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Abstract

This manuscript develops and systematically audits a finite-N mechanism for ter-
minal amplification of the reconstructed scalar product b3 = uu, for generalized three-
dimensional incompressible Navier-Stokes equations on T? with fractional dissipation
1 < a < 5/4. The approach combines an exact scalar product equation, affine one-
phase reduction of the fractional Laplacian, Mellin analysis, Lambert-W regularization,
three-dimensional velocity reconstruction, incompressibility and pressure compatibility,
moving coterminal geometry, and finite-dimensional spectral certification. A central
analytic step begins with the explicit regular profile at the classical endpoint @ = 1
and continues the profile equation to a nonempty interval 1 < a < 1 + 9§, providing
the profile structure needed to reach and control the terminal similarity layer. Within
that layer, persistence yields the characteristic scaling

ba,n(s) = s~ e7Y;

combined with the characteristic relation
5§ =1-"b3n,

this produces finite-time blowup of the finite- N scalar b3 n, with

2a—1

b37N(t) = (T*J\f — t)f 2a

under the manuscript’s stated certification and persistence hypotheses.

1 Introduction

The three-dimensional incompressible Navier—Stokes equations occupy a central position in
mathematical fluid mechanics because they combine a comparatively simple physical for-
mulation with an exceptionally difficult nonlinear regularity problem. The interaction of
transport, pressure, incompressibility, and viscous dissipation permits substantial transfer of
energy and structure across spatial scales, while at the same time imposing strong geometric



constraints on any admissible velocity field. The principal difficulty is therefore not merely
to identify a quantity that can become large, but to determine whether such growth can
occur while all parts of the fluid system remain mutually compatible.

The present manuscript develops and audits a particular mechanism for finite-time am-
plification built around a scalar product of two velocity components, a one-phase similar-
ity reduction, a Lambert-W regularization, and a reconstruction of the underlying three-
dimensional velocity field. The analysis is carried out primarily on the periodic domain T?,
with generalized dissipation

)
(-A)a, 1<a< Z,

and with special attention to a small interval immediately above the classical Navier-Stokes
exponent o = 1.
The guiding quantity throughout the construction is

by = ugu,.

This product is not introduced as an unrelated scalar model. It is obtained from the ve-
locity equations themselves by combining the first two momentum equations. Its evolution
consequently retains contributions from transport, pressure, forcing, dissipation, and the
nonlinear interaction between the velocity components. This makes b3 useful as a diagnostic
variable: growth of b3 records genuine growth in the reconstructed velocity components, but
such growth can be relevant to the Navier—Stokes problem only if the accompanying velocity,
pressure, incompressibility, and dissipative structures can also be reconstructed consistently.

This distinction between a scalar amplification mechanism and a complete fluid solution
is fundamental to the organization of the paper. Much of the manuscript is devoted not
to producing additional formal singular formulas, but to determining which parts of the
proposed mechanism survive increasingly strict compatibility tests. Earlier reductions are
repeatedly revisited when continuity, pressure, fractional dissipation, reconstruction geome-
try, operator domains, transverse forcing, or finite- N effects introduce additional constraints.
The resulting document is therefore both a construction and a systematic audit of that con-
struction.

The classical endpoint as an analytic anchor

A major organizing principle is to begin at the classical dissipation exponent
a=1,

where the profile problem becomes substantially more explicit. At this endpoint the relevant
Mellin-conjugated fractional operator reduces to an ordinary differential operator, an explicit
profile is available, and the linearized equation can be studied directly.

The manuscript uses this solvable endpoint as an anchor rather than as an isolated special
case. The objective is to continue the profile into a nonempty interval

5
1<a<1—|—5<1.



Doing this rigorously requires considerably more than formal dependence on «. The op-
erators for different values of the exponent must act on compatible spaces, their domains
must be compared, the linearized kernel must be understood, and the inverse problem must
remain stable as the exponent varies.

This leads naturally to the Mellin representation used throughout the first major part of
the paper. Logarithmic variables convert the profile problem into a form in which endpoint
behavior, translation invariance, and fractional differentiation can be examined simultane-
ously. The exact linearization at o = 1 is analyzed, its translation mode is identified, and a
second homogeneous solution is constructed. Weighted spaces are then chosen to distinguish
admissible from inadmissible endpoint behavior.

A significant feature of this analysis is the correction of an apparent Fredholm obstruction
that arises in an intermediate formulation. After the weighted dual spaces and endpoint
behavior are treated correctly, the relevant admissible kernel is the translation mode. A phase
condition removes this degeneracy. The continuation problem can therefore be formulated
as a phase-fixed inverse problem rather than one requiring an artificial additional amplitude
parameter.

The manuscript subsequently establishes the symbol estimates and common-domain con-
trol needed to compare the fractional operators for o near one. The purpose of these sections
is to place the continuation argument on a fixed analytic foundation before any terminal
blow-up mechanism is invoked.

One-phase geometry and the terminal profile

The next structural ingredient is a strict one-phase architecture. The relevant fields are first

considered as functions of a single affine phase. For such functions, the three-dimensional

fractional Laplacian reduces exactly to a one-dimensional fractional operator along the

Fourier line generated by the phase direction. This is not a heuristic dimensional reduc-

tion: on the strict one-phase subspace it follows from the Fourier support of the function.
A distinguished phase of the form

s=t—z—0.n

plays a particularly important role. Along the corresponding reduced characteristics its
evolution is tied directly to the scalar product variable. This relationship provides the
kinematic bridge between a singularity expressed in the phase variable and finite physical
time.

Similarity analysis then identifies the natural terminal power law. For dissipation expo-
nent «, the scalar profile has the characteristic strength

b(s) ~ s~ (2,

The exponent is determined by balancing transport and fractional dissipation in the reduced
equation. The manuscript does not rely solely on this formal balance. It derives the associ-
ated Mellin profile equation, studies its endpoint equilibria, continues the profile away from
the explicit @ = 1 anchor, and develops a persistence framework for the resulting terminal
regime.



Once the phase profile is combined with the characteristic relation, the terminal phase
distance is converted into physical time. This produces the finite-time scaling

2a—1

b(t) < (T —t) 20,

provided that the actual reconstructed trajectory enters and remains in the terminal profile
regime. Establishing precisely that entry and persistence is one of the main tasks of the later
portions of the manuscript.

Lambert—W regularization and finite-N dynamics

The terminal construction is regularized at finite N through a Lambert-IW cascade. The
purpose of this cascade is not merely to supply an explicit special-function representation.
It provides a controlled finite approximation to the branch geometry associated with the
terminal regime.

The Lambert branch point introduces a natural small distance variable. Successive renor-
malized iterations describe how this distance changes through the cascade and make it pos-
sible to distinguish several limiting procedures that would otherwise be easily confused. In
particular, fixed cascade depth, increasing depth, large N, and approach to the Lambert
branch point do not represent interchangeable limits.

This distinction is important for the interpretation of the velocity field. A quantity that
becomes small at a fixed depth need not behave in the same way when the depth is allowed
to increase with N. The manuscript therefore treats the finite-N problem first and keeps
the eventual large-N question logically separate.

The finite-N viewpoint has another advantage: all quantities remain regular before the
terminal time, allowing the reconstruction, continuity equation, characteristic flow, spectral
problem, and numerical certification to be formulated as finite mathematical problems. The
terminal mechanism is then approached through controlled finite objects rather than by
assuming a singular limiting field from the outset.

Reconstruction of the three-dimensional velocity

A scalar profile for b3 does not determine a Navier—Stokes velocity field. The manuscript
therefore reconstructs the individual components u,, u,, u, subject to the product relation

Uyly = b3

and the incompressibility condition.

This reconstruction introduces an important second layer of analysis. A choice that re-
produces the desired scalar product may nevertheless create unacceptable spatial derivatives,
violate periodicity, fail to satisfy continuity, or generate incompatible pressure terms. Con-
sequently the reconstruction is treated as a mathematical problem in its own right rather
than as a purely algebraic afterthought.

Geometric relations are used to distribute the scalar amplification between the individual
velocity components. Near distinguished spatial sets these relations lead to square-root-type
reconstruction laws. Such laws can produce a velocity field with finite local kinetic energy
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even when certain spatial derivatives become much larger. This difference between L? control
of the velocity and H!-type control of its derivatives becomes especially important in the
later Leray audit.

Continuity, pressure, and the danger of scalar closure

The incompressibility equation is one of the principal constraints on the reconstruction. It de-
termines part of the correction required to convert the scalar ansatz into a three-dimensional
velocity field. Importantly, the manuscript does not ultimately treat this correction as an
arbitrary algebraic term. Its linearization leads to a first-order transport problem, whose
inverse is governed by the characteristic flow of the associated transport field.

This observation corrects a stronger isotropic inverse estimate that would not follow
merely from a zero-mean condition. The appropriate estimate is instead constructed in flow-
box coordinates. The resulting characteristic description provides explicit finite-N control
of the continuity response and its derivatives.

Pressure introduces a related compatibility problem. A scalar product equation can
be satisfied without the three reconstructed momentum equations possessing one common
periodic pressure. Pressure compatibility must therefore be checked rather than inferred
from the scalar dynamics. Several later audits in the manuscript are devoted precisely to
separating identities that follow from the product equation from those that require the full
velocity—pressure system.

This distinction is one of the central methodological lessons of the paper: scalar closure
is necessary for the proposed mechanism, but it is not equivalent to closure of the three-
dimensional Navier—Stokes equations.

From terminal asymptotics to actual finite-N entry

A terminal profile is useful only if the evolution generated by the prescribed finite-N data
actually reaches it. The manuscript therefore develops a first-crossing and bridge analysis
connecting the preterminal reconstructed flow to the asymptotic terminal regime.

The scalar part of the normalized dynamics possesses a restoring structure on a bounded
corridor around the desired profile. Scalar control alone, however, is insufficient because
perturbations can also occur in shape and transverse directions. The corresponding differ-
entiated equations lead to a spectral stability problem.

A major portion of the later manuscript is devoted to identifying the correct state space
for this problem. Several initially plausible formulations are replaced after direct substitution
into the raw reconstruction reveals additional continuity or transverse terms. The final
architecture treats the continuity correction as a slaved transport response and separates
the principal fractional damping from a finite lower-order perturbation budget.

The purpose of this bridge is to prove that the actual finite-N reconstructed trajectory
enters the neighborhood in which the terminal bootstrap applies. Once entry occurs, the
invariant-region and persistence estimates propagate the terminal power law to the finite
terminal time.



Why the prescribed forcing changes the bridge

The forcing used in the complete reconstruction contains genuine transverse dependence.
This has an important consequence: even though the strict one-phase manifold is analyti-
cally convenient and is exactly preserved by the reduced fractional operator, it need not be
invariant under the full forced dynamics.

The manuscript therefore does not ultimately require the forced solution to converge to
a purely one-phase state. Instead, the persistent transverse forcing is incorporated into a
forced principal bridge. The one-phase profile supplies the longitudinal terminal mechanism,
while the transverse response generated by the forcing is included in the principal comparison
field rather than being incorrectly classified as a decaying error.

The remainder is then measured relative to this forced bridge. This reformulation removes
a potential circularity: one no longer assumes decay toward a manifold that the prescribed
forcing continuously drives the solution away from.

Spectral decomposition and finite certification

The final stability problem naturally separates into compact and high frequencies.

At high frequency, the leading fractional operator has a coercive symbol of order 2.
The lower-order reconstruction and continuity terms grow more slowly in frequency. This
permits the high-frequency tail to be controlled analytically.

The bounded-frequency sector is genuinely finite dimensional. After Fourier truncation,
the Hermitian part of the linearized operator is represented by a finite matrix. Its spectral
gap can therefore be enclosed by outward-rounded interval arithmetic. The manuscript
combines this finite enclosure with the analytic high-frequency estimate to obtain a rigorous
stability test.

This is an important conceptual reduction. The decisive stability condition is no longer
an informal numerical observation about a plotted spectrum or a single approximate eigen-
value. It becomes a finite collection of inequalities whose inputs, truncation levels, coefficient
bounds, and rounding errors can in principle be recorded and reproduced.

The same philosophy is applied to the continuity inverse, the forced bridge, the coefficient-
decay estimates, and the first-crossing conditions. The result is a finite-N certification
program in which all quantities needed for entry into the terminal regime are associated
with one consistent parameter record.

The proof architecture

The manuscript can therefore be understood as a sequence of logically distinct layers.

The first layer derives the scalar product equation directly from the fluid system and
identifies the one-phase terminal scaling.

The second layer constructs the profile at the classical endpoint and continues it to a
small interval of fractional exponents through Mellin analysis, phase fixing, weighted spaces,
and perturbation of the fractional symbol.

The third layer introduces the finite-N Lambert regularization and reconstructs the in-
dividual velocity components.



The fourth layer audits incompressibility, geometric compatibility, coterminal behavior,
derivative control, and pressure.

The fifth layer connects the prescribed finite-N dynamics to the terminal profile through
a bridge and first-crossing argument.

The sixth layer incorporates the persistent transverse forcing into the principal compar-
ison field.

The final layer reduces the remaining finite-N stability question to a reproducible cer-
tification problem consisting of a finite compact-frequency matrix calculation, an analytic
high-frequency tail estimate, characteristic continuity bounds, and coefficient-decay inequal-
ltlesfn compressed form, the intended finite-N chain is

reconstructed finite-N data — forced principal bridge — first crossing — terminal persistence — finite-time scalar amplification. ‘

Each arrow represents a separate mathematical obligation. A substantial purpose of the
manuscript is to prevent one of these implications from being silently substituted for another.

What the finite-N conclusion means

At fixed finite N, the terminal mechanism becomes conditional on a specific and repro-
ducible set of inequalities. Once the reconstruction is nondegenerate, the continuity inverse
is controlled, the forced bridge exists, the compact and high-frequency stability margins are
positive, and the required coefficient differences decay, the first-crossing argument places the
actual scalar trajectory inside the terminal regime. The persistence analysis then gives the
terminal power law and converts it into finite physical time.

This conclusion is stronger than a purely formal singular ansatz because it specifies how
the prescribed finite-N dynamics are to be connected to the terminal profile and identifies
the finite quantities that must be certified.

It is nevertheless essential to distinguish this statement from a theorem asserting finite-
time singularity of a limiting three-dimensional Navier—Stokes solution.

A fixed-N divergence of b3 does not automatically survive a coupled limit in N, nor does
the scalar product equation alone guarantee that all three momentum equations possess a
common admissible pressure. A full Navier—Stokes conclusion additionally requires uniform
control of the reconstructed velocity in fixed spatial function spaces, global incompressibility,
pressure compatibility, sufficient compactness for the nonlinear and dissipative terms, and a
limiting procedure that preserves the estimates on which the finite-N construction depends.

The manuscript therefore maintains a deliberate separation between three levels of con-
clusion:

1. the analytic terminal profile and its finite-time scalar amplification mechanism;

2. the finite- N reconstructed dynamics and the finite certification needed to connect pre-
scribed data to that terminal regime;

3. the substantially stronger problem of passing to a genuine limiting three-dimensional
Navier—Stokes solution.



This separation is not merely a matter of presentation. It is necessary for identifying
exactly which statements have been established analytically, which depend on finite interval
certification, and which require additional global velocity—pressure and compactness argu-
ments.

Role of the repeated audits

The length and iterative structure of the manuscript reflect this distinction. Several parts
revisit conclusions obtained earlier in the development. These revisions are mathematically
significant. They expose places where a formal one-phase argument, a naive Fredholm count,
an isotropic continuity inverse, an assumed transverse decay, or an incomplete spectral re-
duction would have been stronger than the displayed equations justified.

Rather than concealing these corrections, the manuscript records them and uses them to
narrow the remaining proof obligations. The continuation problem is reformulated on a com-
mon operator domain; the translation degeneracy is treated by phase fixing; the continuity
correction is inverted along its actual characteristics; the transverse forcing is incorporated
into the principal bridge; and the stability problem is divided into a finite compact-frequency
certificate and an analytic high-frequency tail.

The repeated proof ledgers near the ends of the major audits should therefore be read
as part of the logical structure of the paper. Their purpose is to distinguish established
identities, conditional implications, finite computational obligations, and unresolved global
consequences.

Scope and perspective

The central contribution of the manuscript is thus not a single explicit Lambert—I¥ formula
or a single similarity exponent. It is the assembly of several mechanisms that must operate
simultaneously: an exact scalar product identity inherited from the velocity equations; a
fractional one-phase profile continued from the classical endpoint; a finite- N regularization of
the terminal geometry; a reconstruction compatible with continuity and periodicity; a moving
coterminal geometry capable of avoiding the local derivative obstruction of the nonmoving
construction; a characteristic treatment of the continuity response; a forced bridge that
respects the actual transverse forcing; and a spectral certification procedure that separates
finite frequencies from the coercive fractional tail.

The analysis also clarifies where the principal difficulties lie. Producing a formal terminal
power law is comparatively straightforward. The harder questions concern entry into that
regime from prescribed data, preservation of the required geometry under the complete
dynamics, control of transverse and reconstruction errors, and compatibility of the scalar
mechanism with the full three-dimensional velocity—pressure system.

Accordingly, the manuscript should be read as a layered finite-N construction with an
explicit certification program, together with a continuing audit of the additional conditions
required for a full Navier—Stokes interpretation. Its strongest conclusions are those for which
the analytic and finite certification hypotheses are stated explicitly. Where a limiting three-
dimensional conclusion requires additional uniform estimates or compatibility arguments,



those requirements are kept separate rather than absorbed into the scalar blow-up mecha-
nism.

The resulting framework provides a precise route by which the proposed terminal dynam-
ics can be tested. If the required finite-N certificates are verified for a consistent parameter
set, the bridge and first-crossing arguments connect the reconstructed dynamics to the ter-
minal scalar regime. If a certificate fails, the failure identifies a concrete obstruction rather
than an ambiguous breakdown of the ansatz. Any subsequent passage from this finite-N
mechanism to a singular solution of the complete three-dimensional Navier—Stokes equa-
tions must then address the remaining uniform reconstruction, pressure, compactness, and
limiting questions directly.

In this sense, the manuscript has two closely related purposes. It develops a candi-
date mechanism for finite-time scalar amplification, and at the same time it establishes a
framework for determining rigorously how much of that mechanism survives reconstruction
into the full fluid equations. The interaction of these two objectives—construction and
verification—is the organizing principle of the work that follows.

Separation Between Profile Continuation and Terminal Blowup

An important structural distinction should be emphasized before entering the technical de-
velopment of the paper. Two analytically related, but logically different, mechanisms occur
in the construction. The first is the continuation of a regular one-dimensional profile with re-
spect to the dissipation exponent . The second is the terminal amplification and finite-time
blowup mechanism for the reconstructed product variable

by = ugu,.

These two mechanisms should not be identified with one another. In particular, the regularity
of the profile used as the anchor for continuation does not imply regularity of b3 at the
terminal point.
At the ordinary-viscosity value
a=1,

the profile problem admits the explicit family

For the continuation argument developed in this work, the parameter is chosen so that

so > 0.

Fi(0) = (3—”)1/2 < .

280

Consequently,

This choice is intentional. The role of sy > 0 is to provide a regular base profile at « = 1 from
which the profile equation may be continued to nearby values of the dissipation exponent.
Thus the relevant continuation problem has the schematic form

(1, ) — (o, F,), l<a<1+44,
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for sufficiently small § > 0, within the weighted functional framework developed below. The
continuation argument is therefore a statement about existence, regularity, and stability of
the profile family F,, as the operator (—A)® is varied away from the ordinary Laplacian.

The terminal behavior of b3, however, is organized differently. In the terminal scalar
analysis the singular power is separated explicitly from a normalized amplitude. The relevant
form is

b37N(S) = B*7NS_(2a_1)FN(S),
where the terminal amplitude is normalized so that
Frn(s) — 1 as s |0

within the terminal regime established later in the paper. Thus the normalized factor Fy
may remain bounded and regular while the physical product bs x diverges. The singularity
is carried by the explicit phase factor

87(20471),

rather than by requiring the normalized amplitude itself to become singular.
This separation is especially transparent at @ = 1. In that case,

20 — 1 =1,
and the terminal law takes the form
b3 n(s) = Bons ' (1+0(1)).

Hence, provided B, x > 0 and the reconstructed trajectory has entered the terminal regime
in which the asymptotic analysis applies,

bs.n(s) — +o0 as s | 0.

There is therefore no contradiction between using a regular profile with sy > 0 in the contin-
uation theory and obtaining singular terminal behavior for b3. They serve different purposes
in the proof.

The distinction can be summarized schematically as

So >0

\
regular base profile F}

4

continuation F; — F),

separate terminal reconstruction

4
637]\](8) = B*7N87(2a71)FN(5)
4
Fn(s) — 1 while s~ o0
4

bsn(s) = o0.

10



The phase variable s is then related to physical time through the characteristic dynamics.
In the terminal regime considered in this work,

If
bs.n(s) = B*’st(zafl)(l + 0(1)),

then b3 v > 1 as s | 0, and therefore

ds —(2a—1

i —B, s J(1+0(1)).
Equivalently,

1

dt = —?JVSQOC_I(]_ + 0(1)) dS.

Integration from s(t) to the terminal value s = 0 gives
S(t)QOz
T.n—t= 1 1)).
N 20{3*71\7( +0( ))

Since o > 0, the right-hand side is finite for every positive s(t). Thus the phase endpoint
s = 0 is reached in finite physical time within the terminal characteristic regime.
Solving for s(t) and substituting back into the terminal law gives

s(t) = [2aB. y(Ton — 1)]Y® (1 +0(1)),
and hence

— t)—(2a—1)/(2a) (1 + 0(1))'

)

b3’N(t) _ 31’65[2&)(2&)—(2&_1)/(2&) (T*N

At the ordinary-viscosity endpoint o« = 1, this becomes

2

Bin V2 -1/2
b3,N(t) ~ - (T*,N — t) .

Accordingly, the terminal scalar mechanism at o = 1 is a finite-time divergence of bs y =
uz Uy, even though the profile used to anchor the continuation in « is regular.

The same distinction is essential when « is moved slightly above one. The purpose of the
continuation theory is not to force the continued profile F, itself to become singular. Rather,
it provides control of the profile-dependent structure entering the nearby-a problem while
the terminal scalar analysis determines whether the explicitly extracted singular factor

87(2(171)

persists in the reconstructed dynamics. Thus the continuation and terminal arguments are
complementary:

regular continuation in &« 4  terminal singular reconstruction ===  candidate finite-time b3 amplification mechanism. ‘
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There is also a notational point that is important throughout the paper. Profile functions
and normalized terminal amplitudes may both be denoted by symbols of the form F in
different stages of the analysis. Their roles must nevertheless remain conceptually distinct.
The continuation profile F,, belongs to the fractional profile equation and is used to control
variation with respect to a. The normalized terminal factor Fly appearing in

bs N = B*,NS_(Qa_l)FN

belongs to the terminal reconstruction and is normalized relative to the explicit singular
power. Any identification between these objects must be made through the transformations
established in the corresponding sections; it is not assumed merely from the similarity of
notation.

Finally, the finite-time divergence of the product variable b3 should be distinguished from
the final three-dimensional Navier—Stokes conclusion. The scalar terminal law establishes the
behavior of the reconstructed product variable along the terminal characteristic once the hy-
potheses of the local persistence regime have been verified. Completion of the full argument
still requires the reconstruction of the velocity components, exact incompressibility, compat-
ibility with a common pressure, control of the moving coterminal and matching regions, the
required Leray estimates, and the finite-N entry and limiting arguments developed in the
subsequent parts of the paper. Maintaining this separation allows the continuation theorem,
the scalar blowup mechanism, and the full velocity-pressure reconstruction to be assessed
independently and then assembled in their proper logical order.

1.1 Background and motivation

The three-dimensional incompressible Navier—Stokes equations are among the central nonlin-
ear partial differential equations of mathematical fluid mechanics. In their classical viscous
form they describe the evolution of an incompressible velocity field

u=u(z,t) = (uy, uy, uy)
and a scalar pressure field P = P(x,t), subject to the divergence-free constraint
V.-u=0.

On a periodic three-dimensional domain, which throughout this manuscript is taken princi-
pally to be the three-torus
T3

Y

the equations may be written in the generalized dissipative form
ou+ (u-Vu+ VP +v(-A)u = f, V-u=0,

where
v>0

is the viscosity parameter, f is an external forcing, and
(=4)°

12



denotes the fractional power of the periodic Laplacian.
The classical Navier—Stokes equations correspond to

a=1.

A central theme of the present work is the behavior of the system for dissipation exponents
lying just above this classical endpoint. Rather than restricting the analysis from the be-
ginning to one isolated exponent, the manuscript develops a small-supercritical continuation
framework of the form

5)
1<a<1+5<1,

where the size of the interval is to be determined analytically from continuation and stability
estimates near the exactly accessible endpoint o = 1.

The purpose of this viewpoint is not merely to perturb a known calculation at one value
of a.. The objective is to identify which parts of the construction are genuinely stable under
variation of the fractional dissipation exponent and which parts require new estimates. This
distinction becomes especially important in a long proof architecture in which exact algebraic
identities, asymptotic profile calculations, finite- N regularizations, geometric reconstruction,
spectral estimates, and computer-assisted finite-dimensional certification all interact.

The manuscript therefore has two complementary aims. The first is analytic: to derive
and study a scalar quantity extracted from the velocity equations whose dynamics can exhibit
a terminal power-law amplification. The second is structural: to audit, one by one, the
additional compatibility conditions required before such scalar behavior can be interpreted
as part of a genuine solution of the complete reconstructed system.

This second aim explains the unusually detailed character of the work. Many intermediate
constructions that initially appear plausible are subjected to additional continuity, pressure,
fractional-operator, geometric, fixed-space, spectral, and characteristic checks. When an ear-
lier reduction is found to require an additional hypothesis, the later parts of the manuscript
replace it by a more precise statement rather than silently retaining the stronger conclusion.
The resulting document is consequently both a construction and an extended mathematical
audit of that construction.

1.2 The scalar product variable b3 = u,u,

The principal scalar quantity considered throughout the paper is

b = b3 = uzu,.

This variable is not introduced as an independent scalar model. It is obtained directly from
the velocity components of the underlying three-dimensional system.

Multiplying the z-momentum equation by u,,, multiplying the y-momentum equation by
u,, and adding gives the exact identity

by +u - Vb4 uy Py 4+ uy Py + v [y (—A) “uy + up(—A)%uy] = uy fr + us fy.

Thus the evolution of b3 retains information about transport, pressure, forcing, dissipation,
and the nonlinear coupling of the first two velocity components.

13



For a fractional Laplacian, the dissipative product cannot in general be replaced by an
ordinary Leibniz rule. The appropriate object is the exact fractional product commutator

Ra(f:9) = (=8)%(fg) = [(=2)% — g(=A)"[.

Consequently,
Uy(—A) Uz + ug(—A)%uy = (=A)% — Ra(us, uy),

and the exact scalar equation becomes

by +u- Vb4 u, Py +uy Py + v(—=A) = uy fo + usfiy + VR (Usg, uy).

This identity is one of the fundamental starting points of the manuscript. It also explains
why a scalar blow-up calculation alone is insufficient. Any proposed terminal behavior for b3
must ultimately remain compatible with the reconstruction of wu,, u,,u., incompressibility,
pressure, the fractional commutator, and the complete momentum equations.

1.3 Why the manuscript begins near a =1

A major analytic advantage occurs at
a=1.

At this endpoint the fractional profile operator reduces to an ordinary second-order differen-
tial operator, and an explicit profile is available. The manuscript uses this solvable endpoint
as an anchor for continuation in «.

The guiding principle is therefore

explicit anchor at « =1 = continuation to 1 < a < 1+ 9.

This requires considerably more than formal continuity in the exponent. The nonlinear
profile equation must be placed on function spaces having a common operator domain as «
varies. The linearization at the anchor must be understood, its translation mode must be
removed by a phase condition, and the resulting phase-fixed operator must admit an inverse
with estimates that persist under small changes of «.

A substantial early portion of the manuscript is devoted to precisely this problem. In
particular, the analysis passes through the Mellin representation of the fractional operator,
weighted spaces at the two profile endpoints, the exact kernel of the anchor linearization, a
second homogeneous solution, Green-function representations, Fredholm index calculations,
phase fixing, and perturbation estimates for the Mellin symbol.

An important outcome of this audit is that the admissible kernel at the anchor is the
translation mode. The formal adjoint expression that appears in an intermediate Fredholm
calculation does not generate an additional cokernel in the weighted dual space used in
the final formulation. Thus the continuation problem is phase-fixed by removing translation
rather than by introducing an artificial amplitude parameter to compensate for a nonexistent
obstruction.
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1.4 Strict one-phase reduction
A second central ingredient is the use of an affine one-phase variable
sy = Cyt — Csz — Coy — Chx — O, n.

For a strict one-phase function
F=F (S N);

the Fourier support lies on the one-dimensional lattice generated by
(C17 027 C3) .

If
K2 :C'12+C'22+C’§,

then the three-dimensional fractional Laplacian reduces exactly to

(—Aps)*F(sn) = £**(—0ss)*F (sn).

The corresponding fractional product commutator reduces in the same way:

Ra”(F(sn), G(sn)) = £*R," (F, G)(sn)-

This is an exact Fourier-line identity rather than an approximation of the three-dimensional
symbol.
Particular attention is given to the distinguished phase

sy =t—2z—0.n.

Along a characteristic satisfying
% = by, t=1,

one obtains the exact kinematic relation

sy =1—by.

This simple identity becomes decisive when a terminal power law in the phase variable is
converted into a finite physical time.

1.5 Similarity scaling and the terminal exponent

The similarity exponent depends on the fractional dissipation exponent. The manuscript

derives

Accordingly, the candidate terminal behavior has the form

bN7a(S) = S_(Qa_l) .
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This exponent is not kept fixed at the value inherited from a single specialized choice of
a. One of the central revisions carried out throughout the manuscript is to preserve the full
dependence
20 — 1

over the small-supercritical interval.
If two-sided bounds
C_S—(2a—1) S bN,a(S) S C+S—(2a—1)

hold in a terminal region, then the characteristic equation
5=1—-0bna

converts the phase singularity into finite physical time.
Indeed, for sufficiently small s, one has by, > 2, and therefore

1
ébNa < _S_bN,a_l <bNa
Consequently,
1 200—1 < dt < 38204—1
cy T —ds T c_

Integration gives

and hence

_ 2a-—1

bN’a(t) = (T*JV — t) 20,

Thus the finite-time conversion itself is elementary once the two-sided terminal bounds

have been rigorously established. Much of the later manuscript is concerned precisely with

the much harder problem of proving that the complete reconstructed finite-N trajectory
actually enters and remains in the region in which these bounds are valid.

1.6 The Mellin profile equation

The terminal profile analysis is naturally expressed through Mellin variables. For a half-line
power sj\r, the fractional operator takes the form

(=0s)"sy = K F(\)s* 2,

with Mellin coeflicient

K\ = PA+ DIRa =) sin(m(a — N)).

™

Writing
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conjugates the fractional operator to a translation-invariant Mellin operator:
(—04s)*F = 577 2* M,G.

The resulting autonomous profile equation studied in the manuscript is of the form

vM,G = G*G' — G?,

with an appropriate positive coefficient ¢, together with heteroclinic endpoint conditions
G(—o00) =0, G(400) = H..
At o = 1, an explicit anchor profile is available:

3v

Fi(s) = 35+ 59)°

After logarithmic normalization this leads to the convenient anchor
Zy(x) = (L+e )2

up to the normalization adopted in the corresponding section.

We then derive the exact Mellin symbol, study its dependence on «, prove weighted
estimates, identify the translation kernel, construct the second homogeneous solution, and
obtain a phase-fixed inverse. These calculations form the analytic foundation of the local
profile continuation theorem near o = 1.

1.7 Lambert W, finite-N regularization, and the cascade

A distinctive feature of the construction is the use of the principal real branch of the Lambert
W -function,
W.

The finite- N regularization and the associated iterated Lambert dynamics are used to control
coefficients entering the reconstructed scalar equation.
A recurring renormalized variable is governed by the map

AN,k—H =1+ WQ(—G_I_AN’k> . ‘

Near the Lambert branch point the map has a square-root structure, while away from the
branch core it approaches a positive attracting fixed point. The manuscript develops this
dynamics in considerable detail because derivatives of the iterates enter the transport and
coefficient equations.

The logarithmic Euler sensitivity

SN,k = E]Og AN,k; E = Sas,
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satisfies an exact multiplicative recurrence

SNk+1 = A(AN k) SNk,

with )
0<AA) < 3

on the relevant real interval. This gives the contraction estimate
Sl < 278wl

together with corresponding higher Euler-derivative bounds.

These identities are subsequently used to control the finite-N coefficient hierarchy, dis-
tinguish fixed-depth and increasing-depth regimes, analyze the branch core, and formulate
the finite- N bridge estimates needed for entry into the terminal similarity region.

1.8 Reconstruction of the velocity field

The scalar b3 cannot be studied in isolation if the final goal is a statement about a recon-
structed fluid system. A substantial part of the paper therefore concerns reconstruction.

Several intermediate reconstruction architectures are examined and audited. The later
raw two-correction architecture is written in the form

b
u,=A=Q+S5-D, u,=C=Q+ S+ D, Up = .

Writing
V=0Q+5,

one has
A=V - D, C=V+D.

The algebraic correction D is related to the prescribed Lambert coefficient through the
reconstruction relation, while S is constrained by incompressibility. The exact continuity
equation becomes

b
am(z) + A, +C. =0,

or, in the raw variables,

b
Sy+SZ+DZ—Dy:(02+63)Q’—8x<z>.

This equation plays a major role in the later parts of the manuscript. Because it is a
first-order transport-type equation, its inversion requires a normalization and a characteristic
analysis. The paper therefore studies the corresponding continuity-response operator rather
than assuming that the correction S can be chosen arbitrarily.
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1.9 Geometric reconstruction and why it is audited separately

Another major thread concerns the geometric coefficient
x(x) = sin(z — x,),

and the intrinsic nonnegative variable

o=x".

Near a zero of y, the relation
X=-Vo

on a chosen branch introduces fractional geometric powers into the reconstruction.

The paper derives the corresponding characteristic equation for o, studies the induced
fractional operator in this nonlinear coordinate, and compares it with the flat Mellin operator
in a terminal chart.

This analysis is important for two reasons. First, a nonlinear geometric coordinate cannot
simply be treated as an affine phase variable when applying the fractional Laplacian. Second,
a reconstruction that is regular along a single characteristic need not be regular as a function
on the entire three-dimensional torus.

The later fixed-space audits therefore examine local kinetic energy and Sobolev regularity
near the zeros of the geometric coefficient. They also study whether concentration in a
shrinking transverse region can compensate for the growth of the reconstructed velocity
components. These checks separate a scalar characteristic singularity from a genuine fixed-
space velocity singularity and are essential to the final interpretation of the construction.

1.10 From formal terminal asymptotics to finite-N entry

A recurring logical distinction in the manuscript is the difference between

existence of a terminal profile

and
proof that the prescribed finite-N trajectory reaches that profile.

The profile continuation theorem addresses the first question. The finite-N bridge, first-
crossing, and conormal propagation arguments address the second.

The normalized logarithmic amplitude is compared with the terminal profile, and an
entry mismatch is measured through finitely many Euler derivatives. Once the solution lies
inside the terminal conormal tube, the manuscript derives a propagation mechanism that
keeps it there and yields the terminal power law.

The difficult point is entry. Smoothness of the finite- N solution on a preterminal interval
does not imply closeness to the terminal profile. Accordingly, the paper develops an ex-
plicit first-crossing mechanism based on a restoring scalar field, a finite shape jet, a spectral
corridor, and decaying residual estimates.

This distinction prevents the terminal bootstrap from being used circularly to prove the
assumptions required for entering the terminal bootstrap.

19



1.11 The first-crossing mechanism

If Yy denotes the normalized logarithmic amplitude, the scalar principal field has the restor-
ing form
Pn(Y) =an(e™™ —1), ay =2a —1—27" >0

On a bounded bridge corridor this yields a differential inequality of the form
O Yn| < AN |Yn] + pn(7),

and hence .
()] < W)+ [ e () dn
T0
If the complete residual decays sufficiently rapidly, this produces a finite logarithmic
first-crossing time into the certified spectral corridor.
The manuscript emphasizes that amplitude crossing alone is insufficient. The finite Euler-
derivative shape jet must also enter its contraction region. This leads naturally to the spectral
analysis of the complete linearized shape operator.

1.12 Spectral analysis and the raw continuity response

The spectral part of the paper undergoes several successive refinements. Rather than mixing
reconstruction formulas from different stages of the development, the later sections rederive
the bridge operator directly for the raw two-correction architecture.

The exact viscous product block is

b by
=AnL,| — —L,A
mN,a N a(AN> +AN aiIN,

where

Lo = (—A)°

Its normalized linearization has the universal principal symbol

€%

This supplies the favorable high-frequency ellipticity.

The remaining terms arise from continuity response, algebraic reconstruction, transport,
forcing, and finite coefficient variation. These are treated as finite lower-order corrections
rather than being silently absorbed into the principal fractional term.

Linearization of the raw continuity equation produces a first-order operator

BNE = —Gx(pNZ) + ay(qNZ) + aZ(TNE).
The associated transport direction is

UN = (_pN7QN7rN)-
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The manuscript computes this direction explicitly and finds, in particular, the useful identity
gy +rn = 2.

For the transverse coordinate
w=1Yy+2,

the characteristic speed is therefore constant:

dw
— = 2.
dl

On a 27 transverse slab this gives the exact flow-box flight time

L?\;:ﬂ'.

This calculation replaces an overly strong isotropic inverse assumption by a characteristic
inversion adapted to the actual transport geometry.

1.13 The role of the forcing and the forced transverse bridge

The forcing used in the reconstruction contains a genuinely three-dimensional component of
the form
G (x,y,2) = sin®z sin®y sin? z.

Consequently, even if one begins with a strictly one-phase scalar datum, the complete forced
evolution need not remain in the one-phase class.

This observation leads to another important refinement. The strict one-phase profile
remains useful for understanding the principal terminal mechanism and the exact fractional
reduction, but the actual pre-entry bridge must account for the persistent transverse forcing.

The later manuscript therefore constructs a forced transverse principal bridge and ulti-
mately a spectrally complete nonlinear forced bridge, denoted schematically by

F o
b,

The actual finite-N solution is then compared with this forced bridge, rather than with an
invariant one-phase manifold that the prescribed forcing does not preserve.

This modification absorbs the persistent transverse response into the principal object and
leaves only genuinely decaying coefficient and reconstruction defects to be estimated.

1.14 Compact frequencies, high frequencies, and the certified gap

The stability problem is divided into a compact-frequency block and an analytic high-
frequency tail.
For a Fourier cutoff K, the compact block is represented by a finite Hermitian matrix

1 *
Hy k= _§PK (LN,prin,j + LN,prinJ) Pk
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A rigorous lower bound for its smallest eigenvalue is obtained by enclosing the matrix entries
and the eigenvalue error with directed interval arithmetic.
For the high-frequency tail, the leading fractional dissipation

V|k3|2a

dominates lower-order symbols whose powers are strictly below 2. This gives an analytic
lower bound of the form

Ao =K 41 =Y Ry;(K+1)%,  p;<2a

J

The certified principal spectral gap is therefore

A?\}_(K) = min {Xj\(,);l(p’_, )\5311[(—} )

1.15 The final interval-arithmetic certificate

One of the principal achievements of the final portion of the manuscript is to replace an
unspecified phrase such as “the lower-order terms are small” by a single reproducible finite-
N certificate.

The complete lower-order corrections are enclosed separately on the compact frequency
block and on the high-frequency tail:

comp,+ tail,+
Q:N,M,K7 QN,M,K‘

The final signed stability margin is

cert _ 1\0,— comp,+ ptail,+
My MKk = Ay (K) — max {Q:N,M,Kv Q:N,M,K} .

Thus the formerly unresolved strict stability inequality is certified precisely when

This condition is intentionally formulated for interval arithmetic. A floating-point cal-
culation whose uncertainty crosses zero is not treated as a negative result; it is treated as
inconclusive and must be refined by increasing precision, subdividing the bridge interval,
improving coefficient enclosures, or changing the spectral cutoff.

The complete finite-N certificate also contains the raw nondegeneracy conditions, the
continuity-response bounds, the forced-bridge contraction criterion, and the raw/Lambert
coefficient-decay estimate. Once these are all verified for one internally consistent parameter
record, the manuscript obtains

1on (7) = b (T) || 7ars < Crvare™ ™.

This supplies the pre-entry jet hypothesis required by the first-crossing argument.
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1.16 Logical chain of the finite-N argument

The final finite-N proof architecture can therefore be summarized by the chain

complete reconstructed finite-N data
\
raw continuity and reconstruction certification
\
existence of the complete forced bridge
\
miy x>0 and coefficient-decay certification
\
pre-entry raw-jet convergence
\
first crossing into the terminal spectral corridor
\
terminal conormal persistence
\
bya(s) < s~
4
Ton <00,  byalt)= (Toy —t) 2.

The positivity of
mcert
N,M,K
is therefore an important component of the argument, but it is not by itself the complete
finite-time conclusion. It certifies the required spectral stability margin. The remaining
entries of the complete finite- N certificate must also be verified before the first-crossing and

persistence theorems can be invoked.

1.17 What the manuscript proves conditionally at fixed finite NV

The appropriate finite-N conclusion developed by the manuscript may be stated schemati-
cally as follows.

Theorem 1 (Finite-/V terminal blow-up implication). Fiz N < oo and a complete finite-
N parameter record for which the raw reconstruction and continuity bounds, the complete
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forced-bridge contraction condition, the strict interval stability certificate

and the required raw/Lambert coefficient-decay estimates are all rigorously verified.

Assume that these certified estimates supply the hypotheses of the finite-N first-crossing
theorem and of the terminal persistence theorem. Then the corresponding reconstructed scalar
quantity by o enters the terminal similarity regime and satisfies

c_s () < bna(s) < c+3_(2°‘_1)

for sufficiently small s > 0.
Consequently there exists a finite time

T*,N < o0

such that

2a—1

bN7a(t) = (T*,N — t)i 2a

as
t4 Ty

In particular,

bn.a(t) — 400 ast T T, n.

The theorem is deliberately formulated at fixed finite N. The finite-/N regularization is
essential to many of the algebraic, characteristic, and interval-certification steps.

1.18 Finite-N scalar blow-up versus a full Navier—Stokes singular-
ity theorem

A central point of interpretation must be stated explicitly.
The implication

complete positive finite-N certificate = first crossing = terminal persistence = T\, n < 00, by o(t) = o0 ‘

is a statement about the certified finite-N reconstructed scalar dynamics.

It is not, by itself, a theorem asserting finite-time singularity of a limiting three-dimensional
Navier—Stokes solution.

To obtain such a stronger conclusion one would additionally have to justify the limit-
ing passage and the complete velocity-pressure reconstruction in a topology strong enough
to preserve the required nonlinear and fractional relations. Among the issues examined
throughout the manuscript are:

1. exact incompressibility of the reconstructed velocity;
2. solvability and normalization of the continuity correction;

3. compatibility of the reconstructed velocity with the momentum equations;
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4. existence and compatibility of the pressure;

5. control of the fractional commutator and of nonlocal tails;

6. fixed-space regularity near zeros of the geometric coefficients;
7. finite kinetic energy and the required Sobolev bounds;

8. compactness as the regularization parameters vary;

9. preservation of the nonlinear product relation
b3 = uzu,
under the limiting procedure;

10. and sufficient convergence of the fractional dissipative terms to pass to a limiting
equation.

Several of these questions are addressed or reduced to explicit finite conditions in later
parts of the paper.

1.19 Why the manuscript contains repeated audits and revisions

The length of the manuscript reflects the fact that the construction is not developed as
one uninterrupted formal asymptotic calculation. Instead, successive sections revisit earlier
assumptions whenever a new compatibility condition becomes visible.

Examples include the distinction between literal Lambert iteration and the renormalized
Lambert cascade; the replacement of an isolated o = 9/8 calculation by an interval continua-
tion from o = 1; the correction of the Fredholm and adjoint-cokernel analysis; the distinction
between an affine phase and the nonlinear intrinsic geometric variable; the fixed-space audit
of square-root reconstruction; the distinction between profile existence and actual trajectory
entry; the direct rederivation of the spectral operator for the raw two-correction architecture;
the characteristic inversion of the continuity response; and the replacement of a one-phase
pre-entry bridge by a forced transverse bridge when the actual three-dimensional forcing is
taken into account.

These are not merely changes of notation. They represent logically distinct questions:

Does the formal profile exist?
Does the finite-N trajectory approach it?

Does the reconstructed velocity remain divergence free?
Does the fractional operator have the claimed leading behavior?
Are the lower-order terms genuinely dominated?

Does the characteristic reach the terminal point in finite time?
Can the result be passed to a limiting three-dimensional field?

The purpose of the audit structure is to prevent an affirmative answer to one of these
questions from being used automatically as an affirmative answer to the others.
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1.20 Organization of the manuscript

The more than four hundred pages that follow may be viewed as a sequence of interlocking
stages.

The opening parts derive the exact bs product equation, introduce the fractional com-
mutator, formulate the strict one-phase reduction, identify the similarity exponent

200 — 1,

and set up continuation from the explicit a = 1 profile.

The next major group of sections develops the Mellin formulation of the fractional profile
problem. It computes the Mellin symbol, establishes its dependence on «, analyzes the ex-
plicit anchor, determines the translation kernel and second homogeneous solution, constructs
Green representations, fixes the phase, and establishes the functional-analytic framework for
continuation on a nonempty interval above o = 1.

The manuscript then turns from the abstract profile to the finite-N dynamics. It de-
velops entry estimates, terminal bootstrap inequalities, coefficient gaps, invariant regions,
compactness requirements, and the exact Lambert coefficient calculus needed to control the
regularized coefficients.

A further sequence of parts audits the increasing-depth Lambert cascade, coefficient
convergence, cutoff interpretations, periodic geometry, the intrinsic variable

a2
U_X7

the induced fractional operator, weighted geometric remainders, upper invariant-boundary
signs, and the complete finite-amplitude bracket.

The next stage examines the reconstruction in fixed physical space. It derives the ex-
act signed transverse-derivative terms, characteristic maps, coefficient hierarchy, Lambert-
product estimates, fixed-space velocity behavior, transverse concentration widths, scalar
fractional dissipation, and critical coupled N-terminal paths.

The later parts revisit the construction using the raw two-correction variables

b
A=Q+S—-D, C=Q+ S+ D, Us = -
This leads to the direct raw spectral rederivation, the continuity-response operator, its nor-
malization and characteristic inverse, pressure compatibility, the outer-bridge linearization,
and the scalar slaved-continuity stability problem.

The final stages incorporate the genuinely three-dimensional forcing into a forced trans-
verse principal bridge. They then construct a spectrally complete forced bridge, split the
stability problem into compact and high-frequency sectors, and formulate a reproducible
interval-arithmetic certificate.

The culminating finite quantity is

mcert
N,M,K -
Its positivity, together with the other finite certificate conditions, provides the pre-entry
stability information required by the first-crossing and terminal-persistence machinery.
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1.21 A guide to the main mathematical themes

For readers approaching the manuscript for the first time, the analysis can be organized
around the following interacting themes:

1.

10.

11.

12.

13.

Exact scalar reduction. The quantity
b3 = uzu,

is derived from the momentum equations rather than postulated as an independent
model.

. Fractional product structure. The nonlocal dissipative term is handled through

the exact fractional commutator rather than an ordinary Leibniz rule.

One-phase Fourier reduction. Strict affine one-phase fields reduce the periodic
fractional Laplacian exactly to a one-dimensional fractional operator.

Mellin analysis. Power-law terminal behavior becomes translation invariant after
logarithmic conjugation, making the Mellin symbol the natural object for continuation.

Continuation from o = 1. The explicit classical anchor is used to construct profiles
for a nonempty interval of exponents above one.

Lambert W regularization. The finite-N coefficient hierarchy is generated and
controlled through a renormalized Lambert cascade and its Euler sensitivities.

Reconstruction and incompressibility. The scalar variable is embedded into veloc-
ity components whose continuity correction must satisfy a genuine transport equation.

. Intrinsic geometry. Zeros of the periodic geometric coefficient require a separate

nonlinear coordinate analysis and a fixed-space regularity audit.

Entry versus persistence. Existence of a terminal profile is separated from the
proof that the prescribed finite-N trajectory actually reaches it.

Spectral coercivity. The complete linearized operator is decomposed into a favorable
fractional principal part and finite lower-order reconstruction terms.

Forced transverse dynamics. The actual three-dimensional forcing is incorporated
into the principal bridge rather than being incorrectly treated as a decaying one-phase
error.

Interval certification. The final strict inequalities are formulated so that they can be
verified by directed interval arithmetic for a fully specified finite-N parameter record.

Finite-time conversion. Once terminal persistence gives

by.ols) < s~
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the characteristic law
5=1—0bna
implies
T*,N < 0

and the temporal rate
2a—1

bN7a(t) = (T*,N — t)_ 2o,

14. Separation of finite-N and limiting conclusions. The paper distinguishes care-
fully between a certified finite-/V scalar terminal law and the additional work required
for a full limiting three-dimensional Navier-Stokes singularity statement.

1.22 Perspective

The central methodological principle of this manuscript is that a candidate singular mecha-
nism should survive a sequence of increasingly stringent tests.

A formal power law is not enough. It must solve the appropriate profile equation.

A profile solution is not enough. Its linearization must have the correct Fredholm struc-
ture and the profile must persist as « varies.

Continuation of the profile is not enough. The actual finite-N reconstructed trajectory
must enter its neighborhood.

Entry of a scalar variable is not enough. The continuity correction, fractional commuta-
tor, forcing, pressure, and reconstructed velocity must remain compatible.

A favorable principal symbol is not enough. Compact frequencies and lower-order terms
must satisfy a strict quantitative gap.

A numerical indication of such a gap is not enough. The final sign must be certified with
controlled numerical error.

And finally, a finite-N scalar terminal law is not automatically a singularity theorem for
a limiting three-dimensional Navier—Stokes solution. The limiting reconstruction and the
required compactness must be proved separately.

For this reason the manuscript culminates not in an unspecified assertion that all error
terms are sufficiently small, but in a finite reproducible certification problem. For a complete
parameter record, the principal stability margin is encoded by

cert _ 1\0,— comp,+ ptail,+
My vk = Ay (K) — max {Q:N,M,Kv Q:N,M,K} .

When the complete collection of finite-N certificate conditions is verified, including

the first-crossing and terminal-persistence framework yields the finite-N scalar terminal law

2a—1

bN7a(t) = (T*7N — t)_ 2a T*JV < Q.
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Accordingly, the more than four hundred pages that follow should be read as a progressive
verification of the implication

exact reconstructed dynamics = continued terminal profile = finite-N coefficient control

— certified pre-entry bridge = first crossing = terminal persistence = finite-time scalar amplification,

together with a detailed accounting of the additional reconstruction and limiting questions
that separate this finite- N conclusion from a full three-dimensional Navier—Stokes singularity
theorem.

This organization is intended to make the logical dependencies of the construction ex-
plicit. Each later certification should be read not as an independent auxiliary calculation,
but as an attempt to close one of the specific implications required by this chain.

2 Part A

We start with a proof program for an interval first, and only state unconditional finite-
time blow-up after the continuation, entry/bootstrap, coefficient-gap, and limit estimates
have actually been established uniformly for 1 < a <1+ 9.

Part I. The b3 equation uniformly for 1 <a <146

Fix an as-yet-undetermined

and consider

5
1<a<1+5<1

The point is that § will ultimately be produced by a continuation argument from the
exactly solvable endpoint a = 1, rather than chosen numerically in advance.
Start with the hyperdissipative velocity equations on T3,

Ou+ (u-V)u+ VP +v(—A)% = f, V-u=0,

where

l<a<146.
Define

b = b3 := uyu,.

This is exactly the physical product used by the manuscript.
Taking a time derivative gives

bt = UyUyg ¢ + Uy Uyt
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while

u- Vb =uy,(u-Vug) + ug(u- Vuy).

Multiply the z-momentum equation by wu,, the y-momentum equation by u,, and add.
This gives the exact identity

by +u - Vb + uy Py + uy Py + v [uy, (—A) % uy + uy(—A) | = uy for + ug fy. (1)

This equation is already derived exactly in the manuscript.

The important change is that we now regard (1) as holding uniformly over an interval
of exponents

ae (1,1+9)

rather than immediately specializing to

Fractional product identity

For a > 1, one cannot use the ordinary Leibniz rule. Define the exact commutator

Ralfr9) = (=A)(fg) — f(=A)% — g(=A)*f.

Thus

(—A)*(uguy) = uy (—A) Uz + up(—A)"uy + Ra (s, uy).

Since b = u,uy,

Uy (—A) Uy 4 Uy (—A)Yuy = (—A)* — R (g, uy).

Substitution into (1) therefore gives

by +u- Vb +uy Py + u, Py + v(—A)% = uy fr + up fy + VRa(us, uy). (2)

This is the correct no-double-counting form. The manuscript derives precisely this struc-

tural separation: one principal scalar fractional term and a separate product-commutator
contribution.

In Fourier variables,

Ra(fog)(k) = 3 (12 — [0 — |k — ¢*) F(£)g(k — ). (3)

Le73

The manuscript already gives this exact formula.
Nothing in (1)-(3) depends on choosing a = 9/8.
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Reconstruction variables

Retain the manuscript’s variables

| o

A= uy, C :=u,, Uy =

b
u = (Z,A,C) .

b
w- Vb = —b, + Ab, + Cb..

After the completed reconstruction, pressure rearrangement, Lambert coefficient, forcing
and fractional decomposition are inserted, its corrected scalar equation is

Then

Consequently,

b 2 . b2
by -+ bb, + AC2b, + %by & EC +246C, +27.C,

= Lyb? + 20Giore — V(—=A)b + Frem

frac *

(4)

This is this paper’s b3-dynamics equation.
Equation (4), rather than a a = 9/8 specialization,(attempted it separately) should
become the starting scalar PDE to work with.

Now impose the strict one-phase architecture

Take
sy = Cyt — Csz — Coy — Chix — O, N
and
UN(Q%Z/’Zat) = UN<8N>'
Hence

bN:BN(SN), AN:AN(SN), ON:CN(SN).

This is exactly the standing generalized affine one-phase architecture introduced.

It

K* = CF + CF + (3,

then for every one-phase scalar F'(sy),

(—A)*F(sy) = £**(—04)*F(sn). (5)
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This is exact, not asymptotic. Therefore

Ruutti,ny = 0

for every

l<a<146.

We establish this one-phase identity.

This is particularly valuable for the interval argument: we do not need to prove a three-
dimensional fractional-symbol approximation uniformly in «. It is identically exact through-
out the interval.

Use the distinguished phase for the first interval theo-
rem

For the first proof I would make the stronger specialization

C,=0Cy=0, C3=0Cy=1.

Then
SN — t—z— 6*’]\7
and
k=1
Consequently,

(—A)*F(sy) = (—0ss)*F(sn).

Moreover incompressibility gives

Clux + CQUy + Cguz = KN,

SO

is constant in phase. Therefore

Cs =0,

and all the reconstruction terms in (4) containing C; vanish.
Most importantly, along a characteristic,
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This keeps the exact phase law used for the finite-time conversion.
Thus the interval proof should first be developed in this distinguished one-phase subclass.
The more general affine coefficients can be reconsidered afterward.

The interval-dependent similarity exponent

For general

l<a<1+4,

the similarity balance gives

"

Therefore we should no longer normalize with

5/4b
WN = i N7
PN
because 5/4 belongs specifically to o = 9/8.

Instead define

and
s"by(s
Wials) 1= L000) 8
PN,a
Equivalently,
by (s) = Pnas™ I W als). (9)
Since
a=1+c¢,
we have
re = 1+ 2¢.
Thus throughout the desired interval,
1<r, <1+ 20.

This replaces every occurrence of the fixed exponent 5/4 in the terminal normalization
by the parameter-dependent exponent
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The profile equation for the whole interval

The important finding is slightly different from my previous answer: the equation is not
merely postulated in the earlier work. There is an exact H — [F' derivation.
However, the files themselves carefully distinguish that exact derivation from the preceding
reduction of the full 3D reconstructed b3-PDE to the H-profile equation.

1. The actual starting equation

The terminal similarity ansatz is

b(s,y) =s 'B(Y), y=Y4"Y% p=2a—1.

Then introduce

H(Y)=+/BY)|

The manuscript defines the longitudinal similarity operator through

S

(_ass)a |:S—p/2H <y _By* ):| _ ¢ P[220 (ga,ﬂH) (Y)
y—y«=sPY

After the transverse/reconstruction remainders have been made lower order, the terminal
similarity equation obtained from the b3 balance is

BYB' +(p—~)B=—2vB 2%, ;VB. (1)

This is explicitly described as the leading-order profile equation supplied by the multidi-
mensional fractional bs-balance.

Since
B—H. B —oHH, BVY_1
b ) H?
(1) becomes
, 9 2v
28 HH' + (p—7)H? = == Zu5H.

Multiplication by H/2 gives the crucial intermediate equation

v sH + BY HH' + ]%H?’ ~0. 2)

This part is exact wherever H > 0.
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2. Now comes the exact transformation producing the
RHS

Set

d_Y — _68_5_1 — _B_Y
ds S
Also,
H=35"F
gives
dH
= as® 'F + s°F' = s* Y aF + sF").
s
Therefore, by the chain rule,
dH/d @
Thus
H(Y) = — gy(aF + sF).
3. This produces F?F’
Since
H2 _ S2aF127
we have

and define

H(Y)=5"F(s), Y =s7".

The similarity operator satisfies

Ly pH = $°72(—0,,)°F.

This is the step that transforms the fractional term.
Now differentiate Y = s=#:
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BY H*H' = BY (s**F?) [—;—Y(CLF—F sF’)}
= —5*"F*(aF + sF’).
Therefore
BYH*H' = —5* (aF® + sF*F') . (6)

Notice something important: the factor S cancels exactly. This explains why the
transverse similarity exponent does not occur in the final one-dimensional F-equation.

4. The second nonlinear term produces the remaining
cubic piece

Because

H? = $% 3

we have

P=% s _P=7 sap
H® = F3,
5 55 (7)

Add (6) and (7):

BY H2H' + }%H‘g — PR

2
But
p
a =z,
2
SO
p=y_p.,P v _ 7
ot =ty Ty T Ty
Hence
BYH2H’+]¥H3:—S3“ sFQF’Jr%FS . (8)
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5. Substitute into the H-profile equation
Equation (2) was
v-LosH + BY HH' + P~ 0.
Using (4) and (8),

vs" (= 04)  F — s [SFQF/ + %F?’] =0.

Therefore
VSa—i—Qa(_ass)aF — S3a+1 |:F2F, + 21F3:| ) (9)
S
Now use
1
a=o— —.
2
Then
+ 2 3 1
a a=3a— —
27
while
1
3a—|—1=3(oz——) —1—1:304—5.
Hence

’a—i—2a:3a+1.‘

The powers of s on the two sides are therefore identical, so they cancel. We identify
this exponent identity as the reason for choosing a = o — %
We obtain

g

2s

v(—04)*F = F°F' + —F?, s> 0. (10)

So the RHS is now completely accounted for.

6. The divergence-form check

Since

(FS)/ — 3F2F,,

we have
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5—37/21 (837/2F3) _ 8—37/2 3_7837/2—1173 + 3537/2F2F/
ds 2
=3F*F + 3 s
2s

Thus equation (10) is equivalently

d
B(=0,)"F = 57122 (129

S

The manuscript explicitly gives this equivalent divergence form as a check.

7. Where does the k2* factor enter?

If

SN = C4t - 032 - ng - Oll’ — 9*,]\[
and
K* = Cf + CF + (3,

then for a strict one-phase function,

(—Am)*F(sy) = k2*(—04)*F(sn).

The proof is Fourier-theoretic: the n-th Fourier mode of F'(sy) has spatial wave vector

_n(Ob 027 C3>7

whose fractional-Laplacian multiplier is

\n(Cl, CQ, 03)’204 = |n\2°‘/<;2°‘.

That produces the generalized affine form

VK2 (—0,,) Fa = F2F, + g—aFj. (11)
S

Now k2® must either remain visible or be absorbed into an effective one-dimensional
viscosity

Vet = VK.

The exact one-phase reduction leads to

VK2 (—0,,)*Fy = F2F! + ;—ZFj. (10)

We derive this equation for general a.
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In our distinguished phase, K = 1, so

V(—84)*Fa = F2F + %ng

Instead of fixing

1

7257

(when I chose av = 9/8 for example) instead choose a continuation law

Va:)\<04_].), A>0.

Then

At the endpoint,

(a,7) = (1,0),
equation (11) becomes
—vF!' = FF|,
which integrates exactly to
—VvF| = _F?
and hence
3v
Fi(s) =4 =7—.
1(s) 2(s + s0)

We then identify this exact solution as the continuation anchor.

The theorem we should actually try to prove

(11)

(13)

We should not yet begin by asserting blow-up for the interval. We should formulate

the following continuation theorem as the first major new target:

There exists dy > 0 such that, for every 1 < a < 1+ &y with 7, = AMa —
1), the phase-normalized profile equation (11) possesses a positive solution
F,, satisfying the required endpoint conditions, and F, — Fj in a weighted
Banach space as « | 1.

We should aim for the stronger quantitative estimate
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F,— F
H Ll <Cla—1). (15)
F X
If
1
O(S() < 5,
then

1
Fa2F1_|Fa_F1|Z§F1>O7

so positivity follows uniformly:

Fo(s)>0 Vs>0, 1l<a<l1+d. (16)

That would remove the need for the difficult general-a maximum-principle argument.

What finite-time blow-up would then look like

Once the profile, entry, bootstrap, coefficient gap, and limiting theorem have all been estab-
lished uniformly, we would obtain

bs(s) = s~ @b,
Using

$=1-—bs,
the singular term dominates, so
—§ = g~ (D),
Hence
dt < s**71s,

and therefore

T, —t = s**. (17)
Consequently,
s = (T, — )Y/
and
by(t) =< (T, — )" "% (18)
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Thus the eventual interval theorem would have the form

Va € (1,14 dp) : 1tlim bs(t) = +o0, Tio < 00. (19)

*,00

But (19) is the conclusion we are working toward, not something we should state as
proved before establishing the uniform continuation and closure estimates.

The next mathematical step should therefore be very focused: linearize (11) at the
explicit («, 7, F) = (1,0, F}), fix the translation mode, construct an explicit inverse
for the resulting second-order operator, and prove the operator estimates needed
for an implicit-function theorem uniformly for 1 < a < 1+ §. That is where we can
try to prove the existence of a genuine § > 0, rather than merely assume one.

3 Part B

We can do the linearization explicitly, and it exposes both the promising part of the o | 1
strategy and one point that has to be handled carefully.

The manuscript supports the starting point: for general «, the strict one-phase profile
equation is

Ver(=0,)F = F*F' + _F*,
S

and in the distinguished phase kK = 1, veg = v.

1. Set up the continuation problem

Write
a=1+e¢, v = Ae, 0<e<o.
Define
14e 0w  AE 3
G, F)=v(—0s) °F — F°F — 2—F ) (20)
S
We seek
G(e, F.) = 0.
At e =0,
V(—04) Py — F2F] = 0.
Using
(—0s)F = —F",
this is
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—vF! — F2F] = 0.

Integrating,
1
For the decaying branch, C' = 0, so
1

Consequently

3v

F =4/ > 0.
1(8) 2(8 + 80)7 S0

This is precisely the a = 1,y = 0 anchor identified in the manuscript.

2. Linearize at F}

Let

F=F,+h.
At e =0,

Dr%(0, F1)h = —vh" — FEh' — 2F Fh.
Therefore define

Lih = —vh" — F2h — 2F\F/h.

But

(F2h) = F2W + 2F Fh,

SO

Lih = — (vl + F2h)'.

This factorization is the main advantage of continuing from o = 1.
Since

3v

FPe ——
b 2(s 4 s0)

we obtain
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Lih = —v [h + ﬁh} ) (26)

So inversion of the linearized profile operator reduces to two first-order integrations.

3. Determine the kernel exactly

Set
Llh - 0
Then
/
[h' 3 h} _0
2(s + s9)
Hence
n+ Lh =C (27)
2s+s9) "

The integrating factor is

Thus

[(s + 50)*2h])" = Cy(s + 50)*/2.

Integration gives

2
(s 4 50)%%h = %( + 50)°% 4 Cs.
Therefore
2C
h(s) = Tl(s + 50) 4 Ca(s + s0) 73/ (28)

The first mode grows linearly and is excluded from any decaying profile space.
Thus the admissible kernel is

ker Ly = span { (s + so) %/} . (29)
And
1 /3v _
850F1 = _5 7(8—{—80) 3/2.
Hence
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ker Ly = span{0s,F1 }. (30)

So the only admissible zero mode is exactly the one-parameter sg-modulation of the
explicit family.
This is excellent for continuation: it is not an unexplained degeneracy.

4. Fix the zero mode

We need one normalization.
A simple choice is to fix the value at s = 0:

F.(0) = F1(0). (31)
For the perturbation this means
h(0) = 0. (32)
But the kernel function satisfies
(s0) 7%/ # 0.

Therefore (32) removes the kernel.
Equivalently we could treat sy as a modulation parameter and impose an orthogonality
condition. For a first proof, (31) is simpler.

5. Construct the inverse explicitly

Solve
Llh - f
From (26),
3 !
—v |h + h| =
v { 2(s + s9) ] /
Define
3
=h+ h

Then

1
/ = —_——
§(5) =~ f5)
If the admissible solution satisfies g(co) = 0, then
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1 o.]
oo =3 [ sy (3)
Now solve
3
I h =
20+ 50) 9(s)
Multiplying by (s + s0)%/2,
[(s + 50)°/h(5)] = (s + 50)*2g(s).
Using h(0) =0,
h(s) = ! 8 2 [ pryar|a 34
(3)—1/(8+—80)3/2 O(U+$0) j f(7)dr| do. (34)
Thus we have an explicit candidate inverse
-~ 1 S o
(L11f)(3):m/0 (<7+=5’o)3/2/(I f(7)dr do. (35)
This is considerably simpler than the Mellin inverse required at o = 9/8.
6. A first weighted estimate
Suppose
[f(5)] < M(s+350)7%7",  n>0. (36)
Then
o0 M
/U f(rydr| < T 77(cr + 50) 1.
Therefore
M 32 [° 1/2—n
|h(s)] < 1/(1+77)(8+80) i (0 + s0) do.
For n # 3/2,
/S(O- N 80)1/2_nd (S + 80)3/2*77 _ 53/2_7]
0 3/2—n
Hence for
3
0<n< >



Ml G

(s+s0)7". (37)

Thus

sup(s + so)"|h(s)| < Cyy M. (38)

s>0

This gives an explicit weighted L* inverse estimate.

Differentiating
h=g-— 5 h
2(s+ s0)
also yields
B (s)| < CpyM (s + s) """ (39)

And the equation itself gives the corresponding second derivative estimate.
So a natural first pair of spaces is schematically

X, = {h:sup(s + s0)"|h| + sup(s + so)' ™"|W| + sup(s + so)*""|h"| < 00},
with

Y, = {f :sup(s + so)*™"| f| < o0} .

Then, after the phase condition,

L'y, — X, (40)

has an explicit bound.

7. Expand the fractional operator in ¢
Now set

a=1+e.

On the Fourier side,
(=) TP (€) = [EP T (©).
Since
|€|2+25 — |€|262510g\§|’

we obtain formally
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€272 = |€]* + 2¢[€]* Log [¢] + O(*[¢[* log? [€]) -

Therefore

(—04s)' T = (—0ss) + 26(—0ss) log | D| + O(?). (41)

In particular,

On(—0s5)"| .1 = 2(—0s5) log | D]. (42)

This is the operator whose weighted mapping properties now need to be proved.

8. Compute the first continuation correction

Seek
F.=F +e®+0(e?). (43)
Insert this and
v = A
into
G (e, F.) = 0.
The zeroth-order equation vanishes.
At order &,
A 3
Ll(I) + 21/(—858) log |D’F1 - 2—F1 = 0.
S
Therefore
A s
L1® = —2v(—0s) log |D|Fy + 2—F1. (44)
s

Using our explicit inverse,

A
® = L' | —2v(—0s)log | D|Fy + %Ff’ : (45)

So the first derivative of the profile branch with respect to « is, in principle, explicitly
determined.
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9. But equation (44) reveals a problem with v = A\(«

Because
F1(0) >0,
the term
F
s
behaves like
F1(0)?
0
L s40)

That is singular.
This means that the simple continuation

v=ANa—-1)
from the shifted profile

Fi(s) = C(s 4 so) /2

does not automatically belong to the weighted spaces just proposed.
This is an important finding.
There are two clean possibilities:

—1)

throughout the small interval, or reformulate the endpoint /profile space so that the yF3/s

term is compatible with the required behavior at s = 0.
For the first interval theorem, v = 0 is substantially cleaner.
Then

v(—0ss)*F, = F2F!.

At o = 1, this is exactly solved by Fj.
The first correction becomes simply

L ® = —2v(—0ss) log | D| F7.

This removes the artificial 1/s singularity from the continuation problem.
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10. The actual implicit-function theorem

Define, with v = 0,

G(a,F) = v(—04)*F — F*F'. (48)

We have

g(l,Fl) = O
and
Dr¥9 (1, Fy) = L.
After imposing

F(0) = Fi(0),

the admissible kernel of L, is removed.
Suppose we prove that for appropriate weighted spaces X, Y,

Ll : XO —Y
is a bounded isomorphism, and that
(o, F) = (—0s5)“F
is C'! from a neighborhood of

(1, Fy)

into Y.
Then the Banach-space implicit-function theorem gives

30>0 3JNF, forl<a<l+946 (49)
with
YG(a,Fy) =0
and
| Fo — Fillx < Cla —1]. (50)

This would be an analytic interval theorem, not a numerical certificate at a single
exponent.
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11. Positivity then follows from a relative norm

We should choose X so that it controls

F—F
Fo
Suppose the continuation estimate is strengthened to
|[Fals) — Fi(s)]
su < Cila—1). 51
® T Re oY oy
Choose
1
0 < : 52
2. (52)
Then for every
l<a<1+4,
1
Fa > Fl — C*(Oé — 1)F1 > §F1
Hence
F.(s) >0 Vs > 0. (53)

This would solve the profile-positivity obligation for the entire interval at once.

12. What we have proved and what remains before in-
voking IFT

We have now proved algebraically:

3 !
Lih=—-v|h+——h
! U( +2(5+50) )

and found its admissible kernel exactly,

ker Ly = span{0s, F} }.

After fixing F'(0), that kernel disappears. We have also obtained the explicit inverse
formula (35) and elementary weighted estimates such as (38)—(39).
What is not yet proved is the crucial nonlocal functional-analysis statement

(o, F) = (—045)*F is C" between the exact weighted spaces needed here (54)
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with constants uniform for

I<a<1+9.

There is also a domain issue we must settle carefully: the fractional profile operator is
inherited from the whole-line one-phase fractional Laplacian, whereas Fy(s) = C(s 4 so)~'/?
has so far been written only for s > 0. Before applying the whole-line Fourier multiplier in
(41), we must specify the whole-line extension/profile formulation consistently. We cannot
simply apply log |D| to an unspecified half-line extension.

So the next proof step is now sharply defined: choose the whole-line weighted profile
space and extension compatible with (—d;,)®, then prove the uniform multiplier
estimate needed for (54). Only after that would the implicit-function theorem genuinely
produce the desired 6 > 0.

4 Part C

The next step is to make the continuation argument mathematically well-posed on the same
whole-line fractional operator used. We continue from the v = 0 interval formulation, since
that avoids the F/s singularity we just uncovered.

13. Put the profile problem on the whole line

We want
V(—04s)*Fy = F2F!, l<a<1+46. (55)
The difficulty is that our explicit anchor
3v
Fi(s) = | —""
1(s) 2(s + s0)

was written for s > 0, whereas the Fourier definition

(Z0us)* F(€) = |EP*F(€) (56)

is naturally a whole-line operator.

We therefore should not arbitrarily extend F}. Instead, it is better to use a coordinate
in which the endpoint s = 0 is sent to infinity and the profile problem becomes a whole-line
problem—the same basic idea already used by the Mellin/logarithmic formulation.

Set

xr = log s, s=¢e". ‘ (57)

Then

$40 <= x— —o0, 5§ — 00 < I — +00.
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This turns the half-line profile into a whole-line heteroclinic-type problem.

There is, however, an important distinction: the fractional Laplacian is not translation
invariant in z after this change. It becomes the Mellin-conjugated operator used rather
than simply |D,|>*. That is precisely why its Mellin symbol is introduced.

14. Use the general a Mellin conjugation

For the terminal similarity problem define

1
Qo i=0a— 3. (58)
The natural conjugation is
Gaol(z) = s*F,(s), s =e". (59)
Thus
F,(s) = s7%G4(log s). (60)
At a=1,
1
a; = —.
T2

For the explicit anchor,

3
Rls)=c(s+50) o=/,
we obtain
o 1/2
Gl(ZL‘) :e$/2F1(e$):cy (€x+80) .
Hence
c
Gi(r) = ———t—. 61
Now we have an explicit whole-line profile.
Its endpoints are
G1(—o0) =0, G1(+0) = ¢,. (62)

This is exactly the geometry we want: the explicit a = 1 solution has become a smooth
whole-line connector.
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15. Normalize the right equilibrium

Define
Gz
Zy(z) = 16( ). (63)
Then
1
A = 64
Consequently
Z1(—00) =0, Zi(+o0) =1,
and

0< Zi(z) < 1. (65)

This gives us an explicit positive whole-line connector at the continuation end-
point o = 1.
Its derivative is

Spe” "

Z!(z) =
1) = 30 gy

Thus Z; is strictly increasing.

> 0. (66)

16. Endpoint asymptotics are explicit

As r — —o0,

Spe ~ — 0.
Therefore
Zl(x) _ 351/26:”/2 (1 + 8616:5)—1/2‘
Using
_ 1 3
(1+y) /2= 1—§y+§y2+0(yg),
we obtain

_ 1 _ 3 _
Zy(z) = s, V2er/2 _ 550 82312 4 g% B2e5e/2 4 O(e™/?). (67)

So the left indicial exponent at the anchor is
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1
()= (65)
For general «, the formula is
3
(a) =20 — =.
¢-(@) =2a -5
Therefore
1
¢-(1+e) =5 +2, (69)
which converges continuously to the exact anchor exponent.
That is a strong consistency check on the proposed continuation.
17. Right endpoint
As x — 400,
spe ¥ — 0
Hence
S0 g 38% —2x —3x
Zi(x) =1— 5¢ T3¢ +0(e™™). (70)
Thus
1—Zi(x) ~ S0¢ge (71)
The right stable exponent at the anchor is therefore
(1) =1. (72)

This is useful because the continuation begins with strictly positive endpoint exponents:

1
q,(l):§>0, T+<1>:1>0

By continuity, we should expect both to remain positive for sufficiently small o — 1, once
the corresponding indicial roots are proved continuous.

18. Fix translation exactly

The parameter sq is just translation in z.
Indeed,

Zy(x) = (1 + spe @) 1/2.
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Write

So = €70,

Then

Zy(z) = (1+ e’(“’xO))_l/Q.

Thus changing sy simply translates the profile.
Choose the normalization

At a =1, this gives

80:1.

Therefore from now on we may take

Zy(z) = (1+e®)"12

This removes the zero mode globally.

19. Work with the derivative

Define

we(x) = Z. (2).

«

At the anchor,

€—$

wy () = m.

This has exponential decay at both ends:

and

Therefore

w, € LY(R) N L*(R) N H™(R)

for every finite m.
Moreover,

%)
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—00

This is a much cleaner continuation variable than F} itself.

/OO wy(x) de = Z1(+00) — Z1(—o0) = 1.

20. Choose a two-sided exponentially weighted space

Pick

Define a weight schematically by

Then
wywi
still decays exponentially at both ends because

1
< - <1
=3

A natural space is therefore

X, ={h:wh € H**(R)},

(79)

(81)

where o > 0 will provide the extra regularity needed to control variation of the fractional

order.

Take

Yy ={f:wfel*R)}.

The phase-fixed tangent space also imposes

/Rh(:c) dx =0,

because the total jump of Z must remain

Z(+00) — Z(—00) = 1.

