτ
∥Zsh

N ∥22 +
λN,0

16
∥Zsh

N ∥22 + cN,α∥ΠshZ
sh
N ∥2Hα

N
≤ CNe

−2ηalgN τ . (1787)
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Therefore

∥Zsh
N (τ)∥2 ≤ CNe

−ηspecN (τ−τ0)∥Zsh
N (τ0)∥2 + CNe

−ηspecN τ , (1788)

where

ηspecN := min

{︃
λN,0

16
, ηalgN

}︃
> 0. (1789)

Using (1724),

∥RN,M(τ)∥ ≤ Cpre
N,Me

−ηpreN,M τ , ηpreN,M > 0. (1790)

Thus the preterminal residual estimate follows on the certified spectral corridor. Parts 62–
63 then convert this decay into quantitative conormal entry provided the actual trajectory
reaches this corridor without leaving the raw reconstruction chart.

184 What remains for the prescribed data

The spectral problem has therefore changed status. It is no longer necessary to determine
an unrestricted global infimum over an arbitrary corridor. For each fixed N it is enough to
verify the finite anchor number εancN,Ξ and the explicit derivative bounds LY

N,Ξ and Lα
N,Ξ. Once

(1776) is certified, a nonzero corridor and continuation interval are produced explicitly by
(1777)–(1779).

There remains one logically separate entry-map question: does the complete trajectory
generated by the prescribed reconstructed data reach |Y | ≤ Rspec

N with its finite jet inside
the radius required in (1786)? The present spectral enclosure proves contraction after that
larger corridor is reached ; it does not manufacture that first crossing from scalar amplitude
data alone. This distinction prevents a circular entry claim.

Theorem 60 (Perturbative compact-frequency spectral enclosure). Fix N <∞ and a proof-
localized transverse chart. Let Ξ < ∞ be chosen so that the high-frequency elliptic estimate
(1785) holds. Suppose the finite-N anchor defect (1769) satisfies (1776). Then there exist
explicit positive numbers Rspec

N and δspecN given by (1777)–(1778) such that, for |Y | ≤ Rspec
N

and 1 ≤ α < 1 + δspecN , the combined amplitude–shape operator has a strictly positive coer-
cive margin. In particular (1783), the finite-jet decay (1788), and the complete preterminal
residual estimate (1790) hold after entry into that corridor.

If the anchor normalization is exact, then εancN,Ξ = 0 and the anchor-defect hypothesis
is automatic. The theorem certifies a nonzero finite-N outer corridor; it does not assert
coercivity on an arbitrarily large prescribed corridor without evaluating the actual coefficient
bounds there.
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185 Updated proof ledger after the compact-frequency

enclosure

anchor fractional shape sign: closed, ℜt1,1(ξ) = ξ2,
high-frequency sector: closed by ellipticity (1785),
compact-frequency sector: analytic enclosure (1770)–(1771),
finite-N anchor defect: explicit check εancN,Ξ < λN,0/4 still

required unless exact normalization
gives zero,

certified spectral corridor: exists by (1777)–(1781) once the an-
chor check holds,

combined amplitude–shape coerciv-
ity:

(1783),

preterminal finite-jet decay: (1788),
complete preterminal residual: (1790),
quantitative conormal entry after
reaching the spectral corridor:

follows from Parts 62–63,

first crossing of the spectral corri-
dor from the prescribed full recon-
structed data:

remains to be proved by the complete
entry map,

terminal scalar persistence after ver-
ified entry:

already closed.

(1791)
The bounded-frequency problem is therefore no longer an open sign question in an

infinite-dimensional frequency tail. It has been reduced to explicit finite-N coefficient bounds
on a compact block. Under the anchor-defect check, these bounds produce a nonzero coer-
cive outer corridor and close the preterminal residual estimate there. The next non-circular
issue is the first-crossing/entry-map estimate from the prescribed complete reconstructed
data into this certified spectral corridor.

Part XIV

First-Crossing Audit from the
Prescribed Complete Finite-N Data
The preceding compact-frequency audit proves contraction after the complete trajectory
reaches the certified spectral corridor

|YN | ≤ Rspec
N .

The remaining question is whether this first crossing follows from the prescribed finite-N data
without assuming the conclusion. In this part we separate the scalar restoring mechanism
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from the finite-jet shape mechanism and derive the exact quantitative criterion for first
crossing. The result is deliberately stated at fixed finite N .

186 Global restoring sign of the scalar principal field

Recall
aN := 2α− 1− 2−kN > 0, PN(Y ) = aN(e

−Y − 1). (1792)

For Y ̸= 0 define

ΛN(Y ) := −PN(Y )

Y
= aN

1− e−Y

Y
. (1793)

The elementary function (1 − e−Y )/Y is strictly positive for every finite real Y . Hence for
every finite bridge radius R > 0,

λbrN (R) := aN min
|Y |≤R

1− e−Y

Y
= aN

1− e−R

R
> 0. (1794)

Thus the scalar principal equation has an inward restoring sign on every bounded amplitude
corridor. No smallness of Y is needed for this fact.

Let the exact normalized complete equation be

∂τYN = −ΛN(YN)YN + Rcmp
N . (1795)

If |YN | ≤ R and
|Rcmp

N (τ)| ≤ ρN(τ), (1796)

then
d

dτ
|YN | ≤ −λbrN (R)|YN |+ ρN(τ). (1797)

Consequently

|YN(τ)| ≤ e−λbr
N (R)(τ−τ0)|YN(τ0)|+

∫︂ τ

τ0

e−λbr
N (R)(τ−r)ρN(r) dr. (1798)

This is the exact scalar first-crossing inequality.

187 A quantitative first-crossing time

Assume for the moment that on a bridge interval

ρN(τ) ≤ Cbr
N e

−ηbrN τ , ηbrN > 0. (1799)

For λbrN ̸= ηbrN , (1798) gives

|YN(τ)| ≤ e−λbr
N (τ−τ0)|YN(τ0)|+

Cbr
N

|λbrN − ηbrN |

(︂
e−ηbrN τ + e−λbr

N (τ−τ0)e−ηbrN τ0
)︂
. (1800)
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The resonant case has the usual factor (τ − τ0)e
−λbr

N τ and also tends to zero. Therefore,
provided the bridge estimate (1799) is valid until crossing, there is a finite τcr such that

|YN(τcr)| ≤ Rspec
N . (1801)

For example, any τcr for which the two terms on the right of (1800) are each at most Rspec
N /2

is sufficient. This gives an explicit finite first-crossing time in terms of the initial mismatch
and the bridge constants.

188 Finite shape jet on the bridge

The amplitude crossing alone is not enough. Let

Zsh
N = (EYN , E

2YN , . . . , E
M∗YN). (1802)

On a finite bridge corridor |Y | ≤ R write the exact differentiated equation as

∂τZ
sh
N = −Abr

N (Y, τ)Zsh
N +Nbr

N (Y,Zsh
N ) +Gbr

N (τ). (1803)

Define the bridge spectral margin

µbr
N,R,α := inf

|Y |≤R
inf
ξ∈R

ℜℓshN,α(Y, ξ). (1804)

The same amplitude–shape decomposition used in Part 64 shows that a sufficient bridge
coercivity condition is

λbrN (R) + µbr
N,R,α > 0. (1805)

If the margin in (1805) is 2κbrN > 0, the nonlinear jet radius is chosen so that its quadratic
loss is at most κbrN /2. Then

d

dτ
∥Zsh

N ∥2 ≤ −κbrN∥Zsh
N ∥2 + ∥Gbr

N (τ)∥2. (1806)

If
∥Gbr

N (τ)∥2 ≤ Cbr
N,M∗e

−ηbrN,M∗τ , (1807)

then

∥Zsh
N (τ)∥2 ≤ e−κbr

N (τ−τ0)∥Zsh
N (τ0)∥2 + CNe

−min{κbr
N ,ηbrN,M∗}τ . (1808)

Hence the finite shape jet also reaches any prescribed positive contraction radius in finite
terminal logarithmic time, provided (1805)–(1807) hold on the bridge.
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189 What the compact-frequency calculation actually

proves on a bridge

Part 64 gives, on |ξ| ≤ Ξ,

ℜℓshN,α(Y, ξ) ≥ −εancN,Ξ − LY
N,Ξ|Y | − Lα

N,Ξ(α− 1). (1809)

Therefore for any finite R,

µbr
N,R,α ≥ −εancN,Ξ − LY

N,ΞR− Lα
N,Ξ(α− 1). (1810)

Combining (1794) and (1810) yields the fully explicit sufficient bridge condition

aN
1− e−R

R
> εancN,Ξ + LY

N,ΞR + Lα
N,Ξ(α− 1). (1811)

When (1811) holds, the entire frequency axis is coercive on the bridge after the high-frequency
elliptic tail is added exactly as in (1784)–(1785). Thus the first-crossing problem is finite
and quantitative: it is not an unknown sign at arbitrarily high frequency.

190 Insertion of the prescribed scalar datum

For
b3(z, 0) = 3 + sin z (1812)

we have
2 ≤ b3(z, 0) ≤ 4, ∥∂mz b3(·, 0)∥L∞ ≤ 1 (m ≥ 1). (1813)

Let s0 denote the phase value of the chosen initial section. The exact initial normalized
amplitude is

YN(τ0, z) = log
(3 + sin z)sβ0

B∗,N
, (1814)

and hence

|YN(τ0, z)| ≤ Rdata
N,0 := max

{︄⃓⃓⃓⃓
⃓log 2sβ0

B∗,N

⃓⃓⃓⃓
⃓ ,
⃓⃓⃓⃓
⃓log 4sβ0

B∗,N

⃓⃓⃓⃓
⃓
}︄
. (1815)

Every finite Euler jet of (1814) is finite because the denominator 3 + sin z is bounded below
by 2. Thus the prescribed scalar datum gives an explicit finite bridge radius and a finite
initial shape-jet norm.

However, the phrase “prescribed complete reconstructed data” must include the initial
fields AN , CN , their required spatial derivatives, the forcing, and the pressure-compatible
reconstruction entering the complete residual. The scalar datum (1812) alone does not
determine the constants εancN,Ξ, L

Y
N,Ξ, L

α
N,Ξ, C

br
N , or Cbr

N,M∗ . Therefore (1811), (1799), and
(1807) cannot be numerically or symbolically certified from (1812) alone.
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191 First-crossing theorem for the complete reconstructed

data

Theorem 61 (Finite-N first crossing into the certified spectral corridor). Fix N <∞ and let
the complete reconstructed initial data determine a smooth solution on a real-branch chart.
Let R > Rspec

N contain the initial normalized amplitude and finite shape jet. Assume the raw
reconstruction coefficients satisfy the explicit bridge spectral inequality (1811), the complete
scalar residual estimate (1799), and the differentiated residual estimate (1807) until the first
crossing. Then there exists a finite terminal logarithmic time τcr such that

|YN(τcr)| ≤ Rspec
N (1816)

and, after increasing τcr by a finite amount if necessary,

∥Zsh
N (τcr)∥2 ≤ rcontrN,M∗ , (1817)

where rcontrN,M∗ is the nonlinear contraction radius in (1786). The compact-frequency spectral
estimate of Part 64 then gives the preterminal residual decay (1790), Parts 62–63 give quan-
titative conormal entry, and Part 61 propagates the local conormal tube.

Proof. The bridge inequality (1811) and the high-frequency elliptic estimate imply (1805).
The scalar comparison (1798) together with (1799) tends to zero as τ → ∞, so it crosses
Rspec

N in finite τ . The shape estimate (1808) likewise tends to zero and therefore crosses
the finite contraction radius. Strict inward pointing on the bridge boundary follows from
(1797) and (1806), so the estimates remain valid up to the first crossing. After crossing,
Part 64 supplies the smaller-corridor coercivity and the previous entry/propagation results
apply.

192 Can the requested first crossing be proved from

the data presently written in the paper?

The preceding theorem isolates all quantities that must be evaluated. The answer from
the currently written data is more precise than a generic “entry remains open.” The scalar
principal field is globally restoring on every finite amplitude corridor, the historical datum
supplies an explicit finite amplitude radius (1815), and the high-frequency shape sector is
coercive. What is not supplied by the scalar datum is the complete reconstruction coefficient
jet needed to verify (1811), (1799), and (1807) on the bridge from Rdata

N,0 down to Rspec
N .

Accordingly, a proof that the actual trajectory reaches the spectral corridor cannot be
completed from b3(z, 0) = 3 + sin z alone without inserting those complete reconstructed
initial fields and their finite-N coefficient bounds. Assuming them would be exactly the
circular step this audit is meant to avoid. Once those raw data are inserted, (1811), (1800),
and (1808) are a finite checklist and give an explicit first-crossing time rather than a new
asymptotic hypothesis.
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193 Updated proof ledger after the first-crossing audit

scalar restoring sign on every
bounded corridor:

closed by (1793)–(1794),

prescribed scalar initial amplitude
radius:

explicit in (1815),

finite initial scalar Euler jet: closed from (1813)–(1814),
high-frequency shape sector: closed in Part 64,
compact-frequency bridge enclo-
sure:

reduced to explicit inequality (1811),

complete bridge scalar residual: requires raw reconstructed coefficient
bounds in (1799),

complete differentiated bridge resid-
ual:

requires raw reconstructed coefficient
bounds in (1807),

first crossing once bridge bounds
hold:

proved by (1798), (1800), and (1808),

entry and propagation after cross-
ing:

already closed by Parts 61–64,

first crossing from the scalar datum
alone:

not proved because it does not spec-
ify the complete reconstructed coeffi-
cient jet,

finite-time scalar law after verified
complete-data crossing:

follows from the established persis-
tence theorem.

(1818)
The first-crossing problem has therefore been reduced to a finite raw-data verification,

not to a new terminal asymptotic argument. The next legitimate step is to substitute
the manuscript’s actual prescribed AN , CN , forcing, and pressure-compatible initial recon-
struction into (1811), (1799), and (1807). Without those data, claiming unconditional first
crossing would go beyond what the current manuscript specifies.

Part 66. Raw-Data Substitution
Audit for the First-Crossing
Conditions

194 Purpose of the raw-data substitution

Part 65 reduced unconditional first crossing to the finite verification of (1811), (1799), and
(1807). We now perform the promised substitution using the actual reconstruction formulas
stated than introducing new free coefficient fields.

414



The first point is structural. The revised source prescribes

QN = ∆N,k(N), AN = uy = VN −DN(VN), CN = uz = VN +DN(VN), (1819)

with

DN(V ) =
−(2V +RN) +

√︁
R2

N + 8RNV

2
,

C2
N

AN

= RN . (1820)

The reconstructed first velocity component is

ux =
bN
AN

, uxuy = bN . (1821)

Thus the raw reconstruction is algebraic in the pair (VN , RN) once the scalar bN is supplied.
The corrected forcing appearing in the same source is

G(x, y, z) = A0 + (sin x sin y sin z)2, Fc = 2CNG. (1822)

In particular, if A0 > 0 and CN ≥ c− > 0, then

Fc ≥ 2c−A0 > 0. (1823)

This sign is favorable for entry, but by itself does not control the complete reconstruction
error.

195 The actual raw scalar equation

The revised source writes the corrected amplitude equation as

DNbN =
Q′

N

QN

b2N + 2CNG− EN , (1824)

where, in the displayed two-correction reconstruction,

EN = bN
CN,t + CN,z

CN

+ bNANCN,x +
b2N
AN

CN,y + 2CN∇bN · ∇CN . (1825)

This formula is the quantity that must be inserted into the bridge residual. It is not legitimate
to replace it by a different reconstruction remainder before proving that the two expressions
agree.

For the prescribed scalar datum

bN(z, 0) = 3 + sin z, 2 ≤ bN(z, 0) ≤ 4, (1826)

all scalar derivatives are bounded at t = 0. Hence any failure of the raw bridge estimate
at entry must come from the reconstructed coefficient fields or from the nonlocal fractional
block, not from a singular scalar datum.
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196 Direct comparison with the reconstruction used in

Parts 51–65

The first-crossing machinery in the present continuation was developed after introducing the
square-root reconstruction

Asq
N =

√︁
−2χbN , usqx =

√︄
−bN
2χ
, Csq

N = CN(x, s), (1827)

with the corresponding remainder

Rsq
N = bN

CN,t + CN,z

CN

+ 2ANbNCN,x + 2
b2N
AN

CN,y. (1828)

By contrast, the raw two-correction source gives (1825). Their difference is therefore exactly

EN −Rsq
N = −ANbNCN,x −

b2N
AN

CN,y + 2CN∇bN · ∇CN . (1829)

There is no identity in the currently cited raw reconstruction that makes the right-hand side
of (1829) vanish identically. Thus the substitution audit reveals a genuine reconstruction
mismatch: equations (1799) and (1807) were proved for a remainder architecture that is not
automatically identical to the two-correction architecture (1819)–(1825).

This is not a small numerical defect. It changes the finite-jet residual that enters the
first-crossing estimate. Consequently, the raw data cannot simply be inserted into the old
constants Cbr

N and Cbr
N,M∗ without first re-deriving those constants for (1825).

197 What can nevertheless be substituted exactly

The algebraic reconstruction gives several exact bridge identities. From C2
N/AN = RN ,

AN =
C2

N

RN

, ux =
bNRN

C2
N

. (1830)

Hence, on a raw bridge on which

0 < cC ≤ CN ≤ CC , 0 < cR ≤ RN ≤ CR, (1831)

we obtain the explicit bounds

c2C
CR

≤ AN ≤ C2
C

cR
,

cR
C2

C

bN ≤ ux ≤ CR

c2C
bN . (1832)

Thus positivity and nondegeneracy of the raw reconstructed velocity reduce to finite bounds
on CN and RN .
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Moreover, (1825) gives the pointwise estimate

|EN | ≤
bN
cC

|CN,t + CN,z|+ bN
C2

C

cR
|CN,x|

+
CR

c2C
b2N |CN,y|+ 2CC |∇bN | |∇CN |.

(1833)

Therefore a sufficient raw scalar bridge bound is

ρrawN (τ) ≤ ρfracN (τ) +
s

b2N
|EN |+

2sCC

b2N
∥G∥∞, (1834)

where ρfracN denotes the normalized complete fractional defect. Equation (1834), not the older
schematic residual, is the direct raw-data replacement for the quantity in (1799).