(82)

(83)

The translation normalization supplies the second scalar condition needed to remove

translation.
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21. Why a small extra derivative is enough for varying
Q

The key multiplier difference is

€72 — ¢,
For any fixed

0<o<1,

we call use

|logr| < Cy(r® +177)

away from the removable low-frequency point.
At high frequency,

€742 — [¢]* = [¢]? (> — 1)

By the mean-value theorem,

‘ezsloglﬁ\ — 1‘ < 2¢[log [¢]| |§|2€

for || > 1.
If
o
< e < —
0<e< 7
then
€% < Jgl/2.
Also
log [¢] < C,[¢]7/2.
Hence
|1E]772 — €] < Coele™, ¢ > 1. (84)
Therefore
1[(=0s)' ™ = (=0s)] flI > < Coell f| 2o, (85)

for the translation-invariant whole-line operator.

This is the elementary estimate we wanted.

It shows why we should not work merely in H?: the logarithmic derivative of the fractional
power costs an arbitrarily small amount of extra regularity.
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22. But in Mellin coordinates the multiplier is different

For our actual profile problem, the relevant multiplier after logarithmic conjugation is not
simply

23. We can already see how invertibility persists

Let

€17,
The Mellin calculation produces a symbol of the form
ma(§) = K (—aq +i€) aa:a—l.
« ? 2

(86)

At o = 9/8 attempt, I used precisely this structure for the high-frequency inverse analysis.

For the interval argument we need the general-a estimate

ma(€) = mi(€) + O((ar — 1)(£)**7)

uniformly for

I<a<1l+9.

More precisely, what we want is

1Mo (&) —my(€)] < Cysla — 1[{E)*H7.

If this holds, then

(Mo = My)hlly, < Clar—1[][h]|x,-

(87)

(88)

(89)

That is exactly the perturbative operator estimate required by the implicit-function the-
orem.

Ho(w) =0
denote the differentiated, phase-normalized Mellin profile equation.
At a=1,
Let

El = Dw%(wl)

After the mass and translation constraints, suppose
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1Ly, -x, < Co. (91)

For nearby «,

£a - El +goc7

where the desired multiplier and coefficient estimates give

[€allx, v, < Cila— 11 (92)
Thus
Lo=L[I+L7E].
If
C()Cl’Oé — 1| <1,
the bracket is invertible by the Neumann series.
Therefore
L =[I+L7'8] " ot (93)
And
_ Co
L1 < : 94
£ < e (99)
In particular, if
1
CoChd < >
then
sup ||£.1]] < 2Co. (95)
1<a<1+d

(This is exactly the kind of uniform inverse bound that was found to be difficult to
establish independently at a jump of o = 9/8).

24. Quantitative implicit-function argument

Let

€q = Wq — W1

Expand:
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Then

where

and

Apply L%

Choose

so that

Then

0= %(wl + ea).

0 - %(wl) + Elea + Raea + Qa(ea)a

|7, (w)|ly < Cola —1],

IRall x5y < Cila—1],

1Qa(e)lly < Csllellk-

leallx < CoCola — 1] + CoCilar — 1 [leallx + CoChlleall-

CoCh0 <

RNy

3
Z‘|ea"X < CoCya — 1) + CoCslleall%-

A standard bootstrap gives, after shrinking ¢ again,

||U}a - leXn S 20002(0( - 1)

Integrating w, — w; and using the phase normalization gives

1 Za — Z1]|x, < Cala—1).

This is the desired analytic continuation estimate.
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25. Positivity now follows without a maximum principle

Because
Zy ([L‘) >0
for every finite x, ordinary absolute L> closeness is not sufficient near x = —oo, where
Zl — 0.
We therefore need the continuation norm to preserve the relative left-tail coefficient.
Since
Zy(z) ~ e/? (r — —o0),
and
Zo(x) ~ A_()et=()7,
with
3 1
(a)=2a—=-==-+4+2(a—-1
positivity follows if
A (a)>0 (102)

and the profile remains positive on a compact transition interval.
At a=1,

A_(1)=1.
If the implicit-function construction gives continuity,
A(a) = 1 < Cala—1),

then choosing

1
b < —
2C4
gives
1
A_(a) > 3 > 0. (103)
On a fixed compact interval [—R, R],
mp = min Z; > 0.
[_RvR]

If

61



m
| Zo — Z1||L°°([7R,R]) < —R,

2
then
Z, >,
2
At the right endpoint,
Lo — 1,

so positivity is again automatic for sufficiently small perturbations.
Thus the whole line is divided into

(—OO, _R]v [_Rv R]? [R7 OO),

and positivity follows separately from left-tail coefficient continuity, compact-interval
closeness, and right-tail stability.

This is much stronger than trying to recover a maximum principle for an operator of
order > 2.

26. We can now state the first interval profile theorem
precisely

What we are aiming to prove is:

Small-supercritical profile theorem. There exists dpof > 0 such that for
every
1 <a <14 dprof,

the phase-normalized one-phase profile equation

v(—04s)*F, = F.F),
i . . . o (104)
possesses a positive profile whose logarithmically conjugated normalization Z,
satisfies

Zo(—00) =0,  Za(+00) =1,

and
1 Z6 = Zillx, + 1 2o — Z1llx, < Cla—1).

Moreover the constants are uniform for 1 < a < 1 4 dprof.

If we prove (104), then we have an analytic continuation theorem on an interval.

62



Where the proof genuinely stands

We have now identified the correct whole-line anchor

Zi(a) = (1+e ) 12,

its endpoint exponents

its exponentially localized derivative w;, and the perturbative mechanism that would give
a uniform inverse and an interval of profiles.

The one part I have not yet proved is (88), because to do it rigorously we need the
explicit general-a Gamma-function formula for

Ky (k).

Differentiate it with respect to . Then we can try to prove an explicit bound for

0K} (—a + % + z‘f)

and thereby establish (88) rather than leave it as an assumption.

5 Part D

Calculations shown contain the exact general-a Mellin symbol we need, and with it we can
prove the perturbation estimate near o = 1.
We have that

k() = LAFDIRa =) sin(m(a — ) (105)

™

through

(=0s)s% = K F(N)s* 2

(67

It also states that after

1
F(s) = s *G(log s), e=a-g,

the logarithmic/Mellin operator acts on e** by

My (€M) = KX (—a + N)e.

So we can now do the calculation exactly.
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27. Exact Fourier-line Mellin symbol for general o

On the Fourier line put

Since

the relevant argument of K[ is

za(f):—a—l—i{:—a—ké—kig.

Therefore
+ L.
me(§) = K | —a+ 5 +i€ | . (106)
Substitute this into (105).
First,
3
Za—|—1:§—04+25
Second,
) S
a— 2o =30 — = —i&.
2
Third,
Ct—Za:20é—§—i§.
Hence the exact symbol is
F2—a+i&)T(Ba—3—i 1
me(€) = (z—a+i€)(Ea—; i) sin[w <2a -—= = zf)} : (107)
T 2
This is the formula we needed.
For
5
1<a< -
S o 4’
the real parts of the Gamma arguments satisfy
S > L 3 L >
2 4’ 27 2

so neither Gamma factor encounters a pole.
Moreover, for
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5
I1<a< -
_a 47

the sine factor has no zero for real £, except at the excluded endpoint («, &) = (5/4,0).
Thus on every closed interval

5
1<a<l+d< -

4
the symbol is analytic in « for every £ € R.
28. Check the anchor a =1
At a=1,
1, 5 .
ma(e) = e TIOLG Z 1) o [w (§ - 25)} . (108)
T 2
Now
sin (37% - mg) = — cosh(7¢).
Therefore
m(€) = —%r(% + i£> F(g - ig) . (109)
Use

G-~ () (G-

and the classical identity

1 . 1 T
F(ﬁ * 25) P(é - Zf) = Cosh(n)’

Everything cancels, giving the remarkably simple formula
3 r .
mi©) =~ (3-i¢) (5-). (110)

m1(€)=€2+2i£—% (111)

Expanding,

So at the continuation endpoint the apparently complicated Mellin operator becomes a
second-order constant-coefficient differential operator in logarithmic coordinates.
That is exactly what we should expect from the local a = 1 problem.
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29. Differentiate m, with respect to «

Set
3
Aa(g) = 5 —« +Z€7
1 .
Ba(f) = 3a — 5 - 7’§7
and
1
Cué)=m <2a 5~ z&)
Then
1 }
me = —I'(Ay)T(By) sin C,,
T
Since
L1ogT(2) = u(2)
- og'(z) = ¥(z),
we obtain
O logme = —1)(An) + 3¢(B,) + 27 cot C,.
Therefore

Do (&) = ma(&) {—qg(g —a+ if) + 3¢ (3a — % — zg) + 27 cot(m(2a — 1 — i) | .

(112)
This is exact.

30. Uniform bound for the cotangent term

Let

z =T+ 1.
One has

| sin z|* = sin® z + sinh®

and

| cos z|? = cos? z + sinh? y.
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Hence

Here

Fix

Then

| cot z|? =

cos? z + sinh?

sin? z + sinh®y

1<a<1+9

lies a positive distance from the zero at o = 5/4.
Consequently there exists

such that

uniformly in @ € [1,1 + J].

From (113),

cs >0

sup
1<a<1+d
£eR

|cot (m(20 — 1 —i€))| < Cs.

So the cotangent term causes no high-frequency growth.

31. Uniform digamma estimate

On any fixed right half-plane

Rz>c>0,

the standard digamma asymptotic gives

as |z| — oo.
In particular,

1
¥(2) = log s — o=+ (|2 ?)

67

(113)

(114)



[¥(2)] < Ce(1+10g(S2)), Rz >, (115)

where

(&) =1+

For our two Gamma arguments,

%Aa:;—a23—5>0,
and
1.5
Therefore
[(Aa())] + [Y(Bal§))] < Cs (1 +log(§)) - (116)
Combining (112), (114), and (116),
|0ama(§)] < Cslma (&) (14 log(€)) . (117)

We now only need to bound m,,.

32. Uniform growth of m,

Use Stirling’s estimate in vertical strips:

ID(0 4 i€)| < Cop re ™2 ()72

for
oo <o <oy

Therefore

ID(Aq)| < Cre ™E/2(g) 1 (118)
because

1
RA, — 3= 1—a.

Likewise,

[D(Bu)| < Cse™el/2(gy, (119)

Multiplication gives
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T(Aa)T(Ba)| < Cse ™), (120)

Meanwhile
| sin(z — iy)| < Celvl.
Thus
: .
sin (2a 5~ zf) ‘ < Cemlél, (121)
The exponentials cancel exactly. Hence
Ima(©)] < Cs(6)™. (122)
This is the expected order-2a Mellin growth.
Substituting into (117),
[0ama(§)] < C5(€)* (1 +log(€)) - (123)
This is the crucial derivative estimate.
33. Convert it to the desired 2 + o estimate
Fix an arbitrary
We will choose ¢ sufficiently small.
Take
0<5§%. (124)
Then
1<a<1+4+9
implies
20 <2425 <24 2.
Therefore
<£>2a < <€>2+cr/2.
Also

1+ log(€) < C, ()72
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Consequently (123) gives

|0ama(€)] < Cs0(€)°. (125)

Now apply the mean-value theorem in a:

ma(§) —mi(§) = (a — 1)9smp(§)

for some

l<fB<a.

Hence

[ma(8) = ma(6)] < Cso(a = 1){€)*. (126)

This is exactly estimate (88) that was left unproved in the previous step.
So that part is now proved.

34. Operator-norm consequence

Let

—

Mah(&) = ma(€)h(€)-
Then by Plancherel,

1Mo — M)h2 = / mal€) — mu (IR de
<C2(a—1p / &) (o) de.

R
Therefore

[(Ma = Mi)hl[r2 < Csola = DAl 2+ (127)

Equivalently,

HMa — MlHHQ'FO'*)LQ < C(;,J(Oz — 1). (128)

This is already enough for an unweighted implicit-function formulation.
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35. We can prove C'! dependence as well

From (112),

OaMyq,

exists pointwise.
We have just obtained the uniform domination

|0ama(€)] < Cs0(6)°.

Hence, for
h e H*',
dominated convergence gives
OuMoh = F! [(@ama)ﬁ] (129)
in L2
Moreover,

a— M, € L(H*, L?)

is C* on every sufficiently small closed interval

1,1+ 4]. (130)

Thus the nonlocal operator dependence required by the implicit-function theorem is no
longer merely formal.

36. A useful bonus: ellipticity is uniform near a =1

Stirling also gives the corresponding lower asymptotic

[ma(€)] ~ 57 (€] — o0),

uniformly for « in a compact subinterval of (1,5/4).
At a =1, we know exactly

NIt

my(€) = & + 26 —
Therefore

[ma ()] = (€)*

away from any low-frequency issue associated with the full nonlinear linearization.
Since
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Mo — My = OH2+"—>L2(a - 1)7

high-frequency ellipticity persists uniformly for sufficiently small 4.
Thus there exist R < oo, ¢ > 0, and 9; > 0 such that

ma ()] > cle*®, >R, 1<a<1+4. (131)

This means that the difficult infinite-dimensional tail estimate that I calculated at 9/8
becomes a perturbation of an explicitly known second-order operator near a = 1.

37. What about the exponentially weighted space?

There is one distinction we should preserve carefully.
Equation (127) proves

H2+U N L2

operator continuity directly.
For an exponential weight e¢7*, Fourier conjugation shifts

E—&+am.
Thus the weighted symbol is

2

(€)= K (—a R zs) (132)

up to the sign convention for the chosen side of the weight.

The same Gamma/digamma argument works provided the shifted arguments remain a
fixed distance from their Gamma poles and sine zeros.

Since at o = 1 the left endpoint exponent is

1
(1) ==
¢-(1) = 3
and the right exponent is
7“+(1) = 1,

we can choose a small fixed weight, for example

1
0<n< . (133)

After shrinking ¢, all shifted Gamma arguments remain inside fixed pole-free vertical
strips. Repeating (112)—(126) then gives

HM%?? — Ml,T]"H2+G—>L2 S Cn’g(C( — 1) (134)

72



For a two-sided weight one performs the calculation separately on the two ends and
patches with a compact transition region. That patching step is standard but is not con-
tained explicitly in the manuscript, so I would state it as the next functional-analytic
lemma rather than silently regard it as proved.

38. What this closes

It has been stated that the explicit a = 1 solution is a continuation anchor, but that
continuation requires both

1. phase-fixed invertibility, and

2. uniform control of the nonlocal operator.

We have now established the second requirement at the multiplier level:

||Ma — M1||H2+U—>L2 < C(Oz — 1).

And we have an explicit formula for its derivative,

OaMea = My [—1(Ay) + 30(B,) + 2 cot Cy] .

So the nonlocal operator is genuinely a small perturbation of the & = 1 operator.
There is also an important consistency point: the general endpoint calculation gives

F(s) ~ As*? (s 0)
and
Kf(a—1)=0.

Thus as « | 1, the left power tends to s°, exactly matching the nonzero left value of the
explicit a = 1 anchor. So the endpoint limit itself is consistent.

The remaining continuation obstruction is now narrower

We should not yet claim the interval profile theorem, because the remaining issue is
the full phase-fixed linearized operator, not merely its Mellin principal part.
We identify that operator schematically as

Lh = vDM,[Gi]h — 2G1Gh — G2H + 3¢G2h,

and the missing theorem is the phase-fixed invertibility /spectral gap.
That is now the natural next calculation. Because

Zy(z) = (14 e®)71/2
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is explicit and

ma(€) = € + 2i€ —

is also explicit, we can write the entire o = 1 phase-fixed linearized ODE in closed
form, solve its homogeneous equation, identify all kernel modes, and attempt to construct
its Green function. If that succeeds with a bounded inverse, the actual implicit-function
theorem producing an existing > 0 becomes very close.

6 Part E

The o = 1 linearization is unusually favorable: it reduces to an explicit second-order ODE,
and its two homogeneous solutions can be written in closed form. This gives the nondegen-
eracy needed for the continuation argument.

The a =1 anchor is

—VF” — FZF/ — l(FS)/
3 )
hence

3v

1
—ypF = ZF3 F =4
Y 3 1(s) 2(s + so)

This paper identifies this solution as the continuation anchor while saying that phase-fixed
invertibility is the missing theorem.

39. Put the exact a = 1 profile into logarithmic variables

At a =1,

1 1 20 — 1 — v
a=a— - =—, c= —.

2 2 2
For the classical anchor used here, v = 0, so

B 1
c= 5
Set
s=c¢e"
and
G (z) = s'/2Fy(s)
Then
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G =4/ —
() 2V e*+ sy
Introduce
H, = 3—1/
2
and
Gy ()
7 —
(z) .
Thus

Z(z)=(1+ Soe_”“")_l/Q.

(135)

Translation in x changes sy, so without loss of generality for the spectral calculation we

take
So = 1.
Therefore
Z(a) = ——
I) = ————.
V1+e®
It is convenient to introduce
) = Z(a)? = —
- S l4e®
Then
= t(1—1t)
and

2

7' = %Z(l - 7% = 1\/15(1 —1).

(136)

(137)

(138)

40. The Mellin operator becomes an explicit differential

operator

From the previous calculation,

() = € +2i6

Since D = 0, has Fourier multiplier i€,
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3
—D?*+2D— =
+ 4
has multiplier
3
2426 — .
€+ 2i€ -
Consequently
2 3

Thus the apparently nonlocal Mellin problem has become a completely local second-order
ODE at the continuation anchor.

41. Exact full linearization

The autonomous profile equation is

VM oG = G*G' — %G‘"’. (140)
Define
g‘l(G) = I/Ml/QG - G2G/ + %Gg
Then

F1(G1) = 0.
Linearizing G = G + ¢h,

D(G*G")[h] = 2G1Gh + G2,

while
1 3
D(=G?) [n] = =G3h.
(56°) 1n1= 563
Therefore
" / 3 ! PANI 3 2
Lh=v|—-h"+20 — Z—lh —2G1G1h — GTI + éGlh. (141)
There exists a corresponding linearization.
Because
3
G=HZ  H!=7
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we have

G_% — §Z2 — §t
v 2 2
and
2 !
GG 5y
v
Divide (141) by v:
1 1 3 ! 3 ! 9
— = — 2 — — — 327"+ - ) 142
V.,?lh h+( 2t)h+(4 3 +4th (142)
Since
, 1
the zeroth-order coefficient becomes
3 3 9 3 3 3
STt -t + St =S St SR
4 2 ( )+ 4 4 + 4 + 2
Hence
1 3 3 3 3
~Lh=-h" 2——t|h — S+t 22 ) A 14
V$1 +< 2) +<4+4+2> (143)

This is the exact phase-linearized differential operator.

42. Translation gives one kernel element automatically

Because the profile equation is invariant under

T x+T,
differentiate

fl(Gl(' +T)) =0
at 7 = 0. We obtain

LG =0, (144)

Thus

hi(z) = Gi ()

is a homogeneous solution.
Ignoring the harmless constant H,,
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hi(z) = Z'(2) = =VE(1 —1). (145)

Equivalently,

hl (l’) =

1
2 (1 + ev)3/2

up to the equivalent translation convention.
Its endpoint behavior is

1
hy(x) ~ 56””/2, T — —00, (146)
and
1 _
hy(z) ~ 3¢ ° r — 400. (147)

Thus the translation mode is admissible at both ends.

43. Construct the second homogeneous solution exactly

Multiply (143) by —1. The homogeneous equation takes the standard form

" + P(z)h' 4+ Q(z)h =0

with
3
P(z)=-2+ §t(x) (148)
Given hq, reduction of order gives
hy—hy [0 149
Because
' =t(1—1),
we have
dt
dxr =
t(1—1)
Now

Partial fractions give

78



Therefore
1
Pdr = —2logt+ §log(1 — 1),
SO
e~ Pdr — 42(1 —¢)=1/2, (150)
Also
1
h? = Zt(l — )%
Consequently
— [ Pdx
e
= 4t(1 —t)7%/2.
hi
Including
dt
dr =
t(1—1t)
gives
— [ Pdz
/e > dx:4/(1—t)_7/2dt
hi
Hence
8
= 5(1 — )4 (151)
Thus one may take
ho(z) = hy(z)(1 — t(x)) /2. (152)
Apart from an irrelevant constant,
ho(z) = \/t(x)(1 — t(z))~3/2. (153)

This is an exact second homogeneous solution.
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44. Endpoint behavior of the second mode

As
T — 400,
we have
1—t~e™.
Therefore
hy(z) ~ 3%/2. (154)

So ho grows exponentially at the right endpoint.
It is therefore excluded from every natural heteroclinic space imposing decay at +oo.
At the left endpoint, it is useful to subtract its component parallel to h;. Define

ho = hy [(1—1)7%% —1]. (155)
Since
—5/2 5 2
(1—1) :1+§t+0(t)
and
t~e",
we obtain
Iy ~ Ce¥% (2 = —o0). (156)
Thus the two left indicial rates are
1 3
AW = = A2 157
Oo2 A= (157)

At the right endpoint the admissible mode has rate

ro(1) =1, (158)

3x/2

while the other solution grows like e
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45. The kernel is exactly one-dimensional before phase
fixing
Every solution of
Zh =0
is

h = Clhl + Cghz.

If h belongs to the heteroclinic perturbation space, it must decay at +oc.
But

ho(z) ~ €372,

Therefore necessarily

Cy = 0.
Hence
h = CG.
We have therefore proved
ker 4 = span{G1} (159)

in the natural two-ended heteroclinic space.

This is stronger than merely identifying a translation mode: there is no second admis-
sible zero mode.

That is precisely the nondegeneracy statement we had left open at the o = 1 anchor.

46. Phase fixing removes the kernel completely

Choose any finite phase point xy. Since

Gi(x) >0
for every finite =,

G’ () # 0.
Impose

h(zo) = 0. (160)
If
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h e kercfl,
then by (159),

h=Ca,.
Thus

Since G (xg) # 0,

Therefore

ker (.,zﬂl\ {h(zo):O}) — {o}. (161)

So the phase-fixed linearization is injective.
This is the first major continuation result.

47. Exact Wronskian

For

'+ Ph +Qh =0,
Abel’s identity gives

Hence

W (x) = WoeJ Pz,
Using (150),

W (hi, ho)(z) = Ct(z)2(1 — t(x)) "2, (162)

In particular,

W (hy, he)(z) # 0 (—o00 < & < ). (163)

There is therefore no interior degeneracy whatsoever.
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48. Variation-of-parameters Green representation

Write
ZLh=f.
After division by —v, this is
h" + Ph' + Qh = —i. (164)
v
Variation of parameters gives
“ ha(y)g(y) / “hi(y)g(y)
hx:—hx/—d—i—hx ————dy, 165
where
T
g=—-.
v
Equivalently,
1 Tho(y)fly) 1 /“’C ha(y)f(y)
tole) = (o) [ B dy— ) [ ay (166)

Because hsy grows at 400, the coefficient multiplying it must be chosen so that its growing
component cancels. This gives the right-decaying solution

be) = Ciu(o) + M [ 2T gy 2202 [T g, | o)

0

The remaining constant C' is exactly the translation freedom.
Phase fixing h(z¢) = 0 determines it uniquely:

_ ha(xo) [T Ma(y)f(y)
O = () / Wiy (168)

Therefore the phase-fixed inverse is explicitly

() = 1 [ Rl

n hQIECL’) /xoo h1I(/[?i)(£§y) dy (169)
~ ha(@)ha(we) [ haly)f(y)
vha (o) / i)

Y.

So we have an explicit Green operator.
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49. The Green kernel itself

Equation (169) may be written

h(z) = / Gy ) () dy.

For x > xy, its principal two pieces have the standard form

1 hi(z)ha(y), 0 <y <z,
Gi(x,4) = — (170
YW | ha(x)haly), y> =,
together with the rank-one phase correction from (169).
The important fact is that every factor here is explicit:
1
hy = 5\/£<1 - t))
hg - \/%(1 - t)73/2,
W = Cwt*(1—t)"",
1
t = .
14e®
Thus there is no numerical spectral problem at o = 1.
50. What has actually been proved
We can now upgrade the statement at the classical anchor substantially.
At a=1:
3
Gi(2) =[5 (L +e)
2 3
Mg = =0, +20, — —,
4 (171)

ker £ = span{G},
ker % ,n = {0},
2, has the explicit Green representation (169).

This proves the kernel/nondegeneracy part of the missing phase-fixed invertibility
statement.

There is one functional-analytic step 1 would keep separate rather than overstate: to
claim
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Zipn: X, — Y, is a bounded isomorphism

for the exact weighted spaces to be used, we still have to insert the endpoint asymptotics
of (169) into those particular norms and prove the corresponding Green-kernel estimate.
The explicit formulas make that a tractable estimate, but injectivity alone does not prove
surjectivity in an unspecified weighted space.

51. Why this is enough to make the interval strategy
much stronger

Previously we said that continuation from o« = 1 required an invertibility theorem and
uniform nonlocal control.
We now have:

nonlocal perturbation: [|[M, — M| < C(a —1),

from the preceding proof, and

phase-fixed kernel at « =1: ker & ,n = {0},

from the exact calculation above.
The general-a logarithmic profile already has

G(—o0) =0,  G(+oo) = H,,

with left exponential rate

q(a):2a—g>0,

so the endpoint structure varies continuously for « near 1.
Thus the route to

36 > 0 such that the positive profile exists for every 1 <a <1+

is now very concrete: prove the weighted Green estimate from (169), formulate the phase-
fixed nonlinear map on fixed weighted spaces, and apply the Banach-space implicit-function
theorem using the O(a — 1) multiplier estimate already proved.

That is the next piece I would prove, because it would turn the explicit calculation above
into the actual open interval in « that you wanted, rather than a single-a certification.

7 Part F

Let us proceed, but the Green-function calculation reveals an important structural point
that improves the continuation argument: after removing translation, we must also account
for the adjoint solvability condition. Injectivity of the phase-fixed operator by itself is
not yet surjectivity.
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52. Choose weights compatible with both endpoint rates

At a =1, we found

1 1
M) = A = VI @), 1) = o
with
1 z/2 1 -
h1<$) ~ 56 (ZL’ N —OO), hl(gj) ~ 56 (:C — +OO)
Choose
1
O<n<§. (172)

Let

677717 x S _]-7

wy(x) < ¢ 1, lz] <1,

e x> 1

Define

X, ={h:whe HR)}, Y,={f w,feL*R)}. (173)
Then h; € X,, because

e hy(z) = OV (2 = —o0)

and

ehy(z) = O(e= "M% (2 — +00).

Thus translation is genuinely an element of the weighted space.

53. Recheck the two fundamental solutions

Ignoring constant normalizations,

hy = V(1 —t) (174)
and reduction of order gives
hy = V(1 —t)73/2. (175)
The Wronskian satisfies
W(t) = Cwt?(1 — )", (176)
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Consequently

ho(z) ~ e/ (x — —00),

whereas

ho(z) ~ €32 (z = 400).

A more useful independent left solution is obtained by subtracting the common e*/?
component:

by, = hy — Chy,

with C' chosen so that

hy(x) < /2, T — —00. (177)

Thus the indicial roots are exactly

‘ first rate second rate
T — —00 1/2 3/2 (178)
r — 400 -1 3/2.

The spectral gap around the translation mode is therefore explicit.

54. A correction to the naive inverse argument

Here is the point we must not skip.
Because
hy = 7]

decays at both ends, the whole-line operator has a nontrivial kernel. For a Fredholm
operator of index zero, that normally comes with a one-dimensional cokernel.
Therefore imposing merely

1(0) =0

removes the kernel but does not automatically make

glan—>Y;7

onto.

This means that the previous Green formula cannot be interpreted as a solution for
completely arbitrary f € Y, without checking a compatibility condition.

We can determine that compatibility condition explicitly.
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55. Compute the adjoint zero mode

Divide by —v and write the homogeneous equation as

Ah = 1"+ P(z)l! + Q(z)h = 0,

where
P(z)=—-2+ gt(x) (179)
The formal adjoint is
A =" — (PY) + Qy. (180)

A standard identity says that if Ah =0, then

77/} _ edea:h

solves A*y) = 0.
We already calculated

Taking h = hy = v/t(1 — t), we obtain

Y (t) = t73/2(1 — 1)3/? (181)
up to an irrelevant positive constant.
Since
1—t _x
— = ,
t
this simplifies dramatically:
Yy (z) = e 372, (182)

So the adjoint neutral mode is completely explicit.
This is a very useful discovery.

56. The exact solvability condition

If

Lh=f

and the boundary terms vanish in the chosen weighted pairing, then

(1, L1h) = (LY, h) = 0.
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Therefore necessarily

/ e 32 f(x) dx =0, (183)
R

whenever this integral is the appropriate convergent pairing.
Thus

Ran & C {f: (¢, f) =0}. (184)

Under the Fredholm realization with the corresponding endpoint conditions, this is the
expected codimension-one range.
So the continuation problem has:

dimker. £ =1, dimker £} = 1. (185)

This is the usual translation-degenerate heteroclinic situation.

57. Why this does not obstruct continuation

It tells us that we need one additional scalar degree of freedom.
Fortunately the profile problem already has natural scalar parameters.
For example, instead of freezing the right amplitude H, from the beginning, write

G(z) = H Z(x), (186)

and treat H as an unknown.

Alternatively one may retain a coefficient such as ¢, 7, or another normalization parameter
generated by the similarity reduction.

The correct implicit-function formulation is therefore not simply

F(a,Z) = 0.
It should be

F(, Z,H) =0, &(Z) =0, (187)

where ® fixes translation.
The derivative at the anchor has block form

F 2L q

where

q = aHy(]_, Zl,H*>.

Now there are two scalar degeneracies to handle:
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e &' removes the translation kernel;

e ¢ must span the missing cokernel direction.

The required transversality condition is simply

<w17 Q> 7é 0.
If (189) holds, the bordered operator (188) is invertible.

(189)

This is the standard Lyapunov—Schmidt mechanism, but here every ingredient at o = 1

is explicit.

58. Abstract bordered-inverse proof

Suppose
glh +aq = f’
together with
O(h) =r.
Pair (190) with ;. Since
<¢17 %h> = 07

we get

a{i1, q) = (¥, f).
Hence, provided (189),

a= <’¢17 f>
<77b17 Q>
Define
Jo=1[—aq.
Then
(1, fo) = 0.
Thus fy belongs to the range of %, and we solve
Ziho = fo.
The general solution is
h = h() + bhl
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Finally choose b from

O(h) =r:
T — @(ho)
b= ——— 193
D (h1) (193)
Since we choose the phase functional so that
®(h1) # 0, (194)
b is unique.
Therefore the bordered operator is bijective.
59. Quantitative inverse estimate
Let
deok = [(¥1,¢)| >0
and
dph = ’(I)(hl)| > 0.
Then
lal < dggllnlly; | flly, - (195)
Consequently
19111y [lally,
Iy, < (14 TG ) gl (196)
cok
If
LY, 0 — X,/ span{h, }
has Green bound C¢, where
Y77»0 = {f : <¢17f> = 0}7
then
1ol x, < Callfolly,, (197)
And
bl < dyy (Il + 121/ (|70l x,,) - (198)
Thus
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I1Allx, + lal < Chora (IIflly; + Il) - (199)

This is the precise inverse estimate needed by the implicit-function theorem.

60. Green estimate on the range subspace

For

f € K],Oa

the growing coefficient cancels by (183). Variation of parameters then gives a solution
whose endpoint behavior is governed by the decaying fundamental modes.
Schematically,

ha) =hole) [ Kulo)f@)dy + hale) [ Knh)f(0)dy, (200)
after the solvability cancellation, where the kernels are explicit combinations of
hi, hy, WL
The endpoint exponents give, for 0 < n < 1/2,

lwy(@)h(2)] < C, / e=le |, (1) £ ()] dy, (201)

where one may take ¢, > 0 depending on the distances

1

- — 1—n.
5 n
Young’s inequality therefore gives
lwnhllzz < Cyllwnfllr2- (202)
Using
glh - f

to solve for A", together with the bounded coefficients in (143), yields

H(*‘)nhHH2 < CnHanHL?' (203)

Thus, on the solvability subspace,

12]lx, < Caln, )| flly, (204)

This completes the functional mechanism modulo the precise choice of weighted dual
pairing at the left endpoint. For the final proof, I would formulate the weights using separate
exponential dichotomy spaces at the two ends so that (183) is interpreted rigorously; the
raw factor e~3%/2 itself is not in the ordinary unweighted L? dual.

92



61. Now perturbtol<a<1+4¢

Let the full bordered derivative be
(L qa
b = (% 0) '

L;!

At a=1,

exists by the bordered construction above, provided the transversality condition (189) is

verified for the particular scalar parameter retained in the profile equation.

From our previous Mellin calculation,

Mo = Myl < Crr(e = 1)

Smooth dependence of the remaining coefficients gives

Lo = Lil < Cpent(a —1). |

Set

Co = [[LT .
If

COOpert5 < 1:
then

L,=L; [T +L{* (L, —Ly)]

is invertible for every

I1<a<1+0.
Moreover,
_ Co
Lo < —=F=—-
1 — CoClertd
Choosing
1
C(()C’pert(s S 5
gives

sup ||IL;1|| < 20.
1<a<1+46

This is precisely the uniform inverse estimate we wanted.
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62. The implicit-function theorem now has the correct
form

Define

F(a,Z,H) = (ﬁ(gé,)f[))

At the anchor,

F(1, 7y, H,) = 0.

If the transversality condition

(1,057 (1,71, Hy)) #0 (209)

holds, then

Dz mF(1, 7, H,)

is an isomorphism.
The Banach implicit-function theorem then gives

3 5pr0f >0

and a unique phase-normalized branch

a— (Zy, Hy)
for
1 <a <14 dpor, (210)
with
Fla, Zy, Hy) =0
and

1 Za — Z1||x, + |Ho — Hy| < C(a —1). (211)

The left and right endpoint coefficients then vary continuously, so after reducing dpof,

Zo(z) >0 (212)

throughout the whole line.

94



The decisive remaining calculation

We have narrowed the profile continuation problem further than before. The multiplier
dependence, explicit anchor, kernel, adjoint mode, Green construction, and bordered mech-
anism are now available.

But there is one quantity we must actually compute rather than assume:

(e73 oy F (1,2:,H,)) . (213)

If it is nonzero for the correct amplitude or, if amplitude is not an independent param-
eter in the normalized profile problem, for the correct retained scalar parameter—then the
bordered derivative is genuinely invertible and the local interval profile theorem follows by
IFT.

So the next step is to go back to the exact autonomous G-equation, retain its ampli-
tude/coefficient parameter before normalization, compute ¢ = 0y.% explicitly at

Zy=(1+e )12

and evaluate (213). That calculation will tell us whether H is the right unfolding param-
eter or whether we should instead retain ¢ (or another similarity coefficient).

8 Part G

The endpoint index count shows that the adjoint mode is not in the dual of the weighted
range space. Thus the previous cokernel detour is not needed: for the small two-sided
weights considered here, the unphased linearized operator has Fredholm index +1, with
the one-dimensional kernel generated by translation, and imposing a single phase condition
produces the correct index-zero operator. In particular, no additional amplitude parameter
is required merely to restore surjectivity.

Let us make this precise, first at the explicit anchor

a=1.
For v = 0, the profile equation is
1
—I/F// — F2F/ — g(F13)/

After one integration, using the decaying condition at +oo,

1
—vF' = ZF3.
3
Hence
3V
Fi(s) =4/ ———
1(s) 2(s+ s0)
for so > 0.
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Write

so that
Fi(s) = ¢ (s 4 s0) V2.

The linearization of
M(F) = —vF" — F?F'

at Fj is
Lih = —vh” — F2h — 2F\ F|h.
Since
P2 3v
2(s + s0)
and 5
v
2R F = ————
141 2(8 + 80)27
we obtain 3 3
Lih = —uh” — .
2(s+ so) 2(s+ s0)?
This factorizes exactly as
3 !/
Lih=—v |+ h
! g [ 2(s + so) }
Indeed,
3 ’ 3 3
N+ ———h| =h"+ n — h.
[ 2(s + sp) } 2(s + sp) 2(s + s0)?
Therefore the homogeneous equation
Llh - 0
reduces to 3
n h=C
2(s+ s0) !
Multiplying by the integrating factor
(s 4 50)%?,
we obtain J
% [(S + 80)3/2]1(8)] = 01(8 -+ 50)3/2.
Consequently,

(54 50)%%h(s) = 2?01( + 50)°/%2 4 Oy,
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and hence

2C
1) = Bht 450 + Gl + 007

The first mode grows linearly as s — oo, while the second mode decays:

(S + SQ)_3/2 — 0.

Moreover,
Cy

Fl(s) = =2 (s 4 s0) 2,

so the decaying homogeneous mode is precisely the translation mode:

ker L, = span{F}}

in a decaying function space.
Thus the only kernel degeneracy is the expected translation invariance.
We now impose one phase condition. For example, after fixing s, we may require

1(0) = 0.

Since
F1(0) # 0,

the translation mode does not satisfy this phase condition. Therefore

ker L, |{h(0)20} = {0}.

We can do considerably better: the inverse can be written explicitly.
Suppose

Lih = f.
Define 3
9(6) = H(s) + s h(s)
Then
—vg'(s) = f(s),
or |
g(s) =~ 15
Imposing
g(0) =0
gives
o) =3 [ syar
Hence



Multiplication by (s + s0)3/? yields

s+ sg 3/2 0o
d% [(s + 50)3/2h(3)] = %/g f(r)dr.

Using the phase condition

we therefore obtain

<L#ﬁ@r=ﬂgfggﬁl7a+%ﬁ”(L%ﬂﬂdgda

This formula directly proves surjectivity in suitable weighted spaces and shows why an
additional cokernel condition is not required.
For example, fix

3
0< n < 5
and define
¥, = { £ supls 50?159 < oo
s>0
Let
M = || flly,.
Then
|F(T)] < M(7+s0) 727",
Therefore - -
/ f(r)ydr| < M/ (t+ 50)_2_77 dr,
and hence
& M
dr| < + 50) 177,
/S f(r)ydr| < . +77(8 So)

Substituting this estimate into the inverse formula gives

M S
h(s)| < s+ s 3/2/ o+ 50)/? " do.
)] < s (s ™2 [ (o 450)
For 5
O<n< =
n %
we have 32
s 3/2— -1
/ (0 +50)"/* " do = (5 50277 — 5
0 3/2—n
Consequently,




Since

h=g-— 5 h
2(s + so)
we also obtain \ 5
/ < —1-n )
|h' (S)| = V(1—|— )(S+SO) +2($—|—So)|h(8)|
Thus
|h'(s)| < C,,M(s + s0) 1T
Differentiating
3
=h h
g 2(s + s0)
gives
1 3 3
_ = — h// / _ h
/ 2(s + so) 2(s + s0)?
Hence
wo e 3 . 3

It follows that

Define

X, = {h :h(0) =0, sup(s+ so)"|h(s)| + sup(s + so) 7| (s)| + sup(s + s0)* A" (s)| < 00

s>0 s>0 s>0

b

Then the preceding estimates prove

1L £

X'r] S CVJ]Hf

YT] :

Therefore

Li: X, —Y,

is a bounded isomorphism after the translation phase has been fixed.
This agrees with the endpoint Fredholm count in logarithmic variables.
Indeed, introduce

x =logs
and
F(s) = s Y2G(x).
Then
F'" = g75/? <G” —2G" + §G>
4 )
SO

— 0, F = 575/ <—G” +2G" — %G) .
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Thus

3
Mo =—-D*+2D — T

Its Fourier symbol is

my(€) = €2 + 2i¢ — %

This is exactly what follows from the Mellin Gamma symbol

(A + D20 — A)

KI(\) = sin(a — A).
T
Setting
B 1
o =0~
and .
20(8) = —aq + 1€ = —a + 3 + &,
we have )
ma(§) = KF (—a to z’f) :
Therefore
r(2-— T (Ba— 2 —i 1
ma(§) = (2 OH-ZS) ( - zf) sin 7 (204— 5 —if) .
T
At a=1,

i (€) = LG HIOTG i) (g B Z.£> |

™

Using the Gamma recurrence and reflection identities gives
3 r .
mi©)=- (-1 (5-i¢).

(€)= € +2i€ - 5.

and therefore

Differentiating the exact symbol with respect to a gives

Oama (&) = my(§) {—@/} (g —« —|—z§> + 3¢ <3a — % — z§> + 27 cot <2a — % — z{)} )

Fix

1
0<d<-—.
< 4

For
1<a<1+4,

100



the Gamma arguments remain in pole-free right half-planes. Standard Stirling estimates
imply

Ima(§)] < C5(€)*.

The corresponding digamma estimates imply

[Oama(§)] < Cs(6)™ (1 +log()) -

For every
0<o<l,
after choosing
o
0<d0< —
— 4 )

the logarithmic factor can be absorbed into the additional Sobolev power, giving

|0ama(&)] < Cso <§>2+a.

The mean-value theorem then yields

[ma () = ma ()] < Csola — 1[(6)*".

By Plancherel,

[(Ma = M)Az < Csgla— 1[[hl] oo

Thus

0 M, € L (B> L)

is C! near o = 1.
We now check the Fredholm count directly in logarithmic variables.

Normalize
3v
H. (1) =14/ —
=y/5
and write (o)
Zy(x) = T2 = (14 e ) V2
(@)= Fy = ()
Set .
tx) = Zy(x)? =
(@) = 21 = T
Then
t'=t(1—1)
and

1 1
Zl = 5211 - 7% = 5\/%(1 —1).

The linearization in G-variables is

1
~Ah=—h"+ (2 - §t> h' + (—§ + 3 + §t2> h.
1%

2 4 4 2
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As
T — —00, t— 0,

the limiting homogeneous equation is

3
—h" 4+ 20 — -h =0,
4
or 5
h” - 2h, + Z__Lh - O
Its characteristic roots are
w1l e_3
- 2’ - 2
Both modes decay as
x — —00.
At the other endpoint,
T — +o00, t— 1.
The limiting equation becomes
1 3
—h"+ =W +-h=0
+ 2 + 2 ’
o 1, 3
n' —=h"—=h=0.
2 2

Its characteristic roots are

_ 3 @ _
)\+ —57 )\+ —_1.

Exactly one mode decays as
Tr — +00.

Consequently, for a sufficiently small two-sided exponential weight
0<n< L
n 9

the dimension of the admissible subspace at the left endpoint is 2, while the dimension of
the admissible subspace at the right endpoint is 1.
For the associated first-order 2 x 2 system, the Fredholm index is therefore

ind# =2+1-2=1]

This is exactly consistent with the translation kernel
ker % = span{G] }.

Hence

dimker & =1, codim Ran . = 0.
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In particular, the formal adjoint solution previously obtained does not generate a cokernel
element in these weighted spaces. The reason is that its growth at the left endpoint excludes
it from the relevant dual weighted space.

After imposing one phase condition transverse to translation, the kernel dimension de-
creases by one. Hence the phase-fixed operator has

ind £ = 0.

Since its kernel is trivial,

ker 2" = {0},

and the range already has codimension zero, we obtain

h : : :
L XPM — Y, is an isomorphism.

Thus the correct continuation picture at the anchor is

. one phase condition . .
one translation kernel +  zero cokernel > bounded isomorphism.

There is therefore no need, at this stage, to introduce an artificial amplitude variable
solely to compensate for a supposed one-dimensional cokernel.
The next issue is the genuinely nonlocal one.

For
l<a<1+9,
set
B 1
aa—oz—é,
and

F,(s) = s %Gy(logs).

The autonomous equation is

VMo, Go = G2G. — cuG3,

where, for v =0,

200 — 1
Co = .

2

The equilibrium amplitude is not a free parameter. At

Go = Hi (o),
we have
VK] (—an)H,(a) = —co H, ().
Hence
+(_
H*(Oé)2 — _VKa( a’a)
Cq




At a=1,

and

SO

as required.
The desired heteroclinic satisfies

Go(—0) =0, Go(+0) = H. ().

The left asymptotic exponent is determined by

K (—aq+qo) = 0.

Since
—0q + Qo =@ — 17
we obtain
3
o = 200 — 5
Thus

Golz) ~ Agele” (r — —o0).

At the anchor,

q1
which agrees with
1 3
Zl(ZL‘) _ (1 + e—x)—l/Q _ 6;10/2 . 563x/2 + g65x/2 + 0(67$/2).
At the right endpoint,

1 3
Zi(z)=1- 5671 + ge*QI + O(e™™).

Therefore the explicit a = 1 profile has precisely the two asymptotic structures required
for a local continuation argument.

The remaining analytical point before invoking the implicit-function theorem is to verify
that the particular one-sided realization of

(_885)a
used in the profile equation has an operator domain that varies continuously through

a=1.



This point cannot be skipped.

The Mellin identity is written using
A
5%,

namely

(—(955)0‘53\r = K (\)s* %,

(67

For

the desired profile satisfies

SO
F,(0)=0
At the anchor,
a=1,
however,
Fi(s) = cy(s + so) /2
has

Fi(0) = ¢,s5 % > 0.
A

Thus, if the notation s} corresponds to literal zero extension to the negative half-line,
the trace of the extended profile changes qualitatively at o« = 1. In that realization, the
local differential equation for s > 0 does not by itself establish continuity of the fractional

operator domain at the anchor.

Consequently, the correct continuation theorem has the following logical structure:

explicit profile at a =1
\

phase-fixed linearization is invertible

4

Mellin multiplier is C! in «

4

4

apply the implicit-function theorem

4

verify compatibility of the one-sided realization/domain at o = 1

36>0: 1< a<1+ 4§ admits a nearby profile.

Thus the phase-fixed linearization itself is not the obstruction.

At the explicit a =

1 anchor it has the correct invertibility structure. The next decisive step is to identify
precisely the extension convention and operator domain underlying the manuscript’s one-
sided fractional operator and prove that this realization is compatible with continuation

through o = 1.
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9 Part H

Continuation of the One-Phase Profile from a =1

We now continue the one-phase profile analysis from the explicit a = 1 solution.
objective is to replace the isolated value a = 1 by a genuine interval

l<a<14+6

for some § > 0.
For the first continuation theorem we take

v =0.

The profile equation is therefore

V(—0,)"F, = F2F

a” o)

l<a<149.

Introduce

Ao = O — —,

2

and make the logarithmic change of variables

x = log s, Gao(z) = 5" F,(s).

Equivalently,

F,(s) = s % Gy(log s).

The one-sided Mellin realization used is

(=0s)"sy = K F(N)s* 2,

where
r DI 2a —
K\ = A+ DI =) sin(a — A).
T
Consequently,
(—04s)*F = 572 M, G,
where

Mg, (M) = K (—aq + N)eM.

The autonomous profile equation becomes
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UM, G = G2G' — ca G2,

with

The desired heteroclinic satisfies

G(—o0) =0,  G(+o0) = H.(a).

The right-hand equilibrium is not a free amplitude. Substitution of G = H, into the
autonomous equation gives

VK] (—an)H, = —co, H?,

and hence
K+(—
12(0) = - el 20a)
Ca
At a=1,
1 1
a1 = 57 G = 57
and
1 3
K (5) =
Therefore
1) =S,
so that
3v
H, (1) =4/ —.
M=%

The Explicit Anchor at a =1

When

the profile equation reduces to
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1
—VF” — FQF/ — g(FS)/'

Integrating and choosing the decaying branch gives

—vF = 1Fi”.
3

Hence

3v

Fl(S) = m

Using the scaling symmetry, we fix the translation/scale phase by choosing

Thus
3v
Fi(s) =1/ 5 (1+s)712
Since
Gi(r) = 31/2F1(5)7 s =e",
we obtain
[ 3v er 1/2
Define
3
Hi=\/5
and normalize by
Gi(x
Zy\(r) = ;__,(1 )
Then
Zi(z) = (1 +e )72
Introduce
9 1
o) = Z2(a) = T
Then
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' =t(1—t)

and

2

1 1
7 = 3211 - 7% = Vi1 —1).

Equivalently,

6117/2

1
Z(g) = =
1) = 3 a5 e

The endpoint expansions are

1 3
Zl(ill') — 61/2 . E63:1:/2 + §€5:1:/2 + 0(671/2)’

r — —00,

and

T — +00.

1
(1)==
¢-(1) =3,
whereas the right decay exponent is
7“+(1) =1
For general «, the Mellin balance gives
—Go +A=a—1,
and therefore
3
(a) =20 — =.
¢-(a) =20 -5
In particular,
1
q,(a)ﬁi as a ) 1.
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Exact Mellin Symbol Near a =1

Set

20(§) = —a, + i€ = —oz—i—%—l—z{.

The Fourier—Mellin symbol is

ma (&) = KT (—a + % + z’g) .

Using the exact Gamma-function representation,

3 . T
ma(§) = F<§_a+l€)£(3a_§_z€) Sinﬁ(Qa—%—if).
At a=1,
1 5_ .
(6) - F(§+z§)ﬁF (-0 (g_%).

Using the Gamma recurrence relation,

(- ()G9 i-)

I . m
: <§+Z£) F (§_Z£) ~ cosh ¢’

together with

and
sin (%T — mg) = — cosh 7§,
we obtain
3 . r
= (3-6) (1)
Therefore
2 : 3
mi(§) = & + 2i€ — 1
Consequently,
3 d
=_-D*+2D - = D=—.
Mz + 4’ dx

This agrees directly with the conjugation formula
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F(s) = s2G(log s).
Indeed,

F”(S) _ 8—5/2 (G// . Yel + ;LG) ’

SO

— 0, F = s75/? (—G” +2G" — ZG) .

Perturbation of the Mellin Symbol

Differentiate the exact symbol with respect to . Writing ¢ = I"/T" for the digamma function
gives

Oama (&) = my(§) [—@ZJ (g —« +i§> + 3¢ <3oz — % — i{) + 27 cot (Qa — % — 25)} )

Fix
0<d<-.
For

1<a<1+Y9,

the Gamma-function arguments remain in pole-free right half-planes.
Stirling asymptotics imply

Ima(€)] < C5(€)*.

The standard digamma estimate gives

[0(2)] < C(1 +log(S2))

uniformly in the relevant vertical strips. Hence

[Oama ()] < C5(€)* (1 + log(€)) -

For every

0<o<l,

choose
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0<o<

Then

2a§2+25§2+%,

and the logarithmic factor may be absorbed into the remaining power. Therefore

‘aama (§)’ < Cé,a <£>2+G-

The mean-value theorem now gives

1Mo (&) —my(§)] < Csqla — 1[{E)*H7.

By Plancherel,

[(Ma = M)Az < Csola— 1|1l

Thus

My — My in L(H*Y7, L) asall.

Moreover,

a— M, € L(H*™ L%

is C! in a sufficiently small neighborhood of @ = 1.

Linearization at the Explicit Anchor

At
1
o = 17 C = 57
the autonomous equation is
S
VMl/QG: GG — éG .

Define

F(l, G) = VMl/QG - G2G/ + %Gs

The linearization at Gy is

Lh=v (—h” + o — Zh) —2G,G\h — G2 + ;th.

112



Since

3v
G? ="t
)
and
G,G" 3
S = _t(l - t)v
v
we obtain

1 3 3 3 3
S Sh=—h"+ (2=t )W+ (=S4 S+ 2 b
4 h+< 2t) +< 4+4t+2t>

Translation invariance implies

Thus the translation mode is

hi(z) = G (z).
Up to the constant factor Hy,

Its asymptotic behavior is

1
hy(z) ~ Eexﬂ, T — —00,
and
1
hy(z) ~ ¢ v x — 400.

Second Homogeneous Solution

Multiply the homogeneous equation by —1 and write it in standard form

h" + P(z)h' + Q(x)h = 0,

where

P(r) = ~2+ St().

Reduction of order gives
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" ) /efP(a:)dxd
2="nhy | ———ax.
hi

Using
' =t(1—1),

we obtain

‘e—dex — 21— t)—l/?‘

up to an irrelevant nonzero multiplicative constant.

Since
h? oc t(1 —t)?,
we find
— [ Pdz
¢ ® o t(1 — )72,
Using
dp — dt |
t(1—1)

the integral becomes

/(1 — )2 dt o (1 —1t)75/2,

Hence one may choose

ho(z) = V(1 — )72,

At the right endpoint,

1—t~e™,

and therefore

ho(z) ~ e3/2, T — 400.

At the left endpoint,

t~e",

so the displayed hy shares the leading e*/? behavior of the translation mode. Subtracting
the appropriate multiple of h; produces the second left mode with behavior

ha(x) ~ €372, T — —00.
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Thus the asymptotic characteristic exponents are

1 3
)\(1) _ = )\(2) _ =
2’ - 2
at * = —o0, while at x = +o00 they are

3
A =1, AP = 5

Indeed, as © — —o0,

t— 0,

and the limiting equation is

h" —2h" + Zh:O,

whose roots are

13
A= —, =
272
As x — 400,
t—1,
and the limiting equation becomes
1 3
n'—=h'—=h =0
2 2 ’
whose roots are
3
A=—1,-.
2

Correct Fredholm Index Count

Choose a two-sided exponential weight satisfying

1
0<n<—.
=3
Let
e x K0,
wy(x) <
e, x> 0.
Consider
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X, ={h:w,h € H*R)},

and
Y, = {f cwyf € LQ(R)}.
At © = —o0, both characteristic modes
6:v/27 €3$/2

belong to the weighted space because

0< <1
T’ 2’

Thus the dimension of the admissible subspace at the left endpoint is

d_=2.
At x = +00, only

belongs to the weighted space, whereas
e3m/2
does not. Hence

For a second-order scalar equation, the Fredholm index is therefore

ind% =d +d, —2=2+1-2=1.

The kernel contains exactly the translation mode,

ker & = span{G] }.

Consequently,
dimker & =1
and
inxl;%ﬂ =1
imply

dim coker .4 = 0.

Therefore there is no additional cokernel compatibility condition in these weighted spaces.

116



In particular, the formal adjoint solution that grows strongly at x = —oo does not belong
to the appropriate dual weighted space and does not define a cokernel functional.

Thus an additional free amplitude parameter is not required merely to remove a cokernel.

The only degeneracy is the expected translation symmetry.

Phase Fixing

Fix the translation by imposing, for example,

1
Z(0) = —.
0=
At the anchor,
1

Since

, 1

Z1(0) = 4_\/§ # 0,

the translation orbit intersects this phase condition transversally.
Equivalently, for perturbations h,

h(0) = 0.
Since

G1(0) #0,
the translation mode does not belong to the phase-fixed domain.
Thus

ker (,fl|{h(0):0}) = {0}.

Because the unrestricted operator has Fredholm index 1, imposing one independent scalar
phase condition lowers the index by one. Therefore

ind (A 00y ) = O

Since the phase-fixed kernel is zero, its cokernel is also zero.
Hence the phase-fixed operator is the correct candidate for an isomorphism.
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Direct Verification in the Original s-Variable

The invertibility can be seen particularly transparently at o = 1 before passing to logarithmic

coordinates.
[3v _
Fl(S): 7(54_50) 1/2.

Recall
The linearization of
—vF" —F?F' =0

at I is
Lh = —vh" — th’ — 2F Fih.

Since

2 3v

L 2(s+s0)]
we obtain

Lih = — (vl + F2h)’.

Equivalently,

!/
Llh = —UV |:h/ + L)h‘| .

The homogeneous equation

Llh = 0
integrates once to
3
h'+————h=C.
2(s + s0)

Multiplication by the integrating factor

(s + 30)3/2

gives

d
o [(s+ 30)3/2h} = Cy(s + 50)*/2.

Therefore
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2C
1) = Bht 450 + Gl + 007

The growing solution

(s + so)

is excluded by the decay condition.
The remaining homogeneous solution is

(s + so)_3/2,

which is precisely proportional to the translation derivative

Thus the decaying kernel is exactly one-dimensional.
Imposing

1(0) =0

eliminates this mode.

Explicit Phase-Fixed Inverse

Let

Lih=f.
Set

Then

Impose the decaying condition

It follows that

Now solve

119



subject to the phase condition

Multiplication by (s + s¢)*/? gives

d% [(s + 50)*2h(s)] = (s + 50)*?g(s).

Hence

(54 50)%/*h(s) = /Ds(a + 50)%?g(0) do.

Substituting the expression for g,

-1 — 1 ’ 3/2 >
(L3 f)(s)—m/o(lf-i-so)//g f(r)dr do.

This gives an explicit inverse for the phase-fixed linearized operator.

A Concrete Weighted Estimate

Let
r =5+ Sp.
For
3
O<n< =
n 9
define
1Ny, = supr®*7|f(s)].
s>0
Let
M= |fly,-
Then
|F(T)] < M(7+s0) 27",
Therefore

/OO |f(T)]dr < M/Oo(7'+ s0) 27" dr,
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and hence

Consequently,

For

we obtain

Thus

Furthermore,

SO

Differentiating

gives

Since

we obtain

[ i< £

(5+s0)" 17"
Ui

/s(a + 50)/* M do < rie

0 ° = 3/2-1
M -n

Mol < e =

W (3)| < Clp M1,

3

— W+ —h
g +2r
3 3
l:h/l _h/__
g 3 212
1
g/ = __f7
v
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1
W =——f - Sy

2r 272
Therefore
K (s)| < C,y Mr=27".
Define
|Allx, = sup r”|h(s)] + supr' W' (s)| + sup r*T7|h" (s)|.
s>0 s>0 s>0
Then

||L1_1fHX7] S GVaanHYn'

Thus, on these phase-fixed weighted spaces,

Llan—>Y;7

has a bounded inverse.

This explicitly confirms the Fredholm conclusion: the only noninvertibility of the unre-
stricted anchor linearization is the translation mode, and after phase fixing no additional
amplitude parameter or adjoint compatibility condition is required.

The Remaining Continuation Issue

The preceding argument establishes the two principal ingredients at the formal continuation
anchor:

phase-fixed invertibility at o =1,

and

My — M =0(la—1]): H**7 — L2

However, one further structural point must be verified before applying the Banach-space
implicit-function theorem without qualification.
The Mellin formula used above is a one-sided realization involving
Y

For o > 1, the desired left endpoint behavior is

Fo(s) ~ Ags® 1, s40,

and therefore

Fy(0) =0



for every o > 1.
At the anchor a =1,

SO

3v
F1(0) = 25, # 0.

Thus the boundary trace of the F-profile changes at the endpoint a = 1.
This does not appear as a discontinuity in the logarithmic variable, because

Go(r) = s*F,(s)

satisfies
Go(—00) =0
for all a near 1, including o = 1.
Indeed,
G1(z) ~ Hye?, r — —00.

Nevertheless, the underlying fractional realization acts on F', and therefore the precise
exterior-extension/domain convention at s = 0 must be included in the continuation theorem.
In particular, before asserting

‘EI 0 > 0 such that profiles exist for every 1 <a <1+ 5,‘

one must verify that the one-sided fractional operator used forms a C' family on a
common Banach domain after the Mellin conjugation, including the endpoint/exterior-data
convention.

This is the remaining functional-analytic point in the local continuation argument.

Corrected Status of the Continuation Argument

The analysis above gives the following hierarchy.
First, the explicit anchor is exact:

Second, the Mellin symbol is exact:
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3 _ ; _1_y
mea(§) = LG -at Zf)i(Sa : — %) sin <2a 1 Z§> .
Third,
2 .3
my(§) =& + 2i - 1

Fourth, for every sufficiently small fixed ¢ > 0,

[(Ma = My)B||2 < Cla = 1][[A]| e

Fifth, the unrestricted anchor linearization has exactly the translation kernel and Fred-
holm index 1:

ker 4 = span{G}}, ind# = 1.

Sixth, the phase condition removes this kernel:

h(0) = 0.

The phase-fixed operator has index zero and trivial kernel, and the direct s-variable
calculation provides an explicit bounded inverse.

Therefore the earlier introduction of a separate adjoint compatibility condition and a
free amplitude parameter is not required by the anchor linearization in these small-weight
spaces.

The remaining issue is not an algebraic degeneracy of the @ = 1 linearization. It is
the precise compatibility of the one-sided fractional operator, its exterior extension, and its
domain as « | 1.

Once that common-domain C*! property is established, the natural next step is to define

F(a,G) =0

on the phase-fixed weighted Banach spaces and apply the implicit function theorem at

(o, G) = (1,G).

That would yield a genuine local branch

a— G,
for
1<a<1+3,
with
Go(—0) =0, Go(+0) = H. (),
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and hence

F.(s) = s @ 12G,(log s).

The corresponding endpoint behavior would be

Fo(s) ~ Ags® 1, 510,

and

Fo(s) ~ H,(a)s™@1/2), 5 — 00.

Thus the central remaining task for the interval theorem is to close the operator-domain /exterior-
extension step and thereby place the exact anchor inverse and the Mellin-symbol perturbation
estimate into one common Banach-space implicit-function-theorem framework.

10 Part 1

Continuation Audit Near o =1

The endpoint index count shows that the previous cokernel detour must be reconsidered. In
the small two-sided exponentially weighted spaces, the formal adjoint mode does not belong
to the relevant dual space. The phase-fixed linearized operator is therefore the correct object
to study, and there is no reason at this stage to introduce an additional amplitude parameter.

We begin again from the exact o = 1 profile and prove the phase-fixed invertibility
directly.

1. Exact profile at a =1
For

the profile equation becomes
—VF” — FZF/ — l(FS)/
3 .

After one integration, with the integration constant chosen to vanish at infinity,

1
—vF = ZF3.
3
Hence
3v
Fi(s) =
1(s) 2(s + s0)
for sg > 0.
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Write

so that
Fi(s) = ¢ (s 4 s0) V2.

The translation parameter sg is the one-dimensional symmetry which must be removed
by a phase condition.

2. Direct linearization in the s-variable

Define
Fi(F) = —vF" — F?F',

Linearizing about Fj gives

Lih = —vh" — F?W — 2F\ F]h.

Since
F12 — 3—V7
2(s + so)
we have 3
v
nF = ——» %+
T (s + 50)2
Therefore 3 3
Lih=—wvh' — 22 g 2V
! Y 2(s + so) 2(s + s0)?
Equivalently,

3 /
Lih=—v|W+—"h|.
) y[h +2(s+50)h}

This factorization makes the kernel and inverse completely explicit.

3. Homogeneous equation

Suppose
Lih =0.
Then
3 !
hN+—h| =0,
{ 2(s + s0) }
and hence

h+———h=C.
* 2(s + so) !
Multiplication by the integrating factor
(54 50)%/?
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gives
% [(s + 30)3/2h(s)} =Ci(s+ 30)3/2.

Consequently,
2C
(s + s0)¥/2h(s) = Tl(s + 50)%/2 + s,

and therefore

2C
h(S) = Tl(s + 30) + CQ(S + SQ)_3/2.
The first solution grows linearly as s — oo, whereas the second solution decays.

Moreover,
Cy _
850F1 = —5(84‘80) 3/2,

so the decaying homogeneous mode is precisely the translation mode.
Thus, before imposing a phase condition,

ker Ly = span {(s + so) "¥/?}

in the natural decaying class.
A phase condition removes this one-dimensional kernel.

4. Explicit phase-fixed inverse

Consider
Lih=f
Define 3
=n h(s).
016 = W(s) + 5ol
Then

If the admissible solution satisfies

g(o0) =0,
then
1 o0
oo =3 [ sy
v S
Now solve 5
h + h =
20 +s0) Y

Multiplying by (s + s)%/2,

d% (s + 50)*2h(s)] = (5 + 50)*?g(s).

Choose the phase condition




Integration from 0 to s gives

(54 50)%/*h(s) = /Os(a + 50)%?g(0) do.

Substituting the formula for g,

-1 — 1 ’ 3/2 -
(L3 f)(S)—W/o(U+SO)//U f(r)dr do.

Thus the phase-fixed inverse is not merely abstract: it is given by an explicit integral
operator.

5. Weighted estimate

Let
T =S5+ Sp.
For 5
0 e
<n<sg
define
1 flly, = Sglg(s + 50) 27| f ()]
Let
Then
|F(T)] < M(7+s0) 27",
Therefore - -
/ f(r)dr| < M/ (7 +80) 2 "dr.
Hence
& M
5 f(r)dr| < 1+n(8—0—30)* n
It follows that
19(5)] € —— (s + s9) 7
~v(l+mn) ’
Using the explicit inverse,
M S
hi(s)| < ——(s+ s 3/2/ o+ s0)/? " do.
)] < s+ 50 [ (ot s0)
Since
0<n< §
n %
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we obtain

Consequently,
M
R R A
Next,
h=g-— 5 h
2(s + so)
SO
[P (s)] < CupM(s + 50) "
Finally, ; ; .
g = 2(s+ so) - 2(s + so)2h - _;f
Thus ) ] 5 / 5
= _;f_ 2(s+so)h 2(s+so)2h’
and hence
A" ()| < CupM(s + 50) "
Define

X, = {h :h(0) =0, sup [r"|h] + 'R + 7 TR"|] < oo} :

s>0

Then

LY, — X,

is bounded.
In particular,

1Ly fllx, < Conllfly,,-

Therefore the phase-fixed linearization at the explicit @ = 1 profile is an isomorphism in
these weighted spaces.

6. Why the previous cokernel conclusion does not follow

The same conclusion is visible from the endpoint index count in logarithmic coordinates.

Set
1

- 1+e=

x = log s, t(z)

After normalization,
Zi(x) = (1+e) 72 = /i(a).
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The linearized equation is

1 3 3 3 3
~ %4 h=-1" 2——t|n —~ 4+ t+ =t ) h.
s = -n (2= o) (<54 204 30)

As
T — —00, t— 0,

the limiting homogeneous equation is
" / 3
—h" +2h" — Zh =0.

Equivalently,
3
h" —2h' + Zh =0.

Its characteristic roots are

Both modes decay as © — —o0.
As

the limiting equation becomes

Equivalently,

whose roots are

3
A =1, AP = 5

Thus exactly one mode decays as © — +oc.
For a sufficiently small two-sided exponential weight

1
0<n< =
Ui 9

the admissible dimension at the left endpoint is therefore 2, whereas the admissible dimension
at the right endpoint is 1.
For a second-order problem this gives the index count

24+1-2=1.

Thus the unphased operator naturally has Fredholm index 41, consistent with its one-
dimensional translation kernel and zero cokernel.
After imposing one scalar phase condition, the index becomes
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Since the translation kernel is removed, the phase-fixed operator is the candidate isomor-
phism.

This agrees exactly with the explicit inverse obtained above.

In particular, the formal adjoint solution which grows strongly at x — —oo cannot
automatically be interpreted as a cokernel functional. Membership in the dual weighted
space is essential.

Hence a condition of the form

/ e 32 f(x)dr =0

is not justified merely by the existence of that formal adjoint solution.
No additional amplitude parameter is therefore required on the basis of that argument.

7. Mellin symbol for the fractional continuation

For

G:Oé—§,

the manuscript uses

F(s) = s *G(log s)

and

(—0,)°F = 522 M,G.
The Mellin multiplier is

KHo) = LAFDIRa=N) o).

™

Consequently,
M,y (e) = KF(—a+ \)e.

For Fourier frequency &, define

%) = —a+if = —a+ =+ it

2
Then
ma(§) = Kf (—a + % + ig) :
Therefore
ma (&) = MG —at i§)£(3a —3 %) sin 7 (2a - % - if) :
At

this becomes




Using the Gamma recurrence and reflection identities,
3 1 3
mi(§) = — (5 —if) (5 —if) = €% 4 2i€ — 1

My =—-D*+2D —

Thus

. D=—.

o

This also follows directly from
F(s) = s Y2G(log s).

Indeed,

= 875/2 (G// —2G + %G) :

and therefore

— O, F = s75/? (—G” +2G" — ZG) .

8. Differentiation with respect to «

Differentiating the exact Gamma-function multiplier gives

Oama (&) = my(§) |:—77/J (§ -« +z§> + 3 <3a — % — zf) + 2w cot (2a — % — zf)] ,

2
where ()
z
WZ) - F(Z)
is the digamma function.
Fix
0<5<1
1
For
1<a<1+9,

the Gamma arguments remain in pole-free right half-planes, and the sine factor remains
away from its zeros for real &.
Stirling asymptotics imply
Ima(€)] < Cs5(6)™.

The standard digamma asymptotic
U(z) =logz + O(|2|™)

gives

[Gama(€)] < C5(6)* (1 +log(€)) -
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Given

0<o<l,
choose -
0<d<—.
— 4
Then o
2a§2—|—25§2+§.
Since
1+ log(€) < Cx()7",
we obtain

|0ama(§)] < Cs,0 <§>2+U-

By the mean-value theorem,

1Mo (&) —my(€)] < Csqla — 1[{E)*H7.

Hence Plancherel’s theorem gives

[(Ma = Mi)hl[r2 < Csola = 1[|A]l g2+o-

Thus

a— M, € L(H™,L?)

is C! in a neighborhood of o = 1.

9. Autonomous profile equation

For

CL:C(—§,

the logarithmic profile equation is

vM,G = G*G' — G?,

where

_2a—1—vy
= 5 )

C

For the first continuation theorem we take

SO
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The desired heteroclinic satisfies

G(—o0) =0, G(+00) = H, ().

The equilibrium value is not a free amplitude. Substituting G = H, into the autonomous
equation gives
vK!(—a)H, = —c,H?.

For H, > 0,
K+(—
2(0) = - e l20)
Ca
At a=1,
1 1 3 1
a=3, K <—§) =7 “a=3
Therefore
H2(0) = Sv
which agrees with
H.(1)=¢,.

Thus H,(«) is determined by the equation itself and, provided the Gamma factors remain
regular, varies smoothly with o near 1.

10. Endpoint rates
The left Mellin root is determined by

—a+A=a-—1.
Since
1
a=o——,
2
we obtain
3
A=¢q_ (a) =2a— .
2
At a=1,
(1) =1
g-(1) = 3.
Indeed,

has the expansion

1 3
Zl(l’) — 6:5/2 . 56333/2 + §65x/2 + 0(673:/2)’ T — —00.
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At the right endpoint,

1 3
Zi(z)=1-— ie*x + ge*% +O(e™™), T — +00.

Thus the anchor profile has left decay exponent

1
2
and right decay exponent
1.
These are exactly compatible with choosing a sufficiently small exponential weight
0<n< 1
2

11. What is now established at the continuation anchor

The explicit a = 1 calculation establishes the following facts:

3v

i) Th file Fy = | —7—
(i) The profile Fy 205+ 50)

is explicit.

(ii) The unphased linearization has exactly the translation mode
(5 4+ 50)"%? in the natural decaying class.
(iii) A phase condition removes this kernel.

(iv) The phase-fixed inverse is explicitly

-1 — 1 ’ 3/2 Oo
(L f)(s)—m/o(d—l—so)//g f(r)drdo.

(v) The inverse satisfies weighted estimates.

(vi) The Mellin multiplier depends continuously and

C'-smoothly on « in stronger Sobolev topology.

Therefore the earlier proposed cokernel obstruction is not supported by the correct end-
point index count.

The remaining issue for a rigorous implicit-function continuation is not an additional
scalar solvability condition. The decisive remaining issue is to put the nonlocal one-sided
fractional operator and the o = 1 anchor into one common Banach-space framework in which

DqF(1,Gh)

is the phase-fixed isomorphism above and

(o, G) — F(a, G)

is C1.
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12. The remaining operator-domain question

There is one structural point which must be checked before invoking the implicit function
theorem.
The Mellin formula is written using
A
Sy
and a one-sided realization:

(=0s)sy = K F(N)s* 2

a

For

the desired profile has

SO
F,(0)=0
At the anchor
a=1,
however,
Fi(s) =c,(s+ 50)_1/2
satisfies

Fi(0) = cysal/2 > 0.

Thus, if the one-sided fractional operator is defined through zero extension to s < 0, the
boundary trace of the profile changes at @ = 1. In that realization, the operator domain
itself may not vary continuously through the anchor.

This point cannot be removed merely by the Mellin multiplier estimate.

The logarithmic variable
Gao(x) = 8" F,(s)

does improve the endpoint geometry because
Go(—00) =0
for all a near 1, including the anchor:
Gi(z) = ¢, (1 + e )72,
Nevertheless, the underlying realization of
(—0ss)”

must still be specified consistently.
Therefore the next rigorous step is:

identify the exact one-sided extension/domain convention and prove that the transformed operator is C*

Once that is established, the phase-fixed invertibility calculation above provides precisely
the linear ingredient needed for the Banach-space implicit function theorem.
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13. Target continuation theorem

The desired theorem can then be formulated as follows.

Target Theorem. There exists
0>0

such that for every
1<a<14+96

there exists a phase-normalized positive profile

Ga
solving
2 1 1
YMaGo = G2G = =G, an=a -3,
2 2
with
Go(—00) =0, Go(+00) = Hi(a),
and
Ga — G1
in the selected weighted profile space as
al 1l
Moreover,
Go(z) ~ Aae(za_%)x, T — —00,
with
A, >0,
and
Go(x) = Ho(a) > 0, T — +00.
In the original similarity variable,
F,(s) = s % G,(log s),
so the left endpoint satisfies
Fo(s) ~ Ags®, s40,
while
F,(s) ~ H*(a)sf(""%), 5 — 00,
The explicit a = 1 phase-fixed inverse and the Mellin-symbol perturbation estimate

establish the two principal local ingredients for this theorem. What remains is to verify that
the precise one-sided fractional realization supplies a common C* operator framework across
the endpoint o = 1.
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11 Part J

12 Correction of the Fredholm Analysis at the Explicit
a =1 Anchor

We now return to the explicit anchor at

a=1, v = 0.

The purpose of this calculation is to determine the precise invertibility properties of the
linearized profile operator. In particular, the previous appearance of an adjoint mode must
be interpreted in the correct weighted space before it can be used to infer the existence of a
cokernel.

The conclusion will be that, in the natural small exponentially weighted spaces, the
unphased operator has Fredholm index 1, with the one-dimensional kernel generated by
translation. After fixing the translation phase, the operator has index zero and is invertible.
No additional amplitude parameter is required at the a = 1 anchor.

12.1 The explicit profile
For

the scalar profile equation becomes

1
—I/F// — F2F/ — g(F13)/
After one integration, using the decaying condition at infinity,
1
—vF' = ZF3.
3
Hence
3v
Fi(s) = .
1(s) 2(s + so)
Choosing the translation phase
So — 1,
we obtain
3
Fi(s) = ,/7” (1+s)12
Let
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Then

The logarithmic variable is

xr = log s,
and for a =1,
B 11
a=oa—5 =
Therefore
G (z) = s/*Fy(s)
Consequently,
G () e?/? (1+ —a;)—l/?
) =c¢, =cy, e
' Jlter
Defining
G
Zl (‘T) = l(x) )
Cy

we obtain the explicit heteroclinic

Zy(z) = (1 e )72

Introduce
Hz) = Z)(2)? = —
- Cl4en
Then
' =t(1—1t),
and
Zl - \/l_f
Therefore
1 1
7l = —t' = =Vt(1—1).
Thus
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1
7, = 521(1 —7%).

Equivalently,

1 er/2
/ —_—
28 = 3 e

12.2 Endpoint asymptotics

As
T — —00,
we have
e’ =0
Therefore
Zy(z) = (1 4 %)~ V2,
Expanding,
x\—1/2 1 x 3 2z 3z

(14 €") :1—56 —i—ge + O(e™),

SO
/2 1 3z/2 3 5x/2 Tx/2
Zi(x)=e —5e +§e + O(e™*).

Similarly,

1 3 . 15
Z{([L’) — 569:/2 . Z6396/2 + Ee593/2 + 0(67:6/2).

At the other endpoint,

T — 400,
we have
Zy(z) = (1+e")2
and hence
1 3
Zy(z)=1- 56_5” + ge_% +O(e™).
Therefore
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1 3
Zy(x) = 56_36 - Ze_% + O(e™).

Thus the translation mode decays at both ends.

13 The Exact Mellin Multiplier

The one-sided Mellin multiplier is

Kf(\) = L+ DEZa = ) sin(a — A).

™

Set

For

F(s) = s *G(logs),
the fractional operator takes the form
(—04s)*F = 572 M, G,
where

Mg, (M) = K (—aq + N)eM.

On Fourier modes

ez&E,

define

20(§) = —a, + i€ = —oz—i—%—l—zf.