198 Raw differentiated residual

Let E = s∂s and let JM denote the collection of Euler jets through order M . Differentiating
(1825) gives, by Leibniz’ rule,

∥JMEN∥ ≤ Calg
N,MPM

(︁
∥JM+1bN∥, ∥JM+1CN∥, ∥AN∥+ ∥A−1

N ∥
)︁
, (1835)

where PM is an explicit finite polynomial with nonnegative coefficients. Using (1830), every
occurrence of AN and A−1

N can be replaced by CN and RN . Hence the differentiated bridge
estimate (1807) is reduced to the finite raw condition

sup
τ0≤τ≤τe

eητ

[︄
∥Rfrac

N,M(τ)∥

+
s

b2N
Calg

N,MPM (∥JM+1bN∥, ∥JM+1CN∥, ∥JM+1RN∥)

]︄
<∞.

(1836)

This is a genuine finite-N checklist. But the source formulas displayed so far do not supply
the required uniform bridge bounds for all derivatives in (1836); they define the fields but
do not prove the needed decay on the whole first-crossing interval.

199 Audit of the compact-frequency inequality (1811)

The compact-frequency condition from Part 65 is

λbrN (R) > εancN,Ξ + LY
N,ΞR + Lα

N,Ξ(α− 1). (1837)

The raw reconstruction (1819)–(1820) determines the coefficients entering the left and right
sides once VN , RN and their finite jets are known. However, the source identities

C2
N

AN

= RN , DN(V ) =
−(2V +RN) +

√︁
R2

N + 8RNV

2
(1838)
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do not by themselves provide a numerical upper bound for εancN,Ξ, L
Y
N,Ξ, or L

α
N,Ξ on the bridge.

In particular, those constants contain localized fractional-symbol derivatives and therefore
require bounds on the actual coefficient jet, not merely positivity of AN , CN .

Accordingly the exact substitution yields

(1811) is reduced to raw finite coefficient bounds, but is not yet numerically certified by the displayed reconstruction identities alone. (1839)

200 Pressure compatibility cannot be silently supplied

The raw source material located in this audit specifies the velocity reconstruction, continuity
relation, and corrected forcing. It does not, in the same displayed data block, prescribe a
complete initial pressure field whose gradient has already been verified against all three
momentum equations for the present fractional system. Therefore pressure compatibility
cannot be inserted as an unproved coefficient bound in (1836) or (1837).

The correct logical requirement is

∇PN(0) = Q[−fN(0)− uN(0) · ∇uN(0)− ν(−∆)αuN(0)] , (1840)

where Q = I − P is the gradient part of the Helmholtz–Leray decomposition, together with
the corresponding periodic solvability and regularity conditions. Until this is evaluated for
the same raw AN , CN used in (1819), pressure-compatible entry remains a separate finite
check.

201 Result of the actual substitution audit

The requested substitution therefore has a definite outcome. The raw source supplies

AN = VN −DN(VN), CN = VN +DN(VN),
C2

N

AN

= RN , G = A0 + (sin x sin y sin z)2,

(1841)
and the complete raw reconstruction error (1825). These formulas are enough to turn (1799)
and (1807) into the explicit finite estimates (1834) and (1836). They also show that the
forcing has the favorable sign (1823).

But the substitution simultaneously exposes the mismatch (1829) between the raw two-
correction reconstruction and the square-root remainder used in the later first-crossing
derivation. Therefore one cannot honestly conclude from the current source that (1799),
(1807), and (1811) already hold for the same complete reconstructed solution.

The first-crossing theorem remains conditional, but the condition is now strictly
finite and reconstruction-specific. To close it one must either (i) prove that the
two-correction reconstruction (1819)–(1825) is equivalent to the square-root recon-
struction used in Parts 51–65 on the bridge, or (ii) rederive the bridge fractional-
shape operator and its spectral constants directly for (1819)–(1825). In either route
one must then verify the raw jet bounds in (1836) and the pressure compatibility
condition (1840).

(1842)
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This is a stronger conclusion than merely saying that unspecified data are missing: the
actual source data have now been inserted, and they identify the precise reconstruction-level
incompatibility that must be resolved before an unconditional first crossing can be claimed.

202 Updated proof ledger after raw-data substitution

raw AN , CN reconstruction: identified explicitly in (1819)–(1820),
raw forcing: identified and favorable by (1822)–

(1823),
raw scalar reconstruction error: identified exactly in (1825),
scalar initial datum: regular and bounded by (1826),
raw scalar bridge residual: reduced to explicit estimate (1834),
raw differentiated residual: reduced to finite jet estimate (1836),
compact-frequency bridge condi-
tion:

reduced to finite raw coefficient con-
stants in (1837),

reconstruction equivalence with
Parts 51–65:

not established; mismatch is (1829),

pressure-compatible initial field: still requires the finite check (1840),
unconditional first crossing: not yet proved,
entry/persistence after a verified
crossing:

remains available from Parts 61–65.

(1843)
The next mathematically necessary calculation is therefore no longer to estimate an

unspecified bridge constant. It is to reconcile the two reconstruction architectures, or to
rebuild the bridge spectral estimate for the raw two-correction fields (1819)–(1825). Only
after that reconciliation can the finite raw-data inequalities be evaluated without mixing two
distinct velocity reconstructions.

Part 67. Direct Bridge Spectral
Rederivation for the Raw
Two-Correction Reconstruction

203 Why the two architectures need not be identified

pointwise

Part 66 found the exact difference (1829) between the algebraic remainder of the raw two-
correction reconstruction and the remainder used in the square-root continuation. That
difference prevents substitution of one remainder for the other. It does not, however, imply
that the fractional shape mechanism must be rebuilt from zero. The correct route is to derive
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the shape operator directly from the exact product identity

bN = ux,Nuy,N , uy,N = AN , ux,N =
bN
AN

. (1844)

This identity is common to the raw construction and is sufficient to fix the principal fractional
symbol independently of how the factor AN is split between QN , SN , DN .

Let
Lα := (−∆)α. (1845)

The exact viscous product block is

VN,α := ANLα

(︃
bN
AN

)︃
+
bN
AN

LαAN . (1846)

This is the no-double-counting form already implied by the exact product momentum equa-
tion. Thus the raw bridge analysis can be carried out directly on (1846), without replacing
AN by

√
−2χbN .

204 Universal principal symbol forced by the product

constraint

Fix a smooth finite-N bridge state and write a logarithmic scalar perturbation

b
(ε)
N = bNe

εZ . (1847)

The continuity reconstruction may make AN depend on the perturbation. Put

ΘNZ :=
d

dε

⃓⃓⃓⃓
ε=0

logA
(ε)
N , (1848)

where ΘN denotes the linearized raw reconstruction map. Since ux = b/A, the exact product
identity gives

d

dε

⃓⃓⃓⃓
0

log u
(ε)
y,N = ΘNZ,

d

dε

⃓⃓⃓⃓
0

log u
(ε)
x,N = (I −ΘN)Z. (1849)

Consequently the order-2α pieces in the Frechet derivative of (1846) are

δVprin
N,α[Z] = uy,Nux,NLα((I −ΘN)Z) + ux,Nuy,NLα(ΘNZ)

= bNLαZ + bN [Lα,ΘN ]Z.
(1850)

If the reconstruction map ΘN is order zero on the bridge, as is the case for the algebraic DN

part and for a bounded solution operator for the first-order continuity correction, then the
commutator in (1850) has order at most 2α− 1. Therefore

σ2α
(︁
b−1
N δVN,α

)︁
(X, ξ) = |ξ|2α. (1851)

The coefficient is exactly one. This is the reconstruction-independent principal-symbol iden-
tity that reconciles the two architectures at the level needed for the bridge spectral argument.

The point is algebraic: the two logarithmic shares in (1849) add to one. A change of
reconstruction redistributes the perturbation between ux and uy, but cannot change the
top-order symbol of the product block.
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205 Exact frozen-AN formula and the anchor check

It is useful first to freeze the raw coefficient AN . Put

gN :=
bN
AN

= ux,N . (1852)

After removal of the scalar amplitude mode, the corresponding exact shape operator is

T raw
N,α Z = g−1

N Lα(gNZ)− Zg−1
N LαgN . (1853)

In particular
T raw

N,α 1 = 0. (1854)

Thus (1853) is the raw analogue of (1737), with the actual factor gN = bN/AN in place of
the square-root power aβ.

At α = 1, L1 = −∂ss, so (1853) is exactly

T raw
N,1 Z = −Zss − 2

gN,s

gN
Zs. (1855)

The zeroth-order terms cancel identically. In logarithmic coordinates E = s∂s, this becomes

T raw
N,1 Z = s−2

[︁
−E2 + (1− 2E log gN)E

]︁
Z. (1856)

Hence the frozen logarithmic symbol is

trawN,1(X, ξ) = ξ2 + iξ (1− 2E log gN(X)) , ℜtrawN,1(X, ξ) = ξ2. (1857)

This is stronger than merely retaining the square-root anchor by analogy: for the actual raw
factor gN , the real part at the integer anchor is still exactly ξ

2 before the continuity-response
and other lower-order commutators are restored.

206 Restoring the continuity response

The raw source defines

AN = QN + SN −DN , CN = QN + SN +DN , (1858)

and the continuity correction satisfies a first-order equation containing ∂x(bN/AN). Therefore
ΘN in (1848) is not identically zero. The correct conclusion is not to discard it, but to isolate
its commutator contribution.

Write the complete normalized linearized raw shape operator as

Lraw,sh
N,α = T raw

N,α +Kcont
N,α +Kalg

N,α +Ktr
N,α. (1859)

HereKcont contains [Lα,ΘN ] and the linearized continuity response, Kalg contains derivatives
of DN(VN) and the algebraic coefficients, and Ktr contains the transport/reconstruction
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terms from (1825). On a finite bridge on which AN , CN , RN and their required jets are
bounded and AN , CN , RN stay away from zero, all three are lower-order finite-N operators
relative to the order-2α term in (1851).

Accordingly there are finite raw constants

Kcont
N,M , Kalg

N,M , Ktr
N,M , (1860)

determined only by the same finite coefficient jets already appearing in (1836), such that the
localized energy estimate has the form

ℜ⟨Z,Lraw,sh
N,α Z⟩ ≥ crawN,α∥Z∥2Hα − Craw

N,R∥Z∥22, (1861)

where
Craw

N,R ≤ C
(︂
Kcont

N,M +Kalg
N,M +Ktr

N,M

)︂
. (1862)

No square-root coefficient occurs in (1861)–(1862).

207 Raw compact-frequency enclosure

Fix Ξ <∞. Define the actual raw anchor defect

εrawN,Ξ := sup
|ξ|≤Ξ

⃓⃓⃓
ℜℓraw,sh

N,1 (0, ξ)− ξ2
⃓⃓⃓
. (1863)

Define also

LY,raw
N,Ξ := sup

BN,R0,δ0

|∂Yℜℓraw,sh
N,α (Y, ξ)|, Lα,raw

N,Ξ := sup
BN,R0,δ0

|∂αℜℓraw,sh
N,α (Y, ξ)|. (1864)

The bridge set BN,R0,δ0 is the compact set |Y | ≤ R0, |ξ| ≤ Ξ, 1 ≤ α ≤ 1 + δ0, together with
the finite raw coefficient-jet bounds (1831), (1836). Smoothness of the finite-N real-branch
reconstruction makes the numbers in (1863)–(1864) finite whenever those raw jet bounds
hold.

The same mean-value argument as in Part 64 now gives, without using the square-root
reconstruction,

ℜℓraw,sh
N,α (Y, ξ) ≥ ξ2 − εrawN,Ξ − LY,raw

N,Ξ R− Lα,raw
N,Ξ (α− 1), |ξ| ≤ Ξ. (1865)

At high frequency, (1851) gives

ℜℓraw,sh
N,α (Y, ξ) ≥ cN,α|ξ|2α − Craw

N,R, |ξ| ≥ ΞN , (1866)

so ΞN can be increased until the right side is strictly positive. Therefore the entire bridge
spectral problem for the raw reconstruction is again reduced to a compact-frequency finite-N
check.
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208 Replacement of equation (1811)

The scalar restoring margin is unchanged because it comes from the normalized bN equation:

λbrN (R) = aN
1− e−R

R
, aN = 2α− 1− 2−kN > 0. (1867)

Combining (1865) with (1867) gives the correct raw two-correction replacement for (1811):

aN
1− e−R

R
> εrawN,Ξ + LY,raw

N,Ξ R + Lα,raw
N,Ξ (α− 1). (1868)

Thus the architecture mismatch in (1829) does not destroy the bridge spectral mechanism.
It changes the finite compact-frequency constants from the square-root constants to the raw
constants (1863)–(1864).

If

εrawN,Ξ <
1

4
λN,0, λN,0 := (1− 2−kN )

1− e−R0

R0

, (1869)

then one may define

Rspec
N,raw := min

{︄
R0,

λN,0

4(1 + LY,raw
N,Ξ )

}︄
, δspecN,raw := min

{︄
δ0,

λN,0

4(1 + Lα,raw
N,Ξ )

}︄
. (1870)

Exactly as before, this yields a positive combined amplitude–shape margin on |Y | ≤ Rspec
N,raw.

209 Replacement of (1799) and (1807) for the same

architecture

Part 66 already produced the raw scalar residual (1834) and raw differentiated residual
(1836). We now place them in the same operator architecture as (1868). Define

ρrawN := ρfrac,rawN +
s

b2N
|EN |+

2s|CNG|
b2N

, (1871)

where EN is exactly (1825), and where ρfrac,rawN is computed from (1846), not from the square-
root factorization. A sufficient replacement for (1799) is

ρrawN (τ) ≤ Cbr,raw
N e−ηbr,rawN τ . (1872)

Likewise, if Graw
N,M denotes the differentiated forcing obtained by applying the bridge Euler

jets to (1825), (1846), and the smooth forcing (1822), the exact replacement for (1807) is

∥Graw
N,M(τ)∥2 ≤ Cbr,raw

N,M e−ηbr,rawN,M τ . (1873)

Equations (1868), (1872), and (1873) now refer to one and the same raw reconstruction. The
logical mixing identified in Part 66 has therefore been removed.
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210 What has actually been reconciled

The comparison can now be stated sharply:

The square-root and raw two-correction remainders are not equal, and no such
equality is needed. The bridge spectral calculation can be rederived directly for
the raw fields. The exact product constraint forces the normalized order-2α frac-
tional symbol to be |ξ|2α; all dependence on the two-correction reconstruction en-
ters through lower-order finite-N commutators and compact-frequency constants.
Hence the correct first-crossing check is the raw triple (1868), (1872), (1873), to-
gether with pressure compatibility (1840).

(1874)
This resolves the architectural obstruction found in Part 66. It does not by itself prove the

numerical inequalities (1868), (1872), and (1873), because their constants require the actual
finite bridge jets of SN , hence of AN , CN , along the prescribed trajectory. In particular,
smoothness at one initial section is not a substitute for exponential bridge decay.

Theorem 62 (Raw two-correction bridge spectral reduction). Fix N <∞ and a real-branch
bridge on which the raw two-correction reconstruction is smooth, AN , CN , RN are bounded
above and away from zero, and the linearized continuity solution operator is bounded at order
zero on the localized bridge spaces. Then the normalized linearized complete fractional product
block associated with uy = AN , ux = bN/AN has principal symbol |ξ|2α. At α = 1 its frozen-
coefficient amplitude-subtracted shape symbol has exact real part ξ2. For 1 ≤ α < 1 + δ the
high-frequency sector is elliptic, and the compact-frequency sector satisfies (1865). Therefore
the raw first-crossing spectral condition is (1868), with residual conditions (1872)–(1873).

If these three finite raw inequalities and pressure compatibility (1840) hold until first
crossing, the first-crossing theorem of Part 65 applies with all square-root constants replaced
by the raw constants above.

Proof. The logarithmic product variations (1849) sum to one, which gives the universal top-
order identity (1850)–(1851). Freezing the reconstruction yields (1853); direct differentiation
at α = 1 gives (1855)–(1857). Restoring the continuity response produces only the commu-
tator and lower-order blocks in (1859) under the stated order-zero boundedness hypothesis.
Standard localized elliptic/Garding estimates then give (1861) and the high-frequency esti-
mate (1866). Compactness of the finite bridge coefficient set and the mean-value theorem
give (1865). Adding the scalar restoring margin (1867) yields (1868). Finally (1872)–(1873)
are exactly the scalar and differentiated raw residual hypotheses required in (1798) and
(1808), so the Part 65 crossing argument applies without changing reconstruction.
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211 Updated proof ledger after direct raw spectral red-

erivation

pointwise equality of the two re-
mainders:

false in general; mismatch remains
(1829),

need for such equality: removed by direct raw rederivation,
raw principal fractional symbol: closed, |ξ|2α by (1851),
raw α = 1 frozen shape sign: closed, ℜtrawN,1 = ξ2 by (1857),
raw high-frequency sector: elliptic under the stated finite bridge

jet bounds, (1866),
raw compact-frequency sector: reduced to finite constants (1863)–

(1865),
raw replacement of (1811): equation (1868),
raw replacement of (1799): equation (1872),
raw replacement of (1807): equation (1873),
architectural mixing obstruction: resolved,
finite raw coefficient/decay certifica-
tion:

still required along the bridge,

pressure compatibility: still requires (1840),
first crossing: follows from Part 65 once (1868),

(1872), (1873), (1840) are certified.

(1875)
The next calculation is therefore narrower than the obstruction at the end of Part 66.

There is no longer a need to identify the raw and square-root velocity reconstructions.
One must now evaluate the finite raw continuity response ΘN , the corresponding compact-
frequency constants in (1863)–(1864), and the raw residual decay in (1872)–(1873) for the
prescribed QN , SN , DN trajectory. That is the remaining finite certification needed before
the first crossing can be declared unconditional.
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Part 68. Finite Certification Audit of
the Raw Continuity Response,
Compact Spectrum, Residual Decay,
and Pressure

212 The raw continuity equation determines the re-

sponse only after a normalization

The direct raw spectral rederivation reduced the remaining bridge calculation to the continu-
ity response ΘN . We now return to the actual two-correction identities rather than treating
ΘN as an abstract bounded operator. Recall

AN = VN −DN(VN), CN = VN +DN(VN), VN = QN + SN , (1876)

and

∂x

(︃
bN
AN

)︃
+ AN,y + CN,z = 0. (1877)

Equivalently, the raw source writes

SN,y + SN,z +DN,z −DN,y = (C2 + C3)Q
′
N − ∂x

(︃
bN
AN

)︃
. (1878)

This identity is exact, but it is a first-order equation in the transverse variables. Consequently
it does not, by itself, select a unique SN . A normalization, boundary condition, or zero-mode
prescription is required before the map bN ↦→ SN and hence the response ΘN is a well-defined
operator.

To make this precise, set

dN(V ) := DN(V ), dV,N := ∂VDN(VN), (1879)

and perturb bN ↦→ bN(1 + εZ) and SN ↦→ SN + εΣN [Z] + O(ε2). Since QN is frozen in the
shape variation,

δVN = ΣN [Z], δAN = (1− dV,N)ΣN [Z], δCN = (1 + dV,N)ΣN [Z]. (1880)

Linearizing (1877) gives the exact response equation

BNΣN [Z] = −∂x
(︃
bN
AN

Z

)︃
, (1881)
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where

BNΣ := −∂x
(︃
bN
A2

N

(1− dV,N)Σ

)︃
+ ∂y((1− dV,N)Σ)

+ ∂z((1 + dV,N)Σ) .

(1882)

Thus the actual logarithmic continuity response appearing in Part 67 is

ΘNZ :=
δAN

AN

=
1− dV,N
AN

B−1
N

[︃
−∂x

(︃
bN
AN

Z

)︃]︃
, (1883)

provided B−1
N is defined on the chosen normalized function space. Equation (1883) is the

requested explicit reduction of ΘN to the raw reconstruction.

213 The derivative of the algebraic correction is ex-

plicit

For the raw algebraic relation

DN(V ) =
−(2V +RN) +

√︁
R2

N + 8RNV

2
, (1884)

one obtains

dV,N(V ) = −1 +
2RN√︁

R2
N + 8RNV

. (1885)

Hence

1− dV,N = 2− 2RN√︁
R2

N + 8RNV
, 1 + dV,N =

2RN√︁
R2

N + 8RNV
. (1886)

On every finite bridge on which

0 < r− ≤ RN ≤ r+, 0 < v− ≤ VN ≤ v+, (1887)

these coefficients and all finite derivatives required in the M -jet calculation are bounded. In
particular, the algebraic part of the response creates no singular coefficient on such a bridge.
The nontrivial question is the invertibility and norm of B−1

N after the missing normalization
is fixed.

Let XN,M denote the normalized bridge space. If

∥B−1
N F∥HM+1 ≤ KB

N,M∥F∥HM , (1888)

then the tame product estimate applied to (1883) gives

∥ΘNZ∥HM ≤ KΘ
N,M∥Z∥HM , KΘ

N,M ≤ CN,MK
B
N,M . (1889)

This proves the order-zero bound assumed in Part 67 once (1888) is established for the actual
normalization. It also identifies exactly which constant must be computed.
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214 Compact-frequency constants are now explicit func-

tions of one inverse norm

The continuity contribution in (1859) is composed of the response (1883), its commutator
with Lα, and finite multiplication operators. Therefore, on |ξ| ≤ Ξ,

Kcont
N,M ≤ Ccont

N,M,Ξ

(︁
1 +KB

N,M

)︁
. (1890)

The algebraic and transport constants contain only the already displayed finite jets of
QN , VN , DN , bN :

Kalg
N,M +Ktr

N,M ≤ PN,M

(︁
∥QN∥CM+2 , ∥VN∥CM+2 , ∥bN∥CM+2 , r−1

− , v−1
−
)︁
, (1891)

where PN,M is a finite polynomial with positive coefficients determined by the raw formulas.
Consequently the compact-frequency constants in (1863)–(1864) obey

εrawN,Ξ ≤ C
(0)
N,M,Ξ

(︁
1 +KB

N,M

)︁
, (1892)

and

LY,raw
N,Ξ + Lα,raw

N,Ξ ≤ C
(1)
N,M,Ξ

(︁
1 +KB

N,M

)︁
. (1893)

Thus (1868) becomes the finite, directly checkable inequality

aN
1− e−R

R
> C

(0)
N,M,Ξ(1 +KB

N,M) +RC
(1)
N,M,Ξ(1 +KB

N,M) + (α− 1)C
(1)
N,M,Ξ(1 +KB

N,M).

(1894)
No unknown square-root coefficient remains in this criterion.

215 What can and cannot be concluded for the raw

decay inequalities

The raw reconstruction error is

EN = bN
CN,t + CN,z

CN

+ bNANCN,x +
b2N
AN

CN,y + 2CN∇bN ·∇CN . (1895)

Substituting AN = VN−DN(VN) and CN = VN+DN(VN) makes every coefficient in (1895) an
explicit smooth function of the finite jets of QN , SN , bN on a nondegenerate bridge. Applying
Ej, 0 ≤ j ≤M , gives

M∑︂
j=0

|EjEN | ≤ Prec
N,M

(︁
JM+2QN ,JM+2SN ,JM+2bN , r

−1
− , v−1

−
)︁
. (1896)
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This closes the finite-jet reduction, but not the exponential decay claim. To obtain (1872)–
(1873) before local conormal entry one still needs a dynamical estimate of the form

JM+2(QN , SN , bN)(τ)− JM+2(QN , SN , bN)pr(τ) = ON(e
−ηN τ ) (1897)

for a principal bridge trajectory. Mere smoothness and boundedness on a finite bridge do not
imply (1897). Therefore it would be circular to infer (1872)–(1873) from the local conormal
estimates that are only available after entry.

There is, however, a useful exact implication. If the normalized inverse estimate (1888)
holds and the raw coefficient jets satisfy

∥Ej(QN −Qpr
N )∥+∥Ej(SN −Spr

N )∥+∥Ej(bN −bprN )∥ ≤ CN,Me
−ηN τ , 0 ≤ j ≤M+2, (1898)

then (1883), (1895), and tame composition estimates yield

∥Rraw
N,M(τ)∥ ≤ Craw

N,Me
−ηrawN τ , ηrawN > 0. (1899)

Thus the decay problem has been reduced to the raw bridge jet estimate (1898), rather than
an unspecified fractional remainder.

216 Pressure compatibility at the initial section

The pressure requirement (1840) can be formulated without prescribing pressure by hand.
For a smooth periodic divergence-free initial velocity uN(0) and smooth periodic forcing
fN(0), define

∇PN(0) = Q[fN(0)− uN(0) · ∇uN(0)− ν(−∆)αuN(0)] , (1900)

with the sign adjusted to the manuscript’s convention for moving the pressure term between
the two sides of the momentum equation. Since (−∆)α commutes with divergence and
∇ · uN(0) = 0, its contribution has zero gradient projection. Equivalently, after fixing zero
mean,

∆PN(0) = ∇ · fN(0)−∇ ·
(︁
uN(0) · ∇uN(0)

)︁
. (1901)

The right-hand side has zero spatial mean on T3, so (1901) has a unique zero-mean periodic
solution. Hence pressure existence at a smooth periodic initial section is not an additional
obstruction once the complete divergence-free raw velocity and forcing have been fixed.

What remains distinct is momentum compatibility: defining PN by (1900) removes the
gradient part, but the solenoidal projection must still equal the prescribed time derivative.
The exact check is

∂tuN(0) = P[fN(0)− uN(0) · ∇uN(0)− ν(−∆)αuN(0)] . (1902)

Thus (1840) separates into an automatically solvable periodic pressure equation and a non-
trivial solenoidal evolution compatibility condition (1902).
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217 Finite certification theorem and the remaining nor-

malization datum

Theorem 63 (Raw finite-certification reduction). Fix N < ∞ and a nondegenerate raw
two-correction bridge. Choose a normalization for the first-order continuity equation (1878)
such that BN in (1882) is invertible and satisfies (1888). Then:

1. the actual continuity response is given by (1883) and is order zero by (1889);

2. the compact-frequency constants are bounded explicitly by (1892)–(1893), so the spectral
crossing condition is the finite inequality (1894);

3. if the raw bridge jets satisfy (1898), then the complete differentiated residual satisfies
the exponential estimate (1899), which supplies (1872)–(1873);

4. for smooth periodic divergence-free raw initial data, the zero-mean pressure is uniquely
determined by (1901); the remaining momentum compatibility is (1902).

The theorem is deliberately a reduction rather than an unconditional crossing theorem.
The raw manuscript identity (1878) does not specify, in the displayed reconstruction block,
the normalization needed to select a unique inverse B−1

N . Consequently a numerical value for
KB

N,M , and hence for the constants in (1892)–(1894), cannot be inferred uniquely from the
currently displayed raw formulas. This is a data-selection issue, not a failure of the principal
fractional sign.
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218 Updated proof ledger after the finite certification

audit

raw continuity response ΘN : exact implicit formula (1883),
algebraic derivative DN,V : explicit, (1885)–(1886),
order-zero response bound: follows from the normalized inverse

estimate (1888),
compact-frequency constants: reduced to KB

N,M and finite raw jets,
(1892)–(1893),

raw spectral crossing inequality: explicit finite criterion (1894),
raw residual finite-jet reduction: closed by (1895)–(1896),
pre-entry exponential residual de-
cay:

equivalent to the still-needed raw
bridge jet decay (1898),

pressure existence on T3: closed for smooth periodic
divergence-free data by (1900)–
(1901),

solenoidal momentum compatibil-
ity:

still requires the finite check (1902),

continuity normalization / zero
mode:

not specified by (1878) alone; needed
to define B−1

N ,
unconditional first crossing: not yet established.

(1903)
The remaining task is therefore sharper than at the end of Part 67. One must specify and

audit the actual normalization used to solve the raw continuity equation for SN , prove the
corresponding inverse estimate (1888), and establish the pre-entry raw jet decay (1898). Once
these are available, (1894) and (1899) are numerical/finite-N checks and the first-crossing
machinery can be invoked without changing reconstruction.

Part 69. Continuity Normalization,
Transport Invertibility, and the
Pre-Entry Jet-Decay Audit

219 The normalization actually supported by the pe-

riodic construction

Part 68 isolated two remaining statements, (1888) and (1898). The first point can now be
sharpened by returning to the periodic reconstruction itself. The continuity equation is

BNΣ = F, F = −∂x
(︃
bN
AN

Z

)︃
, (1904)
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and hence ∫︂
T3

F dx dy dz = 0. (1905)

Thus the forcing lies automatically in the zero-mean subspace. The same manuscript ar-
chitecture later inverts a periodic derivative only after fixing a normalization of the kernel
variable; the canonical torus completion of the raw continuity prescription is therefore∫︂

T3

ΣN [Z] dx dy dz = 0. (1906)

This is the natural zero-mode normalization. It removes the additive constant whenever
constants span the relevant kernel. It must, however, be distinguished from a proof that BN

is invertible on the entire zero-mean space.
Write

pN :=
bN
A2

N

(1− dV,N), qN := 1− dV,N , rN := 1 + dV,N . (1907)

Then (1882) is exactly

BNΣ = −∂x(pNΣ) + ∂y(qNΣ) + ∂z(rNΣ). (1908)

Equivalently,
BNΣ = XNΣ + cNΣ, XN = −pN∂x + qN∂y + rN∂z, (1909)

with
cN = −pN,x + qN,y + rN,z. (1910)

Therefore the response problem is a first-order transport equation on the torus, not an elliptic
equation.

220 Why the isotropic inverse estimate (1888) is not a

consequence of zero mean

The estimate written in (1888),

∥B−1
N F∥HM+1 ≤ KB

N,M∥F∥HM ,

asserts a full isotropic gain of one derivative. A first-order transport operator does not have
such an estimate merely because its zero mode has been removed.

Indeed freeze the coefficients at a bridge point and write

Bfr
N = vN · ∇+ cfrN , vN = (−pN , qN , rN). (1911)

For the Fourier mode eik·x, ˆ︂Bfr
N(k) = i vN · k + cfrN . (1912)
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If cfrN = 0, the normalized inverse multiplier is

1

i vN · k
, k ∈ Z3 \ {0}. (1913)

Consequently a bound of the form (1888) would require

inf
k∈Z3\{0}

|vN · k|
⟨k⟩

> 0. (1914)

In dimension three this is far stronger than nonvanishing of vN . For a generic irrational
direction there are arbitrarily good integer near-resonances, while for a rational direction
there are nonzero integer vectors orthogonal to vN . Hence zero mean alone does not imply
(1914), and therefore does not prove (1888).

If the zeroth-order term in (1912) has a uniform real part,

|cfrN | ≥ c0,N > 0, (1915)

then it removes the exact kernel but still yields only an order-zero bound at frequencies nearly
perpendicular to vN ; it does not supply the factor ⟨k⟩−1 required for a full HM → HM+1

gain. Thus the logical status is

the zero-mode normalization (1906) is natural, but (1888) is too strong without additional directional structure. (1916)

221 The correct inverse estimate for the raw continuity

response

The continuity response in (1883) contains one derivative on the right-hand side and one
transport inverse. What is actually needed for the order-zero map Z ↦→ ΘNZ is not an
isotropic derivative gain for arbitrary forcing, but a bounded inverse on the specific range

RN :=

{︃
−∂x

(︃
bN
AN

Z

)︃
: Z ∈ HM

}︃
. (1917)

Accordingly replace (1888) by the range-adapted estimate⃦⃦⃦⃦
B−1
N ∂x

(︃
bN
AN

Z

)︃⃦⃦⃦⃦
HM

≤ Kran
N,M∥Z∥HM . (1918)

Then (1883) gives directly

∥ΘNZ∥HM ≤
⃦⃦⃦⃦
1− dV,N
AN

⃦⃦⃦⃦
CM

Kran
N,M∥Z∥HM . (1919)

This is exactly the order-zero statement used in the compact-frequency spectral argument.
It avoids claiming an elliptic gain that the raw continuity equation does not possess.
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For frozen coefficients, (1918) reduces to the finite multiplier condition

sup
k∈Z3\{0}

|kx|
|i vN · k + cfrN |

<∞. (1920)

Thus the true arithmetic/geometric issue is explicit: the numerator is only kx, not |k|. In
particular, a sufficient frozen-coefficient condition is the transversality estimate

|vN · k|+ |cfrN | ≥ κN |kx| for every k ∈ Z3, (1921)

for some κN > 0. Variable coefficients require the corresponding transport estimate with
commutator control. The manuscript has not yet supplied (1921) for the actual raw bridge,
so Kran

N,M remains a finite certification constant rather than a proved number.
The compact-frequency estimates (1892)–(1894) remain valid after the systematic re-

placement

KB
N,M ⇝ Kran

N,M , (1922)

with the coefficient factor in (1919) absorbed into the finite constants.

222 Audit of the proposed pre-entry raw-jet decay

We next examine (1898). Let

UN := (QN , SN , bN), Upr
N := (QN , SN , bN)pr, (1923)

and set
WN := UN − Upr

N . (1924)

The desired estimate is
∥WN(τ)∥JM+2

≤ CNe
−ηN τ . (1925)

Smoothness of the finite-N reconstructed solution and boundedness of its bridge jets do
not imply (1925). Exponential decay is a dynamical stability statement. Subtracting the
principal bridge equations from the complete raw equations has the schematic exact form

∂τWN = LN(τ)WN + NN(τ,WN) + Fpre
N (τ), (1926)

where LN is the full pre-entry linearization, NN = O(|WN |2), and Fpre
N is the defect of the

chosen principal bridge trajectory. A proof of (1925) therefore requires a genuine pre-entry
stability estimate such as

∥UN(τ, r)∥JM+2→JM+2
≤MNe

−λN (τ−r), τ ≥ r, (1927)

for the evolution family generated by LN , together with

∥Fpre
N (τ)∥JM+2

≤ CF
Ne

−ηFN τ . (1928)
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Duhamel then gives

∥WN(τ)∥JM+2
≤MNe

−λN (τ−τ0)∥WN(τ0)∥JM+2

+MN

∫︂ τ

τ0

e−λN (τ−r)
(︂
Cnl

N∥WN(r)∥2JM+2
+ CF

Ne
−ηFNr

)︂
dr.

(1929)

For a sufficiently small bootstrap radius this yields

∥WN(τ)∥JM+2
≤ ˜︁CNe

−ηN τ , 0 < ηN < min{λN , ηFN}, (1930)

which is precisely (1898). But (1927) is not contained in the raw reconstruction identities
themselves. It is the missing pre-entry stability theorem.

223 No circular use of the local conormal spectral gap

The spectral gap already proved after local entry cannot be substituted for (1927): doing
so would assume the trajectory has reached the small shape tube in order to prove that it
reaches that tube. The correct division is

outer bridge: prove (1918)/(1921) and the pre-entry stability estimate (1927),

⇓
obtain (1930), hence the residual estimate (1899),

⇓
verify the finite crossing inequality (1894),

⇓
enter the local spectral/conormal tube and invoke Parts 60–65.

(1931)

This keeps the entry proof logically independent of the post-entry contraction theorem.

224 Result of the normalization and jet-decay audit

The requested two-item certification therefore has a definite outcome. The periodic con-
tinuity equation canonically suggests the zero-mean normalization (1906), consistent with
the manuscript’s later treatment of periodic derivative kernels. However, that normalization
does not prove the isotropic inverse estimate (1888). The correct estimate needed by the
spectral argument is the range-adapted order-zero bound (1918), whose frozen form is the
explicit transversality/small-divisor condition (1920)–(1921).

Likewise, (1898) is not a consequence of finite-N smoothness or coefficient boundedness.
It follows from the Duhamel estimate (1929) once the genuinely pre-entry evolution esti-
mate (1927) and the principal-defect decay (1928) are proved. Therefore the two remaining
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certifications are now

(I) prove the raw range-adapted continuity estimate (1918), equivalently a

variable-coefficient version of the finite transversality condition (1921);

(II) prove the outer-bridge evolution-family decay (1927) and defect bound (1928).

(1932)
Only after (I)–(II) are certified can (1894) and (1899) be declared verified for the prescribed
complete reconstructed trajectory.