Then

Substitution gives

ma(g):F(%—a%—if)F(?)a—%—@f') sinw(?a———if
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13.1 The multiplier at o =1
At

a=1,

we have
mi) = TGS g (5 e)

™

Using the Gamma recursion and reflection identities,

ma(€) = (g - ié) (% - z’&) |

Therefore
2 . 3
ma(§) = & + 2i€ — 1
Consequently,
3 d
=-D*4+2D — = D=—.
My i 4’ drx

This agrees directly with the conjugation identity

F(s) = s~ 2G(log s).
Indeed,

" = 875/2 (G// B Tel + EG) :

SO

— 0, F = s75/? <—G” + 292G’ — ZG) .

Thus the Mellin calculation and the direct differential calculation agree exactly.

14 Perturbation of the Mellin Symbol for a Near One

Differentiating the exact multiplier gives

Oama (&) = my(§) |:—77/J (; -« +z§) + 3¢ <3a — % — zf) + 2w cot (Za — % — zf)] ,

where

142



is the digamma function.
Fix
1
0<d<-.
4
For
1<a<1+9,
the arguments
3
and
1
3o — 5~ 1€

remain in pole-free right half-planes.
Moreover, the sine factor stays away from its zeros for real &.
Stirling asymptotics give

Ima(€)] < Cs(€)*.

The standard digamma estimate gives

[¥(2)] < C(1 +log(z))

uniformly in the relevant vertical strips.

Consequently,
|0ama(§)] < C5(6)™ (1 4 log(€)) -
Let
0<o<l1.
If
o
§< =
0<d< 1
then
204§2—|—25§2—|—%.
Using
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1+ log(€) < C,(6)7"?,

we obtain

‘aama (§)’ < Cé,a <£>2+G-

The mean-value theorem therefore gives

1Mo (&) —my(§)] < Cspla — 1|{E)*H7.

By Plancherel,

[(Ma = M)Az < Csla— 1|1l 2o

In particular,

a— M, € L(H*,L?)

is C' in a sufficiently small interval around o = 1.

15 Linearization at the Explicit Anchor

For

v=0,

the autonomous logarithmic profile equation is

200 — 1
MG = G2Q' — eGP, = 0‘2 .
At
a=1,
we have
1 1
a—2, 0—2.
Hence
o 13
VMl/QG:GG—ﬁG.

Linearizing at G gives

Lh=v (—h” + 2R — Zh) —2G,Gh — G3R + gG%h.
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Since

3v
Gi="t
1 2 Y
we have
&2 3
— = —t.
v 2
Also,
2G, G, G?Y 3
1 1:( 1):_t/:_t<1_t)
v v
Therefore

1 " 3 , 3 3 9
- S 9_ % _2 21— 2t h.
V.,iﬂh h —i—( 2t)h + 2t( )+ -t h

The zeroth-order coefficient simplifies to

S v P
4 22 4 4 4 277

Thus

1 3 3 3 3
Z S 9_ = ! 4= 22 h
chlh h+< 2t)h+(4+4t+2t>h

16 Translation Mode

Because the profile equation is translation invariant in z,

Gl(ﬂf) — Gl(Q? -+ 50),

differentiation with respect to &, gives

LG =0,

Hence

hi(z) = Gi ()

is a homogeneous solution.
Ignoring the constant c¢,, this is

Its asymptotics are
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1
hi(x) ~ Eexﬂ, T — —00,
and
1
hy(x) ~ ¢ 2 x — +o00.

Thus the translation mode belongs to every sufficiently weak two-sided exponentially
weighted space.

17 The Second Homogeneous Solution

Multiply the homogeneous equation by —1. It takes the standard form

h" + P(z)h' + Q(z)h = 0,

where

P(zx)=-2+ ;t(x)

Reduction of order gives

effP(:r) dx
he = hy / ————dx.

ha ()
Since
t'=t(1—1),
we have
dr — dt
t(1—1t)
Furthermore,
/de = / -2 §t dt
2 ) t(1—1t)
Using
243t 2 1
t(1—t) t 2(1—t)
we obtain

1
/de = —2logt+ 3 log(1 — t) + const.
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Hence

up to an irrelevant multiplicative constant.
Since

1
hi = Zt(l — )%

we obtain

—— = t(1—t)72
h?

After multiplication by

the reduction integral becomes

/(1 — 1) 2dt =< (1 —1t)7%2,

Therefore one may take

ha(z) = V(1 — )32,

At
T — 400,
we have
1—t~e™™,
and hence

ho(z) ~ €372,

Thus the second mode grows exponentially at the right endpoint.
At the left endpoint,

SO

ho(z) ~ e/2.
The leading e*/? contribution can be removed by subtracting an appropriate multiple of

hy. The resulting independent solution has the asymptotic behavior
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ha(z) ~ €372 r — —00.

Thus the two characteristic rates at the left endpoint are

18 Correct Fredholm Index Count

We now choose a two-sided exponential weight satisfying

0<n< L
77 2'
Let
e K0,
wy(x) < ;
e x> 0.
Define
X, = {h twph € HQ(R)},
and
Yy ={f:wfeLl*R)}.
At
r — —00,
the limiting equation is
" / 3

Its characteristic polynomial is

with roots




Both modes decay as

T — —00.
Because

<1
Ul 5

both remain admissible in X,,.
Hence the dimension of the admissible space at the left endpoint is

d_ =2.
At

T — +00,
the limiting equation is

h”—%h’—;h—o.

Its characteristic polynomial is

1 3

M- — 2 =0.
2 2

The roots are

N

2
Only
671‘

decays as

xr — +00.
Thus

For a second-order scalar equation, the exponential-dichotomy index count therefore gives

ind% =d +d, —2=2+1-2=1.

Thus the unphased operator has Fredholm index

Since the translation mode gives a one-dimensional kernel,
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’dimkeriﬂl =1,

we obtain

’ dim coker .4 = 0. ‘

Therefore the unphased operator is surjective.
This is the crucial correction: there is no additional cokernel condition in these weighted
spaces.

19 Why the Formal Adjoint Mode Does Not Produce
a Cokernel

A formal adjoint solution can be constructed from the translation mode. For an equation

Ah = h" + PH + Qh,

the corresponding formal adjoint is

A% =" — (P) + Q.
If A solves

Ah =0,

then the associated adjoint solution is proportional to

w _ €f szh.
Using
edex _ t_2(1 _ t)1/2
and
1
hl - 5\/%(1 — t),
we obtain
Py = 321 —1)32
Since
1—1¢ _x
— = ,
t
this gives




Formally,
L =0,
However,

1/}1 (I) ~ e—3m/2

grows strongly as

T — —00.

For
0< <1
n 5

this function does not define an admissible dual mode for the weighted range Y,.
Therefore it does not represent a cokernel element of

glan—)Yn.

In particular, one must not impose the spurious condition

/ e 32 f(x) dx = 0.
R

The formal adjoint calculation is algebraically correct, but the mode is not in the relevant
dual weighted space.
Hence

coker £ = {0}.

20 Phase Fixing Removes the Only Kernel
The remaining kernel is generated by translation:

ker & = span{G }.

Choose a phase functional

®(h)
such that

(Ch) #0.

For example, one may fix the location of the midpoint by requiring

G(0) =

7



At the linearized level this gives

Since

the translation mode is excluded.
Define

X' ={h € X, : h(0) =0} .

The restriction

L XM — Y,

therefore has

dim ker = 0.

The phase condition removes one dimension from the domain, so its Fredholm index
becomes

1-1=0.

Since the original operator is surjective, the phase-fixed operator remains surjective.
Consequently,

R X};h — Y, is an isomorphism.

Thus there exists

C, < 00

such that

Ihllx, < Cyll&hlly,,  he X3P

No additional amplitude parameter is required.

21 Direct Half-Line Verification of the Inverse

The preceding Fredholm calculation can be checked directly in the original s-variable.
At

a=1,

the profile is
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The linearization of

18

Since

we have

Hence

Lyh

This factors exactly as

Consider

Define

Then

Imposing

gives

Fi(s) = cu(s + so) V2

—vF" — F’F' =0

Lih = —vh" — F2h — 2F\F/h.

Ff — 3—V7
2(s + so)
v
2R F| = (F}) = ————.
14 ( 1) 2($+$0)2
L v Y v

+
2(s+ so) 2(s+ s0)?

!/
Llh = —V |:h/ + L)h} .

Lih = f.
, 3
g(s) = Nh'(s) + e 80>h(8)-
~vg' = f
g(00) =0

h.



The first-order equation

3
h' + h =

2(s+ s0)
has integrating factor

(S + 50)3/2.
Fix the translation phase by imposing

h(0) = 0.
Then

[(s + 50)*2h(5)]" = (s + 50 *g(s).

Therefore

(s + 50)%2h(s) = /Os(a + 50)*%g(0) do.

Substitution of ¢ gives the exact inverse formula

h(s) = m /Os(a + 50)°/2 U:o f(7) dT} do.

This proves uniqueness immediately.

Indeed, if

f=0,
then

g=0,
SO

The phase condition

forces

Hence

ker L1 |phase = {0}-
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22 Explicit Weighted Estimate

Let
3
Define
I1£lly, = sup(s + s0)**7| f(s)].
s>0
Let
M = || flly,-
Then
|F(T)] < M(7+s0) 727",
Therefore
/ F(r)]dr < M/ (7 + s0) 2" dr.
Thus
o M
/ F() dr < —L (5 4 59)1.
s I+n
Consequently,
M
< —1=n
9(6)] < s (a0

Using the inverse formula,

M S
h(s)| < + 50)Y? 7" do.
)] < st [ (0
For
3
D<n< =
n 9
we obtain
s 3/2—n
/ (o + 30)1/2—77 do < %'
0 2
Hence

[h(s)] <

“v(l+n)E -n) (s 50)7

w
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Furthermore,

h, = g —_— 3 h
2(s+ s0)
SO
|h'(s)| < C,,M(s + s0) 1
Differentiating
3
=h+ h
g 2(s + so)
gives
3 3
= B+ B — h
g 2(8 + SQ) 2(8 -+ 80)2
Since
1
gl = __f7
v
we obtain
1 3 3
h'=—=f— I h.
I/f 2(s + so) 2(s + s0)?
Therefore
1" ()] < CupM (s + 50)">7"
Define
1hllx, = Sglg(s + 50)"|h(s)|
+sup(s + s0) I (9)
s>0
+ sup(s + s0)*TA"(s)].
s>0
Then
1hllx, < Copllflly,-
Thus

Ly: XM —Y,

has a bounded inverse.
This direct calculation independently confirms the Fredholm index calculation above.
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23 Consequences for Continuation in «

The two decisive anchor properties are now separated cleanly.
First, the fractional Mellin operator satisfies

[(Ma = M)Az < Csgla— 1|1l oo

Second, the phase-fixed linearization at the explicit anchor satisfies

LY, — X0

with

£ /|

Xy < Cn”f

Thus the translation degeneracy itself is completely removed by a single phase condition.

There is no additional Fredholm solvability condition and no additional amplitude pa-
rameter forced by the linearized problem.

The next issue is therefore not a cokernel problem.

The remaining issue is to place the nonlinear fractional profile map

Y:n'

Fla,G) = v M, G — G*G +c,G?

on a common pair of Banach spaces for

1<a<1+4,

and to verify that the one-sided fractional realization has the required domain continuity
at the endpoint

This point is important because for

the desired left endpoint behavior is

Fo(s) ~ Ags® 1, 510,

whereas at the explicit anchor

3v
F1(0) = 250 # 0.

Thus the boundary trace of F, changes as

al 1l

In the logarithmic variable this is considerably better behaved because
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satisfies
Go(—00) =0
for all o near 1.
Its expected left decay rate is
3
_ =20 — =
¢-(a) =2a -5,
which varies continuously from
1
(1) = =.
¢-(1) =5

This strongly favors carrying out the continuation theorem in the logarithmic Mellin
variable GG, while using the explicit s-variable inverse derived above to establish the anchor
invertibility.

However, before applying the implicit-function theorem, one must verify that the precise
one-sided realization of

(_838)a
used in the construction is compatible with this continuation through

a=1.
In particular, if the Mellin formula is implemented through the whole-line action on

A
e

then the exterior extension and the behavior at

s=0

must be included explicitly in the operator domain.
Therefore the correct continuation program is
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explicit anchor at a =1

4

phase-fixed bounded inverse

4

Mellin-symbol C* dependence on o

4

common weighted operator domain

4

implicit-function continuation

4

F, > 0 and the required endpoint asymptotics

4

profile existence for 1 < o < 1+ 6.

The Fredholm obstruction is therefore removed.

The decisive remaining calculation is the common-domain and one-sided-extension anal-
ysis for the fractional operator at o = 1. Once that is established, the phase-fixed implicit-
function theorem can be applied to produce an actual interval

l<a<1+4

rather than a theorem at only one isolated exponent.

24 Part 7

The endpoint index count shows that the adjoint mode is not in the dual of the weighted
range space. Consequently, the previous cokernel detour must be corrected: in the small-
weight spaces considered below, the unphased linearized operator has Fredholm index +1,
with the one-dimensional translation mode accounting for the kernel, while the cokernel is
trivial. After fixing translation by a phase condition, the linearized operator has index zero
and is the correct candidate for an isomorphism. No additional amplitude parameter is
required for this purpose.

We now establish this directly at the explicit anchor av = 1.

At a =1, with v = 0, the profile equation is

1
—I/F” — FQF/ — g(};‘13)/

Integrating with the decaying boundary condition at infinity gives
1
—vF' = - F°.
3

Hence the explicit family of profiles is
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3v
Fi(s) =
1(s) 2(s + s0)

with sg > 0.
Let

3v

Cy = 5

2

so that

Fi(s) = ¢,(s 4 s0) V2.

The linearization of

—vF" — F’F' =0

at F1 is
Lih = —vh” — FEW — 2F\ Fh.
Since
F12 _ 3v ’
2(s + s0)
and
3v
F2 =2 F = ————
(F7) L 2(s+ s0)?’

we obtain the exact divergence-form identity

Lih = — (vh' + F2h)’

or equivalently

3 /
Lih=—v|h+——-h|.
! V[ +2(s+50)}

This identity makes the kernel and inverse completely explicit.
Indeed, the homogeneous equation

Llh == O
is equivalent to
3 /
h 4+ ———h| =0.
{ 2(s + s0) }
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Therefore

3
h'+ ———h=C.
+2(34—30) !

Multiplying by the integrating factor
(54 50)%/?
gives
d 3/2 3/2
% [(S + S()) h(S)} = Cl (S + 50) .

Integration yields

2
(54 50)%%h(s) = %( + 50)°/%2 4 Oy,
and hence
2C
h(s) = Tl(s + 50) 4 Ca(s + s0) /2.

Thus the two homogeneous modes are

Rgrow(S) = s + So

and

hee(s) = (s 4 s0)~%/2

The second mode is precisely the translation mode, since

Cy _
Fi(s) = —5(3 + s0) 3/2,

Therefore

ker L, = span{F}}

in any profile space that excludes the growing solution s + s.
We now fix translation by imposing the phase condition

Since

Fl(0) = -Fs,"" #0,

the translation mode does not satisfy this phase condition. Hence

ker <L1‘h(0):0) = {0}.
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We next prove surjectivity and obtain the inverse explicitly.
Consider

Introduce

Then

—vg'(s) = f(s),

so that, imposing the decaying condition

we obtain

o) = [ rinn

Therefore h solves
3 1 [
N+ ——--h="- dr.
T30+ %) v/S it
Multiplication by (s + s¢)*/? gives

s+ s 3/2 9]
% Mot sopne)] = 20 7 i an

Using the phase condition

we obtain

1

(L' f)(s) = 1/(s+—30)3/2/0 (0—1-80)3/2/0 f(r)dr do.

Thus no solvability condition of the form

/0 (s f(s)ds = 0

is required in these spaces.
To make the bounded inverse estimate explicit, fix

3
O<n< =
=3
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and define

¥, = { s sup(s 4 s 11(0) < e

Let
1£lly, = sup(s + s0)**7| f(s)].
s>0
Set
M= |fly,-
Then

[F(T < M(7 + 50) 777,

/S T frydr

and consequently

SM/ (7 +80) 2 "dr
B M

= s+ s0) .
1+77( 0)
Hence
M
s)| < ——(s 4+ s9)" 1.
)] < Sy ()

Substituting this into the inverse formula gives

M s 1
/2—n
e A
For
3
0 e
<n< %
we have
s 3/2—n __ 3/2—n
/0 (0 +s0)/* " do = 54 SO)& ~ .
2
Therefore
h < =N
TR
and hence
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sup(s + s9)"|h(s)| < C,,,, M.

s>0
Since
h=gqg-— 3 h
2(s+ s0)
we obtain
W () < CupM(s +s0) "
Furthermore,
1
g = —;f-
Differentiating
3
=hn + h
I 2(s + so)
gives
1 3 3
_ - — h/l h/ _ h
Vf * 2(s + s0) 2(s + s0)?
Therefore
PR U R

The preceding estimates imply

" (s)| < Cy,,M(s + s50) 27"

Define
X, ={h:h(0)=0, |h|x, <oc},
where
1h]x, = sup(s + s0)"|h(s)] 4 sup(s + so)' 7| (s)] 4 sup(s + s0)**7|n"(s)].

s>0 s>0 s>0

Then
1L fllx, < Conllflly,-

Consequently,

Li: X, —Y,
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is a bounded isomorphism.

This also resolves the apparent adjoint obstruction encountered in the logarithmic for-
mulation.

Indeed, introduce

x =logs

and

G(z) = s?F(s)

at a = 1.
For the normalized explicit profile,

Gq(x
Zie) = D = (L ey,

where

o=

2
Let
H) = 21 () = —

-t 14 e®
Then

' =t(1—1t)
and

1 1
7 =571~ 7% = 5\/¥(1 —1).

The logarithmic linearization is

1 3 3 3 3
—Lh=—h"+(2—Zt)h+ |-+ =t+=t")h
S =t (2 Gk (<34 e 50)

As

T — —00, t— 0,
the limiting equation is

R 42K — zh =0,

or

h' —2n' + zh =0.
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Its characteristic equation is

3
M2 4+ =0
+ 1 ,
with roots
1 3
)\(1) _ - )\(2) .
- 2’ - 2
Both modes decay as x — —o0.
As
r — +o0, t— 1,

the limiting equation is

1 3
_h// _hl —h:O
+2 +2 ’
or

h”—%h’—ghzo.

Its roots are

3
AW =1, AP = 5

Thus exactly one mode decays as z — +o0.
For a sufficiently small two-sided exponential weight

1
0<n< =
Ui 9

the dimensions of the admissible asymptotic subspaces are therefore

d_ =2
at the left endpoint and
d+ - 1

at the right endpoint.
For a second-order scalar equation the corresponding Fredholm index is

ind % =d_+d, —2=2+1-2=1.

The one-dimensional kernel is exactly the translation mode

htr — Gll

Hence
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dimker & =1

and, since the index is 1,

dim coker .4, = 0.

This explains why the formal adjoint mode previously obtained does not generate an
actual solvability condition in the chosen weighted spaces.
In particular, the formal adjoint solution

P(w) = e
grows as
xr — —00.
For the small weights
1
O<n< =
<5

this function does not belong to the dual weighted space associated with the range.
Therefore the functional

f|—>/Re_3"”/2f(x) dx

is not a bounded cokernel functional on that range space.
Thus the previously proposed condition

/ e 32 f(z) dz =0
R

is not required.
After imposing one phase condition that removes G, the Fredholm index decreases by
one:

1Ild glphase = 0

Since its kernel is trivial,

ker flphase = {0},

and the cokernel is also trivial. Hence

h
-:E/ﬂlp ase . X;])hase Yn

is an isomorphism, provided the weighted realization is chosen consistently with the
preceding endpoint asymptotics.
This is exactly consistent with the explicit half-line inverse derived above.
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We can now return to the fractional problem.

For
l<a<1+4,
set
1
aa:oz—é
and

F(s) = s *G(log s).

The one-sided Mellin realization satisfies

(—8ss)asi = K (\)s* 2,

where
'+ 1T (2 — A
Kf(\) = (A+ DI2a )sinw(a—)\).
T
Therefore
(—0ss)*F = s_“a_Z"‘M%G,
with

M, (X)) = K (—aq + N)e.

The Fourier—Mellin symbol is

ma(€) = K3 (~at g +i€)),

hence

T 2

mea(§) = LG —atilBa—; — i) sin (2a Sl if) :

At the anchor oo = 1,
3 1
mi©)=-(5-1) (5-i¢).

(€)= €+ 2i€ - =

SO

This agrees exactly with the direct logarithmic conjugation
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F =s5Y2G(logs),

because

= 8—5/2 (G// — 20 + EG) :

and therefore

— 0, F = s75/? <—G” +2G" — ZG) .

Thus

3
M1/2 - —D2 —I— 2D - Z_l

Differentiating the Mellin symbol with respect to « gives

Oama(§) = ma(§) [—w (§ —a+ z’&) + 31 <3a - % — z‘&) + 27 cot <2a 1 3

2

2

)]

For fixed

1
0<d<-—
47

the Gamma-function arguments remain in pole-free right half-planes for

1<a<1+40.

Stirling estimates give

ma ()] < C5(6)*,

while the standard digamma estimate gives

[Oama ()] < C5(€)** (1 +log(s)) -

Fix
O0<o<l.
If
o
0<d<—
iy 47
then

2a§2+25§2+%,
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and the logarithmic factor can be absorbed into an additional fractional power. Conse-
quently,

|0ama(§)] < Cs,0 <§>2+U-

By the mean-value theorem,

Mo (€) — my(€)] < Csola —1{€)*H.

Plancherel therefore gives

[(Ma = Mi)hl[r2 < Csola = 1[|A]l 2+o-

In particular,

a—s M, € L(H*, L)

is C'! in a sufficiently small interval about a = 1.
For v = 0, the autonomous logarithmic profile equation is

vM,.G = G2G — ¢, G5,

where

200 — 1
Co = )

The desired heteroclinic satisfies

G(—o0) =0, G(+00) = H, ().

At the constant right-hand equilibrium,

G = H.(a),

the profile equation gives

VK (—an)H, = —c H?.

[0} *

Hence
K (—a,
12(0) = - el 20a)
Ca
At a=1,
1 3
Kfr|—-—=)=-=
1 ( 2) 47
and
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C1 =
Therefore
3v
H?(1) = —
*( ) 2 )
SO
3v
H,. (1) =4/—,
M=%

exactly as required by the explicit profile.

Thus H.(«) is determined by the equilibrium relation and is not an additional free am-
plitude parameter.

The left endpoint rate is determined by the Mellin zero

—Qy + A= — 1.
Since
1
Ao = I
473
we obtain
3
¢—(a) =X =2a— —.
2
At the anchor,
1
(1) ==
¢-(1) =3,

which agrees with

1 3
Zl(.ZC) — (1 + 671)71/2 — 6:E/2 . 563:13/2 + §€5x/2 + O<€7x/2)

as
T — —00.
At the right endpoint,

1 3
Zi(z) =1— 5671 + ge*% + O(e™3),

so the right decay rate at the anchor is

rio(l)=1.
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We have therefore established the two principal analytic ingredients needed for continu-
ation from o = 1:

phase-fixed invertibility of the anchor linearization

and

C" perturbative control of the Mellin multiplier near o = 1.

There remains, however, one structural point that must be checked before invoking the
Banach-space implicit-function theorem.
The Mellin identity is written for the one-sided power

2,
whereas the explicit anchor
3v
Fi(s)=|—
1(s) 2(s + so)
has
Fi(0) > 0.

For every a > 1, the desired left asymptotic is instead

Fo(s) ~ Ags® 1, 510,

and therefore

Fo(0) = 0.

Thus the trace at s = 0 changes at the endpoint o = 1.
If the notation

(_ass)a

denotes the whole-line fractional Laplacian applied to the zero extension of F' from s > 0,
then this change in boundary trace can alter the operator domain at a = 1. In particular,
the zero extension of F} has a jump at s = 0, while the profiles for a > 1 vanish there.

Therefore the final continuation theorem cannot yet be obtained merely by combining
the two estimates above. One must first verify that the precise one-sided realization used in
the manuscript admits a common Banach-space formulation across

a=1.

Equivalently, we must verify that the map

(o, G) — UM, G — G*G' + ¢,G?
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is genuinely C! on a fixed weighted domain containing the explicit anchor G, with the
manuscript’s exact exterior-extension convention.

Once that domain issue is established, the phase-fixed inverse above and the Mellin-
symbol perturbation estimate give precisely the local implicit-function framework required
to prove

340 >0 suchthat 1<a<149§

admits a continuation of the explicit o = 1 profile.

Thus the decisive next calculation is not another numerical profile computation. It is the
verification of the common one-sided fractional operator domain at o = 1, followed by the
weighted C? estimate for the full nonlinear profile map.

25 Part 8

Consolidated small-supercritical continuation and gen-
eralized one-phase extension

This part supersedes the earlier adjoint-cokernel detour. The endpoint index count and
the direct half-line inverse proved in Parts I, J, and 7 show that, for the small two-sided
weights used here, the formal adjoint solution e 3*/2 is not an element of the dual range
space. Consequently no additional amplitude parameter is introduced merely to repair a
nonexistent cokernel. The unphased operator has Fredholm index +1, its admissible kernel
is the translation mode, and the phase-fixed operator has index zero.

The purpose of this part is twofold. We use identities that are genuinely uniform in «
and therefore belong in an interval theorem. Second, it separates the statements that can
now be proved from the estimates that still have to be supplied before a finite-time blow-up
theorem can be asserted for all 1 < a <1+ 4.

72. Exact generalized one-phase reduction for an interval of expo-
nents

Let 5
1<a<1+5<1
and let
SN = O4t — OgZ — ng — Cll' — 0*7]\[, UN(£E7y, Z,t) = UN(SN).
Put

k> =Ci+C; + C5.

For every scalar one-phase function F'(sy), the torus Fourier modes lie on the one-dimensional
lattice generated by (Cy,Cs,C3). Hence the Fourier multiplier |k|?* restricts exactly to
k**|n|**. Therefore

(—Ap)°F(sy) = 62 (=04, F(sy). (246)
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Likewise the fractional product commutator reduces exactly to its one-dimensional counter-
part:

REP(F(sn),G(sn)) = k2R (F,G)(sy). (247)

Thus there is no multidimensional symbol-approximation error inside the strict one-phase

class. This statement is uniform for every compact interval of a > 0 for which the multiplier
is defined.
For the distinguished phase

CH ::Cé ::O, C& ::Ch:: 1,

we have

sy =t—z—"0.n| k=1 (248)

Along the characteristic with 2 = by and £ = 1,

iy =1—by.| (249)

This identity is purely kinematic and does not depend on the isolated value o = 9/8.

73. Exact product equation and no-double-counting form

For
b = b3 = uzu,,

the velocity equations imply

by +u-Vb+u, P, +u, P, + u[uy(—A)"‘ux + ux(—A)auy} = Uy fo + Uy fy- (250)

With
Ra(f9) = (=4)%(fg) — [(=A)%9 — g(=A)"F,

this becomes

by +u- Vb4 uy Py + u, Py + v(—A)% = uy fo + up fy + VRa(Us, uy). (251)

Equations (250)—(251) are exact for every a > 1 and are the correct starting point for the
interval argument.

74. Interval similarity exponent and finite-time conversion

The one-phase terminal balance gives the parameter-dependent exponent

25)

Accordingly the normalized terminal amplitude must be written as

2a71b
Whna(s) = S—]\[(S), by(s) = pN’as_(za_l)WN,a(s). (253)

PN,a
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No fixed power inherited from a single exponent should appear in the interval formulation.
The characteristic time law can now be proved once a two-sided terminal bound is avail-
able. Suppose that for some sy > 0 and constants 0 < ¢ < ¢; < oo independent of the
characteristic,
cos " <b(s) <epse, 0<s < s,

with r, = 2a — 1 > 1. Shrinking sg if necessary gives b > 2. Since s =1 — b,

1
“b<b—-1=-5<b.
2
Hence
1 < dt < 2
b(s) = ds ~ b(s)
Integrating from 0 to s gives
ra+1 2 ra+1
5 <T, —t(s) < 8—
ci(reg+1) c_(roa+1)
Because r, + 1 = 2a;,
T, —t = 5] (254)
Combining with b = s~?*=1 yields
b(t) =< (T, —t) 5. (255)

This proves the time-conversion step uniformly on any compact a-interval on which the
constants in the terminal two-sided estimate are uniform.

75. General Mellin profile equation and equilibrium

The one-dimensional profile equation relevant to the interval is

V(—8,,)°F = F2F' + %F?’, s> 0. (256)

For the nonsingular continuation route developed in the preceding parts we set

257

This avoids introducing the singular perturbation F3/s at the endpoint a = 1.
Let

a=oa— -, F(s) = s *G(log s).
Then

20— 1
UMLG = G2G — ¢S, co = 0‘2 . (258)
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The Mellin multiplier is

ma (&) = K (—a + % + if) , (259)
where
KHoy = LA 1)£(20‘ ~ ) in(mw(a— N)). (260)

The right equilibrium is not an independent amplitude. It is fixed by

I/KOJ[(% —a)

Ca

H2(a) = (261)

For 1 < a < 5/4, the coefficient K (1 — «) is negative, so H?(«) > 0. At v = 1 this gives

H2(0) = 2,

in agreement with the explicit anchor.

76. Mellin-symbol perturbation theorem near one

Fix 0 < 0 < 1. For § > 0 sufficiently small, the Gamma arguments in (260) stay in pole-free
vertical strips for 1 < a < 1+ §. Differentiating the exact symbol gives

Do (&) = ma(&) {—w<§ —a+ ig) + 3¢ (3a — % — zg) + 27 cot(m(2a — 1 — i) | .

2
(262)
Stirling’s formula in vertical strips and the standard digamma bound imply
ma(€)] < C5(€)**,
and, after choosing 0 < /4,
[0ama(§)] < C5.q(€)*. (263)
The mean-value theorem therefore gives
[ma (&) — ma(€)] < Cola —1](€)*. (264)
Consequently
[(Ma = Ma)hz2 < Csoloe = 1[[[Al[ 2+ (265)

This is a completed general-a estimate and replaces any isolated high-frequency certification
at one particular exponent.
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77. Exact phase-fixed inverse at the classical anchor

Ata=1,v=0,
3v
F = — 266
1(8) 2(8 + 80) ( )
The linearization is
Lih = —vh" — F2I — 2[R Flh = — (vi + F2h)". (267)

Its homogeneous solutions are
(54 s0)%2, (s + so),

so the only decaying kernel mode is translation. Imposing h(0) = 0 removes that mode. For
a decaying right-hand side f, the phase-fixed solution is

(L1 f)(s) =

s [os [ yandn (268)

v(s+ so

For

3
Yn:{f:sup(s+so)2+7’|f(s)|<oo}, O<77<§,
s>0

and the corresponding phase-fixed space
X, = {h:h(0) =0, supr”|h| + supr' W] + supr*TNR"| < o0}, T =5+ s,

(268) gives

12]lx, < Cunllflly,- (269)

Thus phase-fixed invertibility at the local anchor is proved in these half-line weighted spaces.
No adjoint solvability condition is needed there.

78. Operator-domain audit: the remaining obstruction to a literal
IFT through a =1

We fix the one-sided power by

G sty s> 0,
T lo, s<o,

and uses the whole-line Fourier multiplier |£[>** to define its fractional action. Its finite-

interval construction likewise prescribes exterior data and solves in H*(R) with the correction

equal to zero outside the interval. Therefore the continuation theorem must respect a whole-

line exterior-data realization; it cannot silently replace it by a different half-line operator.
This creates a genuine endpoint-domain issue. The explicit anchor satisfies

| v
F1(0+) = 2_50 > 0.
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If it is extended by zero to s < 0, it has a jump at the origin. At the integer endpoint o = 1,
the distributional second derivative of this zero extension contains boundary distributions.
Hence the pointwise ODE

—vF = FF| (s >0)

does not by itself prove that the zero-extended F) is an element of the same whole-line
operator domain used for o > 1.
Accordingly the following implication is not yet justified:

phase-fixed inverse at a = 1+ multiplier continuity = Banach [FT in one-sided domain.

A correct interval theorem must first prove one of the following equivalent kinds of domain-
compatibility statement: construct a renormalized exterior extension whose operator graph
varies continuously at o = 1; subtract an explicit boundary singular part and apply the
IFT to the remainder; or formulate the nonlinear map in a Mellin graph space in which the
endpoint anchor and all nearby profiles lie in one common domain.

This is a sharper conclusion than the earlier statement that only a spectral inverse was
missing: the spectral inverse is now explicit, while the common operator domain is the
remaining profile-level analytic obstruction.

79. General finite-N reconstruction statement that survives the
interval

We have a useful general principle that does not depend on an isolated exponent. If a
terminal fractional coefficient has a strict sign in the limiting one-phase model and the
finite- N reconstruction admits uniform localization and separation estimates, then that sign
survives for all sufficiently large N. Abstractly, if

D, < —do <0
uniformly for o € [1,1 4 6] and
‘DN,O[—DQ|§€N, €N—>O

uniformly in the same interval, then for all sufficiently large N,

d
Dya < —50 < 0. (270)

The proof is immediate from
Dno < Dy+eny < —dy+en.

This lemma may be used wherever the detailed reconstruction supplies the uniform approxi-
mation. It does not itself prove the reconstruction estimate; that estimate remains a separate
finite- N obligation.
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80. Similarity-entry and Euler-derivative closure: correct interval
formulation

A Region-1/Region-1I architecture remains relevant, but its fixed-exponent constants must
be replaced by quantities uniform in o. Define a similarity defect dy o, measuring the distance
of the normalized solution from the continued profile. The required entry theorem has the
form

Onalte) <C(st +en+pyy),  w>0, (271)

with C' and p independent of « € (1,1 + ¢) and large N.
For derivative closure introduce the Euler operator

b
E = s0,, = —5-2.
s q 55
A direct calculation gives the exact identity
E' 4 2 2 2 3
—~ =4 —6q°(Eq) +4q(E%q) + 3(Eq)” — E%q. (272)
Hence uniform bounds on
¢, Eq, E*q, E°q
imply
§%|bssss| < Cb. (273)

This identity is exponent-independent and is therefore legitimately imported into the interval
manuscript. What remains is to prove the required uniform bounds for the actual finite-/N
solution rather than for the formal profile alone.

81. Uniform conditional interval blow-up theorem

The preceding results allow the outstanding scalar theorem to be stated without any isolated
exponent.

Theorem 2 (Uniform conditional one-phase scalar theorem). Let 0 < 0 < 1/4 and o €
(1,14 0). Assume, uniformly in « and sufficiently large N, that:

1. the exact reconstructed scalar equation and the distinguished one-phase characteristic
law sy =1 — by hold;

2. a positive pre-entry seed is produced;

3. a positive phase-normalized profile exists in a common operator domain and depends
continuously on «;

4. the similarity-entry estimate (271) holds;

5. the similarity-error and Euler-derivative bootstrap closes with a positive uniform decay
exponent;
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6. the favorable terminal coefficient has a uniform positive gap;

7. the reqularized solutions converge strongly enough to pass the quadratic transport and
fractional terms to the limit.

Then there exist constants c_, cy > 0, uniform after possibly shrinking 6, such that along the

terminal characteristic
c_s 0D < py(s) < e 57D,

Consequently the characteristic reaches s = 0 in finite time and

2a—1
2

by(t) = (T, — 1)~ 55"

Proof. The entry and bootstrap assumptions place the normalized amplitude in the terminal
invariant region and keep it there. The uniform coefficient gap and remainder bound give two-
sided positive bounds on the normalized amplitude, which are equivalent through (253) to
bs(s) < s~¢~1_ Equation (249) then gives the finite-time conversion proved in (254)—(255).
Strong convergence passes the scalar law to the limiting object in the topology assumed in
item 7. O

82. What is proved, what is imported, and what remains

The following pieces are now analytic and genuinely interval-valued:

exact product/commutator algebra,
exact strict one-phase fractional reduction,
o =20 — 1,
s5=1-0,
. . (274)
Mellin symbol and O(|a — 1|) perturbation bound,

explicit phase-fixed inverse at a = 1,
finite-time conversion b(s) < s~ 2>~V = b(t) < (T, — t)~ =D/,
Euler-derivative identity (272).

The following statements are not completed:

1. a common one-sided fractional operator domain through oo = 1 and therefore the actual
Banach-space IFT producing a numerical or analytic dpyor > 0;

2. the uniform similarity-entry estimate for the finite- N reconstructed solution;
3. the uniform similarity-error/Euler bootstrap;
4. the uniform positive terminal coefficient gap in the interval normalization;

5. the strong compactness/limit theorem needed to pass all nonlinear and fractional terms;
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6. for a full velocity-pressure theorem, exact reconstruction of all three velocity compo-
nents, pressure compatibility in every momentum equation, and convergence to fixed
initial data with admissible forcing.

Thus the isolated profile-certification machinery at one special exponent is not needed
for the small-supercritical strategy, but it cannot simply be replaced by an unconditional
interval theorem until the common-domain and finite- N uniform estimates above are proved.

83. Recommended theorem architecture

We have the following order first prove the exact generalized one-phase identities (246)—(251).
Next establish the profile continuation in a common one-sided operator domain using the
explicit anchor, the phase-fixed inverse, and the Mellin perturbation estimate (264)—(265).
Then propagate the same « € (1,1 4 §) through the similarity-entry and Euler-bootstrap
estimates. Only after obtaining a uniform coefficient gap and the strong limiting theorem
should the conditional theorem in Section 81 be promoted to an unconditional interval blow-
up theorem.

26 Part 9: Common Mellin graph domain through a =
1

84. Purpose of the common-domain argument

The preceding analysis isolated one profile-level obstruction: the physical half-line represen-
tatives have different traces at the left endpoint,

FO0Y) >0,  F0")=0 (a>1),

so a literal zero-extension Sobolev domain in the variable s is not a convenient fixed Banach
domain through o = 1. This does not, however, force the logarithmically conjugated Mellin
operator to change domain. The correct fixed-domain formulation is obtained after the

conjugation
1
F(s) = s *G(logs), o =0~ .

The point of this section is to prove that the Mellin realization itself has a common graph
domain near o = 1 and depends C' on « there. This is the precise statement required by
the Banach-space continuation argument.

We emphasize the realization being used. On the Mellin core generated by powers, the
one-sided operator is characterized by

(—8ss)o‘si = K (\)s* 2,

where
KHo) = LAFDIRa=N) o).

™
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After logarithmic conjugation this becomes the Fourier multiplier with symbol

r .
ma(g) = K;_ <—Oé + 5 + Zf) .
The common-domain theorem below concerns the closure of this Mellin realization. It does
not identify it with a different restricted, zero-extension, spectral, or censored fractional
Laplacian on a bounded interval. That distinction is essential because those realizations
encode boundary data differently.

85. Fixed graph space

Fix
O<o<1
and choose .
0 < 9 <min{1,%}.
Set

X, = H*°(R), Y :=L*R).
For o € [1,1 + &p] define initially on Schwartz functions

—

Mh(€) == ma(E)h(E).

The symbol estimates already proved give
ma(€)] < C(E)* < C(e)*/* < C(g)*™.

Consequently

IMahlzz < Cllhllgzee,  1<a<1+d. (282)

Thus every M, extends uniquely to a bounded map

(M. X, —Y (283)

on the same domain X,.

This already removes the apparent domain jump at the level at which the IFT is actu-
ally formulated: the varying trace of F, is absorbed into the a-dependent conjugation and
endpoint template, while the perturbation variable is placed in one fixed logarithmic graph
space.

86. Closed realization and equivalence of graph norms

For each fixed a € [1,1 + dp], Stirling’s formula also gives the large-frequency lower bound

Ima(€)] > () (|¢] > R),
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uniformly after increasing R and decreasing ¢ > 0 if necessary. Therefore
1Al 2 < C(I1]lz2 + Mokl r2), (284)

while the reverse inequality follows from the upper symbol bound. Hence the maximal L?
multiplier realization has domain H?® and is closed. For continuation we deliberately use
the stronger common core H?*7 since

2a§2+%<2—|—0.

In particular, no loss of closedness occurs by evaluating the nonlinear map on X,.
At the anchor,

3
my(§) = & + 2i€ — E
SO
My = —02+20, — Z (285)

on H**7, exactly agreeing with the direct logarithmic calculation.

87. C'! dependence on the fixed domain

The exact derivative formula is

3 . 1 .
Dama (&) = my(§) {—1&(5 —a+ zf) + 3¢ (3a 5~ z§> + 27 cot (7(2a — 1 — i€)) | .
The Gamma arguments remain in pole-free vertical strips for 1 < a < 1+ 9y, and the sine
factor remains a positive distance from its real zero at & = 5/4. The digamma and cotangent
estimates then give

‘aama(g)’ < 00,50 <§>2+U'

Dominated convergence in Fourier space yields

ar— My € L(X,,Y) is O (286)

Moreover,

[Ma = Milx, sy < Cogola — 1], (287)

Thus the common-domain issue is settled for the Mellin realization used by the profile equa-
tion.

88. Why the changing physical trace is not a contradiction
The physical profile is reconstructed by

F,(s) = s7%G4(logs).
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The left Mellin root is

9

3
q_ (o) =20 — 3
so if

Golz) ~ A, et (@7 (x = —o0),

then
F,(s) ~ Ay st (D70 — A go1

At o = 1 this exponent is zero and the anchor has a nonzero finite trace; for every o > 1 it
vanishes at the endpoint. The discontinuity is thus a discontinuity of the physical trace map
under an a-dependent conjugation, not a discontinuity of the logarithmic multiplier domain.
The IFT need not place all F, in a fixed zero-extension trace space; it places the logarithmic
perturbations in a fixed Mellin graph space.

This observation also explains why directly zero-extending the classical anchor is the
wrong test for the continuation map. A jump of that extension can create boundary dis-
tributions for the local second derivative, but those distributions are not part of the Mellin
closure characterized by (282)—(287). The continuation theorem must therefore state explic-
itly that its one-sided fractional operator is the Mellin realization determined by K.

89. Affine heteroclinic space with fixed perturbation domain

The profile itself is not in L*(R) because it approaches the nonzero equilibrium H,(«) as
r — 4+00. We therefore separate the endpoint data from the unknown perturbation.
Choose a smooth cutoff x with

X(#)=0 (z<-1), x(@)=1 (z>1),
and define the endpoint template
Go(x) = Age®= @71 — x(2)) + H,(a)x(z). (288)

The amplitudes A, > 0 and H,(«) > 0 are fixed by the chosen phase normalization and the
equilibrium relation. Near o = 1 they are smooth functions of «; for H, this follows directly
from

vKH(E —a) 200 —1
H? = o2 7/ o\ =
() Y =2
for the v = 0 continuation route.
Write B
G=G,+h.
For a small two-sided exponential weight 0 < n < 1/2, let
Xpo ={h:wh € H*°(R)}, Y, ={f:w,f € L*(R)}. (289)

The endpoint rates at « = 1 are 1/2 on the left and 1 on the right. Hence, after shrinking
d, one may choose one fixed 7 satisfying

0<<1
=3
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for every av € [1,1 + dp.

Conjugation by the exponential weight shifts the Fourier variable into a fixed complex
strip. The Gamma arguments remain uniformly away from poles and the sine factor remains
away from its zeros after decreasing 1 and J, if necessary. Repeating the preceding symbol
estimates on the shifted lines gives

[Ma — Millx, v, < Coalo— 1. (200)

For a smooth two-sided weight, commutators supported in the transition region are lower-
order bounded operators; equivalently one may use separate one-sided exponential charts
and a partition of unity. Thus the fixed weighted graph domain is compatible with the
heteroclinic endpoint conditions.

90. Nonlinear map on the common domain
For v = 0 define
F(a,h) = vMu(Go+ h) — (Go + W) (Go + h) + co(Ga + h)?. (291)

The template is chosen only to encode the endpoints; its residual is an element of Y,. In
one dimension, H*"7 is a Banach algebra and embeds into C}. Therefore multiplication and

differentiation give
h— (Go+ h)*(Go + R

and B
h (G + h)?

as C' maps from a neighborhood in X, into Y,. Together with (286) and (290),

F 1,146 x X,p — Y, is Ch. (292)

Add a phase functional ®(h) = 0 with
D®(0)[G] # 0.

The full ma
' F(a,h) = (F(a,h), ®(h))

is therefore a C'! map on fixed Banach spaces.

91. Phase-fixed derivative at the anchor

At a = 1 the derivative in h is precisely the explicit linearized operator obtained earlier,
3 3
Lh=v (—h” + 2R — Zh) —2G,Gh — G2h + 5G%h. (293)
The direct half-line factorization

3 !
Lih=—-v|hW+——h
' V{ JrQ(SJFSO)}

185



and its explicit inverse show that, after the phase condition removes the translation mode,
the anchor derivative is an isomorphism between the chosen weighted domain and range.
The endpoint index count is consistent with this: the unphased operator has index +1, one-
dimensional translation kernel, and trivial cokernel; phase fixing lowers the index to zero.
No additional amplitude unfolding is required.

Denote the phase-fixed inverse norm by

Co = || DyF(1,0) 7. (294)

The exact Green representation and the direct s-variable inverse give Cy < oo for every fixed
admissible weight.

92. Local profile continuation theorem

We can now state the consequence without the former common-domain caveat.

Theorem (small-supercritical Mellin-profile continuation). Fiz v > 0, take v = 0,
and use the one-sided Mellin realization specified by K. There exist n € (0,1/2) and
dprof > 0 such that for every

1<a<1l+ 5prof

there is a unique phase-normalized profile G, in a neighborhood of the explicit anchor G4

satisfying
200 — 1

2 Y

VMo Gy = GGl — G2, o =

with
Go(—) =0, Go(+0) = H.(a) > 0.

Moreover the phase-normalized branch is C* in o and
|Ga — Gillx,,, < Cla—1].

After shrinking Sprof if necessary, Go(x) > 0 for all x € R.

Proof. The common weighted domain and C* dependence of the fractional part are (286)—
(292). The phase-fixed derivative at the anchor is an isomorphism by (293)—(294) and the
explicit inverse established earlier. The Banach-space implicit-function theorem therefore
gives a unique C' branch for |« — 1] < d,0¢. The endpoint template gives the prescribed
limits. Positivity follows by combining: (i) the positive left asymptotic coefficient, (ii) uni-
form closeness to the strictly positive anchor on a fixed compact interval, and (iii) closeness
to the positive equilibrium on the right tail. These three regions cover R after decreasing
5prof- O

93. Quantitative lower bound for the continuation interval

The IFT proof is constructive at the level of constants. Let Cy be as in (294), and let Cy,
satisfy
HD}JF(O{,O) — DhF(l,O)H S Olin|04 - 1|
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Let C) be a Lipschitz constant for the derivative with respect to h on a ball of radius p
around the anchor. A sufficient choice is any dpyo¢ > 0 for which

1 1
COCIin(Sprof S Z? COCnlp S Z; (295)
and the residual generated by the a-variation obeys
IF(a,0) < =2 (1< a <1+ 6). (296)
2C)

Hence the analysis proves existence of a strictly positive interval d,,o > 0. Producing a sharp
decimal value requires explicit numerical upper bounds for Cy, Cy;,, Cp and is not needed for
the qualitative interval theorem.

94. Consequence for the remaining manuscript ledger

The profile-level common-domain item in Section 82 is now closed, provided the fractional
profile operator is understood in the Mellin realization explicitly specified above. The out-
standing work is therefore no longer profile existence near a = 1. What remains for the
full finite-time theorem is uniform control of the passage from the reconstructed finite-N
dynamics to the profile regime:

1. the uniform similarity-entry estimate;

2. the similarity-error/Euler bootstrap;

3. a uniform positive terminal coefficient gap;

4. strong compactness sufficient to pass the nonlinear and fractional terms;

5. and, for a full three-component Navier-Stokes statement, the remaining velocity-
pressure reconstruction and compatibility estimates.

Thus the small-supercritical strategy has advanced from a conditional profile-continuation
program to an actual local profile theorem on a nonempty interval

1 <o <14 dprot-

The theorem is deliberately not stated for a restricted zero-extension fractional Laplacian on
a bounded interval; changing to such a realization would require a separate boundary-domain
analysis and would define a different continuation problem.

95. Revised theorem architecture

We should use the following logical order. The exact generalized one-phase identities and
characteristic reduction come first. The Mellin profile theorem above then supplies the
positive connector uniformly for v in a nonempty interval above one. The terminal scaling
law

re =20 —1
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and time conversion can then be applied uniformly on that interval. The only remaining
conditional hypotheses in the interval blow-up theorem are the finite-N entry, bootstrap,
coefficient-gap, and limiting estimates listed in Section 94. No isolated-« profile certification
is used in this architecture.

27 Part 10: Uniform finite-NV entry on the small-supercritical
interval

96. Interval notation and the uniformity problem

Fix once and for all a compact continuation interval
Is=[1,1+4], 0 <0 < Oprof,
where the positive phase-normalized profile branch from Part 9 exists. Put
Ta = 200 — 1, My =T +1=2a. (297)
Then

1<r, <1425, 2<m,<2+ 26 (298)

All constants in Parts 1013 are required to be independent of o € I5 and of all sufficiently
large N unless dependence is explicitly displayed.

Let pyo — 00 denote the finite-N terminal amplitude scale and let X be the Region-I
logarithmic coordinate. Assume that the exact finite-N characteristic reduction supplies, on
Region I,

LATI (1— eo)b?v—’”‘ 0<6y<1 (299)
dx - hi 4+ YNabNa 7
with
0<hy<Hnqg < hy, 0<YWa < p(;\: . (300)

The point of the present section is that the bounded-excursion part of the entry argument is
already uniform in a once (299)—(300) are uniform. No isolated value of a enters the proof.

97. Uniform bounded logarithmic excursion

Let
CL0:1—90>0
and define . | | )
Opo(bh)= 2= —2) 4 Nage 2 1
wal®) =2 (= 3) + oy (301)
Then he 4 ;
By (b) = I NeT
N,oz( ) Clob2
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Combining this identity with (299) gives

d
—Ona(bya(X)) > 1. 302
et a(bna(X)) 2 (302)
Let X, be the first point at which
byn.a(Xe) = Mpn.a, M > 1. (303)

Integration of (302) yields

hl 1 1 TN, o MPN «
X, —X_<—|—— =1 =, 304
- Qg (b— MpN,a) * ao o8 b (304)
Using (300),
o Mpy.a C Mpy .o
0 < Wajge PPN o Ty o, PNa (305)
aop b_ 9PN, b_
If
inf pyo — 00, (306)
a€cly
then the right-hand side of (305) tends to zero uniformly in «. Consequently
(X.— X_) < L, + on(1) L fu (307)
sup(Xe — X )< L,+o , =
aeg N (1 - 90)1),

This closes the bounded-excursion component of the finite- N entry problem uniformly on the
continuation interval.
98. Entry before Region-I exit
Assume Region I is known to remain valid for
0<X-X_ <Lpg

with a strict uniform margin

|Lp— L. =y > 0] (308)
By (307), choose Ny so large that
lo
sup |on(1)] < B) (N > Np).
a€ls
Then ’
Xe—X,<L*+50<LR (309)

for every a € Iy and N > N,y. Hence

the amplitude by o = Mppn , is reached before Region-I exit, uniformly in o. (310)

This part of the former “finite-N entry hypothesis” is therefore a theorem under the explicit
uniform Region-I inequalities (299)-(300), (306), and (308).

189



99. What remains in the entry bridge

The conclusion (310) is an amplitude-entry statement, not yet a profile-entry statement.

Define
5" by a(s)

Whals) = e (311)

and let B, denote the continued positive similarity profile. A natural interval defect is

Ova(t) = [[Wha(t) = Ballx + tnalt), (312)

where ty, contains the reconstructed-variable norms. The genuinely remaining entry esti-
mate is

DN,a<te) S C’ent (550 + EN +p;/'71a> 3 Ho > 07 (313)

uniformly in «. We have the architecture leading to (313), but not an interval-uniform proof
of (313). Thus Part 10 closes the logarithmic-excursion and Region-I-exit portions of entry,
while isolating (313) as the only nonalgebraic profile-entry estimate.

28 Part 11: Uniform terminal bootstrap and coeffi-
cient gap
100. Uniform terminal equation
Write the normalized finite-N terminal equation in the form
OWxa=AcWyna)+ ENa, (314)

where 7 = —log s, A, is the autonomous similarity vector field having equilibrium/profile
B,, and &y, contains reconstruction, finite-/V, transverse, and cutoff errors. Put

VN,a = WN,a - Ba- (315)
Taylor expansion about the profile gives
a7—‘/N,oz = LaVN,a + Na(VN,a> + 5N,a7 (316>

where

INa(V)lla < Col VI (317)

in a fixed ball, after decreasing 4 if necessary. The C' profile branch from Part 9 makes Cg
uniform on Is.

101. Perturbative uniform spectral gap lemma

Suppose the phase-fixed anchor semigroup satisfies

e | o < Mpe 07, >0, (318)

190



for some Ay > 0. The C! operator dependence proved in Parts 7-9 gives
”La_LlHX—)X SCL|O[—1| (319)
Duhamel’s formula yields

eTha = g™l 4 / eI (L, — Ly)et do.
0

A standard Gronwall estimate therefore gives, whenever

A
MoCpd < 70 (320)

A
e |l vmn < Moe™ 7, A, = ?0 o€ Iy (321)

Thus any verified phase-fixed spectral gap at the explicit anchor persists on a sufficiently
small nonempty a-interval. Equation (321) is the uniform linear input needed for the non-
linear bootstrap.

102. Nonlinear bootstrap lemma

Assume
||5N,a(7—>||X S CEG_HT + EN, EN — O, (322)

uniformly in «, with g > 0. Variation of constants in (316) gives
IV (T)llx < Moe™ 7|V (7) ||

—|—MOCQ/ e M|V (0)||% do

(323)
+ M, /T e =) (Cre ™ + en) do.
Let ]
Ao = 5 min{ A, pt}. (324)
For a bootstrap assumption
IV (T)||lx < 2467077 4 2Aey, (325)
the quadratic integral in (323) is bounded by
C(My, Co, Ap) A2 (e—/\b(T—Te) + GN) ) (326)

Hence there exist Ay > 0, ¢g > 0 and e,y > 0, depending only on the uniform constants,
such that if
||v<7—e)||X S Eent) EN S €0, (327)
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then the factor 2 in (325) improves to 1. By continuity,

Via(T)llx < Age™™T) + Agen, 727, (328)

uniformly in o € I.

Thus the nonlinear bootstrap is reduced to two checkable inputs: the uniform linear decay
(321) and the finite-V forcing estimate (322). It is not necessary to re-prove the nonlinear
stability separately for every exponent.

103. Euler-derivative closure in the interval

Let 0
E = Sasa N, = —S > N7a‘
bN,a
The exact identity already established in Section 80 is
B *(Eq) + 4q(E® Eq)? — E° 2
;- =4 — 60 (Eq) +4q(E7q) + 3(Eq) q. (329)
Suppose
1 + nN @
a=ANa ’ 330
N N 1+ prva ( )
with
inf |14+ pyao| > ¢, >0 (331)
and
3
sup 3 (1B Axcallo + 1 Emvalloe + 1B prvaloc) < ox. (332)
a, =0
Repeated quotient differentiation then gives
sup || B g alloo < 00, 0<j<3, (333)
a,N
and (329) implies
s4|8be7a| S CbN’a (334)

uniformly. Thus the Euler-derivative portion of the bootstrap is completely closed once the

regular-singular factors in (330) satisfy the explicit uniform bounds (331)—(332).

104. Coefficient-gap continuation lemma

Let D, be the limiting terminal coefficient produced by the continued profile and suppose
Dy > 2d, > 0. (335)

Since the profile branch and all algebraic coefficient functionals are C! in a, there is Cp < oo
such that
Dy~ Di| < Cpla— 1. (336)
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Choose

d.
dgap < s (337)
Then
D, > d, (o € [1,1 4 0gap))- (338)
If in addition the finite- N reconstruction obeys
sup [Dyo — Dol <), 0 =0, (339)
a€cls
then for sufficiently large NV,
d. . :
Dy > 5 > 0 uniformly in a € I;. (340)

Therefore the coefficient-gap problem is reduced to two concrete quantities: a strict positive
anchor margin (335) and the uniform reconstruction error (339). Continuity in « itself
creates no additional obstruction.

29 Part 12: Uniform invariant region and limiting pas-
sage

105. General-a invariant-region inequality

Let el
Wya = ——Na = 2a -1, (341)
PN,a

Assume the exact normalized terminal equation implies on the boundary Wy, = W, the
lower differential inequality

d .
ZWia > Ano(s)W. [DyoWe — K& — Ry o(s)] (342)

where Ay o(s) > 0, the dissipative coeflicient satisfies

sup K3 < K, < oo, (343)
a€ls
and
sup |Rya(s)] < Crsh'® + e%%), pr > 0. (344)
a,N
Using (340), choose
4K,
W, > : (345)
d.
Then
d



Choose s, > 0 and then N, so that
Crstt 4+ P <K, (N>N,). (346)
Equations (342)—(346) imply

d
%WN’Q >0 whenever Wy, =W,, 0<s<s,. (347)

Hence

WN,a Z W* (348)

is a forward-invariant terminal region uniformly for @ € Is and N > N,. This is the general
interval form of the invariant-region mechanism and contains no special exponent.

106. Two-sided terminal amplitude bounds

The lower invariant bound gives
bna(s) > pyaWes . (349)

For the matching upper bound, suppose the normalized equation also yields, for W > W*,

d
S Wha <0 350
gt Ve S (350)

uniformly in the same terminal layer. Then the strip
W, < Wya < W* (351)

is invariant, and

pN,aW*s_Ta S bN,oz(S) S pN,aW*S_ra- (352)

If the normalization is chosen so that py, is absorbed into the profile amplitude, (352)
becomes the uniform physical statement

c_s " <bya(s) <cps e (353)

The upper barrier (350) must be derived from the exact normalized finite-N equation; it
cannot be inferred from the lower barrier alone.

107. Uniform finite-time conversion

Assume (353) and the exact characteristic law
5=1—bnga. (354)
For sufficiently small s, the lower bound in (353) gives b > 2, hence

1
gb<b—1=—s<b (355)
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Therefore

1 dt 2
—sr < — < —5" (356)
Cy —ds T c_
Integrating from 0 to s(t) gives
1 2
S AR D GRS (357)
c(ro +1) c_(ro+1)

Since r, + 1 = 2a and « lies in a compact interval, all prefactors are uniform. Thus

2a—1
2

T, —t =< ™, byo(t) < (T, —t) 2o . (358)

This proves the finite-time conversion uniformly on the entire continued profile interval once
the invariant two-sided terminal bounds are available.

108. Strong compactness criterion sufficient for the scalar limit
Let 0 < T < T, be fixed. A convenient sufficient compactness package is
by — bo strongly in L*(0,T; H*'*), (359)
Oibn.o bounded in L*(0,T; H™*9), (360)

for some € > 0, together with analogous bounds for the reconstructed transport velocity. By
the compact embedding on the torus and the Aubin—Lions mechanism, after extraction,

byo — bo strongly in L?(0,T; H®) (361)

and hence strongly in L.
The quadratic term then passes by

15 = %[z < [lbx = bllz2(llbwll 2 + [[Bl|z2) — O. (362)

Moreover
(—A)*2by — (—A)*?b  strongly in L?, (363)

so the fractional energy pairings pass to the limit. If
Uno — Uy strongly in L2(0,T; H") (364)
and Vby , is uniformly bounded in the conjugate space required by the scalar equation, then
UNa - VON o — Uy - Vg (365)
in distributions. Finally, any cutoff or reconstruction residual Ry, satisfying

sup ||RN7Q||L1(07T;H—m) —0 (366)
a€cls
vanishes in the limit.
Thus (359)—(366) constitute a concrete sufficient strong-limit theorem. The remaining
task is to derive these bounds from the exact finite-\N reconstruction; compactness itself is
then standard and no special exponent is required.
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30 Part 13: Revised interval theorem and exact re-
maining ledger

109. Uniform finite-N theorem under explicit verifiable estimates

Theorem 3 (Small-supercritical finite- NV terminal theorem). Let Is = [1,1+0] be contained
in the profile interval from Part 9. Assume the exact finite-N reconstructed scalar equation
and characteristic law hold and suppose the following estimates are uniform in o € Is for all
sufficiently large N :

1. the Region-I inequalities (299)—(300), the growth (306), and the strict validity margin
(308);

2. the profile-entry estimate (313);

3. the terminal forcing estimate (322) and the anchor spectral-gap hypothesis (318), with
d chosen to satisfy (320);

the regular-singular Euler bounds (331)-(332);
the positive anchor coefficient margin (335) and reconstruction convergence (339);

the terminal remainder estimate (344) and a matching upper barrier of the form (350);

NS v

the compactness estimates (359)—(366) on every preterminal interval [0,T], T < T.

Then the finite-N trajectories enter the continued profile neighborhood before leaving Region
I, the terminal bootstrap closes uniformly, the coefficient gap remains strictly positive, and
the normalized terminal strip is invariant. Consequently

bN,a(S) = 87(20471)

with constants uniform on a possibly smaller interval, and

2a—1

vaa(t) = (T*7N,a — t)_ 2a | (367)

If the compactness hypotheses pass the characteristic and terminal lower bound to a limiting
scalar solution, then the same exponent law holds for the limit up to its terminal time.

Proof. Part 10 gives uniform entry to the amplitude scale before Region-I exit; (313) places
the trajectory in the profile neighborhood. Part 11, equations (321)—(328), closes the ter-
minal stability bootstrap, while (333)—(334) close the Euler derivative estimates. Equations
(335)—(340) give a uniform positive coefficient gap. Part 12 then gives the invariant terminal
strip and the two-sided power law. Equation (358) converts that power law to physical time.
Finally (359)-(366) are sufficient to pass the scalar equation and its controlled residuals on
each preterminal interval. O O
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110. Which former Section 94 items are now reduced or closed

The four items listed in Section 94 should now be separated more finely.

1. Finite-N entry. The bounded logarithmic excursion and entry before Region-I exit
are proved uniformly by (304)—(310). The only remaining nonalgebraic entry input is
the similarity-distance estimate (313).

2. Bootstrap. Once the anchor spectral decay (318) is verified in the chosen phase-fixed
terminal norm and the finite-N forcing obeys (322), the interval bootstrap follows by
perturbation and Duhamel, giving (328). Euler fourth-derivative closure is already a
consequence of the explicit regular-singular bounds (331)—(332).

3. Coeflicient gap. A strict positive gap at the anchor persists for all 1 < o < 1 4 dgqp
by continuity. The finite-N gap then follows from the single uniform reconstruction
estimate (339). Thus no separate exponent-by-exponent gap proof is needed.

4. Limiting estimates. The sufficient topology is made explicit in (359)—-(366). What
remains is not an abstract compactness theorem but the derivation of those uniform
bounds from the reconstruction formulas.

Accordingly, after the profile theorem of Part 9, the genuinely construction- specific
estimates still to be established are

(313), (318), (322), (331)—(332), (335), (339), (344), (350), and (359)—(366).|  (368)

Several of these are continuity or perturbation estimates rather than new nonlinear existence
problems.

111. No isolated exponent enters Parts 10-13

Every exponent used above is expressed through
o =2a—1

and every interval restriction is obtained by shrinking the already nonempty profile interval.
In particular, no numerical profile, Mellin root, coefficient, or remainder exponent tied to
a single isolated value of « is used in Parts 10-13. This is essential: the purpose of the is
to establish a theorem on an open interval above the classical endpoint, not to repackage a
one-exponent certification.

112. Revised status

The manuscript now proves the positive Mellin-profile branch on a nonempty small-supercritical
interval and proves the uniform pre-entry excursion mechanism on that same interval under
the explicit Region-I inequalities. It also proves abstract uniform bootstrap, coefficient-
continuation, invariant-region, and limiting lemmas whose hypotheses are stated in norms
that can be checked directly against the finite-N reconstruction.
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It would still be mathematically premature to delete all conditional language from the
scalar interval theorem until the reconstruction-specific estimates listed in (368) are verified
from the exact finite-N formulas. The gain is that the former four broad hypotheses have
now been reduced to a short list of precise inequalities, with the purely functional-analytic
parts proved once and for all uniformly in a.

31 Part 14: Exact finite-N dynamics to the continued
profile

113. Purpose and logical form of the bridge

The profile theorem of Part 9 supplies a positive phase-normalized branch B, for a € Is =
[1,1+ ¢]. Parts 10-13 isolate the remaining problem: the exact finite-N trajectory must be
shown to enter a neighborhood of B, remain there uniformly, and converge strongly enough
that the terminal inequalities survive N — oo. This part gives a single bridge theorem
that separates what follows from exact identities from what must be estimated from the
reconstruction coefficients.
Put
o =20 — 1, T = —logs,

and normalize the exact finite-N scalar by

Ta}) N
Wya(r) = 2 0xals) (369)
PN,a
Let B, be the continued profile and set
VN,a = WN,a - Ba~ (370)

The exact finite-NV equation can always be decomposed, without approximation, as

a7—‘/N,oz = LaVN,a + Na(VN,a> + EN,OU (371>

where L, = DA, (B,), the nonlinear remainder is
NOt(V) = Aa(Ba + V) - Aa(Boz> - La‘/a (372)

and Ey, is defined to be the exact difference between the finite-N normalized vector field
and the autonomous profile vector field. Thus (371) is an identity. No smallness has yet
been assumed.

114. Exact decomposition of the finite-N defect

For the one-phase reconstruction the defect may be grouped as

Ena = ENAT+ ENS + ERS + EJL. (373)
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Here £°°f is produced by replacing the finite- IV coefficient functions by their terminal limits,
£ is the velocity /reconstruction residual, £7¢ is the difference between the exact fractional
term and its Mellin one-phase limit, and £ contains any regularization or localization
terms. The exact one-phase identity

(—A)*F(sy) = k**(—04)*F(sn) (374)

shows that, in the strict generalized affine one-phase class, there is no independent transverse
fractional error. In that class Ejf\l}a; consists only of the finite-N coefficient, regularization, or
cutoff discrepancy actually present in the reconstruction. This is stronger than the earlier
multidimensional remainder bookkeeping.

Define the uniform defect modulus

X (s) := sup ||En.a(s)| - (375)

a€cls

The bridge requires an estimate, not an assumption about the terminal shape, of the form

£ (s) < Chps™™ + e, fipe > 0, ey — 0. (376)

Every term on the right of (373) is to be estimated directly from the exact finite-N coeffi-
cients. Equation (376) is therefore noncircular: it does not assume Wy, — B,.

115. Entry from an overlap interval rather than from amplitude
alone

Large amplitude by itself cannot imply profile closeness. The correct bridge uses an overlap
interval

JN,a = [7——77_6]) Te — T— S Lova (377)

whose length is uniformly bounded by Part 10. On this interval solve (371) backward from
T, or, equivalently, forward from 7_. Let S,(7) denote the phase-fixed evolution generated
by L, and assume the uniform dichotomy/stability estimate already isolated in (321):

1Sa(T)lxsa < Moe™™7,  7>0. (378)

Variation of constants gives the exact identity

)

V(1) = So(me — 1)V (1) + /Te Se(1e — 0) [./\/'a(V(a)) - SNa(a)}da. (379)

Suppose the overlap starts in a fixed bounded set,

sup || Vivo(7-)[[x < Moy, (380)

N,

and that the exact preterminal dynamics keep ||V||x < Roy on Jy 4. Since the profile branch
is C'! on a compact interval,

INa(V)llx < Coll VI3 (381)
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with Cg independent of a.
Combining (376)—(381) yields
[V ()]l < Moe e M,
MyCq

*

_|_

sup [[V'[|3
WPy (382)

My
A

+  (Coust™ +en)

when the defect is monotone in the terminal direction; the obvious supremum version holds
otherwise. Thus the desired entry estimate (313) follows once the overlap has enough stable
time and the preterminal normalized error is small enough. More precisely, if

Moe—A*LstabMov S %’ (383)
MyC on
;—QR?W <: T (384)
and u
O (Chrst +ey) < 22, (385)
A, 2
then
[Wxa(Te) = Ballx < €ent- (386)

This is the rigorous form of the finite- N-to-profile connection. It also shows why the am-

plitude condition b = Mpy alone was insufficient: one needs the stable overlap estimate
(379).

116. A quantitative bridge theorem

Theorem 4 (Uniform finite-N profile-entry bridge). Assume the continued profile branch
of Part 9, the uniform phase-fized linear estimate (378), the quadratic estimate (381), and
the exact defect estimate (376). Assume further that the exact Region-I dynamics produce
an overlap interval satisfying (377), (380), and a bootstrap bound sup, ||V|x < Rey. If
the overlap contains a stable subinterval of length Lgay for which (383)-(385) hold, then
the finite-N trajectory enters the terminal profile ball (386), uniformly for o € Is and all
sufficiently large N.

Proof. Equation (379) is variation of constants applied to the exact identity (371). Use (378)
on the homogeneous term, (381) on the nonlinear term, and (376) on the finite-N defect.
Integration of the exponential kernel gives (382). The three contributions are bounded by
(383), (384), and (385), respectively. Their sum is at most ey, proving (386). ] ]
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32 Part 15: Uniform propagation from entry to the
terminal layer

117. Bootstrap begins exactly at the bridge time

At 7 = 7., (386) supplies the initial smallness required in (327). Consequently the Part 11
bootstrap applies without any additional matching assumption and gives

Wha(T) = Ballx < Ape ™) 4 Agen, T 2 Te. (387)

Thus, once (376) and the overlap inequalities are verified from the exact coefficients, the
former entry hypothesis (313) and the subsequent nonlinear profile bootstrap become one
continuous argument.

118. Exact logarithmic-slope closure along the profile tube

The exact characteristic identities from the generalized affine manuscript are

b = FN,ab2 + FN,a - RN,a - DN,Om (388>
—§ = HN,Q + ’YN@b. (389)

Define r Fyo—Rua—D H

SL N« N,ao — N,a = N« N,«
A a — : y a — : : : 3 a — —. 390
N’ VYN,a I, FN,ab2 ox, /YN,ab ( )
Then, with E = s0,
bs 1 —|— nNoz

wim sl Ay L e 391
gn, S b N, 1+ prva ( )

This is exact. Hence (331)-(332) are not independent dynamical hypotheses: they follow
from uniform coefficient bounds

nf |1+ pyal > ¢, >0, (392)
3
sup > (1B A alloe + 1 E/ 0 alloe + 1B alloe) < Co. (393)

No 55

Repeated quotient differentiation gives

sup [ F/ayalle <G5 05 <3, (304)
N,

and therefore

s'0%N o < Cbya. (395)

Thus the derivative closure is reduced entirely to coefficient estimates in (392)—(393), which
can be checked before assuming the terminal power law.
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119. Defect decay is preserved by the profile tube

Suppose the normalized reconstruction residual has the exact factorization

Ri.a
Rrj{gltﬂlm = # = SuRaN,a(S)a Ur > 07 (396)
Y& N,a
with ‘
sup |E an oo < Cj, 0<j<3. (397)
Then '
EIRYI < Cln, 0<j<3 (308)

The same conclusion holds for every defect term admitting such a positive terminal power.
Since « ranges in a compact interval, the minimum of finitely many continuous positive re-
mainder exponents remains positive after shrinking ¢ if necessary. Hence the forcing estimate
(322) follows from the coefficient-level factorizations, with

p= inf pirem(a) > 0. (399)
a€cly

No isolated exponent is required.

33 Part 16: Coefficient gap and invariant strip from
profile convergence

120. Uniform convergence of coefficient functionals

Let Z,(W,c) denote the exact normalized coefficient functional, where cy, denotes the
finite- N reconstruction coefficients. Define

Da = .@a(Baa Ca): DN,a = -@a(WN,om CN,a)' (400)
On a fixed profile tube, local Lipschitz continuity gives
Do — Dol < Cp ([[Wha — Ballx + [lena — calle) - (401)
Using (387), if
sup |lena — Calle < €y — 0, (402)
a€ly
then
sup | Do — Do| < CpAge™7 ") 4 Cp(Agen + €%). (403)
a€cly

Therefore (339) follows in the deep terminal layer. If the anchor coefficient has a strict
margin Dy > 2d, > 0, continuity of the profile branch gives, after reducing 4,

Do > d., (404)
and then (403) gives

Do > dy/2 (405)

for all sufficiently large N and sufficiently deep terminal time.
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121. Two-sided invariant strip

The lower boundary argument of Part 12 uses (405) and the decaying normalized remainder.
For the upper boundary one applies the same exact normalized equation with the inequalities
reversed. Suppose on a fixed tube

W = Ana(s)W [DnoW — K& 4+ Ry o(s,W)],  Ana >0, (406)
with
|Ry.a(s, W)| < Crstr + i (407)

for W in a compact interval. Choose W_ so that the bracket is positive at W = W_ and
W, so that the exact orientation of the normalized equation makes the vector field point
downward at W = W,.. Then

W_ < Wya(r) < W, (408)

is forward invariant. The second sign must be checked from the exact finite-N normalized
equation; it is not a consequence of the lower sign. Once both signs hold, however,

c_s " <bya(s) <cps ™, To =20 — 1, (409)

with constants uniform on a possibly smaller interval.

34 Part 17: Uniform passage to the finite-N limit

122. Compactness on every preterminal interval

Fix T < T,. Suppose the exact reconstruction provides the uniform energy package

Sup 1on,allz20,1;110+e) < Cr, (410)
sup [|0:bn allr20,7m-0-<) < Cr, (411)

)

and corresponding bounds for the reconstructed transport velocity. Then Aubin-Lions gives,

after extraction,
by — bo strongly in L*(0,T; H*), (412)

which is enough for the quadratic and fractional terms as described in Part 12. If the
residuals satisfy
sup |RyallLio1m-m) = 0, (413)

a€ls

the limiting scalar equation follows distributionally on [0, T].
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123. Passing the terminal lower bound without losing it in the limit

Preterminal compactness alone does not automatically pass a lower bound at a moving
terminal point. A sufficient uniform statement is the following. Assume there exist sg, c_ > 0,
independent of NV and «, such that

bna(s) > cos", 0 < s < s, (414)

and the characteristic maps ¢ — sy o(t) converge locally uniformly on every [0,7], T < T,
to so(t). If, in addition, by — b, locally uniformly along the distinguished characteristic
away from s = 0, then for every fixed s € (0, s¢],

ba(s) > c s, (415)

The constants do not deteriorate with N, so the lower terminal barrier is not lost in the
limit.

Using the upper bound in (409) and the exact characteristic law § = 1—b, the calculation
of Part 12 gives

2a—1

Teo —t =< 8a(t)**,  bo(t) < (T — 1) 20 . (416)

Thus the limiting scalar diverges in finite time whenever the hypotheses of this part, including
the uniform terminal barrier, are verified.

124. Uniformity in the exponent

All constants above may be chosen uniformly after replacing § by

6* = min{éprofa 5lina 6gap7 5rem> 5comp} > O: (417)

provided each listed interval is nonempty. The exponent functions r, = 2a¢ — 1 and 2« vary
continuously and remain bounded away from zero. Therefore no step in Parts 14-17 requires
selecting an isolated value of a.

35 Part 18: Closed bridge theorem and remaining coefficient-
level checks

125. Finite-N to profile to limit theorem

Theorem 5 (Uniform connection theorem). Let 1 < oo < 140, with 6, > 0 as in (417), and
suppose the continued profile B, exists. Assume the exact finite-N reconstruction satisfies
the coefficient-level estimates (376), (378), (380), (383)—(385), (392)-(593), (396)-(397),
(402), (407), and (410)—(414), together with the upper-boundary sign required for (408).
Then, uniformly for sufficiently large N :

1. the exact finite-N trajectory enters the profile neighborhood;
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the profile error remains small and decays according to (387);
the logarithmic derivatives close according to (394)—(395);
the terminal coefficient gap is positive according to (405);

the normalized terminal strip (408) is invariant;

the two-sided power law (409) holds;

a subsequence converges strongly on every preterminal interval; and

ST S S B R S

the limiting scalar satisfies the finite-time law (416).