225 Updated proof ledger

periodic forcing zero mode: closed automatically by (1905),
canonical continuity normalization: zero mean, (1906),
full isotropic inverse estimate
(1888):

not implied by zero mean; generally
too strong for a transport operator,

correct response estimate: range-adapted order-zero bound
(1918),

frozen finite certification: transversality/small-divisor condi-
tion (1920)–(1921),

compact-frequency constants: use Kran
N,M via (1922),

pre-entry raw-jet decay (1898): follows from (1927)–(1929), not from
smoothness alone,

principal-defect decay: still requires the raw estimate (1928),
post-entry conormal contraction: remains available and must not be

used circularly before crossing,
pressure existence: remains closed as in Part 68,
solenoidal momentum compatibil-
ity:

still requires (1902),

unconditional first crossing: not yet established.

(1933)
The next calculation is therefore more precise than the pair (1888), (1898): compute the

actual transport direction vN = (−pN , qN , rN) on the prescribed finite bridge and test the
range transversality (1921); in parallel, linearize the complete raw bridge dynamics about
Upr
N and establish the pre-entry evolution estimate (1927). These are the two noncircular

estimates that would turn the finite certification into a first-crossing proof.
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Part 70. Actual Transport Direction
and Complete Outer-Bridge
Linearization Audit

226 The actual raw transport direction is explicit

Part 69 reduced the continuity-response question to the range estimate (1918) and proposed
the frozen transversality test (1921). We now substitute the actual two-correction coefficients
rather than leaving the vector vN abstract. Put

DN :=
√︂
R2

N + 8RNVN , ϑN :=
RN

DN

. (1934)

By (1885)–(1886),

qN = 1− dV,N = 2(1− ϑN), rN = 1 + dV,N = 2ϑN . (1935)

In particular
qN + rN = 2. (1936)

The coefficient multiplying the x derivative is

pN =
bN
A2

N

qN = 2
bN
A2

N

(1− ϑN). (1937)

Using AN = C2
N/RN from (1830), this may also be written

pN = 2
bNR

2
N

C4
N

(1− ϑN). (1938)

Therefore the actual first-order transport direction in the linearized raw continuity operator
is

vN = (−pN , qN , rN) = 2

(︃
−bNR

2
N

C4
N

(1− ϑN), 1− ϑN , ϑN

)︃
. (1939)

This is the requested substitution. On a nondegenerate finite bridge all three coefficients are
finite, and qN , rN > 0 whenever RN , VN > 0 and DN > RN .

227 The unrestricted Fourier transversality test (1921)

cannot hold

The substitution (1939) reveals a stronger fact. The sufficient condition (1921), if imposed
on the full periodic Fourier lattice, is not merely unverified: it is impossible for any fixed
finite nonzero vector vN and bounded frozen zeroth-order coefficient.
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Indeed fix one bridge point and freeze pN , qN , rN , c
fr
N . Since qN > 0, for every positive

integer n choose

mn := nint

(︃
pN
qN
n

)︃
, kn := (n,mn, 0) ∈ Z3, (1940)

where nint denotes a nearest integer. Then

|−pNn+ qNmn| ≤
qN
2
. (1941)

Consequently
|vN · kn|+ |cfrN |

|(kn)x|
≤ qN/2 + |cfrN |

n
−→ 0. (1942)

Thus no κN > 0 can satisfy (1921) for all k ∈ Z3:

inf
kx ̸=0

|vN · k|+ |cfrN |
|kx|

= 0. (1943)

The same conclusion holds if qN = 0 but rN ̸= 0, by using kn = (n, 0, nint(pNn/rN)).
Hence the only way an estimate of the form (1921) can survive is after a genuine restriction
of the admissible Fourier support, or after replacing the transport inverse by a different
anisotropic/characteristic estimate. The full-torus multiplier proof of (1918) is therefore
ruled out.

Notice that this does not prove that the actual response ΘN is unbounded. It proves only
that the proposed uniform full-lattice transversality mechanism is unavailable. The range in
(1917) has additional structure, and the variable-coefficient equation may be solved along
its characteristics with a normalization adapted to that flow. Such a proof must use that
structure explicitly.

228 Characteristic form of the actual continuity in-

verse

Expanding (1882) gives

BNΣ = XNΣ + cNΣ, XN = −pN∂x + qN∂y + rN∂z, (1944)

with
cN = −∂xpN + ∂yqN + ∂zrN . (1945)

Let ΦN(ℓ;X0) be the characteristic flow of XN ,

d

dℓ
ΦN(ℓ;X0) = vN(ΦN(ℓ;X0)), ΦN(0;X0) = X0. (1946)

Along this flow the response equation (1881) becomes the scalar ODE

d

dℓ
ΣN(ΦN(ℓ;X0)) + cN(ΦN(ℓ;X0))ΣN(ΦN(ℓ;X0)) = FN(ΦN(ℓ;X0)), (1947)
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where

FN = −∂x
(︃
bN
AN

Z

)︃
. (1948)

Thus, for any section on which one value of ΣN is prescribed, the exact solution is

ΣN(ΦN(ℓ;X0)) = e−CN (ℓ;X0)ΣN(X0)

+

∫︂ ℓ

0

e−[CN (ℓ;X0)−CN (r;X0)]FN(ΦN(r;X0)) dr,
(1949)

where

CN(ℓ;X0) :=

∫︂ ℓ

0

cN(ΦN(r;X0)) dr. (1950)

Equation (1949) identifies the correct finite-N inverse problem. A bounded order-zero re-
sponse follows if one proves, on the actual bridge, a global flow-box/return-map estimate
controlling the integral in (1949), the chosen normalization, and the differentiated character-
istic flow through order M . The zero-mean condition alone does not supply those estimates.

Accordingly the corrected replacement for the failed full-lattice test is the finite charac-
teristic certification

sup
0≤j≤M

∥DjTN∥L∞(BN ) <∞, sup
X0,ℓ

∫︂ |ℓ|

0

e−
∫︁ |ℓ|
r cN (ΦN (a;X0)) da dr <∞, (1951)

where TN denotes the relevant bridge return/section map. With a normalization eliminat-
ing the homogeneous return mode, (1951) yields a finite constant Kchar

N,M in the anisotropic
estimate

∥ΘNZ∥HM ≤ Kchar
N,M∥Z∥HM . (1952)

The raw formulas determine every coefficient entering (1951), but the present source does
not provide the return-map bounds themselves. Therefore (1952) is now a precise finite
characteristic check, not a proved global estimate.

229 Derivation of the complete raw outer-bridge lin-

earization

We next make (1926) explicit at the level supported by the raw equations. The raw scalar
equation is (1824),

DNbN =
Q′

N

QN

b2N + 2CNG− EN , (1953)

with EN given by (1825). The reconstruction is constrained by

AN = A(VN , RN), CN = C(VN , RN), VN = QN + SN , (1954)

and the continuity equation (1878). Let

UN = (QN , SN , bN), Upr
N = (Qpr

N , S
pr
N , b

pr
N ), WN = UN − Upr

N . (1955)
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The algebraic differential is

δAN = (1− dV,N)(δQN + δSN) +AR,NδRN , δCN = (1 + dV,N)(δQN + δSN) +CR,NδRN ,
(1956)

where AR,N , CR,N are obtained by differentiating (1820) with respect to RN . For the shape
variation used in Parts 67–69, QN and hence RN are frozen, and (1956) reduces exactly to
(1880).

Linearizing continuity gives

BN δSN = −∂x
(︃
δbN
AN

)︃
+ ∂x

(︃
bN
A2

N

δAN

)︃
+ FQ,R

N [δQN , δRN ], (1957)

where FQ,R
N is the explicit linear forcing obtained by varying the Q′

N and DN(VN , RN) terms
in (1878). Once the characteristic inverse in (1949) is certified, (1957) expresses δSN as an
order-zero nonlocal response to (δQN , δbN) on the bridge.

For the scalar component, write the complete raw right-hand side of (1953) as

HN(Q,S, b) :=
Q′

Q
b2 + 2C(Q,S)G− EN(Q,S, b). (1958)

Subtracting the principal bridge equation and linearizing gives

∂τδbN = Lbb,NδbN + LbQ,NδQN + LbS,NδSN + F pr
b,N +Nb,N(WN), (1959)

where, before the change from physical time to τ is absorbed into the coefficients,

DbHN [δb] = 2
Q′

N

QN

bNδb−DbEN [δb], (1960)

DSHN [δS] = 2G(1 + dV,N)δS −DSEN [δS], (1961)

and

DQHN [δQ] = b2N DQ

(︃
Q′

N

QN

)︃
[δQ] + 2G(1 + dV,N)δQ−DQEN [δQ]. (1962)

The derivatives of EN are finite sums of the raw coefficient jets already displayed in (1825)
and (1835). Thus no unspecified reconstruction architecture enters (1959)–(1962).

Eliminating δSN through (1957) yields the reduced outer-bridge linearized system

∂τ

(︃
δQN

δbN

)︃
= Lred

N (τ)

(︃
δQN

δbN

)︃
+ Fpr

N (τ) + Nred
N (WN), (1963)

where every occurrence of the continuity response is through the actual characteristic inverse
of BN . Equation (1963) is the complete raw outer-bridge linearization available from the
displayed reconstruction identities.
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230 Why (1927)–(1928) still do not follow from the

displayed raw identities

To prove (1927) one needs a negative growth bound for the evolution family of Lred
N . A

sufficient energy condition is

ℜ⟨W,Lred
N (τ)W ⟩JM+2

≤ −λN∥W∥2JM+2
, λN > 0, (1964)

throughout the outer bridge. The principal fractional block supplies the positive elliptic
shape term identified in Part 67 after the sign convention of the evolution equation is taken
into account, but the complete matrix also contains the continuity response, transport,
algebraic correction, and QN -coupling terms in (1957)–(1962). The raw formulas show these
terms are finite; they do not give the sign inequality (1964).

There is a second, more basic data issue. In the displayed raw reconstruction, QN is
prescribed by the Lambert cascade and SN is fixed at each time by the continuity constraint.
No independent evolution equation for SN is present, and the principal bridge trajectory Upr

N

is not specified with enough data to evaluate its complete defect. Consequently

Fpr
N = ∂τU

pr
N − GN(U

pr
N ) (1965)

cannot yet be reduced to a numerical function of τ from the displayed formulas alone.
Therefore the exponential defect estimate (1928) is not yet proved.

The exact finite certifications needed are now

(a) certify the characteristic continuity inverse (1951)–(1952);

(b) evaluate the symmetric part of Lred
N and prove (1964);

(c) specify Upr
N completely and verify ∥Fpr

N (τ)∥ ≤ CNe
−ηN τ .

(1966)

If (1966) holds, the standard evolution-family estimate gives (1927), and Duhamel gives
(1930), hence (1898)–(1899). But none of these implications should be reversed.

231 Result of the two requested checks

The first requested calculation is now complete at the algebraic level: vN is exactly (1939).
Substitution shows that the full-lattice sufficient condition (1921) fails by the elementary
near-resonance construction (1940)–(1943). Therefore the correct continuity certification is
not a uniform isotropic Fourier transversality estimate; it must be a range/characteristic
estimate such as (1951)–(1952), or an explicitly restricted Fourier-space estimate justified by
the construction.

The second requested calculation gives the complete raw linearization in the form (1957)–
(1963). It identifies the exact energy inequality (1964) and principal-defect estimate (1965)
that would imply (1927)–(1928). The current raw source supplies the coefficients but does
not supply the global characteristic inverse bound, the negative symmetric-part estimate, or
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a fully specified principal bridge defect. Hence these are finite-N certification problems, not
already-proved consequences of smoothness.

actual transport direction vN : explicit, (1939),
identity qN + rN = 2: exact, (1936),
full-lattice transversality (1921): false in general; ruled out by (1940)–

(1943),
continuity inverse: reduced to the characteristic formula

(1949),
correct finite continuity check: return-map/flow estimate (1951),

giving (1952),
complete raw outer-bridge lineariza-
tion:

derived in (1957)–(1963),

evolution decay (1927): follows from the still-needed signed
estimate (1964),

defect decay (1928): requires the fully specified principal
bridge and (1965),

pre-entry raw-jet decay (1898): follows after the preceding two certi-
fications,

raw residual decay (1899): then follows as in Part 68,
first crossing: not yet unconditional.

(1967)
The remaining proof task has therefore narrowed again. One should no longer try to

verify (1921) on the full Fourier lattice. Instead, compute the actual characteristic return
map of (1946) on the prescribed finite bridge and certify (1951); then insert that inverse
into (1963), compute the symmetric part of the resulting finite-N linearized operator, and
test (1964) together with the principal-defect bound (1965). Those calculations are the
noncircular route from the raw reconstruction to (1927)–(1928).

Part 71. Slaved-Continuity Reduction
and the Correct Outer-Bridge
Stability Criterion

232 The state space in (1963) is larger than the raw

reconstruction permits

Part 70 wrote the reduced bridge perturbation as (δQN , δbN) in (1963). The raw construc-
tion, however, prescribes QN from the finite Lambert cascade; it is not an independently
evolved unknown of the scalar reconstruction. Likewise SN is selected by continuity once
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QN and bN are fixed. Therefore the dynamical perturbation relevant to the first-crossing
problem is not a free two-component vector. At fixed N and for the prescribed Lambert
coefficient we must impose

δQN = 0, δRN = 0. (1968)

Then (1957) reduces to

BN δSN = −∂x
(︃
δbN
AN

)︃
+ ∂x

(︃
bN
A2

N

(1− dV,N)δSN

)︃
. (1969)

Equivalently, after collecting the δSN terms into the same linearized continuity operator used
in (1881)–(1882), there is a slaving operator SN such that

δSN = SN [δbN ]. (1970)

Whenever the characteristic inverse certification (1951) holds,

∥SNh∥HM ≤ KS
N,M∥h∥HM , KS

N,M <∞. (1971)

Thus the continuity correction is a slaved order-zero response on the certified bridge. No
separate evolution estimate for SN is required.

233 Exact scalar reduced linearization

Let HN(Q,S, b) denote the complete raw scalar right-hand side from (1958), with the
physical-to-τ conversion included in the coefficient notation. Since QN is prescribed and
SN = SN [QN , bN ], define the exact one-field reduced vector field

KN(b) := HN

(︁
QN , SN [QN , b], b

)︁
. (1972)

Its Fréchet derivative is

DKN(b)[h] = DbHN [h] +DSHN

[︁
SNh

]︁
. (1973)

Using (1960)–(1961),

Lb
Nh = 2

Q′
N

QN

bNh−DbEN [h]

+ 2G(1 + dV,N)SNh−DSEN [SNh] + Lfrac
N,αh,

(1974)

where Lfrac
N,α denotes the signed linearized fractional block in the τ evolution. Formula (1974)

is the operator whose symmetric part must be tested. In particular, the free QN block in
(1963) must not be included in the stability norm for the prescribed-cascade problem.
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234 Separation of the favorable fractional part and the

finite lower-order budget

The raw two-correction calculation of Part 67 showed that the top-order fractional shape
symbol is universal. On the certified compact-frequency corridor of Parts 64–67, write the
signed fractional contribution in the energy convention as

ℜ⟨h,Lfrac
N,αh⟩JM+2

≤ −λfracN ∥Πshh∥2JM+2
− cN,α∥Πshh∥2Hα

N
, (1975)

with cN,α > 0 and with the amplitude zero mode controlled by the outer-corridor restoring
coefficient λcorN > 0 from Part 63. Consequently the natural zeroth-order damping margin is

λ0N := min{λcorN , λfracN } > 0. (1976)

All remaining terms in (1974) are finite-order bridge terms. Define their symmetric-part
budget by

Clow
N,M := sup

τ∈[τ0,τe]
sup
h̸=0

1

∥h∥2JM+2

⃓⃓⃓
ℜ⟨h, 2Q

′
N

QN

bNh−DbEN [h]

+ 2G(1 + dV,N)SNh−DSEN [SNh]⟩JM+2

⃓⃓⃓
.

(1977)

This constant is finite once (1951) and the raw bridge jet bounds are certified. The signed
stability question is therefore reduced to the single finite inequality

Clow
N,M < λ0N . (1978)

Under (1978), (1974)–(1977) give

ℜ⟨h,Lb
Nh⟩JM+2

≤ −λbN∥h∥2JM+2
− cN,α∥Πshh∥2Hα

N
, (1979)

where
λbN := λ0N − Clow

N,M > 0. (1980)

Thus (1964) is replaced, for the actual prescribed-cascade reconstruction, by the scalar co-
ercivity criterion (1978). This is strictly more faithful to the raw architecture.

235 A canonical principal bridge removes the artificial

QN defect

The second difficulty in Part 70 was the unspecified vector trajectory Upr
N . Since QN is

prescribed exactly, there is no reason to approximate it in the principal bridge. Set

Qpr
N := QN , bprN := B∗,Ns

−β, Spr
N := SN [QN , b

pr
N ], β = 2α− 1. (1981)

444



The continuity equation is then satisfied exactly by the principal bridge, so its continuity
defect vanishes identically. Its only dynamical defect is the scalar residual

F pr
N,b := ∂τb

pr
N − KN(b

pr
N ). (1982)

Using the exact coefficient matching defining B∗,N , the Lambert sensitivity expansion, and
the raw reconstruction decomposition, this defect splits algebraically as

F pr
N,b = F Lam

N + F frac
N + F rec

N + F forc
N . (1983)

The previously established terminal expansions identify the candidate decay rates

F Lam
N = ON(e

−2−kN τ ), F rec
N + F forc

N = ON(e
−4ατ/7), (1984)

while the fractional contribution has the positive-power decay proved only on the localized
conormal tube. Therefore (1984) by itself does not prove a pre-entry estimate for F frac

N . The
noncircular bridge requirement is precisely

∥F frac
N (τ)∥JM+2

≤ C frac,br
N,M e−ηfrac,brN τ on the outer bridge. (1985)

If (1985) is established from the raw bounded-jet corridor, then

∥F pr
N,b(τ)∥JM+2

≤ Cpr
N,Me

−ηprN τ , ηprN = min

{︃
2−kN ,

4α

7
, ηfrac,brN

}︃
> 0. (1986)

Hence the ambiguity in (1965) is removed: the principal bridge can be chosen canonically
by (1981), and the remaining defect is a scalar, explicitly split quantity.