Proof. The entry statement is Theorem 116. Equation (387) is the Part 11 nonlinear boot-
strap initialized by (386). Equations (391)—(395) give derivative closure from the exact
characteristic coefficients. Equations (400)—(405) transfer the positive profile coefficient to
finite N. Equations (406)—(409) give the invariant strip. Equations (410)—(413) yield strong
preterminal compactness, while the uniform barrier (414) and characteristic convergence give
(415). The finite-time conversion then gives (416). O O

126. What has and has not been proved by the bridge argument

Parts 14-18 remove an important logical ambiguity. The similarity-entry estimate is not
to be inferred from large amplitude. It follows from the exact defect equation (371), a
stable overlap interval, and coefficient-level defect smallness. Likewise, the Euler bounds

and coefficient gap are consequences of exact identities plus uniform coefficient convergence.
The argument does not manufacture the coefficient estimates. For the particular finite- NV
construction one must still verify directly from its explicit formulas:

the defect estimate (376), the overlap bounds (380), (383)—(385),
the coefficient derivative bounds (392)—(393), the residual factorization (396)—(397), coefficient convergence (402), (418)
the upper invariant-boundary sign in (406)—(408), and the uniform compactness/barrier hypotheses (410)—(414).

These are now coefficient-level checks, not a missing profile theory. If the explicit recon-
struction formulas establish (418), the scalar finite-N to profile to limiting blow-up chain is
closed on the nonempty interval 1 < o« < 14 9,. The separate reconstruction of a full three-
component velocity-pressure solution remains an additional theorem and is not asserted by
the scalar bridge alone.

36 Part 19: Term-by-term attack on the coefficient
ledger (418)

127. Purpose: separate identities, theorems, and genuinely missing
estimates

Equation (418) is a ledger rather than a single analytic inequality. It contains several logi-
cally different assertions. Some follow from exact one-phase identities already proved in the
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manuscript; some follow from elementary quotient/Euler calculus once coefficient bounds
are known; and some require new information about the particular finite-N reconstruction.
The purpose of this part is to remove every item that can be removed without inserting a
new hypothesis.
Throughout
Is =[1,1+ 4], Te =20 — 1, 7= —logs,

and 0 > 0 is reduced, when necessary, but is independent of N. No isolated value of « is
used in this part.

128. Exact one-phase fractional reduction removes an entire defect
block

For the generalized affine phase
sy =Cyt —Csz—Coy —Crx — 0.y, K =C?+C2+C3,

Fourier multiplier calculus gives the exact identity

(—Ar)*F(sy) = K2(—04,) F(s ). (419)

Consequently there is no transverse fractional approximation error inside the strict one-phase
class. If the same fractional realization is used in the finite-N equation and in the profile
equation, then

N =0. (420)

If a cutoff or regularization is retained, the only fractional contribution to the bridge defect
is the explicit cutoff/regularization commutator. Thus the fractional part of (376) is not an
independent hypothesis.

Proof. For a one-phase Fourier mode e~ the spatial frequency is n(—C1, —Cy, —C3) and
hence has modulus |n|x. The torus multiplier |k|?** therefore acts as £%%|n|?**. Summing the
Fourier series proves (419). Subtracting the identical one-dimensional fractional term in the
profile vector field proves (420). O O

129. Reconstruction residual: exact normalization and positive-
power criterion

Write the exact scalar characteristic equation as

b=Txnaob*+ Fno—Rya — Dna, (421)

and introduce R
Ry o = —— 422
N, FNyab?V’a ( )
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The reconstruction estimates derived earlier have the structural form

RNl ( 1 )
———— <O =——— +nals) |, 423
T nalb, Tl Vel (423)
where ¢y, denotes the remaining explicit coefficient corrections. In the terminal profile tube
bNa = DNaS *Whas Wyaoa=>W_ >0, (424)
and if
Tna(s)| > g s, g_ >0, (425)
then 1 1 1
< sretl = —— g% 426
Tnalbne = 9-Wopna 9-W_pn,a (426)
Since a € Is, 2ac > 2, and therefore
— < Opys° 427
|FN,a|bN,a N, ( )

Thus the algebraic reconstruction term already has a uniform positive terminal power. Only
the explicit coefficient correction ¢y, remains to be estimated from its reconstruction for-
mula.

More generally, if

3
tnal(S) = s"cnal(s), e >0, supz 1B ey allo < 00, (428)
N, 7
b jzo

then (423)—(428) imply

|E'Rn ol < C (pylas® + ),  0<j<3 (429)

This proves the residual factorization (396)—(397) whenever the remaining explicit recon-
struction coefficient possesses the positive-power expansion (428). The important point is
that the 1/(I'b) term itself is now closed uniformly in .

37 Part 20: Exact Lambert coefficient calculus and Eu-
ler closure

130. A general Euler-quotient lemma

The finite- N Lambert reconstruction enters the characteristic dynamics only through dimen-

sionless coefficient combinations. Let
SFN,a FN,a - RN,a - DN,a HN,a

ANa = ) o = ) o= ;7 - 430
a TN, I, FN,ab?Vya PN, P)/N,abN,a ( )

Then the exact characteristic quotient gives

bs 1 + 1IN, o

b 5t = Ay e 431
gn, b N, 1+pN,a ( )
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Theorem 6 (Uniform Euler quotient closure). Assume for some c, > 0
1+ prval > € (132)

and

3
SUPZ (HEjAN,aHoo + ||Ej77N,a||oo + HEjPN,aHOO) < (.. (433)

N,a =0

Then there are constants C; = C;(Cy, c,) such that

1B qn.alloe < Cj, 0<j<3. (434)

Proof. Apply E repeatedly to (431). Every derivative is a finite sum of products of E¥A,
E*n, and E*p, divided by a power of 1+ p no larger than four. Equations (432)—(433) bound
every such term uniformly. O O

The fourth derivative of b then follows algebraically:

E'%
- = ¢* — 6¢°Eq + 4qFE*q + 3(Eq)* — E*q. (435)

Hence (432)—(433) prove the derivative closure required in (392)—(395). The only construction-
specific obligation is therefore to prove (432)—-(433) for the explicit Lambert coefficients; no
further PDE estimate is hidden in this step.

131. Uniform increasing-depth Lambert logarithmic sensitivity

The fixed-depth representation (437) is useful only while the iterates remain inside the branch
core. It is not the correct object to propagate when the depth k£ = k(V) tends to infinity.
The exact renormalized branch-distance map is instead

Angrr = F(Ang),  F(A) =1+ Wy(—e'72). (436)

Write
q=F(A)€(0,1).

Since Wy(—e~!72) = ¢ — 1, the Lambert identity gives the exact inverse relation

A =—q—log(l—q). (437)

Differentiating (437) yields

dA q 1—g¢q
= F'(A) = — =, 438

Define the Euler logarithmic sensitivity

SNk = Elog Ay, E = s0,. (439)
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Then the exact chain rule gives

Sngt1 = A(AN ) SN, A(A) = A;:(/é?) _ A(lqz_ q)

(440)

Thus the increasing-depth problem reduces to an exact scalar multiplier.

Theorem 7 (Global contraction of the Lambert logarithmic sensitivity). For every A > 0,
with g = F(A) € (0,1),

0<AA) < (441)

DO | —

Moreover A extends smoothly to A = 0 with A(0) = 1/2. Consequently, for every finite N
and every depth k > 0,

1Sniel < 27%Snol- (442)

The estimate is uniform for arbitrary choices k = k(N), including k(N) — oo.

Proof. Positivity is immediate from (440). To prove the upper bound, (441) is equivalent to

2(1 - q)[—q —log(1 — q)] < ¢”.

Set
H(q) = ¢ —2(1 — q)[—q —log(1 — q)].
Then H(0) =0 and

H'(q) = —2q —2log(1 —q) = 2[—q —log(1 — q)} >0

for 0 < ¢ < 1. Hence H(q) > 0, proving A < 1/2. The branch expansion —q — log(1 — ¢q) =
/2 +¢3/3+ O(q?) gives A — 1/2 as ¢ | 0. Tteration of (440) now proves (442). O O

This theorem contains the branch-core exponent-halving law as its small-A limit, but it
remains valid after the orbit leaves the branch core. Indeed,

F(A) = VoA — %A PO, A(B) =1 +O(VA), (443)

whereas near the positive fixed point A,,

1—-A,

A(A) =F(A)) = A

<1. (444)

Thus the square-root description is a branch-core asymptotic, while (440)—(442) are exact
and increasing-depth uniform.
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131A. Higher Euler derivatives: triangular induction

For the Euler bootstrap one needs three further derivatives of Sy . Introduce
Bi(A) = AA'(A), By(A) = AdaB(A), B3(A) = AdaBs(A). (445)

On any invariant interval 0 < A < A, with A, < 1 (and in particular on [0,A,]), the
functions A, By, By, Bs extend continuously to zero and are uniformly bounded. Applying £
to (440) gives exactly

ESy1 = ALES, + Bl,kS,f, (446)

E?Spy1 = ARE2S), + 3By 1Sk ESy + BaiSy, (447)
and
E*Spi1 = AE3Sy, + 4By .S E?S), + 3By 1 (ES;)?
+ 6By 4 SEE Sy, + B3 1Sy,

where Ay = A(Any) and Bjj, = Bj(Any).

(448)

Theorem 8 (Uniform increasing-depth Euler derivative theorem). Assume the terminal

mput obeys
3

sup E |EmSN70| S Mo (449)
N
m=0

on the coupled terminal window, and assume the Lambert orbit remains in a fived compact
invariant interval 0 < Ay < Ay < 1. Then there exist constants Cp, = Cy (Mo, AL),
independent of N and k, such that

|[E™Sn | < Cp27F, 0<m<3. (450)

Consequently, for every sequence k(N) — oo,

max_||E™(Elog Angny)|lee — 0. (451)

0<m<3

Proof. The case m = 0 is (442). Let M; = suppcp<a, |B;j(A)|. Equation (446), the contrac-
tion A; < 1/2, and (442) give

1
|ESyi1| < §|ESk| + My MZ 47,

Discrete convolution with 2=*=9 yields |ES,| < C127%. Substitution of this estimate into
(447) gives

1
|E?Spqa| < §‘E25k‘ + 047",
and therefore |E%S;,| < C527%. Finally (448) and the three already proved estimates give
1
[E*Spn| < GBS + C47F,

so |E3Sy| < C327%. All constants depend only on the uniform input bound and the compact
coefficient bounds, not on N or on the terminal depth. Taking k = k(N) — oo proves
(451). O O
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For the manuscript’s terminal input

Ano(s) = Ans(l+(n(s)), (452)
one has
Sno =1+ Elog(1+ (y). (453)

Hence (449) follows directly from a uniform denominator gap |1+ (x| > ¢ > 0 and bounded
first four Euler derivatives of (. The Lambert part of the old condition (439) is therefore
replaced by the exact theorem (440)—(451); no small multiplicative remainder wy y(ny is
required once the orbit leaves the branch core.

131B. Consequence for the coefficient bootstrap

Every reconstruction coefficient that depends smoothly on a finite collection of Ay and
their logarithmic Euler sensitivities inherits uniform Euler bounds from (450), provided its
algebraic denominators remain separated from zero. Thus the Lambert contribution to (433)
is now a theorem of the exact recurrence. The remaining content of (433) is only the non-
Lambert coefficient /cutoff convergence and the stated denominator gaps.

38 Part 21: Coefficient convergence and the positive
gap

132. Continuity in « transfers a strict anchor margin

Let D, be the terminal coefficient functional evaluated on the continued profile and limiting
reconstruction coefficients. Since Part 9 provides a C! profile branch and the coefficient
formulas are smooth in « on a compact pole-free interval, D, is continuous. Thus, if

Dy >2d, >0, (441)

then there is dgap, > 0 such that

Do >2d,,  1<a<146u. (442)

N o

This is an interval statement and uses no isolated exponent.
Suppose now that the explicit finite-/NV coefficient vector satisfies

sup ||lcn.a — Calle < €y ey — 0, (443)
a€cls

and that Wy, is in the profile tube. Local Lipschitz continuity then gives
|DN,a_Da| SCD(HWN,a_BaHX"f'E(]:\/)' (444)

Choose the terminal tube and N so that the right side is at most d./2. Combining (442)-
(444) proves

Dyao>d, >0 (445)

211



uniformly on a possibly smaller nonempty interval.
Thus the coefficient-gap problem has been reduced to one explicit convergence statement,
(443). The gap itself is not an additional independent hypothesis.

133. What the finite-N Lambert expansion proves about (443)

A finite-depth expansion of the form (436)—(437) proves coefficient convergence for every
coefficient that is a smooth function of finitely many quantities

AN,ju EAN,]', Ce ,EmAN’j, j S k, m S 3, (446)

provided the corresponding remainders converge uniformly. Indeed, the mean value theorem
on a compact coefficient set yields

lewa = Calle < C_max ||E™Ay; — E" A (447)

J<k,m<

Therefore fixed-depth coefficient convergence is a theorem once the displayed Lambert asymp-
totics are uniform. For increasing depth k(INV), (447) again shows exactly which uniform
cascade estimate is required; it cannot be replaced by pointwise-in-N convergence.

39 Part 22: Closing the two invariant boundaries
134. The lower and upper signs must come from the same scalar
field
Write the exact normalized terminal equation as
O-W = Ano(s)W[DynoW — Kno(W) + Rya(s, W)], Anao > 0. (448)
Assume on a compact interval [W_, W]
Dyo > d, >0, |Rno(s,W)| <egr(s,N), er—0, (449)
and suppose the limiting bracket
Bo(W) = DW — K, (W) (450)
has strict opposite boundary signs

inf B, (W_) > 20, sup B,(W,) < —20 (451)

a€ls a€ls

for some o > 0. Uniform coefficient convergence and (449) imply, for large N and sufficiently
small s,

Brno(W.) >0,  Bya(W.) < —0. (452)

Consequently the vector field points inward on both boundaries and

W_ < Wya(r) < W, (453)
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is forward invariant.

This proves the upper-boundary part of (406)—(408) once the strict limiting upper sign
in (451) is verified from the continued profile vector field. It also shows why a positive
lower coefficient gap alone cannot prove the upper barrier: the nonlinear dissipative function
K, (W) must dominate at W

40 Part 23: The defect estimate (376) reduced to ex-
plicit finite-N moduli

135. A noncircular defect theorem

Let
Wi (s) == sup [lewals) = calle; (454)
a€ls
wy'(s) = Sup 1ER"(8)]|2- (455)
acls

On a fixed profile tube the normalized vector field is locally Lipschitz in its coefficient vector.
Using (420) and (429),

IEN(s)||x < Cw(s) + C (pjv}azs2 + s“c) + Wi (s). (456)

Therefore the bridge estimate (376) follows if the two genuinely construction-specific moduli
obey
WM (s) < Csit + 65\17), Wi (s) < Cst* + 653), (457)

with py, ps > 0 and eg\i[) — 0. Indeed, with

Hor = min{27 Hes K1, :u2} > 07 EN = Cp]_\],l— + 065\17) + 65\27)’ (458)
where py _ = infyer, pvo — 00, One gets
e (5) < Cips + en. (459)

Thus (376) is reduced to the explicit coefficient and cutoff moduli (457). There is no re-
maining fractional one-phase defect and the algebraic reconstruction contribution is already
controlled by (427).

41 Part 24: Uniform compactness and passage to the
limit
136. A sufficient compactness theorem adapted to the interval

Fix T < T,. Let 6 > 0 be small and choose £ > §. Since @ < 1+ ¢, a uniform bound in the
fixed space H't9t¢ dominates every H***/2 norm. Assume

sup ||bn.a 20,7 m1+6+2) < Cr, (460)
N,
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sup ||(9th7&||L2(07T;H717575) S CT. (461)

N,

For every 0 < 6 < /2, Aubin—Lions gives relative compactness in

L2(0,T; HEFOTe=0), (462)

loc

In particular, after extraction,
by — by strongly in L*(0,T; H,) (463)

uniformly for « in a smaller compact interval, in the sense needed for all subsequences with
anN — .
The fractional term passes weakly because

(—A): H - H~ (464)

is bounded, while the strong convergence supplies the quadratic products. If the exact scalar
residual tends to zero in L*(0,T; H~™), the limiting scalar equation follows distributionally.

The estimates (460)—(461) are therefore a sufficient fixed-space replacement for (410)—
(413). They are still energy estimates that must be derived from the finite-N equations;
compactness itself is no longer an additional mystery once they are available.

137. Persistence of the terminal barrier
Assume the invariant strip (453) is established with constants independent of N and a.. Then
bya(s) > cos (465)

on a common terminal interval. If the distinguished characteristic maps converge locally
uniformly and the scalar convergence is locally uniform away from s = 0, then for each fixed
s > 0 one may pass N — oo in (465):

bo(s) > c_s7 ", (466)

The terminal lower bound is therefore stable under the limit; no diagonal limit at s = 0 is
needed.
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42 Part 25: Revised status of equation (418) after the
increasing-depth theorem

138. What is now proved

The term-by-term attack, together with the exact increasing-depth Lambert theorem of
Part 20, proves the following implications without selecting an isolated exponent:

gfrac — 0’

(Tb)™' = O(py's?),

residual factorization,

[E™(Elog Anyg)|| S 27, 0 <m <3,
all Euler derivative bounds,

D N,a >d, > 0,

uniform invariant strip,

strong preterminal compactness.

strict one phase

profile tube + I' > s71

positive-power coefficient remainder

exact Lambert recurrence

(432)—(433)

strict limiting gap + coefficient convergence
two strict limiting boundary signs

(460)(461)

FERLLEE

(467)

139. Reduced construction-level ledger

The former item (i) in (468), the uniform increasing-depth Lambert remainder hypothesis,
is removed. It is replaced by the exact recurrence theorem (440)—(451), which is stronger
than the fixed-depth remainder formulation and is uniform for arbitrary & = k(N). The
remaining construction-level obligations are therefore

(i) coefficient and cutoff moduli (457), including their first three
Euler derivatives where required, excluding the Lambert sensitivity
already controlled by (450);

(ii) the strict upper limiting sign in (451) of the invariant-strip (468)
analysis (with the numbering there understood independently of the
new Lambert equation (451)); and
(iii) the fixed-space energy estimates (460)—(461), together with

vanishing of the exact scalar residual in the limiting topology.

Thus the increasing-depth Lambert estimate is no longer an unresolved global hypothesis.
The overlap inequalities (380), (383)—(385) reduce to the non-Lambert coefficient/cutoff
moduli, the already proved bounded Region-I excursion, and the stable profile semigroup.

140. Conditional closure theorem with the Lambert hypothesis
removed

Theorem 9 (Reduced finite-N closure theorem after exact Lambert contraction). Let 1 <
a < 140, and let the positive continued profile branch of Part 9 be given. Assume the termi-
nal input satisfies the uniform hypotheses of the increasing-depth theorem (449), (452)—-(453),
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and the required algebraic denominator gaps. Suppose the explicit finite-N reconstruction es-
tablishes the three remaining construction-level estimates in (468), and suppose the limiting
normalized profile vector field has the strict lower and upper invariant-boundary signs. Then
the bridge defect satisfies (459), the finite-N trajectory enters the profile tube, the Euler boot-
strap closes, the coefficient gap remains uniformly positive, the terminal strip is invariant,
and a subsequence converges on every preterminal interval to a scalar solution satisfying

bo(s) = s~ (469)

Along the distinguished characteristic $ = 1 — b, this yields

Too —t 8% bo(t) < (Tho —t)" 27D/, (470)

)

Proof. Part 20 proves the increasing-depth Lambert sensitivity and its first three Euler
derivatives directly from the exact principal-branch recurrence, so no fixed-k remainder hy-
pothesis is used. Equations (419)—(420) remove the one-phase fractional defect, and (423)—
(429) control the algebraic reconstruction residual. The non-Lambert coefficient /cutoff mod-
ulus in (468)(i), combined with the exact Lambert bounds (450), gives the bridge defect
estimate (459). The bridge theorem of Part 14 gives profile entry. Equations (430)—(435), to-
gether with (450) and the remaining coefficient bounds, close the Euler bootstrap. Equations
(441)—(447) of Part 21 transfer the positive coefficient gap. The invariant-strip argument
supplies the lower and upper barriers. Finally the fixed-space energy and residual estimates
in (468)(iii) give the strong preterminal limit and preserve the terminal barrier. Integrating
$ =1— b, under (469) gives (470). O O

43 Part 26: Two-regime interpretation and exact re-
placement of the old (439)

141. Branch core versus increasing depth

The exact proof clarifies the two regimes that were previously mixed in the fixed-depth
formula (437). If Ay, < 1, then

Angr1 = V2ANnip(1+ O(/Any)), (471)

so the local power law halves the terminal exponent at each step. This is the branch-core
regime. When the orbit is no longer asymptotically small, the monomial representation
should be abandoned; the exact sensitivity equation

1
SN,k+l = A(ANJf)SN’k, 0< A< 5, (472)

continues to contract globally. Therefore there is no loss of derivative control at the transition
from fixed branch depth to increasing depth.
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142. Uniformity for coupled sequences

Let N; — oo and let k; = k(IN;) be arbitrary. If k; remains bounded, the fixed-depth branch
expansion applies on a sufficiently small terminal window. If k; — oo, (450) gives

sup 2% |[E™ Sy, | < Cy - 0 <m <3, (473)
J

and hence
EmSNj’kj — 0. (474)

Thus every coupled path is covered: bounded depths by the local expansion, and unbounded
depths by the exact contraction theorem. This is precisely the uniformity that the old
condition (439) was intended to provide.

143. Updated mathematical status

The increasing-depth Lambert derivative problem is closed at the level needed by the coeffi-
cient bootstrap. What remains is not a Lambert branch-point problem. It is the verification,
from the explicit reconstruction, of the three non-Lambert items in the revised ledger (468):
coefficient /cutoff convergence, the strict upper invariant-boundary sign, and the fixed-space
energy /residual estimates required for the limiting passage.

44 Part 27: Coeflicient/cutoff convergence modulus
after exact Lambert contraction

144. Purpose and logical scope

The reduced ledger (468) still lists the non-Lambert coefficient/cutoff modulus (457). This
part attacks that item directly. The exact Lambert sensitivity problem has already been
removed by Part 20, so the coefficient vector is now split into an exact Lambert block and a
genuinely non-Lambert reconstruction block. The point of the present argument is twofold:

1. to prove a quantitative coefficient convergence theorem for every coefficient obtained by
a smooth algebraic composition of the exact Lambert variables, their Euler sensitivities,
positive terminal powers, and finite-/NV regularization parameters; and

2. to identify the exact scale-separation condition under which a cutoff commutator sat-
isfies the second estimate in (457).

The second point is important: a moving cutoff cannot have a globally small Euler norm
across its own transition annulus. Smallness follows either from support separation or from
a vanishing amplitude multiplying the cutoff.

217



145. The coefficient algebra

Let
SN,j = ElOg AN,ju FE = 388,

and let Zy ,(s) denote the finite collection of variables entering the normalized reconstruction
coefficients. We write

Zno = (AN SNk ESN vy, E>Snkvys B°Snp(v)s TN,as EN), (475)

where ry , denotes the remaining non-Lambert terminal variables and ey the finite-V reg-
ularization parameters. Assume that each component of ry, has a limiting value r, and
admits the factorization

E'(rng —To) = s anae(s) + enar  0<0<3, (476)
with
>0, sup ||an.aellco < Cr, sup len,ae < €y — 0. (477)
N,a,l a,l

This is precisely the positive-terminal-power structure already isolated in (396)-(399), but
now written at the level of the actual coefficient inputs.
Let the coefficient vector be

CN,a(S) = Q:a(ZN,a(S»’ Co = Co(Zy), (478)

where €, is C* on a compact set K containing all finite-N and limiting coefficient states,
uniformly for « € I5. All algebraic denominators occurring in €, are assumed to satisfy the
already stated positive gap conditions. Thus

sup [|[D™Cq || oo () < Mo, 1<m <A4. (479)

a€ls

146. Quantitative convergence of the exact Lambert state

Part 20 gives, uniformly for arbitrary k = k(V),

max HEmSN,k(N)Hoo S CL27]€(N). (480)

0<m<3

For the terminal Lambert state itself there are two possibilities. In the branch-core regime the
fixed-depth expansion gives the appropriate limiting state directly. In the increasing-depth
regime the exact map

Aj = F(A,),  F(A) =1+ Wy(—e ') (481)

has the positive attracting fixed point A,. On any compact trapping interval J & (0,1)
containing A, after the entry iterate, there is a number p, < 1 such that

sup | F'(A)] < p.. (482)
AeJ
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Consequently, if j.(IV) is the first iterate in J, then

|Angvy — D] < ClpFO=ie) (483)
Combining (480) and (483), define the exact Lambert modulus

ek = 027N 4 ¢, pE =i (N (484)

For every increasing-depth sequence for which k(N) — j.(N) — oo, one has €% — 0.

Remark. No fixed-k branch expansion is used in (483). It is a consequence of the exact
principal-branch map after the orbit has entered the compact attracting region. The principal
branch Wj is real on [—e™!, 00), so the recurrence remains on the real branch throughout
the positive A-dynamics.

147. Coefficient modulus theorem

Theorem 10 (Uniform coefficient convergence through three Euler derivatives). Assume
(476)-(479), the exact Lambert estimates (480)-(484), and

sup len| < ex® — 0. (485)

Then there is a constant C.., independent of N, s, and « € Is, such that for 0 < ¢ < 3,

sup || E(cna(s) — ca)lle < Ce (8" + €k + €y + €xF) - (486)

a€ls

In particular, with
e = Coleh + e + 689, = por, (487)

the coefficient half of (457), including the first three Euler derivatives, is proved.

Proof. For ¢ = 0, the mean-value theorem on the compact set K gives
"Q:a(ZN,a) - Q:a(za)HC < MIHZN,CM - Za”- (488>

The Lambert components are controlled by (480)—(484), the non-Lambert components by
(476)—(477), and the regularization parameters by (485). This proves (486) for ¢ = 0.
For one Euler derivative, the chain rule gives

Ecno = DCo(Zyo)EZy o (489)

Subtract the limiting expression and add and subtract D€,(Z,)EZy . The first resulting
term is bounded by Ms|Zy — Z,||EZy|, and the second by M, |E(Zy — Z,)|. The uniform
Euler bounds from Part 20 and (476)—(477) therefore give (486) for ¢ = 1.

For ¢ = 2,3, repeated Euler differentiation gives a finite Faa di Bruno sum. Every
difference between the finite-/N and limiting expressions contains at least one factor of one
of the forms

Ej(ZN,Oc - Za)? 0< j < f, (490)

219



or
D"Co(Zno) — D™Co(Zy), 1<m<L. (491)

The first is bounded by the right side of (486); the second is bounded by M, 11|Zn — Za|.
Every remaining factor is uniformly bounded by (479), Part 20, and (477). Summing the
finitely many terms proves (486) for ¢ = 2, 3. O O

148. Application to quotient-type reconstruction coefficients

The preceding theorem applies directly to coefficients of the form already used in the Euler
closure,

1+ 1IN«
N,«a 1+ PNa

Indeed, on the compact set defined by the denominator gap, the map

AN = ; L+ pNna = co> 0. (492)

1+
(A,7, p) —> Aﬁ (493)

is C>° with uniformly bounded derivatives of every fixed order. Hence if Ay, ny,pn are
themselves built from the state (475) and positive-power remainders (476), then

e | (g — )l < Cy (5" + ek + ey + %) (494)

Thus the quotient denominators do not create a new convergence obstruction; they only
require the positive denominator gap already isolated in Parts 19 and 20.

149. Why a moving cutoff is not uniformly small on its transition
annulus

Let a standard finite-N cutoff have the form

S

X (5) = x(—) sl (495)

SN

where y is smooth and nonconstant on a fixed compact transition interval. Then

Prnts) = (r ) 1

(496)

r=s/sn

Therefore
sup |E7xn(9)] (497)
SXSN
is generally of order one, not o(1). Hence the second estimate in (457) cannot be justified
merely from sy — 0 if the norm takes a supremum across the cutoff transition. This
observation removes a possible hidden nonuniformity from the limiting argument.
There are two rigorous ways to obtain the required cutoff modulus.
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150. Support-separation theorem for the cutoff defect

Assume
x(r)=0 (r<1),  x(r)=1 (r=2), (498)
and suppose the bridge/profile window satisfies
(N
5> sy, o (499)
SN
Then for all sufficiently large NV,
xn(s) =1 throughout the bridge window, (500)

and therefore every local cutoff derivative vanishes there:

E'(1—xn) =0, 0<5<3. (501)

For a local normalized vector field this gives

wi(s) =0 (502)

on the bridge window.

For the nonlocal fractional operator, support separation does not make the commuta-
tor identically zero. Let £J%, denote the exact nonlocal cutoff commutator. If its kernel
representation satisfies, for some iy > 0,

j ocut S_N Heut
sup max |EER(5)|lx < Cout ( p > ;s> sp(N), (503)
then
Mcut
Wi (s) < Cyy (S—N) = e — 0. 504
7105) < Con (05 @ (504

Thus in the support-separated formulation one may take po arbitrary in (457) for the local

cutoff terms and absorb the nonlocal tail entirely into 653) = et

Status of (503). Equation (503) is not a consequence of smoothness of x alone. It is the
precise nonlocal kernel estimate that must be checked for the fractional realization used. In
the strict one-phase class the three-dimensional operator has already been reduced exactly
to the one-dimensional fractional operator, so (503) is a one-dimensional cutoff commutator
estimate rather than a new transverse problem.

151. Vanishing-amplitude alternative

If support separation is not used, suppose instead that every cutoff term has an explicit
vanishing prefactor:

ENt(s) = ansKnals),  max |E/Kyqlx < Ck, (505)

0<5<3
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with supy |any| < 0o, or more generally |ax| < C + o(1). Leibniz’ rule then gives

max [|E7ERY(s)]|x < Clest™. (506)

0<5<3

If an additional finite-/N error is present, it is added to the right side as 65\27). This is exactly

the cutoff half of (457).

152. Revised bridge modulus
Combining the coefficient theorem (486) with the defect decomposition (456) gives

1En.a(s)llx < C [ + s + pylas®] + C (ef + € + exF) +wi(s). (507)

Under either the support-separated cutoff estimate (504) or the vanishing-amplitude estimate
(506), there are jp,, > 0 and €% — 0 such that

€N a(8) |l < Cius’™ + €5, (508)

where one may choose
Hbr = min{27 Hey Moy /vL2} (509>

in the vanishing-amplitude formulation, while in the support-separated formulation the cutoff
tail is absorbed into €XF. This is the desired bridge forcing estimate (376).

153. What has and has not been proved about ledger item (i)

The coefficient part of the old item (468)(i) is no longer an independent analytic hypothesis
once the explicit reconstruction coefficients are checked to belong to the smooth coefficient
algebra (478) with the positive-power remainders (476). The proof is the chain-rule theorem
(486), and the Lambert part is already supplied by Part 20.

The cutoff part has been reduced to a sharper dichotomy. A moving cutoff is not uni-
formly small across its transition annulus. Therefore a valid proof must establish either

Sbr(N)

SN

— oo and the one-dimensional nonlocal tail estimate (503), (510)

or the vanishing-amplitude factorization (505). No weaker appeal to sy — 0 is sufficient.
Consequently the revised construction-level ledger is

(i) verify the explicit non-Lambert coefficient inputs satisfy (476)—(479),
and verify either the cutoff separation estimate (503) or (505);
(ii) prove the strict upper limiting sign of the invariant strip; and (511)

(iii) prove the fixed-space energy estimates and vanishing scalar residual

needed for the strong limiting passage.

The first line is now a finite list of substitutions into explicit reconstruction formulas rather
than an abstract coefficient-convergence hypothesis.
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154. Updated closure theorem after the coefficient attack

Theorem 11 (Finite-N bridge after coefficient convergence). Let 1 < a < 140, and assume
the positive profile branch of Part 9, the exact Lambert contraction theorem of Part 20,
and the denominator gaps of Parts 19-20. Suppose the explicit non-Lambert reconstruction
variables obey (476)-(479) and (485). Suppose, in addition, that the cutoff is treated by either
(503)-(504) or (505)—(506). Then the bridge defect satisfies (508) uniformly for o € I5, and
the profile-entry/bootstrap arqument of Parts 14-16 applies without a separate coefficient
modulus hypothesis.

Proof. The exact Lambert state is controlled by (480)—(484). The non-Lambert coefficient
inputs are controlled by (476)—(477), and the smooth coefficient algebra transfers these
estimates through three Euler derivatives by (486). The reconstruction and positive-power
terms are already controlled by (423)—(429) and (396)—(399). The cutoff contribution is
controlled by (504) or (506). Substitution into (456) gives (507), hence (508). The Duhamel
bridge estimate of Part 14 and the terminal bootstrap of Part 15 then apply. O O

155. Updated mathematical status

The coefficient /cutoff item has been substantially reduced but should not be deleted uncon-
ditionally until the actual finite-N formulas are substituted into (476)—(479) and the actual
cutoff realization is checked against (503) or (505). The important advance is that no new ab-
stract convergence mechanism is missing: coefficient convergence follows from exact Lambert
contraction plus smooth finite-dimensional composition, and cutoff convergence is equiva-
lent to an explicit scale-separation/nonlocal-tail estimate or an explicit vanishing-amplitude
factorization.

45 Part 28: Audit of the alleged cutoff and removal of
the spurious cutoff modulus

156. Why the cutoff question must be re-audited from the recon-
struction

Part 27 introduced, as a possible localization device, a moving function

cut

XN (S) = XCUt(S/ON)v on 40, (512)

and reduced its nonlocal contribution to the model estimate (503). That reduction was
logically correct if such a moving cutoff is actually part of the finite-N reconstruction. The
source reconstruction must now be checked before (512) is treated as a genuine object.

The audit gives a different conclusion. The symbol sy occurring in the actual one-phase
reconstruction is the phase variable

SN — C4t — C3Z — ng — 01$ — 0*7]\[, (513)
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not a positive cutoff scale. Likewise, the symbol xy(s) occurring in the square-root recon-
struction is a geometric coefficient satisfying

An(s)* = =2xn(s)Bn(s), xn(s) ~ —xons'?, (514)

on the selected terminal branch. It is not a compactly supported transition function of the

form (512).

Consequently the notation used in Part 27 conflated two different objects: the actual
phase/geometric coefficient of the reconstruction and a hypothetical localizing cutoff. This
section corrects that point. We henceforth reserve

sPP = Cyt — C32 — Cay — Crz — 0, N (515)

for the finite-N phase, write x5 for the square-root geometric coefficient, and write y§*

only if an independent localization cutoff is explicitly inserted.

157. No cutoff commutator is generated by the strict one-phase
reduction

The strict one-phase architecture has the exact Fourier reduction

(—Ag)*F(sN) = £°%(=0:)"F(s%),  #*=C7+C3+C. (516)

This identity applies to the actual one-phase profiles themselves. It does not require mul-
tiplication by a moving cutoff in order to eliminate transverse variables. Therefore, if the
finite- N reconstruction is used exactly in its one-phase form, there is no additional term

[(=0ss)™ XN Fv (517)

to estimate, because no YW has been introduced.

Thus the quantity called 5}{}13 in Part 27 is not an intrinsic remainder of the displayed
finite-N one-phase reconstruction. The estimate (503) is a valid auxiliary lemma for a
separately localized construction, but it is not a required hypothesis for the uncut strict
one-phase construction.

Theorem 12 (Cutoff-free one-phase defect reduction). Assume that the finite-N scalar and
reconstructed velocity coefficients are functions of the single phase 35’\? and that no indepen-
dent spatial localization multiplier 1s inserted. Then

wti=0,  wPt=0. (518)

In particular, (503)-(506) are unnecessary for the strict uncut one-phase bridge.

Proof. Every finite-N field entering the reduction is evaluated directly as a function of 35’\?.
Applying (—A)* therefore gives the exact one-dimensional multiplier (516). A cutoff com-
mutator can arise only from a product y$*Fy. Since no such product occurs in the uncut

reconstruction, the corresponding commutator and all its Euler derivatives vanish identically.
Hence (518) follows. O
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158. The actual geometric coefficient is part of the coefficient alge-
bra

The nontrivial object is x%  in (514). It must not be discarded. Its contribution belongs
to the ordinary reconstruction coefficient vector. Define

geo

Z?vc,ta = (AN,k(N), SN,k(N)aESN,k(N)7EQSN,k(N)>EgsN,k(N)aXN m,I'N,mEN)- (519)

The square-root velocity coefficient is the smooth algebraic map

Ay =2A(Bn, xX5™") ==/ —2XN "By (520)

on every profile tube on which
—2xN"" By > ca > 0. (521)

Hence, on such a tube, the coefficient-algebra theorem of Part 27 applies to Ay and to every
rational reconstruction coefficient built from Ay whose denominators retain the previously
established positive gaps.

Suppose the actual geometric coefficient has the terminal expansion

XA () = =x0as™ (1 + 1 nals), By >0, (522)
with '
max |E7 7y Nallo < Cys + €, ex — 0. (523)
Then
Elog(—xx"") = By + Elog(1 +7y.n.a), (524)
and therefore
max || B (Blog(—xy*™") = B < C(s" +ex)- (525)

For the square-root behavior displayed in the reconstruction, 8, = 1/2. Thus the geometric
xn~ produces a controlled terminal power, not a moving-cutoff error.

159. Direct propagation through the square-root reconstruction

Taking logarithms of (520) gives

1 1
ElogAyn = §Elog By + §Elog(—xﬁ,e°m). (526)
Writing
qB,N = —Elog BN, (527)
we obtain
1
FElog Ay = —5UB.N + % + O(s"* + €y). (528)

225



Repeated Euler differentiation and (525) yield, for 1 < j <3,

m=0

i1
|E7log Ay — E7log Aylee < C (Z |E™(gB,N — 4B.a)llocc + " + ef\,) : (529)

Since u, y = Bn/An, the same estimate controls the logarithmic derivatives of u, y. Conse-
quently the actual square-root geometry fits the same finite-dimensional smooth coefficient
algebra as the Lambert and quotient blocks; it does not create a separate nonlocal cutoff
modulus.

160. Revised bridge defect with no artificial cutoff term

After the correction above, equation (456) is replaced, for the strict uncut one-phase con-
struction, by

[Exa(s)llax < Cwf™(s) + O (prls® + ) . (530)
where wi™** includes the actual geometric coefficient \3°™ through (519)-(529). In par-

ticular there is no w§ term.

If the explicit non-Lambert inputs, including %", satisfy positive-power estimates of
the form (476)—(477) and (523), then

wf\?eﬁ’m(s) < Cglact 4 &5 (531)
where
Pact = Min{ p,, foy, pir} > 0, e — 0. (532)
Substitution into (530) gives
1ENa(8)|lx < Chpst™ + €, e = Min{2, fie, flact} >0, € — 0. (533)

This is exactly the bridge forcing estimate required by Parts 14-16, with no cutoff-tail
hypothesis.

161. What is proved and what still requires substitution

The cutoff question is now resolved at the structural level: the displayed strict one-phase
reconstruction contains no independent moving localization cutoff of the type postulated
in (495). The sy of the reconstruction is a phase coordinate, and xy is the square-root
geometric coefficient. Therefore the nonlocal estimate (503) is not an outstanding condition
for the uncut one-phase construction.

What remains inside the former coefficient/cutoff ledger item is only the coefficient sub-
stitution problem: the exact finite-N formulas for x3,°™ and the other non-Lambert variables
must satisfy the positive-power estimates (523) and (476)—(477), uniformly in « € I5. This
is a coefficient estimate, not a cutoff estimate.
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Accordingly the revised ledger is

(i) verify the remaining actual non-Lambert coefficient expansions,
including the geometric Xg];veom, in (523) and (476)—(477);
ii) prove the strict upper limiting sign of the invariant strip; (534)
p PP g sig; p;

(iii) prove the fixed-space energy estimates and vanishing scalar residual

needed for the strong N — oo passage.

The artificial moving-cutoff condition (503) is removed from this ledger.

162. Corrected finite-N bridge theorem

Theorem 13 (Cutoff-free finite- IV bridge). Let 1 < a < 146, and assume the positive profile
branch of Part 9, the exact Lambert contraction theorem of Part 20, and the denominator
gaps of Parts 19-20. Assume that the actual finite-N reconstruction is kept in the strict one-
phase class and contains no additional localization multiplier. Assume that its non-Lambert
coefficients, including x5, satisfy (476)-(477), (521), and (523). Then the bridge defect
satisfies (533) uniformly for a € I5. Consequently the profile-entry and terminal bootstrap
arqguments of Parts 14—16 apply without either an abstract coefficient modulus or a cutoff-
commutator hypothesis.

Proof. The exact one-phase reduction (516) eliminates any transverse fractional remainder.
The cutoff-free defect theorem (518) eliminates the artificial cutoff block. Exact Lambert
sensitivity is controlled by Part 20. The actual geometric coefficient is propagated through
the square-root reconstruction by (522)—(529), while the remaining non-Lambert variables
are propagated by the smooth coefficient algebra of Part 27. The algebraic reconstruction
remainder has already been reduced to p]}}asz + ste. Combining these bounds gives (530)—
(533), and the Duhamel bridge and terminal bootstrap then apply. O]

163. Status after the cutoff audit

The preceding audit changes the interpretation of Part 27 in an essential way. Equations
(495)—(506) should be read only as an auxiliary localization lemma for a modified construc-
tion in which an independent cutoff is deliberately inserted. They are not part of the strict
finite- N one-phase reconstruction unless such an insertion is explicitly made.

For the actual uncut one-phase architecture, the remaining proof program is therefore
narrower: establish the positive-power convergence of the genuine non-Lambert reconstruc-
tion coefficients, prove the strict upper invariant-boundary sign, and derive the fixed-space
energy /residual estimates needed to pass N — oo. No separate cutoff scale or fractional
cutoff commutator is required.
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46 Part 29: Exact periodic geometric coefficient and
the characteristic compatibility test

164. Exact source formula for the geometric coefficient

The preceding Part 28 deliberately stopped at the abstract expansion (522)—(523). The
square-root reconstruction source gives more information. Its convenient periodic realization
of the J3 geometry is

X (z) = sin(z — z,), Sgeo(T) = (Xgeom(x))2 = sin*(x — x,). (535)

On the one-sided real branch
Js = (x4 — 6, 2.), (536)

X5 (@) = =4/ Sgeo ) (537)

ezactly. Thus, if the similarity variable in (522) were S, itself, (523) would hold with

1
2 Y
In that purely geometric parametrization there is no coefficient remainder to estimate.

This is not yet the substitution required by the finite- /N dynamics, however. The terminal
characteristic variable used throughout Parts 10-28 is

we have y&°™ < 0, and therefore

X0,0 = 1, By = Iy.Na =0, ex = 0. (538)

S =t—2z—0.y, S =1-Dby, (539)

whereas (535) defines a different quantity see, = sin®(z — z,). The source reconstruction
only imposes the terminal tube comparison

s < (Xgeom(x))2 < s, (540)

not the identity sgeo = 55’\?. Therefore the exact formula (537) cannot be substituted into
(523) with s = 55’\? unless the motion of x is proved to identify the two scales to sufficiently
high order.

165. The correct finite-N remainder variable

Let xx(t) be the  component of the actual characteristic and set
s=si(t),  Xw(s) =an(ts)): (541)

On the negative branch define

Ryn(s) = Y (542)




Then the desired formula (522) with /5, = 1/2 is equivalent to

NG (5) = =52 (1+ Ryn(s).| (543)

Consequently the actual version of (523) is

max |E' R, y(s)| < Cys"™ + ey, E = s0,. (544)

0<j<3

The tube estimate (540) gives only

Ve S 14 Ryn(s) < Ve, (545)

and hence boundedness of R, y; it does not imply R, y — 0, still less the three Euler deriva-
tive estimates in (544). Thus (523) cannot be declared proved from the tube comparison
alone.

166. Exact characteristic equation for the geometric factor

The extended b3 transport operator gives the characteristic equations
& =u,b = AyO%, % =by, (546)

where
A?\, = —QX%?OHII)N, CN = uz,N- (547)

Combining (539) and (546) yields the exact s—equation

dXn  ANC%
ds 1— bN ( )
Therefore, with
xn(s) =sin(Xy(s) — x,), (549)
we have
d AnC?
% = cos(Xy — ) I i b]]\vf' (550)

Equations (547) and (550) are the exact dynamical equations that must be used to test the
proposed square-root relation between yn and the phase variable s.

167. Compatibility test against the proposed square-root law
Suppose, as required by (523), that along the characteristic

—xn(s) = s"2(1+0(1)), (551)
and suppose the terminal scalar and reconstructed third component obey

by(s) < s, Te =2a—1>0, 0<c . <Cy<ep <. (552)
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Then from (547),
An = +/—2xnby = st/4Te/2, (553)

Since by — 00,

|]_ — bN| = by < s e, (554)
Hence (550), using cos(Xy — z,) — 1, gives
dxn /4470 /2
e fel=, 555
EaEr (555)

The right side is integrable at s = 0. If the characteristic reaches the geometric zero,
xn(0) = 0, integration gives

v (s)] = 87472, (556)

This exponent is strictly larger than 1/2 for every r, > 0. In particular,

xn ()| .
S = s — 0, (557)

which contradicts (551) and the two-sided tube condition (540).
The same conclusion follows directly by differentiating the asserted square-root law: (551)
would require

dxn 1 -1/2
AT 258

whereas the exact characteristic equation gives the vanishing quantity (555).

Theorem 14 (Characteristic incompatibility of the unmodified square-root tube). Assume
the active characteristic equations (546), the square-root velocity law (547), the terminal
lower and upper power bounds in (552), and a positive bounded third component Cy. Then
an actual characteristic approaching a zero of x(x) = sin(x — x,) cannot simultaneously
satisfy

a5 < xn(s)? < s

for fized positive ¢y, co all the way to s = 0. In particular, the positive-power estimate (523)
with leading exponent B, = 1/2 is not a consequence of the displayed finite-N reconstruction;
under these hypotheses it s incompatible with the characteristic x—equation.

Proof. The assumptions imply (553)—(555). Integrating (555) from the endpoint xx(0) = 0
yields (556), and hence xy(s)?/s — 0, contradicting a positive lower bound ¢; in (540). O

168. What would be required to recover a square-root geometric
scale

The preceding theorem does not say that the periodic J5 geometry is algebraically incon-
sistent. Equation (537) is an exact identity in the geometric variable sz, = x?. It says
instead that the manuscript has not justified identifying that geometric variable with the

phase variable 35’\? =t — z — 0,y along the actual transport characteristic.

230



Indeed, from (550), a necessary balance for |yy| < s¥/2 is

ANCJQV —1/2
— X5 . 559
11— by (559)
Using Ay < s'/477e/2 and |1 — by| < 57", this would require
C3 = 59/ 2 Oy = gl (560)

Thus the square-root identification would demand a singular u, = Cly, in conflict with the
bounded positive terminal reconstruction Cy — ¢g > 0 used in the present core estimates.
Alternatively one must modify the characteristic geometry or keep sge, and SI])\? as genuinely
distinct variables.

169. Consequence for estimate (523)

There are now two mathematically distinct statements.
First, in the intrinsic periodic geometric coordinate,

XEOM = —s1/2 (561)

exactly on the selected branch, so the analogue of (523) is trivial with zero remainder.
Second, in the phase coordinate required by the finite-N terminal dynamics,

5 = 8P, (562)

the estimate (523) is not presently true under the simultaneously asserted bounded-Cy
characteristic reconstruction. Therefore it would be incorrect to remove the entire coefficient
item from the proof ledger on the basis of (535) alone.

The appropriate replacement for (523) is a compatibility estimate for the map

S Sgeon 1= SN2 (X y (s20) — ), (563)

derived from the exact ODE (548). Under bounded Cy and the terminal power law, (556)
gives instead

Sgeon(8) < 8%/ FHT (564)

This is the scale produced by the active characteristic equations, not sgeon < s.

170. Revised coefficient ledger after exact substitution

The requested exact substitution therefore sharpens the ledger, but in the opposite direction
from an unconditional deletion. The artificial cutoff item remains deleted by Part 28. The
geometric coefficient itself is explicit, x(x) = sin(z — z,), so there is no unknown finite-
N formula for that function. The unresolved point is the dynamical identification of its
argument xy(t) with the phase scale used by the similarity profile.
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Accordingly the construction-level ledger is now

(i) resolve the phase-geometry compatibility sgeo,N Versus SIJD\,h in (563),
or modify the terminal reconstruction so that the desired relation is dynamically preserved;
(ii) prove the strict upper invariant-boundary sign; (565)

(iii) prove the fixed-space energy estimates and vanishing scalar residual

needed for the strong N — oo passage.

The old “coefficient /cutoff” wording should therefore be retired. There is no cutoff ob-
struction and no unknown formula for x; there is a phase—geometry compatibility obstruction
exposed by the exact characteristic substitution.

171. Updated theorem status

The positive Mellin profile branch, the exact Lambert sensitivity estimates, and the cutoff-
free one-phase fractional reduction are unaffected by the calculation above. What changes
is the finite-N bridge from that profile to the reconstructed velocity geometry. The profile
equation may remain valid as a one-dimensional similarity equation while the proposed
identification y? =< 35’\? fails along the full characteristic flow.

Consequently a finite-time blow-up conclusion for the reconstructed scalar cannot use
(523) as a proved input until (563) is reconciled with (548). Likewise, a full velocity theorem
cannot simultaneously use bounded Cy — ¢y > 0, the active z—characteristic © = AxyC%,
and the square-root tube x? =< slj)\? without an additional mechanism, because the exponents
in (555)—(557) are incompatible.

This audit is useful because it replaces an abstract coefficient hypothesis by one ex-
plicit ODE compatibility problem. The next decisive calculation is therefore to determine
whether the reconstruction can be reformulated with sy, as the terminal similarity vari-
able, or whether the transport field can be modified consistently so that (559) holds without
destroying incompressibility, the b3 product identity, or the momentum equations.

47 Part 30: Intrinsic geometric similarity variable and
exact characteristic reparametrization

172. Definition of the intrinsic geometric variable

Part 29 showed that the periodic geometric coefficient is not an unknown finite-N object.
On the selected branch it is exactly

X%\feom = sin(zy — x.), ON ‘= Sgeo,N = SmQ(xN — T.), (566)

and hence

X = oy’ (567)

without a remainder. In this Part we therefore use oy itself as the terminal geometric
variable and derive its exact characteristic law rather than identifying it with the affine
phase distance

S =t —2z—0,y. (568)
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Write

Xy = sin(zy — x,), &= cos(ry — x). (569)

On the one-sided branch approaching .,
A =V1—-opn. (570)

The active characteristic equation from Part 29 is

.’tN = ANCJQV, A?\f = _QXNbN' (571)
Using (567),
An = V20 "0)? (572)

on the positive square-root branch.

173. Exact characteristic equation for s,

Differentiate (566) along the actual characteristic. Since

dijn sin?(x — x,) = 2sin(z — x,) cos(x — ),

we obtain
51\7 = 2XNCg];\?Oi‘N. (573)

Substituting (567), (570), (571), and (572) gives the exact identity

on = —2V2(1 — oy) 2o PO, (574)

Thus oy is a legitimate monotone terminal coordinate whenever by > 0 and Cy # 0. In
particular, if
0<c. <Cy<cy <0, (575)

then oy <0 for 0 < oy < 1.
The affine phase still obeys
S =1—by. (576)

Consequently the exact change-of-coordinate equation is

doy  —2V2(1 — on) 2o 02,

ast 1— by

(577)

Equation (577), rather than oy =< s?\?, is the correct finite-IN compatibility law.
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174. Exact by equation in the geometric variable

Let the scalar characteristic equation be written in the form already used in the terminal
analysis, '
by = Inby + 208Gy — Ry, (578)

where

FN = 8§ log QN (579)
is the Lambert logarithmic sensitivity. Dividing (578) by (574) yields the exact geometric-
coordinate equation

de _ I-_‘Nb?v + 2C'NCTYN B RN (580)
doy 2v/2 (1 — UN)I/QU?\,/ZLlefCJQV
Equivalently,
dby I'n —1/2 _—3/4,3/2
=— 1—on) Y2000 1+ en] 581
e N T R TR Y (581)
where
en = QCNGN - RN (582)
N TN

Thus the previously established condition ey = o(1) remains exactly the condition which
makes the Lambert term dominant; changing coordinates does not discard the reconstruction
remainder.

175. Induced geometric power law from the already established
phase law

Suppose on a terminal interval that
by(s) < s, To =20 —1>0, Cy <1, (583)

where here and only here s = s?\?. Equation (577), or equivalently the calculation of Part 29,
gives

5 3
oN = s Ao 1= = + 7o =200 + —. (584)
2 2
Hence
5= 0]1\,/’\“, (585)

and therefore

r 20 — 1 4o — 2
b — g Pa = = = _ 586
e N D Wk ey Rl sy (586)
For example, at the continuation anchor a =1,
2

This exponent is not 7,. Thus merely renaming sg, as the old similarity variable would
change the profile scaling.
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176. Transformation of the Lambert coefficient

The finite-depth Lambert analysis gives, in the affine phase coordinate,

Da(s) = 2 [1+ o(1)] (588)

with the appropriate positive finite-depth coefficient vy . Combining (585) and (588) gives

Ty(o) < o= (589)
not o~!. More precisely, if
s = anqo* (14 0(1)), (590)
then
Ty (o) = 22571 (1 4 o(1)). (591)
N«

Substitution in (581) is consistent with the exponent (586). Indeed, writing b < o~ ", the
left side scales as 0~”~!, while the leading right side scales as

o1/ Aa=3/4=3p/2 (592)
Equality of powers gives
p+1:)\ia+2+%, (593)
or L9
p=5- N (594)

Using A\, = 5/2 + r, and the particular phase exponent assumed in (583) shows that the
geometric-coordinate equation imposes an additional coefficient/exponent consistency con-
dition. Therefore the old phase-profile power law cannot simply be transplanted into o
without rederiving the full scalar balance. Equation (580) is the exact starting point for
that rederivation.

177. The decisive fractional-operator obstruction

There is a more fundamental issue. The successful Mellin profile equation in the preceding
Parts uses the affine one-phase variable

s = Oyt — Caz — Cyy — Chaz — B, (595)
for which the manuscript proved the exact reduction

(—Ags)*F(s)) = £*(=0ss) " F (%) (596)
The intrinsic geometric coordinate

o = sin®(z — z.) (597)
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is not affine. Therefore a field F'(¢) is not a function of the affine one-phase variable used in
(596), and the identity (596) cannot be invoked with s replaced by o.
For the ordinary Laplacian this failure is already explicit. If U(x) = F(o(x)), then

U, = 0, F,, Upe = 02F,5 + 040 Fy. (598)
Since
0, = sin(2(z — z,)), 02 =40(1 - o), Opz = 2(1 — 20), (599)
we obtain
—0p F(0) = —4o(1 — 0)F,, — 2(1 — 20) F,,. (600)

Thus even at o = 1 the geometric-coordinate operator is a degenerate variable-coefficient
operator, not —0,,. For noninteger o the transformed fractional operator is nonlocal and
cannot be obtained by the formal substitution (—0ss)® — (—0,4)%.

Theorem 15 (Geometric reparametrization theorem). The intrinsic variable
0 = Sgeo = X° = sin’(z — )

resolves the geometric coefficient identity exactly and yields the exact monotone characteristic
equations (574), (577), and (580). It therefore removes the false requirement Sy, < by
Howewver, it does not preserve the affine one-phase fractional reduction or the previously
proved Mellin profile equation. Consequently the existing profile theorem cannot be transferred
10 5ge0 by a change of notation alone.

Proof. The exact identity y = —o/? is (567). Differentiation along the actual characteristic
and the square-root reconstruction give (574), and combining it with (576) and (578) gives
(577) and (580). Hence no comparison between o and 5 is required to parametrize the
characteristic. On the other hand, (598)—(600) show already for o = 1 that the spatial
operator in o differs from the affine one-dimensional operator. Since the noninteger fractional
Laplacian is nonlocal, the affine identity (596) likewise does not survive the nonlinear map
x + sin’(x — 2,). The Mellin profile equation proved earlier is therefore not the profile
equation associated with (580). O

178. What is proved and what is not proved by choosing s,

The proposed repair succeeds at one level and fails at another. It succeeds in the precise
sense

X = sl (601)

with zero finite-V coefficient remainder. Thus the geometric part of the old estimate (523)
is completely closed in its natural coordinate.

It also gives a regular exact characteristic reparametrization through (574) and (580).
Hence the contradiction in Part 29 disappears: that contradiction came from imposing sge, =<
SIJ’\?, which is no longer imposed.

What does not follow is that the already proved Mellin heteroclinic is a profile for the new
geometric-coordinate equation. To obtain a theorem by this route one would have to analyze
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the new operator induced by z + sin®(z — z,) and prove a corresponding profile theorem
for (580), including the transformed fractional term. This is a new analytic problem, not a
remaining coefficient estimate.

179. Revised proof ledger after the geometric-variable test

The exact test permits a sharper ledger. The old coefficient /cutoff item is now deleted as a
finite- N coefficient issue:

/2 exactly. (602)

the cutoff is absent and x = —s,.;

The phase-geometry contradiction of Part 29 is also removed if the two variables are kept
distinct. But there are now two alternative proof routes:

Route A: retain the affine phase 55’\? and modify/justify the
velocity geometry without asserting sge, < 35’\}1; (603)

Route B: use Sge, intrinsically and prove a new profile theorem
for the variable-coefficient /nonlocal operator induced by (597).

Therefore it is not yet mathematically justified to say that only the upper invariant-boundary
sign and the energy/residual limit remain. That shorter ledger would be valid only after one
of Routes A or B is closed.

The rigorous remaining ledger is

(i) close Route A or Route B in (603);

ii) prove the strict upper invariant-boundary sign;
p pp y s1g (604)
(iii) prove the fixed-space energy estimates and the vanishing residual

needed for the strong N — oo passage.

This formulation preserves the successful Mellin continuation theorem while preventing the
intrinsic geometric identity from being used as though it were an affine-phase identity.

180. Updated theorem status after the s, reparametrization

The calculation above proves that sg, is an exact and monotone local terminal coordinate
for the reconstructed characteristic and that the geometric coefficient has no positive-power
remainder in this coordinate. It also proves that the old incompatibility is not an algebraic
failure of the J3 geometry; it is a mismatch between two different coordinates.

At the same time, the calculation prevents an unjustified conclusion. The positive Mellin
profile branch established earlier belongs to the affine one-phase fractional operator. The
nonlinear geometric coordinate produces a different spatial operator. Hence a finite-time
singularity theorem based on the existing profile still requires a rigorous bridge between the
affine profile dynamics and the intrinsic geometric reconstruction, or a new profile analysis
directly in Sgeo.
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This is the exact outcome of the proposed reparametrization: it removes the false identifi-
cation Sy, =< S5, closes the geometric coefficient remainder itself, and isolates the remaining
issue as an operator/profile compatibility problem rather than a cutoff or unknown coefficient
problem.

48 Part 31: Fractional operator induced by the intrin-
sic geometric coordinate

181. The correct square-root coordinate behind s,

Set
Y =T — Ty, o =sin’y,

and restrict to the one-sided branch y € (—6,0). Introduce

r=—siny = +/o. (605)

Then r € (0,sind) and

% =—cosy=—V1-—12 (606)
Y

Consequently r is a smooth local coordinate with
r=—y+0(y*), y=—r+0(°), r 0. (607)

Thus the nonlinear map y — ¢ is quadratic, but its square root is locally a smooth diffeo-
morphism. This is the structural point that permits a comparison with the affine Mellin
operator.

182. Exact check at =1

For U(y) = f(r(y)) one has
U,=—V1-72f,

and hence

~Uyy =~ =) frr +7fr. (608)

Equivalently, if F(o) = f(y/0), (608) is exactly the same operator as (600). Its terminal
decomposition is

Uy =~frr +Rif,  Rif =1 for+7fr. (609)

For a Mellin monomial f(r) = r?,

—frr = =AA = 1)1

whereas

Rif = N, (610)

238



Therefore the geometric correction is two powers less singular than the principal affine op-
erator. In particular,
Rl (’f‘)‘)

A
—OpyT

— 0(r?) (611)

whenever the denominator is nonzero.

183. Exact induced fractional operator

Let ®(r) = — arcsinr, so that y = ®(r) on the chosen branch, and define the pullback
(THy) = flr(y). (612)

The exact geometric fractional operator is

L5 =T~ (=9,,)°T. (613)

For the periodic problem the same definition is made with the periodic one-dimensional
fractional Laplacian. Formula (613), rather than (—0,,)®, is the operator induced by the
intrinsic geometry.

The principal symbol follows from conjugation by the diffeomorphism y = ®(r):

8°(r,6) = (1= )€ + la,< (1, ), (614)
where £, « has order at most 2a — 1 locally. Since
(1—r)*=1—ar*+0(r?), (615)

the principal symbol converges to the affine symbol [£[>** at the terminal point.

184. Blow-up rescaling and operator convergence

For € > 0 let
(Sef)(r) = f(r/e)

and define the rescaled geometric operator

LE2 = e** ST LES.. (616)
On every fixed compact R-interval, the rescaled coordinate map satisfies
®(eR
% =-R+O0(’R%),  @'(eR) = -1+ O0(R?). (617)

Hence the conjugated kernels, or equivalently the local symbols, converge to those of the
translation-invariant fractional Laplacian. In particular, for 0 < oy < 1 and compactly
supported smooth f,

1£52f = (=0rr) fllr-o0 — 0 (10), (618)

uniformly for « in a sufficiently small compact interval [1,1+ ¢]. The same conclusion holds
locally for the periodic operator: the difference between the periodic kernel and its Euclidean

singular kernel is smooth near the diagonal and is annihilated at leading order by the factor
2c
g%,
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Proof. The map in (617) converges in C*° on compact R-sets to the reflection R — —R.
The fractional Laplacian is invariant under reflection. After rescaling, the singular part of
its kernel has the form |R — R/|7'72% multiplied by Jacobian and metric factors converging
uniformly to one. Away from the diagonal the kernel is smooth and its contribution is
lower order after multiplication by £2*. Dominated convergence after the standard second-
difference cancellation gives (618) for smooth compactly supported f. Uniformity in a €
[1, 14 6] follows because the kernel constants and the cancelled integrands vary continuously
on this compact interval. The periodic kernel is the Fuclidean singular kernel plus a smooth
local remainder, so the same argument applies. O

185. Mellin homogeneity in r = /o

The preceding theorem identifies the correct terminal homogeneity. If
f (T) = TA?

then the affine leading operator satisfies

(=0p)1% = K (\)r 2, (619)

1/2_this may also be written

(=0pp)%0™N? = KF(X)oW20/2, (620)

Sincer =o

Thus the apparent change from a 2a Mellin shift in the affine variable to an « shift in
o is exactly the quadratic change of variable; it is not a new scaling law. The existing
Mellin symbol is recovered without alteration when the intrinsic geometry is expressed in its
square-root coordinate r = \/Sgeo-

186. Logarithmic conjugation and comparison with the existing
profile operator

Set
r=e", f(r) =r"*G(X), aa:a—%. (621)
For the affine leading operator,
(=0p) f = 1772 M,, G, (622)
with exactly the Mellin multiplier already used in Parts 8-9,
Mg, (X)) = K (—an + N)eMr. (623)

Combining (618) and (622) gives the terminal operator decomposition

Lieo (r—aaG(log r,n)) — ,r,—aa—ro [MaaG + Qa,rG] ) (624)

where the rescaled remainder Q, , tends to zero on compact logarithmic windows translated
toward X = —oo. Thus the existing Mellin operator is the terminal tangent operator of the
exact geometric fractional operator.
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187. What this proves for Route B
Theorem 16 (Terminal Mellin tangent theorem for the intrinsic geometry). Let
o = sin®*(z — z,), r=+/o=—sin(r — x,)

on the selected one-sided branch. Then the exact fractional operator induced by the geometric
coordinate is the conjugated operator (613). Under terminal blow-up rescaling r = R, its
rescaled realization converges to (—Ogr)® uniformly for o € [1,1 4 6] on compact R-sets in
the sense of (618). After the logarithmic Mellin conjugation (621), the tangent operator is
precisely the existing Mellin operator M,,, .

This theorem closes the leading-operator part of Route B. It proves that the nonlinear
geometric coordinate does not generate a different terminal principal profile operator: after
passing to its natural square-root coordinate, the old Mellin operator is recovered as the
tangent operator.

It is important, however, to distinguish tangent-operator convergence from a full hetero-
clinic persistence theorem. To transfer the already constructed Mellin profile to the exact
geometric equation one still needs a weighted estimate of the form

190, Glly, < Ce"™|G]

Xo (625)

for logarithmic windows X < X, < 0, together with the corresponding C! estimate for the
linearization. Equation (618) proves convergence on fixed rescaled compact sets; (625) is the
global weighted estimate needed by the Banach-space profile theorem.

188. Revised Route-B ledger

The operator/profile compatibility issue is therefore reduced to one precise analytic estimate.
The following statements are now proved:

X = —séég exactly,
T = /Sgeo 18 @ smooth terminal coordinate,
L5 = T1(=0,,)°T, (626)

€2aS€_1£§eOSS — (—GRR)Q,

and the logarithmic tangent operator is M, .

Accordingly Route B is no longer an unidentified “new profile operator” problem. Its re-
maining profile-geometry bridge is the weighted global remainder estimate (625). Only after
(625) and its linearized analogue are proved may the exact geometric profile be obtained
from the existing Mellin heteroclinic by perturbation.

The construction-level ledger is therefore sharpened to

(i) prove the weighted geometric-operator remainder estimate (625) and its C* analogue;
(ii) prove the strict upper invariant-boundary sign;

(iii) prove the fixed-space energy estimates and vanishing residual for N — oo.

(627)
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189. Status of the profile—-geometry bridge

The calculation in this Part resolves the principal scaling question raised at the end of
Part 30. The coordinate o itself is not an affine Mellin coordinate, but r = /o is asymp-
totically affine at the terminal point. The exact geometric fractional operator is therefore
asymptotically conjugate to the same affine fractional operator that generated the successful
Mellin profile equation. This is a genuine compatibility result and removes the principal-
symbol obstruction identified in Part 30.

What remains is quantitative rather than structural: the local tangent convergence must
be upgraded to the weighted global estimate (625) on the profile space. Until that estimate
is established, Route B is strongly supported at the terminal operator level but is not yet a
complete exact profile theorem for the nonlinear periodic geometry.

49 Part 32: Weighted geometric-operator remainder
on the terminal chart

190. Precise formulation of the estimate left open in (625)

The estimate written schematically in (625) must first be interpreted on the actual terminal
chart. The intrinsic square-root coordinate satisfies

0<r=—sin(z—x,) <1, X =logr <0, (628)

so the exact geometric chart does not by itself cover the whole Mellin line X € R. Con-
sequently (625) cannot literally be a global estimate on all of R for the exact map r =
—sin(x — z,). What is required by the finite-N terminal matching is the uniform estimate

on a left terminal window
QXU = {X < Xo}, X() < 0. (629)

We now prove that estimate, including its C'! analogue in « and its linearized version in the
profile variable.

Choose 0 < 19 < 1/4 and Xy < logrg. Let ¢ € C((—2ry,2ry)) be equal to one on
(=70, 70). The local geometric operator is obtained by applying the exact periodic fractional
Laplacian to

Uly) = C(r(y)f(r(y)) (630)

and then restricting to 0 < r < ro/2. The complementary part of the periodic kernel is
smooth on this restricted chart and will be denoted by S,. This decomposition does not
alter the exact operator; it only separates its singular near-diagonal part from its smooth
far-field part.

For ]
f(r)=r"%G(logr), o =0 -3, (631)
define the exact logarithmic remainder by
Q3G (X)) = elaat2a)X poeo p(oXy M, G(X). (632)

This is the precise version of the schematic quantity Q,, in (624)-(625).
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191. Geometry of the terminal diffeomorphism

On the chosen branch
y = ®(r) = — arcsinr.

Taylor expansion gives, uniformly for 0 < r < r,
3 2
O(r)=—r— i o), d(r)=—-1-r)1"?=-1- o+ o(r'), (633)
"(r) = —r(1 =123 = O(r), oY (r)=0(1), j>3. (634)
For r,7" € (0,79), the mean-value theorem and (633) imply

O(r) — (') = —(r—1r") [1 + O(r, r/)}, O(r, )| < C(r? +17). (635)

Likewise the Jacobian satisfies
1D'(r)| = 1+ O(r"). (636)

Thus every metric or Jacobian correction in the singular kernel begins at quadratic order
in the terminal variables. The only apparently linear geometric coefficient is ®” = O(r);
because it multiplies an operator one order lower, it also produces a quadratic error after
Mellin scaling.

192. Local symbol decomposition with a quadratic terminal factor

Let pg®°(r, &) be the full local symbol of the singular part of £&° in the r coordinate. Standard
one-dimensional change-of-variables calculus for the classical elliptic symbol |£]**, together
with (633)—(636), gives

PE(r,€) = [€1** + 1°Pas(r, ) + Tpan (1, €), (637)

where p, 2 has order 2a and p,; has order at most 2ac — 1. Uniformly for

acly=[1,1+4d, 0<5§%, (638)

one has, for the finite number of symbol seminorms needed below,
|000¢pa2(r, €)| < Cju(€)**, (639)

000 (r, €)] < Cje(€)** ™. (640)

Differentiation with respect to o adds at most one logarithm:
1000 0cpai] < Cjef€)** T (1 +10g(€)), k=12 (641)
Because 2ac < 2 4 0/2 under (638),

(€)**(1 +1log(€)) < Col)™. (642)
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Hence all constants in (639)-(641) may be chosen uniformly on I5 as operators from H*""
to L%

The significance of (637) is seen directly after logarithmic conjugation. A r-derivative of
order m applied to (631) has the form

O f(r)=r"%""P .. (Dx)G(X), X =logr, (643)
with P, , a polynomial of degree m. Therefore

%2 12 Op(pa) f] = r*Pa2G, (644)

while the lower-order term satisfies

%2 Op(pan) f] = r"BanG. (645)

The operators B, ; are uniformly bounded H*"* — L? on logarithmic unit charts. Equations
(644)—(645) are the fractional analogue of the exact av = 1 identity (609): both the principal
metric correction and the subprincipal curvature correction are two terminal powers smaller
than the affine operator.

193. Smooth far-field part

The periodic kernel outside the local diagonal is smooth. For 0 < r < ry/2, Taylor expansion
of that kernel in the observation variable gives

IS f( < Ciliflz, 0<j<2, (646)

where Z is any fixed norm controlling the chosen smooth extension in (630). After multipli-
cation by the Mellin factor in (632),

Pt S f(r)] < Croe | fl 2. (647)

Since

g + 200 =3ac — = >

Do | Ot

DN | —

the far-field contribution is smaller than r? throughout I5. This is the point at which non-
locality enters the proof: it does not disappear, but after the singular local kernel has been
extracted its remaining contribution has strictly higher terminal order than the quadratic
geometric error.

194. Weighted left-tail estimate

Let
171l x.0(x0) = llwnhill o2+ ((—00,x0)) 1911y, x0) = Nlewngll L2 ((~o0.x0))- (649)

On X < X, <0,
e?* < 2o, (650)
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A partition into logarithmic unit intervals, application of (639)-(645) on each interval, and
summation with the exponential weight therefore give

lwn Qe Gl 2(x<x0) < CE* X [1Gllx, o (x042)- (651)

The two-unit enlargement only records the finite overlap of the local partition. From (647)—
(648),
ey Q¥ Gl 2 (x<x0) < CeP DX G |, , < O G x,,, (652)

after the fixed extension operator is included in the norm. Combining (651)-(652) proves
the desired terminal estimate.

Theorem 17 (Uniform weighted geometric remainder). Fiz 0 <n < 1/2 and o > 0. There
exist 6, > 0, X, <0, and C' < oo such that for

o
47

the exact geometric remainder (632), restricted to the terminal chart, satisfies

195G lly, (xo) < Ce*™||Gllx, . (653)

Thus the exponent in the schematic estimate (625) may be taken to be
pw=2. (654)
The constant is uniform in o on the stated interval.

Proof. The singular local part is estimated by (637)—(645), which yields the quadratic factor
r? = e2X. The weighted summation gives (651). The nonlocal far-field part is smooth and,
by (648), carries the stronger factor r3*~/2, giving (652). Since 3a — 1/2 > 5/2 > 2, both
pieces are bounded by the right side of (653). Uniformity in « follows from (638)—(642) and

compactness of Is, . O

195. The C! estimate in the fractional order

Differentiate (632) with respect to o. There are three contributions: variation of the geo-
metric fractional symbol, variation of the Mellin symbol, and variation of the conjugating
power a, = o — 1/2. The first two are controlled by (641)-(642) and by the Mellin estimate
already proved in Part 9. Differentiating the powers of r produces factors logr = X. For
X < Xp<0andevery 0 <e <2,

| X[e** < C.e® 9% after weighted summation on (—o0, Xo]. (655)

Consequently one loses an arbitrarily small amount of the quadratic exponent, but no deriva-
tive beyond the already reserved o derivatives.
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Theorem 18 (C' weighted remainder estimate). Under the hypotheses of the preceding
theorem, for every fized 0 < ¢ < min{1,2 — 2n} there is C. < oo such that

106 QE°Gly; (xo) < Cee® %G| x, .- (656)

In particular

ar— Q%° e L(X,,,Y, (X)) (657)

is C1, uniformly on sufficiently negative terminal windows, and its operator norm tends to
zero as Xog — —00.

Proof. The « derivative of an order-2a symbol introduces at most log(¢), absorbed by (642).
The derivative of r%*2* and of r~® introduces at most one factor |X|. The elementary
bound supyx, [X|e*¥ < C.(1 + | Xo|)es*°, combined with e*X, gives (655) after decreasing
the exponent from 2 to 2 —e. The far-field exponent in (648) remains larger than 2 —e. This
proves (656). O

196. Linearization in the profile variable

The fractional geometric operator and the Mellin operator are linear in the profile. Therefore
the remainder (632) is linear in G and

DaQE°[G]h = Q°h. (658)

There is consequently no new nonlinear commutator in the profile linearization. Equations
(653) and (656) immediately imply

1D6 Q& (G, (xy) < Ce*™|h|x, ., (659)

and

100 D6 Q5°(Gllly, xp) < Cec®lh . (660)

These are exactly the linearized estimates required when the geometric operator is inserted
into the phase-fixed profile map.

197. What has and has not been closed

The estimate requested in (625) is now proved in the mathematically correct form dictated
by the intrinsic chart:

Q5 x, 0¥y (x0) < CE¥X0, X — —o0, (661)

with the C! estimate (656) and the profile-linearized estimates (659)—(660). Hence there is
no longer an unresolved terminal weighted operator remainder in Route B.

There is, however, one distinction that must be retained. Since r = —sin(x — z,) takes
values only in a bounded interval, the exact geometric chart corresponds to X = logr < 0
and does not represent the full Mellin heteroclinic line X € R. Therefore (661) proves the
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operator bridge needed in the terminal overlap region, but by itself it does not identify the
right-hand equilibrium X — +o00 of the old Mellin profile with an exact geometric endpoint.
A global Route-B heteroclinic theorem would require one additional global chart or matching
construction. The finite-N terminal argument, by contrast, uses precisely the left overlap
window, and for that purpose (661) is the required estimate.

198. Revised ledger after the weighted remainder theorem

The first item in (627) can now be removed as a terminal-overlap hypothesis. The revised
construction-level ledger is

(i) prove the strict upper invariant-boundary sign; (662)

(ii) prove the fixed-space energy estimates and the vanishing residual for N — oo.

for the terminal finite-N matching problem. If the manuscript is to claim a global ez-
act geometric-profile heteroclinic rather than terminal matching to the already constructed
Mellin profile, the bounded-chart issue identified in Section 197 remains a separate global
profile question and must not be hidden inside (662).

Theorem 19 (Terminal Route-B operator bridge). For a € [1,1+ 6.], the exact fractional
operator induced by Sgeo = sin?(z — x,), expressed in the natural coordinate r = \/Sgeos
differs from the affine Mellin profile operator by an operator of weighted size O(e*X°) on
every terminal logarithmic window X < Xy. Its a derivative is O(e®>=9%0) and the same
estimates hold for the profile linearization. Hence the geometric fractional operator is a
uniformly small C* perturbation of the Mellin tangent operator in the finite-N terminal
overlap region.

199. Consequence for the next proof step

The weighted operator estimate no longer blocks the terminal matching. The next construction-
specific question is therefore the upper invariant boundary: one must insert the now-controlled
geometric fractional remainder into the exact finite- N scalar differential inequality and prove
that at a sufficiently large normalized amplitude W* the vector field points strictly inward,
uniformly in N and in « € [1,1+ ¢,]. That sign calculation is independent of the operator-
domain issue settled in this Part.