236 Evolution-family estimate after the scalar reduc-

tion

Let wN = bN − bprN . Taylor expansion of the exact reduced field gives

∂τwN = Lb
N(τ)wN +N b

N(wN)− F pr
N,b(τ), ∥N b

N(w)∥ ≤ CN,M∥w∥2. (1987)

If (1978) holds, the linear evolution family satisfies

∥U b
N(τ, r)∥JM+2→JM+2

≤MNe
−λb

N (τ−r), τ ≥ r. (1988)

If in addition (1986) holds and the initial bridge perturbation is within the standard quadratic
stability radius, Duhamel and the usual bootstrap give

∥wN(τ)∥JM+2
≤ CNe

−ηbN τ , ηbN < min{λbN , η
pr
N }. (1989)

The slaving estimate (1971) then gives the same rate for SN − Spr
N , while QN − Qpr

N = 0
exactly. Therefore

∥UN − Upr
N ∥JM+2

≤ ˜︁CNe
−ηbN τ . (1990)

This is exactly the raw-jet decay requested in (1898), now derived from the correct con-
strained state space rather than from the overlarge system (1963).
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237 What is proved and what remains finite

The present audit resolves two structural issues. First, the prescribed Lambert variable
must not be varied as an independent dynamical component; therefore the correct stability
operator is the scalar Schur complement (1974). Second, the principal bridge may use the
exact prescribed QN and the exact continuity solver, so the vector defect (1965) reduces to
the scalar defect (1982)–(1983).

What remains is finite but still substantive. The source does not yet supply a global
return-map estimate proving (1951), so KS

N,M is not yet a certified number. Nor do the
displayed raw formulas alone prove the strict margin (1978) on the whole outer bridge.
Finally, the localized fractional positive-power estimate cannot be reused before entry; the
outer-bridge fractional defect estimate (1985) must be proved independently.

Theorem 64 (Correct constrained reduction of the pre-entry stability problem). Fix N <∞
and the prescribed finite-N Lambert cascade. Suppose the characteristic continuity inverse
satisfies (1951), the finite symmetric-part margin (1978) holds, and the outer-bridge frac-
tional defect satisfies (1985). Then the canonical principal bridge (1981) has exponentially
decaying defect (1986), its scalar linearization generates the exponentially stable evolution
family (1988), and sufficiently small bridge perturbations satisfy (1989)– (1990). Con-
sequently the pre-entry raw-jet estimate (1898), and hence the complete residual estimate
(1899), follow without invoking post-entry conormal persistence.

free perturbation δQN : removed; QN is prescribed, (1968),
continuity correction δSN : slaved to δbN , (1970)–(1971),
correct linearized stability operator: scalar Schur complement Lb

N , (1974),
principal fractional sign: favorable as inherited from Parts 67–

68, (1975),
complete finite lower-order budget: Clow

N,M , (1977),
correct signed stability test: finite margin (1978),
principal bridge: canonically fixed by exact QN and

continuity, (1981),
principal defect: scalar split (1982)–(1983),
Lambert and reconstruction/forcing
decay:

positive-power rates in (1984),

outer-bridge fractional defect: still requires the noncircular estimate
(1985),

evolution decay (1927): follows in the constrained space from
(1978), giving (1988),

principal-defect decay (1928): follows from (1984)–(1985), giving
(1986),

pre-entry raw-jet decay (1898): follows by Duhamel, (1989)–(1990),
first crossing: follows after the three finite certifica-

tions (1951), (1978), (1985).

(1991)
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The next calculation is consequently narrower than (1964). One must certify the char-
acteristic inverse (1951), insert its norm into the explicit lower-order budget (1977), and
verify the strict scalar margin (1978). In parallel one must prove the outer-bridge fractional
defect estimate (1985) without using local conormal smallness. Those three finite estimates
are now the direct noncircular route to (1927)–(1928) for the actual prescribed finite-N
reconstruction.

Part XV

Characteristic-Inverse Certification
and Outer-Bridge Fractional
Obstruction Audit

238 The finite flow-box form of the continuity inverse

We now address the three finite certifications isolated in (1991), without using the post-entry
conormal tube. The first point is that (1951) is a finite-flow statement rather than a Fourier
small-divisor statement. Write

BNΣ = XNΣ + cNΣ, XN = vN · ∇,

with the actual transport direction vN given by (1939). Let ΦN(ℓ;X0) denote the charac-
teristic flow of XN and let Σin

N be the normalization value on a transverse incoming section.
Then the exact variation-of-constants formula is

ΣN(ΦN(ℓ;X0)) = e−
∫︁ ℓ
0 cN (ΦN (a;X0)) daΣin

N(X0)

+

∫︂ ℓ

0

e−
∫︁ ℓ
r cN (ΦN (a;X0)) daFN(ΦN(r;X0)) dr.

(1992)

Fix the actual finite bridge BN and suppose it is covered by a finite family of flow boxes
UN,µ whose incoming and outgoing sections are uniformly transverse to vN . Define

Lfl
N := max

µ
sup

X0∈Σin
N,µ

|ℓN,µ(X0)|, Cc
N := ∥cN∥L∞(BN ). (1993)

For fixed N , smoothness and compactness give finite Cc
N ; finiteness of Lfl

N is exactly the
absence of an unnormalized trapped homogeneous orbit in the chosen bridge cover. From
(1992),

sup
X0,ℓ

∫︂ |ℓ|

0

e−
∫︁ |ℓ|
r cN (ΦN (a;X0)) da dr ≤ Lfl

Ne
Cc

NLfl
N . (1994)

Thus the second bound in (1951) is certified on every such finite flow-box bridge.
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239 Differentiated flow and an explicit characteristic

constant

Let
VN,j := ∥DjvN∥L∞(BN ), 1 ≤ j ≤M + 1.

The first variational equation is

d

dℓ
DΦN = DvN(ΦN)DΦN ,

so Gronwall gives

∥DΦN(ℓ)∥ ≤ eVN,1|ℓ| ≤ eVN,1L
fl
N . (1995)

Higher derivatives satisfy triangular Faà di Bruno variational equations. Inductively there
are explicit universal polynomials Pj such that

sup
|ℓ|≤Lfl

N

∥DjΦN(ℓ)∥ ≤ Pj

(︁
Lfl
N , VN,1, . . . , VN,j

)︁
ejVN,1L

fl
N , 1 ≤ j ≤M + 1. (1996)

The same estimate applies to the section/return maps provided the section transversality
angle has a positive lower bound ϑtr

N > 0. Consequently (1951) holds with a finite constant
depending only on

Kfl
N,M := Kfl

N,M

(︁
Lfl
N , (ϑ

tr
N)

−1, Cc
N , ∥cN∥CM , ∥vN∥CM+1

)︁
<∞. (1997)

In particular the slaving operator satisfies

∥SNh∥JM+2
≤ KS

N,M∥h∥JM+2
, KS

N,M ≤ CS
N,MKfl

N,M+2. (1998)

This proves the analytic implication (1951)–(1952) on a finite normalized flow-box bridge.
What must still be checked for the particular prescribed bridge is the geometric input Lfl

N <
∞ and ϑtr

N > 0; these are finite characteristic quantities, not small-divisor estimates.

240 Insertion into the complete lower-order budget

Define the raw finite coefficient bounds

A
(b)
N,M := sup

τ

⃦⃦⃦⃦
2
Q′

N

QN

bN −DbEN
⃦⃦⃦⃦
JM+2→JM+2

,

A
(S)
N,M := sup

τ
∥2G(1 + dV,N)−DSEN∥JM+2→JM+2

.

(1999)

Then Cauchy–Schwarz in (1977), followed by (1998), gives the completely explicit upper
bound

Clow
N,M ≤ A

(b)
N,M + A

(S)
N,MK

S
N,M ≤ A

(b)
N,M + A

(S)
N,MC

S
N,MKfl

N,M+2. (2000)
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Therefore a directly checkable sufficient form of (1978) is

A
(b)
N,M + A

(S)
N,MC

S
N,MKfl

N,M+2 < λ0N . (2001)

This is the requested insertion of the characteristic inverse norm into the signed lower-order
budget. It is important, however, not to confuse the finiteness of every term in (2001) with
its strict sign. The raw identities available in the manuscript do not provide numerical upper
bounds for the left side or a quantitative lower bound for λ0N strong enough to verify (2001).
Hence the strict margin (1978) is reduced to the finite inequality (2001), but is not proved
merely by compactness.

241 Why bounded outer-bridge jets do not imply (1985)

We next audit the independent fractional requirement. The point is subtle: finite-N smooth-
ness and a bounded-jet corridor give tame bounds for the fractional block, but they do not
force its defect from the principal shape to decay in τ .

To see the logical distinction, let FN,α[a] denote the normalized fractional product block
evaluated on a bounded shape coefficient a(τ, ·). Tame pseudodifferential calculus on the
compact bridge gives for bounded a

∥FN,α[a]∥JM+2
≤ CN,M,R, (2002)

but (2002) contains no positive power of s = e−τ . For example a bounded coefficient pertur-
bation

a(τ, ·) = apr(·) + ε sin τ ψ(·) (2003)

remains in a bounded finite-jet corridor for sufficiently small fixed ε, while its linearized
fractional defect contains

ε sin τ DFN,α[apr]ψ, (2004)

which does not decay as τ → ∞ unless the displayed derivative vanishes in that direction.
Thus no estimate of the form (1985) can follow from bounded jets alone.

This yields the following noncircular obstruction statement.

Theorem 65 (Outer-corridor boundedness is insufficient for fractional defect decay). A
uniform finite-N bound on finitely many outer-bridge jets of the raw reconstruction implies
a finite tame bound such as (2002), but does not imply an exponentially decaying defect of
the form (1985). To prove (1985) one needs an additional asymptotic shape statement, or
an exact structural cancellation making the principal fractional defect vanish independently
of shape convergence.

242 The weakest additional hypothesis that actually

proves (1985)

The required extra information can be stated without assuming the full local conormal tube.
Let aN(τ) collect precisely the normalized raw coefficients entering the fractional product
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block on the principal bridge, and let a∗
N denote their limiting principal values. Assume only

the outer-bridge coefficient convergence

max
0≤j≤M+2

∥Ej(aN − a∗
N)∥XN

≤ Ca
N,Me

−ηaN τ , ηaN > 0. (2005)

This is weaker than conormal closeness of the complete solution: it concerns only the finite
coefficient list entering the fractional block, evaluated on the canonical principal bridge
(1981).

On a compact coefficient set separated from all algebraic denominators, the fractional
product map is C1 between the bridge spaces used in Parts 67–68. The fundamental theorem
of calculus therefore gives

F frac
N = FN,α[aN ]− FN,α[a

∗
N ]

=

∫︂ 1

0

DFN,α[a
∗
N + θ(aN − a∗

N)](aN − a∗
N) dθ.

(2006)

Hence (2005) implies

∥F frac
N (τ)∥JM+2

≤ C frac,br
N,M e−ηaN τ . (2007)

Thus (1985) follows with

ηfrac,brN = ηaN . (2008)

No post-entry conormal smallness has been used in this implication. The new question
is whether (2005) follows from the prescribed raw coefficients QN , SN [QN , b

pr
N ] themselves.

The present source gives positive powers for the Lambert sensitivity and for the reconstruc-
tion/forcing block, but it does not yet give (2005) for the complete fractional coefficient list
on the whole outer bridge.

243 A useful exact special case

There is one situation in which the preceding obstruction disappears. In the strict generalized
affine one-phase architecture, the manuscript already records the exact multiplier identity

(−∆T3)αF (sN) = κ2α(−∂ss)αF (sN),

and, when the same fractional realization is used in the finite-N equation and profile equation,
the corresponding fractional bridge defect is exactly zero. Therefore

F frac
N ≡ 0 =⇒ (1985) holds with arbitrary ηfrac,brN > 0. (2009)

But (2009) may be invoked for the present raw two-correction bridge only after proving
that its fractional block remains in that exact strict one-phase subclass. The later raw
reconstruction contains a nontrivial continuity response, so that identification cannot be
made merely from the earlier one-phase formula.
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244 Result of the three requested certifications

The audit therefore gives a mixed conclusion. The characteristic inverse can be certified
analytically on a normalized finite flow-box bridge, with the explicit bound (1997)–(1998).
Its norm enters the complete lower-order budget through (2000), reducing the strict signed
test to the finite numerical inequality (2001). The sign of that inequality is not determined by
the raw bounds presently supplied. Independently, the outer-bridge fractional decay (1985)
does not follow from bounded jets; it follows from the strictly weaker coefficient-convergence
condition (2005), or from an exact one-phase cancellation if that architecture is proved to
apply to the raw bridge.

characteristic formula: exact, (1992),
finite flight-time integral: bounded by (1994),
differentiated flow/return map: bounded by (1995)–(1997) under fi-

nite flow-box transversality,
continuity slaving norm: explicit finite bound (1998),
condition (1951): certified on a normalized finite flow-

box bridge once Lfl
N <∞ and ϑtr

N > 0
are checked,

lower-order budget: bounded by (2000),
strict coercivity (1978): equivalent to the finite sufficient test

(2001); sign not yet certified from
displayed constants,

bounded outer jets ⇒ (1985): false in general; obstruction (2003)–
(2004),

noncircular sufficient condition for
(1985):

coefficient convergence (2005), giving
(2007),

strict one-phase special case: fractional defect vanishes exactly if
the raw bridge is proved to remain in
that subclass, (2009),

first crossing: not yet unconditional.

(2010)
The remaining task is therefore sharper than (1991): compute the actual finite flow-

box quantities Lfl
N and ϑtr

N and the raw coefficient norms in (1999), so that (2001) can be
decided; independently, prove (2005) for the canonical principal bridge, or prove that the
raw fractional architecture falls under the exact cancellation (2009). Without one of these
two fractional mechanisms, (1985) cannot be obtained from a bounded outer corridor alone.
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Part XVI

Exact Flow-Box Constants and the
Canonical One-Phase Raw Branch

245 The characteristic flight time and section transver-

sality are exact

The quantities left abstract in (1993)–(1997) can be evaluated more sharply for the actual
raw transport field. From (1935)–(1939),

qN + rN = 2. (2011)

Introduce on the universal cover of the torus the transverse coordinate

ω := y + z. (2012)

Along every characteristic of the continuity transport field XN ,

dω

dℓ
= qN + rN = 2. (2013)

Hence the slab 0 ≤ ω ≤ 2π is crossed in the exact characteristic flight time

Lfl
N = π. (2014)

This conclusion is independent of the x component pN and therefore does not require the
false full-lattice transversality condition ruled out in Part 70.

For the section ω = const, take the unit normal nω = (0, 1, 1)/
√
2. Then

vN · nω =
√
2. (2015)

Thus the unnormalized section flux has the exact lower bound
√
2. If ϑtr

N denotes the
normalized angle used in the return-map estimate, then

ϑtr
N = inf

BN

√
2

|vN |
≥

√
2√︁

(p+N)
2 + 4

, p+N := ∥pN∥L∞(BN ). (2016)

In particular ϑtr
N > 0 on every nondegenerate finite bridge. Equations (2014)–(2016) close

the geometric part of (1951) without any Diophantine assumption.
Substitution in (1994) gives the explicit weighted-flight estimate

sup
X0,ℓ

∫︂ |ℓ|

0

e−
∫︁ |ℓ|
r cN (ΦN (a;X0)) da dr ≤ πeπC

c
N . (2017)

Consequently one may replace the abstract flow-box constant in (1997) by

Kfl
N,M = Kfl

N,M

(︄
π,

√︁
(p+N)

2 + 4√
2

, Cc
N , ∥cN∥CM , ∥vN∥CM+1

)︄
. (2018)
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246 What the raw norms in (1999) actually reduce to

The raw reconstruction error is (1825). Therefore its Fréchet derivatives with respect to the
free scalar variable and the slaved continuity variable are finite differential operators whose
coefficients are algebraic combinations of

Jraw
N,M :=

(︁
QN , SN , bN , A

−1
N , C−1

N , R−1
N , ∂≤M+3QN , ∂

≤M+3SN , ∂
≤M+3bN

)︁
. (2019)

More explicitly, tame product and composition estimates give finite constants P
(b)
N,M and

P
(S)
N,M , polynomial in the positive bridge gaps and in the displayed jets, such that

A
(b)
N,M ≤ 2

⃦⃦⃦⃦
Q′

N

QN

bN

⃦⃦⃦⃦
CM+2

+ P
(b)
N,M(Jraw

N,M),

A
(S)
N,M ≤ 2∥G(1 + dV,N)∥CM+2 + P

(S)
N,M(Jraw

N,M).

(2020)

The characteristic inverse is now completely explicit at the geometric level, so (2001) becomes

2

⃦⃦⃦⃦
Q′

N

QN

bN

⃦⃦⃦⃦
CM+2

+ P
(b)
N,M +

(︂
2∥G(1 + dV,N)∥CM+2 + P

(S)
N,M

)︂
CS

N,M Kfl
N,M+2 < λ0N . (2021)

Here Kfl
N,M+2 is evaluated with (2018).

Equation (2021) is as far as the raw prescribed formulas alone can take the strict margin.

The quantities P
(b)
N,M and P

(S)
N,M contain the actual pre-entry jets of the unknown scalar

solution bN and of its slaved continuity correction. The source prescribes bN(z, 0) = 3+sin z,
but does not provide a closed formula for those jets throughout the outer bridge. Therefore
no numerical value of the left side of (2021), and hence no proof of its strict inequality with
λ0N , follows from the prescribed data alone. This is not a missing flow-box constant: (2014)–
(2018) have removed that ambiguity. It is a genuine dynamical estimate still required for
the complete lower-order budget.

247 The canonical normalized strict one-phase solu-

tion of raw continuity

The fractional alternative in (2009) can, however, be settled structurally. Use the distin-
guished affine phase already fixed in the manuscript,

C1 = C2 = 0, C3 = C4 = 1, ξ = t− z − θ∗,N . (2022)

Assume QN = QN(ξ) and RN = RN(ξ), as in the prescribed Lambert cascade. Seek the
normalized continuity correction in the same one-phase class. Since the raw algebraic recon-
struction satisfies

C2
N

AN

= RN , (2023)
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the one-phase divergence equation (1877) reduces to

∂zCN = 0. (2024)

Thus CN is constant along the phase. Write this positive constant as cN . Equations (2023)
and VN = (AN + CN)/2 = QN + SN then give

CN(ξ) = cN , AN(ξ) =
c2N

RN(ξ)
, SN(ξ) =

1

2

(︃
cN +

c2N
RN(ξ)

)︃
−QN(ξ). (2025)

These fields satisfy the raw continuity equation identically and also satisfy the two-correction
algebraic architecture, because (2023) is precisely the algebraic relation equivalent to (1820)
on the positive branch.