50 Part 33: Exact audit of the strict upper invariant-
boundary sign

200. Substitution of the geometric fractional remainder

Part 32 proves, on every terminal logarithmic window X < X, < 0,

||Q§¢eo|an,g%Yn(Xo) < Cge062X07 (663)
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uniformly for o € [1,1+ 6,]. In the normalized finite-N scalar field (448), this contributes
to the remainder rather than changing the leading bracket. Thus the exact boundary field
has the form

W = Ay al(s)W [DN,QW — Kno(W) + B3 (s, W) + RS (s, W)|,  Ana >0, (664)
where, on every fixed compact W-interval on which the normalization is regular,
| RN (5, W)] < Ceo™, (665)
and the previously established finite-N moduli give
|R3, (5, W)| < Crs® + ey, (666)
Consequently
R (5, W)] < Crs™® + €8 + Cgeoe®™. (667)

The geometric operator correction is therefore uniformly small after first choosing the ter-
minal window X, < 0, then the terminal scale s, > 0, and finally N sufficiently large.

201. The exact sign criterion at an upper boundary

Let
Bo(W) := D W — K, (W) (668)

be the limiting normalized bracket. A uniform upper boundary W* is obtained if and only
if one can find W* > 0 and o, > 0 such that

sup B, (W*) < —4o.,. (669)

a€ls

Indeed, coefficient convergence gives, after increasing V,

sup |(DyoW* = Kna(W*)) — (DaW* — Ko (WH))| < 0. (670)

a€ls

Choose X, s, and N, so that

C'geoe2X° + CRrsh® + 65\17%) < oy, N > N,. (671)
Then (664), (669)(671) imply
OW | _ye < =20, ANo(s)W* <0, (672)

uniformly for o € I5, N > N, and 0 < s < s,. Hence W < W* is forward invariant at the
upper boundary.

Theorem 20 (Uniform upper-boundary transfer). Assume the limiting bracket has the strict
upper sign (669), the finite-N coefficient convergence (670), and the old normalized residual
estimate (666). Then the weighted geometric fractional estimate of Part 32 preserves the
sign: there exist Xog < 0, s, > 0 and N, for which (672) holds uniformly. Thus the geometric
fractional remainder is not an obstruction to the upper invariant boundary.
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202. Why a sufficiently large amplitude does not follow from the
present positive gap

We must distinguish the transfer theorem above from existence of a value W* satisfying
(669). The information already proved is

D, >d, > 0. (673)

This controls the lower boundary, but by itself it drives D, W wupward as W increases.
Therefore a large-W upper barrier requires quantitative growth of the dissipative nonlinear
term. A sufficient condition is

K,
liminf inf o(W) > D*, D* := sup D, (674)

W—oo a€ls w a€ls

Under (674), choose ¥ > 0 and W* so large that
K,(W*) > (D*+9)W* for every « € Ij. (675)

Then
B(W*) < —9W™, (676)

so (669) follows with, for example, 40, < 9W™*.
Conversely, the earlier simplified model (342), in which K is merely bounded indepen-
dently of W, cannot yield an upper barrier by taking W large. If

K,(W) < K, < 0, (677)

then (673) gives
Bo(W) > d W — K., (678)

which is positive for every W > K, /d.. The vector field then points in the same direction
as at the lower boundary, not inward from above.

Theorem 21 (Large-amplitude obstruction under bounded dissipation). Under D, > d, > 0
and the bounded-dissipation hypothesis (677), no sufficiently large constant W* can satisfy
the required upper sign (669). The O(e**°) geometric remainder cannot repair this, because
it can be made arbitrarily small and does not change the limiting sign (678).

203. Audit of the construction actually present

The current source introduces the abstract nonlinear quantity Ky (W) in (448) and states
in (450)—(453) that an upper boundary would follow from a strict limiting sign. It does not,
however, subsequently supply an explicit construction-level formula for K, (W) or a proved
growth estimate of the form (674). Earlier Part 12 uses only the bounded coefficient K3 in
(343). Those statements are sufficient for the lower barrier but are insufficient for the upper

one,

Therefore the requested substitution settles the effect of the new geometric fractional
remainder but does not prove existence of a uniform W* from the presently recorded hy-
potheses. The exact missing statement is now isolated as

prove (669) directly from the explicit normalized finite-N dissipative term, or prove the uniform dominance condition (674). ‘ (679)

This is a construction-level sign question, not an operator-remainder question.
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204. Revised ledger after the upper-sign audit

Part 32 and the present Part prove that all already-controlled remainders, including the
intrinsic geometric fractional correction, transfer any strict limiting upper sign to the finite-
N equation. What is not yet supplied is the strict limiting upper sign itself. Accordingly
the ledger becomes

(i) derive the explicit limiting function K, (W) from the actual normalized

finite-N dissipative term and verify (669), equivalently a sufficient condition such as (674); (680)
(ii) prove the fixed-space energy estimates and vanishing scalar residual

needed for the strong N — oo passage.

If the explicit K, (W) is found to be bounded in W, then (678) shows that the proposed
large-amplitude upper barrier is impossible in the present normalization and a different
invariant variable or barrier mechanism is required. If instead K, (W) grows faster than D, W
uniformly, then (674)-(676), together with (663), close the upper boundary immediately.

Theorem 22 (Status of the strict upper invariant-boundary problem). The weighted geo-
metric fractional correction has now been fully inserted into the finite-N boundary field and
18 O(eQXO); hence it preserves every strict limiting upper sign. A uniform upper invariant
boundary follows from (669), and in particular from the uniform dissipative dominance con-
dition (674). This paper does not contain an explicit formula or growth theorem for K,(W)
sufficient to establish (669). Thus the upper-sign problem is reduced to the single explicit
construction-level calculation (679), but it is not yet closed.

51 Part 34: Explicit dissipative amplitude and the fixed-
space limiting audit

205. The principal fractional term fixes the amplitude dependence
exactly

The abstract notation Ky (W) in (448) can now be audited from the actual scalar equation
rather than assigned an independent nonlinear growth law. The corrected product equation
contains exactly one principal scalar fractional term,

—u(—A)"D, (681)

with the fractional product commutator placed in the separately controlled remainder. In
the strict one-phase terminal coordinate the principal fractional operator is linear. Write

To =20 —1, b=pnaWs . (682)
At a constant-amplitude boundary W = const, Mellin homogeneity gives
(04" = pra WK (—ra)s ™72, (683)
If the one-phase wave number is x, then

(=A)*b = K pn o WK (—14)s o2 + Ejgvff;, (684)

250



where Part 32 places the geometric correction in the small terminal remainder. Consequently
the principal dissipative contribution is

DY = vk pn o WK (—rg)s ™2 (685)

The crucial point is that (685) is linear in W. After extracting the positive prefactor
Ano(s)W used in (448), its contribution to the bracket is independent of W. Thus the
function denoted abstractly by Ky (W) has, for the principal fractional term, the form

K¥™(W) = kR (s), (636)

not a superlinear function of W. In the limiting autonomous normalization,

KP"™(W) = kP™ s constant in W. (687)

The exact numerical value of k"™ depends on the positive normalizing prefactor used in
(448), but its W-dependence does not: linearity of (—A)® forces (687).

206. The strict large-amplitude upper sign cannot come from prin-
cipal dissipation

Suppose, as established earlier, that
D, >d, >0 (688)

uniformly on I5. Absorb every already-controlled commutator, geometric, reconstruction,

and coefficient defect into RY',. Then the limiting constant-amplitude bracket produced by

the principal scalar dissipation is

BPN(W) = DWW — kPrin, (689)
If _
k* := sup |[kP™] < oo, (690)
acls
then .
BE(W) > d W — k. (691)
Hence
k* ;
w > T = BE(W) >0 (692)

uniformly in «. This is the opposite of the required upper-boundary condition (669).

Theorem 23 (Explicit W-dependence of the principal dissipative term). For the corrected
scalar equation in which the principal hyperdissipation is exactly —v(—A)*b and all fractional
product commutators are kept in the remainder, substitution of b = pn W s™" shows that
the principal normalized dissipative quantity is constant in W. Therefore it cannot satisfy
the superlinear dominance condition (674). Under the positive gap (688), no sufficiently
large constant upper barrier can be generated by the principal fractional dissipation alone.
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This theorem resolves the ambiguity in Part 33. The abstract notation K, (W) must not
be treated as though the linear fractional operator could manufacture a superlinear amplitude
law. Any additional W-dependence must come from a term outside the principal fractional
block, and such a term must be derived explicitly rather than hidden in the remainder.

207. What would be required to recover an upper invariant bound-
ary

There are only three logically distinct possibilities. First, an explicit reconstruction or com-
mutator term retained in the leading field may produce a negative contribution — K, (W)
satisfying N
K,(W
liminf inf Ka(W) > D*. (693)
W—ooo a€ls
Second, the normalization may be changed so that the invariant variable has a bounded
natural profile range and the upper boundary is placed at a finite profile value rather than
at large amplitude. Third, one may prove a strict upper sign at a finite W* directly from
the full limiting profile vector field even though no large-WW dominance occurs. Without one

of these three mechanisms, the two-sided strip (453) is not proved.

208. Energy identity available at the velocity level

We next audit the second item of (680). If the finite-N reconstruction is an exact divergence-
free solution of the hyperdissipative velocity equation on T?, then testing the velocity equa-

tion by uy gives
1d o
Sl 3 + (=) 2unlE = (f, u). (694)

The transport and pressure terms vanish by periodicity and incompressibility. If
sup [luy (0)z2 < Co, - sup [[fvllerim—e) < Cr, (695)
then duality and Young’s inequality give
(s un)] < S llunllre + Coll o, (696)

and therefore

Sxp ||UN||%°°(O,T;L2) +v S?VP HUNH%%O,T;Ha) < Cr. (697)

Thus a standard fixed-space velocity energy bound follows once (695) is verified for the actual
reconstruction.

209. Why the velocity energy estimate does not imply the scalar
estimate (460)

The scalar is the product
bN = Ug NUy N- (698)

252



In three dimensions, the Sobolev product rule gives schematically
HY . HY — H2a—3/2—6 (699)

for arbitrarily small € > 0 in the relevant non-endpoint range. For a near 1, the right-hand
exponent is near 1/2, whereas (460) asks for the much stronger fixed-space control

by € L*(0,T; H'0+0), (700)

Consequently (697) alone cannot prove (460). In particular, the scalar fixed-space estimate
is not a formal consequence of the basic Navier—Stokes energy identity.
A sufficient stronger package would be, for some s, > 3/2 and s, > 14§ + &,

Sl],\lfp HUN”LOO(O,T;HSH) + Sl]i[p HUNHLQ(O,T;HSU""O‘) S CT- (701)

Since H**(T?) is then an algebra,

1o ]

Hsu S C“ux’N’

e[ty N o (702)

which supplies the spatial part of (460). But (701) is a higher-order estimate and must be
proved from the exact finite-N equations and their forcing; it is not contained in (694).

210. Time derivative and the scalar residual

From the exact scalar equation write
8th = —Uun - VZ)N — I/(—A)abN + SN + RN, (703)

where Sy denotes the explicitly retained amplification, forcing, pressure/reconstruction
terms and Ry the exact approximation residual. If (700) holds and

Sljlvp 1SNl 2 0,r-1-5-<0y < Oy (704)

together with a corresponding transport bound, then

S?VP 1020 | 20,7315 1-5-20) < Cr, (705)

which is (461). If in addition

IR~ L10.7;0-m) — 0, (706)

then Parts 17 and 24 give the strong preterminal compactness and the limit equation.

The important logical point is that (706) is not implied by boundedness of Ry or by
pointwise convergence of reconstruction coefficients. It requires an actual norm estimate for
the exact residual after every finite-N velocity, pressure, commutator, and forcing term has
been substituted.
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211. Status of the two items in ledger (680)

The present audit produces a definitive answer for item (i), but it is an obstruction rather
than the desired large-amplitude closure:

KP™ (W) = k"™ and therefore principal hyperdissipation cannot force the large-W upper sign.

(707)
Thus item (i) is replaced by the sharper finite-amplitude question

’ derive the full limiting bracket at finite W and locate a strict upper zero/sign, or change the invariant normalization. ‘ (708)

For item (ii), the basic velocity energy estimate (697) is available under the uniform
data/forcing hypothesis (695), but it does not imply the stronger scalar compactness package
(460)—(461). The remaining estimates are exactly (701), or another reconstruction-specific

substitute strong enough to imply (700), together with (704)—(706).
Accordingly the rigorous ledger is now

(i) resolve the finite-amplitude upper boundary using the full explicit normalized bracket, since principal dissipation is only linear in amplitude;
(ii) derive reconstruction-specific higher-order fixed-space bounds sufficient for (460)—(461); and

(iii) prove the exact residual estimate (706).

(709)

Theorem 24 (Outcome of the explicit dissipation and energy audit). The corrected scalar
equation determines the principal W-dependence of the fractional dissipative block: it is
linear before division by the positive factor W and hence constant in the normalized bracket.
Therefore the large-amplitude upper-sign mechanism proposed in (674) cannot be supplied
by principal hyperdissipation. At the same time, the standard velocity energy identity yields
(697) under uniform initial-data and forcing bounds, but this regularity is insufficient by
itself to yield the scalar fixed-space estimate (460) near « = 1. Hence neither a two-sided
wmvariant strip nor the strong N — oo scalar passage can be declared unconditional until
the finite-amplitude bracket and the higher-order reconstruction/residual bounds in (709) are
verified.

52 Part 35: Full finite-amplitude bracket and compact
upper-sign criterion

212. Start from the exact characteristic scalar equation

The finite-amplitude sign calculation must retain every term whose size changes with the
amplitude parameter. Starting from the corrected scalar equation (4), write the exact char-
acteristic equation as

i)N = FNb?V + 208G N — RIEGC — V,CNyabN + VCN,a(Uz,N7 uy,N), (710)
where o o .
R?@C = bNM —|—2ANbNCNx—|—2—NCNy, (711)
Cy ’ Ay
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Ly denotes the principal one-phase/geometric fractional operator, and

Cnalf,9) = Ralf.9) (712)

is the exact fractional product commutator. Equation (710) is only a regrouping of the
already established product equation; in particular the commutator is not counted twice.
Use the intrinsic geometric variable

o = sin®*(z — x,), x =—o'? (713)

and place a constant-amplitude boundary at

by = Pno(0)W, Py o(0) := pnao . (714)

The exact square-root reconstruction gives
A% = —2xby = 202 Py WV, (715)

so on the positive branch

AN = A()’N’Q(O')Wl/g, A07N,Oé = \/20—1/2PN,a7 (716)

PN,a

AO,N,a

and therefore

Uy N = UO,N,a(U)W1/27 UO,N,a =

(717)

Thus both reconstructed factors in by = u, yu, n are exactly homogeneous of degree 1/2 in
W.

213. Exact amplitude degrees of every retained term

At a constant boundary value W, linearity of the fractional operator gives
‘CN,Oc(PN,aW) = W'CN,aPN,oa- (718)

Bilinearity of the fractional commutator and (716)—(717) give the equally important identity

Cnol(tz N, Uy N) =W Cno(UoNa, AoN.a)- (719)

Hence the fractional commutator is leading order in the finite-amplitude sign problem, but
it is only degree one in W it cannot create a hidden superlinear damping law.
The three reconstruction terms have the exact amplitude decomposition

CNt+CNz CNt+CNz
by———— — W P - 720
N CN v Cx (720)
2ANONC Ny = 2A0 N o PNoCNag W 32, (721)
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and

2 b C 2 PR Oy W32 722
Ay OV = 2O - (722)

The Riccati term is degree two,
Inby = TnPr W2, (723)

whereas the retained forcing is degree zero,
208Gy = 20NGNWP. (724)

These identities exhaust the amplitude dependence of the displayed corrected scalar equation
provided Cl, its displayed derivatives, I'y, and G are reconstruction coefficients indepen-
dent of the boundary parameter W. If a later reconstruction makes any of those quantities
depend on W, that dependence must be inserted before the sign test.

214. The geometric-coordinate drift is also degree 3/2

Because by = Py o(0)W, differentiation along the exact geometric characteristic gives

by = Prn,oW + Pl o(0)Wo. (725)

From (574) and (714),
¢ =—-2V2(1 - o) 2 P20 W, (726)

Since Py o = pn,a0 P,
Pyo = —%C"Pw,a, (727)

and therefore moving the second term in (725) to the right produces

— PR Wé = —2v2p,(1 — o) 2 VP2 0% WA, (728)

Thus the intrinsic geometric reparametrization contributes another explicit W3/2 term. It
cannot be hidden in an amplitude-independent remainder when the upper sign is tested.

215. Entire finite-N amplitude field
Substituting (718)—(728) into (710) and solving (725) for W gives

W = agno(0)W? + a3/2’N7a(U)W3/2 + a1 na(0)W + agna(o), (729)

with the exact coefficients

a2, N,a = FNPN,aa (730)
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azjo,Na = — 240NaCONaz — 2A —Cny (731)

0,N,«

—2v2pa(1—0) 207U PECE,
a . Cni+Cnps UEN,QPN,Q
LNa = — —

N Cw Fra (732)

CN,oa(UQN,om AO,N,a)

+v ,

PN,oc
and
208G

QN = —p (733)

Equations (729)—(733) are the requested full finite-amplitude decomposition. They retain the
reconstruction terms, the geometric drift, the principal fractional operator, and the fractional
product commutator simultaneously. No one of these terms may be discarded solely because
it is lower order in a large-W expansion when the desired barrier lies at finite W.
Whenever the coefficient limits exist uniformly on a terminal overlap window, write

ajNa(0) — aja(0), Jj€{2,3/2,1,0}. (734)

Factoring the positive quantity W from (729) gives the entire limiting normalized bracket

Cl()@ (0) '

Bo(W;0) = ag0(0)W + CL3/27OC(O')W1/2 + a1 4(0) + W

(735)

This replaces the overly compressed notation D,W — K,(W). In particular, the frac-
tional commutator enters a; ,, while the two nontrivial reconstruction derivatives and the
geometric-coordinate drift enter as/s 4.

216. Compact finite-amplitude sign problem becomes a quartic
problem

Set
y=VW > 0. (736)

Since multiplication by W = y? preserves sign, (735) is negative exactly when

Poly;0) := a27ay4 + a3/2,ay3 + a1,a?/2 + apo < 0. (737)

Thus the finite-amplitude upper-boundary problem is not an asymptotic large-amplitude
question. It is the compact minimization problem

a615,151<fc7§0* Pa (y; J) <0 (738)
yEY-,y+]
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For a uniform invariant boundary one needs a common y* > 0 and a strict margin ¢, > 0
such that

sup Pa(y*;0) < —4¢ < 0. (739)
025,

Then W* = (y*)?, and uniform convergence (734), together with the already proved terminal
operator remainders, transfers the sign to all sufficiently large finite N.
For fixed (o, o), every interior candidate is found from

aypa = 4a2,ay3 + 3a3/2,ay2 + 2al,ay = 07 (740)

or, for y > 0,

4a2,ay2 + 3a3/27ay + 2a1,a = 0. (741>

Hence the sign test requires only the endpoints of the chosen compact y-interval and the
positive roots of the quadratic (741). This is the exact algebraic reduction of the finite-
amplitude problem.

217. What can and cannot be concluded from the coefficients
presently proved

The current manuscript proves convergence and smallness for several terminal coefficient
defects, but it does not yet provide uniform signed limits for C'y, and Cy, in the geometric
reconstruction sufficient to evaluate (731), nor a signed evaluation of the commutator quo-
tient in (732) on the whole compact («,o)-set. Therefore it would be incorrect to assert
(739) from the existing estimates alone.
There is also an architectural distinction which must be preserved. In the strict affine
one-phase specialization
Ci =0, =0, Cs =0y =1, (742)

one has C, = C, =0 and, for C = C(t—z—¥0,), C;+C, = 0. Then the three reconstruction
terms (720)—(722) vanish. But the intrinsic geometric route uses o = sin*(z — ) and the
active characteristic & = AC?. These two reductions cannot be combined merely to set the
geometric reconstruction coefficients to zero. The finite-amplitude sign must be evaluated
in one consistent architecture.

Consequently the requested bracket has now been derived, while the requested strict
inequality is reduced to the following explicit coefficient theorem:

prove the signed uniform limits in (731)—(733) and verify (739). (743)

If (739) fails, no constant upper boundary in this normalization follows from the present
vector field; if it holds, the finite-V upper boundary follows by the transfer argument of
Part 33.

Theorem 25 (Exact finite-amplitude bracket). Assume the geometric reconstruction (713)-
(717), the exact characteristic scalar equation (710), and that Cn, TN, GNn and the displayed
spatial derivatives of Cn are independent of the boundary amplitude parameter W. Then
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the constant-boundary vector field has exactly the amplitude decomposition (729)-(733). If
the coefficients converge uniformly as in (734), the limiting normalized bracket is (735). A
uniform finite upper boundary W* is equivalent to the strict common sign condition (739),
with W* = (y*)%. The only candidate interior amplitudes needed for this test are given by
the quadratic equation (741).

218. Revised ledger

The abstract function K, (W) is no longer an unresolved object: its actual amplitude con-
tent has been decomposed into the linear fractional and commutator coefficient @ ,, the
square-root reconstruction and geometric-drift coefficient as/; o, the quadratic amplification
coefficient ay,, and the forcing coefficient ag,. The remaining upper-sign task is therefore
finite-dimensional but still construction-specific:

(i) prove the signed uniform coefficient limits in (731)—(734) and evaluate the compact quartic criterion (739);
(ii) derive the reconstruction-specific higher-order fixed-space bounds sufficient for (460)—(461); (744)

(iii) prove the exact residual convergence (706).

This removes the ambiguity about the amplitude law without claiming a sign which the
presently proved coefficient information does not determine.

53 Part 36: Signed uniform coefficient limits — exact
audit and maximal theorem

219. The coefficient question must be separated into four indepen-
dent limits

Part 35 reduced the constant-boundary dynamics to
W = agn W2+ (13/2,1\&041/{/3/2 + a1 N oW + ao,n,a- (745)

The present section determines exactly which signed limits follow from the reconstruction
already proved and which require additional signed data. This distinction is essential: uni-
form magnitude bounds do not determine the sign of Cn 4, Cn,, or of the fractional product
commutator.

Throughout the terminal overlap let

PN,a = pN@O'_pa > 0, AO,N,a = \/20’1/2PN7Q > 0, (746)

and assume the positive branch C'y > 0. We work on a compact terminal annulus
Ko ={(,0) :a€ls 0 <o<o.}, 0<o_<o. <1, (747)

before taking the terminal limit o_ | 0. This order avoids confusing uniform convergence on
a compact overlap with a singular endpoint asymptotic.
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220. The quadratic coefficient a,

By (730),
asNo = I'NPna- (748)

The Lambert construction gives I'y = 0t log Ay, and the terminal branch is chosen so that
the amplification coefficient is positive. Thus

'y >0, PN,a > 0, (749)

o0

If, as required by the coefficient convergence theorem already used in the terminal normal-
ization,

and therefore

sup |I'vPy.o — Dolo)| — 0, (751)
Ko

then

a2, N0 — Q2,4 = Do >0 uniformly on K. (752)

In particular the previously established gap D, > d, > 0 transfers to as . Notice that (752)
is a positive, not dissipative, contribution to the upper-boundary polynomial.

221. The constant coefficient q

Equation (733) gives

2CNGyN
PN,a .

For the retained forcing branch, Cy > 0 and G > 0, hence

1)

Assume the already used terminal bounds

(753)

ag.N,a =

0<ec_ S CN S Ct, 0 S GN S G+, (755)
and infx, Py, — 00 along the terminal finite-N sequence. Then

2C+G+

0<a < —"TT
= TN = infic, Py

— 0. (756)

Consequently

Ao Noa — Ao = 07 uniformly on IC,. (757)

If Py is not uniformly divergent on the chosen overlap, the weaker correct statement is only
aop N, = 0 plus convergence inherited from the separate limits of Cy, Gy, Py.
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222. Exact sign decomposition of a3/,

Write (731) as

a3/2,No = f\f,a + R?V,a + JINa; (758)
where
T Y PN,a
N,a = —21407]\[,&0]\[@, RN,a = _2A CN,yy (759)
0,N,«
and
Ina = —2V2pa(1— o) 2a7V4P2C% < 0. (760)

Thus the intrinsic geometric drift has a strict favorable sign. This is the first unconditional
signed component of the finite-amplitude upper field.

However, exact continuity determines a derivative of C' but does not fix the signs of both
C, and Cy. In the square-root reconstruction one has schematically

C, = D,(b/A), (761)

and the reconstructed formula for C' contains an arbitrary periodic integration datum Cp(x).
Differentiation therefore leaves a C{(x) contribution in C,. No estimate of the form |C,| < M
determines its sign. Likewise the general multidimensional reconstruction does not supply a
signed C,, limit.

Consequently the strongest theorem available from the present hypotheses is conditional

dominance. If
?V,a — sz R]y\/,a — R?Zw JN,a — Ja (762)

uniformly on K,, then

(13/2,04 = Rz + Rg + Ja. (763)

A strict negative limit follows precisely from the verifiable margin

slgp(Ri +RY) < — sUp Jo — N3/2 (n372 > 0), (764)

or, more transparently pointwise,
Ry + R < | Jal = m3/2- (765)

The current reconstruction has not proved (764). Therefore a signed uniform limit ag/ o < 0
cannot be asserted without an additional signed reconstruction estimate.

223. Exact sign decomposition of a;

From (732), define

a1 N, = TN,a + DN,a + MN,on (766>
with Crrt C
Ty = ——t N2 (767)
Cn
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V'CN,aPN,oa

DN,oc == P 5
N,a

(768)

and Cn.o(U, A
MN7a =y N,Oé( O,N7OH O,N7Oé) . (769)
PN,a
In the old affine distinguished phase, C; + C, = 0, so T' = 0; but Part 35 showed that this
identity cannot simply be imported into the intrinsic z-geometric architecture. Hence Ty ,
has no established sign in the present route.
For the tangent fractional operator and a pure power P o r~*, r = /o, Mellin homo-

geneity gives

(_arr)ap
P
Thus even the sign of the fractional quotient is controlled by the Mellin coefficient K1 (—\)
and must be evaluated at the actual normalization exponent. The geometric-operator re-
mainder proved in Part 32 is small in the terminal overlap, but smallness does not alter the
sign unless a strict tangent-operator margin is first established.
Finally the fractional product commutator has no sign for arbitrary factors. Indeed, with
the convention used,

= K (=\)r 2« (770)

Calf,9) = (=A)*(fg) — f(=A)%g — g(=A)*f, (771)

its Fourier /integral bilinear form changes sign with the relative variation of f and g. There-
fore the reconstruction identity UyAy = P does not by itself imply My, <0 or My, > 0.
If the three terms converge uniformly,

Tnea = Tay  Dno — D, My, — M,, (772)
then
1.0 = To + DT+ M,. (773)
A strict negative limit is equivalent to the signed margin
sup(Ty, + M,) < —sup DF* —p, (774)
Ko Ko

with the obvious pointwise interpretation. This margin has not yet been proved by the
reconstruction.

224. Uniform-limit theorem and obstruction to the requested four-
sign claim

Theorem 26 (Maximal signed coefficient theorem). Assume the coefficient convergence
hypotheses already established for the Lambert/profile state, positivity of Pn,Cx, bounded
nonnegative forcing, and the terminal geometric operator estimate of Part 32. Then on
every fixed compact overlap ICy:

1. 4f (751) holds, as n.o — Do uniformly and D, > d, > 0;
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2. if Py — oo uniformly while Cy, Gn remain uniformly bounded and nonnegative, then
ao N,o — 0 uniformly from above;

3. the geometric part Jyo of asjs N« 5 strictly negative, but the sign of the full as) is
undetermined until signed limits for Cy, and Cy, are proved;

4. the sign of ay is undetermined until the transport quotient and the normalized fractional
commutator are evaluated with sign, together with the actual Mellin coefficient of the
chosen power.

Therefore the current hypotheses do not imply a prescribed sign for all four limiting coef-
fictents. In particular, no rigorous proof of az;, < 0 or ap < 0 follows from the presently
available magnitude bounds.

Proof. Ttems (1) and (2) are (748)—(757). Item (3) follows from the exact splitting (758)-
(760): Jy < 0, whereas the signs of R%, RY, are the opposite of unknown derivative signs.
Item (4) is the exact splitting (766)—(769), for which neither the general geometric transport
term nor the bilinear commutator has a sign theorem in the stated hypotheses. Uniform
convergence preserves a strict sign only after a nonzero signed margin is supplied. This
proves the claim. O

225. Consequence for the quartic upper-boundary problem
The limiting quartic is
Paly;0) = azay” + az209° + a10y” + d0,0- (775)
The newly proved signs give
ag.q > 0, aoo > 0 (and agq = 0 under (756)). (776)

Hence negativity on a finite interval can only be created by the middle coefficients. A useful
sufficient criterion is obtained by selecting a common y* > 0 and proving

a3/27a<y*)3 + al,a(Z/*)Q < _a2,a<y*)4 — g, — 4Gs- (777>
Equivalently,

* * ao,a 4C*
az/2.0Y + a1 < _a2,a(y )2 - (y*)2 - (y*)z

Thus the unknown signs isolated above are not cosmetic: at least one of the middle coeffi-
cients must supply enough negative contribution to overcome the positive Riccati coefficient
and nonnegative forcing.

There is also a necessary condition. If

az2.qa = 0, aq 2> 0, (779)

(778)

for some (a, o), then by (776)
Paly;0) 20 Yy >0, (780)

so no constant upper boundary exists at that parameter value. Consequently a uniform
upper barrier requires a uniform negative contribution from as, or a; (or both).
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226. Revised proof ledger

The requested signed-limit calculation therefore produces a partial theorem and an obstruc-
tion, rather than four automatically signed limits. The ledger is now

(i) ag is uniformly positive and ag — 07 under the terminal normalization;
(ii) prove the signed reconstruction derivative margin (764) for Cy, Cy,
or prove instead a signed fractional/transport margin (774) for ay; (781)

(iii) once either middle-coefficient margin is available, evaluate the explicit compact criterion (777)—(778);

(iv) retain the higher-order fixed-space and residual limits from Part 34.

This is the maximal conclusion supported by the current reconstruction. It would be
mathematically incorrect to label the signs of as/; and a; as proved before the missing
signed derivative/commutator information is supplied.

Part 37. Exact Signed Transverse-Derivative Calcula-
tion and the Intrinsic-Geometry Compatibility Test

The preceding signed-coefficient audit reduced the unresolved middle coefficient to the trans-
verse reconstruction combination

Py o
o T R =2 (AO,N@CNJ + AON]; (JN,y> . (782)

The purpose of this part is to compute the sign supplied by the actual square-root recon-
struction and, equally importantly, to determine whether that computation can be imported
unchanged into the intrinsic o = $ge0 = x? similarity architecture of Parts 30-36.

227. Exact directional derivative in the periodic square-root core

In the revised square-root reconstruction one has

b
A? = —2x(x)b, X = A0, + Zﬁy. (783)
In the local distinguished-phase core used in the reconstruction,
b=10(s), s=t—z—0.n, b, =b,=0, (784)
and exact incompressibility gives
b AxX/
coma(B) -2 -
Writing
b= BysFy(s),  In(s) = / 812 P ()2 dr, (786)
0

the explicit reconstruction is

C(z,s) =co+ In(s). (787)



Here By > 0, Fiy > 0, Iy > 0 on the selected positive branch. A direct differentiation,
already implicit in the revised reconstruction, gives

XC = Bys—®2Fy(s)/2Iy(s) E(’;—Q)Q - %Xﬂ | (788)
For the genuine periodic geometry
x(z) =sin(z —2.),  X"=-x (789)
" 3(¢)° 1) 2 11
1@ ——;:Zcot (x—x*)+§2§. (790)
Consequently

(791)

throughout every one-sided core on which y # 0. Therefore the factor-2 reconstruction
contribution to the scalar equation satisfies

—20XC < 0.] (792)

This is a genuine signed statement, stronger than the magnitude estimate used earlier.
If the finite-amplitude normalization is performed while retaining the independent affine
phase variable s, then at fixed amplitude W

A= AVW, EZEVW, (793)
A A

and hence p .
—C,=—XC. 794
Ay Y VW (794)

Thus the reconstruction part of the W3/2 coefficient has the strict sign

AoCy +

2
JIV,(X + R?Va = _\/_WXO < 0. (795)

The precise coefficient obtained after collecting the normalization factors is therefore non-
positive, and is strictly negative wherever the reconstructed core is nontrivial. Together with
the already negative geometric drift Jy, < 0, this would give a strict negative asz/, in that
architecture once a uniform lower margin is proved.

228. Why (795) does not yet prove the intrinsic-o coefficient limit

The calculation above uses the Eulerian reconstruction hypotheses (784): s =t — z — 0, n
is independent of z, while x = x(z) is an independent geometric variable. The intrinsic
Route-B normalization instead sets

o = x(z)? (796)



and uses o itself as the terminal similarity coordinate. If one now writes an Eulerian ansatz
b= P(o)W, (797)

then, unless P is constant,
b, = Py(0)o,W # 0. (798)

Therefore the derivation of (785)—(788), which used b, = 0, cannot be imported unchanged.
There is an even sharper periodicity test. If b = b(o(x)) and A = A(o(z)) have no
z-dependence, exact incompressibility reads

o)1, -

In the one-dimensional intrinsic geometric ansatz A, = 0, the right-hand side is independent
of z. A periodic C' can then exist only if

a(%) 0. (800)

b |—b
=, — 1

which is not constant for the terminal power profiles under consideration. Thus a pure
Eulerian replacement of the affine phase by o = x?(x) is incompatible with periodic incom-
pressibility unless additional y, z-dependence is introduced.

But from A? = —2yb,

Theorem 27 (Signed derivative theorem with compatibility obstruction). For the revised
square-root core with independent variables s =t—z—0, n and x(x) = sin(x — ), the exact
continuity reconstruction satisfies

XC>0  —2bXC <0. (302)

Hence the transverse reconstruction contribution has the favorable negative sign. However
this signed formula does not, by itself, establish the coefficient asy of the intrinsic-o finite-
amplitude bracket, because the latter changes the Eulerian dependence from b = b(s) to a
profile parametrized by o = x?. A pure b = b(co(x)) periodic ansatz fails the incompressibility
test (800) unless an additional multidimensional correction is supplied.

229. Correct interpretation of o along characteristics

There is no contradiction in using
on(t) = x(zn(t))? (803)

as a characteristic parameter. Along one trajectory it is a valid monotone coordinate when-
ever oy # 0, and Parts 30-32 correctly use it to identify the tangent fractional homogeneity.
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What fails is the stronger, unstated identification of this Lagrangian parameter with a global
Eulerian one-variable ansatz b = b(o(x)).
Accordingly the rigorous Route-B architecture must retain two levels:

Eulerian reconstruction: (z,s) with exact periodic continuity,

2

804
Lagrangian terminal parameter: oy (t) = x(xn(t))°. (804)

The coefficient limit in the o-bracket must therefore be obtained by pulling the already
reconstructed Eulerian coefficients along the characteristic and then reparametrizing by oy,
rather than by replacing the Eulerian phase everywhere by o.

230. What is now proved for the signed a3/, problem

Let
Rn(t) .= —2XC(axy(t),sn(t)). (805)

Then (791) gives

Rn(t) <0. (806)

exactly on the selected sine branch. Reparametrize by o = oy (t):
Ry (o) := Ry (tn (o). (807)

The sign is preserved:

Ry (o) < 0. (808)

Thus the missing issue is no longer the sign of the reconstruction derivative combination. It
is the uniform normalized lower margin: one must prove for some ng > 0

inf inf inf —%N,a(a)//\/}v,a(a)] > ng, (809)

N>Np a€ls o€[o—_,04]

where Ny, is the exact positive normalization used in (731). Pointwise negativity alone is
insufficient for a uniform invariant boundary.
The source gives the useful exact lower estimate

1
XC > EBNS_’B/QFN(S)UQIN(S)» (810)

but converting (810) into (809) requires the explicit overlap relation sy = sy(o) along the
actual characteristic. Importantly, this is not the discarded assumption y? =< s; it is the
dynamically computed characteristic reparametrization.
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231. Updated ledger

The attempted signed-derivative closure therefore yields a genuine advance and a precise
remaining bridge:

(i) the exact transverse reconstruction sign is favorable: XC > 0, —2bXC < 0;

(ii) do not impose the inconsistent Eulerian ansatz b = b(Xz(z));
(iii) derive the actual characteristic map s <> on and prove the normalized margin (809); (811)
(iv) combine that margin with Jy o < 0 to obtain az 5 < —7n3/5 < 0;

(v) then evaluate the compact quartic upper-boundary criterion, while retaining the fixed-space energy/residual obligations of Part 34.

This replaces the earlier request for separately signed limits of C, and C,: the scalar
equation only needs their characteristic combination XC', and that combination has now
been signed exactly. The remaining task is quantitative uniformity under the Lagrangian
s-to-o reparametrization.

54 Part 38: Exact characteristic map sy <> oy and the
self-consistent continuity asymptotic

232. Exact differential relation without the discarded identification
SN XON

We now compute the characteristic relation requested at the end of Part 37. Throughout
this part write s = 55’\? and ¢ = oy. In the large-amplitude terminal region by > 1, the two
exact characteristic laws are

s=1—by, &=-2V2(1—-0)2B*C?. (812)

Since both derivatives are negative, s and o decrease together and

do V2 1/2 _3/4 le\?2 2
— =2V2(1 — —_— . 1
7 (1—0)' 0 bN—10N>O (813)
Equivalently,
d 1/4 1 1/2 5%2 2
— = —(1— ——C%- 14

Thus, if the terminal endpoint is normalized by s = o = 0, the exact implicit characteristic
map is

1/2

o = 75 0= o) (815)

This is the actual relation. No comparison s < ¢ has been used.
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233. First test with bounded C'y and why it is not self-consistent
Suppose provisionally that
by(s) = Bys PFn(s), 0<pB<2  Fn(s)— Fon >0, (816)

and that Cy(s) — con > 0. Since by — oo,

b’ .
—— =by " (14+0(by")). (817)
by — 1
Equation (815) would then give
2
0(8)1/4 ~ Co,N glt+8/2 | (818)
V2ByFyn 1+ 5/2
so that
1
o(s) ~ o 5128, (819)
V2BnFon(1+ B/2)

This already proves that the old relation o < s is not the characteristic law.
However, (819) cannot be combined with bounded Cy and the exact continuity recon-
struction. On the negative sine branch,

X = _\/Ea X/ =Vv1l—-o, (820)
and (787) becomes exactly
V2B
Cn(5,0) = con + N1 — o) 25734y (s), (821)
where .
In(s) = / B2 F ()2 dir (822)
0
Under (816),
12
In(s) ~ —s! P2, 82

Substitution of (819) into (821) makes the second term diverge. Hence the bounded-Cy
calculation (818)—(819) is only a diagnostic contradiction; it is not the self-consistent terminal
characteristic asymptotic.

234. Self-consistent dominant balance using exact continuity

The exact reconstruction (821) must instead be inserted into (813). Because Iy(s) > 0, the
reconstructed term is positive. If it dominates ¢y y, then, uniformly on a terminal regime in

which (816) holds,
\/2BnF{
o NON -8/4g1-/2, (824)

~Nn ———

A1 = 5/2)
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Using (817) and (824) in (813) yields

do ~ Ko 3/4g2-P/2 Ky = \/_E—VBNFON (825)
ds N ’ N = p/2)2
Therefore A %
2574 o N (3-8/2 826
=0 552" (826)
and hence
12 -2
o)~ Rys?, pyi= (827)
with
47
a = 7V2y/BnFon (828)
Y1601 - 8/2)°(3 - B/2)
Equivalently,
S(O') ~ ﬁj_vl/pﬂo.l/pg — ﬁ]*\[7/(12*25)0_7/(12725). (829)

This is the first self-consistent characteristic relation produced by the simultaneous use of
the characteristic equations and exact continuity:.

235. Consistency check for the reconstructed longitudinal velocity
Combining (824) and (827) gives

2(B+1)

COn(s) <xs 7, (830)

or, in the intrinsic parameter,

=)

CN(U) = 0'7Gjl .

™|

(831)

Thus the exact characteristic reparametrization has an important consequence: for every
B > 0 in the regime above, Cy does not tend to a positive finite constant. It grows.
Consequently the collection of assumptions

Ay
CN — Co,.N > 0, TN = ANCZQV, Cs = 4_)(27 bN ~ BNF07NS_6 (832)
X

cannot all describe the same deep terminal characteristic.
This does not invalidate exact incompressibility. Rather, it says that exact incompress-
ibility itself forces a different C'y asymptotic once the actual x—characteristic is followed.
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236. Substitution into the exact signed lower bound for XC

For the sine geometry the bracket in (788) can be written exactly as

3 N2 1 " 3 1
SO7 13 1 (833)
4 x? X 4o 4
Hence
3 1
XC = Bys PPFy(s)Y2In(s) [ — — = ). (834)
4o 4
This is sharper than the coarse lower bound (810). From (816), (823), and (827),
3BNFy N si=P
XC ~ : : 835
i1 3/ 0(s) (55
Therefore
X0 = s F = a6 n (836)
In particular,
—2XC — —o0] (837)

along the self-consistent terminal characteristic, provided the uniform version of (816), the
dominance in (824), and the coefficient bounds needed for (827) hold.

Thus the transverse reconstruction contribution has not merely a favorable pointwise
sign: at the level of this dominant balance it has an increasing negative magnitude.

237. What this says about the uniform a3/, margin

At W =1, the reconstruction part of (731) is the characteristic combination
N T Rﬁj\ﬂa = -2XC. (838)
The geometric drift term already satisfies
In.a < 0. (839)
Consequently, if the finite-N overlap admits uniform constants
0<B_<By<B,, 0<F.<Fy<F, 0<p-<p<pL<2 (840)

together with uniform control of the errors in (823)—(827), then for every sufficiently small
fixed terminal annulus 0 < o_ < 0 < 0, the reconstruction term possesses a strict nega-
tive lower margin. After dividing by any positive normalization Ny, which is uniformly
comparable to the leading scale in (836), one obtains

f inf inf (o)

BRI S > 0. 841
NZ>No a€ls o€clo_,04] NN,CV(O-) = ( )
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Hence the sign mechanism required by (809) is compatible with the actual characteristic
map.

There is, however, a new and more fundamental issue: (831) contradicts the bounded-C'y
terminal hypothesis used in several earlier coefficient and velocity estimates. Therefore (841)
cannot yet be promoted to an unconditional closure of ag/, for the full reconstruction. The
Cn-dependent coefficients in (731)—(733), the velocity norms, and the fixed-space residual
estimates must first be re-audited with the growth law (831).

238. Revised characteristic-map theorem

Theorem 28 (Self-consistent s—o characteristic asymptotic). Assume the exact character-
istic laws (812), the exact continuity reconstruction (821), and the terminal scalar profile
(816), with 0 < < 2 and Fx(s) — Fon > 0. Assume that the reconstructed term in (821)
dominates its integration constant and that the displayed asymptotics hold uniformly on the
terminal overlap. Then

on(s) ~ Rys12-28)/7 sn(0) ~ ﬁ]}7/(12*25)07/(12—2ﬂ)’ (842)
with Ky given by (828). Moreover,
Cy(o) = o~ BHD/(6-8) (843)
and
XC = g dBHI/Q6-8) ~ ¢ (844)

Thus the signed reconstruction contribution to ass; is strictly negative and grows in magnitude
toward the terminal endpoint. At the same time, the bounded-Cy deep-core hypothesis is
incompatible with this self-consistent characteristic asymptotic.

239. Updated ledger after the exact characteristic calculation

The requested calculation therefore resolves the immediate question in a more informative
way than the provisional comparison s < o:

(i) The exact map is (815), and the self-consistent power law is (842).
(ii) The reconstruction sign not only survives but strengthens as in (844).

(iii) A uniform normalized negative margin follows conditionally from uniform
overlap constants and error control.

(845)

(iv) The same calculation forces the new growth law (843), so the earlier
bounded-C'y terminal coefficient estimates cannot be reused.

(v) The next decisive audit is to substitute (842)—(843) into every Cy-dependent
coeflicient in (731)—(733), especially Jy o and a1 v, and determine whether
the compact quartic criterion remains uniformly negative.

The important logical conclusion is therefore not yet a full closure of the upper invariant
boundary. The a3/, reconstruction sign is favorable, but the exact characteristic map changes
the longitudinal-velocity scaling and consequently changes the remaining coefficient audit.
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55 Part 39: Complete Cy-dependent coefficient hier-
archy after the self-consistent characteristic map

240. The intrinsic amplitude exponent must be recomputed

Part 38 changes more than the longitudinal velocity. It also changes the power of the
intrinsic boundary profile itself. The exponent p, in (586) was obtained from the provisional
bounded-Cy relation and cannot be retained after (842). From

bu(s) ~ ByFows™?,  s(o) ~ Ry/1HgT/02720), (846)
we obtain instead
. R 7B
b =g P8 =—. 47

Accordingly, throughout this audit the self-consistent finite-amplitude normalization is

PN,a<0) = I/)\N,oaa_ﬁﬂ- (848)

This is a correction to the use of the old p, in (714) when one passes all the way to the deep
characteristic regime of Part 38.
For later use set

B +1 _5(B+1) 1B+
qs =55 eR'_—2(6—5)’ 6].——2(6_/6). (849)
Then (843)—(844) read
Oy <o %, XC =< o7 °R, (850)

241. Complete a3/, hierarchy

The reconstruction part of (731) is the exact characteristic combination

Pn o
—2A0 NaCNg — 2-22 Oy = —2XC (851)
A(LN,oa

at unit boundary amplitude. Hence, by (850),

rec

Na = —CR’N@O'ieR, CR,N,a = 0. (852)

The geometric drift in (731) is
Iy ==2V2p5(1 = 0) 20 1 PY2CR (853)
Using (848) and (850),

(4% 4m) (854)

’JN,a’ 0o
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A direct simplification gives

1 ps 7(6+1)
4y 9g, =0 L o 855
1 + 5 + 2q3 26— B) ey (855)
Moreover,
e;j—er=qsg>0. (856)

Therefore the negative geometric drift is more singular than the already negative transverse
reconstruction term:

as/aNa(0) = —Cina0 % (14+0(c%)), CiNa > 0. (857)

Under uniform two-sided bounds on the coefficients entering (848)—(850), ¢ .o is bounded
below by a positive constant. Thus the full as/, coefficient, not merely one of its pieces, has
a strict negative terminal sign.

242. The transport part of a; cancels exactly in the active Eulerian
reconstruction

The exact continuity reconstruction has the form Cy = Cy(z, s) with

s=t—2—0.n. (858)
At fixed Eulerian x,
CN,t = CN,sa CN,Z = _CN,S~ (859)
Consequently
Cni+Cn. =0, (860)

and the first term in (732) vanishes identically. This cancellation is a partial-derivative
identity; it is not the total derivative of C'y along the xz-moving characteristic.

243. Fractional principal term and commutator in a;

Write r = y/o. From (848), _
PN,a = ]/)\N,aT_QpB- (861)

The two square-root factors in (716)—(717) have the tangent powers
AO,N7a = T’AA, U()’N’Oé = ’l“/\U, (862)

where

1 1 ~
)\Azé_pﬁ’ )\U:—E—pﬁ, /\A+/\U:_2p,3' (863)

For the terminal Mellin tangent operator,

(=8,,)% = KH(A)r 2, (864)
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Hence
*CN,aPN,oz

PN,a

while the exact commutator definition gives

CN,a (UO,N,CU AO,N,a)
PN,a

= K (=2pg)0 " +o(c™), (865)

= [ K (=250) = KEOw) = Kf Q)] o™ +0(0™).  (860)

The K} (—2ps) terms cancel between the two pieces of (732). Therefore

a1 Na(0) = —v [KJ(AU) v K;(m} o=+ o(a). (867)

This is the complete leading tangent coefficient of a;. Its sign is not needed for the final
dominance statement below, provided the Mellin coefficients remain uniformly finite on the
continuation interval.

At the anchor a = 1, K{"(X\) = A\(1 — \), so (867) can be checked directly. The sign may
be positive for the self-consistent powers; this does not destroy the upper sign because the
negative agjp term has a strictly larger terminal exponent in the profile scaling considered
below.

244. The (C'y-dependent forcing coefficient ag
Equation (733), together with (848) and (850), gives

_ 2CnGy _ Gy Fr—as
Ao, N,oo = PN@ = 22/9\N7a0- . (868)
Since
~ 56 — 2
pPs—ds = 26-5) (869)
we obtain, for uniformly bounded Gy,
o(1). 8> 2/5,
apNa = § O(1), B =2/5, (870)

O(o=@=59/Q6E-5)) = 0 < B < 2/5.

In the similarity regime relevant to the continuation from o = 1, where = 2o — 1, one has
£ > 1 for a > 1, and therefore

ao,N.a = 0(1) (871)

uniformly if G and the prefactors are uniformly controlled.
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245. as; and the complete hierarchy

The coefficient as contains no explicit Cy:
azNo = I'NPna- (872)

Thus the previous positive-gap conclusion survives only under the same renormalized coef-
ficient hypothesis, now with the corrected P from (848):

a2 N — Da, 0<d, < Da < D*. (873)

It is important that (873) be reverified with pg; it does not follow merely by copying the old
bounded-C'y normalization.
Combining (857), (867), (870), and (873), the terminal hierarchy is

a9 = O(l),
agjy ~ —cyjo 7,
874
m = (0, 8)0~" + ofo~), 57
ag = O0(o?~%) (Gy = O(1)).
246. Comparison in the continuation scaling [ = 2a — 1
For the profile scaling used in the general-a continuation,
B=ry=2a—1, I1<a<1+6, (875)
we have 72 0 .
o — !
/\Oé = — = . 876
Pe=o7—2a YT 7-2a (876)
The decisive exponent comparison is
20/
—a= >0 877
T 0 (877)

for « < 7/2, in particular throughout every sufficiently small interval 1 < o < 14 4.
Therefore, for every fixed compact amplitude interval

0<W_ <W < Wy < oo, (878)

the negative term
a, WO/ (879)

dominates the entire a;W contribution as ¢ | 0. It also dominates the bounded asW? term
under (873), while ay = o(1) by (871). Thus

W = —c;W*2677/(1729) (1 4 6(1)) < 0 (880)
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uniformly on compact positive W-intervals, provided all asymptotic errors and coefficient
bounds above are uniform in N and «.
Equivalently, the quartic

Paly;0) = azy* + a3/2y3 + ary® + ao, y=vwWw, (881)

satisfies

Poly;0) = —ch30_70‘/(7_2a)(1 + 0(1)) <0 (882)

uniformly for y € [y_,y4] € (0, 00).

247. What has been proved and the remaining uniformity obliga-
tion

Theorem 29 (Conditional terminal dominance of the full finite-amplitude bracket). Assume
the exact reconstruction and characteristic hypotheses of Part 38, the corrected intrinsic
scaling (848), the continuation relation = 2« — 1, the tangent Mellin realization used
in Parts 31-32, bounded Gy, the renormalized positive-gap estimate (873), and uniform
versions of the asymptotic expansions (850), (865), and (866). Then on every compact
positive amplitude interval [W_, W] there exists a sufficiently small terminal o, > 0 such
that, for all sufficiently large N and all a € [1,1 4 6],

By oW:o) <0, O0<o<o, W_<W<W,. (883)

The mechanism is the strict exponent gap (877): the negative geometric-drift part of azs
is more singular than the complete fractional ay block, while as remains bounded and ag
vanishes.

The theorem is deliberately conditional on uniformity. Part 38 derived the self-consistent
powers by dominant balance, but it did not yet prove the uniform error estimates in N
required to replace every < by a common two-sided estimate on a shrinking terminal overlap.
Nor has (873) yet been reproved with the corrected exponent pg. Those are now the precise
construction-level obligations; the exponent/sign competition itself is resolved.

248. Revised ledger after the complete coefficient hierarchy
The coefficient audit therefore yields

78 )
2(6 - 8)’
—7(8+1)/(2(6-8)).

(i) recompute the intrinsic profile exponent as pg =

(ii) the full ag /o has a negative leading term of order o

(iii) C¢ + C» = 0 exactly, and the complete tangent fractional block aj is of order o~ <; (884)
(iv) for B =2a — 1, ey > «, so the negative az g term dominates the full compact-amplitude quartic;

(v) prove the uniform finite-N error bounds behind Parts 38-39 and reverify ap — D, with the corrected P;

(vi) retain the higher-order fixed-space energy and residual convergence obligations of Part 34.

Thus the new Cy growth does not reverse the favorable upper-boundary mechanism. On
the contrary, after the normalization is corrected self-consistently, the C% geometric drift
produces the strongest terminal singularity in the finite-amplitude bracket. What remains
is to make the dominant-balance estimates uniform in N and compatible with the full ve-
locity /residual reconstruction.
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56 Part 40: Uniform finite-N terminal estimates and
the corrected 'y Py, law

249. Quantified hypotheses and notation

Part 38 obtained the self-consistent powers by dominant balance. We now replace each
use of ~ by a uniform finite-N estimate and, at the same time, re-audit the coefficient
a2 N0 = I'nPn . This second calculation produces an important correction to (873).

Let

B =2a—1, 1<a<1+49, 1<B8< By <2, (885)
and assume
by(s) = ByFy(s)s™®,  0< B_ < By < By, (886)
with
0<F. <Fona<Fi  Fn(s)=Fona(l+eha(s)), (887)
where
sup sup |eq o(s)| < wr(s), wr(s) | 0. (888)
N>Ny 04615

All constants below depend only on the displayed compact parameter bounds, not on N, «,
or the terminal point.

Define
s Fl/]\?
In(s) = / rPRE () 2 dr, IO (s) = 2N 1672, (889)
0 1-5/2
Since |v1+ z — 1| < C|z| for |z| < 1/2, after decreasing sy if necessary,
In(s
(](\)[)( ) _ 1| < CQp(s), Qp(s) := sup wp(r). (890)
IN (S) 0<r<s

In particular there are uniform constants 0 < I < I, such that

I_s"P2 < In(s) < I.s'7P72, (891)

250. Uniform control of the exact continuity reconstruction

Write the exact reconstruction (821) as

V2B
4

Cy = con + RS, R = (1 —0) 2073y (s). (892)

Assume 0 < ¢y ; < ¢. On a terminal region on which RS > 2¢5, define

C Co,N
e§ = 0N (893)

Then 0 < &5 < 1/2 and
Cn = R$(1+£5). (894)
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Using (890) and (1 — 0)'/2 =1+ O(0) gives

V2BNFo N _ B
Cny = WU 3/41 6/2(1 + 916\;), (895)
with the quantified error
051 < C(Qr(s) + 0 +£5). (896)

Consequently, whenever the right side of (896) is at most g9 < 1, Cy satisfies uniform
two-sided estimates with factors 1 £ Ceg.

251. Quantified characteristic ODE and two-sided s—c law

The exact factor in (813) satisfies
pl/2
), I < O <O, (897)
N —

uniformly after decreasing so. Substitution of (895)—(897) into (813) yields

d
d—a = Koo 34> P12(1 4 0%,), (898)
s
where
27/ BNFy N
Ky, = Y2V BvFoxa (899)
’ 4 (1-p/2)?
and
0% < C(Qr(s) + 5" + 0 +£%). (900)
Set
En(s) = sup (Qp(r) +r° + on(r) +5(r)). (901)
0<r<s

Multiplying (898) by ¢** and integrating gives

4 7/4 _ KN,a 3-3/2
;0(5) /= 5-p5/2° PR(1+0On(s), On(s)| < CEN(s). (902)

Therefore, with pg = (12 — 23)/7 and Ry, from (828),

on(s) = Rnas™ (1+95(s)), 9% (s)| < CEN(S). (903)

In particular, if CEN(s) < 1/2,

1 3
iﬁN,aspB < UN(S) < §RN,QSPB- (904)
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Since By and Fp n, have uniform two-sided bounds and § € [1,64] € (0,2), there exist
0 < R < Ry such that
A< Ana < Ry (905)

Inverting (903),

sn(0) = By a2 (14 03,(0)),  |9%] < C&n. (906)

Equations (903)—(906) are the requested uniform two-sided finite- N replacement of the dom-
inant balance (827)-(829).

252. Uniform Py, Cy, and reconstruction estimates

From Py, = by at unit boundary amplitude, (886), (887), and (906) give

B

Prna(0) =Dnao PP(1+0y),  pp= 6= 5)’ (907)
where
Pve = BvFona s, |08 < C(En + Qp), (908)
and
0<p_ <DPna <py <00. (909)
Similarly,
~ o +1
CN<U) = CN,a0 q6(1 + 616\;, )7 4 = ?_—57 (91())
with
0<c_ <Cna<cy, |07 <CEn. (911)
The exact identity (834) likewise yields
- 53+ 1)
XC =Tyoao B(1+68), =" < 912
where
0<7r- <Tna<rT4, 0% < C&y. (913)
Finally the geometric drift satisfies
~ (B+1)
INa =—iNa0 “(14+6%), = , 914
]\77 jN, g ( + N) 6] 2(6_/8> ( )
with
0<j <jna<ije, 0] <Cén. (915)
Thus for CEy < 1/2,
as/2,Na < —%U_EJ + Cro™“F. (916)
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Since e; —eg = qg > g— > 0, there is a uniform o; > 0 such that

as/2,Na < —]Z_U_e‘] <0, 0<o<o;. (917)

This upgrades the sign part of Part 39 to a genuine two-sided finite-/N estimate, conditional
only on the quantified profile modulus (888) and the terminal reconstruction bootstrap Ex <
1.

253. Exact re-audit of I'y Py,

We now address the second requested point. The earlier statement (873) cannot be retained
unchanged. By definition of the Euler logarithmic sensitivity,

SN,k = 583 lOg AN,k- (918)

Up to the fixed orientation sign between s and &£, the positive terminal coefficient is therefore
o(s

Ds) = 220 g () o= 1Swam 9] (919

The exact Lambert theorem gives the unconditional upper estimate
0 < gnals) < 27F™)|Sy o(s)]. (920)

It does not by itself give a positive lower bound comparable to 27*(V): such a lower bound
is an additional nondegeneracy statement.
Using (906)—(908),

1 ~ .
— Pya(0) = dyao (MPetPE) (1 4 92), (921)
SN(U)
with 0 < d_ < dyo < dy and |#2| < CEy. But
1 7(B+1)
s Pp 2(6 —5) J ( )

Consequently the correct law is

as.n.0(0) = TnPya = gna(0)dy oo (1 4 6R). (923)

This has the same terminal power as the negative geometric-drift part of az/,. In particular,
for fixed finite N with nonzero sensitivity, as is not O(1) as o | 0.

Equation (923) also shows why the asserted convergence I'yvPy, — D, > 0 cannot
hold uniformly on a fixed g-annulus merely from the increasing-depth Lambert theorem. If
k(N) — oo and Sy is uniformly bounded, then (920) gives gy, — 0 for every fixed o > 0,
and hence

asn.a(0) — 0 (924)

on compact annuli where the remaining prefactors are bounded. Conversely, for fixed N and
gna > 0, (923) diverges as o | 0. Thus the limits N — oo and ¢ | 0 do not commute for
this coefficient.
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254. The only consistent positive-gap limit is a coupled overlap
limit

Suppose, in addition to the upper Lambert estimate, that on the selected coupled overlap
there is a positive sensitivity scale gy > 0 and a relative modulus

INa(0) =g 8a(1+0%),  0<g-<ga<gy, 03] < wy(N), (925)

with wy(N) — 0. Define the terminal matching scale

ox = (gn) /. (926)

For the rescaled coordinate { = o /0%, (923) becomes

a2,N,a(0NC) = Do (T (1 + O(En +wy(N))), (927)

where R
DN,a = gadN,a' (928)

Therefore a nonzero finite limit exists if and only if the prefactors Dy, converge. If

sup |[Dyo — Da| — 0, 0<d, <D, <D (929)

a€ls

then on every compact 0 < (_ < ( < (4 < o0,

az,Na(0NG) — Do (930)

uniformly in « and {. Notice carefully that the limit is D,(~%, not the o-independent
constant D, of (873). The old statement is recovered only on the single normalized slice

C=1.

255. Corrected finite-N quartic competition

The correction (923) changes the leading quartic hierarchy of Part 39. Both a;W? and the
negative geometric part of a3/2W3/ 2 have order 0=%. Using (914), (923), and the already
proved exponent gap e; > «, while ag = o(c~¢/), gives

W =0~ W2 g a(@)dnaVIV = v + txa(o, W) (931)

where, uniformly for W e [W_, W,] € (0, c0),

ltna(o, W) < C (EN + o0 + o7 + O'e‘]|CL07N’a|) ) (932)

Thus the negative upper sign is not a consequence of exponents alone. The correct finite-
amplitude condition is the coefficient inequality

IN.a(0)dnaVIVF < . (933)
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A convenient uniform sufficient condition is: for some 7, > 0,

sup  gn.a(0)dyaVIVF < G- — 2, (934)

N,a,0<0x%

If in addition the right side of (932) is at most 7., then
Wy _ype < =m0 (W32 < 0. (935)

This is a genuine uniform finite-/N inward-pointing theorem on any overlap where the quan-
tified errors close.

In the increasing-depth regime, (920) makes (934) especially natural: if Sy is uniformly
bounded and k(N) — oo, then the positive quadratic coefficient is suppressed by the exact
Lambert sensitivity contraction, whereas ?N,a has a positive geometric lower bound. No false
az = O(1) assumption is required.

256. Uniform finite-N theorem and precise status

Theorem 30 (Quantified terminal estimates and corrected invariant-boundary criterion).
Assume (885)-(888), the exact characteristic equations (812), the exact continuity recon-
struction (892), uniform bounds on co n, and a terminal overlap on which Exy — 0 uniformly.
Then the two-sided estimates (903)—(917) hold uniformly in N and o. In particular,

Py o(0) = Py o 127 D/CI=200) (1 1 O(Ey)), (936)

with uniform positive upper and lower bounds on D, and asjs N has the strict negative
estimate (917).

Moreover, the exact Lambert identity implies (923), not the old bounded law (873). Hence
I'nPno — Do > 0 can only be interpreted on a coupled terminal matching scale. Under
the additional relative nondegeneracy/convergence assumptions (925) and (929), the coupled
limit is (930). Finally, if the strict coefficient margin (934) and the error bound following
(934) hold, then the finite-N wvector field points strictly inward at W = W* as in (935).

The theorem separates what follows from the exact reconstruction from what still requires
a Lambert lower /nondegeneracy input. The contraction theorem (442) supplies the needed
upper sensitivity bound, but it cannot be converted into the relative lower estimate (925)
without additional information about the initial sensitivity and the product of the exact
multipliers A(Ay,;).

257. Revised ledger after the uniform finite-N audit

The requested upgrade therefore closes the dominant-balance error estimates but corrects
the proposed ay limit:

(i) the laws sy <> on, Py, Cn, XC, and Jy admit uniform two-sided estimates with error O(Ex);
(ii) PN,o < o TRa—1)/(2(7=20)) 44 rigorous on the quantified overlap;
(iii) TN PN,o = gN,adANﬁao'_eJ(l + O(EN)), so (873) is not a uniform fixed-o limit;
(iv) the positive a2W2 and negative geometric (L3/2W3/2 have the same terminal power;

(v) the actual upper-boundary criterion is the coefficient margin (934), with finite-N error controlled by (932);

(vi) to obtain a nonzero coupled limit D, one must prove the relative Lambert sensitivity statement (925) and prefactor convergence (929);

(vii) the fixed-space energy and residual convergence obligations of Part 34 remain.

(937)
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Thus the finite- N asymptotic hierarchy is now quantitatively controlled, but the calculation
also shows that the previously requested conclusion I'y Py, — D, cannot be proved in
its old o-independent form. The mathematically consistent replacement is the coupled law
(930) together with the explicit invariant-boundary margin (934)-(935).

57 Part 41: Two-sided Lambert sensitivity and closure
of the finite-N upper boundary

258. Exact product representation and the fixed-point multiplier

We now close the Lambert nondegeneracy issue left open in Part 40 as far as is needed for
the upper invariant boundary. Recall the exact recurrence

Anjrr=F(Anj),  Snj+ = A(An;) SN, (938)
where AL )
A(A) = %, q=F(A), 0<AA) < 5 (939)
Therefore, for every k > j.,
k—1
Sy = Sng. [ [ A(Aw,). (940)
J=Jc
At the positive attracting fixed point A,, ¢ = A, and hence
1—A,
A, = A(A,) = A € (0,1/2). (941)

Numerically A, =~ 0.2550, but no numerical value is needed below.

259. Uniform tail product lemma

Let J € (0,1) be a compact trapping interval containing A,. Since A is positive and C' on
J, there are constants

1
O<A,§A(A)§A+<§, |log A(A) —log A.| < La|A — A, (942)

for A € J. Assume that after the capture index j. = j.(N, a),
AN,j € J, |AN’] - A*’ S C’*pi_jcgi/:\/'7a7 ] 2 jC7 (943)

where 0 < p, < 1and 0 < 5f\77a < g.. Then

k—1

A(An; LAC,
> log (An) < A = Op (944)
j:] A* 1 _ p* y )
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Exponentiation yields the uniform two-sided product estimate

1:[ A(Any)

e~ PN < e < 4N, (945)
Ai_]c

In particular,

SN o

This is the required two-sided finite-depth sensitivity estimate. Notice that it does not
manufacture a lower bound independent of the entrance sensitivity |Sy ;, |: if that quantity
vanishes, the whole sensitivity vanishes.

If, more strongly,

AkdeemCaa < |Gy | < |Sh | AR IeeCaNa, (946)

sup ey, — 0, (947)

a€ls

then (945) gives the relative asymptotic

SN,k = SN’chf_jc (1 + 0(6(]:\/,04)) (948)

uniformly in « and in all k£ > 7.

260. What is needed for a positive coupled D, limit

Define the exact entrance scale

O log Ay ;. | A=, (949)

* L %
gn ‘= SN

with the harmless normalization s}, chosen consistently with the overlap. Equivalently, at
the Euler-sensitivity level one may absorb |Sy ;.| into gi. If the entrance sensitivity has the
uniform relative factorization

|SN,]'C(N7Q)| = S?\?tﬁa(l + 19N,o<)7 0<s_ S Sa S Sy, sup |Q9N7o<| — 0, (950)

then (948) proves, rather than assumes, the Part 40 form

INa =g 8o (1+O0(wy(N))),  wy(N) =sup(|In.al +eXa), (951)

with 0 < g_ < g, < g4+. Thus the only genuinely independent nondegeneracy datum is the
entrance sensitivity (950); the entire long Lambert tail contributes the explicit factor A*¥=J
and a quantified relative error.

Combining (951) with the already proved prefactor convergence of Part 40 gives, on

o = oG,

FNPN,a - Dozg_ej + O<WQ(N> + gN + sup |DN,04 - Da|) C_ej' (952)

Hence the coupled D, law is fully quantified once (950) and the prefactor convergence are
verified. No lower estimate of order 27 is correct: the true tail rate is A¥~Je after capture.
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261. Upper-boundary closure does not require the positive D, limit

For the upper invariant boundary, however, the relative lower estimate (950) is unnecessary.
The exact global contraction already gives

N < Mg27HN), (953)
whenever [Sy | < Mg. Let
C/Z\N,a S d+7 3N,a Z j, >0 (954>

be the uniform bounds proved in Part 40. Fix any finite W* > 0. Choose N; so large that

Mgd, 27 *®) /i < JZ_’ N > N, (955)

Next choose the terminal overlap and Ny > Nj so that the remainder in (932) satisfies

sup a0, W) <L N> N, (956)
a, WelW_,Wy] 4

Substitution into the exact leading field (931) gives at W = W*

W <o (- )
: (957)

= —j7_<7_eJ(T/V"‘)3/2 < 0.
Therefore
I j* —e, x\3/2

Wy < — o) 2 <0 (958)

uniformly for N > Ny, o € I, and the quantified terminal overlap.

Theorem 31 (Uniform finite-N upper invariant boundary). Assume the hypotheses of the
quantified Part 40 theorem, the uniform initial sensitivity bound |Syo| < Mg, k(N) — oo,
the positive geometric coefficient bound 5N7a > j_ > 0, and the remainder closure (956).
Then every fived finite W* > 0 lying in the admissible compact amplitude window is, for
all sufficiently large N, a strict upper invariant boundary for the normalized terminal field.
More precisely, (958) holds uniformly in « and in the terminal overlap.

This theorem is stronger than the conditional criterion (934): the positive quadratic coef-
ficient is suppressed by increasing Lambert depth, whereas the negative geometric coefficient
retains a uniform positive prefactor. The proof uses only the one-sided contraction for the
sign closure. The two-sided product estimate (946) is needed only when one also wants a
nonzero coupled coefficient limit D,.
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262. Revised ledger after the exact multiplier-product audit

The terminal invariant-boundary ledger is now

(i) the exact Lambert tail satisfies the two-sided estimate (946);
(ii) under shrinking capture error it has the relative asymptotic (948);
(iii) a positive coupled D limit reduces precisely to the entrance sensitivity nondegeneracy (950) and prefactor convergence;

(iv) the strict finite-N upper invariant-boundary sign does not require (950): the global contraction, k(N) — oo, and the geometric lower bound imply (958);

(v) the remaining global obligations are the fixed-space higher-order energy estimates and vanishing scalar/full momentum residuals for the strong N — oo passage.

(959)
Thus the upper-sign problem is closed on the quantified terminal overlap, subject to the
Part 40 reconstruction-error hypotheses. What remains is no longer an invariant-boundary
sign problem; it is the compactness and residual passage needed to convert the finite-/NV
terminal construction into a limiting solution statement.

58 Part 42: Reconstruction-specific fixed-space energy
audit and the global square-root obstruction

263. The precise question left by Part 41

Part 41 closed the finite-N upper invariant-boundary sign on the quantified terminal overlap.
The remaining compactness argument in Part 24, however, requires the global fixed-space
estimates

sup [|bwall L2 (0.7 m1+044y < Cr, (960)
N,
Slblp 10:bn .0l 207, 1-1-5-2) < Cr (961)

for every fixed T' < T,. The stronger sufficient velocity package proposed in Part 34 was
Sljtp HUNHLoo(&T;HsU) + Slj\l[p HUNHLQ((LT;HSU,‘FQ) S CT, Sy > 5 (962)

We now test (962) against the actual square-root reconstruction rather than treating it as
an abstract higher-order estimate.

264. Exact component formulas and a necessary local integrability
condition

The active reconstruction is
b = uzuy, A =y, C = u,, A% = —2x(x)b, (963)

so on the selected sign branch

b
uy =/ —2xb, Uy = | —=—, u, = C. (964)
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Let x, be a simple zero of the periodic geometric coefficient,

x(z) =0,  X'(z.) #0. (965)
Then
X(@) = X (z.)(2 = 2) + O((x — 2.)%). (966)
Suppose that, at some fixed (y, z,t), the scalar has a nonzero trace
b(z,y,z,t) — b, >0 (x — x, through the selected branch). (967)
Substitution into (964) gives
b(x,y,z,t) b, 1
|u (2, y, 2, 1) = ~ . (968)
20x(@)] 2@ |z — 2.
Consequently
/ |u|? dz = +o0 (969)
Ts—1

for every n > 0 on which the branch is defined. Hence a nonzero scalar trace at a simple
zero of y is incompatible even with u, € L? and therefore a fortiori with (962).

Theorem 32 (Necessary vanishing for finite-energy square-root reconstruction). Let x have
a simple zero at x, and let b > 0 on a one-sided branch. If u, is reconstructed by (964) and
u, € L} near z,, then

b
— € Li.. 970
X (8170)
In particular a continuous b must satisfy b(z.,y, z,t) = 0. More generally, if
b(z,y,2,t) = O(x(z)|') for some ¥ > 0, (971)

then u2 = O(|x|”) and the zeroth-order kinetic-energy obstruction is removed.

265. Higher Sobolev compatibility at the geometric zero

The obstruction becomes stronger at higher derivative order. Write locally r = |z — .| and
suppose

b=0(r"), m > 0. (972)
Then (964) gives
Uy = O(rm=/2), u, = O(rm+H/2), (973)
For an integer 5 > 0,
Py = O(rm=1/270y, (974)

The one-dimensional transverse integral of its square is finite only if

m—1-2j>—1, ie. (975)

Thus H’ control through a simple zero requires increasingly high vanishing of b. For non-
integer s, > 3/2, the corresponding fractional compatibility is at least as restrictive as the
integer conditions below s,; in particular, a scalar that stays bounded below by a positive
constant at the geometric zero cannot generate a global H** velocity through (964).
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266. Local tame estimates away from the zero set

The failure at y = 0 does not prevent a rigorous fixed-space estimate on a preterminal chart
separated from the zero set. Let Qp @ T? be a chart on which, uniformly in N and a,

’X‘ > Cx, T > O, bN,a > Cp,7 > O, (976)

and suppose for an integer m > 3/2

sup (lbw.allzm @) + [|Cnallam@r)) < Mr. (977)

Since H™ is an algebra and smooth composition is tame on sets separated from zero, the
maps
b (=2xD)Y2, b (——) (978)
2x
are locally Lipschitz from H™ to H™. Therefore

vz N | m (r) + [ty N |l Em(9r) + [ N[ Hm@r) < Crm (1 + My). (979)

The same argument at order m + « gives

lun|l mrar) < Crma (1 + [|bn |zmta@r) + 1ON lm+a@r))- (980)

Thus the reconstruction itself is tame away from the geometric zero. The problem is not an
algebraic derivative loss there; it is the denominator y~/? at the global periodic zero set.

267. Higher-order velocity energy inequality on a regular recon-
struction chart

For completeness, suppose the reconstructed velocity actually satisfies the finite-N hyperdis-
sipative momentum equation on such a regular chart (or on a global periodic reconstruction
for which the compatibility conditions remove the zero-set singularity). Applying A%+, pair-
ing with A®*uy, and using the standard commutator estimate gives

1d
5 gl e + vllunlliosa < ClUVunlloe lunllzree + 1l aowe fun o, (981)
Young’s inequality yields
d 2 2 2 2
gz + vlunlsre < CllVunlle lun e + Coll fllreao (982)
Hence, if
S}lvp ||UN(0)| Hsu S MO, Sl]i}p ||fN||L2(O7T;H5u7°‘) S Mf, (983)
and the reconstruction supplies the uniform Lipschitz integral
T
sup [ [Vu(t) o dt < Lo, (984
N Jo
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then Gronwall gives

Sup [y [ 01000y + V50D [ [ igrcey < C(Mo, My Ly T).| (985)

This proves the sufficient package (962) once (984) and global reconstruction regularity are
established. For 1 < o < 1+ 4§ < 5/4, (984) cannot be deleted from the argument by
appealing to a general global hyperdissipative regularity theorem; doing so would make the
proof circular.

268. Consequence for the scalar fixed-space estimate

Under (985), choose

3
Su> g Sy > 1+0+e¢. (986)
The algebra property gives
[on [ msw = [Jtz, Nty N[ < Cllue v llmse [ug, | s, (987)
SO
sup ||bN||L2(O,T;H1+5+€) < Cr. (988)
N

Thus (960) follows rigorously from the reconstruction-compatible velocity estimate (985).
The time derivative follows from the exact scalar equation provided its retained source/reconstruction
block is uniformly bounded in L?H~'79~¢ and the exact residual has the same boundedness:

s%p ||8th||L2(O,T;H—1—5—E) < Cr. (989)

The stronger convergence requirement Ry — 0 remains a separate residual problem and is
not implied by (989).

269. The terminal scaling fails the necessary global compatibility
test

The terminal construction used in Parts 38-41 has, along the selected characteristic,

s . TQ2a—-1)
b = g Pa L= ——" >0 =y2]0. 990
N(U) o ) P 2(7—20[) > ) g X \l/ ( )
Therefore ~
by =< |x| 2. (991)
Substitution into (964) gives R
g n | = x| 7P, (992)
and hence
/ |up N |? dz = +o00 (993)
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if this characteristic asymptotic is interpreted as an Eulerian profile on a full one-sided neigh-
borhood of a simple zero of x. The divergence is stronger than the logarithmic obstruction
(969).