Impose the canonical zero-mean normalization used in Part 69, ⟨SN⟩ = 0. Put

aN :=

⟨︃
1

RN

⟩︃
, q0N := ⟨QN⟩. (2026)

Then cN is the positive root of

aNc
2
N + cN − 2q0N = 0, (2027)

namely

cN =
−1 +

√︁
1 + 8aNq0N
2aN

(2028)

whenever aN > 0 and q0N > 0. Thus the zero-mode prescription selects a unique positive
strict one-phase raw branch.

248 Exact fractional cancellation on the canonical branch

On (2025), every nonconstant velocity factor entering the fractional product block is a func-
tion of the single affine phase ξ; CN = cN is constant. The torus fractional Laplacian is
a Fourier multiplier with symbol |k|2α. Restricting to the one-dimensional Fourier lattice
generated by the phase vector therefore gives exactly

(−∆T3)αf(ξ) = (−∂ξξ)αf(ξ) (2029)

for the distinguished phase. This is the same exact one-phase reduction used earlier in the
manuscript. The standard Fourier-series definition of the torus fractional Laplacian likewise
confirms that no transverse multiplier remainder is created by this restriction.

If the canonical principal bridge uses the same one-dimensional fractional realization, its
raw fractional bridge defect is therefore

F frac
N ≡ 0. (2030)

454



Consequently (1985) holds identically, with arbitrary positive ηfrac,brN , and coefficient conver-
gence (2005) is unnecessary on this canonical strict one-phase branch.

This conclusion must be kept separate from the general raw solution of the three-
dimensional continuity equation. A different normalized solution SN(x, y, z, t) with gen-
uine transverse dependence need not satisfy (2030). What has been proved is that the
manuscript’s distinguished affine phase plus the zero-mean normalization admits the ex-
plicit raw two-correction branch (2025)–(2028), and on that branch the exact one-phase
fractional cancellation is valid.

249 Updated finite certification ledger

flow-box coordinate: ω = y + z, exact, (2012),
flight time: Lfl

N = π, exact, (2014),

section flux: vN · nω =
√
2, exact, (2015),

normalized transversality: positive lower bound (2016),
weighted characteristic integral: explicit bound πeπC

c
N , (2017),

characteristic inverse: geometrically certified by (2018),
raw norms in (1999): reduced to the actual bridge jets by

(2020),
strict lower-order margin (2001): becomes (2021); not numerically cer-

tified because the required pre-entry
solution jets are not supplied by the
prescribed initial datum alone,

canonical zero-mean raw continuity
branch:

explicit, (2025)–(2028),

raw fractional architecture on that
branch:

strict one-phase,

outer-bridge fractional defect: F frac
N ≡ 0, (2030),

condition (2005): unnecessary on the canonical strict
one-phase branch,

remaining finite certification: prove the dynamical jet bounds en-
tering (2021) and compare the result-
ing number with λ0N ,

first crossing: still conditional on that strict lower-
order margin.

(2031)
The requested calculation therefore closes two of the three pieces exactly: the character-

istic geometry has Lfl
N = π with uniform transverse section y+ z = const, and the canonical

zero-mean two-correction branch is strictly one-phase, so its fractional bridge defect vanishes
exactly. The remaining obstruction is no longer fractional and no longer geometric. It is the
quantitative signed comparison (2021), whose left side depends on the actual pre-entry jets
of the complete scalar solution. Those jets must be bounded dynamically before the strict
coercive margin can be declared.
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Part XVII

Actual Pre-Entry Jet Completion and
the One-Phase Invariance Test

250 Why the final margin must be tested on the actual

reconstructed evolution

Part 73 closed the flow-box geometry exactly and exhibited a canonical strict one-phase
solution of the raw continuity constraint. The final step cannot, however, identify that
auxiliary continuity branch with the actual solution of the complete reconstructed scalar
equation without first checking that the complete evolution preserves the strict one-phase
class. This check is decisive because the prescribed forcing in (1822) is

G(x, y, z) = A0 + (sin x sin y sin z)2. (2032)

It is genuinely three-dimensional. Thus the exact cancellation (2030) is an identity on the
canonical one-phase submanifold, but it is not automatically an identity along the actual
forced trajectory.

251 Direct invariance test at the prescribed initial da-

tum

The prescribed scalar datum is

bN(x, y, z, 0) = 3 + sin z. (2033)

Assume at the initial instant that the reconstructed coefficients are on the canonical branch
(2025), so in particular CN = cN > 0. The forcing contribution to the scalar equation is
then

F forc
N (x, y, z, 0) = 2cN

[︁
A0 + sin2 x sin2 y sin2 z

]︁
. (2034)

Its transverse derivatives are

∂xF
forc
N = 4cN sin x cos x sin2 y sin2 z,

∂yF
forc
N = 4cN sin y cos y sin2 x sin2 z.

(2035)

These functions are not identically zero on T3. Therefore the complete vector field is not
tangent to the strict one-phase manifold unless the remaining terms of the complete scalar
equation produce an exact pointwise cancellation of (2035).

For the canonical branch, the raw reconstruction error (1825) vanishes because CN = cN
is constant:

EN = 0. (2036)
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Moreover the Lambert coefficient is a function of the distinguished phase only, and the strict
one-phase fractional block has no transverse derivative. Consequently there is no term in
those blocks that cancels the nonzero x- and y-derivatives in (2035). Hence, at generic points,

∂x∂tbN(0) ̸= 0, ∂y∂tbN(0) ̸= 0. (2037)

The actual solution generated by the prescribed complete forcing therefore leaves the strict
one-phase scalar class immediately.

252 Correction to the interpretation of (2030)

Equation (2030) remains mathematically correct on the canonical one-phase branch, but it
cannot be used as the outer-bridge estimate (1985) for the actual prescribed forced solution.
The correct statement is

F
frac
N ≡ 0 on the invariant strict one-phase model only; F

frac
N [b

actual
N ] requires a transverse-shape estimate. (2038)

Thus the “fractional bridge obstruction is closed” conclusion of Part 73 must be qualified:
it is closed for the auxiliary canonical branch, not for the actual trajectory driven by (2032).

253 Exact transverse-jet equation

Let
Z⊥

N := (∂xbN , ∂ybN) (2039)

and differentiate the complete raw scalar equation (1824). Schematically, but without dis-
carding any term, one obtains

DNZ
⊥
N = DbHN [bN , SN ]Z

⊥
N +DSHN [bN , SN ] ∂⊥SN + F⊥

N , (2040)

where F⊥
N contains the explicit transverse derivative of 2CNG together with commutators

generated by differentiating the transport operator. At the canonical initial state its forcing
component is exactly (2035). In particular

∥F⊥
N (0)∥HM > 0 (2041)

for every M for which the nonzero trigonometric mode is measured.
If the reduced evolution has damping rate λbN > 0, Duhamel gives the sharp structural

estimate

∥Z⊥
N(τ)∥HM ≤MNe

−λb
N (τ−τ0)∥Z⊥

N(τ0)∥HM +MN

∫︂ τ

τ0

e−λb
N (τ−r)∥F⊥

N (r)∥HM dr. (2042)

The second term is the unavoidable forced transverse response. If F⊥
N merely remains O(1),

(2042) gives an O(1) response, not exponential convergence to the one-phase branch. Expo-
nential transverse convergence requires a genuinely decaying transverse forcing/commutator
or a different principal bridge that incorporates the forced transverse profile.
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254 The apparent circularity in using (2021) to prove

its own jet bounds

The requested final comparison cannot be obtained by first assuming the coercivity generated
by (2021), using that coercivity to bound the actual pre-entry jets, and then inserting those
bounds back into (2021). Such an argument would be circular. To close the margin one needs
an independent absorbing estimate. A sufficient noncircular statement is the following.

Suppose there is a radius Rabs
N,M , obtained directly from the raw finite-N equation before

using (2021), such that

sup
τ0≤τ≤τe

∥Jraw
N,M(τ)∥ ≤ Rabs

N,M . (2043)

Define the corresponding completely finite coefficient envelope

BN,M(R) := 2 sup
∥J∥≤R

⃦⃦⃦⃦
Q′

N

QN

bN

⃦⃦⃦⃦
CM+2

+ sup
∥J∥≤R

P
(b)
N,M(J)

+

[︄
2∥G(1 + dV,N)∥CM+2 + sup

∥J∥≤R

P
(S)
N,M(J)

]︄
CS

N,MKfl
N,M+2.

(2044)

Then the desired strict lower-order margin follows from the genuinely checkable inequality

BN,M(Rabs
N,M) < λ0N . (2045)

This is the noncircular completion criterion corresponding to (2021).

255 What the raw energy estimate actually supplies

On any finite preterminal interval on which the algebraic gaps AN , CN , RN stay positive,
standard finite-N quasilinear energy estimates give, for sufficiently large m,

d

dt
∥bN(t)∥2Hm + ν∥bN(t)∥2Hm+α ≤ CN,m(t)

(︁
1 + ∥bN(t)∥2Hm

)︁
. (2046)

Consequently

∥bN(t)∥2Hm ≤
(︃
∥bN(0)∥2Hm +

∫︂ t

0

CN,m(r) dr

)︃
exp

(︃∫︂ t

0

CN,m(r) dr

)︃
. (2047)

Together with the characteristic inverse for the continuity correction, (2047) yields a finite
Rabs

N,M whenever the coefficient integral is independently bounded. It does not, however, imply
the smallness required by (2045). Finiteness and strict coercive domination are different
claims.
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256 Can the final strict comparison be decided from

the present prescribed data?

The answer supplied by the raw formulas is now definitive. The manuscript contains neither
a numerical lower bound for

λ0N = min{λcorN , λfracN } (2048)

nor an independently derived absorbing radius Rabs
N,M small enough to evaluate (2045). More-

over the actual forcing (2032) immediately generates transverse shape, so the exact one-phase
cancellation cannot be used to remove the fractional defect along the actual trajectory.
Therefore the strict comparison requested after (2021) cannot be proved from the currently
prescribed formulas without an additional quantitative estimate. Declaring it proved would
assume precisely the stability that the comparison is meant to establish.

The remaining alternative is finite and explicit. Either route (A) derives an independent
absorbing bound (2043), evaluates (2044), verifies (2045), and controls the forced transverse
fractional response in (2042); or route (B) replaces the principal bridge by the actual forced
transverse profile and repeats the compact-frequency coercivity test about that profile. In
symbols,

(A): independent absorbing estimate and transverse control or (B): forced-profile bridge.

(2049)
Route (B) avoids demanding convergence to a one-phase profile that the prescribed forcing
does not preserve.
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257 Corrected completion ledger

flow-box geometry: closed exactly by (2012)–(2018),
canonical raw continuity branch: explicit by (2025)–(2028),
one-phase fractional cancellation: exact on that auxiliary branch,

(2030),
invariance under the prescribed forc-
ing:

fails generically by (2035)–(2037),

actual transverse response: governed by the forced Duhamel es-
timate (2042),

raw pre-entry jets: finite under (2046)–(2047), but no in-
dependently proved small absorbing
radius is presently available,

noncircular lower-order test: (2045), with envelope (2044),
strict comparison with λ0N : not certified by the current data,
first crossing: remains conditional on (2045) plus

control of the forced transverse frac-
tional response,

post-entry conormal propagation: unchanged once entry is actually ob-
tained,

finite-time scalar characteristic law: unchanged conditionally after entry.

(2050)
The final audit therefore resolves the requested “finish” in the strict logical sense: the

remaining margin cannot be promoted to a theorem from the present data, and the reason is
now explicit rather than hidden in an unspecified constant. The prescribed three-dimensional
forcing immediately creates transverse scalar modes, while the available preterminal energy
estimate yields finiteness rather than the smallness needed in (2045). The next theorem-level
closure must control that forced transverse response or use its actual forced profile as the
bridge.
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Part XVIII

Forced-Transverse Principal Bridge
and the Remaining Quantitative
Margin

258 Why the forced-profile route is the correct next

reduction

Part 74 shows that the prescribed forcing does not preserve the strict one-phase submanifold.
The appropriate principal bridge must therefore contain the transverse modes which are
generated at leading order by 2CNG. This section constructs that bridge at the level justified
by the raw equations and isolates the exact finite inequalities which remain.

Write
G = A0 +G⊥, G⊥ = sin2 x sin2 y sin2 z. (2051)

Using sin2 θ = (1− cos 2θ)/2,

G⊥ =
1

8
(1− cos 2x)(1− cos 2y)(1− cos 2z). (2052)

Hence the forcing contains only the finite Fourier set

KG = {(2ε1, 2ε2, 2ε3) : εj ∈ {−1, 0, 1}}, (2053)

with the zero mode separated into the longitudinal amplitude. In particular, the initially
generated transverse response is finite dimensional.

259 Projection onto longitudinal and forced transverse

sectors

Let Π∥ denote the projection onto the distinguished one-phase sector and let

ΠG :=
∑︂

k∈KG\{0}

Πk, ΠR := I − Π∥ − ΠG. (2054)

For the scalar field write

bN = b
∥
N + bGN + bRN . (2055)

At the prescribed initial datum bN(0) = 3 + sin z,

bGN(0) = 0, bRN(0) = 0. (2056)

The first nonzero transverse derivative is therefore produced by the explicit forcing, exactly
as in (2035)–(2037).
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260 Canonical forced transverse principal profile

Let Lb
N(τ) be the reduced scalar linearization already used in (1979)–(1990), evaluated along

the longitudinal principal bridge. Define the forced transverse principal profile BG
N as the

solution of
∂τB

G
N = ΠGLb

N(τ)B
G
N +ΠG

(︁
2Cpr

NG⊥
)︁
, BG

N(τ0) = 0. (2057)

Thus, whenever the evolution family UG
N exists,

BG
N(τ) =

∫︂ τ

τ0

UG
N (τ, r)ΠG

(︁
2Cpr

N (r)G⊥
)︁
dr. (2058)

This definition does not ask the actual solution to converge to a submanifold which the
forcing fails to preserve. The forcing is built into the principal bridge itself.

Define

bFPN := b
∥
N +BG

N , SFP
N := SN [QN , b

FP
N ], (2059)

where SN [QN , b] is the normalized raw continuity solution from Parts 68–73. The corre-
sponding raw velocity coefficients are

V FP
N = QN + SFP

N , AFP
N = V FP

N −DN(V
FP
N ), CFP

N = V FP
N +DN(V

FP
N ). (2060)

261 Exact defect after absorbing the forced modes

Let KN denote the complete reduced raw scalar vector field. The forced-profile defect is

DFP
N := ∂τb

FP
N − KN(b

FP
N ). (2061)

By construction, the component which is linear in the explicit transverse forcing cancels in
ΠGD

FP
N . What remains consists of

DFP
N = D

∥
N +Dcoeff

N +Dnl
N +Dfrac

N , (2062)

where Dcoeff
N is the error from replacing the actual raw coefficients by the forced-profile coef-

ficients, Dnl
N contains quadratic and higher transverse interactions, and Dfrac

N is the difference
between the complete fractional block and its linearization included in (2057). Thus the
nondecaying source identified in (2042) has been removed from the remainder equation.

262 Remainder equation about the forced profile

Set
wFP

N := bN − bFPN . (2063)

Taylor expansion of the complete reduced field gives

∂τw
FP
N = LFP

N (τ)wFP
N +N FP

N (τ, wFP
N )−DFP

N , (2064)
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with
LFP

N (τ) := DKN(b
FP
N (τ)), ∥N FP

N (τ, w)∥JM+2
≤ CFP

N,M∥w∥2JM+2
. (2065)

The theorem-level stability condition is therefore the signed estimate

ℜ⟨w,LFP
N (τ)w⟩ ≤ −λFPN ∥w∥2JM+2

, λFPN > 0. (2066)

This is the forced-profile replacement for the unavailable one-phase margin (2045).

263 A finite sufficient condition for the forced-profile

margin

Let λ0N be the principal positive gap from (2048). Define the forced-profile lower-order budget

CFP
N,M := sup

τ0≤τ≤τe

⃦⃦
DKN(b

FP
N (τ))− LN,prin(τ)

⃦⃦
JM+2→JM+2

, (2067)

where LN,prin contains the already isolated principal fractional and corridor damping. Then

CFP
N,M < λ0N =⇒ λFPN := λ0N − CFP

N,M > 0. (2068)

Unlike (2045), every coefficient in (2067) is evaluated on the explicitly defined forced principal
bridge (2057)–(2060), rather than on the unknown actual solution. This removes the circular
dependence on an absorbing radius for the actual pre-entry jets.

264 Size of the forced transverse profile

If the projected evolution family satisfies

∥UG
N (τ, r)∥ ≤MG

Ne
−λG

N (τ−r), λGN > 0, (2069)

then (2058) gives

sup
τ≥τ0

∥BG
N(τ)∥JM+2

≤ MG
N

λGN
sup
r≥τ0

∥ΠG(2C
pr
N (r)G⊥)∥JM+2

. (2070)

Because G⊥ has only the finite Fourier set (2053), its Sobolev norms are explicit finite
constants. Thus the only non-explicit factor in (2070) is the projected bridge stability ratio
MG

N/λ
G
N and the already prescribed coefficient Cpr

N .
The forcing is not small merely because it is smooth. Therefore (2070) gives a finite

forced-profile radius, not automatically a perturbatively small one. The inequality (2068)
still has to be checked with that radius.
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265 Fractional block about the forced profile

The exact one-phase cancellation (2030) is no longer invoked. Instead use the smooth finite-
N product identity

VN,α(b, A) = ALα

(︃
b

A

)︃
+
b

A
LαA. (2071)

At the forced profile (bFPN , AFP
N ), the fractional contribution is therefore an explicitly evaluable

smooth periodic function. Its linearization retains the universal order-2α principal symbol
|ξ|2α established in Part 67; the new transverse Fourier modes modify only the finite compact-
frequency and lower-order coefficients. Hence there is no new principal-symbol obstruction.
The required finite check is precisely their contribution to CFP

N,M in (2067).

266 Conditional closure theorem for the forced-profile

route

Theorem 66 (Forced-profile pre-entry closure). Fix N <∞, 1 ≤ α < 1+δ, and a nondegen-
erate raw bridge on which the normalized continuity inverse of Parts 68–73 exists. Construct
bFPN by (2057)–(2060). Assume the projected estimate (2069), the finite strict margin (2068),
and

∥DFP
N (τ)∥JM+2

≤ CD
N,Me

−ηDN τ , ηDN > 0. (2072)

Then, for sufficiently small remainder at τ0,

∥bN(τ)− bFPN (τ)∥JM+2
≤ CFP

N,Me
−ηFP

N τ , ηFPN < min{λFPN , ηDN}. (2073)

Consequently the pre-entry jet estimate needed by the first-crossing argument holds relative
to the forced principal bridge.

Proof. Apply Duhamel to (2064), use (2066), (2072), and the quadratic estimate (2065), and
close the standard small bootstrap. No one-phase invariance is used.

267 What can and cannot be certified from the current

formulas

The forced-profile construction removes the logical obstruction identified in Part 74: the
persistent transverse source is now part of the principal bridge, and the lower-order budget
is evaluated on a prescribed bridge rather than on the unknown actual solution. Nevertheless,
the current manuscript does not supply numerical values for λ0N , M

G
N/λ

G
N , or the complete

finite coefficient norm in (2067). It also does not yet prove the decay (2072) of the nonlinear
forced-profile defect. Therefore the strict inequality (2068) cannot honestly be declared
verified from the displayed formulas alone.
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The improvement is that the remaining task is no longer an unknown absorbing estimate
for the actual solution. It is a finite calculation on the explicit forced bridge:

compute BG
N =⇒ (AFP

N , CFP
N ) =⇒ CFP

N,M =⇒ test CFP
N,M < λ0N , (2074)

followed by the explicit defect estimate (2072).

268 Updated completion ledger

flow-box geometry: closed exactly,
forced transverse Fourier support: explicit finite set (2053),
forced principal bridge: defined canonically by (2057)–

(2060),
persistent transverse forcing in the
remainder:

removed by construction,

continuity response on the forced
bridge:

inherited from the normalized raw in-
verse,

fractional principal symbol: unchanged, |ξ|2α,
forced-profile lower-order margin: finite test (2068), not numerically

certified,
forced-profile defect: must satisfy (2072),
pre-entry convergence: follows from (2068), (2069), (2072)

by (2073),
first crossing: conditional on those finite forced-

bridge checks,
post-entry conormal and scalar
characteristic conclusions:

unchanged conditionally after entry.

(2075)
The forced-profile route therefore resolves the incompatibility between the three-dimensional

forcing and the one-phase principal bridge. What remains is quantitatively sharp: a finite
projected stability calculation and a finite defect estimate on the explicitly defined forced
bridge. These are strictly weaker logical demands than assuming small raw jets of the un-
known actual solution, but they are still genuine estimates and are not replaced by smooth-
ness alone.
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Part XIX

Spectral Completion of the Forced
Bridge and a Rigorous Finite
Certification Test

269 An exact Fourier norm for the prescribed trans-

verse forcing

The finite Fourier statement in Part 75 can be made quantitative. Write

g(θ) = sin2 θ =
1

2
− 1

4
e2iθ − 1

4
e−2iθ, G⊥(x, y, z) = g(x)g(y)g(z).

If exactly j components of k ∈ Z3 are nonzero, then |k|2 = 4j, there are
(︁
3
j

)︁
2j such modes,

and the modulus of the corresponding Fourier coefficient is 2−3−j. Consequently, for every
s ≥ 0,

∥G⊥∥2Hs(T3) =
3∑︂

j=0

(︁
3
j

)︁
64 2j

(1 + 4j)s. (2076)

After removing the zero mode, the exact transverse norm is

∥Π⊥G⊥∥2Hs =
3∑︂

j=1

(︁
3
j

)︁
64 2j

(1 + 4j)s. (2077)

Thus no unspecified Sobolev constant is needed for the forcing itself.

270 A correction to the finite-mode reduction in Part 75

There is, however, an important distinction between the Fourier support of G⊥ and that of
the actual source 2Cpr

NG⊥. If Cpr
N is not spatially constant, multiplication is convolution in

Fourier space:

ˆ︂Cpr
NG⊥(k) =

∑︂
ℓ∈KG

ˆ︁Cpr
N (k − ℓ) ˆ︁G⊥(ℓ). (2078)

Hence the finite set KG in (2053) is the support of G⊥ itself, but it is not in general the
complete support of the forced source. The finite-dimensional projected equation (2057) is
therefore exact only when Cpr

N is constant (as on the auxiliary branch of Part 73), or when the
complementary convolution is retained in the principal bridge. This observation is essential
for a nondecaying forcing: the omitted complement cannot be placed in an exponentially
decaying defect merely from smoothness.
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271 The spectrally complete forced principal bridge

The clean correction is to absorb the entire transverse source. Let Π⊥ = I − Π∥ and define
BCF

N by

∂τB
CF
N = Π⊥Lb

N(τ)B
CF
N +Π⊥

(︁
2CCF

N G⊥
)︁
, BCF

N (τ0) = 0, (2079)

where

bCF
N = b

∥
N +BCF

N , SCF
N = SN [QN , b

CF
N ], (ACF

N , CCF
N ) = AN(QN , S

CF
N ). (2080)

Equation (2079) is a nonlinear fixed-point equation because the raw continuity reconstruction
feeds BCF

N back into CCF
N . Unlike the finite projection (2057), it contains the full persistent

forced transverse response.
Let U⊥

N (τ, r) be the evolution family generated by the transverse restriction of the prin-
cipal damped operator. If

∥U⊥
N (τ, r)∥HM+2→HM+2 ≤M⊥

Ne
−λ⊥

N (τ−r), λ⊥N > 0, (2081)

and the reconstruction map is Lipschitz on a ball of radius R with constant LC
N,M(R), then

Duhamel and the algebra property give

∥BCF
N ∥L∞HM+2 ≤ 2M⊥

N

λ⊥N
∥G⊥∥HM+2

(︁
Cpr

N,0 + LC
N,M(R)R

)︁
. (2082)

A sufficient contraction condition for the complete forced bridge is

2M⊥
N

λ⊥N
∥G⊥∥HM+2LC

N,M(R) < 1, (2083)

with the right side of (2082) not exceeding R. Because the forcing norm in (2083) is given
exactly by (2076), the only remaining quantities are raw finite-N reconstruction and stability
constants.

272 How λ0N is to be certified rather than guessed

The manuscript defines
λ0N = min{λcorN , λfracN }.

Neither term has been assigned a numerical lower bound. The correct finite certification is
a two-scale spectral calculation. Choose a Fourier cutoff K ≥ 1 and let PK project onto
|k| ≤ K. On the finite-dimensional space PKJM+2 form the Hermitian part

HN,K(τ) := −1

2
PK (LN,prin(τ) + LN,prin(τ)

∗)PK . (2084)
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Then define the computable compact-frequency gap

λcomp
N,K := inf

τ∈[τ0,τe]
λmin(HN,K(τ)). (2085)

For |k| > K, the fractional principal symbol supplies the explicit tail coercivity

λtailN,K := inf
τ

inf
|k|>K

(︁
ν|k|2α − rN,M(τ, k)

)︁
, (2086)

where rN,M is the rigorously bounded lower-order symbol. Thus an actual certified lower
bound is

λ0N(K) := min{λcomp
N,K , λtailN,K}. (2087)

The statement λ0N(K) > 0 is a finite matrix eigenvalue check plus an analytic high-frequency
tail estimate. It is stronger and more reproducible than assigning a decimal value to λ0N
without specifying N , α, the bridge interval, and the coefficient fields.

273 A directly computable replacement for the unre-

solved margin

Evaluate the complete raw linearization on the spectrally complete bridge and write

LCF
N = LN,prin +KCF

N . (2088)

For the same cutoff K, define

Ccomp
N,M,K := sup

τ

⃦⃦⃦⃦
⃦PK

KCF
N +KCF,∗

N

2
PK

⃦⃦⃦⃦
⃦ ,

Ctail
N,M,K := sup

τ
sup
|k|>K

⃓⃓
ℜ σ(KCF

N )(τ, k)
⃓⃓
.

(2089)

The finite-N stability margin is certified if

max{Ccomp
N,M,K ,C

tail
N,M,K} < λ0N(K). (2090)

This is the rigorous numerical/analytic form of (2068). Every object in (2090) is determined
once N , α, the bridge interval, viscosity, forcing amplitude A0, and the normalized raw
continuity solution are specified.

274 The complete forced-profile defect

Because (2079) absorbs the full persistent transverse source, the remaining defect contains
only coefficient mismatch, nonlinear Taylor remainder, and principal-profile mismatch. Set

DCF
N := ∂τb

CF
N − KN(b

CF
N ). (2091)
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After cancellation of the complete source in (2079), Taylor’s theorem gives, on a radius-R
bridge,

∥DCF
N (τ)∥JM+2

≤ CN,M(R)
(︂
∥aN(τ)− aCF

N (τ)∥XN
+ ∥BCF

N (τ)∥2JM+2

)︂
+ ∥D∥

N(τ)∥. (2092)

This formula exposes a second point that cannot be hidden by the bridge construction: a
bounded nonzero stationary forced response need not have a decaying quadratic remainder.
Therefore exponential defect decay follows only if the complete forced bridge is chosen as an
exact (or asymptotically exact) solution of the leading nonlinear forced equation, or if the
quadratic stationary part is included in the principal bridge by iteration.

Define the Picard-corrected bridge recursively by

b
[0]
N = b

∥
N , ∂τb

[m+1]
N = KN,prin(b

[m+1]
N ) + Π⊥KN,forc(b

[m]
N ), (2093)

with the same normalized continuity reconstruction at every step. Under the contraction
condition (2083), this converges to a unique complete forced bridge bF,∗N in the radius-R
ball. For that limit the persistent nonlinear transverse terms are part of the bridge, and the
residual reduces to the already decaying Lambert/principal-coefficient mismatch:

∥DF,∗
N (τ)∥JM+2

≤ CD,∗
N,Me

−ηD,∗
N τ (2094)

provided the previously audited Lambert and raw coefficient convergence is uniform on the
chosen bridge. Thus (2072) is not an additional independent assumption once (2083) and
that coefficient convergence are certified for the nonlinear complete bridge.

275 Completion theorem in certifiable form

Theorem 67 (Finite-N forced-bridge certification). Fix all numerical construction data N ,
k(N), α, ν, A0 and the finite bridge interval. Suppose the normalized raw continuity inverse
satisfies the characteristic estimate of Part 72. If there exist R > 0 and K <∞ such that the
complete-bridge contraction (2083) closes in the radius-R ball, the spectral margin (2090) is
strict, and the Lambert/raw coefficient convergence entering (2094) holds, then the nonlinear
complete forced bridge bF,∗N exists and

∥bN(τ)− bF,∗N (τ)∥JM+2
≤ CN,Me

−ηN τ (2095)

for sufficiently small initial bridge mismatch. Consequently the pre-entry jet hypothesis used
by the first-crossing argument is certified for that fixed N .

Proof. The contraction estimate (2083) constructs the complete forced bridge. Equation
(2090) gives a positive spectral gap for its linearization. The coefficient convergence gives
(2094). Duhamel and the quadratic remainder estimate then close the standard small boot-
strap and yield (2095).
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276 What the present manuscript data actually decide

Equations (2076)–(2095) remove two hidden ambiguities from Part 75. First, the product
CNG⊥ is not generally supported on the finite set KG; the complete convolution must be
included. Second, a nondecaying quadratic forced response must be incorporated into the
nonlinear principal bridge rather than placed in the defect.

The current source still does not specify one numerical instance containing all of

N, k(N), α, ν, A0, [τ0, τe], and the normalized bridge coefficient tables.

Therefore no numerical value of λ0N(K) or of the left side of (2090) can be extracted honestly
from the manuscript as it stands. What is now complete is the certification problem itself:
after those data are fixed, (2076), (2083), (2085)–(2090), and (2094) are the finite list of
quantities that must be evaluated. No unknown actual-solution absorbing radius and no
false finite-support assumption remains.

277 Updated completion ledger

forcing Sobolev norms: exact formula (2076)–(2077),
finite support of G⊥: exact, but not preserved by multipli-

cation with nonconstant CN ,
complete forced source: incorporated by (2079)–(2080),
complete forced bridge: constructed conditionally by the con-

traction test (2083),
principal spectral gap: reduced to finite matrix plus analytic

tail, (2084)–(2087),
full lower-order margin: certifiable by the explicit test (2090),
forced nonlinear defect: absorbed by the Picard-complete

bridge (2093),
defect decay: follows as (2094) once raw/Lambert

coefficient convergence is certified on
that bridge,

pre-entry raw-jet convergence: follows from the finite certification
theorem, (2095),

first crossing: conditional only on these fixed-N
certification inequalities,

post-entry scalar conclusions: unchanged after certified entry.

(2096)
This closes the structural analysis of the forced bridge. The remaining work is no longer

a missing derivation: it is a numerical/interval-arithmetic certification for a fully specified
finite-N parameter set. Without that parameter set, assigning numerical values to λ0N or to
the margin would be unsupported.
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Part XX

Interval-Certification Input Closure
and Reproducible Finite-N Test

278 Why the next step must begin with a parameter

record

Part 76 reduced the pre-entry problem to a finite numerical/analytic certificate, but a cer-
tificate is meaningful only after the finite-N problem has been fixed completely. My work
contains several numerical experiments with different values of N , different cascade depths,
and different regularizations. Those experiments cannot be silently substituted into (2090),
because (2090) refers to the raw spectrally complete forced bridge and its normalized conti-
nuity solution. Accordingly define the certification record

PN =
(︁
N, kN , α, ν, A0, τ0, τe,M,K, εLN ,N

cont
N ,Tbr

N

)︁
. (2097)

Here Ncont
N records the normalization used for the raw continuity inverse, and Tbr

N denotes
the interval-valued coefficient tables for the complete forced bridge. No entry in (2097) may
be inherited from an earlier numerical experiment unless it is verified to belong to the same
reconstruction and regularization.

279 The bridge table that is actually required

Let Ij = [τj, τj+1] be a partition of [τ0, τe]. On each interval store outward-rounded enclosures
for

Tbr
N,j =

[︂
QN , S

F,∗
N , bF,∗N , AF,∗

N , CF,∗
N , ∂µQN , ∂

µSF,∗
N , ∂µbF,∗N

]︂
|µ|≤M+2

. (2098)

The algebraic reconstruction is evaluated interval-wise from

VN = QN + SF,∗
N , DN(V ) =

−(2V +RN) +
√︁
R2

N + 8RNV

2
, (2099)

AF,∗
N = VN −DN(VN), CF,∗

N = VN +DN(VN).

Every interval must certify the nondegeneracy conditions

inf RN > 0, inf VN > 0, inf AF,∗
N > 0, inf CF,∗

N > 0. (2100)

These inequalities prevent interval evaluation of the square root, reciprocal reconstruction,
and continuity coefficients from crossing a singular set.
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280 Certified continuity inverse on the same table

Part 73 gives the exact flow-box coordinate ω = y+z and Lfl
N = π. Hence the only nontrivial

interval contribution to the characteristic inverse is the coefficient weight and differentiated
flow. For each bridge cell define

Cc
N,j := sup

Ij×T3

|cN |, K
(0)
N,j := πeπC

c
N,j . (2101)

Differentiating the characteristic ODE through order M + 1 and applying interval Gronwall
gives recursively computable constants K

(m)
N,j , 1 ≤ m ≤M + 1. Set

Kfl
N,M+1 := max

j
max

0≤m≤M+1
K

(m)
N,j . (2102)

Then the range-adapted continuity response of Part 69 has the certified bound

∥ΘNZ∥HM ≤ KΘ
N,M∥Z∥HM , KΘ

N,M ≤ CΘ,alg
N,M Kfl

N,M+1. (2103)

All factors on the right are interval functions of (2098)–(2100).

281 Interval construction of the complete forced bridge

Let TN denote the Duhamel/Picard map defined by (2079) and (2093), now evaluated with
outward rounding. For a ball BR ⊂ L∞HM+2 compute interval bounds

qN(R) :=
2M⊥

N

λ⊥N
∥G⊥∥HM+2LC

N,M(R), (2104)

rN(R) :=
2M⊥

N

λ⊥N
∥G⊥∥HM+2

(︁
Cpr

N,0 + LC
N,M(R)R

)︁
. (2105)

A machine-checkable existence/uniqueness certificate is

qN(R) < 1, rN(R) ≤ R. (2106)

Because ∥G⊥∥HM+2 is given exactly by (2076), no quadrature is needed for that factor. Once
(2106) holds, interval Picard iteration produces an enclosure of bF,∗N and hence closes the
table (2098).

282 Low-frequency matrix certificate

For every τ -cell form the interval Hermitian matrix

HN,K,j = −1

2
PK

(︁
LN,prin,j + L∗

N,prin,j

)︁
PK . (2107)
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A rigorous lower eigenvalue bound may be obtained by any verified Hermitian interval
method; for example, after choosing a numerical center matrix Hc

N,K,j,

λcomp,−
N,K,j := λmin(H

c
N,K,j)− ∥HN,K,j −Hc

N,K,j∥+2 . (2108)

Therefore
λcomp,−
N,K := min

j
λcomp,−
N,K,j (2109)

is a rigorous lower bound for (2085). This step is finite dimensional; its validity does not rely
on floating-point eigenvalues being exact because the interval remainder in (2108) absorbs
rounding and coefficient uncertainty.

283 High-frequency analytic certificate

Let the lower-order tail satisfy the verified symbol estimate

|rN,M(τ, k)| ≤
J∑︂

j=0

RN,j|k|ρj , ρj < 2α. (2110)

Then for |k| ≥ K + 1,

λtail,−N,K := ν(K + 1)2α −
J∑︂

j=0

RN,j(K + 1)ρj (2111)

is valid whenever the right-hand side of νr2α −
∑︁

j RN,jr
ρj is increasing for r ≥ K + 1. A

sufficient interval-checkable monotonicity condition is

2αν(K + 1)2α−1 >
J∑︂

j=0

ρjRN,j(K + 1)ρj−1. (2112)

Thus the certified principal gap is

λ0,−N (K) := min{λcomp,−
N,K , λtail,−N,K }. (2113)

284 Interval form of the full margin

Evaluate the Hermitian lower-order correction on each compact-frequency cell and its symbol
on the tail. Let

Ccomp,+
N,M,K := max

j

⃦⃦⃦⃦
⃦PK

KF,∗
N,j +KF,∗,∗

N,j

2
PK

⃦⃦⃦⃦
⃦
+

2

,

Ctail,+
N,M,K := sup

j
sup
|k|>K

⃓⃓⃓
ℜ σ(KF,∗

N,j)(k)
⃓⃓⃓+
.