This does not say that a single characteristic value by itself has infinite energy: a charac-
teristic is measure zero. It says that the present manuscript has not supplied the transverse
localization /concentration law needed to turn the characteristic amplification into a globally
finite-energy periodic velocity. One cannot infer (962), (960), or even a global L? velocity
merely from the one-characteristic asymptotic (990).

270. Fixed-space theorem and obstruction verdict

Theorem 33 (Reconstruction-specific fixed-space criterion). Fiz T < T.. Suppose the finite-
N reconstruction is extended globally on T3 so that the square-root zero set satisfies the
compatibility needed for uy € H**, with s, > 3/2 and s, > 1+ § + &. Assume the uniform
initial /forcing bounds (983) and the uniform reconstruction Lipschitz integral (984). Then
the higher-order energy estimate (985) holds, and consequently the scalar fized-space estimate
(988) holds. If the exact scalar source and residual also satisfy the uniform negative-Sobolev
bound stated before (989), then (989) holds and hence the compactness hypotheses (460)-
(461) are proved.

Theorem 34 (Obstruction for the present unlocalized square-root terminal profile). For the
current reconstruction (963)-(964) with a simple periodic zero of x, a positive nonvanishing
scalar trace at that zero is incompatible with finite kinetic energy. The terminal law (990), if
extended with its displayed power to a one-sided Eulerian neighborhood, violates the necessary
condition (970) and gives (993). Therefore the present manuscript does not prove the global
fized-space estimates (460)—-(461) from the terminal characteristic bounds alone.

The requested higher-order estimate has therefore been resolved in the strongest form
supported by the reconstruction: the exact energy estimate and its tame reconstruction
closure are proved under explicit global compatibility, and the current square-root terminal
ansatz is shown to fail that compatibility if interpreted without transverse localization.

271. Revised ledger
The global ledger after this audit is

(i) the finite-)V upper invariant boundary remains closed on the quantified terminal overlap;
(ii) away from x = 0, the reconstruction is tame in fixed Sobolev spaces, (979)-(980);
(iii) under global compatibility and the Lipschitz integral (984), the higher-order energy
estimate (985) proves the scalar fixed-space bound (988);
(iv) the unlocalized terminal square-root law fails the global finite-energy compatibility test (993);
(v) a global proof must therefore add and quantify a transverse localization/concentration mechanism,
or replace the square-root reconstruction near the zero set, before invoking Aubin—Lions;

(vi) after that repair, the remaining analytic task is the vanishing scalar/full momentum residual.

(994)
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59 Part 43: Transverse concentration width and the
fixed-space scaling obstruction

272. Localization model and exact Sobolev scaling

Part 42 showed that the characteristic terminal law cannot be extended with its full strength
across a fixed-width Eulerian neighborhood of the simple zero of y. We now test whether a
shrinking transverse concentration width can repair that obstruction.

Let d; € {1,2,3} denote the number of spatial directions in which a terminal core is
localized, let £x(c) | 0, and let ® € C®(R?*) be nonzero. For an amplitude My(c) define
the model concentrated field

IrolzL) = My(0)® (%) . (995)

A direct Fourier change of variables gives, for every r > 0,
oyt = M (0)2n ()2 02, (996)
and
1fnallze = M (0)*Cn (o)™ |23 (997)

Thus the fixed-shape localization cost is exact, not merely an upper bound. The same powers
hold on a torus chart for sufficiently small £y, up to uniform multiplicative constants.
Write

In(o) <o, A>0, (998)
and suppose
My(o) < o079, a>0. (999)
Then
HfNﬁ”z' o= O_Q(H_)‘(dl_%). (1000)

Consequently a necessary and sufficient power condition for this model norm to remain
bounded is

Ady —2r) > 2a. (1001)
For r = 0 this becomes
2
> (1002)
di

If r > d, /2 and a > 0, however, the left side of (1001) is nonpositive for every shrinking width
A > 0, whereas the right side is positive. Therefore no shrinking fixed-shape localization can
uniformly bound such an H" norm.
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273. Terminal amplitudes of the reconstructed velocity

Retain the corrected characteristic scaling from Parts 38-42,

A N 7(2a — 1)
b = g P = - 1003
T (1003)
and on the selected square-root branch |y| = o'/2. The two algebraically reconstructed

components therefore have amplitudes

1 pa

|uCE7N| = O-_ama Ay = Z + %7 (1004)
P

luy N[ <07, a, = % -7 (1005)

where a, may have either sign depending on the parameter range. The continuity recon-
struction obtained in Part 38 gives

!
[uev = O] = 07%, = o, (1006)
because gg = (+1)/(6 — ) and f = 2a — 1.
For the dominant u, component, (997) yields
g n||5 = o 2aeTAdL (1007)
Hence kinetic-energy control of this component requires
2y Pt 1/2
N> A, e 20 Pat 12 (1008)
’ dy dy
The Cy component requires
2cx
A> A2, = ——— 1009
=TT (T - 2a) (1009)

Thus, at the kinetic-energy level alone, concentration can in principle compensate an ampli-
fying pointwise velocity: one chooses

A Z maX{)\L2’m7AL2’Z,)\L27y}, (1010)

with the u, condition omitted whenever a, < 0.

274. Why shrinking width cannot prove the required velocity fixed-
space estimate

The fixed-space argument of Part 42 requires s, > 3/2. For any physically available concen-
tration dimension d; < 3,
d, —2s, <0. (1011)
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Applying (1000) to the amplifying u, component gives
[t x|y, = 020 AL T200), (1012)

Both exponents on the right are strictly unfavorable: a, > 0 and d;, — 2s, < 0. Hence for
every A > 0,
—2a, + \(d, —2s,) <0, (1013)

SO

|tz || o —> 00 as o |0 (1014)

in the fixed-shape shrinking-core model.

Theorem 35 (No fixed-shape shrinking-width repair above the Sobolev threshold). Let a
reconstructed velocity component have terminal amplitude My (o) < =% with a > 0, and
localize it in at most three spatial directions at a shrinking scale {y (o) < o*, X > 0, with a
nontrivial fized rescaled profile. Then no such localization can remain uniformly bounded in
H* for any s, > 3/2. In particular the amplified u, component (1004) cannot satisfy the
fized-space hypothesis (983)—-(985) by transverse width shrinkage alone.

This is the familiar concentration cost of supercritical Sobolev norms: shrinking sup-
port lowers L? mass but increases derivatives more rapidly than the support volume can
compensate once s, > d /2.

275. Scalar fixed-space requirement

Let
rp=1+0+¢e>1. (1015)

The scalar amplitude is M, =< o~P=, so
[, = 02PN, (1016)

Thus the exact power criterion is

)\(dJ_ — 27”{,) Z 2/p\a- (1017)

For one transverse direction, d,; = 1, this is impossible because r;, > 1 and therefore 1—2r, <
0. For two transverse directions it is again impossible because 2 — 2r, < 0. For isotropic
three-dimensional concentration, a power-law width could control the scalar norm only if

3
ry < 5 (1018)
and
204
> . 1019
- 3 — 2Tb ( )

Even in this exceptional scalar-only case, the velocity H** estimate still fails because s, > 3/2
makes 3 — 2s,, < 0.
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276. Anisotropic widths

The conclusion is unchanged for anisotropic concentration. Let the widths be
Inglo)=od,  j=1,....di, (1020)

with A; > 0. The L? mass has the favorable volume factor

[ tvs ==, (1021)
J

but a derivative of order s in the narrowest active direction costs the corresponding inverse
width. Already for an integer m > s, — 1 one obtains schematically

1972 f113 = M (H fzw) 0. (1022)

Thus anisotropy may redistribute the derivative cost, but it does not provide a general
uniform H** bound for a genuinely concentrating, amplifying three-dimensional core. In
particular, concentration in only the transverse x direction is the least favorable case for the
present square-root zero.

277. Consequence for the reconstruction architecture

The width calculation separates two statements which should not be conflated. First, kinetic
energy alone can be repaired by a sufficiently rapidly shrinking core, subject to (1008)—(1010).
Second, the fixed-space higher-order estimate required for the compactness argument cannot
be repaired by a standard shrinking fixed-profile localization, because the derivative cost has
the wrong sign once s, > 3/2.

Therefore the route proposed at the end of Part 42 does not close in its simplest form.
A successful global continuation must use at least one of the following genuinely different
mechanisms: a reconstruction in which the singular factor |x|~'/2 is cancelled by vanishing of
b at the zero set; a non-concentrating regularized geometry with a uniform denominator gap;
or a compactness framework weaker than the fixed H* velocity bound, with the nonlinear
and residual limits proved directly in that weaker framework. Merely multiplying the current
amplified profile by a cutoff of shrinking width is insufficient.

Theorem 36 (Transverse-width verdict). For the corrected terminal amplitudes (1003)-
(1006), fized-shape localization on a scale {n(0) — 0 can make the kinetic energy uniform
provided its volume decays at least as rapidly as prescribed by (1008)—(1010). It cannot,
however, produce a uniform velocity H** bound with s, > 3/2 in spatial dimension three or
less. In one or two transverse dimensions it also cannot produce the scalar H™ % bound.
Hence transverse concentration width alone does not repair the fired-space obstruction of
Part /2.
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278. Revised global ledger
The global proof ledger is now

i) the quantified finite-N upper invariant boundary remains available on the terminal overlap;
Yy
(ii) the exact reconstruction is tame on charts separated from the zero set of x;
(iii) a shrinking terminal core can preserve kinetic energy if (1008)—(1010) hold;
iv) shrinking fixed-profile localization cannot provide the required uniform H** velocity bound;
g y
(v) therefore the square-root zero-set reconstruction must be regularized/cancelled, or the limiting

compactness argument must be rebuilt in a weaker topology;

(vi) only after that structural repair should the scalar and full momentum residual limits be closed.

(1023)

Part 1
Scalar b3 Viscosity-versus-Riccati

Audit

60 Purpose of the scalar-only audit

The preceding fixed-space discussion concerns reconstruction of the velocity. The present
part deliberately sets that question aside and asks a narrower question: can the dissipative
term in the corrected scalar b3 equation itself dominate the positive quadratic mechanism
strongly enough to rule out the proposed finite-time amplification?

Along the terminal characteristic the scalar equation has the form

i)N == FNb?V + 2CNGN - R?&C — V,CN?abN + VCN,a(u;L’,Ny uy,N)- (1024)

The principal comparison in this part is between the positive quadratic term and the complete
fractional block.

61 Ciritical-width law for the scalar fractional dissipa-
tion

Suppose, locally in the active spatial direction, that an amplified scalar core has amplitude
By and width £,

by (z) ~ B@(m — xN) ., Byx>0. (1025)
N
By homogeneity of the fractional Laplacian,
(=A)*by =~ Byl (—A)". (1026)
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Thus the magnitude ratio of principal viscosity to the Riccati source is

v|(=A)%nN]| _ v

m = —~ .
N I'yB2 Ty By 22

The critical width is consequently

, U 1/(2c)
crit,N -— FNBN .

Up to profile-dependent positive constants, ¢ > l.in puts viscosity below

(1027)

(1028)

the quadratic

term, whereas {y < £ n makes the fractional scale larger. At a positive spatial maximum
the fractional Laplacian has the dissipative sign, so the latter regime is precisely the regime

in which viscosity could arrest the scalar growth.

62 Insertion of the corrected characteristic scaling

The corrected terminal characteristic laws obtained earlier are

B ol? 12 — 28
by(s) =577, T(s) = MTma on(s) =", pg=—r

Therefore

FNBN < g]\[’as_(ﬁ"!‘]-)7
and

y \ V)
Cerit N(S) = ( > 8(54—1)/(2(1).
7 9N,a

Since

s = gl/rs = 57/R6-B)]
we obtain

1/(20)

v . (B+1)
gcri = )\cm7 >\cri = T A o\
() (gN,a) . ' 4a(6- )

For the continuation scaling f = 2o — 1 this simplifies exactly to

7

)\crit(a) = m

For every a > 0 with o < 7/2,
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63 Comparison with the actual geometric width

The intrinsic geometric coordinate is

o = sin’(z — z,). (1036)
Near the simple zero z,,
o= (z—2)%+0(r — z.*), (1037)
so the geometric spatial scale associated with a terminal level o is
Lyeol0) = 0V2.| (1038)
Because A\uiy > 1/2, for fixed nondegenerate prefactors,
Cgeo a\ /)
80 (gN’ ) G2 oo (o] 0). (1039)
Ecrit,N v

Thus the actual geometric core is asymptotically broader than the width at which fractional
viscosity would balance the Riccati term.
Equivalently, substituting (g, < o*/2 into (1027) gives

v Ta
Uy =< eI = 1040
N gN7aO— ) €J 7 _ 2&7 ( )
and
202
—a = > 0. 1041
- 7T — 2« ( )
Hence, whenever gy, is held nonzero at the finite-/V level,
Yy — 0 (010). (1042)

The principal scalar viscosity is therefore lower order relative to the positive quadratic term
on the corrected geometric terminal scale.

64 The finite-N order of limits

Equation (1042) is a finite-/V terminal statement. It must not be confused with a uniform
statement under an arbitrary coupled limit N — oo and ¢ — 0. Since the Lambert sensitivity
gn,o may tend to zero with IV, the exact ratio is

Uy < vgy,o (1043)
Thus viscosity is lower order along a coupled sequence precisely when
O_eJ—a
N 0. (1044)
9N«

It is critical when this ratio tends to a finite nonzero constant and can be larger when the
ratio diverges. This is the scalar analogue of the path dependence already encountered in the
Lambert limit. Consequently, the finite- N blow-up mechanism is not disproved by viscosity,
but a uniform N — oo singular limit requires the coupling condition (1044) or an equivalent
two-sided estimate.
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65 Complete fractional block

The scalar product equation contains not only —v(—A)*b but also the fractional product
commutator. The previous coefficient audit combined these terms and obtained, on the
geometric terminal scale,

a1 N = O0(0™?), (1045)
whereas the Riccati/geometric leading scale is
o %, ey > . (1046)

Therefore the commutator does not change the exponent conclusion: under the same finite- N
nondegeneracy and coefficient-control assumptions,

complete fractional block

=0(c™ %) = 0. 1047
leading quadratic/geometric block (o ) ( )

The sign of the fractional coefficient matters in the critical coupled regime, but it cannot
overturn the strict exponent separation at fixed V.

66 Scalar viscosity verdict

Theorem 37 (Scalar viscosity-versus-Riccati verdict). Assume the quantified terminal esti-
mates of the preceding parts, the continuation scaling f = 2a — 1, and a fixed finite N for
which gn o > 0. Assume also that the complete fractional block obeys the uniform terminal
estimate (1045). Then the geometric width lge, =< a'? is asymptotically larger than the
critical viscous width (1033), and

v|(=A)%bw|
Thb2,

The same lower-order conclusion holds for the complete fractional block. Thus, within the
corrected scalar by terminal asymptotics, fractional viscosity does mot by itself eliminate the
finite-N Riccati amplification mechanism.

For a coupled N — oo, oy — 0 limit, the conclusion is uniform only if (1044) holds.
Without such a coupling estimate, the scalar analysis alone permits subcritical, critical, or
viscosity-dominant paths and hence does not establish a uniform limiting blow-up theorem.

The theorem is intentionally a statement about the scalar b3 equation only. It neither
uses nor repairs the fixed-space velocity obstruction of Parts 42-43.

279. Revised scalar ledger

The scalar-only conclusion is

(i) the critical dissipative width is £erit, N < (V/QNYO/)1/(201)0'7/[2(772&)];

(ii) the actual geometric width is £geo < 01/2;
(iii) since 7/[2(7 — 2a)] > 1/2, viscosity is lower order at fixed finite N; (1049)
(iv) the complete fractional block has the same lower-order exponent @ < e j;

(v) a coupled N — oo conclusion requires o;‘v‘]_a/gN,a — 0;

(vi) therefore the present scalar audit does not support the claim that viscosity necessarily prevents finite-time amplification.
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Part 11
Exact Critical Coupled Path from the
Two-Sided Lambert Product

67 The coupled scalar ratio

Set
20/

7T — 2«
The scalar viscosity audit gives, up to positive coefficient factors that are uniformly bounded
above and below on the terminal overlap,

do = €5 —a = > 0. (1050)

complete fractional scale ~ vode

Vnal(o) = (1051)

positive Riccati scale IN.o

Thus the coupled problem is determined by the relative size of o% and the Lambert sensi-
tivity gn,a-

68 Insertion of the exact Lambert tail

Let j. = jo(IN,a) be the capture index into a fixed compact trapping interval about the
positive Lambert fixed point A,. The exact sensitivity recurrence proved earlier gives
k—1
Sy = Sng. [[ AlAw,), (1052)
J=Jc

where

1— A,

*

A, = A(A) = €(0,1/2). (1053)

The two-sided product theorem yields
15" A(Ay)

—Cacq o J=Jec Caeq o
Ot < L 00 < (051
Consequently, writing 4
G = |9 [AEN) e, (1055)
we have the quantified two-sided law
Grae “ANa < gy < Gy g 4 Ve, (1056)
If e, — 0 uniformly, then
gn.a = SN [AFN T (1 4+ O(e%, ). (1057)

No lower bound on |Sy ;.| independent of N is asserted here; the entrance sensitivity remains
the exact nondegeneracy datum.
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69 Exact critical coupled path

To retain the positive constants in the scalar comparison, write

VN
V() = —2 5% (1 4+ dy4),
gN,aDN,a
where on the quantified overlap
O<C_§CN7OC§C+, 0<d_§0N7a§d+, |19N7a| <wy — 0.

Define the coefficient-exact critical scale by

1/d.
crit gN,aDN,a -
ONg = | ———— .

' VEN o

Then
da
o
V(o) = ( crit) (14+In4)-
0N7a

Using

1 B 7 — 2«

d,  2a2 "’

and the Lambert product (1057), the critical path has the explicit form

7T—2a

S A’:(N)*jc M 2a2
S ~ (1+0(e5 0 +wn)) -
1% CN.«

crit __
N,a —

In the coeflicient-free =< notation this is

v

7—2a

2
crit ’SN»JC‘ k(N)—jc 2
UN,OC —~ (—A* .

At the anchor a =1,

SO

[ 5/2
crit | N,je Ak(N)_jc
O—N71 — V * .

70 Classification of coupled paths

Let on | 0 while N — oo. Equation (1061) gives the complete scalar classification.
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It

ON
crit
ON ,Q

— 0, (1067)

then
Vnalon) — 0, (1068)

so the complete fractional block is asymptotically lower order than the positive Riccati scale.
This is the viscosity-subcritical regime and is the coupled regime compatible with persistence
of the scalar amplification mechanism.

If
o — L€ (0,00), (1069)
O-N,a
then
Uy olon) — Lo (1070)

up to the limiting coefficient normalization. This is the critical regime. Exponent counting
alone cannot decide growth versus damping here: the signed fractional coefficient and the
remaining leading scalar coefficients must be compared.

Finally, if
N o0, (1071)
UN,a
then
mNﬂ(O'N) — OQ. (1072)

This is the viscosity-dominant magnitude regime. If the complete fractional block has the
dissipative sign on this overlap, it overwhelms the positive Riccati contribution; if its signed
coefficient changes sign or undergoes a leading cancellation, the magnitude comparison alone
is not sufficient to conclude suppression.

Equivalently, using (1055), the three regimes are classified by

da
VoY
Na = | 1073
S5 AT Hor
Namely,
Cnya —+0 <= fractional block lower order, (1074)
Cna —c€(0,00) <= critical competition, (1075)
and
Cno — 00 <= fractional block dominant in magnitude. (1076)
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71 Depth law and the noncommutation of limits

Because 0 < A, < 1, increasing Lambert depth makes the critical terminal scale expo-
nentially small in k(N) — j.. If the entrance sensitivity is bounded above and below and
k(N) — j. — oo, then

X 72« k —de
ot gt HTI) (1077)

Thus the terminal point must be approached at least this rapidly, and in fact strictly faster
for (1067), if the fractional block is to remain negligible uniformly in the coupled limit.
For example, if

k(N) — j. ~ clog N, (1078)
then

7T — 2«

202

o < N7t e = c|log A,| (1079)

up to the entrance-sensitivity and coefficient factors. If instead k(N)— j. grows like log log N,
the corresponding critical scale is a power of log V. These formulas make the noncommuta-
tion of the terminal and increasing-depth limits explicit.

72 Coupled-path theorem for the scalar b3 equation

Theorem 38 (Critical coupled path for scalar viscosity). Assume the quantified terminal
estimates of Parts 40-44, the two-sided Lambert capture estimate (1054), and positive coef-
ficient bounds (1059). Let do = 202 /(7 — 2a0) and define o, by (1060). Then uniformly
for a in a sufficiently small interval [1,1 4+ 6],

N,

Vyalow) = (Ui§t> (1 o(1)). (1080)

Consequently, on = O(U%fg) 1s the precise coupled condition under which the complete frac-

tional block is lower order than the positive Riccati scale. Comparable scales produce critical
competition, whereas a}i}ffx = o(oy) produces fractional dominance in magnitude.

The last alternative is a no-blow-up conclusion only after the complete fractional block is
shown to have the damping sign with a nonvanishing coefficient. Thus the present theorem
determines the exact critical path; it does not replace the remaining signed critical-regime

calculation.
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280. Revised scalar coupled-limit ledger

The scalar coupled-limit audit now gives

Af(N)*]c ,
20/

7—2a’
)(720{)/(2042)

gN,CM = |SN7.]C

dy=€e5— o=

rit ‘SN:jc k(N)—jec
U]CV,a - ( v A*( )= ) (1081)
oy = o(oy,) = fractional viscosity is lower order,

crit

oy X oy, = signed critical competition,

ch\% = o(oy) = fractional dominance in magnitude.

The remaining scalar question is therefore no longer an exponent question: on the critical
and viscosity-dominant coupled paths one must compute the sign and nondegeneracy of the
complete fractional coefficient itself.

Part 111

Signed Complete Fractional
Coeflicient on the Critical Coupled
Scale

73 The sign question after the critical-path reduction
The preceding scalar audit reduced the complete fractional contribution to

SN,a = —V,CN,abN + VCN,oc(u;r,Nyuy,N)- (1082)

On the terminal Mellin tangent, with r = /o and

- 7(2a — 1)
P a ™ D, o —2P07 Aa = V- 1083
the square-root reconstruction has powers
1 1
Mv(a) = —5 ~ Pay Aa(a) = 5~ Pa (1084)
The already-derived commutator cancellation therefore gives
SN,O[ —« —«
=—vH,07 %+ 0(c7™%), (1085)
PN,Oc
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where

H, = K, (@) + K (Aa(a)). (1086)

Thus the desired damping sign would require H, > 0. The sign can be checked exactly at
the anchor o = 1.

74 Exact anchor calculation at a =1

At o = 1 one has

7 6 1
P = — Au(l) =—= Aa(l) = —=. 1087
For the local anchor operator (—0,,.) = —0,.,
K\ =-A\-1) (1088)

under the same analytic continuation used by the Mellin tangent formula. Consequently
6 66 1 6
KHl——)=—-—= KfHl—)=—-—=— 1

H = ——= <. (1090)

and hence

Substitution into (1085) gives

3N1 72 1 -1
— = . 1091
P +25ya +o(oc77) ( )

Therefore the complete fractional block has the positive, not the negative, tangent sign at
the a = 1 anchor.

The same conclusion follows directly from the local product identity. If u, = cyrv and
Uy = car™ with cpeq > 0, then

—v(—0pr )b+ vCy (uy, uy) = v0pb — 2v(0,u,) (Oruy). (1092)

Since A\y = —6/5 and A4 = —1/5, the coefficient obtained after factoring br=2 is exactly
72v/25. This independently verifies the sign in (1091).

75 Uniform persistence for 1 <a<1+9

The Mellin coeflicient is

KH() = LAFDIRa =) sin(m(a — ). (1093)

A
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The functions p,, Ay(a) and As(«) are smooth near « = 1. On any sufficiently small
interval avoiding poles of the analytically continued Gamma factors, H, is continuous. Since
H, = —72/25, there exist dgac > 0 and h, > 0 such that

(Ho < —h. <0, 1<a<1+ 0. (1094)

For example one may choose any h, < 72/25 after shrinking dg.. sufficiently; no numerical
value of dg, 18 asserted without a certified interval bound for the Gamma factors.
If the finite-N geometric/Mellin remainder satisfies uniformly

o _ 1 _
ig:a +vHao ™ < svhio™, (1095)
then
1
'SN,(X > §Vh*PN,a0—_a > 0. (1096)

Thus the signed finite-N conclusion furnished by the tangent realization is uniformly anti-
damping on the small continuation interval.

76 Consequences on the critical coupled path

Let Qn,o > 0 denote the positive Riccati scale and define U%fg using the absolute fractional
coefficient, as in the preceding part. Then

da
Bva _ +CN o ( iﬁ) (1+0(1),  cna>0, (1097)
QN,a O'Nﬂ
with )
2c
dy = > 0. 1098
7T —2a ( )

Hence the three coupled regimes have the following signed interpretation within this Mellin
tangent model:

O'N/O'j:\l;it -0 = SN,a = O(DN,a)y
on/oF — L € (0,00) => Fn.a is comparable and positive, (1099)

crit

on/oF" — 00 = Fn. dominates with positive tangent sign.

4

Therefore the hoped-for conclusion “viscosity-dominant paths imply scalar damping” is false
for the present tangent coefficient: the leading fractional block points in the same sign as
the positive scalar growth at the anchor and, by continuity, throughout a sufficiently small
interval above o = 1.
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77 Why this is not yet an unconditional blow-up con-
clusion

There is a necessary domain qualification. At the anchor Ay = —6/5 < —1, so the singular
tangent power is outside the naive locally-integrable half-line power class. Equations (1085)—
(1094) therefore use the manuscript’s analytic/distributional continuation of the Mellin co-
efficient. The actual finite-N fields are regularized, and the fractional Laplacian is nonlocal.
A rigorous finite-N signed theorem must show that the regularized operator converges to
this continued tangent coefficient with the relative error required in (1095). Without that
step, one may not infer the sign of the exact finite-N nonlocal term merely from (1090).
Accordingly the result of this part is precise but limited:

The complete Mellin tangent fractional coefficient is not dissipative near a = 1; it
is strictly positive, with anchor coefficient 72r/25. Hence the tangent calculation
supplies no scalar viscosity-prevents-blow-up mechanism. The remaining issue is
to certify that this signed tangent coefficient is the actual finite-N limit of the
regularized nonlocal fractional block.

(1100)
78 Updated scalar ledger
The scalar-only problem is now reduced to the following certification step:
prove the uniform finite-N tangent estimate (1095) for the regularized geometric fractional operator and product commutator;
if (1095) holds, the complete fractional term is positive near a = 1; (1101)

therefore viscosity-dominant coupled paths do not yield damping in this model.

This statement concerns only the scalar bs equation and does not assert a finite-time sin-
gularity for the full Navier—-Stokes velocity field.

Part IV
Finite-N Certification of the Signed
Scalar Fractional Block

79 The certification problem and the missing scale sep-
aration

The preceding part identified the Mellin-tangent coefficient

Hy = Ko@) + KX (Oa(e), Hi=-—— <0, (1102)
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and reduced the exact finite-NV sign question to (1095). We now separate what follows from
the already proved geometric operator estimate from what requires an additional finite-N
core hypothesis.

Let r = /o = —sin(x — z,) on the one-sided terminal chart and let ey > 0 denote
the smallest regularization/core scale on which the finite-N factors cease to be accurately
represented by their tangent powers. Write

Uona(r) = CU7N,aT>\U(a)<1 + nuna(r)), Ao na(r) = CA,N@T)\A(Q)(]- +nana(r)), (1103)

for r > Ren, with ¢y naCa,na = Dn,o. The analytic continuation used in Part 46 does not,
by itself, imply that (1103) holds uniformly down to r < ey. In particular, the weighted
geometric estimate (661) controls the change from the affine fractional operator to the in-
trinsic geometric operator on a terminal logarithmic window, but it does not control the
inner regularization layer of a tangent power with \y < —1.

Accordingly the correct overlap condition is

N0, ry=.on (1104)

N

Only on such an outer terminal overlap can the continued Mellin coefficient be certified from
the regularized finite-N fields without resolving the inner core explicitly.

80 A quantified outer-overlap tangent hypothesis

Fix 0 < ¢ < 1. Assume that for 7 =0, 1,2,

sup ‘ (Tar)jnU,N,a(T) | + ‘ (rar)jnA,N,a (T) | S WN(R>7 (110’5>
1<a<l+d
Ren<r<ri
where
lim limsupwy(R) = 0. (1106)

R—oo Nooo
Assume also uniform positive bounds on the amplitude coefficients and the finite-N coeffi-
cient errors already isolated in Parts 39-40. This is the precise regularized tangent statement
needed below; it is stronger than the mere pointwise asymptotic notation used in Part 39.
For the intrinsic geometric operator, Part 32 gives
||QgOOHX"70_>Yn(XO) S C€2XO = C’rf (1107)

«

Thus, after shrinking r,, the geometric change of variables contributes a relative O(r?) error
to the tangent coefficient. The profile errors in (1105) contribute O(wy(R)). The remaining

nonlocal interaction with the inner core is denoted by Ty%°.
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81 Core-tail estimate and the exact finite-/NV error bud-
get

For a fractional operator of order 2«a, points with r > Rey see the inner interval 0 < p <
Cey through a kernel separated from the evaluation point by a distance comparable to 7.
Consequently the inner-core contribution has the schematic bound

C&N
TN (r)| < Cri2e / (I0onva(p)| + [Aon.a(p) + | Py.alp)]) dp. (1108)
0
Define the dimensionless core-tail modulus
TN (1)]
olr) =rt—————. 11
Ona(r) =7 Py o(0) (1109)

The normalization is chosen so that © measures the core tail relative to the leading Po~* =

Pr=2« fractional scale. A sufficient finite- N separation condition is

sup  Ona(r) < Wy (R), lim limsupwy™(R) = 0. (1110)
1<a<1+6 R—o0 N—o0o
Ren<r<rs

This condition is not automatic from analytic continuation of K[; it is the exact nonlocal
datum that must be verified for the chosen finite-N regularization.
Combining (1105), (1107), and (1110) yields the error budget

%N,a
PN,Oc

< Cro™ [wy(R) + w™(R) + 1} + €3] . (1111)

+vH,o0™¢

Here 52°% collects the already quantified finite- N coefficient moduli from the Lambert /reconstruction
audit.

Theorem 39 (Finite-N signed fractional certification on an outer overlap). Assume (1105)-
(1110), the coefficient bounds of Parts 39—40, and choose § > 0 so that

Hy<—h,<0, 1<a<1l+34. (1112)
There exist Ry < oo, r, > 0, and Ny < oo such that, for R > Ry, N > Ny, and
Reny <1 <, (1113)
provided the bracket in (1111) is at most h./(2C), one has
izz +vH,o ¢ < %Vh*d_a, (1114)
and hence
Fna > %yh*PN,aa“ > 0. (1115)

Thus the positive tangent sign is a genuine finite-N sign on every reqularized outer overlap
for which the inner-core tail is negligible.
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Proof. The affine tangent contribution is —vH, Py ,0~% by the cancellation already proved
in (866)—(867). The intrinsic geometric correction is bounded by (1107), the multiplicative
tangent-profile errors by (1105), the nonlocal inner-core interaction by (1110), and the re-
maining finite- N coefficient errors by €5¢°f. This gives (1111). Choose the parameters in the
order 7, | 0, R 1 oo, and then N 1 oo so that the bracket is at most h,/(2C). Equation
(1114) follows, and (1112) then gives (1115). O

82 Exact local check at the anchor a =1

At a = 1 no analytic continuation is needed to check the sign at every point of the outer
region where the finite-V factors are C2. Since L = —9,, and

Ci(u,v) = L(uv) — vLu — ulv, (1116)

the complete fractional block satisfies the exact identity

—vL(w) + vCi(u,v) = —v(vLu + ulv). (1117)
For the tangent powers
u=cyr /°, v =car V5, (1118)
we have 66 6
Lu = —%Cm”flﬁﬁ, Ly = —%CArin/? (1119)
Therefore

72
—v(vLu +ulv) = —veyear™1 7P > 0. (1120)

25
This verifies directly that the anchor sign found in Part 46 is not a sign artifact of the
Gamma-function representation. What remains nontrivial is uniform convergence of the
regularized finite- N factors and their nonlocal core tails to this outer tangent behavior.

83 Interaction with the critical coupled path

The critical path of Part 45 is admissible for the signed theorem only if it lies outside the
regularization core:

N 0. (1121)
VO Na
Equivalently, ‘
ex = o(ofs). (1122)

If (1121) and the core-tail condition (1110) hold, then the signed classification of the coupled
regimes is rigorous on the selected overlap: critical and viscosity-dominant paths carry a
positive complete fractional block rather than damping. If instead ry < en or ry < ey,
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the tangent theorem does not apply and the sign must be computed from the explicit inner
regularization.
This produces a sharp dichotomy:

en/y/on — 0 = outer tangent sign is certifiable under (1110), (1123)

Von = O(ey) = inner-core sign remains regularization-dependent.

84 Status of the scalar no-blow-up alternative

The finite- N audit therefore does not establish a viscosity-driven no-blow-up mechanism. On
every certified outer overlap the complete fractional block has the positive sign (1115), and
at o = 1 the sign is confirmed directly by the local identity (1120). However, the manuscript
does not yet specify enough about the inner finite- N regularization to prove (1110) on paths
entering r < exn. Thus no statement about the sign in that inner layer is justified without

an explicit regularization formula.
The exact remaining scalar question is

derive ey and the inner profiles from the actual finite-N construction,then verify (1110) and (1121), or compute the inner fractional block directly if (1121) fails.

(1124)
This is strictly a statement about the scalar b3 product equation; it does not assert finite-
time singularity of the full velocity field.

Part V
Actual Finite-N Lambert
Regularization and Inner-Core Audit

85 Correction of the auxiliary core notation

Part 47 introduced an abstract spatial core radius, denoted there by ey, solely to formulate
a core—tail estimate for the fractional operator. The revised Lambert construction already
contains a quantity with the same symbol, but it has a different geometric meaning. The
two quantities must not be identified without calculation.

In the revised finite- N construction the actual base profile is

1

Rn(0) = ——F—+
n(0) 1 —sinf + ek’

e = Ly = log(1 +2Y), (1125)

A
L%’

with fixed A > 0 (or, more generally, with the real-branch constraint Lyek < 1). Hence

Lo A -2
Y (log2)?

(1126)
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This is a denominator regularization in the variable 1 — sin #; it is not a cutoff inserted into
the reconstructed scalar profile.
Near 0 = 7/2 write x = w/2 — 6. Then

2

1 —sinf=1—cosx = %+O(m4), (1127)

so the physical angular radius on which the denominator regularizer itself is comparable with
the quadratic geometric term is

ren < (e5)Y2 < Lyt (1128)

Thus, if one uses a squared geometric coordinate, the corresponding regularization scale is
o.n =< ek, not (%)% The condition (1122) therefore cannot be applied to the manuscript’s
% without this conversion.
86 The branch point lies outside the denominator core
The finite-N branch point is defined by

Rn(0.n) = Ly. (1129)

Putting 0, x = 7/2 — x, n gives

1 —cosz,n +ehy = —. (1130)
Ly
For ek, = AL?,
2 (1131)
TaN ~ 4] —.
7N LN
Consequently
TN LY (1132)
7’z-:,N

The Lambert branch point therefore does not sit in the denominator regularization core
around 7/2. At the branch point the denominator is exactly Ly', whereas €% = O(Ly?) is
lower order.

This observation changes the interpretation of Part 47: the nonlocal “inner core” relevant
to a tangent expansion about 6, y is not r < k. One must instead use the actual Lambert

branch-layer width generated by Ay .

87 The actual Lambert inner profile

Define
Ano(0) = Rn(0) — L. (1133)
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At the left branch point,
Ry(0,.n) = L% cos b,y ~ V2 L. (1134)

Hence, with y = 0 — 6, v,

Ano(0) = ayy + O(L3y?),  an ~ V2L (1135)

The normalized Lambert layer used in the revised construction is
22V Ano = O(1). (1136)

It follows that its actual angular width is

272 2N A7—3/2
V2 LY
Introduce the genuine inner coordinate
ev =L (1138)
WN
Then on bounded &y-sets,
Ano(0) = 272N¢n [T+ o(1)). (1139)

For every fixed finite Lambert depth k, the branch expansion
F(A) = V2A - %A +O(A%?) (1140)

therefore yields the inner cascade

Ani(0) = C 2722 211 4 o(1)), (1141)

with Cy > 0. Equation (1141), rather than an arbitrarily cut off power, is the actual finite- NV
Lambert inner profile.

88 Comparison with the critical fractional path

Part 45 gave, up to uniformly positive coefficient factors,

crit k(N)—jc 1/da 20&2
e = [1Sw i AXTLTE L da = (1142)
The correct comparison now involves two distinct scales:
oen =< Ly (1143)
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for the squared angular radius of the denominator regularization about /2, and

OLamn < wa < 27N L3 (1144)

for the squared local Lambert branch-layer radius about 6, . They are exponentially sepa-
rated: -

L o= AN L0, (1145)
O¢,N

If k(N) — j. ~ clog N and the entrance sensitivity is nondegenerate, then

7T — 2«

G < N He o = c|log A, 1146
0N » Mo =cllog A —— (1146)
Therefore every such polynomial critical path satisfies
OLam,N
e — 0. (1147)

Thus the critical path is asymptotically far outside the exponentially thin Lambert branch
layer. The critical fractional competition does not, under this depth law, force the solution
into the actual Lambert inner layer.

The comparison with the denominator radius is different and depends on i4:

crit
L N2 e, (1148)

O¢,N

Hence .
Mo < 2 = U%It > O¢,N,

lle =2 = comparable squared scales, (1149)
fo >2 = oSt < o N.

This comparison must not be interpreted as entry into the Lambert branch layer, because
the centers of the two scalings are different: the denominator regularization is centered at
7/2, while the branch tangent is centered at 6, y and (1132) separates those centers by many
denominator-core radii.

89 Consequence for the inner fractional block

The preceding calculation removes an ambiguity in the proposed inner fractional audit.
There is no manuscript-defined cutoff profile of radius €% around the branch point whose
fractional Laplacian can be computed. The finite- NV scalar coefficient is generated instead by
the smooth denominator (1125), the translated branch point (1129), and the renormalized
inner cascade (1141).

Accordingly, the correct finite-N inner fractional object is obtained by substituting the
exact regularized factors reconstructed from Ay x(f) into

SN,a = —V(—A)abN + I/CN,(X(U.Z’7N7 Uy7N), (1150)
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and rescaling 6 = 0, y + wy€. Since wy < (€%)Y? but the branch point itself is a distance
Ty > (e%)Y? from 7/2, the regularized denominator is analytic on the wy branch window.
Its Taylor coefficients enter through ay in (1135); there is no additional cutoff singularity at
€l =0(1).

For critical paths satisfying (1147), however, the evaluation scale remains outside this wy
layer. Therefore the inner formula (1141) is not the leading profile on the critical path, and
the outer signed fractional audit of Parts 46-47 remains the relevant candidate provided its
nonlocal tail estimate is proved using the exact denominator profile rather than the auxiliary
cutoff model.

90 Revised scalar status

We have therefore identified the actual regularization and corrected the scale comparison:

V= ALY, ren =Ly, wy =270 (1151)

The earlier abstract condition €3 = o(o$*) is not a theorem about the €% and is superseded

by the two-center, two-scale comparison (1147)-(1149).
In particular, under the standard logarithmic depth law the critical path is polynomial
while the genuine Lambert inner branch layer is exponential, so

OLam,N = 0(0%).- (1152)

Thus the critical path does not reach the actual Lambert inner layer. What remains to
certify the positive fractional sign is not an arbitrary inner cutoff computation, but a direct
core-tail estimate for the exact finite-V denominator/cascade profile in (1125), (1133), and
(1141).

This remains a scalar b3 statement only. It neither proves nor disproves finite-time
singularity of the reconstructed velocity field.

Part 49. Exact Nonlocal Core—Tail Audit for the Actual
Finite-N Lambert Profile

The preceding part identified the genuine Lambert branch layer without introducing an aux-
iliary cutoff. We now use that exact layer to replace the schematic core-tail condition of
(1108)—(1110) by a quantitative estimate. The conclusion has two levels. For the reduced
scalar characteristic the Lambert invariant gives an explicit exponentially small core mass.
For the complete reconstructed fractional block the same conclusion follows provided the
square-root geometric coefficient stays uniformly separated from zero on the Lambert phase
window. This distinction is essential because the Lambert phase variable and the indepen-
dent periodic geometric variable are not the same Eulerian coordinate.
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91 Exact periodic fractional kernel representation

For a 2m-periodic function f = f(6), write the one-dimensional fractional operator in
singular-integral form

(=0 $(6) = ca PV [ (7(6) = F)Ka(® — ) . (1153)
where
Ka(h) = b+ 2mm| ™2 (1154)
meZ
For |h| < hg <,
Kolh) = |R| 7172 + O, 5(1) (1155)

uniformly for 1 < a <14 4.
Let
y=0—06,y, wy=2NL}P* (1156)

and fix M > 1. The actual Lambert core is
INM)={n:0<n—0.n < Mwn}. (1157)

For an evaluation point y > 2Mwy, every n € Zy(M) satisfies

Y 3
2L —pl <= 11
L <-n<, (15%)
and hence
sup K0 —n) < C’M,(;yflfm. (1159)

n€ln (M)

Thus the contribution of the genuine Lambert core to the fractional operator obeys the exact
separated-kernel estimate

Mwpn
TN f1 ()] < Cupy ™72 (MwN|f(9)| + /O 1f(0un + p)] dp) . (1160)

No artificial cutoff has entered (1160): the interval is the actual branch window selected by
the Lambert normalization 22¥ Ay o = O(1).

92 Exact Lambert invariant and the inner scalar am-

plitude
The reduced characteristic system possesses the exact invariant
_ 1
Ay = Kygne ™, IN =7 (1161)
N
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with Ky > 0 fixed along a characteristic. Equivalently,

ANk) 1
W[ =2NE) = — . 1162
w 0( N Wo(—Ana/KN) (1162)

Since Wo(—x) = —z + O(2?) as x | 0,

K
by = - (1+O(Ang)). (1163)
AN,k
For fixed finite k, Part 48 gave
Anp(Oun +wyE) = C27 221 1 0(1)], p=2"" (1164)

Therefore, uniformly on compact subintervals 0 < & < M,

by (Oun + wnE) = fé—]:?fv/?’“gpku +0(1)]. (1165)

For every k > 1, 0 < py < 1/2, so the inner scalar singularity is locally integrable. Changing
variables p = wy& gives

Muwpn KN 2N /2 M B
| ot 0o = 2 g [ a4 o)
0

e (1166)
Using wy =< 2-2VL Y2,
Mo —kYy - —3/2
/ by dp < CM,kKN272N(172 )LJ_V 2, (1167)
0

Thus the actual finite-N Lambert core has exponentially small scalar L' mass for every fixed
E>1.

93 The coupled depth is even safer

The fixed-depth expansion (1164) must not be extrapolated blindly to k = k(/N) — oco. In
the coupled regime the exact nonlinear Lambert map is used. Once the orbit has entered
a compact subset of (0, A,), the renormalized branch distance is bounded above and below
by positive constants. The invariant (1161) then keeps ¢y, and hence by, bounded on that
captured portion of the inner window. Consequently

Muwpn
/ by dp = O(wy) = 0272V L*?) (1168)
0

there. Therefore the fixed-k estimate (1167) is the worst Lambert-core mass estimate relevant
to the present audit; the captured coupled cascade does not create a larger core mass merely
by increasing the Lambert depth.
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94 Scalar fractional tail on an outer evaluation scale

Apply (1160) to f = by. If yn/wy — oo, then the evaluation value in the outer tangent
region satisfies
bn(yn) < By.ayy™ (1169)

with the outer exponent used in the scalar terminal profile. The term wxby(yx) in (1160) is
smaller than the local fractional scale by the factor wy /yy. The inner-mass term is controlled
by (1167). In particular, for fixed k£ > 1,

[Taa ()| < Cyx' ™ [waN(yN) + KN2—2N<1—2*’“>L;V3/2] . (1170)

Relative to the local outer fractional magnitude bN(yN)y;,ZO‘ this yields

[T [ba](yw))|

Wy KN2—2N(1—2*’6)LJ—V3/2
—2« — +
by (YN )Yy

<C
YN ynbn (?JN)

(1171)

On every polynomial outer path yy =< N~ for which Ky and the outer normalization grow
at most subexponentially, both terms in (1171) vanish exponentially. In particular, the

polynomial critical path of Part 48 satisfies yy = 4/ af\l}fg > wy, and hence

Tl bn] = o(bn (yw)yn™) - (1172)

This proves the required core—tail separation for the reduced scalar fractional term under
the displayed subexponential normalization condition.

95 Passage to the complete reconstructed fractional
block

The complete block is

SN,a = _V(_A)abN + VCN,a<ux,N7uy,N)~ (1173>

The active square-root reconstruction is

| b
uyN =V =2xby,  Upn = —ﬁ. (1174)

The Lambert branch window is in the phase variable § = ¢t — z, whereas xy = x(z) is an
independent periodic geometric coefficient. Therefore one must not identify the Lambert
distance y with the distance to a zero of y.

Fix a transverse Eulerian point = for which

0<e¢y <|x(z) <O\ < 0. (1175)
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Then on the Lambert phase window

g | + |uyn| < CLY. (1176)

Using (1165),
Muwy 1/2 1/24—2N(1—2—k-1) + =3/2
/ by dp < Cppp Ky 227 2N0=2770 2 (1177)
0
Hence the separated nonlocal tails generated by u, and u, are also exponentially small on

every polynomial critical path. The bilinear commutator kernel can be written schematically
as

Calf,9)(0) = ca /(f(Q) = f(m)(g(0) — g(n))Ka(0 —n) dn, (1178)

up to the sign convention already fixed in Part 46. On the separated core, (1159), (1167),
and (1177), together with Cauchy—Schwarz or the elementary product bound, give

T]\%,zm[c(uxa uy)] = O(PN,a(yN>y;72a) (1179)

provided (1175) holds uniformly and the characteristic constant K and outer coefficient
moduli are subexponential in V.

The condition (1175) cannot be deleted. If the Lambert phase window is simultaneously
forced onto a zero of y, the fixed-space obstruction of Part 41 reappears and the preceding
one-dimensional Lambert mass estimate is not sufficient to control the reconstructed velocity
commutator. That is a separate two-variable concentration problem, not an inner Lambert-
tail problem.

96 Finite-N sign certification without an auxiliary cut-
off

Combine the outer fractional estimate (1111) with (1172) and (1179). The abstract cutoff
modulus w™(R) can now be replaced, on the actual Lambert branch window, by

Wy KN2*2N(1*2_'€)L_3/2
QRam <O |—+ N Qe , 1180
N, (yN) = Un beN (yN) N, (yN) ( )

where Q"¢ denotes the square-root component contribution estimated by (1177)-(1179).
Under (1175), subexponential coefficient control, and a polynomial critical path,

QR (yy) — 0 (1181)

uniformly for 1 < a < 1+ 4 after decreasing ¢ if necessary.

Recall that Part 46 proved

72
H =—— 1182
1 25<O ( 8)
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and, by continuity, chose § > 0 and h, > 0 so that
H, < —h,<0, I1<a<144. (1183)

Therefore the finite-/N complete fractional block satisfies

SN,a
PN,a

and hence, for sufficiently large N on the certified outer/critical path,

=—vH,o % +o0(c™ %), (1184)

1
%/N,oc Z Eyh*PN,aJ_a > 0. (1185)

Thus the positive fractional sign found at the Mellin tangent survives the actual exponentially
thin finite-N Lambert branch core; no auxiliary cutoff is needed for this scalar core—tail
separation.

97 Precise status and remaining obstruction

The result of this part is narrower than a Navier—Stokes blow-up theorem. It proves that the
genuine Lambert inner layer does not reverse the positive signed scalar fractional coefficient
on polynomial critical paths, subject to the explicit uniform separation (1175) and subex-
ponential coefficient bounds. It does not resolve the independent fixed-space singularity at
a zero of y or the higher Sobolev compactness problem.

The scalar ledger is therefore sharpened to

actual Lambert width wy =< 2_2NL;\,3/2,
actual inner invariant by = —1/Wo(—Ani/KN),
Lambert core mass exponentially small,

nonlocal Lambert core tail negligible on polynomial critical paths,

positive fractional sign survives at finite N under (1175) and subexponential coefficient control.

(1186)
The next genuinely new obstruction is therefore no longer the one-dimensional Lambert core
tail. It is the compatibility of this certified scalar sign with the full reconstructed velocity
geometry, especially if the terminal characteristic approaches the geometric zero set y = 0.

Part 50. Interaction of the Certified Lambert Fractional
Sign with the Full Reconstructed Velocity Geometry

98 Why the remaining issue is genuinely two-variable

Part 49 certifies the finite- NV scalar fractional sign on a Lambert phase window provided that
the independent square-root coefficient satisfies

0 < ey < x(x)]. (1187)
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The point of the present part is to audit exactly what happens when this hypothesis is
weakened along the physical characteristic. The two small variables are

y=0—-0.n, 0=t—z, r=—x(z) >0, (1188)

on the selected branch. They are independent Eulerian variables. In particular, no identity
of the form r < y is available unless it is proved from the characteristic equations.
The reconstruction is

b = uyuy, u, = A= V2rb, Uy = 1/ 237 u, = C. (1189)
r

Thus the scalar b may have a certified one-dimensional fractional sign while the individual
velocity factors become singular as r | 0. This is the precise mechanism that must now be
separated from the Lambert core-tail calculation.

99 Exact geometric evolution along the characteristic

For the reconstructed transport field used in the scalar equation,

= AC?, z=b. (1190)
Consequently .
0=1-—0. (1191)
Since r = —x(z),
7= —x'(2)AC?* = —X'(z)V2rb C>. (1192)
Equivalently, with
oc=x*=r% (1193)
one obtains
o =2xx't = 2 AC*. (1194)

For the periodic choice x(x) = sin(x —z,) on the branch y = —/o, |x'| = v/1 — 0. Choosing
the orientation for which the characteristic moves toward o = 0 gives the exact law

o= —2V2(1 — )23/ 2. (1195)

This formula contains no Lambert approximation and no auxiliary cutoff.
Dividing (1195) by (1191), on the terminal branch b > 1, gives

1/2
do _ 2\/5(1 — 0)1/203/4—bb .

= — 2, 11
i C (1196)

Therefore the approach to x = 0 is not free data: it must be generated by this coupled
characteristic equation.
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100 Exact loss factors in the reconstructed Lambert
core-tail estimate

The scalar estimate of Part 49 used only the L' mass of b. The reconstructed factors carry
explicit powers of r:

b1/2
il = e Il = VB (1197)
Let
PNomin ;= inf r 1198
N = 0t () (198)

be the smallest geometric distance reached across the actual Lambert core. Then the exact
finite- N inner estimate (1177) implies

/| » e v (y)| dy < Orye K2 N0 072, (1199)
Yy <Mwyn
Similarly,
/ o @)y £ O P L (1200)
YysMwn

where 7N max = SUD|y < Muwy rn(y). Thus u, does not create the dangerous geometric loss; the
potentially singular factor is u,.

Equation (1199) immediately gives a quantitative replacement for the fixed separation
assumption (1175). It is sufficient that

=172 K]1V/22_2N(1—2*’€*1)L]—V3/2 = o(Sy), (1201)

N,min

where Sy denotes the outer normalization against which the commutator tail is compared.
In particular, if Ky and SJQI are subexponential and

TNmin > € "), (1202)
then the exponentially small Lambert mass still wins. More generally, if
TN min = € T, (1203)
then (1199) retains exponential decay whenever
A —k—1
5 < 2log2(1—2 ) (1204)

for fixed k, modulo the displayed subexponential coefficient factors. This is a sufficient
threshold, not a necessary one, because the exact bilinear commutator may contain additional
cancellation.
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101 The square-root product cancellation and what it
does not prove

Pointwise, the reconstruction has the exact product identity

Uglly = D. (1205)

Hence the most singular algebraic powers r~'/2 and /2 cancel in the undifferentiated prod-
uct. This is why the scalar equation can remain well organized even as the individual
components become geometrically singular.

For the fractional commutator, however,

Caltta 1) (X) = cap.y. / (ua(X) = %Y_”f/‘l‘fx )= u(Y)) 4y (1206)

in three dimensions, with the corresponding periodic kernel on T3. The identity (1205)
does not reduce (1206) to a scalar function of b, because the two differences sample the
independent z-geometry at the remote point Y. Therefore the scalar core-tail certification
cannot be promoted to the full reconstructed commutator merely from w,u, = b.

This identifies the exact remaining nonlocal datum: one needs a two-variable estimate
which simultaneously resolves the Lambert phase distance and the transverse geometric
distance to xy = 0.

102 A two-scale core-tail modulus

Introduce the physical Lambert width wy and a transverse geometric width ¢, y by
yl Swn, o =2 S hon- (1207)

Near a simple zero,
r=|x(@)| x|z — x| (1208)

Define the reconstructed two-scale tail modulus

/Q (112 (X) = 113 (V) (1 () — 1y () (X — ¥) Y

@rec X = y 1209
N,a( ) PN’a(X)O'(X)fa ( )
where
Qv =A{ly(YV)| < Mwy, |2(Y) — 2.] < Ml n}. (1210)
The exact condition required to extend Part 49 through the geometric zero is
sup O\, (X) — 0 (1211)

XeOn

uniformly for 1 < a < 14 § on the chosen outer evaluation region Op. Unlike the old
auxiliary-cutoff hypothesis, (1211) is formulated directly for the actual reconstructed velocity
and the actual finite-N core.
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103 Finite-energy obstruction if the geometric singu-
larity fills an Eulerian neighborhood

There is an independent obstruction which no fractional sign calculation can remove. From

(1189),

2= 1212
urf? = (1212)
At fixed (y, z,t), if b — b, > 0 as r ] 0, then

n b, ["d

/|um|2dr~—/ SUNTNY (1213)

0 2. ) 1

Thus an Eulerian neighborhood carrying a nonzero scalar trace at x = 0 is incompatible
with finite kinetic energy. A single characteristic has measure zero, so (1213) does not follow
merely from the fact that one trajectory reaches y = 0. What must be determined is the
transverse measure and profile of the set of nearby trajectories.
If locally
b(r) =0(™), (1214)
then
u, = O(rm=1/2), (1215)

Consequently the zeroth-order energy obstruction is removed when m > 0 in a one-dimensional
transverse slice, whereas control of higher derivatives requires progressively stronger vanish-
ing. This is a compatibility condition on the full Eulerian reconstruction, not on the scalar
characteristic alone.

104 A conditional geometric persistence theorem

Theorem 40 (Persistence of the finite-N positive fractional sign under geometric separa-
tion). Fiz a sufficiently small 6 > 0 so that

H, < —-h, <0, 1<a<140. (1216)

Assume the scalar hypotheses of Part 49, the polynomial outer critical path, and subexponen-
tial Lambert/coefficient normalizations. Suppose in addition that either

inf |x| > ¢, > 0, (1217)
N

or, more generally, the actual reconstructed two-scale modulus satisfies (1211). Then

SN,a

PN,a

=—vH,o % +o0(c™ %) (1218)

uniformly on the certified outer region, and therefore for sufficiently large N,

1
SNa > §Vh*PN7a0'_a > 0. (1219)
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The theorem deliberately separates two statements. Part 49 proves that the one-dimensional
Lambert core itself has too little mass to reverse the sign. The new hypothesis (1211) asks
whether the independent square-root geometry can amplify that exponentially small core
enough to destroy the same conclusion. No auxiliary cutoff is inserted.

105 What would falsify the present terminal recon-
struction

The preceding analysis gives a concrete obstruction test. The present terminal reconstruction
would fail to inherit the certified scalar sign if the characteristic geometry forced

7'Nmin + 0 (1220)

so rapidly, or on so large a transverse set, that the two-scale modulus (1209) remained
order one or diverged. Even if the scalar fractional block stayed positive, a nonintegrable wu,
neighborhood as in (1213) would also prevent the reconstructed field from belonging to the
finite-energy class required by the Navier—Stokes problem.

Conversely, proving (1211), together with the necessary fixed-space energy and Sobolev
estimates, would remove this particular geometric obstruction. Pressure compatability also
needs to be checked.

106 Updated proof ledger

The current logical status is

Lambert scalar core tail: certified negligible on the stated paths,

finite- NV scalar fractional sign: positive on the certified overlap,

fixed separation from y = 0: sufficient for reconstructed persistence, (1221)
approach to y =0 : reduced to the exact two-scale modulus (1209),
finite-energy compatibility: requires transverse Eulerian control.

The next calculation should therefore evaluate (1209) using the explicit continuity recon-
struction for C'(z, s) and the exact characteristic map (1195)—(1196), rather than imposing
an artificial relation between the Lambert phase distance and |x|.

107 Part 51: Can the exact characteristic map prove
the reconstructed two-scale modulus?

273. The precise question

Part 50 isolated the remaining reconstructed core-tail quantity

/Q (102 (X) — 1 (")) 11y (X) — 11y (Y)) K (X — ¥) dY
Prno(X)o(X)—

Nal(X) = (1222)
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The proposed next step was to prove

sup Oy, (X) =0
XeOn

(1223)

from the exact continuity reconstruction and characteristic map. This part performs that
audit without adding an auxiliary cutoff and, crucially, separates what follows from the

present equations from what would require a new transverse hypothesis.

274. Exact Eulerian reconstruction and exact Lagrangian map

The active Eulerian reconstruction keeps the two variables independent:

s=1t—2z—0.n, X = sin(x — z,), o=

with

u, = A= 2xb Uy = b_ b u, =C

y =A=1/=2xb, P =17\ Ty .=C.
On the negative sine branch, x = —+/o, and the exact continuity reconstruction is
V2B
Cn(s,0) =con + 1 N(l — )23 Iy (s),

where

In(s) = / P2 Fy (r)Y2 dr.
0
Along a selected characteristic one has exactly
s=1—by, &=—-2V2(1—0)"\*C?,

and hence

do V2 1/2 _3/4 bjl\;Q 2
— =2V2(1 — ——C%.
ds (1=o) o =7 Cn

Under the terminal scalar asymptotic
bN(S) = BNS_BFN(S), FN(S> — FO,N > 0, 0< 6 < 2,

the self-consistent dominant balance already proved in Part 38 gives

12 -2
UN(S)NQNSPB’ pb): 7 B’

and

Cn(0) = o~ B+D/6-5)

(1224)

(1225)

(1226)

(1227)

(1228)

(1229)

(1230)

(1231)

(1232)

Equations (1226)—(1232) are Lagrangian information about the selected trajectory after the
Eulerian field has been reconstructed. They do not identify s with o throughout an Eulerian

neighborhood.
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275. Exact algebraic reduction of the commutator numerator

At two points X, Y on the selected sign branch set
bx =b(X), by =bY), rx=[X), rv=[xY) (1233)
Then
b1/2

Uy = W, Uy = \/§b1/2T1/2. (1234)
T

A direct multiplication, with no asymptotic approximation, gives
(2 (X) = ua(Y)) (uy (X) — 1y (Y))

— by + by — oxby [(LY)”Z (T_x)”], (1235)

rx ry

Equivalently, with ¢ = (ry /rx)Y? > 0,

D(X,Y) = (us(X) — us (V) (uy (X) — uy(Y)) = bx + by — v/bxby(q¢+q7").|  (1236)

This identity exposes the exact geometric difficulty. The product identity u,u, = b removes
the pointwise square-root singularity, but the commutator contains the ratios ry /rx and
rx/ry. Therefore control of b along one characteristic does not by itself control the bilinear
difference kernel.

A useful absolute bound is

ry

ID(X,Y)| < by + by + V/bxby [(:—;)m + (T—X)m] . (1237)

276. What the characteristic map actually controls
Let Xn(t) be the distinguished characteristic. From (1231),

() = [x(an ()] = on () ~ 83 sn (0P, (1238)

Thus the exact reconstruction and characteristic map determine the rate at which that
trajectory approaches the geometric zero. They also give Cy on that trajectory through
(1232).

However, the supremum in (1223) is Eulerian and the integral in (1222) samples a set of
remote points Y € Q. To estimate it one needs, simultaneously,

r(Y), oY), |X-Y]| (1239)

for a positive-measure family of points Y, not only for the selected curve. Neither (1228)
nor (1229) supplies a Jacobian or a transverse stability estimate for the map from nearby

initial characteristics to Y. Consequently the one-trajectory law (1238) cannot by itself
imply (1223).
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Theorem 41 (No-go theorem for deriving the two-scale modulus from the present one-char-
acteristic data). Assume only the Eulerian reconstruction (1224)-(1227), the distinguished
characteristic laws (1228)-(1229), and the asymptotic relation (1231) along that distin-
guished characteristic. These data do not imply

sup O, (X) — 0. (1240)
XeOn
More precisely, they leave undetermined the transverse distribution of r(Y) = |x(Y)|, the

transverse scalar profile b(Y'), and the distance of Qn from the evaluation set Oy. Since
all three enter (1237) and the singular kernel Ko (X —Y), two Eulerian fields may agree on
the distinguished characteristic and satisfy the same one-curve law (1231), while producing
different values of O, .

Proof. The characteristic equations constrain only the trace of the reconstructed field on
Xn(t). Modify the field away from this curve inside a shrinking transverse tube, leaving its
trace and all quantities in (1228)—(1231) unchanged. Such a modification can alter ry and
by in (1236), and can place positive measure arbitrarily close to the singular kernel region
Y = X. Hence the integral in (1222) is not determined by the one-curve data. Therefore no
bound tending to zero can be deduced from those data alone. [J

This is a logical obstruction, not a claim that (1223) is false for the actual solution. It
identifies the missing estimate needed to prove it.

277. A sufficient two-scale theorem that can be proved

The preceding no-go result suggests the minimal quantitative information. Let
dy := dist(On, Qn) > 0, Vn = |Qn|, (1241)
and suppose that on Oy U Qy
O0<r_ny<r<rin, 0 <b< By™. (1242)

For the periodic fractional kernel there is a constant Cjs, uniform for 1 < a < 1 + 9, such
that whenever X € Oy and Y € Qy,

IKa(X = Y)| < Csdy 2. (1243)
Using (1237),
. 1/2
ID(X,Y)| <2By™ |1+ ( *’N) ] . (1244)
r_-.N
Therefore
BmaXV 1/2
sup O (X) < C5—N~ N |1 4 (T*—N) ] A2 (o), (1245)
Xeoy Py TN
Here Pﬁ?g‘ = info, Py and o™ = supy, o; the last factor follows from (Po~®)~! <

(Pin) (o)™
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Theorem 42 (Sufficient Eulerian two-scale criterion). If

Bmaxv 1/2
sup —]fgmmN 1+ (” ’N) Ay’ 72 (o) — 0, (1246)
1<a<1+6 N,o r— N
then
sup  sup Oy, (X) — 0. (1247)
1<a<14+6 X€Oy

The proof is exactly (1243)—-(1245). Unlike an auxiliary cutoff condition, (1246) is a statement
about the actual Eulerian core volume, geometric separation, scalar amplitude, and kernel
distance.

278. Incorporating the actual Lambert width
Part 49 gives the genuine Lambert phase width
wy = 27NL 32 (1248)

If the core occupies a phase interval of width O(wy) and a transverse geometric region of
measure A, n, then

VN ,S wNAX,N~ (1249)
Substitution into (1245) yields
Bmax r 1/2
sup O (X) < 2N _9 2N 824 {14 (=X A2 (o), (1250)
x Py r_N

Thus the exponential Lambert width wins against every collection of factors on the right
that grows only subexponentially in N. In particular, a sufficient outer-core regime is

max
BN

1 :
og Py

=o(N), log A;ﬁv =o(N), logrZly =o(N), logdy' =o(N), (1251)

with polynomial oy. Under (1251), (1247) follows.

This recovers and strengthens the qualitative conclusion of Part 50: the Lambert core is
exponentially thin enough to survive subexponential geometric deterioration. What is not
yet derived from the current PDE is that the actual Eulerian transverse quantities in (1251)
obey those bounds.

279. Consequence for the scalar differential inequality

Suppose now that (1246), or the sufficient specialization (1251), has been proved for the
actual Eulerian solution. Then Part 50 gives uniformly on the certified overlap

1
%N,a Z §Vh*PN,a0-_a > 0. (1252)
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This term is favorable for a lower bound on by; it does not need to be discarded as a negative
viscous error.
Write the exact scalar characteristic equation in the form

by = Dnb% 4 Sna + 208Gy — REC. (1253)

Therefore a sufficient condition for a Riccati lower inequality is

RS —2CNGy < (1 — )T by for some ¢ € (0,1), (1254)
because (1252) then gives
by > cTyb2,. (1255)
Integrating (1255) gives
d 1 by
—_— = - < —cI'y(t 1256
o < I, (1256)
SO
L 1 c/tr (r)d (1257)
— T)dT.
ba(t) ~bw(t) S
Consequently, if for some finite Ty > ¢,
TN 1
c In(7)dr > ———, 1258
| > s (1259)

then a positive classical solution satisfying (1255) cannot remain finite up to 7. It must
become unbounded at or before the first time at which the right side of (1257) reaches zero.

Theorem 43 (Conditional finite-time scalar blow-up criterion). Assume on a terminal char-
acteristic that by(t.) > 0, I'y > 0, the reconstructed two-scale estimate (1247), the posi-
tive fractional sign (1252), and the remainder inequality (1254) hold throughout [te, Ty). If
(1258) holds for a finite Ty, then

lim sup by (t) = +o00 (1259)
1T N

for some T, y < Ty.

The proof is the reciprocal comparison (1256)—(1258). This theorem is a rigorous impli-
cation, but its hypotheses (1246)/(1251), (1254), and (1258) must still be verified from the
actual finite- N reconstruction before it can be called an unconditional blow-up theorem for
the scalar PDE.
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280. Updated status: what was proved and what remains

The attempted proof of (1223) has therefore produced a sharper result than a formal asser-
tion:

one-characteristic map s <> o0 : insufficient by itself for the Eulerian supremum,

exact square-root difference identity (1236): proved,

sufficient two-scale bound (1245): proved,

Lambert-width specialization (1250): proved,

subexponential criterion (1251): sufficient, but not yet derived from the PDE,
Riccati implication (1255)—(1259): rigorous once the displayed hypotheses are verified.

(1260)
Thus the present manuscript must not state that supy OFf, — 0 follows solely from the
exact characteristic map. The missing object is an Eulerian transverse stability or Jacobian
estimate for the family of characteristics. Proving such an estimate, together with the signed
reconstruction remainder bound (1254), is the next scalar-only task.

108 Part 52: Eulerian transverse Jacobian and signed
reconstruction-remainder audit

281. Triangular characteristic structure of the active Eulerian re-
construction

The scalar transport field appearing in the corrected b3 equation is
Vi = (AnC3x, bnCX /AN, by). (1261)

In the active reconstruction by = bn(s), Ay = An(x,s), Cn = Cy(z,s) and s =t —z—0, .
Hence the (z, s) subsystem is triangular:

i = Ay(z,s)On(z,5)?, $=1—>bn(s). (1262)

In particular, neighboring characteristics having the same initial phase s, retain the same
s(t); their transverse separation is governed by the one-dimensional nonautonomous z flow.

Let a denote the initial transverse coordinate and write Xy (¢; a) for the solution of (1262).
Its transverse Jacobian

In(t;a) = 0. Xn(t;a) (1263)
satisfies the exact variational equation
Iy = 0,(ANCH) (X (t;a), s(t)) N, In(te;a) = 1. (1264)
Thus
JIn(t;a) = exp (/t 0. (ANCR) (XN (75 0a), s(T)) d7'> > 0. (1265)
te

This is the missing Eulerian Jacobian formula; it follows from the actual reconstruction and
does not impose b = b(c) Eulerianly.
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282. Exact terminal form of the transverse velocity

Put r = —x(x) > 0 on the selected negative sine branch. Then

Ay =/ 2rby, || = (1 =)V (1266)

From the exact continuity reconstruction (1226),

V28BN
4

Cn = con + Dy(s)(1 — r3)Y2p=3/2) Dn(s) :== In(s). (1267)

In the deep terminal overlap in which the reconstructed term dominates ¢y n, uniformly up
to a relative error ¢y = o(1),

Cn = Dn(s)(1 = )2 7321 + O(een)). (1268)
Consequently
AnC% = V/2bn(s) D (5)*(1 = r?)r (1 + O(ecw)). (1269)
Since 7, = —x' = —(1 — r?)%/2 in the chosen orientation, differentiation gives, uniformly for
rl 0,
0,(ANC%) = \/2b D3r 214+ 0(r® + ecn)). (1270)

The same characteristic satisfies
= r,d = —/20yD3r (1 + O(r® + ecn)). (1271)

Dividing (1270) by (1271) eliminates every large coefficient:

dlog J 51
;’n No_ —5 (14007 +2e)). (1272)

Therefore, between an entry radius r. and a terminal radius r < 7.,

In(r:a) = (%)5/ " exp (0(7«3) + 0( / " eC,N(p)%D | (1273)

Thus the transverse distortion is algebraic in r—!, not exponential in the Lambert depth. On
every polynomial critical path ry = 011\,/2 = N-°M and under a uniform integrable relative

reconstruction error,

log Jy = O(log N) = o(N). (1274)

The inverse Jacobian obeys the corresponding lower bound. Hence an initial transverse set
whose measure and distance from the evaluation region have subexponential N dependence
remains subexponential after transport through the terminal overlap.
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Theorem 44 (Eulerian transverse/Jacobian estimate). Assume the finite-N reconstruction
(1266)—(1268) on a common terminal overlap, with

Te d
sup/ 5C,N(r)—r < 0. (1275)
N Jo r

Then the transverse flow is orientation preserving and there exist uniform constants cy,C'y >
0 such that

Te Te

cs <7>5/2 < Jn(ria) < Cy <7>5/2. (1276)

In particular, on polynomial critical paths all Jacobian losses are subexponential in N.

283. Consequence for the two-scale modulus

Part 51 proved that the genuine Lambert width contributes wy =< 272V L]_V?’/ . The only
new loss generated by the transported transverse family is algebraic by (1276). Therefore,
provided the entry cross-section, the outer/core distance dy, the scalar amplitude ratio
B> /Py, and the geometric ratio 74 y/r_ y have at most polynomial (more generally
subexponential) growth, (1250) becomes

sup O3, (X) < 272V exp(o(N)). (1277)
X
Hence
sup sup Oy, (X) — 0. (1278)
1<a<1+§ XEOy

This closes the missing Jacobian part of the two-scale estimate under the explicit entry-set
and separation hypotheses just stated. It does not prove those hypotheses for an arbitrary
global Eulerian neighborhood; they are now isolated as finite-dimensional outer-overlap data
rather than an unknown characteristic Jacobian.

284. Exact simplification of the reconstruction remainder
Recall

CNt+CNZ b?\/’
— " L 2ANONC Ny 22—
O + 2ANONC N + An

For the active Eulerian reconstruction Cy = Cn(x,s) with s =t — 2z — 0, n,

rec

ree _ hy Chy (1279)

ON,t + CN,z =0. (1280)

Moreover Cly is independent of y in the displayed reconstruction, so Cn, = 0. Equivalently,
retaining the directional notation of Part 37,

b
e — oy XCy >0, X = AnO, + A—Nay. (1281)
N
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Using (834)(836),

_ 5064+ 1)
XCy < 0 R, er = ,
" " 2(6-p)
and 75
by =< 0*55, Pp=——-.
" 26— 5)
Therefore
12845
Rl}\efc = Crec,N O 2(67&’ Crec,N > 0.

285. Comparison with the Riccati coefficient

The Lambert sensitivity has the form

FN = gNVQ, 9N ,a >0

and the exact characteristic map gives

Hence

Y

14847

2 o T 306=
Inby < congnao 27

Subtracting the powers in (1284) and (1287) gives
1484+7—(128+5) [B+1

2(6 - p) S 6-8

Consequently

'Qﬁ>0.

rec q
RN ols

FNb?\[ dN,a

S Crec_<1 + 0(1))'

(1282)

(1283)

(1284)

(1285)

(1286)

(1287)

(1288)

(1289)

This is the precise coupled-limit condition hidden by a fixed-N exponent comparison. At
each fixed finite NV, the ratio tends to zero as o | 0. Uniformly in N it tends to zero along

every path satisfying

ap
On

9N«

— 0.

286. The forcing term relative to the Riccati scale

(1290)

Assume, as in the scalar core-tail audit, that the forcing profile is uniformly bounded on the

terminal overlap,

|G| < G..
Since Cy =< 079, (1287) gives

2|CnG ma
| N2N| SOGU
I‘Nb]\[ 9N ,a

<1+0<1))7 mg :

128 +5

2(6 - p)

> 0.
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Because

M — 5 = 108+ 3

26 p)

the reconstruction remainder is the slower-decaying of these two normalized errors. Thus
the single condition (1290) implies both

>0, (1293)

Twb%

2|CnG N

0
s Thb

0, (1294)

provided 0 < oy < 1 and the coefficient prefactors are uniformly bounded. In particular,

rec __ 4ap
RY 2§NGN < 02N 4 o(1). (1295)
FNbN gN,a

287. Uniform Riccati lower inequality on the terminal overlap

Choose any ¢ € (0,1). If the coupled terminal path is chosen so that for all sufficiently large
N

0.‘16
CH <1—¢ (1296)
9N«

then (1295), after shrinking the terminal overlap if necessary, gives
RYC—2CNGy < (1 —¢)Tnb,. (1297)

Together with the positive finite- N fractional block certified in Parts 46-50 and the two-scale
persistence (1278), the exact scalar equation therefore yields

by > cT b2 (1298)

Thus the signed remainder estimate requested after Part 51 closes on every coupled path
satisfying (1290), subject to the explicit uniform coefficient, entry-set, and separation as-
sumptions of this part.

288. What is still required for actual finite-time blow-up

The reciprocal comparison now gives

1 < 1
by(t) — bn(

Accordingly finite-time blow-up follows if the accumulated Riccati coefficient crosses the
reciprocal entry amplitude:

i c/te 'y (7)dr. (1299)

1
by (te)

The present calculation has proved the missing Jacobian estimate and the relative recon-
struction/forcing estimate only under the displayed terminal overlap hypotheses. It has

(1300)

Tn
c/ Cn(r)dr >
te
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not proved (1300). Moreover, because I'y = gnyao/s and § = 1 — by, the time integral in
(1300) must be evaluated along the actual accelerating characteristic; it cannot be replaced
by a formal [ds/s without the factor dt = ds/(1 — by). This is the next decisive scalar
calculation.

Theorem 45 (Conditional closure of the two missing scalar estimates). Fiz 1 < a <1+
and 0 < 8 < 2. Assume the uniform terminal profile bounds used in Parts 38—41, the domi-
nance and error condition (1275), subexponential entry geometry and outer/core separation,
bounded forcing (1291), the finite-N positive fractional sign, and the coupled path condition
(1290). Then

rec R — 208G
sSup N,a(X) — 0, = T bQN =
X NYN

0, (1301)

and for every fized ¢ € (0,1) the terminal overlap can be chosen so that

by > cI'nb. (1302)

The theorem is a conditional finite-N /coupled-limit closure of the two estimates requested
after Part 51; it is not yet an unconditional finite-time blow-up theorem because the integral
threshold (1300) remains to be proved.

289. Updated scalar proof ledger

The scalar-only status is now

transverse variational equation: exactly derived,

terminal Jacobian distortion: Jy = (re/r)*? under (1275),

two-scale modulus: closed under subexponential entry/separation data,
reconstruction remainder/Riccati ratio: O(0% /gy 4),

forcing/Riccati ratio: O(0™8 [gna),

Riccati lower inequality: closed under (1290),

finite-time threshold: still requires evaluation of f ['ydt.

(1303)
The next scalar calculation should therefore evaluate the accumulated coefficient in (1300)
using § = 1 — by and the already established terminal profile, rather than assuming that the
logarithmic singularity of I'y = gn.o/s is automatically nonintegrable in physical time.

109 Part 52: Exact physical-time audit of the accumu-
lated Riccati coefficient

290. The threshold integral in the phase variable

We now evaluate the quantity left open in (1300). Along the terminal characteristic the two
exact identities are
Tn(t) = 252 () = 1— by(b). (1304)



On the large-amplitude branch by > 1, s decreases as physical time increases. Therefore, if
se = s(t.) and s = s(t) < s, then

/te In(7)dT = gna /:e —f [bN(dg) Y (1305)

This is the exact physical-time formula. The factor (by —1)~! is the factor which was absent
from the formal logarithmic argument.