(2114)
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Define the single certificate number

mcert
N,M,K := λ0,−N (K)−max{Ccomp,+

N,M,K ,C
tail,+
N,M,K}. (2115)

Then the unresolved strict inequality (2090) is proved exactly when

mcert
N,M,K > 0. (2116)

If the interval in (2115) contains zero, the computation is inconclusive, not negative: one
must refine the τ partition, increase precision, improve coefficient enclosures, or change K.

285 The raw coefficient-decay certificate

The remaining hypothesis in (2094) can be tested on the same bridge table. Let aN collect
the raw/Lambert coefficients entering the complete bridge and let aF,∗

N denote their principal
forced-bridge values. Define

dN,j := max
0≤m≤M+2

sup
τ∈Ij

eητ∥Em(aN − aF,∗
N )∥XN

. (2117)

If for some η > 0

dcertN := max
j

dN,j <∞, (2118)

then

∥DF,∗
N (τ)∥JM+2

≤ CD,∗
N,MdcertN e−ητ . (2119)

This is the interval-arithmetic realization of (2094). It uses only pre-entry bridge data and
therefore does not invoke the post-entry conormal bootstrap.

286 A complete certificate and its logical consequence

Theorem 68 (Reproducible finite-N interval certificate). Fix a parameter record PN in
(2097). Suppose outward-rounded interval arithmetic verifies (2100), (2106), the differenti-
ated characteristic bounds entering (2102)–(2103), the low-frequency bounds (2108)–(2109),
the high-frequency bounds (2110)–(2112), the strict margin (2116), and the coefficient-decay
estimate (2118). Then the hypotheses of the finite-N forced-bridge certification theorem of
Part 76 hold for that record. In particular, the complete forced bridge exists uniquely in the
certified radius-R ball and

∥bN(τ)− bF,∗N (τ)∥JM+2
≤ CN,Me

−ηN τ . (2120)

Consequently the pre-entry jet hypothesis required by the first-crossing argument is certified
for that fixed N .
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Proof. Conditions (2100), (2102)–(2103) certify the raw reconstruction and continuity inverse
on the bridge. Condition (2106) is the contraction criterion (2083), hence constructs the
nonlinear complete forced bridge. Equations (2108)–(2113) give a rigorous lower bound for
the principal gap, while (2114)–(2116) prove the full lower-order margin (2090). Finally,
(2118)–(2119) give the decaying complete-bridge defect (2094). The theorem of Part 76 then
yields (2120).

287 What can and cannot be filled from the existing

manuscript

The structural entries of the certificate are now fixed: the exact forcing norm, exact flow-box
flight time, exact transverse section, algebraic raw reconstruction, continuity normalization,
compact/tail splitting, and the single margin number (2115). The numerical runs elsewhere
in the manuscript do not supply a complete record (2097) for the present raw forced-bridge
architecture. In particular, a previously used pair such as (N, kN) does not determine α, ν,
A0, the precise bridge interval, the cutoff K, or the interval coefficient tables required by
(2098).

Therefore the present analysis reaches the strongest conclusion supported by the available
data:

the finite-N proof is reduced to the sign of the explicitly defined interval quantity m
cert
N,M,K , together with (2106) and (2118). (2121)

No numerical sign is asserted until a single complete parameter record is supplied and the
corresponding bridge tables are generated with directed rounding. This is a data requirement,
not a remaining ambiguity in the mathematical statement of the certification problem.
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288 Updated certification ledger

complete parameter record: defined by (2097); numerical entries
still to be fixed,

bridge coefficient table: exact required contents specified in
(2098),

raw nondegeneracy: finite interval test (2100),
flow-box inverse: exact Lfl

N = π plus interval derivative
bounds (2101)–(2103),

forced-bridge existence: finite contraction/radius test (2106),
compact spectral gap: rigorous interval eigenvalue test

(2107)–(2109),
high-frequency gap: analytic interval tail test (2110)–

(2113),
full stability margin: single signed certificate (2115)–

(2116),
raw/Lambert defect decay: finite weighted interval test (2117)–

(2119),
pre-entry raw-jet convergence: theorem (2120) once the certificate is

positive,
first crossing: then receives the certified pre-entry

hypothesis.

(2122)
The next computational object is therefore not another formal estimate but a single repro-

ducible certificate file containing PN , the outward-rounded tables (2098), and the three final
outputs qN(R), m

cert
N,M,K , and dcertN . A positive certificate can then be checked independently

without reconstructing the preceding proof architecture.

289 Concluding comments

Not yet from
mcert

N,M,K > 0

alone do we have the finite time blowup result.
What we can now conclude precisely is:

mcert
N,M,K > 0

rigorously establishes the stability inequality (2090). But the manuscript’s own finite-
N certificate theorem also requires the other certified conditions—especially the forced-
bridge contraction (2106), the coefficient-decay estimate (2118), and the raw reconstruc-
tion/continuity bounds. With all of those verified, it proves

∥bN(τ)− bF,∗N (τ)∥JM+2
≤ CN,Me

−ηN τ ,
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and therefore supplies the pre-entry hypothesis needed by the first-crossing argument.
Then, if the first-crossing conditions are consequently satisfied, the earlier the-

orem gives entry into the certified terminal corridor in finite logarithmic time. Once the
established terminal persistence theorem supplies the two-sided law

c−s
−(2α−1) ≤ bN,α(s) ≤ c+s

−(2α−1),

the exact characteristic equation

ṡ = 1− bN,α

does give finite physical time. Indeed, for sufficiently small s, b ≥ 2, so

1

2
b ≤ −ṡ = b− 1 ≤ b.

Hence

1

c+
s2α−1 ≤ dt

−ds
≤ 2

c−
s2α−1.

Integration to s = 0 gives

T∗,N − t ≍ s2α <∞

and therefore

bN,α(t) ≍ (T∗,N − t)−
2α−1
2α −→ ∞ (t ↑ T∗,N).

That finite-time conversion is already explicitly proved in the manuscript.
So the theorem we may legitimately state is:

For a fixed finite N , suppose the complete interval certificate verifies the raw
nondegeneracy and continuity bounds, the forced-bridge contraction condition
(2106), the strict stability certificate

mcert
N,M,K > 0,

and the raw/Lambert coefficient-decay condition (2118). If these certified esti-
mates supply the hypotheses of the finite-N first-crossing and terminal-persistence
theorems, then the corresponding scalar reconstructed quantity bN,α enters the
terminal regime and blows up at a finite time T∗,N <∞, with

bN,α(t) ≍ (T∗,N − t)−(2α−1)/(2α).

There is one distinction I would preserve very carefully in the manuscript: this estab-
lishes a conditional finite-N scalar blow-up theorem once the complete certificate
is actually positive.
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So I would not change the conclusion to “mcert > 0 alone proves finite-time blow-up.” I
would change it to the stronger and mathematically accurate implication

complete positive finite-N certificate =⇒ first crossing =⇒ terminal persistence =⇒ T∗,N < ∞, bN,α(t) → ∞.

That is now the appropriate finite-N blow-up conclusion supported by the proof archi-
tecture.

290 Conclusion

This work develops a detailed analytical framework for studying finite-time amplification in a
reconstructed scalar quantity associated with the three-dimensional incompressible Navier–
Stokes equations with fractional dissipation on the periodic torus. The central object is the
product

b3 = uxuy,

whose evolution is obtained directly from the momentum equations rather than introduced
as an independent model. The analysis combines the exact product equation, fractional
product identities, Lambert-W renormalization, one-phase reductions, Mellin analysis, char-
acteristic dynamics, continuity reconstruction, spectral estimates, and finite-N certification.
A principal purpose of the paper has been to determine which parts of the proposed singu-
lar mechanism are exact consequences of the equations, which are consequences of finite-N
estimates, and which still require quantitative verification.

For the fractional exponent, the analysis is organized on a small supercritical interval

1 < α < 1 + δ.

The similarity exponent arising from the terminal balance is not fixed at a special value but
varies with α according to

rα = 2α− 1.

This leads naturally to the candidate terminal behavior

b3(s) ≍ s−(2α−1).

The associated characteristic law
ṡ = 1− b3

then provides the mechanism converting a spatial or phase singularity into a finite physical
time singularity. In particular, once two-sided terminal estimates for b3 are established, the
characteristic equation gives

T∗ − t ≍ s2α,

and hence
b3(t) ≍ (T∗ − t)−

2α−1
2α .

Thus the finite-time conversion itself is not an additional conjectural step: it follows directly
from the terminal power law and the exact characteristic dynamics.

A substantial part of the paper is devoted to establishing the profile theory that underlies
this terminal regime. After passing to logarithmic coordinates, the fractional profile equation
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is represented through a Mellin multiplier. At the classical anchor α = 1, the profile is
explicit, the linearized equation can be solved exactly, and its two fundamental solutions
can be determined. The apparent Fredholm obstruction that arises from a formal adjoint
calculation disappears once the correct weighted spaces are used: the formal dual zero mode
does not belong to the relevant dual space. The only admissible kernel direction is generated
by translation, and this direction is removed by a phase condition. The resulting phase-fixed
operator possesses an explicit inverse.

The Mellin multiplier is then controlled uniformly for α near 1. Gamma-function and
digamma estimates yield the required operator bounds and differentiability with respect to
α. Introducing a common Mellin graph domain resolves the difficulty caused by the changing
order of the fractional operator. The implicit-function argument can consequently be carried
out on fixed Banach spaces, producing a positive profile branch for all

1 < α < 1 + δprof

for some δprof > 0. The endpoint asymptotics and positivity of this branch are inherited
continuously from the explicit anchor. This establishes the profile component of the pro-
posed mechanism on an interval of fractional exponents rather than at a single distinguished
exponent.

The finite-N Lambert construction provides the second major component of the analysis.
The renormalized Lambert cascade is kept on the principal real branch, and its contraction
properties are used to control the logarithmic sensitivity of the coefficients. The analysis dis-
tinguishes carefully between the literal Lambert iteration, the renormalized branch-distance
dynamics, the finite-N branch layer, and the coupled limits in N , cascade depth, and regu-
larization. This distinction is essential because the different limits need not commute. The
paper therefore avoids identifying a finite-N singular law with a limiting singular solution
without an independent compactness argument.

The reconstruction of the complete velocity field introduces additional geometric and
analytic constraints. Several stages of the paper audit the relation between the scalar variable
b3, the reconstructed components ux, uy, uz, the continuity equation, and the pressure. This
leads to a separation between two reconstruction architectures that had initially been used
interchangeably. The later analysis is therefore performed directly for the raw two-correction
reconstruction

uy = AN , uz = CN , ux =
bN
AN

,

with
AN = QN + SN −DN , CN = QN + SN +DN .

This removes the architectural ambiguity and permits the fractional and continuity calcula-
tions to be rederived from the actual variables of the construction.

For this raw reconstruction, the viscous product block has the exact form

AN(−∆)α
(︃
bN
AN

)︃
+
bN
AN

(−∆)αAN .

Its normalized linearization has universal principal symbol

|ξ|2α.
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Consequently the leading fractional part is coercive at high frequency. The genuinely difficult
information is contained in the bounded-frequency sector and in the lower-order response
of the continuity reconstruction. This observation converts an initially infinite-dimensional
sign problem into a finite compact-frequency certification supplemented by an analytic high-
frequency estimate.

The continuity equation is likewise treated as part of the dynamics rather than as an
automatically solvable constraint. Linearization produces a first-order transport operator
for the correction SN . The analysis shows that a zero-mean condition alone does not justify
an isotropic one-derivative inverse estimate. Instead, the correct inverse is obtained through
the characteristic flow of the transport field. For the raw reconstruction, the transverse
combination of the transport coefficients satisfies an exact identity that yields a convenient
flow-box coordinate. On a 2π transverse slab the flight time is

Lfl
N = π,

and the chosen transverse section is uniformly noncharacteristic. Thus the geometric part
of the continuity inverse can be controlled by explicit finite-N characteristic constants.

The prescribed forcing introduces an important further refinement. Although the strict
one-phase reconstruction is internally consistent and enjoys exact one-dimensional fractional
reduction, the full forcing contains genuine transverse dependence. The actual forced evolu-
tion therefore cannot in general remain on the strict one-phase manifold. Rather than treat-
ing this as an uncontrolled error, the paper incorporates the persistent transverse forcing
into the principal bridge itself. The resulting forced principal bridge contains the complete
transverse response, while the remainder is required to decay relative to that bridge. This
prevents the terminal argument from assuming convergence toward a manifold that is not
invariant under the prescribed forcing.

The stability problem about this forced bridge is then divided into low and high frequen-
cies. On a finite Fourier block, the Hermitian part of the linearized operator is represented
by a finite matrix whose smallest eigenvalue can be enclosed by interval arithmetic. Outside
that block, the fractional term dominates because its symbol grows like

ν|k|2α,

whereas all lower-order terms grow with strictly smaller powers of |k|. This gives a rigorous
analytic tail estimate. The two pieces define a certified principal spectral gap

λ0,−N (K).

The complete lower-order perturbation is then enclosed independently on the compact and
high-frequency sectors.

These estimates culminate in the certificate quantity

mcert
N,M,K = λ0,−N (K)−max

{︂
Ccomp,+
N,M,K ,C

tail,+
N,M,K

}︂
.

The condition
mcert

N,M,K > 0
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is therefore the rigorous finite-N realization of the strict stability margin required in the
bridge argument. It is not based on an unverified numerical eigenvalue: the compact-
frequency part is enclosed by outward-rounded finite-dimensional computations and the tail
is controlled analytically. If an interval enclosure for this quantity contains zero, the result is
simply inconclusive and can be refined by increasing precision, changing the Fourier cutoff,
or sharpening the coefficient enclosures.

The stability margin is one component of the complete finite-N certificate. The con-
struction also requires raw nondegeneracy, the characteristic continuity bounds, existence
of the nonlinear forced bridge through a contraction estimate, and decay of the difference
between the raw coefficients and their forced-bridge counterparts. The latter is encoded in
a weighted coefficient certificate. When these conditions are simultaneously verified for a
single consistent parameter record, the complete forced bridge exists and the actual scalar
trajectory satisfies

∥bN(τ)− bF,∗N (τ)∥JM+2
≤ CN,Me

−ηN τ .

This is precisely the pre-entry jet control required by the first-crossing argument.
The first-crossing analysis then supplies the connection between the prescribed finite-

N dynamics and the terminal profile regime. The normalized scalar equation possesses
a restoring sign on every bounded corridor, while the differentiated shape variables are
controlled by the certified spectral gap. Once the complete bridge estimates hold, the scalar
mismatch and its required Euler derivatives enter the terminal contraction region after a
finite logarithmic time. From that point onward, the terminal bootstrap and invariant-
region argument propagate the profile asymptotics. Thus the proof architecture forms a
continuous chain

finite-N reconstructed data −→ certified forced bridge −→ first crossing −→ terminal persistence −→ finite-time scalar amplification.

For a fixed finite N , the resulting conclusion is particularly clear. Suppose a complete,
internally consistent parameter record is chosen and the interval calculations verify the re-
construction and continuity conditions, the forced-bridge contraction, the positive stability
margin

mcert
N,M,K > 0,

and the required raw/Lambert coefficient decay. The bridge theorem then supplies the pre-
entry estimates, the first-crossing theorem gives entry into the terminal region, and the
persistence argument yields

c−s
−(2α−1) ≤ bN,α(s) ≤ c+s

−(2α−1).

Since
ṡ = 1− bN,α,

the remaining time satisfies
T∗,N − t ≍ s2α,

and consequently

bN,α(t) ≍ (T∗,N − t)−
2α−1
2α −→ ∞ as t ↑ T∗,N <∞.

Accordingly, the paper reduces the finite-N scalar blow-up mechanism to a reproducible col-
lection of finite inequalities rather than leaving the decisive bridge and stability assumptions
as qualitative hypotheses.
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At the same time, the analysis identifies an important boundary on what this conclusion
establishes. Blow-up of the reconstructed scalar bN,α at a fixed finite N is not by itself a
proof of finite-time singularity for a limiting three-dimensional Navier–Stokes solution. Pass-
ing from the finite-N scalar construction to such a statement requires control of the complete
reconstructed velocity in the appropriate fixed spatial function spaces, compatibility of all
three momentum equations and the pressure throughout the evolution, sufficient compact-
ness to pass the nonlinear and fractional terms to a limit, and preservation of the required
estimates under the coupled limiting procedure. The paper therefore separates the finite-N
terminal mechanism from the substantially stronger limiting Navier–Stokes assertion.

The overall outcome is thus both constructive and diagnostic. The profile problem near
the classical exponent is placed on a common functional domain and continued to a nonempty
supercritical interval; the terminal exponent and finite-time conversion are determined ex-
plicitly; the Lambert cascade is controlled without confusing distinct limiting regimes; the
raw velocity reconstruction and continuity response are incorporated into the same archi-
tecture; the persistent transverse forcing is absorbed into a forced principal bridge; and the
remaining stability question is reduced to a low-frequency interval matrix calculation to-
gether with an analytic fractional tail. Successive audits remove several assumptions that
would otherwise have entered the argument circularly and replace them by quantities that
can, in principle, be checked independently.

The final mathematical task at the finite-N level is therefore sharply defined. For a
chosen parameter record, one must construct the outward-rounded bridge tables and verify
the contraction, decay, and positive-margin certificates. A successful certificate establishes
the hypotheses leading from the actual reconstructed finite-N dynamics to the terminal
scalar regime and hence to finite-time divergence of bN,α. Any further claim concerning a
genuine singular solution of the full three-dimensional Navier–Stokes system requires the
additional velocity–pressure and limiting arguments described above. In this way, the paper
ends not with an unresolved formal singular ansatz, but with a precise separation between
the analytical mechanism already established, the finite computations required to certify that
mechanism for a specified reconstruction, and the additional compactness and compatibility
questions that must be resolved before a full Navier–Stokes blow-up theorem can be asserted.
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