291. Two-sided terminal profile bounds make the integral finite

Assume the terminal profile bounds already used in the preceding characteristic analysis: for
some 0 < § < 2 and positive constants B_, B, independent of the terminal phase,

B_¢& P <by(6) <BLEP, 0< &< s, (1306)

Shrink s, so that B_se_ﬁ > 2. Then

1 B_
bn(§) =12 5bn(§) 2 —-¢77, (1307)
and (1305) gives
T 9
0< / In(t)dt < IN o s9 < oo0. (1308)
te B_pj

Thus the singular factor 1/s in I'y is integrable in physical time once the accelerating char-
acteristic law is included.
If the sharper asymptotic

by(s) = ByEFyns (14 0(1)) (1309)

holds, then dominated asymptotics in (1305) yield

Tn
dN,a B
In(t)dt = —————5s.(1+0(1)). 1310
[ Tt = e o) (1310
At entry,
! ! s2(1 4 o(1)), (1311)

by(te) BnFon
so the ratio appearing in the reciprocal threshold is

C/TN FN(t) dt cg
i/bN(te) = B (1+o0(1)). (1312)

Consequently (1300) can hold asymptotically through this terminal interval only if

cona > B+ o(1). (1313)
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292. The Lambert coupled limit gives the opposite regime

The Lambert sensitivity estimates used earlier give gy = |S N k( N)\, with the global contrac-
tion bound
INa < Mg27HI), (1314)

Hence whenever k(N) — oo,
pp—) (1315)

For every fixed 8 > 0 and fixed ¢ € (0, 1), (1312) therefore implies

¢ / () di
by (72)

In particular, the proposed threshold (1300) is not merely unproved on this coupled terminal
regime: under the two-sided profile asymptotic and the Lambert contraction gy, — 0, it is
asymptotically false.

A version requiring only two-sided bounds follows from (1306). Since 1/by(t.) > /By,

(1308) gives
TN
Cydt
C/te N QCB+

1/bN(te) S B—B gN,a-

Thus (1300) fails for all sufficiently large N whenever gy, — 0 and the ratio By/B_ is
uniformly bounded.

— 0. (1316)

(1317)

293. Compatibility check with the Riccati lower inequality

There is a useful independent check. From

by >IN s=1—by <0, (1318)
s
division by the negative quantity s reverses the inequality:
de dN.« b?\/
— < —e—== = 1319
ds — ¢ s by—1 ( )
For by — oo this is
dlogby
< —cgno(l 1)). 1320
T, < —ean a1+ o(1) (1320)

A power profile by ~ Bs~? has left side —3 + o(1), so compatibility requires

B > cgna +o(1). (1321)

This is exactly opposite to the strict condition (1313) required for the reciprocal threshold.
Thus the terminal power profile and the Riccati lower comparison are mutually consistent,
but the lower comparison by itself is too weak to force the reciprocal to cross zero on the
same terminal interval.
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294. Finite physical time of the terminal power profile

The failure of (1300) must not be confused with a proof that the terminal profile cannot
blow up. If the two-sided profile (1306) is independently proved to persist all the way to
s = 0, then the exact phase law itself gives finite physical terminal time:

et /05“) # | (1322)

Using (1309),
Tv-t= 57 gt));;lFo,N (1+o(1)) )
Therefore S() ~ [(B+ 1) B Fo (T — ]1/5+), (1324)
and b (1) ~ (ByFo )+ (8 + 1) A0+ (T — ) =B/, (1325)

For the similarity value f = 2a — 1, this becomes

by(t) = (Ty — )"/ | (1326)

Thus a rigorously persistent terminal profile would itself imply finite-time scalar blow-up.
What remains to be proved is the persistence/existence of that profile for the actual finite- N
scalar PDE up to s = 0; it cannot be replaced by the failed integral threshold (1300).

Theorem 46 (Resolution of the integral-threshold question). Assume the two-sided terminal
profile (1306), by > 1, the exact phase law $ = 1 — by, and 'y = gnao/s. Then the
accumulated Riccati coefficient is finite and satisfies (1308). If in addition (1309) holds,
its sharp terminal asymptotic is (1310), and threshold (1300) is equivalent at leading order
to cgno > B. Consequently, on the Lambert coupled regime gno — 0 with fived 5 > 0,
threshold (1300) fails for all sufficiently large N. If the terminal profile is independently
known to persist to s = 0, then nevertheless s = 0 is reached in finite physical time and by
obeys the blow-up law (1325).

295. Updated scalar proof ledger

The corrected scalar status is

two-scale reconstructed modulus: closed under the hypotheses of Part 51,

signed reconstruction/forcing ratio: closed under (1290),

Riccati lower inequality: by > cI'Nb%,

physical-time [ I'ydt : finite and explicitly evaluated,

threshold (1300): fails when gy, — 0 with fixed g > 0,

finite-time scalar profile law: follows if terminal-profile persistence is proved,
remaining scalar gap: prove actual finite-/N profile persistence to s = 0.

(1327)
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The next scalar step is therefore not to seek a larger value of the integral in (1300). It is to
close a bootstrap which proves that the actual finite-N solution remains trapped between
two positive multiples of s all the way to the terminal endpoint, with the already audited
fractional, reconstruction, forcing, and transverse errors remaining subordinate.

110 Part 53: Two-Sided Terminal Persistence Audit
and the Coefficient-Matching Obstruction

296. Exact normalized equation for the proposed terminal profile

Part 52 showed that the reciprocal threshold (1300) cannot close the scalar argument in the
Lambert coupled regime. We now test the more decisive proposal

by(s) = Bys PFn(s), 0< F_ < Fy(s) < F, < oo, (1328)

all the way to s = 0. This test must be performed from the exact characteristic equation
rather than by assuming the desired power in the coefficient estimates.
Along the large-amplitude branch,

§=1—by <0. (1329)

Introduce the exact dimensionless physical-time growth coefficient

Si)N

Hy(s) = e (1330)

Since dby /ds = by /(1 —by), direct differentiation of Fy = B;,lsﬁbN gives the exact identity

legFN . HN<S)

=3f- —7 1331
dlog s 1—bn(s)! (1331)

No asymptotic approximation has entered (1331). It is the correct equation for a two-sided
terminal bootstrap.
Integrating between s and an entry point s. gives

Fu(s) = F(s) exp{— / ’ [ﬁ - HN—““)} @} . (1332)

1—bn(r)=t] r

Thus the persistence question is exactly a logarithmic coefficient-matching problem.

297. A rigorous sufficient persistence theorem

Define the matching defect
Hiy(s)

DN(S) = ﬁ - T(S)_l

(1333)
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Suppose by > 2 on (0, s.] and there is a nonnegative modulus wy such that

Se d
IDx(s)] < wn(s), / wn(r) L < M < 0. (1334)
0 r
Then (1332) immediately yields
Fn(se)e™ < Fy(s) < Fy(se)eM, 0<s<se. (1335)
Consequently
ByFn(se)e™™s™ < by(s) < ByFy(s.)eMs™, (1336)
If, more strongly,
Se d
/ D ()| = < oo, (1337)
0 r
then the integral in (1332) has a finite limit and
FN(S) — F(]’N € (O, OO) (1338)

This proves a genuine two-sided persistence theorem, but it also identifies the precise esti-
mate that must be verified from the scalar PDE: the matching defect must be integrable in
logarithmic phase measure.

A convenient sufficient specialization is

Hy(s)=B+0(s"),  by(s) =0(s"), >0, (1339)

which gives Dy(s) = O(s™™78}) and hence (1334)-(1338).

298. What the presently audited scalar equation actually gives

The exact scalar characteristic equation is

by = Db + G + 208G — RIS, Ty = 92al8) (1340)
Multiplying by s/b% gives the exact decomposition
Hy(8) = gna(s) + ®na(s) + Ex(s), (1341)
where o e
By als) = Sf;“a, Ey(s) = 20N R ). (1342)
N N
The Part 51 estimate
Rrec qs3 2 C G mpg
T o(T), A (o) o1
FNbN 9N« FNbN 9N«
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implies, on the coupled path (1290),

En(s) = o(gn.a(s)). (1344)

Indeed sI'y = gn -
For the already certified positive tangent fractional block, the terminal scalings used in
Parts 40-50 give, within a bootstrap in which (1328) and the corresponding s—o law hold,

SNa X vbyo . (1345)
Hence .
Dyo =0 (1346)
N

For the continuation exponent 5 = 2a — 1 and

_12-28  2(7—20)

= sPP, = , 1347
o= py= - (1347)
one obtains the exact exponent identity
4 2
1+6—ap5:%>0. (1348)

Therefore, subject to the same uniform coefficient bounds used in the fractional audit,

Dy als) = 0(54“2/7) — o). (1349)

The positive fractional sign is favorable for by, but in this normalization its contribution to
the exponent-matching quantity Hy is lower order.
Combining (1341), (1344), and (1349) yields

(Hy(s) = gna(s) + olgna(s)) + (1), (1350)

This is the decisive persistence audit.

299. Necessary coefficient matching and failure of the proposed
fixed exponent on the Lambert coupled regime

Suppose the desired stronger persistence holds:
FN(S) — F()’N € (O, OO) (1351)

Then (1331) shows that the logarithmic defect must have zero accumulated leading order.
In particular, if Hy(s) has a terminal limit Ay, then necessarily

hy = 8. (1352)
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More generally, if for some € > 0

' Hiy(s)

with one fixed sign for all sufficiently small s, then (1332) forces Fiy(s) either to 0 or to +oo.
Thus no two-sided trapping with a positive finite terminal amplitude is possible.
Now impose the Lambert coupled regime used in Parts 40-52. If
sup gna(s) — 0 (1354)

0<s<se

and the uniform versions of (1344) and (1349) hold, then

sup Hy(s) — 0. (1355)

0<s<se

For every fixed = 2ac — 1 > 0, the defect in (1333) therefore satisfies
Dy (s) = B +o(1) (1356)

on the coupled terminal overlap. Its logarithmic integral is not integrable toward s = 0:
Se d
/TWMﬂj:w. (1357)
0 s

Consequently the persistence criterion (1334) fails, and the proposed fixed-/ profile cannot
be proved from the present subordinate-error regime. Under the uniform limit assumptions
just stated, it is in fact incompatible with that regime.

This conclusion is consistent with Part 52. There the reciprocal threshold would have
required cgy , > 3, whereas the present exact normalized equation shows that persistence of
the exponent [ requires the stronger coefficient matching Hy — . If all non-Riccati terms
are lower order and gy, — 0, that matching is absent.

300. The exponent selected by a Riccati-dominant finite-NV regime

The obstruction does not say that every finite-/N scalar trajectory is bounded. It says that
the previously imposed exponent § = 2a— 1 is not selected by the currently audited Riccati-
dominant coefficient balance when gy , is small.

For example, suppose at one fixed finite NV that

INa(s) — gun >0, Oy a(s)+ En(s) — 0. (1358)

Then (1331) suggests the self-consistent exponent

(1350

not the externally imposed value 2a — 1. Indeed, defining Fy = W by, the exact analogue
of (1331) is N
dlog Fy Hy(s)

= - 1360
TN 1— ijl ( )

dlog s
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If the right side is logarithmically integrable, then
by (s) ~ Bys V. (1361)

Any rigorously established vy > 0 profile persisting to s = 0 would still reach s = 0 in finite
physical time, since

Ty —t =< s by(t) < (Ty —t) /0w, (1362)

But (1358), the positive lower limit g,y > 0, and the logarithmic integrability needed for
(1360) are new statements; they have not yet been proved uniformly from the finite-/V
Lambert construction.

Theorem 47 (Terminal persistence criterion and obstruction for the current fixed exponent).
Let by > 1 solve the ezact scalar characteristic equation (1340) on (0, s.|, and define Hy
by (1350). For any 3 > 0, the profile by = Bns P Fy satisfies the exact identity (1331). If
the matching defect (1333) obeys (1334), then the two-sided trapping estimate (1336) holds;
if (1837) holds, then Fy converges to a positive finite limit. Conversely, if the defect is
eventually separated from zero with one sign, then such a positive finite terminal amplitude
is impossible. In particular, under the uniform Lambert coupled assumptions (1354), (1344),
and (1349), one has Hy — 0, so a fized exponent f = 2a— 1 > 0 cannot satisfy the required
coefficient matching.

301. Corrected scalar proof ledger and the next non-circular prob-
lem

The attempted persistence proof therefore produces a structural correction:

exact normalized profile equa- proved in (1331),

tion:

two-sided persistence criterion:  proved in (1334)—(1338),
fractional exponent contribu- 0(540‘2/ ™) in the current bootstrap,

tion:

reconstruction/forcing contribu- o(gy ) under (1290),

tion:

required fixed-$ matching: Hy — B,

current Lambert coupled bal- Hy — 0 under (1354),

ance:

fixed f = 2a — 1 persistence: not closed; incompatible with the stated
uniform subordinate-error assumptions,

next scalar problem: derive the exponent from the exact

finite-N coefficient balance.

(1363)
Thus one must not use the power law by = s~*~Y as an input to prove the same power law.
The next non-circular route is to analyze Hy(s) directly from the exact finite-N Lambert
coefficients, without assuming a terminal exponent, and determine whether it has a positive
limit or a positive logarithmic average. Only after that coefficient is derived can a terminal
power and the corresponding finite-time scalar blow-up law be claimed.
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111 Part 54: Exact Fixed-N Terminal Lambert Sen-
sitivity and the Exponent Selected by the Scalar
Balance

302. Fixed finite N must be taken before the coupled limit

Part 53 reduced the non-circular scalar problem to the terminal behavior of

Sni(s) = s0s1log Ani(s), gn.a(8) = [Snw)(s)]. (1364)

We now keep N < oo fixed. Then ky := k(N) is one fixed finite integer. The actual branch
coordinate from Part 48 satisfies, on the positive side of the finite-N Lambert branch point,

Ano(s) = ans(1+ On(s)), an = Riy(0.n) > 0, (1365)

where s = 0 — 0, n after choosing the orientation for which Ay, > 0. In the revised
regularization,

ay ~ V2 LY. (1366)
Consequently

SN,O(S) =1 + ON(S). (1367)

This fixed-N statement is different from the later coupled estimate |Sy (n)| < 27KV Sy o)
at fixed N there is no limit in which ky is sent to infinity while s | 0.

303. Exact recurrence and its branch-point limit

Recall the exact renormalized Lambert map
Anjn = F(Any),  F(A) =14+ Wo(—e17%), (1368)

and the exact sensitivity recurrence

Al —
SN,j—i—l = A(ANJ‘)SN’]‘, A(A) = %, q = .F(A) (1369)
The branch expansion
2
¢=V20 - A+ O(A%?) (1370)
gives
1
AA) =5+ O(AY?) (A ]0). (1371)
For every fixed j the same expansion gives
Avy(s) = Cylaysy” (1+0n(s*7)), ¢ =227, (1372)
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with the convention Cy = 1. Hence
1 9—(j+1)
A(Ay;(s)) = 5 +O0n (s ). (1373)

Iterating (1369) only a fixed number ky of times and using (1367) yields

Sy (5) = 27 |14 O (s*™) | (1374)

In particular the terminal limit exists and is strictly positive:

Ge N = liﬁ)lgN@(s) =27M >, (1375)

Moreover the convergence is logarithmically integrable:

Se d
/ lgnals) — 270 22 < o0 (1376)
0 S

after decreasing the fixed-/N branch neighborhood if necessary. Thus the positive lower limit
requested in (1358) is not an additional Lambert nondegeneracy hypothesis at fixed finite
N; it follows from the actual branch expansion and the exact sensitivity recurrence.

Theorem 48 (Exact fixed-N terminal Lambert sensitivity). Fiz N < oo and a finite Lambert
depth ky. On the real positive side of a simple branch point for which (1365) holds, the exact
renormalized Lambert cascade satisfies (1374)-(1376). In particular

lii[r)lsﬁs log Ay iy (s) = 275, (1377)

304. What this proves for the Riccati part of the scalar equation
The exact scalar normalized coefficient from Part 53 is
Hy(s) = gna(s) + Pnals) + En(s). (1378)
If the last two terms were logarithmically integrable errors, then (1374) would give
Hy(s) = 27" 4+ On(s™) (1379)

for some ny > 0, and the persistence theorem of Part 53 would select

v =27, (1380)

Indeed _
by(s) = Bys ™(1+0(1)) (1381)

would then be the exponent generated by the Riccati/Lambert coefficient itself, rather than
an exponent inserted in advance. If (1381) persisted to s = 0, the exact characteristic law
would give

TN —t= SH_'YN, bN(t) = (TN — t)_VN/(HJYN). (1382)

Thus the Lambert part alone does select a positive finite-N candidate exponent.

346



305. Re-audit of the fractional term at the newly selected exponent

It is essential, however, not to declare (1381) proved before checking the fractional term with
this new exponent. The geometric characteristic calculation for a general tentative power
by =< 577 gives

1228

o= sP8, pp=—— (1383)
The normalized fractional contribution has the scale
Do = Sg;““ = V99 B (1384)
where
7T—12a+ (74 2«
E.(B) =148 —aps = 7< )6. (1385)
Therefore the fractional term is lower order in the normalized coefficient only if
1200 — 7
> Ptrac y rac = . 1386
B> Brac() Btrac () 1% ( )
At the anchor
5
Bfrac(l) = § (1387)
For every ky > 1,
1 5
YN = 2_kN S 5 < 5 = 6frac(1)> (1388)

and the strict inequality persists for « in a sufficiently small right neighborhood of 1. Hence,
in the depth regime relevant to the renormalized construction,

Eo(yw) <0  (ky>1, am1). (1389)

Thus @y, is not a subordinate error at the Riccati-selected power s~ ; according to the

currently audited scaling it becomes larger in the normalization Hy. This prevents us from
promoting (1380) to a proved terminal exponent for the complete scalar equation.

306. The fractional-critical candidate and the amplitude matching
equation

Equation (1385) identifies the only power at which the leading fractional block can remain
of the same normalized order as the Riccati coeflicient:

1200 — 7
74+ 2a

B = Brac(ar) = (1390)

At this exponent E,(3) = 0. If the complete finite-N fractional coefficient has a positive
terminal constant

SNa =Vhyabyo (1 +0(1)), Hna > 0, (1391)
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and

o= RysP”(1+0(1)), by = Bys P (14 o(1)), (1392)
then
oRN"
Dy ols) — Yonaly” (1393)
By
The exact coefficient-matching condition Hy — [ would consequently become
oRy"
Brrac(a) = 275N + YonaRy” : (1394)
By
up to any other nonvanishing normalized terminal terms. Formally this gives
VhN aﬁj_\fa
By = : . 1395
N Bfrac(a> - Q_kN ( )

For ky > 1 and « sufficiently close to 1, the denominator is positive by (1388). Thus the
complete balance has a plausible positive amplitude rather than a sign contradiction.

But (1391) has not yet been certified for the new exponent (1390). The signed fractional
audit in Parts 46-50 was carried out for the previous continuation exponent, so its Mellin
coefficient and geometric powers must be recomputed at Bgac.(a) before (1394)—(1395) can
be used as a theorem. This is the next non-circular scalar calculation.

307. Order of limits and reconciliation with the coupled contraction

There is no contradiction between (1375) and the coupled result gy, — 0. The two limits
are

lim liiglg]\@a(s) = lim 27 =, (1396)

N—oo N—o0

when k(N) — oco. At every fixed finite N, however,

lim INals) =27 > 0, (1397)

The fixed-N terminal coefficient is therefore positive but degenerates as N — oo. This
precisely explains why Part 53’s uniform coupled limit lost the positive exponent while the
fixed-N calculation recovers one.

Theorem 49 (Fixed-N coefficient selection and remaining fractional obstruction). For every
fized finite N and finite ky, the actual Lambert sensitivity has the positive terminal limit
Gen = 278N with logarithmically integrable error. Hence yy = 27" is the exponent selected
by the Riccati/Lambert part of the scalar equation. For kx > 1 and a in a sufficiently small
right neighborhood of 1, however, the presently audited fractional scaling is not lower order at
that exponent. The complete scalar balance instead points to the fractional-critical candidate
Brrac(@) = (12a¢ = 7) /(7 + 2a0) and the amplitude matching condition (1394). A finite-time
scalar blow-up theorem therefore requires a new signed fractional coefficient calculation at
this exponent and a logarithmically integrable persistence estimate for the resulting matched

profile.
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308. Updated scalar proof ledger

The fixed-N audit gives the following sharpened status:

Sy, at the simple branch point:
fixed-N Lambert sensitivity:
positive fixed-N limit:
Riccati-selected candidate expo-
nent:

fractional term at y:
fractional-critical exponent:
complete amplitude matching:
finite-time scalar blow-up:

1+ON(8),

Snky = 2781 4+ On(s2™)],
g«,N = 2_kN > O,

v = 27kN,

not subordinate for ky > 1, a =~ 1,
6frac = (120& - 7)/<7 + 2@),

conditional formula (1394)—(1395),

not yet proved; requires signed frac-
tional certification and persistence at

/Bfrac .

(1398)

The next calculation is therefore sharply determined: recompute the complete signed finite-
N fractional coefficient for the general exponent (3, evaluate it at Bgac(), and test whether
the amplitude in (1395) is positive and whether the remaining matching defect is integrable
in ds/s. That calculation, rather than the Lambert sensitivity itself, is now the decisive
scalar obstruction.

112 Part 55: Complete Signed Fractional Coefficient
at the Derived Critical Exponent

309. Recompute the complete tangent coefficient for arbitrary [

We now perform the calculation requested at the end of Part 54 without reusing the special-
ization = 2a¢ — 1. Assume only the self-consistent characteristic scaling of Parts 38-39,

~ 5 ~ 7
b () ~ Bxo P, P = 2(6—% 0<p<2 (1399)
Put r = y/o. The square-root reconstruction
b
uy N = \/ —2xbn, Uz N = —%
has tangent powers
uy n ~ canr 4B, Uy ~ cunT VP (1400)
where
1 1
M) = 2T MolB)= -1~ s (1401)
For F(A+1)0(2a — A
Kf(\) = (A+ DI2a =) sin(m(a — ), (1402)

A
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the product/commutator cancellation from (865)-(867) is algebraic and does not require the

old value of 8. Consequently the complete leading fractional block is

S"N,a

by

= —vHy(B)o™" +o(c™?),

with

1 1
1(3) = 11 (—5 - 9) + K1 (5.

Thus the signed positive fractional coefficient is

ba(ﬁ) = _Ha(ﬁ)'

(1403)

(1404)

(1405)

The finite-NV certification requires, as before, that the actual geometric/nonlocal remainder
be o(c~%) relative to by. Equation (1403) is the exact Mellin tangent coefficient; that

remainder condition is logically separate.

310. Exact simplification at the fractional-critical exponent

Set 19 .
O{ J—
Bel) = 7T+ 20
A useful cancellation occurs:
49 R 1200 — 7
6_56_7_’_20[7 pﬁc_ 14 .
Therefore
(167 (16
/\U(Oé7ﬁc) = _77 )\A(aaﬁc) =1- 7

The complete coefficient at the derived exponent is consequently

7 7

H;rit — K@T (_6_04) 4 K;r (1 - 6_04) 7 hzrit — _ngit.

This is the requested general-« signed coefficient.
At a=1, K{(A\) = =A(A —1). Hence

Kfr _§ :_7_87 Kf 1 :£7
7 49 7 49

) 79 .
mm:—E<Q ot — = > (.

and therefore
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Thus the complete tangent fractional block is strictly positive at the critical exponent:

3N1 72 1 1
—_ = — ) 1412
b 491/0 +o(c™) ( )

Because the two arguments in (1409) and the analytically continued Mellin coefficient vary
continuously with a away from Gamma poles, there are . > 0 and hey > 0 such that,
after shrinking the continuation interval if necessary,

HE > A > 0, 1 <a <1+ Guit (1413)

No explicit decimal value of d.; is asserted without a certified interval evaluation of the
Gamma factors.

311. The amplitude equation must include the dependence of Ky
on amplitude

There is a correction to the formal formula (1395). The characteristic constant Ky is not
independent of the terminal amplitude. Write the physical leading amplitude as

by (s) = Bns (14 o(1)). (1414)

Equation (828) gives

47
V2
Ay =Ce. BT, Cpi= 1415
VOB S G ) —
At the critical exponent the normalized fractional term therefore has the limit
Do — vhECGOBTT (1416)

Together with the fixed-N Lambert limit g, y = 27V, coefficient matching Hy — 3. be-
comes

Be —27h = ppeitogeB R, (1417)

Thus, whenever

Be(a) > 27*, (1418)

there is one and only one positive matched amplitude,

7/(T+20)

critc—a
BN:[ Vb C (1419)

Be(a) — 27kn

At a =1, . =5/9 > 1/2, so (1418) holds for every ky > 1; by continuity it continues to
hold on a sufficiently small right neighborhood of o = 1.
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312. Logarithmic persistence of the matched profile

Return to the exact identity from Part 53,

d log FN HN(S)
— =, 1420
dlog s P 1 —by(s)! ( )
The fixed-N Lambert calculation gives
gna(s) =275 4 O (2 ™), (1421)

Suppose now that the finite- N fractional certification at the new exponent is sharpened from
o(1) to a positive-power remainder,

3:N,a

b

= vhIM o™ (14 On(s")), np >0, (1422)

and that the characteristic reconstruction and the normalized reconstruction/forcing errors
satisfy

o= Cp By 5" (14 O0x(s")),  En(s) = On(s"™), (1423)
for some 71,1 > 0. Since by = O(s™), equations (1417) and (1420)(1423) give
dlog F o
%gsjv =On(s™), gy = min{27™, np, 0y, 15, Bc} > 0. (1424)
Therefore el dlog Ful d
/ O8NS o, (1425)
0 dlogs | s
and the persistence lemma of Part 53 yields
FN(S) — FO,N S (0, OO)7 bN(S) ~ BNS_ﬁC. (1426)

This is a genuine conditional persistence theorem. What remains to make it unconditional
is the positive-power finite- NV remainder estimate (1422)—(1423) for the actual reconstructed
fields at the newly selected exponent. A mere o(1) remainder is not sufficient for logarithmic
integrability.

313. Consequence for finite physical time

If the hypotheses of the preceding persistence result are established, then 5. > 0 for o > 7/12,
in particular throughout the continuation interval near o = 1. Since $s = 1 — by,

B s(t) d¢ S(t)6c+1
TN—t—/O (6 1 (ﬁc"’l)BN. (1427)

Hence the terminal point occurs in finite physical time and

b (t) ~ By Pt (B, + 1)~ 5/ Gt D (T — )= Fe/ Bt D), (1428)
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Using (1406), the time exponent simplifies to

e 1207
14+68,  lda

(1429)

Thus the complete signed tangent coefficient and the nonlinear amplitude matching are
favorable. The remaining obstruction is no longer a sign or amplitude obstruction: it is the
quantitative positive-power remainder needed to justify (1422)—(1423) for the actual finite- N
nonlocal and reconstructed scalar equation.

Theorem 50 (Critical signed coefficient and conditional matched persistence). Let ky > 1
be fized and finite and let o lie in a sufficiently small right neighborhood of 1. For 5. =
(12a — 7) /(7 + 2a), the complete Mellin tangent coefficient is given by (1409), with bH* =
72/49 > 0 and hence b > 0 after shrinking the continuation interval. Accounting for
the amplitude dependence of the characteristic constant gives the unique positive amplitude
(1419). If, in addition, the actual finite-N fractional, characteristic, reconstruction, and
forcing remainders obey the positive-power estimates (1422)—(1423), then the matching defect
is integrable in ds/s, the profile persists as (1426), and the scalar by becomes unbounded at
a finite physical time with rate (1428). Without those positive-power remainder estimates,
the last persistence and blow-up conclusion remains conditional.

314. Updated scalar proof ledger

General-f complete tangent coeffi-  H,(f) in (1404),

cient:

critical exponent: Be = (1200 = 7) /(7T + 2a),

critical tangent powers: Av = —6a/7, g =1—6a/7,

anchor signed coefficient: hsrit = 72/49 > 0,

near-anchor sign: strictly positive after shrinking .,

fixed-N Lambert limit: g« N = 2 kN > (),

matched amplitude: unique positive value (1419) for 5. >
9—kn

logarithmic persistence: proved under positive-power remain-
ders (1422)-(1423),

finite-time scalar blow-up: follows conditionally from that persis-
tence,

remaining scalar obstruction: prove (1422)-(1423) for the actual
finite-N fields.

(1430)
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113 Part 56: Positive-Power Remainder Audit at the
Matched Critical Exponent

315. Purpose and the distinction between what can and cannot be
closed

We now test the three positive-power statements left open in (1422)-(1423), with

1200 — 7 12 — 28,
— B.(a) = , p = pg, = 1431
§=fule)im ot pm s = (1431)
A direct simplification gives
14
. = > 0. 1432
b 7+ 2a ( )

The audit must be non-circular: estimates obtained previously after assuming Fy — Fy n >
0 may be used inside a bootstrap, but they cannot by themselves establish that convergence.

The outcome is asymmetric. The reconstruction/forcing error admits an unconditional
positive power once the two-sided terminal bootstrap holds. The characteristic law admits
a positive-power improvement coupled to the profile modulus. The complete fractional re-
mainder, however, is not yet controlled by the existing estimates all the way to s = 0 at
fixed N. The obstruction is the order of the fixed-N terminal limit relative to the actual
Lambert inner width. This distinction is essential for the proof ledger.

316. The reconstruction/forcing term has an explicit positive power

Recall O e
En(s) = g = >7 Iy = LEIC (1433)
by 5
Equations (1289) and (1292) imply, at every fixed finite N,
REe ” 2|CnGy]| .
= - = m 1434
Fo = Ove™), AP 0y (1434)

because gy q(s) — 27%¥ > 0. Multiplying by sI'xy = gy therefore cancels the apparent g~
loss and gives

|En(s)] < Cn (0% 4 0™). (1435)

Here B+1 128 + 5
=" my=—2T° > qs> 0. 1436
=63 5= 36-7) 8> 4p (1436)

At B = . one obtains the exact simplifications

2a 4o

QC:7> chc:7+2a-

(1437)
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Consequently, on any two-sided characteristic bootstrap o < sP¢,

4o
= > 0.
7+ 2«

En(s) =On(s"),  ng (1438)

Thus the third estimate requested in (1423) is genuinely available at fixed V; it is not merely
an o(1) statement.

317. Quantitative characteristic reconstruction and its bootstrap
exponent

The exact finite-N characteristic estimate (900) is
0% < On(Qr(s) + s + o +e5(s)). (1439)
After integration, (903) gives
o(s) = Cch?\,/%pc [14 On(Qr(s) + 5% + 0 +e5(s))] - (1440)
Suppose temporarily that the profile bootstrap has a positive modulus
Qp(s) < Mys" (1441)
and that the explicit continuity-reconstruction error satisfies
£5(s) = On(s"), ne > 0. (1442)

Using o =< sP¢ on the bootstrap interval, (1440) yields

o(s) = CBCB]QV/%“ (1 + ON(S%))7 (1443)
where
N = min{n, Be, pe, et > 0. (1444)

This is a quantitative improvement, but it is coupled to the profile modulus 2r. Hence
(1443) is suitable for a bootstrap closure; it is not an independent proof of persistence.

318. Positive powers already present in the local geometric opera-
tor

The geometric fractional reduction from Part 35 has a quadratic metric remainder. In the
intrinsic variable r = /o,

LE(r°Glogr)) = r " [MoG + Qu, G|,  Qap=0(?). (1445)
Therefore its local relative error is

O(r?) = O(0) = O(s"), (1446)



which is a genuine positive power. Likewise, the fixed-N Lambert sensitivity has
Inals) =27 + On(s> ™). (1447)

Thus two natural positive exponents are already available:

Ngeo = Des Miam = 27N, (1448)

If the complete finite-N fractional block were represented on one common terminal chart by
the Mellin tangent plus only these local corrections, then one would obtain

SN,oa

3 _ l/[];ritO'_a (1 + ON(SmiH{ch_kNJ]})) . (]_449)
N

The remaining question is whether the actual nonlocal reconstructed operator has exactly
this common-chart property at fixed N as s | 0.

319. The fixed-N Lambert inner scale prevents promotion of (1449)
from the existing core—tail audit

The actual finite-N Lambert layer has phase width
wy =< 272VLE% 5 0 (1450)

for every fixed N. The core-tail estimates of Parts 48-50 certify that this layer is negligible
on an outer path satisfying a separation condition of the form

5> wy (1451)

(or, in the squared geometric comparison, a corresponding separation from opam ). At fixed
N, however,

si0 = s/wy 0. (1452)

Thus the terminal limit required by logarithmic persistence eventually enters the actual
Lambert inner layer. Exponential smallness of wy in N does not remove this issue when N
is held fixed first.
Accordingly, the previously proved separated-support estimate does not imply an esti-
mate of the form
Fna/by = vha™(1 4+ On(s")) (1453)

for all sufficiently small s at that fixed N. The order of limits is crucial: an estimate uniform
on polynomial N-dependent outer paths is not a fixed-N asymptotic through the inner core.

This is not a sign reversal. It is a missing asymptotic matching theorem for the complete
nonlocal operator in the inner Lambert chart.
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320. What must be proved in the inner chart

Introduce the genuine inner coordinate
s
E=—. (1454)
wWN
For fixed N the desired result would follow from an inner expansion of the complete recon-
structed fractional block of the form

3N,a —a cri in
o [o 4 R (6], (1455)
with .
|RN (&, 8)] < Cns™  uniformly for 0 < & < &, (1456)

and with matching to the outer coefficient as & — oo. Neither the weighted geometric
estimate O(r?) nor the separated core-tail estimate proves (1456), because the complete
operator samples both the Lambert phase and the independent y-geometry.

A rigorous proof therefore requires one of the following equivalent pieces of new informa-
tion: an exact inner spectral calculation for the finite- N reconstructed fields, or a two-variable
pseudodifferential expansion whose remainder is uniform through s ~ wy. No such estimate
has yet been derived in the manuscript.

321. A closed bootstrap theorem conditional only on the inner
fractional estimate

The preceding audit nevertheless reduces the persistence problem to one precise missing
estimate. Assume (1455)-(1456) for some np > 0 and assume the explicit continuity error
(1442). Set

. _ 4o
Ty 1= 1IN {2 kNu nr, N, 507]?07 m} > 0. (1457)

Choose a bootstrap exponent 0 < n < 7,. Equations (1438), (1443), (1447), (1455)—(1456),
the amplitude identity (1417), and by' = O(s%) then give

dlog Fy
———| < Cys". 1458
dlogs | — e ( )
Integrating from s to s, yields
C
| log Fiv(s) — log Fi(se)] < —Xs7, (1459)
n

and, after choosing s, sufficiently small, improves the assumed bound (1441). Standard
continuity of the bootstrap therefore gives

Fy(s) = Fon(1+ On(s7)), Fon € (0,00). (1460)

Substitution into (1443) then gives the requested positive-power characteristic law, and
(1438) supplies the requested Ey estimate. Thus the persistence proof closes once and
only once the inner fractional estimate (1456) is supplied.
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Theorem 51 (Positive-power audit at fixed finite N). Let N and ky > 1 be fized and let
« lie in the continuation interval where h® > 0 and B. > 27*¥. On the matched terminal
bootstrap, the normalized reconstruction/forcing term satisfies the unconditional positive-
power estimate

En = ON (84a/(7+2a)> )

The ezact characteristic reconstruction has the positive-power form (1443) whenever the pro-
file modulus and explicit continuity error have positive powers. The local geometric fractional
remainder contributes the positive power sP and the Lambert sensitivity contributes §2
Howewver, the existing separated Lambert core—tail audit does not control the complete non-
local fractional remainder through the fixed-N inner region s < wy. Therefore the estimate
(1422), and hence unconditional logarithmic persistence and finite-time scalar blow-up, can-
not yet be claimed. If the inner estimate (1456) is established with any ng > 0, the bootstrap
closes and yields (1460), followed by the finite physical-time law (1427)-(1429).

322. Corrected proof ledger and next decisive calculation

E positive power: proved, ng = 4a/(7 + 2a),

characteristic o positive power: proved inside the profile/continuity
bootstrap,

local geometric fractional error: O(s%), p. = 14/(7 + 2,

fixed-N Lambert sensitivity error: ~ Oy(s2 ™),

outer Lambert core—tail error: negligible only while separated from
the inner layer,

fixed-V limit s | 0: eventually enters s < wy,

complete fractional positive-power mnot yet proved through that inner

estimate: layer,

logarithmic persistence: closes if the inner estimate (1456) is
proved,

finite-time scalar by blow-up: remains conditional on that single in-
ner fractional matching step.

(1461)

The next calculation is therefore more precise than the statement at the end of Part 55:
compute the complete reconstructed fractional operator in the inner variable £ = s/wy,
prove uniform matching of its signed coefficient to Hh=* and obtain a remainder Oy(s"F).

The reconstruction and characteristic positive powers no longer constitute the principal
obstruction.
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114 Part 57: Genuine Inner-Lambert Fractional Oper-
ator and the Failure of Constant-Coefficient Match-
ing

323. Purpose

Part 56 reduced the fixed-V persistence problem to the inner estimate

SN,a
by

=vo b3 + RY.] N =On(s"). (1462)

We now compute the leading operator in the genuine Lambert coordinate

¢ = wi (1463)
N

at fixed finite V. The calculation shows that (1462) is not the correct inner asymptotic. The
sign at the anchor remains favorable, but the inner Lambert singularity generates a different
power of s. Consequently the outer coefficient h® cannot be matched to the inner region
by a positive-power relative error of the form assumed in Part 56.

324. Exact fixed-N inner Lambert power
Let ky = k(N) < oo be fixed and put

pn =27 € (0,1/2]. (1464)
From (1139)—(1141), for bounded positive &,
ANy (5) = Dy (14 On(EPY)), (1465)

where Dy > 0 is independent of s. The exact characteristic invariant used in Part 49 is

1

ANy = Kngve™ ™, IN =3 (1466)
N
Since gy — 0 as Ay, — 0, inversion gives
K
by = 3 Y (14 O(Any)). (1467)
Nky
Therefore, at every fixed finite NV,
by(s) = BRs ™V (14 On(sPY)), (1468)

where the factor wi¥ has been absorbed into the positive constant BY. This is the genuine
pointwise inner Lambert law. It is not the outer critical power s~? unless the two exponents
happen to coincide.
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325. Reconstructed velocities in the inner phase chart

Keep the independent geometric variable z in a compact set on which
0<c¢y <|x(z) <Oy < 0. (1469)

This hypothesis is only for the present phase-inner calculation; the separate approach to
x = 0 remains governed by Parts 50-51. The exact reconstruction

b
Up =\ | ——~,  u, = \/—2xby (1470)

2Xx
then gives
Uy (5, 7) = ag(2)s PN/ (1 + On(sPV)) wy(s,2) = a,(x)s PV (1 4+ On(sPY)), (1471)
with |
az(x)ay(x) = By. (1472)
Because s = t — z — 0, is affine in z, the phase-direction part of (—A)* has exactly the
one-dimensional Mellin scaling. For the model power si,
(=0ss)*s = KF(\)s* 2, (1473)

Thus the singular phase contribution to the complete fractional block

Sna = =V [uy(—A) Y uy + uy(—A) ] (1474)
is
I = WK} (—%) BRs PN T2 (1 4 Op(sPY)). (1475)

The derivatives falling only on the smooth z-dependent factors in (1471), as well as smooth
torus tails separated from the phase singularity, carry at most the amplitude s~ and
are therefore lower than (1475) by the positive factor s** on the region (1469). Mixed
pseudodifferential corrections have strictly lower phase order and can be absorbed into a
positive-power remainder after localization away from y = 0. Hence the phase singularity
determines the leading inner order.

Dividing by (1468) gives the genuine inner normalized law

T ey ST T
N

for some positive local exponent 7;, bounded above by py and by the localization /pseudodifferential
remainder exponent. Formula (1476) is the correct inner replacement for (1455).
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326. Signed anchor computation

At a=1,
Kf(\) ==X\ —1). (1477)
Taking A = —py /2 gives
K+ <—p—N) _ v (1 p—N) 1478
and therefore
in PN
=y (1 + 7) > 0. (1479)

For each fixed finite N, continuity in o consequently yields a number 6% > 0 such that

N >0, 1<a<1+0y. (1480)

Thus entry into the genuine Lambert layer does not reverse the fractional sign at the Lapla-
cian anchor. What changes is the homogeneity.

327. Why the Part 56 matching ansatz cannot hold

The desired outer law was proportional to o~.

corresponding to the inner Lambert power S = py,

If one inserts the characteristic scaling

12 -2
o(s) < sPry, Dpy = TPN, (1481)
then
o7 = gTe12=2n)/T, (1482)
The actual phase-inner operator instead has s72%. Their quotient is
—2«
8 o g—20+a(12-2pN)/7 _ ¢—2a(l+pn)/T (1483)
O-—Oé
Since py > 0, the exponent in (1483) is strictly negative. Hence
o/b
Sna/by 41 (s10, N fixed). (1484)
thmg—a

In fact its magnitude grows like a negative power of s, provided both coefficients are nonzero.
Therefore no estimate '
Ry, =On(s"),  nr >0, (1485)

can repair (1455). The obstruction is not lack of technical precision: the leading inner
homogeneity is different.
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328. Consequence for the normalized scalar balance
Recall _
SbN
bN

For a tentative power by =< s~7, the phase fractional term (1476) contributes to Hy at order
s
s B < s (1487)
N

Thus the phase fractional term is lower order only if

8 >2a—1, (1488)
critical if
b =2a—1, (1489)
and dominant if 5 < 2a — 1. Since
k 1
pr =2 < (1490)

while 2a—1 > 1 for a > 1, the genuine Lambert power 5 = py lies in the fractional-dominant
regime. Therefore the pointwise invariant law (1468) cannot simultaneously be used as a
terminal solution law for the full scalar PDE without a further leading-order balance. The
fractional operator feeds back before s = 0.

This calculation also explains why the earlier exponent 2a — 1 reappears naturally: it is
the critical exponent selected by the affine phase-direction fractional operator itself. This is
logically distinct from assuming that exponent in advance.

329. Corrected status of the outer critical exponent S.
Part 55 found the geometric critical exponent

1200 — 7
5“‘7+2a

(1491)

by balancing the o~% geometric fractional contribution with the scalar coefficient equation.
Part 57 shows that this balance cannot be continued unchanged into the fixed-N phase-
inner limit, because the phase-direction contribution has the stronger homogeneity s=2*. In
particular, near a = 1,

5
Be(1) = 9 <1=2a-1. (1492)
Hence a profile s~% would also enter the phase-fractional dominant regime as s | 0 at fixed

N.

Accordingly, the unique positive amplitude derived in Part 55 remains an outer matched
amplitude; it is not by itself the amplitude of a fixed-N terminal profile extending through
the Lambert inner layer.
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330. Revised inner problem

The correct next scalar problem is no longer to prove (1455). Instead one must solve the
full leading inner balance in & = s/wy, retaining the affine phase fractional operator. In
normalized form the required equation has the structure

1—2«

H(3) = ga(s) + VR + ER(s), (1493)

with the already determined positive sign at o = 1 and with E% containing reconstruction,
transverse geometry, and lower phase orders. A power-law fixed point of (1493) can occur
only after the coefficient at the critical phase exponent

Bon = 200 — 1 (1494)

is matched. The corresponding amplitude equation and its stability must be derived from
the actual finite-N inner equation; they cannot be imported from the outer (. calculation.

Theorem 52 (Fixed-N inner fractional audit). Fiz N < oo and ky > 1, and work on a
transverse compact set satisfying (1469). The actual Lambert cascade gives the inner point-
wise power by ~ B}{}s’pN with py = 27" . The complete phase-direction contribution to the
reconstructed fractional block has leading normalized form (1476). At a = 1 its coefficient
is strictly positive, namely pyn(1 + pn/2). Nevertheless its homogeneity is s~2%, not o~ °.
Therefore the positive-power matching estimate (1455)-(1456) to the outer coefficient h<* is
false in the fixed-N inner limit. The phase fractional term is dominant at the Lambert expo-
nent py and becomes critical at = 2a — 1. Consequently Part 56°s conditional persistence
theorem cannot be made unconditional by proving (1456); the full inner scalar balance must
instead be rebuilt with the affine phase fractional contribution retained at leading order.

331. Updated proof ledger

actual inner Lambert exponent: py = 27k,

inner reconstructed phase coeffi- bR, = 2K} (—pn/2),

cient:

anchor sign: positive, b, = pn (1 + pn/2),

inner normalized homogeneity: /b= s

matching to o~*H<it: fails by the power (1483),

Part 56 estimate (1456): cannot hold in the stated form,

outer amplitude from Part 55: valid only as an outer matched ampli-
tude,

phase-fractional critical exponent: By, = 2a0 — 1,

finite-time scalar blow-up: not yet proved; requires the new inner
balance (1493).

(1495)
The calculation therefore resolves the specific question posed at the end of Part 56: the
inner signed coefficient remains favorable at the anchor, but it does not converge to h<t
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with a positive-power relative error. The reason is a genuine change of leading homogeneity.
The next rigorous step is to derive and analyze the amplitude fixed point of (1493) at
B = 2a — 1, including the exact finite-N reconstruction errors, before any finite-time scalar
blow-up conclusion is made.

Part VI

Fixed-N Inner Amplitude Fixed
Point, Stability, and Compatibility
Audit

115 Purpose of the audit

Part 57 reduced the terminal scalar problem to

] 817204 )
Hy(s) = gnal(s) + vbN 07— + EN(s), (1496)
bn(s)
where )
b B
Hy(s) == SbTN gn.als) =275 4 Oy (s> ™). (1497)
N

The purpose here is to derive the amplitude fixed point at the phase-critical exponent, prove
the stability of that fixed point for the normalized scalar equation, quantify the reconstruc-
tion error, and then check compatibility with the exact finite-N Lambert invariant. The last
check is essential: a stable fixed point of the scalar balance is useful only if it is compatible
with all exact relations imposed by the construction.

116 The fractional coefficient must be recomputed at
the candidate exponent
For a general phase power
by(s) ~ Bs™?, (1498)

the reconstructed velocities on a transverse compact set with 0 < ¢, < |x| < C, have phase
exponent —(3/2. Hence the complete leading phase fractional coefficient is

be(8) == —2K7 (—g) : (1499)

This corrects a possible ambiguity in (1493): once the scalar exponent changes from the raw
Lambert exponent py to a candidate PDE-selected exponent, the Mellin coefficient must be
evaluated at the new exponent.
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The phase-critical exponent is

Bph =2a — 1.
Accordingly define
o o (201
(63 (63 2
At a=1,
K (A) = =AA-1),
SO
3 3

Therefore, by continuity, there exists d,, > 0 such that

hPM > 0, 1<a< 146,

(1500)

(1501)

(1502)

(1503)

(1504)

No numerical value of ¢, is asserted without certified bounds for the Gamma factors in K.

117 Exact formal amplitude fixed point

Set
B :=2a—1, by (s) = Bys P Fn(s).
For a persistent power law, Hy — (3. At the critical exponent,

51—2a 1

bN(S) - BNFN(S) '

Let
gen = lim gy a(s) =27

Neglecting only terms which tend to zero, (1496) therefore requires

vhPh
=g, Ny + =2
B = gun By
Thus the candidate amplitude is uniquely determined:
vhPh
B,y = 8 :
N T 90 — 1 — 2k

For ky > 1 and o > 1,
1
2a—1—2*Nz§>0,

(1505)

(1506)

(1507)

(1508)

(1509)

(1510)

so (1509) is a unique positive number whenever (1504) holds. In particular, at o = 1,

__B2p

(1511)

This is the exact positive amplitude fixed point of the formal phase-critical scalar balance.
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118 Stability of the formal fixed point

The exact profile identity from Part 53 is

dlog Fiy Hy(s)
— =0 . 1512
dlog s p 1—bn(s)! ( )

Introduce terminal logarithmic time

7 := —log(s/s.), T— 400 (s]0). (1513)
Then, using (1509),
BTN — gt g+ 2228 g, (1514)
dr FN

where €y contains the convergence error in gy, the factor (1 — by')~! — 1, the fractional
positive-power remainder, and ER.
Let Yy = log Fiy. The autonomous part is

InY)=—(8—gen) + (B —gun)e . (1515)

It has the unique zero Y = 0, and

I3(0) = (B = g.v) <O. (1516)

Hence the amplitude fixed point is linearly asymptotically stable in terminal logarithmic
time. More quantitatively, for |Y| <Y,

Y (Y) < —cnY?, en > 0. (1517)

If
|En(T)] < Cne™ (1518)

for some n > 0, the variation-of-constants/Gronwall estimate gives

Y (7)] < Cye™min{ennir, (1519)

provided the trajectory enters a sufficiently small fixed neighborhood of the equilibrium.
Equivalently,

Fn(s) =1+ On(s™), ne := min{cy,n} > 0. (1520)

Thus the formal phase-critical amplitude is not merely algebraically matched; it is a stable
scalar fixed point if the normalized errors possess positive powers.
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119 Positive-power reconstruction error at the phase-

critical exponent

The reconstruction estimates of Part 56 were obtained for general f3:

m p+1
|En(s)| < Cy (0% +0™?), qﬁzm’ mg > qs.
The corresponding characteristic exponent is
12283
At f=2a—1,
 ld—4a  2(7-2a)
P =" T T
and
_ 2a
Th =7 0q
Their product simplifies exactly to
4o
Pphdph = 7

Consequently, on a two-sided phase-critical characteristic bootstrap o =< sPeh,

E]r\e;c/for(:(s) _ ON(34a/7)-

This is a genuine positive power. In particular it is logarithmically integrable:

Se rec/1orc d
/ Bl () % < o
0 S

The Lambert sensitivity error also has the positive power

Q—kN)

QN,a(S) — gx,N = ON(S

(1521)

(1522)

(1523)

(1524)

(1525)

(1526)

(1527)

(1528)

Finally, by' = O(s**~!) on the candidate bootstrap. Thus, apart from the localized fractional
remainder already isolated in Part 57, all explicitly audited terms entering £y have positive

powers.

120 Conditional persistence theorem for the rebuilt in-

ner equation

Assume that the complete localized phase fractional expansion at the candidate exponent

satisfies

i?fzmﬁ%2%1+OMﬂU% e >0,
N
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and that the two-sided characteristic reconstruction used in (1526) holds. Then, with

4
n = min {2_’“", 7047 200 — 1, np} > 0, (1530)

we have

|(€N<T>| S CNG_WT. (1531)
The stability estimate (1519) therefore closes the local bootstrap and yields

by(s) = Bons~ 7V (14 Opn(s™)). (1532)

This is the desired persistence theorem for the rebuilt scalar inner equation, conditional
only on the positive-power localized fractional remainder (1529) and entry into the stable
neighborhood.

121 Compatibility with the exact Lambert invariant

There is, however, a second exact relation already present in the active finite-N construction.
Part 57 used

ANy = Kngye™ ™, qN = %, (1533)
together with
ANy (s) = Dy(s/wn)PN (1 4+ On(sPY)), py =27, (1534)
to obtain the exact inner consequence
by (s) = Bls™V (1 + Opn(sY)). (1535)

If (1533)—(1535) are imposed on the same by all the way to s = 0, then (1532) can be
compatible with them only if

pn =2 — 1. (1536)
But for ky > 1 and o > 1,
1
py =27V < 3 200 — 1> 1. (1537)
Hence
Py # 20— 1| (1538)

This is an exponent-level incompatibility; no choice of positive amplitude can remove it.

The same obstruction is visible directly in the normalized scalar equation. If the exact
Lambert law (1535) is retained, then Hy — py, whereas the positive phase fractional term
in (1496) behaves like

1-2«
Vhin

= gltpn—2a 1539
N, bN<S) ( )
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Since
14+ py —2a <0, (1540)

this term diverges positively as s | 0 while the left side tends to the finite number py. The
reconstruction error (1526), being a positive power on the corresponding bootstrap, cannot
cancel that negative-power divergence. Therefore the raw Lambert invariant profile cannot
solve the full scalar PDE through the terminal endpoint when the positive phase fractional
term is retained.

Theorem 53 (Inner amplitude and compatibility audit). Fix N < oo, ky > 1, and 1 <
a < 1+ dpn. For the rebuilt phase-critical scalar balance, the exponent B = 2o — 1 has the
unique positive formal amplitude (1509). This amplitude is linearly asymptotically stable
in terminal logarithmic time, and the already audited reconstruction/forcing and Lambert-
sensitivity errors decay with positive powers, including the explicit reconstruction exponent
4o /7. If the remaining localized fractional remainder has a positive-power expansion, then the
rebuilt scalar equation has the conditional persistent asymptotic (1532). However, the exact
finite-N Lambert invariant used in Part 57 simultaneously enforces the distinct exponent
pn = 27", For ky > 1 and o > 1 these exponents cannot agree. Consequently the current
construction cannot simultaneously retain the exact Lambert invariant (1533) and the phase-
critical persistent solution of the full scalar PDE all the way to s = 0. A finite-time scalar
blow-up theorem does not follow until this compatibility conflict is resolved by identifying
which relation belongs to the actual full PDE rather than to a reduced characteristic model.

122 Finite physical time: conditional calculation and
present status

If the phase-critical persistent law (1532) were established for the actual scalar PDE after
resolving the compatibility issue, then the characteristic identity

s=1—-by (1541)
would give
s(t) d§ S(t)2a
Ty —t = = 1 Thes 1542
vt= [ e i (1 Ox(s™)). (1542)

for some 7,, > 0. Therefore

bN<t> = (TN — t)—(2a—1)/(20<). (1543)

This finite-time computation is rigorous conditional on the persistent phase-critical law, but
the compatibility theorem above shows that the current exact Lambert invariant prevents us
from promoting that conditional statement to the actual finite-/N construction as presently
written.
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123 Updated proof ledger

phase-critical exponent: Bpn = 200 — 1,

correct coefficient at that exponent: hPM = —2KF(—(2a — 1)/2),

anchor sign: P =3/2 >0,

formal amplitude: B.n =vhPh /(20 — 1 —27F) > 0,

linear stability: proved for the normalized rebuilt in-
ner equation,

Lambert sensitivity error: On(s* ™),

reconstruction /forcing error: O (s*/7),

localized fractional positive-power still required for unconditional per-

remainder: sistence,

exact Lambert invariant exponent:  py = 275V,

compatibility with 2o — 1: impossible for ky > 1, a > 1,

finite physical-time rate: conditional rate (T — t)~(2a=1/()

finite-time scalar blow-up theorem: not established; exact-model com-
patibility must be resolved first.

(1544)
The amplitude calculation therefore closes algebraically and dynamically, but it also
exposes a sharper obstruction than a missing remainder estimate: the raw finite-N Lambert
invariant and the full phase-fractional scalar balance select different terminal exponents. The
next rigorous task is to trace the derivation of (1533) and determine whether it is an exact
invariant of the full reconstructed scalar PDE or only of the reduced Lambert characteristic
subsystem. Only after that distinction is settled can one consistently choose the terminal
equation whose persistence is to be proved.

Part VII
Provenance Audit of the Lambert
Characteristic Invariant

124 The equation from which the invariant was actu-
ally derived

The compatibility issue isolated in Part 58 can now be decided directly by tracing the

derivation of |
Angy = Kngne™ ™, N =7 (1545)
N

We did not derive (1545) from the full reconstructed scalar equation. It first replaces that
equation by the reduced transport model

by + bb, = —b%0. log A . (1546)
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With the affine phase

0=t-— 2z, (1547)
a characteristic Z(t) of (1546) satisfies
Z=B, B@t)=bt2(t), 6=1-B. (1548)
Along the same reduced characteristic,
B = B%*9ylog Ay (1549)
Introducing ¢ = 1/B therefore gives
. —1
i=—0plogAny,  6=1—=. (1550)
q
Dividing the two equations yields
dq q
— =— 0p log A 1551
a0 g—1 0108 AN ks ( )
and hence |
(1 — —) dg = —dlog Ay . (1552)
q
Integration gives
q—logq+logAny = C, (1553)
which exponentiates to
Ay = Kqge™ . (1554)

Thus (1554) is indeed exact for (1546), but its proof uses the reduced identity (1549) at the
decisive step.

125 Comparison with the actual reconstructed scalar
equation

The scalar equation audited in Parts 51-58 is instead

i)N = FNb?V + SN’Q + 208G N — gsc, 'y =0y log AN,kN = gNZ(S). (1555)
For clarity define the complete non-Lambert contribution
c@Nva = 3’]\770‘ + 2CNGN - R?@C. (1556)
Then (1555) is _
bN = b?\,ﬁg 10g AN,kN + :@N@. (1557)
Consequently, for gy = 1/by,
. PN .o
qN = —89 10g AN,kN — bTx (1558)

The second term in (1558) is absent from the reduced derivation. Therefore one cannot pass
from the full scalar PDE to (1550) unless &y, = 0 along the characteristic.
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126 Exact defect formula for the would-be invariant

Define
In(t) = qn —log qn +1log An i (0(1)). (1559)
Using
é:1—bN:1—i (1560)
an

and differentiating (1559) gives

jN = (1 — —) aqn + (89 lOgAN,kN)Q

qiv (1561)
= (1 - —) (Gn + Oplog An ey ) -
an
Substitution of (1558) therefore gives the exact identity
. by — 1
Iy = e P (1562)
by
In particular,
Iy=0 <= (by—1)Pyo=0. (1563)

On the terminal branch by > 1, constancy of the Lambert invariant is thus equivalent to
the vanishing of the entire fractional/reconstruction/forcing correction.

127 The correct full-PDE replacement: a running Lam-
bert constant

Set
i (t) = eV, (1564)

Then the algebraic relation

AvaN (Q(t)) = %N(t)qN(t)e_QN(t) (1565)

is an identity by definition, but J#y is no longer constant. Indeed (1562) gives

Hn by —1
7N = sz (Fna+ 208Gy — REC) . (1566)
N N
Hence
t J—
Jn(t) = Hy(te) exp / M@NQ(T)CZT : (1567)
te bN(T)2 7

Equation (1567) is the exact full-scalar-PDE replacement for the constant Ky used in the
reduced Lambert model.

372



128 Why the phase-critical fixed point is no longer ex-
cluded
Part 58 found an apparent exponent conflict by imposing simultaneously
by ~ Big 2™ (1568)
from constant- Ky Lambert invariance and
by ~ B, s~ 271 (1569)

from the complete phase-fractional balance. The provenance calculation above shows that
(1568) is not an exact consequence of the full scalar PDE: it requires #x to be constant,
while the full equation forces (1566).

This can be seen quantitatively at the phase-critical profile. Suppose conditionally that

by(s) = Buns P(1+0(1), B=2a-1, (1570)

and that the amplitude balance from Part 58 holds. Since

sby SN 4
Hy = 2 = ON,a b2 (1571)
N N
we have at the matched equilibrium
SPN o _
sz’ = B — gx,N + 0(1)7 gx,N = 2 kN' (1572)
N
Using $ = 1 — by in (1566),
leg%N S bN—l Sa@Noc
= PNa = — =. 1573
dlogs  1—by b, b2, (1573)
Therefore
dlog Ay
——— =—(f—g. 1). 1574
Tt = (8= g.00) + ol (1574)
Integration yields
Hn(s) = Hons P79-8)(1 4 0(1)). (1575)
Since the Lambert cascade itself has
ANy (s) = sV, (1576)
while gy =< s7, relation (1565) requires precisely
Sg*,N
A (s) =~ = 57070, (1577)
s

which agrees exactly with (1575). Thus the running constant absorbs the exponent difference
found in Part 58. The two exponents are not incompatible once the full-PDE defect is
retained.
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129 Stability interpretation

The conclusion above does not by itself prove persistence, but it removes the artificial
constant-invariant obstruction. The full scalar equation must be studied with the coupled
pair

SPN.a
HN = gN,a + bQN7 )
N
dlog An _s,@N,a (1578)
dlogs b3
Adding the two equations gives the exact identity
dlog J;
Hy+ 52828 gy, (1579)
dlog s

At the phase-critical equilibrium Hy — S and gno — gen, so (1579) again forces the
running exponent —(8 — ¢. ). There is therefore no need to require § = g, n for the full
PDE.

Theorem 54 (Provenance of the Lambert invariant and exact full-PDE defect). The relation
Angy = Kngne™™

with constant Ky is an exact first integral of the reduced characteristic model (1546). Its
derivation uses by = V309 log Ay i and therefore does not remain an exact first integral after
the fractional, forcing, and reconstruction terms of the actual scalar equation are restored.
For the full scalar PDE, the exact replacement is (1565)-(1567), with

Consequently the exponent conflict of Part 58 is not an obstruction to the phase-critical fived
point: at a persistent profile by =< s~V the running factor develops exactly the power
needed to reconcile the Lambert cascade exponent 27*N with the phase-critical scalar exponent.
This removes the constant-invariant compatibility obstruction, but it does not by itself prove
the remaining localized fractional positive-power estimate or nonlinear persistence of the full
scalar PDFE.
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130 Corrected proof ledger after the provenance audit

constant Lambert invariant: exact only for the reduced transport
model (1546),

full scalar equation: contains Py, = Fna + 2CnvGN —
RI}\??

exact invariant defect: In = (by — 1) Pn.o /b4,

running Lambert factor: equations (1565)—(1567),

Part 58 exponent conflict: removed for the full scalar PDE,

phase-critical amplitude: no longer excluded by constant- Ky
compatibility,

running-factor exponent: Ay = s~ (a-1-27FN) conditionally at

the fixed point,
localized fractional positive-power still to be proved for unconditional

remainder: persistence,
finite physical-time law: remains conditional on full-PDE per-
sistence,

finite-time scalar blow-up theorem: not yet established.

(1580)
The decisive compatibility question is therefore resolved: the constant Lambert invariant
belongs to the reduced characteristic subsystem, not to the complete reconstructed b3 equa-
tion. The stable phase-critical amplitude derived in Part 58 is consequently admissible with
respect to this particular obstruction. The remaining scalar task is now genuinely dynam-
ical: prove the localized fractional positive-power expansion and use it to close the stable
persistence bootstrap for the full scalar equation, with the running factor J#y rather than a
constant K.

Part VIII
Localized Fractional Positive-Power
Persistence Audit

131 The remaining estimate after the running-invariant
correction

The provenance audit changes the role of the Lambert relation but does not change the local
phase-fractional homogeneity. We therefore return to the phase-critical exponent

ph
vh?

B :=2a-—1, by(s) = B*,st’BFN(S), Bin=7——,
6 — G«,N

(1581)

375



where

g«,N = 27N, RO = 2K (—g) >0 (1582)
on the continuation interval already fixed in Part 58. The exact normalized profile equation
is

dlog Fy Hy(s) $SPN.a
>N _ g3 Hy =gna =, 1583
dlog s 1—bn(s)~V N =GNt b% (1583)

All terms in the right side except the localized fractional block have already been assigned
positive powers in Part 58. The question is whether one can justify

3% = vhPPs™2 (1 4 Op(s"7)), ne > 0, (1584)
N

for the full reconstructed fields, without returning to the false constant- K invariant.

132 A proof localization is not a modification of the
construction
Fix a transverse compact set
0 <ep < [x(@)] < Cy (1585)

and choose smooth proof cutoffs 1, ¥, which equal one on a smaller terminal cylinder. They
are used only to decompose the operator; they do not alter by, u,, u,, or the PDE. Write

u; = u;OC + ugar, u;oc = Yshyu;, j=x,y. (1586)

On the support of the evaluation cutoff, the Schwartz kernel of (—A)* applied to ugar is
smooth because the two supports are separated. Consequently, for every fixed finite N and
every finite number of derivatives,

|07 (—A)*uS™] < Cy (1587)

provided the finite-N reconstructed field is smooth away from the terminal phase point.

Relative to the singular local scale s™%/272% (1587) is a positive-power error of order at least
B/2+2a
S .

Thus the nonlocality of the torus operator is not itself an obstruction in the terminal
chart. The only delicate part is the singular local operator acting on the conormal phase
profile.

133 Fourier reduction of the localized full operator

Expand a localized reconstructed component in transverse Fourier modes,

ue(z, s) = Z a;jm(s)e™. (1588)

meZ
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For each m, the spatial fractional multiplier is
Lom = (m* — 0s)*. (1589)

The singular phase part is L, = (—0s5)®. For fixed m the high phase-frequency symbol has
the expansion

2 4
(€ + m2)™ = |¢|° (1+a% +0, (?—4)) (1590)

After localization this is the standard conormal pseudodifferential expansion

Lom = (—0s)* + am?(—0s)* " + R, (1591)

where, on a phase power s* and its conormal perturbations, the second term is lower than the
first by s%, while 'Rgl,)n is lower by s*. Summation over m is legitimate for the proof-localized
finite- N fields because their smooth transverse dependence gives rapid Fourier decay.

In particular, transverse geometry does not change the leading Mellin coefficient. It
enters the localized fractional block only through positive even powers beginning with s2.

134 Conormal Mellin lemma for a positive-power per-

turbation
Let 3 5 )
a —
A=—=—=— 1592
Suppose on the terminal cylinder
a(s) = aps™ (14 7(s)), max |E’r(s)] < Cys", E = s0s, (1593)
0<j<M

for some n > 0 and sufficiently large fixed M. Shrink 7, if necessary, so that the Mellin line
segment from A to A + 1 avoids the poles of the meromorphic Mellin symbol. Then

(—0ss)%a(s) = agkKF(N)s* 2 (1 + On(s")). (1594)

The same estimate holds after a fixed finite number of Euler derivatives.

Proof. Write r(s) = s"p(s) after decreasing n slightly if necessary, with E7p bounded. Mellin
conjugation gives
(—8ss)* (s™r(s)) = T2 M ypp(log s). (1595)

On a closed pole-free Mellin strip, the multiplier and the finitely many Euler commutators
are bounded on the weighted conormal space used in the continuation argument. Hence the
right side of (1595) is On(s*™72%). The leading term is the exact Mellin identity

(—045)*s™ = KT (N\)s* 2, (1596)

Combining (1595)—(1596) proves (1594). The proof uses a positive-width Mellin strip, not a
pointwise o(1) estimate; this is why conormal control is the correct persistence norm. [ [J
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135 Application to the reconstructed velocity pair

On (1585), the square-root reconstruction is

1\ /2
Uy = (_ﬂ) b7y = (=20 (1597)
Normalize the phase-critical amplitude by

Fy=1+uy. (1598)

If the terminal tube is measured in the conormal norm

— =1\ R
lowllz, = max, sup 57 Eon(s)], (1599)

then smooth composition of (1 + v)'/? gives
1 1
Uy = ay(x)s P/ (1 + FUN + O(U]zv)) , u, = a,(x)s™ > (1 + FUN + O(v%)) ., (1600)

with a,a, = B, y. Equations (1587), (1591), and (1594) therefore give
(=) = a; K5 (—f/2)s 272 [L+ On(s™)], (1601)

where one may take

nr < min{n, 2, 5/2 + 2a}. (1602)

The exact product form of the complete fractional block is

SN = =V [uy(—A) Uy + uy (—A)%uy] . (1603)

Substituting (1600)-(1601), using u,u, = by, yields

S:N,a

b

= 2K} (—g) s72 1 4+ On(s")] = vhPhs™2* [1 + On(s™7)]. (1604)

Thus the formerly missing positive-power fractional estimate is a direct consequence of a
positive-power conormal tube for the reconstructed fields. No constant Lambert invariant is
used.

136 The bootstrap closes in the conormal tube

The pointwise stability calculation of Part 58 can now be upgraded to the same conormal
norm. Put

T = —log(s/se), Yy =log Fy. (1605)

The normalized equation has the form

&YN = WN(YN) + gN(T), VJQ(O) = —(ﬁ — g*7N) < 0. (1606)
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The already audited terms give
gna =gy =On(s® ™), EY =00 by = On(s”), (1607)

and (1604) supplies the missing fractional power. Choose

4
0 <o <min{ﬁ—g*,N, 27kN 7a’ B, nF}. (1608)

Differentiating the localized equation by E7, 0 < j < M, and using the Mellin bounds in
(1594) gives

d
—|Ynlz, < —cnlYnlz, +CnlIYNlZ, + Cnst, (1609)
dr 0 0 0

for some cy > 0 and n; > 19, as long as the tube is sufficiently small. Hence, after choosing
the entry scale and tube radius so that the quadratic and forcing terms are dominated by
the linear gap,

1Yx]lz,, < Ch, |E7YN(s)] < Ons™, 0<j <M. (1610)

In particular,

Fyn(s) =1+ 0x(s™),  by(s) = Byns 2V (14 0Opn(s™)). (1611)

This is the desired local scalar persistence estimate once the full localized PDE trajectory
has entered the conormal tube.
137 Compatibility with the running Lambert factor

The exact full-PDE relation from Part 59 is
dlog Hy SPN o

AN,kN = Anqne ™, dlog s = - b?\r . (1612)
Using (1604), (1607), and (1611),
SPN o
2 =B gun + Ox(s™), (1613)
N
after reducing 7, if necessary. Therefore
i (s) = Hons P98 (1 4 On(s™)). (1614)

The running invariant is therefore not merely exponent-compatible with the stable profile;
it inherits the same positive-power persistence remainder.
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138 Finite physical time at fixed N

From (1611) and s =1 — by,

W g B+1
P s(t)
T* —t = = 1+O Stnt , 1615
" / o) 1= (3 DB (LT Ov ™) (1615)
where
n: = min{ng, 5} > 0. (1616)
Since 5+ 1 = 2a,
b (t) = B (20) oD/ CONT, y — 1)~ BmD/C) (1 4 o5 (1)). (1617)

This is a fixed-N scalar characteristic conclusion inside the localized conormal persistence
tube.

139 What has actually been closed and the remaining
PDE-level entry issue

The positive-power estimate (1604) closes the operator obstruction isolated in Parts 57-59:
once the reconstructed fields are in a positive-power conormal neighborhood of the phase-
critical profile, the full localized fractional operator maps that neighborhood into itself with
the required positive-power remainder. Equations (1609)—-(1611) then close the local scalar
stability bootstrap.

There is, however, an important distinction between this local persistence statement and
an unconditional construction theorem. The characteristic ODE alone does not prove that an
arbitrary solution of the full spatial scalar PDE enters the conormal tube (1599). A complete
PDE theorem still requires an entry/propagation statement controlling the localized spatial
Euler derivatives of the reconstructed fields up to the entry section. That is a different issue
from the fractional positive-power calculation.

Theorem 55 (Localized fractional persistence at the phase-critical exponent). Fiz N < oo,
kny > 1, and 1 < a < 14 0pn. Work on a transverse compact set satisfying (1585), and sup-
pose a finite-N smooth solution of the complete reconstructed scalar PDE enters a sufficiently
small localized conormal tube (1599) about the phase-critical profile, with the previously au-
dited continuity/reconstruction estimates valid there. Then the complete reconstructed frac-
tional block satisfies the positive-power expansion (1604). The normalized amplitude fized
point B, n is asymptotically stable in that tube, and for some ny > 0 the solution obeys
(1611). The ezact running Lambert factor obeys (1614), so no constant-invariant contra-
diction occurs. Along the corresponding trapped characteristic, the terminal phase point is
reached in finite physical time with scalar rate (1617).

This theorem is a local persistence theorem for the complete scalar characteristic dynam-
1cs. It does not establish that general finite-IN initial data enter the conormal tube,and does
not remove the separate x — 0 fized-space reconstruction issue.
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140 Updated proof ledger after the persistence

audit

constant Lambert invariant:
phase-critical coefficient:
nonlocal far field:

transverse fractional correction:

conormal Mellin perturbation:
localized complete fractional re-

local scalar amplitude persistence:

running Lambert factor:
finite physical-time scalar rate:

remaining scalar PDE issue:

not used; replaced by the exact run-
ning factor,

hPh = —2KF(—(2a —1)/2) > 0,
smooth after proof localization,
hence positive-power relative to the
terminal singular scale,

lower phase order, beginning at rela-
tive order s2,

preserves a positive power by (1594),
closed in the conormal tube by

mainder: (1604),
reconstruction /forcing remainder: On(s*/7),
Lambert sensitivity remainder: 0] N(sTkN ),

closed after conormal entry, equa-
tions (1609)—(1611),

positive-power law (1614),

(1617) along the persistent character-
istic,

prove entry/propagation of the re-

quired localized conormal tube from
the actual finite-N data.

(1618)

The decisive gain is that the formerly missing fractional positive-power remainder is no

longer an independent asymptotic assumption once the terminal profile is formulated in the

correct conormal norm. The next non-circular question is now the entry theorem: derive

the localized conormal tube (1599), including its Euler derivative bounds, directly from the
actual finite- N scalar PDE and reconstruction before the terminal bootstrap begins.

Part IX
Finite-N Conormal Entry and
Propagation Audit

141 Purpose: separate propagation from entry

The persistence theorem of Part 60 begins at a section s = s, on which the normalized
phase-critical amplitude
52204—1, FN:1—|—UN,

bN(S> = B*’NS_BFN(S), (1619)
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already lies in the localized conormal tube

lowllz, = ogiﬁoige s Eluyn(s)] < oo, E = 50s. (1620)

There are two logically different questions:

’propagation: tube at one entry section = tube for all smaller s,

(1621)

and

’entry: prescribed data at t = 0 = tube at some s = s..

(1622)

Part 60 already contains the zeroth-order mechanism for (1621). The present audit upgrades
it to Euler derivatives and then tests whether the information currently specified in the
construction is sufficient to prove (1622) without inserting the terminal profile into the data.

142 Normalized complete finite-N equation

Let
Yy = log Fy, T = —log(s/s.). (1623)
After the amplitude choice
vhph
B,y = —2%—, WN =27k 1624
N B—gin 9x,N ( )

the exact normalized scalar equation on the localized branch can be written in the form
0-Yn = w(Yn) + En(T, YN), (1625)
where

In(Y) = (8= gen)(e = 1), (1626)

and all differences between the complete finite-N PDE and the autonomous phase-critical
balance are placed in &y. By (1604), (1607), and the reconstruction estimates,

|En(7,Y)] < Cye ™7 (1627)

whenever |Y| and the required localized conormal derivatives remain in a fixed sufficiently
small tube. Here

4
o <1nh1{2_kN,7;,2a——1,nF}. (1628)

The important point is that (1625) is not used to assume entry. It is used only after a section
on which the local coordinate chart and reconstruction bounds are valid has been reached.
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143 Strict inward pointing at the two amplitude bound-

aries
Choose 0 < dy < 1. Since
YY) = =B —gn)e™" <0, (1629)
there is a number
ey = (B —gen)e™™ >0 (1630)
such that
YY) < —cnyY?, Y| < dy. (1631)
Choose 7, so large that
1
Cye MTe < ZCN7Y5Y. (1632)
Then on Y = oy,
1
OTY < —CN7y5y + ZCN7Y5Y < O, (1633)
whereas on Y = —dy,
1
GTY > CN7y5y — ZCN7Y5Y > 0. (1634)

Thus the scalar amplitude interval

Y| < by (1635)

is forward invariant in terminal logarithmic time after the entry section. This proves ampli-
tude propagation without assuming convergence of Fly.

144 FEuler derivative equations
Set ' o

Zin = 0Yy = (—1/EYy, 1<j<M. (1636)
Differentiating (1625) j times gives

0-Zin=VN(YN)Zjn+ 2jN(ZiN, . Zjan) + D6, (1637)

where 2 xy = 0 and, for j > 2, every monomial in 2; 5 contains at least two lower-order
Zy N factors. On (1635),
/V]Q(YN) S —CN7y. (1638)

The localized fractional conormal calculus of Part 60 supplies, after shrinking the tube if
necessary,

J
26n] < Cnge™™ +engue 3| Zenl,  0<j< M, (1639)
/=1

with €y tube as small as desired by the tube radius. This is the derivative form of the already
proved conormal mapping property; it introduces no new fractional asymptotic hypothesis.
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Define
M

En(T)=>_a|Zin(T)>  Zon =Yy, (1640)

J=0

with positive triangular weights a;. Choosing the weights successively and then the tube
radius sufficiently small gives

d
d—gM + CN,M(S‘M S CN’MG_QWOT, CN,M > 0. (1641)
-
Hence
En(1) < e NMTTTIE (7,) + Oy e, (1642)
where 1
Ne = émin{cMM,Qno} > 0. (1643)
Consequently
|E7un(s)] < Cy 8™, 0<j<M, (1644)

provided the finite-/NV solution reaches one sufficiently small entry section with the conormal
energy below the invariant threshold.

Theorem 56 (Finite-N conormal propagation). Fiz N < 0o, ky > 1, and 1 < o < 1+ §pp.
Assume the localized reconstruction chart is valid on 0 < s < s, and the complete finite-
N solution reaches s = s, with Ey(7.) below the strict invariant threshold determined by
(1632), (1638), and (1639). Then the conormal tube is propagated for every smaller s > 0,
the estimates (1642)—(1644) hold, and the persistence conclusions (1611), (1614), and (1617)
follow. In particular, propagation of the full finite-N conormal tube is a consequence of the
complete scalar PDE once entry is known.

145 What the prescribed scalar data do and do not
determine

The earlier finite-k numerical construction prescribes the smooth scalar profile

b3(z,0) = 3 +sinz, (1645)

or, in the phase coordinate § =t — z at t = 0,
B(6,0) = 3 —sinf. (1646)

This is legitimate initial information for the reduced scalar transport problem. It gives
immediately
2 <b3(z,0) <4, |07°b3(+,0)|| e <1 (m >1). (1647)

Thus the prescribed scalar datum is smooth, positive, and has finite conormal derivatives on
every region separated from the terminal phase point.
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For the complete reconstructed scalar PDE, however, entry into (1620) is not a conse-
quence of (1645) alone. The full equation contains

PNa =B8Na+ 208Gy — RY, (1648)

and the reconstruction uses the spatial fields Ay = w, and Cnx = u,. Therefore the map
from the initial scalar profile to the entry section also depends on the initial /reconstructed
values and spatial derivatives of these coefficients, on the chosen real Lambert branch region,
and on the forcing and pressure-compatible reconstruction. A scalar pointwise datum does
not by itself specify those quantities.

This gives a precise non-circular obstruction. To claim

b3(2,0) =3+sinz = En(Te) < Etube (1649)

one must first prove a preterminal estimate for the complete PDE, not for the reduced
Lambert transport equation.

146 A sufficient preterminal entry functional

Let t. < T, ny be the first time at which the distinguished characteristic reaches a chosen
phase section s = s.. Define the exact entry mismatch

= Bhn (X (t.), t
33N,M(te) = Z Se N(BN]E[ e)a e))
j=0 *,

2

: (1650)

Flog (

where Xn(t) denotes the complete reconstructed characteristic. The propagation theorem
shows that it is sufficient to establish

QN,M<te) S 6(]%\%tM (1651)

for a computable threshold depending only on the finite- N coefficient bounds in the localized
chart.

Before t. all coefficients are smooth at fixed N. Commuting the complete scalar PDE
with spatial derivatives up to order m and using the fractional dissipative term gives the
standard finite- N differential inequality

d
w7 + w108 (O)[rmsa < Covn(6) (14 105 (D7), (1652)

where Cy,, is an explicit polynomial in the smooth reconstruction coefficients and their
derivatives on [0, t.]. Hence

ol < (1ox O + [ " Crnl) i) ([ e ). oy

For m large enough, Sobolev embedding controls the pointwise derivatives needed in (1650).
Thus smooth finite-/N evolution gives finiteness of the entry functional. It does not give its
smallness relative to the phase-critical profile.
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The missing quantitative statement is therefore exactly

preterminal attraction: DOnu(te) < e (1654)

No estimate derived so far in the manuscript forces (1654) from (1645). Energy regularity
such as (1653) controls size and smoothness, whereas entry requires closeness to a specific
amplitude and its Euler jet.

147 Why propagation does not imply entry

This distinction can be seen already in the autonomous normalized equation. The equilib-
rium Y = 0 is asymptotically stable in increasing terminal time, but the local Lyapunov
estimate (1631) only applies after |Y| < dy. It does not imply that a trajectory beginning
outside that neighborhood ever crosses its boundary. In the complete PDE the error term is
not known to be small on the entire preterminal interval, so extending the local Lyapunov
function backward to t = 0 would be circular.

In particular, the smooth positivity (1647) cannot be converted into Fyy ~ 1 at s, without
comparing the actual solution with the phase-critical orbit. Such a comparison requires either
a global trapping region for the normalized PDE or a direct finite-/N estimate of the entry
map.

148 Two rigorous routes to close the entry theorem

The first route is an invariant-region argument. One seeks two explicit preterminal barriers
Bjy(s) and Bj;(s) satisfying

By (s) < by < Bi(s). (1655)
with strict inward signs for the complete scalar PDE and
By (s) : _
Booad 1 as the barriers enter the terminal chart. (1656)
*, N

If the prescribed datum lies between the barriers at ¢ = 0, comparison gives (1651) at a finite
section. The present manuscript has not yet constructed such complete-PDE barriers.

The second route is a quantitative entry-map estimate. Let .#y(t) denote the finite-
N solution operator for the complete scalar PDE coupled to its reconstruction. One must

estimate o
, Bhn( Xy (te), te
EDP o — B log e n(Xn(te) te) (1657)
’ B*,N =0
and prove
|ENP(3 + sin 2) |2 < (505,) Y. (1658)

At fixed N this is a finite quantitative problem, but it depends on the actual complete
reconstruction coefficients. A calculation using only the reduced equation

by + bb, = (Oplog A )b? (1659)
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cannot establish (1658), because Part 59 proved that the omitted fractional, forcing, and
reconstruction terms change the exact Lambert invariant.

149 Entry-propagation theorem with the exact remain-
ing hypothesis

Theorem 57 (Complete finite-N entry-propagation criterion). Fiz N < oo, ky > 1, 1 <
a < 1+ 0dpn, and sufficiently large derivative index M. Let a smooth solution of the complete
reconstructed scalar PDFE exist from the prescribed initial section to a terminal chart s =
Se, with the real branch and transverse reconstruction remaining regular on the preterminal
interval. If the exact entry map satisfies (1651), then the conormal tube is forward invariant
in terminal logarithmic time, (1644) holds through the endpoint, and the scalar persistence
and finite-time characteristic laws (1611), (1614), and (1617) follow.

For the historical scalar datum bs(z,0) = 3 + sinz, the currently audited manuscript
proves smooth finite-N preterminal control of the type (1653) under bounded reconstruction
coefficients, but it does not yet prove the small entry mismatch (1651). Therefore entry from
that prescribed scalar datum s not established merely by the local persistence theorem.

150 Updated proof ledger after the entry audit

localized fractional positive-power
remainder:
zeroth-order
tion:
Euler-derivative propagation:

amplitude propaga-

finite-N smooth preterminal regu-
larity:

prescribed scalar datum:

entry functional:
propagation after entry:

entry from scalar datum alone:
non-circular remaining estimate:

finite-time scalar law:

closed in Part 60,

strict invariant interval (1633)—
(1635),
conormal energy estimate (1641)-
(1644),

follows conditionally from bounded
reconstruction coefficients by (1652)—
(1653),

b3(z,0) = 3 + sin z in the earlier re-
duced finite-k construction,

exact mismatch ®n a/(te) in (1650),

proved if @Dy (t.) is below the in-
variant threshold,

not proved; scalar data do not specify
the full reconstructed coefficient jet,
prove (1651) by complete-PDE barri-
ers or the entry map (1657)—(1658),

follows after verified entry and prop-
agation.

(1660)

The entry audit therefore closes one half of the problem completely: propagation of the
conormal tube, including finitely many Euler derivatives, follows from the complete finite-
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N scalar PDE and the localized fractional estimate already proved. It also prevents a
circular claim about the other half. The prescribed scalar profile supplies smooth positive
data, but we still need a quantitative complete-PDE entry estimate proving that the actual
reconstructed trajectory reaches the small stable tube. Equation (1651), rather than a
qualitative appeal to smoothness or to the reduced Lambert invariant, is the exact remaining
finite- NV scalar condition.

Part X
Quantitative Complete-PDE Entry
from the Prescribed Finite-N Data

151 Purpose of the entry calculation

Part 61 reduced the remaining scalar issue to the quantitative inequality
Dwm(te) < e (1661)

The point of the present part is to push this condition backward toward the prescribed
initial section without using the reduced Lambert invariant. We work at fixed finite N
throughout. All constants in this part are therefore allowed to depend on N, M, and the
compact preterminal chart, but not on the terminal variable after the entry section has been
selected.

Let

_ b
B=2a—1,  by(s)=B.ns "  Yy=log B_N (1662)

N
Along the complete reconstructed characteristic introduce terminal logarithmic time
T = —logs, Te = —log se. (1663)

The entry functional (1650) is equivalent, up to fixed finite-/NV norm constants, to the squared
conormal jet of Yy at 7.

152 Exact normalized equation before the local tube

Write the complete characteristic equation in the form
by = Qnby] + REM, (1664)

where Q) denotes the phase-critical principal part used in Parts 58-60 and R is the exact
difference between the complete reconstructed PDE and that principal part. No term is
dropped in this definition. Dividing by by, subtracting the logarithmic derivative of by, and
changing from ¢ to 7 gives the exact identity

0.V = —An(7, Y)Yy + Zn(7), (1665)
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where, for Y #£ 0,

PN(T,Y) — Pn(T,0)
Y )

An(T,Y) = — En(T) = Pn(1,0) + EFY (7). (1666)

Here Py is the exact normalized principal vector field and & is the normalized complete-
PDE remainder. At Y = 0 we define

AN(T, O) = —ayl@]\f(T, O) (1667)
Thus (1665) is an algebraic rewriting of the complete equation, not a linearization assump-
tion.
153 Preterminal coercive corridor

The local stability calculation proves positivity of the limiting damping coefficient at Y = 0.
To obtain entry one needs this sign on a corridor larger than the final conormal tube. Fix
Ry > 0 and suppose that on

Cn={(1,Y):79 <7 <7, |Y| <Ry} (1668)

the exact normalized principal field satisfies

An(7,Y) > A9 > 0. (1669)

This is a finite-N sign condition on a compact set and is strictly stronger than the local
derivative sign used in Part 60. It can be checked directly from the actual coefficient func-
tions; it is not implied by local stability alone.

Under (1669), multiplying (1665) by sgn Yy yields

d
E|YN| < =AY YN| 4 [Zn]. (1670)

Consequently

T

[Yn(7)| < e’A%r(T’TO)]YN(TO)\ —|—/ e ’\%Y(T*r)|%zv(r)|dr. (1671)

70

This is the first non-circular entry estimate: the right side depends only on the actual nor-
malized initial mismatch and the complete-PDE residual measured along the actual charac-
teristic.

154 Euler-jet entry estimate

Set
ZN7j:EjYN7 OS]SM, ZN:(ZN7O,-~~7ZN,M)- (1672)
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Commuting the exact normalized equation with E7 gives
87—ZN = —AN(T)ZN+NN(T, ZN)—I—RN,M(T)a (1673)

where Ay contains the diagonal corridor damping and the bounded finite-N commutators.
Assume the symmetric part obeys the compact-corridor bound

1 . .
5(AN +AY) =NV MY, >0, (1674)
and that on [|Z] < Ry,
INx (7. Z)|| < Ly a1 2] (1675)
If X
LN Ry < ZAJfoM, (1676)

then the energy Vn p = ||Zn|| 2 satisfies

d 3 e
S Vnar <~ P Ixar + Ravar ()] (1677)
Hence
YN (Te) < e_%)‘ﬁM(Te—To)yN,M(TO) +/ e_%kﬁfM(Te_T)HRNvM(T)H dr. (1678)
T0

The bootstrap condition Yy < Ry s is propagated provided the same right side, with 7.
replaced by every T € [19, 7], is strictly smaller than Ry .

155 A computable sufficient condition for quantitative
entry

Define the complete preterminal residual budget
By ar(70,7.) = / e~ ) Ry a1 ()| dir (1679)
70
and the damped initial mismatch

_3yJet

Tnar (10, 7o) 1= e 1N Y (7). (1680)

Then (1678) gives the explicit implication

Tnar + B < (X)) = Dyulte) <Xy (1681)

Thus the formerly qualitative entry problem has been reduced to a finite-N coercivity check
and a single weighted residual integral for the complete reconstructed PDE.
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A useful stronger condition is obtained if, on the corridor,
R ()] < CRSGpe™0™, fi5, > 0. (1682)

Then .
pre 3yJe pre
e INMmTe + e_ZAN,M(TS_TO)e_nN,]MTO

pre
sBMM < CN,M

— — , (1683)
|4§1)‘JNEM - nzli/,M

with the usual (7, —79)e~ "™ replacement in the resonant case. Therefore both the initial mis-
match and the complete residual are forced below the entry threshold by taking a sufficiently

deep but finite entry section, provided the solution remains inside the coercive corridor.

156 What the prescribed datum contributes

For the historical scalar datum
b3(z,0) =3 +sin z, (1684)

positivity gives
2 < b3(2,0) < 4. (1685)

At fixed IV this supplies a finite zeroth-order initial mismatch wherever the reference profile
and reconstruction chart are regular. Its derivatives are also uniformly finite at the initial
section. Hence

YN (7o) < 00 (1686)

Equation (1680) then shows that the initial contribution can be made arbitrarily small by a
sufficiently long coercive terminal-time interval. The datum therefore causes no obstruction
to entry once the complete trajectory has been proved to remain in the corridor (1668).

This observation does not dispose of the reconstruction coefficients. The quantity Ry i
contains the actual fractional, forcing, continuity, pressure/reconstruction, and transverse
terms. Their boundedness alone is insufficient: (1682), or an integrable substitute strong
enough for (1681), must be verified from the actual reconstruction.

157 Corridor persistence from an outer barrier

The remaining bootstrap can itself be expressed without assuming entry. At the two faces
Y = £Ry, (1665) gives

OrYn|y_p < AN By+ 2Nl O Yn|y__p =AW Ry — |Zn]. (1687)
Therefore the corridor is forward invariant whenever
sup |Zn(T)] < AV Rn- (1688)

To<T<Te

If the initial normalized state lies in the corridor, (1688) prevents exit; then (1678) contracts
the complete Euler jet and (1681) proves quantitative entry. This is precisely the desired
outer-to-inner trapping mechanism.
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158 Finite-N quantitative entry theorem

Theorem 58 (Outer-corridor criterion for complete-PDE conormal entry). Fiz N < oo,
ky > 1,1 < a <14, and M large enough for the reconstruction estimates. Suppose
that on a finite preterminal interval 1o, Te| the complete reconstructed solution is smooth and
remains on the real branch and away from the independent reconstruction zero set y = 0.
Suppose further that:

1. the exact normalized principal field satisfies the corridor coercivity (1669) and the
Euler-jet coercivity (1674);

2. the nonlinear commutator bound (1675)—(1676) holds on the chosen outer jet ball;

3. the complete residual satisfies the inward boundary condition (1688) and the weighted
budget inequality
I+ By < (5%13\4)1/2; (1689)

4. the normalized initial state belongs to the outer corridor and jet ball.

Then the actual complete finite-N trajectory cannot leave the outer corridor, reaches the
entry section with

D mte) < e (1690)

and thereafter Part 61 propagates the positive-power conormal tube through the terminal end-
point. Consequently the conditional scalar persistence and finite-physical-time characteristic
laws of Part 60 apply.

Proof. Condition (1688) gives strict inward pointing at both zeroth-order corridor faces by
(1687), so the first-exit argument excludes loss of the outer amplitude bound. Conditions
(1674)—(1676), together with the corresponding first-exit argument for the Euler jet, jus-
tify (1677) on the whole interval. Integration gives (1678), and (1689) gives (1690). The
hypotheses of the entry-propagation theorem in Part 61 are therefore met at 7.; its conor-
mal propagation estimate then continues the solution inside the local tube. No reduced
characteristic invariant is used. O O

159 Status for the actual reconstruction

The theorem above is stronger than the entry criterion (1651): it identifies the exact finite
collection of estimates that would prove (1651) directly from the complete evolution. It also
shows exactly what has not yet been obtained from the formulas presently audited. We do
not yet have a global preterminal estimate proving either

Ay > Ay >0 on an outer corridor (1691)
or
pre
Ry (7)|| < CR5e” ™M™ before local conormal entry. (1692)
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The positive-power estimates of Part 60 establish the analogue of (1692) inside the local
conormal tube; using them to prove entry into that same tube would be circular. Therefore
(1691)—(1692) must be proved on a strictly larger preterminal region from the raw recon-
struction formulas.

In particular, the calculation here does not convert the historical datum (1684) into an
unconditional scalar blow-up theorem. It proves instead that quantitative entry follows from
two checkable complete-PDE estimates: outer-corridor coercivity and a weighted residual
budget. These are now the only preterminal estimates separating the prescribed data from
the already proved local propagation mechanism.

160 Updated proof ledger after the quantitative-entry
reduction

localized fractional persistence:
conormal propagation after entry:
exact normalized preterminal equa-
tion:

zeroth-order outer trapping:

Euler-jet contraction before entry:
quantitative entry:

prescribed datum 3 + sin z:

remaining complete-PDE estimate
I:

remaining complete-PDE estimate
II:

finite-time scalar law:

closed in Part 60,

closed in Part 61,

rewritten as the damping-residual
identity (1665),

follows from corridor coercivity and
the inward residual bound (1688),
follows from (1674)—(1678),

follows from the explicit budget cri-
terion (1681),

finite positive initial mismatch; its

damped contribution decays by
(1680),
prove  outer-corridor  coercivity

(1691) from the actual reconstructed
coefficients,

prove the preterminal residual de-
cay/integrability (1692) without as-
suming local conormal closeness,
follows once (1691)-(1692) close and
entry is obtained.

(1693)

The quantitative entry problem has therefore been reduced from an abstract smallness

requirement at ¢, to an explicit outer-to-inner contraction argument.

The next decisive

calculation is no longer to assume the terminal profile, but to evaluate Ay and Ry s directly

from the raw finite-N reconstruction on a larger preterminal corridor and verify (1691)—
(1692).
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Part XI

Raw Outer-Corridor Coercivity and
Preterminal Residual Audit

161 Purpose and non-circular starting point

The preceding quantitative-entry reduction left two estimates:

Ay > A5 >0, (1694)
and e
RN (7)] < C}i{ej\/fe*"N’MT. (1695)

The first estimate can in fact be proved directly from the exact phase-critical principal
vector field, without assuming conormal entry. The second estimate requires a separate
audit because the complete fractional operator depends on the shape of the normalized
profile, not only on its amplitude.

Fix finite N and write

=20 —1, Gey = 275N ay =B — gun- (1696)
For ky > 1 and a > 1,
1
ay > 3 > 0. (1697)
The matched phase-critical amplitude is
hPh
By =22 5. (1698)
an
Introduce
by = B.ns P Fy, Yy = log Fy. (1699)

No smallness of Yy is assumed in the present section.

162 Exact principal vector field on an arbitrary finite
corridor

The phase-critical matching calculation of Part 58 gives the normalized principal equation

O-log Fy = —ay + = (1700)

before the complete remainder is restored. Since Fy = e¥V, the exact principal vector field
is therefore

Pn(Y) =an(e¥ —1). (1701)




In particular,

Zn(0) =0, Z5(0) = —an < 0. (1702)
Substitution into the definition (1666) gives, for Y # 0,

1—eY
An(Y) =ay : (1703)
Y
The continuous value at the origin is
An(0) = an. (1704)
163 Global sign of the corridor damping
Define
1—eY
oY) =10 s =1 (1705)
For every real Y # 0, the numerator 1 — ™Y has the same sign as Y. Hence
oY) >0 (Y € R). (1706)
Moreover, on a symmetric finite corridor |Y| < Ry,
yy o Lo 707
i = _ 170
Consequently
1—e iy
Av(Y) > A\Y = AN~ > 0, Y| < Ry. (1708)
N

Thus the zeroth-order outer-corridor coercivity left open in (1691) is not an additional hy-
pothesis: it follows algebraically from the exact matched phase-critical principal field. Notice
that no Taylor expansion in Y and no local conormal smallness have been used.

At the two corridor faces one therefore has the exact principal inward margin

—AN(RN)RN = —aN(l — G_RN) < 0, (1709)

and
—An(=Rpy)(—Ry) = an(ef®™ —1) > 0. (1710)

The negative face has the stronger restoring force. The smaller inward margin is

mS" = an(1 —e ™) > 0. (1711)

Therefore the corridor is forward invariant whenever the complete normalized remainder
obeys
sup |Zn(T)| < my". (1712)

T0ST<Te
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164 What can be proved for the raw algebraic residuals
on the corridor

The corridor bound |Yy| < Ry is equivalent to the two-sided amplitude comparison
e_RNB*,Ns_'B <bn(s) < eRNB*ﬁNS_ﬁ. (1713)

This comparison is sufficient for all purely algebraic power-counting estimates that do not
require decay of conormal derivatives. In particular, the exact finite-N Lambert sensitivity
gives

In.a(s) — geny = On(s7N), (1714)

and the reconstruction/forcing audit at § = 2ac — 1 gives, uniformly on any fixed amplitude
corridor,

E;\‘;C/forc(S) — ON,RN(S4Q/7>' (1715)

The geometric characteristic relation similarly gives the two-sided power comparison

2(7 - 2a)

>0 1716
7 ) ( )

cN Ry ST < on(s) < Oy gy s, Pph =
as long as the reconstruction chart remains on the same real branch and away from the
independent zero set where that chart degenerates.
Consequently the non-fractional part of the normalized preterminal residual obeys

a 4
’%?\}g(T)‘ S CN,RNeim\}gTJ n?\}g = min {QkN7 ;upph} > O (1717)

The same estimate holds for finitely many Euler derivatives provided the raw coefficient
maps are differentiated only a finite number of times on the compact reconstruction chart.

165 The complete fractional residual and the remain-
ing gap
The fractional term is qualitatively different. Let
Fy=¢"v, (1718)

After subtraction of the matched phase-critical monomial, the localized fractional remainder
has the schematic exact form

B = TnolFx) — Tnall] + BN+ %5, (1719)

where Ty , is the normalized finite- NV fractional operator in the reconstruction chart. Parts 60—

61 proved
HE* = On(s™) (1720)
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inside the conormal tube because there
|E7Yy| < Cys™. (1721)
On the larger amplitude corridor, however, (1713) gives only
e N < Fy < efv (1722)

and does not force Fiy —1, EF)y, or higher Euler derivatives to decay. For a nonlocal operator
this distinction is essential: bounded amplitude does not imply

TnalFn] = Tnall] — 0. (1723)

Thus the positive-power fractional estimate cannot be deduced from zeroth-order corridor
trapping alone.
More quantitatively, the localized operator estimate gives on a compact finite-/N chart

M,
IR, (DI < Oty (Z B Y (7)|| + e—n}‘frT) 7 (1724)
=0

for a finite derivative index M, determined by the fractional order and the reconstruction
product estimates. The second term contains the genuine kernel/geometric positive powers.
The first term is the profile-shape defect. Equation (1724) identifies exactly why (1692)
cannot be proved from the raw amplitude corridor without an additional preterminal shape
estimate.

166 A non-circular replacement for the missing resid-
ual hypothesis

The correct preterminal target is therefore weaker than assuming the final conormal asymp-
totic, but stronger than amplitude trapping. It is enough to prove a finite-jet decay estimate

M*
Y IEYN(T) < CRape ™7, i >0, (1725)
j=1

together with decay of the zeroth-order deviation generated by the coercive ODE. Combining
(1717), (1724), and (1725) yields

R e (7)] < CR5pe T, (1726)
where one may take
Mo = min{ny, 8" vt > 0. (1727)

Unlike the final conormal-tube hypothesis, (1725) asks only for decay of a finite number of
shape derivatives on the larger outer corridor. It does not prescribe the terminal amplitude
or its limiting constant.
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167 Differentiated corridor equation and the shape-
entry mechanism

Applying E = s0; = —0; to the exact normalized equation gives for Z; y = EYx
07y = —AN(YN)Zin +Cin(YN, Zin) + EZN, (1728)

where Cy y contains the derivative of the exact damping coefficient. Since |Yn| < Ry, all
coefficients are bounded, and the strict positivity (1708) provides a zeroth-order restoring
margin. Iterating gives a triangular finite-jet system

0-Ziy = —AN(T)ZN + NN (ZW) + G (7). (1729)

with
75 = (EYy, E*Yy, ..., EMYy). (1730)

The algebraic forcing part of G decays by (1717). The only component not already
controlled by raw coefficient powers is the fractional shape operator acting on Z} itself.

Therefore a direct non-circular closure would follow from the finite-IN outer-corridor
accretivity estimate

(2, AVZ - L3S"2) > N0 202 A, >0, (1731)

on |Y| < Ry. Under (1731), the same first-exit /variation-of-constants argument as in Part 62
gives (1725), then (1726), and finally quantitative entry. Importantly, (1731) is an operator
sign estimate on a compact preterminal corridor; it does not assume the conclusion (1725).

168 What has and has not been closed

The present audit therefore resolves one of the two estimates left in (1691)-(1692) and
reduces the other to an operator-level statement:

1 —e v
Ay >QRa—1—-27")——— >0. (1732)
Ry

This is the requested outer-corridor coercivity, proved directly from the matched principal
field.

For the complete residual, the raw reconstruction already supplies positive powers for the
Lambert, reconstruction, forcing, geometric, and separated kernel pieces. What remains is
not another scalar power count but the fractional shape accretivity (1731), or an equivalent
finite-jet estimate. Without such an estimate, claiming (1695) from amplitude trapping
would be circular because the missing decay is precisely the decay of the profile shape toward
the conormal state.
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169 Updated proof ledger after the raw-corridor audit

localized fractional persistence:
conormal propagation after entry:
quantitative-entry reduction:
outer-corridor coercivity:
non-fractional preterminal residual:

complete fractional residual on am-
plitude corridor:
preterminal residual decay:

remaining operator estimate:
quantitative entry from prescribed

data:
finite-time scalar persistence law:

closed in Part 60,

closed in Part 61,

closed in Part 62,

closed explicitly by (1703)—(1708),
positive-power decay closed by
(1714)—(1717),

reduced to the finite-jet shape defect
(1724),

follows from the non-circular shape
estimate (1725),

prove outer-corridor fractional shape
accretivity (1731),
follows once (1731)
Parts 62-63,

follows after entry and propagation.

closes, via

(1733)

The decisive remaining preterminal calculation is therefore no longer the zeroth-order

damping sign. That sign is globally positive on every finite amplitude corridor. The re-

maining question is whether the localized fractional shape operator is accretive relative to

this damping on the larger preterminal corridor, as quantified by (1731). Establishing that

estimate would produce the exponential residual bound (1726), quantitative conormal entry,
and hence the already proved terminal scalar persistence mechanism.

Part XII
Outer-Corridor Fractional Shape
Operator Audit

170 Purpose and a necessary correction to the formu-
lation of (1731)

Part 63 reduced quantitative entry to the sign of the localized fractional shape operator. The
purpose of the present audit is to compute that operator at the phase-critical profile and
to determine what coercive estimate is actually compatible with its differential order. The
calculation shows that (1731), if interpreted as a purely zeroth-order Euclidean estimate on
the finite jet, is not the natural statement. The fractional shape term contains a positive
derivative quadratic form and must be retained in the energy rather than estimated as an
arbitrary bounded perturbation.
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Work on the proof-localized transverse chart
0<e, <|x(2) <y, (1734)
and write
f=2a—1, ag(s) = s /2 b= B, ns Pe¥. (1735)

Up to the already audited positive-power geometric and transverse remainders, the two
reconstructed factors have the same phase amplitude

Uy = o) ag(s)e’/?, u, = c,(x) ag(s)e’’?, cxCy = B n. (1736)

Thus the principal localized fractional block is governed by the conjugated operator

TapZ = a5 (—0s)*(apZ) — Z az' (—0ss)ag. (1737)

The subtraction in (1737) is forced by differentiating the quotient ((—0ss)*a)/a; in particular
constants lie in the kernel,
Tl = 0. (1738)

This is the correct linearized shape operator before the finite-jet commutators and positive-
power reconstruction errors are restored.

171 Exact anchor computation at a =1

At @ = 1 one has 8 = 1, ag = s7/2 and (—0,,)' = —0,. More generally, for a = s*,
A=—-03/2,
a Y —0,(aZ)} — Za~{—0ya) = —Zy, — 227, (1739)
a
Since E = s0;,
Z,=s"'EZ, Zy =5 %E* - E)Z, (1740)
and therefore
TpZ =s{—-E*+(1+B)E}Z. (1741)
At the phase-critical anchor § = 1 this becomes
T Z =5 —E*+2E)Z. (1742)

The normalized scalar equation multiplies the fractional block by s/b ~ s'™7/B, y. At
a =1, B =1, the factor s? exactly cancels the s7 in (1742). Hence the principal linearized
fractional shape contribution in terminal logarithmic time is a constant-coefficient second-
order operator.
Put
T = —log(s/s.), E = —-0,. (1743)

Then
—E? 4 2E = —0? — 20,. (1744)
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The first derivative is skew with respect to the unweighted whole-line quadratic form (or
contributes only boundary /weight terms on a localized interval), while the second derivative
gives the positive form

(z.-022) = |0, 2|13 (1745)

Thus the anchor principal fractional shape operator is not an uncontrolled zeroth-order
defect. Its highest-order part is accretive.

172 Mellin symbol for general a near one

The same statement can be expressed without differentiating an integer-order operator. The
exact Mellin formula already established in the manuscript is

T(A+1)T(2a — \)

(—0.)"s = KF(A)s* 2, Ki(\) = sin7(a — \). (1746)
s
For a logarithmic Fourier mode Z = ¢1°8% (1737) has symbol
tas(§) = K (—g + ié) - K} (—g) : (1747)

The normalized phase-critical equation removes the common factor s~2¢ because 1+ 3 = 2a.
Consequently (1747) is precisely the terminal logarithmic shape symbol.
At (a, 8) = (1,1), using K (\) = —A(A— 1),

t11(€) = €% — 2i€. (1748)

Therefore

The zero at £ = 0 is the amplitude mode and is already controlled by the strict scalar corridor
damping Ay (Y). Nonzero shape frequencies receive a positive derivative contribution.

The general-a Gamma-symbol perturbation estimates proved earlier imply, for 1 < a <
1496 and 8 =2a —1,

[ta,5(6) — t11(8)] < C'la = 1] (€)™ (1 + log(€)). (1750)

on the common weighted Mellin domain. This proves continuity of the shape operator, but
by itself it is not a global positive lower bound at every frequency: the logarithmic loss in
(1750) cannot simply be absorbed by the anchor &2 uniformly as |{| — oco. The correct
high-frequency statement must use the principal symbol directly.

173 High-frequency ellipticity and low-frequency com-
pactness

Stirling asymptotics for (1746) give the order-2« principal behavior
%ta,ﬁ(g) 2 Ca|€|20l - Com |€| Z Eaa (1751)
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for a in a sufficiently small interval above one, after fixing the same branch and weighted
Mellin line used in Part 60. Hence the only possible loss of accretivity occurs on a compact
frequency interval.

For every fixed finite N and finite amplitude radius Ry, the localized reconstruction
coefficients range over a compact coefficient set. The low-frequency shape symbol and its
finite-jet commutators therefore have a finite lower bound. Define the actual corridor spectral
margin

R : : sh
AN, Ry o = \YI\EE - égﬂg d RV (Y, E), (1752)
shape moae

where the amplitude mode is excluded because it is handled by Ay. The anchor computation
gives a positive derivative form, but the information currently present in the manuscript does
not determine the sign of the full compact-frequency number (1752) for an arbitrary large
Ry. In particular, compactness proves that puy ry.o > —00; it does not prove pin gy .o > 0.
This is the key outcome of the audit. The global statement (1731) cannot be promoted
to a theorem merely from amplitude boundedness and the anchor sign. One must either
compute the compact-frequency margin (1752), or choose a corridor on which perturbation
from the already certified conormal operator is quantitatively smaller than its spectral gap.

174 A rigorous coercive replacement for (1731)

The natural energy statement retains the derivative norm. Let 3 = (Zy,..., 2y, ) and let
|3][#5, denote the finite-jet weighted Mellin norm containing the order-a derivative of every
shape component. The localized pseudodifferential Garding estimate has the form

R(3,Lya™3) = enal3llg — Onory 13113 (1753)

Combining this with the already proved scalar corridor margin
1 —e By

cor _ (9 _1_27161\1
N (2cx ) Rn

(1754)

shows that the desired preterminal shape contraction follows whenever the compact-frequency
loss obeys

Clry <AV (1755)

Equivalently, in the spectral notation (1752), it is enough that

)\R?r + N, Ry.0 > 0. (1756)
Under (1756), one obtains
1d sh |2 sh shl2 sh |2 —QnalgT
§E||ZN||2+)‘N,M* ZY I3 + enallZN |, < One™™NT, (1757)
for some
Az, > 0. (1758)
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Integration gives

1Z3(7) |2 < Cve ™| ZR (7o) 2 + Cowve "7 (1759)

Equations (1724) and (1759) then imply the complete preterminal residual bound

IRy (7)]| < CRG e ™" (1760)

Thus (1756), rather than the schematic zeroth-order version of (1731), is the precise finite- N
spectral condition needed for quantitative entry.

175 What is proved at the anchor and what remains
for the full corridor

At a =1 the principal shape symbol is explicit:
Rt (€) = € (1761)

Hence the phase fractional operator has the favorable high-frequency sign and no negative
principal spectrum. The amplitude mode is separately damped by AY" > 0. This proves
that there is no principal-symbol obstruction to outer-corridor shape coercivity.

What is not supplied by the present raw reconstruction is a certified lower bound for
the compact-frequency margin (1752) over an arbitrary entire amplitude corridor |Y| < Ry.
The finite-N coefficients are explicit, so this has now become a finite-dimensional /compact-
frequency certification problem rather than an uncontrolled nonlocal remainder problem. A
rigorous closure can proceed by either

(i) analytic interval bounds for £ (Y €), or (ii) a certified Galerkin/interval enclosure on |{| < =
(1762)
with the high-frequency tail already controlled by (1751).

Theorem 59 (Outer-corridor fractional shape audit). Fiz N < oo and the proof-localized
transverse chart (1754). At the phase-critical anchor o = 1, the principal linearized localized
fractional shape operator has Mellin symbol t11(€) = &2 — 2i€ and therefore nonnegative real
part 2. For o sufficiently close to one, its high-frequency part remains elliptic and accretive
in the weighted Mellin energy, up to a bounded compact-frequency loss. Consequently the
preterminal finite-jet estimate and residual decay follow from the explicit spectral margin
condition (1756).

The present paper’s data presently prove the anchor sign and high-frequency accretivity,
but do not by themselves certify the sign of the full compact-frequency margin uniformly on
an arbitrary prescribed outer corridor. Therefore (1731) is not declared closed on the entire
corridor without the additional finite-N compact-frequency certification (1762).
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176 Updated proof ledger after the shape-operator au-
dit

outer-corridor scalar damping: closed by (1732),

linearized fractional shape operator: computed explicitly by (1737)—
(1748),

anchor fractional shape sign: Rt11(6) =& >0,

high-frequency fractional shape sec- accretive/elliptic by (1751),

tor:

compact-frequency corridor sector:  reduced to the explicit margin
KN Ry« in (1752),

correct coercive condition: AN+ UN,Ry,a > 0,

preterminal shape decay: follows from (1756) by (1757)-
(1759),

complete preterminal residual: follows as (1760) once the compact-
frequency margin is certified,

quantitative entry: then follows from Parts 62-63,

terminal scalar persistence: already proved after verified entry.

(1763)

The remaining calculation is now finite and sharply localized: certify the compact-

frequency number (1752) for the actual finite-N coefficient family. The nonlocal high-

frequency sign is favorable; what remains is a bounded spectral enclosure, not a new terminal
asymptotic assumption.

Part XIII
Certified Compact—Frequency
Enclosure on a Finite Outer Corridor

177 Purpose: replace the unresolved number puy g, .o
by a quantitative enclosure

Part 64 reduced the remaining preterminal issue to the compact-frequency margin

PN Ry = inf inf RO (YE), (1764)

IY|<Ry [€|<Ea

with the amplitude mode treated separately by the positive scalar damping. The point of
the present calculation is that one does not need to prove iy gy.o > 0. It is enough to prove
that its possible negative part is strictly smaller than the already available damping margin
AN

Write the complete localized symbol on the bounded frequency block as
Na(Y ) =t1(6) +pna(YsE), € <E (1765)
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where
ta(€) =& —2€,  Rba(6) =& (1766)

All finite-N proof-localized coefficients are smooth on the compact transverse chart and on
a finite amplitude corridor. Hence, for every fixed N and fixed finite cutoff =, the symbol is
C' in (Y, a) on a neighborhood of (0,1) away from the already excluded Mellin poles. Define

Lyz:= sup |oyREY (Y9
|Y|<Ro, [£|<E
1<a<l1+dg

: (1767)

and
Lyz:= sup |0.Ry.(V,9)|. (1768)

|Y|<Ro, [€I<E
1<a<1+dg

1

These constants are finite for each fixed N, Ry, =, and sufficiently small ¢y.

178 Anchor normalization and the finite-/N coefficient
defect

The exact anchor calculation of Part 64 gives the principal phase symbol ¢;;. The proof-
localized finite- N reconstruction may also contain a bounded anchor coefficient defect. Iso-
late it by

ENT = sup |RE 1 (0,) — &7 (1769)

<=

This quantity is zero if the localized coefficient normalization at Y = 0 is exactly the phase-
critical anchor, and otherwise it is an explicit finite-N number determined by the raw recon-
struction. The mean-value theorem now implies, uniformly for |Y| < R < Ry, || < E, and
1<a<1+86<1406,

REVA(Y.6) > € — Vg — Ly=R — Ly s(a - 1). (1770)

Consequently

[NRa > —ENT — L}QER — Ly =z(a—1). (1771)

This is the desired analytic compact-frequency enclosure. It does not use smallness of the
shape derivatives and therefore does not assume conormal entry.

179 Comparison with the scalar damping margin

Recall
cor —k 1 - eiR
MV (R, ) = (20— 1 —27FV) —5 (1772)
For 0 < R < Ry and a > 1,
1 — e Ro
AV(R, ) > (1—27M) —5 = Ano > 0. (1773)
0
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Combining (1771) and (1773) gives the explicit sufficient inequality

eNg + LyzR+ Ly z(a —1) < Ano. (1774)

Whenever (1774) holds,

AR+ bnro > Avo — exs — LyzR — Ly =(a —1) > 0. (1775)

Thus the compact-frequency obstruction is perturbatively closed on every corridor satisfying
the explicit budget (1774).

180 A nonzero certified corridor exists when the an-
chor defect is below the damping gap

Assume the checkable finite-N anchor condition

1
E?\?Cg < Z)\N’O. (1776)
Choose
. AN
RY = Ry, ——— 1777
N mln{ 074(1+L%75)}7 ( )
and
. AN,0
O = g, ———2—— ¢ . 1778
N mm{ 05 a1 +L?v,5)} ( )
Then for
Y| < RV, 1 <a<1467%, (1779)
one has 3
eNE + Ly=Ry“ + Lyz(a—1) < 1o (1780)
and hence the uniform margin
cor 1
)‘N + ,UN7R§\I;EC@ > Z)\N’O > 0. (]_781)

This proves existence of a genuine nonzero finite- N spectral corridor. It is stronger than the
small conormal tube because no decay of EY, E?Y,... is assumed in deriving (1770). It is,
however, not a certification of an arbitrarily large preassigned Ry .
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181 The zero-frequency issue is absorbed by the am-
plitude equation

The compact interval contains & = 0, where the anchor shape symbol vanishes. This causes
no loss because the corresponding constant logarithmic mode is precisely the amplitude
direction. Let Ily denote the amplitude projection and Ilgy, = I — II;. The normalized
linearized evolution has the block form

1_IOZ _ AN (Y) BOsh HOZ raw
aT (HshZ) N ( BshO Ash + Efrac 1_[shZ + GN . (1782)
The off-diagonal blocks are smooth finite-N coefficient perturbations and are included in the

constants in (1767)—(1769). By Young’s inequality they consume only part of the positive
margin in (1781). Shrinking the spectral budget from Ay /4 to An,/8 if necessary yields

rac,s A
R(Z, (A% — L™ 2) 2 X2 2] + exall Ml (1783)

Thus frequencies arbitrarily close to zero are controlled by the combination of amplitude
damping and the nonnegative fractional derivative form; no artificial frequency gap is re-
quired.

182 High-frequency tail and compact block fit together

Choose = = =y, so that the elliptic estimate (1751) gives
ROV (Y,€) = enalé™ = Cnp, (1€l 2 2). (1784)

Increasing = if necessary absorbs the bounded lower-order coefficient loss and gives

CN,a | ¢ 120 -
REL(Y.6) 2 2l >0, g 2=, (1785)

On [¢] < Z, (1781)—(1783) supply the missing bounded-frequency coercivity. Therefore,
subject only to the explicit anchor-defect check (1776), the full frequency axis is controlled
on the certified corridor (1779).

183 Consequences for preterminal entry

Insert (1783) into the finite-jet energy equation of Part 63. The nonlinear triangular terms
obey, on a sufficiently small but fixed jet radius,

s AN
(Z,N3(2))] < 1—6||Z||§~ (1786)
The raw algebraic forcing already satisfies the positive-power estimate (1717). Hence
1d s )‘N»O s s —opiler
55”%\?”% + WHZ]\I;HE +enalTanZy [y < One ™ (1787)
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Therefore

I1Z(7)l2 < Cne™ ™" TN Z (70)[|l2 + Cwe ™™ 7, (1788)
where
7% .= min {%‘) nﬁvlg} > 0. (1789)
Using (1724),
IRy (7)]| < CRSe™m™ R, > 0. (1790)

Thus the preterminal residual estimate follows on the certified spectral corridor. Parts 62—
63 then convert this decay into quantitative conormal entry provided the actual trajectory
reaches this corridor without leaving the raw reconstruction chart.

184 What remains for the prescribed data

The spectral problem has therefore changed status. It is no longer necessary to determine
an unrestricted global infimum over an arbitrary corridor. For each fixed N it is enough to
verify the finite anchor number %'z and the explicit derivative bounds L%}E and Ly =. Once
(1776) is certified, a nonzero corridor and continuation interval are produced explicitly by
(1777)—(1779).

There remains one logically separate entry-map question: does the complete trajectory
generated by the prescribed reconstructed data reach |Y| < R¥® with its finite jet inside
the radius required in (1786)7 The present spectral enclosure proves contraction after that
larger corridor is reached; it does not manufacture that first crossing from scalar amplitude
data alone. This distinction prevents a circular entry claim.

Theorem 60 (Perturbative compact-frequency spectral enclosure). Fiz N < co and a proof-
localized transverse chart. Let = < oo be chosen so that the high-frequency elliptic estimate
(1785) holds. Suppose the finite-N anchor defect (1769) satisfies (1776). Then there exist
explicit positive numbers R and §¥°° given by (1777)-(1778) such that, for |Y| < RV
and 1 < o < 14 6%, the combined amplitude—shape operator has a strictly positive coer-
cive margin. In particular (1783), the finite-jet decay (1788), and the complete preterminal
residual estimate (1790) hold after entry into that corridor.

If the anchor normalization is exact, then eN's = 0 and the anchor-defect hypothesis
1s automatic. The theorem certifies a nonzero finite-N outer corridor; it does not assert
coercivity on an arbitrarily large prescribed corridor without evaluating the actual coefficient
bounds there.
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enclosure

185 Updated proof ledger after the compact-frequency

anchor fractional shape sign:
high-frequency sector:
compact-frequency sector:
finite-N anchor defect:

certified spectral corridor:

combined amplitude—shape coerciv-
ity:

preterminal finite-jet decay:
complete preterminal residual:
quantitative conormal entry after
reaching the spectral corridor:

first crossing of the spectral corri-
dor from the prescribed full recon-
structed data:

terminal scalar persistence after ver-

ified entry:

closed, Rty 1(§) = &,

closed by ellipticity (1785),

analytic enclosure (1770)—(1771),
explicit check eifs < Ano/4 still
required unless exact normalization
gives zero,

exists by (1777)—(1781) once the an-
chor check holds,

(1783),

(1788),
(1790),
follows from Parts 62-63,

remains to be proved by the complete
entry map,

already closed.

(1791)

The bounded-frequency problem is therefore no longer an open sign question in an
infinite-dimensional frequency tail. It has been reduced to explicit finite- N coefficient bounds
on a compact block. Under the anchor-defect check, these bounds produce a nonzero coer-
cive outer corridor and close the preterminal residual estimate there. The next non-circular
issue is the first-crossing/entry-map estimate from the prescribed complete reconstructed

data into this certified spectral corridor.

Part XIV

First-Crossing Audit from the
Prescribed Complete Finite-N Data

The preceding compact-frequency audit proves contraction after the complete trajectory

reaches the certified spectral corridor

[Yn| < RV

The remaining question is whether this first crossing follows from the prescribed finite- N data
without assuming the conclusion. In this part we separate the scalar restoring mechanism
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from the finite-jet shape mechanism and derive the exact quantitative criterion for first
crossing. The result is deliberately stated at fixed finite V.

186 Global restoring sign of the scalar principal field

Recall
ay =20 —1—27F >0, Pn(Y) =an(e? —1). (1792)

For Y # 0 define
Pn(Y 1—eY
An(Y) = — ];( ) _ N (1793)

The elementary function (1 —e™Y)/Y is strictly positive for every finite real Y. Hence for
every finite bridge radius R > 0,

br 1—eY 1—ef
AV(R) :==an ‘%ISI}% v —WwT > 0. (1794)

Thus the scalar principal equation has an inward restoring sign on every bounded amplitude
corridor. No smallness of Y is needed for this fact.
Let the exact normalized complete equation be

0, Yy = —An(Yn)Yy + 25, (1795)
If [Yy| < R and
25" ()] < pw(T), (1796)
then p
E|YN| < =M (R) YN |+ pn (7). (1797)
Consequently
Yy (7)| < e RWET=0) |y (7)] + / e R 0 (1) dr, (1798)
T0

This is the exact scalar first-crossing inequality.

187 A quantitative first-crossing time

Assume for the moment that on a bridge interval

pn(T) < CRreRT - phr s, (1799)
For A% £ nRr. (1798) gives
r Cbr T T r
V()] < e X))y (r)] + W’—Nb (e_"R’T + e—A?v“—me—”?vTO) . (1800)
N TN



The resonant case has the usual factor (7 — To)e*)‘II)VrT and also tends to zero. Therefore,

provided the bridge estimate (1799) is valid until crossing, there is a finite 7., such that

Vi (7er)| < R (1801)

For example, any 7., for which the two terms on the right of (1800) are each at most R%/2
is sufficient. This gives an explicit finite first-crossing time in terms of the initial mismatch
and the bridge constants.

188 Finite shape jet on the bridge
The amplitude crossing alone is not enough. Let
75 = (EYy, E*Yy, ..., EMYy). (1802)
On a finite bridge corridor |Y| < R write the exact differentiated equation as
O, Z3% = —AX(Y, 7)Z3 + NY (Y, Z%) + G (7). (1803)

Define the bridge spectral margin

br — 3 : sh
Mo = Inf inf ROV, €). (1804)

The same amplitude—shape decomposition used in Part 64 shows that a sufficient bridge
coercivity condition is

AV (R) + 1 po > 0. (1805)

If the margin in (1805) is 2k% > 0, the nonlinear jet radius is chosen so that its quadratic
loss is at most k% /2. Then

d S. T S T
—lZx ]2 < =¥ 1Z¥ ]2 + [1GR(7)]2 (1806)
If )
IGR(T) |2 < CRF e, (1807)
then
|1Z55 (7)o < e N Zh (1) || 4 Cye™ MR MR an I, (1808)

Hence the finite shape jet also reaches any prescribed positive contraction radius in finite
terminal logarithmic time, provided (1805)—(1807) hold on the bridge.
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189 What the compact-frequency calculation actually
proves on a bridge

Part 64 gives, on |[£| < Z,
ROV (Y.6) > —eNs — Lyz|Y| = Liz(a = 1). (1809)

Therefore for any finite R,

:ul])\;,R,a > —ENz — L%,ER — LYyz(a—1). (1810)

Combining (1794) and (1810) yields the fully explicit sufficient bridge condition

1— —-R
ay Re > e 4 LR+ LY =(a—1). (1811)

When (1811) holds, the entire frequency axis is coercive on the bridge after the high-frequency
elliptic tail is added exactly as in (1784)—(1785). Thus the first-crossing problem is finite
and quantitative: it is not an unknown sign at arbitrarily high frequency.

190 Insertion of the prescribed scalar datum

For
b3(z,0) =3 +sinz (1812)

we have
2 < b3(z,0) <4, |07b3(+,0)|| g <1 (m >1). (1813)

Let sg denote the phase value of the chosen initial section. The exact initial normalized
amplitude is

(3 4 sin z)s)

Yn (10, 2) = log (1814)

B*,N ’
and hence
d Sg 45€
[Yn (70, 2)] < Ry := max { [log 7| log B : (1815)
* N * N

Every finite Euler jet of (1814) is finite because the denominator 3 + sin z is bounded below
by 2. Thus the prescribed scalar datum gives an explicit finite bridge radius and a finite
initial shape-jet norm.

However, the phrase “prescribed complete reconstructed data” must include the initial
fields Ay, Cly, their required spatial derivatives, the forcing, and the pressure-compatible
reconstruction entering the complete residual. The scalar datum (1812) alone does not
determine the constants eyg, Ly =, L&z, C¥, or C¥,,.. Therefore (1811), (1799), and
(1807) cannot be numerically or symbolically certified from (1812) alone.
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191 First-crossing theorem for the complete reconstructed
data

Theorem 61 (Finite-N first crossing into the certified spectral corridor). Fiz N < oo and let
the complete reconstructed initial data determine a smooth solution on a real-branch chart.
Let R > R\ contain the initial normalized amplitude and finite shape jet. Assume the raw
reconstruction coefficients satisfy the explicit bridge spectral inequality (1811), the complete
scalar residual estimate (1799), and the differentiated residual estimate (1807) until the first
crossing. Then there exists a finite terminal logarithmic time Te, such that

Yo ()| < BE (1816)
and, after increasing 1., by a finite amount if necessary,

1Z3 (7er) 2 < 73057 (1817)
where iy} is the nonlinear contraction radius in (1786). The compact-frequency spectral
estimate of Part 64 then gives the preterminal residual decay (1790), Parts 62-63 give quan-
titative conormal entry, and Part 61 propagates the local conormal tube.

Proof. The bridge inequality (1811) and the high-frequency elliptic estimate imply (1805).
The scalar comparison (1798) together with (1799) tends to zero as 7 — 00, so it crosses
RN in finite 7. The shape estimate (1808) likewise tends to zero and therefore crosses
the finite contraction radius. Strict inward pointing on the bridge boundary follows from
(1797) and (1806), so the estimates remain valid up to the first crossing. After crossing,
Part 64 supplies the smaller-corridor coercivity and the previous entry/propagation results
apply. O O

192 Can the requested first crossing be proved from
the data presently written in the paper?

The preceding theorem isolates all quantities that must be evaluated. The answer from
the currently written data is more precise than a generic “entry remains open.” The scalar
principal field is globally restoring on every finite amplitude corridor, the historical datum
supplies an explicit finite amplitude radius (1815), and the high-frequency shape sector is
coercive. What is not supplied by the scalar datum is the complete reconstruction coefficient
jet needed to verify (1811), (1799), and (1807) on the bridge from RE* down to Ry

Accordingly, a proof that the actual trajectory reaches the spectral corridor cannot be
completed from b3(z,0) = 3 + sinz alone without inserting those complete reconstructed
initial fields and their finite-N coefficient bounds. Assuming them would be exactly the
circular step this audit is meant to avoid. Once those raw data are inserted, (1811), (1800),
and (1808) are a finite checklist and give an explicit first-crossing time rather than a new
asymptotic hypothesis.
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193 Updated proof ledger after the first-crossing audit

scalar restoring
bounded corridor:
prescribed scalar initial amplitude
radius:

finite initial scalar Euler jet:
high-frequency shape sector:
compact-frequency bridge
sure:

complete bridge scalar residual:

sign on every

enclo-

complete differentiated bridge resid-
ual:
first crossing once bridge bounds

closed by (1793)—-(1794),
explicit in (1815),

closed from (1813)-(1814),
closed in Part 64,
reduced to explicit inequality (1811),

requires raw reconstructed coefficient
bounds in (1799),
requires raw reconstructed coefficient
bounds in (1807),
proved by (1798), (1800), and (1808),

hold:

entry and propagation after cross- already closed by Parts 61-64,

ing:
first crossing from the scalar datum not proved because it does not spec-
alone: ify the complete reconstructed coeffi-

cient jet,
follows from the established persis-
tence theorem.

finite-time scalar law after verified
complete-data crossing:

(1818)

The first-crossing problem has therefore been reduced to a finite raw-data verification,

not to a new terminal asymptotic argument. The next legitimate step is to substitute

the manuscript’s actual prescribed Ay, Cy, forcing, and pressure-compatible initial recon-

struction into (1811), (1799), and (1807). Without those data, claiming unconditional first
crossing would go beyond what the current manuscript specifies.

Part 66. Raw-Data Substitution
Audit for the First-Crossing
Conditions

194 Purpose of the raw-data substitution

Part 65 reduced unconditional first crossing to the finite verification of (1811), (1799), and
(1807). We now perform the promised substitution using the actual reconstruction formulas
stated than introducing new free coefficient fields.
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The first point is structural. The revised source prescribes

QN = AN,k(N)7 Ay = Uy = Vn — DN(VN), Cn=u,=Vy+ DN<VN)7 (1819)

with
—2V+R R3, + 8RNV C?
2 An
The reconstructed first velocity component is
bn
Uy = —, Uzl = by. (1821)
An

Thus the raw reconstruction is algebraic in the pair (Vi, Ry) once the scalar by is supplied.
The corrected forcing appearing in the same source is

G(z,y,2) = Ap + (sinzsinysin 2)?, F, =2CyNG. (1822)

In particular, if Ag > 0 and Cy > ¢_ > 0, then

(Fo>2c A >0.] (1823)

This sign is favorable for entry, but by itself does not control the complete reconstruction
€erTor.

195 The actual raw scalar equation

The revised source writes the corrected amplitude equation as

Dby = DN02 490G — £y, (1824)
N

where, in the displayed two-correction reconstruction,

Civi+Ch.. by
N% +bNANCN  + —NCN,y +20xVby - VCy. (1825)
N

Ev=0b Ax

This formula is the quantity that must be inserted into the bridge residual. It is not legitimate
to replace it by a different reconstruction remainder before proving that the two expressions
agree.

For the prescribed scalar datum

by(z,0) =3 +sin z, 2 <by(z,0) <4, (1826)

all scalar derivatives are bounded at ¢ = (0. Hence any failure of the raw bridge estimate
at entry must come from the reconstructed coefficient fields or from the nonlocal fractional
block, not from a singular scalar datum.
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196 Direct comparison with the reconstruction used in
Parts 51-65

The first-crossing machinery in the present continuation was developed after introducing the
square-root reconstruction

b
Ai\c} = v/ —2XbN, U;q = —_N, C]S\(fl = CN(.T, S)a (1827)

with the corresponding remainder

b2
+ 2AnbNCi o + 2A—NCN,y. (1828)
N

ON,t + CN,Z

R = by

By contrast, the raw two-correction source gives (1825). Their difference is therefore exactly

bQ
En — R = —AnbyCOn, — ﬁON,y +2CNVby - VCy. (1829)

There is no identity in the currently cited raw reconstruction that makes the right-hand side
of (1829) vanish identically. Thus the substitution audit reveals a genuine reconstruction
mismatch: equations (1799) and (1807) were proved for a remainder architecture that is not
automatically identical to the two-correction architecture (1819)—(1825).

This is not a small numerical defect. It changes the finite-jet residual that enters the
first-crossing estimate. Consequently, the raw data cannot simply be inserted into the old
constants CF and CFf,, without first re-deriving those constants for (1825).

197 What can nevertheless be substituted exactly

The algebraic reconstruction gives several exact bridge identities. From C% /Ax = Ry,

An = g—i, Uy = b]é% (1830)
Hence, on a raw bridge on which
0<ce <Cy<Cgq, 0 <cr <Ry <Chp, (1831)
we obtain the explicit bounds
@ < g, < Ry <uy < Py, (1832)
Cr CR Cé co

Thus positivity and nondegeneracy of the raw reconstructed velocity reduce to finite bounds
on Cy and Ry.
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Moreover, (1825) gives the pointwise estimate

b C?
1En] < Z|Cns + Ozl + by =E|Cal
co Cr

c (1833)
+ 3 B Oy | +2Cc|Vbw| [V Cy|
c
Therefore a sufficient raw scalar bridge bound is
raw rac 5 25Cc
PRT(T) < PRT) + ] + = [1Glloos (1834)
by by

where pi¢ denotes the normalized complete fractional defect. Equation (1834), not the older

schematic residual, is the direct raw-data replacement for the quantity in (1799).

198 Raw differentiated residual

Let E = s0, and let J,; denote the collection of Euler jets through order M. Differentiating
(1825) gives, by Leibniz’ rule,

13wl < CN& Py (130108 [l I3ara Ol AN+ AR (1835)

where Py, is an explicit finite polynomial with nonnegative coefficients. Using (1830), every
occurrence of Ay and AJ_\,1 can be replaced by Cy and Ry. Hence the differentiated bridge
estimate (1807) is reduced to the finite raw condition

sup " | [R5, (7)]]
T0<T<Te

(1836)

S a. ~ ~ ~
+ bTC]\},gMPM ([Far1bx s [[F2r1CN ||, ISar 41 B l]) | < 0.
N

This is a genuine finite-N checklist. But the source formulas displayed so far do not supply
the required uniform bridge bounds for all derivatives in (1836); they define the fields but
do not prove the needed decay on the whole first-crossing interval.

199 Audit of the compact-frequency inequality (1811)

The compact-frequency condition from Part 65 is

AV(R) > e+ LyzR+ Ly z(a—1). (1837)

The raw reconstruction (1819)—(1820) determines the coefficients entering the left and right
sides once Vy, Ry and their finite jets are known. However, the source identities

2 —(2V+ R R%2 + 8RNV
ﬁ:RN, DN(V): ( + N)+2 N T N

(1838)
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do not by themselves provide a numerical upper bound for ey, LRE, or LY = on the bridge.

In particular, those constants contain localized fractional-symbol derivatives and therefore

require bounds on the actual coefficient jet, not merely positivity of Ay, Cy.
Accordingly the exact substitution yields

’ (1811) is reduced to raw finite coefficient bounds, but is not yet numerically certified by the displayed reconstruction identities alone.

(1839)

200 Pressure compatibility cannot be silently supplied

The raw source material located in this audit specifies the velocity reconstruction, continuity
relation, and corrected forcing. It does not, in the same displayed data block, prescribe a
complete initial pressure field whose gradient has already been verified against all three
momentum equations for the present fractional system. Therefore pressure compatibility
cannot be inserted as an unproved coefficient bound in (1836) or (1837).

The correct logical requirement is

VPy(0) = Q[=/fn(0) = un(0) - Vun(0) = v(=A)"un(0)], (1840)

where Q = I — P is the gradient part of the Helmholtz—Leray decomposition, together with
the corresponding periodic solvability and regularity conditions. Until this is evaluated for
the same raw Ay, Cy used in (1819), pressure-compatible entry remains a separate finite
check.

201 Result of the actual substitution audit

The requested substitution therefore has a definite outcome. The raw source supplies

(72
Ay =V —Dn(Vn), Cn=Vn+ Dn(Vy), A—N =Ry, G=Ap+ (sinxsinysinz)2,
N

(1841)
and the complete raw reconstruction error (1825). These formulas are enough to turn (1799)
and (1807) into the explicit finite estimates (1834) and (1836). They also show that the
forcing has the favorable sign (1823).

But the substitution simultaneously exposes the mismatch (1829) between the raw two-
correction reconstruction and the square-root remainder used in the later first-crossing
derivation. Therefore one cannot honestly conclude from the current source that (1799),
(1807), and (1811) already hold for the same complete reconstructed solution.

The first-crossing theorem remains conditional, but the condition is now strictly
finite and reconstruction-specific. To close it one must either (i) prove that the
two-correction reconstruction (1819)—(1825) is equivalent to the square-root recon-
struction used in Parts 51-65 on the bridge, or (ii) rederive the bridge fractional-
shape operator and its spectral constants directly for (1819)—(1825). In either route
one must then verify the raw jet bounds in (1836) and the pressure compatibility
condition (1840).

(1842)
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This is a stronger conclusion than merely saying that unspecified data are missing: the
actual source data have now been inserted, and they identify the precise reconstruction-level
incompatibility that must be resolved before an unconditional first crossing can be claimed.

202 Updated proof ledger after raw-data substitution

raw Ay, Cy reconstruction: identified explicitly in (1819)—(1820),

raw forcing: identified and favorable by (1822)-
(1823),

raw scalar reconstruction error: identified exactly in (1825),

scalar initial datum: regular and bounded by (1826),

raw scalar bridge residual: reduced to explicit estimate (1834),

raw differentiated residual: reduced to finite jet estimate (1836),

compact-frequency bridge condi- reduced to finite raw coefficient con-

tion: stants in (1837),

reconstruction equivalence with not established; mismatch is (1829),
Parts 51-65:

pressure-compatible initial field: still requires the finite check (1840),
unconditional first crossing: not yet proved,

entry/persistence after a verified remains available from Parts 61-65.
crossing:

(1843)

The next mathematically necessary calculation is therefore no longer to estimate an

unspecified bridge constant. It is to reconcile the two reconstruction architectures, or to

rebuild the bridge spectral estimate for the raw two-correction fields (1819)-(1825). Only

after that reconciliation can the finite raw-data inequalities be evaluated without mixing two
distinct velocity reconstructions.

Part 67. Direct Bridge Spectral
Rederivation for the Raw
Two-Correction Reconstruction

203 Why the two architectures need not be identified
pointwise

Part 66 found the exact difference (1829) between the algebraic remainder of the raw two-
correction reconstruction and the remainder used in the square-root continuation. That

difference prevents substitution of one remainder for the other. It does not, however, imply
that the fractional shape mechanism must be rebuilt from zero. The correct route is to derive
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the shape operator directly from the exact product identity

b
bN = Uz, NUy N, Uy, N = AN, Uy N = A_N (1844)
N

This identity is common to the raw construction and is sufficient to fix the principal fractional
symbol independently of how the factor Ay is split between Qn, Sy, Dy.
Let

L, = (—A)°. (1845)
The exact viscous product block is
b b
Vo = AvLa| > ) + S L, Ay. (1846)
’ Ay An

This is the no-double-counting form already implied by the exact product momentum equa-
tion. Thus the raw bridge analysis can be carried out directly on (1846), without replacing

AN by vV —2XbN

204 Universal principal symbol forced by the product
constraint

Fix a smooth finite-/NV bridge state and write a logarithmic scalar perturbation
b = bye?. (1847)

The continuity reconstruction may make Ay depend on the perturbation. Put

ONZ = di log A, (1848)

€ e=0

where Oy denotes the linearized raw reconstruction map. Since u, = b/A, the exact product
identity gives

loguly = (I — On)Z. (1849)

d
— | loguy =087,  —

Consequently the order-2a pieces in the Frechet derivative of (1846) are
5%%}2[2] = uy,Nux,NLa((I — GN)Z) -+ ux,Nu%NLa(@NZ)
= byLoZ + by[La, ON]Z.

If the reconstruction map ©y is order zero on the bridge, as is the case for the algebraic Dy
part and for a bounded solution operator for the first-order continuity correction, then the
commutator in (1850) has order at most 2« — 1. Therefore

020 (b 0V n0) (X, &) = €[> (1851)

(1850)

The coefficient is exactly one. This is the reconstruction-independent principal-symbol iden-
tity that reconciles the two architectures at the level needed for the bridge spectral argument.

The point is algebraic: the two logarithmic shares in (1849) add to one. A change of
reconstruction redistributes the perturbation between wu, and u,, but cannot change the
top-order symbol of the product block.
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205 Exact frozen-Ay formula and the anchor check

It is useful first to freeze the raw coefficient Ay. Put

b
gN =~ = Up (1852)
An

After removal of the scalar amplitude mode, the corresponding exact shape operator is

TN Z = g5 LalgnZ) — Zgx' Lagn. (1853)

In particular
Inal=0. (1854)

Thus (1853) is the raw analogue of (1737), with the actual factor gy = by/Ay in place of
the square-root power ag.
At a =1, Ly = —0ss, so (1853) is exactly

Fiwg = g, 2N g (1855)
’ gn

The zeroth-order terms cancel identically. In logarithmic coordinates E = sd,, this becomes
TNy Z =52 [-E*+ (1 -2Floggn) E] Z. (1856)

Hence the frozen logarithmic symbol is

tNI1(X,6) = & +i6(1-2Floggn (X)), REFI(X,§) =&~ (1857)

This is stronger than merely retaining the square-root anchor by analogy: for the actual raw
factor gy, the real part at the integer anchor is still exactly £2 before the continuity-response
and other lower-order commutators are restored.

206 Restoring the continuity response
The raw source defines
An =Qn+ Sy — Dy, Cny =Qn + Sy + Dy, (1858)

and the continuity correction satisfies a first-order equation containing 0,.(by/Ay). Therefore
O in (1848) is not identically zero. The correct conclusion is not to discard it, but to isolate
its commutator contribution.

Write the complete normalized linearized raw shape operator as

Lvsh — g | Kom 4 K LKy (1859)

Here K™ contains [L,, O] and the linearized continuity response, K*# contains derivatives
of Dy(Vy) and the algebraic coefficients, and K" contains the transport/reconstruction
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terms from (1825). On a finite bridge on which Ay, Cy, Ry and their required jets are
bounded and Ay, Cy, Ry stay away from zero, all three are lower-order finite-N operators
relative to the order-2« term in (1851).

Accordingly there are finite raw constants

K]C\?,I]l\gb Kf\bfl,gMa K]t\l;,Mv (186())

determined only by the same finite coefficient jets already appearing in (1836), such that the
localized energy estimate has the form

R(Z, LY Z) > G0 Z) 3 — CRRNZI3, (1861)
where
crw < ¢ ( KNy + K8, + K}\{M) . (1862)

No square-root coefficient occurs in (1861)—(1862).

207 Raw compact-frequency enclosure

Fix = < 00. Define the actual raw anchor defect

L = sup |ROVT™(0,€) — & (1863)
¢|<=
Define also
LYZ" = sup |OyROVE(Y,€), LY== sup |0, ROGY YRy €. (1864)
7 BN, Rg,50 ’ BN, Rg,60

The bridge set By g,.s, is the compact set |Y| < Ry, |£] < =, 1 < a <1+ &y, together with
the finite raw coefficient-jet bounds (1831), (1836). Smoothness of the finite-N real-branch
reconstruction makes the numbers in (1863)—(1864) finite whenever those raw jet bounds
hold.

The same mean-value argument as in Part 64 now gives, without using the square-root
reconstruction,

ROV, €) > €2 — e — LYEVR — LY2¥ (o — 1), €| < = (1865)

At high frequency, (1851) gives

ROVG(Y,€) = enalé™ = CFR |€] 2 Ew, (1866)

so =y can be increased until the right side is strictly positive. Therefore the entire bridge

spectral problem for the raw reconstruction is again reduced to a compact-frequency finite- N
check.

422



208 Replacement of equation (1811)

The scalar restoring margin is unchanged because it comes from the normalized by equation:
1—e

R )
Combining (1865) with (1867) gives the correct raw two-correction replacement for (1811):

MNI(R) = ay ay =20 —1—27" >0, (1867)

1—e 0
R

an

> L+ LVE R+ Ly (o — 1), (1868)

Thus the architecture mismatch in (1829) does not destroy the bridge spectral mechanism.
It changes the finite compact-frequency constants from the square-root constants to the raw
constants (1863)—(1864).

If
1 — e fio

Ry

raw

1
vz < Ao Awoi= (1 —27Fv) (1869)

then one may define

. AN : AN
RY% :=min{ Ry, ————— 7, dnoe i=min < 0y, ———araws ¢ - 1870
N,raw { 0 4(1 4 L?fém)} N,raw { 0 4(1 T LN:E )} ( )

Exactly as before, this yields a positive combined amplitude-shape margin on |Y| < Ri?icaw.

209 Replacement of (1799) and (1807) for the same

architecture

Part 66 already produced the raw scalar residual (1834) and raw differentiated residual
(1836). We now place them in the same operator architecture as (1868). Define

28|CNG|

2 )
bN

raw frac,raw

s
PN = PN + bT’5N| + (1871)
N

frac,raw

where £y is exactly (1825), and where py, is computed from (1846), not from the square-
root factorization. A sufficient replacement for (1799) is

br,raw

P () < CR™e R (1872)

Likewise, if G}, denotes the differentiated forcing obtained by applying the bridge Euler
jets to (1825), (1846), and the smooth forcing (1822), the exact replacement for (1807) is

br,raw

GRS (T)]l2 < CRape T, (1873)

Equations (1868), (1872), and (1873) now refer to one and the same raw reconstruction. The
logical mixing identified in Part 66 has therefore been removed.
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210 What has actually been reconciled

The comparison can now be stated sharply:

The square-root and raw two-correction remainders are not equal, and no such
equality is needed. The bridge spectral calculation can be rederived directly for
the raw fields. The exact product constraint forces the normalized order-2a frac-
tional symbol to be |£[**; all dependence on the two-correction reconstruction en-
ters through lower-order finite-N commutators and compact-frequency constants.
Hence the correct first-crossing check is the raw triple (1868), (1872), (1873), to-

gether with pressure compatibility (1840).

(1874)

This resolves the architectural obstruction found in Part 66. It does not by itself prove the

numerical inequalities (1868), (1872), and (1873), because their constants require the actual

finite bridge jets of Sy, hence of Ay, Cy, along the prescribed trajectory. In particular,
smoothness at one initial section is not a substitute for exponential bridge decay.

Theorem 62 (Raw two-correction bridge spectral reduction). Fiz N < oo and a real-branch
bridge on which the raw two-correction reconstruction is smooth, Ax,Cx, Ry are bounded
above and away from zero, and the linearized continuity solution operator is bounded at order
zero on the localized bridge spaces. Then the normalized linearized complete fractional product
block associated with u, = Ay, u, = by/An has principal symbol [£|**. At a =1 its frozen-
coefficient amplitude-subtracted shape symbol has exact real part £2. For 1 < o < 146 the
high-frequency sector is elliptic, and the compact-frequency sector satisfies (1865). Therefore
the raw first-crossing spectral condition is (1868), with residual conditions (1872)—-(1873).

If these three finite raw inequalities and pressure compatibility (1840) hold until first
crossing, the first-crossing theorem of Part 65 applies with all square-root constants replaced
by the raw constants above.

Proof. The logarithmic product variations (1849) sum to one, which gives the universal top-
order identity (1850)—(1851). Freezing the reconstruction yields (1853); direct differentiation
at o = 1 gives (1855)—(1857). Restoring the continuity response produces only the commu-
tator and lower-order blocks in (1859) under the stated order-zero boundedness hypothesis.
Standard localized elliptic/Garding estimates then give (1861) and the high-frequency esti-
mate (1866). Compactness of the finite bridge coefficient set and the mean-value theorem
give (1865). Adding the scalar restoring margin (1867) yields (1868). Finally (1872)—(1873)
are exactly the scalar and differentiated raw residual hypotheses required in (1798) and
(1808), so the Part 65 crossing argument applies without changing reconstruction. [ [
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211 Updated proof ledger after direct raw spectral red-

erivation

pointwise equality of the two re- false in general; mismatch remains

mainders: (1829),

need for such equality: removed by direct raw rederivation,

raw principal fractional symbol: closed, |£[** by (1851),

raw o = 1 frozen shape sign: closed, R = &2 by (1857),

raw high-frequency sector: elliptic under the stated finite bridge
jet bounds, (1866),

raw compact-frequency sector: reduced to finite constants (1863)-
(1865),

raw replacement of (1811): equation (1868),

raw replacement of (1799): equation (1872),

raw replacement of (1807): equation (1873),

architectural mixing obstruction: resolved,

finite raw coefficient /decay certifica-  still required along the bridge,

tion:

pressure compatibility: still requires (1840),

first crossing: follows from Part 65 once (1868),
(1872), (1873), (1840) are certified.

(1875)

The next calculation is therefore narrower than the obstruction at the end of Part 66.

There is no longer a need to identify the raw and square-root velocity reconstructions.

One must now evaluate the finite raw continuity response ©y, the corresponding compact-

frequency constants in (1863)—(1864), and the raw residual decay in (1872)—(1873) for the

prescribed Qn, Sy, Dy trajectory. That is the remaining finite certification needed before
the first crossing can be declared unconditional.
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Part 68. Finite Certification Audit of
the Raw Continuity Response,
Compact Spectrum, Residual Decay,
and Pressure

212 The raw continuity equation determines the re-
sponse only after a normalization

The direct raw spectral rederivation reduced the remaining bridge calculation to the continu-
ity response © . We now return to the actual two-correction identities rather than treating
Oy as an abstract bounded operator. Recall

An = VN — Dy(Vn), Cny =Vn + Dy(Vn), Vv =Qn + Sn, (1876)
and
by
81; - + AN@ + CN,Z - 0 (1877)
An

Equivalently, the raw source writes

b
Sny+ Sn:+ Dys — Dy = (Co + C3)Qly — 0, (A—N) . (1878)
N

This identity is exact, but it is a first-order equation in the transverse variables. Consequently
it does not, by itself, select a unique Sy. A normalization, boundary condition, or zero-mode
prescription is required before the map by — Sy and hence the response O y is a well-defined
operator.

To make this precise, set

dN(V) = DN(V), dV,N = 8\/DN(VN), (1879)

and perturb by + by(1 +¢Z) and Sy — Sy + eXn[Z] + O(e?). Since Qy is frozen in the
shape variation,

Vy = En[Z], AN = (1 —dyn)Xn[Z], 0Cy = (1 +dyn)EN[Z]. (1880)

Linearizing (1877) gives the exact response equation

BySnlZ] = —0, <Z—fjvz) | (1881)
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where

by
ByY = =0, 5 (1 —dyn)X | +0,((1 —dyn)X
o2 = =0 (1= ) + 3,01 ) -
+ 0,(1 +dyn)X).
Thus the actual logarithmic continuity response appearing in Part 67 is
Ay  1—dyn ;4 bn
Z = = : - -—Z 1
On . . By O . , (1883)

provided By' is defined on the chosen normalized function space. Equation (1883) is the
requested explicit reduction of ©y to the raw reconstruction.

213 The derivative of the algebraic correction is ex-
plicit
For the raw algebraic relation

—(2V + Ry) + /R 1 SRy V
Dy(v) = —EV ) T Ry SHx (1884)

2 Y

one obtains

2
dyn(V)=—1+ fiv (1885)
V R3 + 8RNV
Hence
2R 2R
1—dyy=2— Y l4dyy= A (1886)
V R3% + 8RNV  R% + 8RNV
On every finite bridge on which
0<r_.<Ry<rg 0<ov_ <Vy<uwy, (1887)

these coefficients and all finite derivatives required in the M-jet calculation are bounded. In
particular, the algebraic part of the response creates no singular coefficient on such a bridge.
The nontrivial question is the invertibility and norm of Bgfl after the missing normalization
is fixed.

Let Xy denote the normalized bridge space. If

IBN' Pl < KR agl| Fllzn, (1888)

then the tame product estimate applied to (1883) gives

1082l < KSaflZllm, K pr < Ot K. (1889)

This proves the order-zero bound assumed in Part 67 once (1888) is established for the actual
normalization. It also identifies exactly which constant must be computed.
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214 Compact-frequency constants are now explicit func-
tions of one inverse norm

The continuity contribution in (1859) is composed of the response (1883), its commutator
with L,, and finite multiplication operators. Therefore, on |¢| < Z,

Kb < Oz (14 K§ar)- (1890)

The algebraic and transport constants contain only the already displayed finite jets of
QNaVNaDvaN:

Ki},gM + K]t\l;,M < PN,M (||QN||CM+27 ||VN||CM+27 HbN||CM+27T:17 U:l) ’ (1891)

where Py ps is a finite polynomial with positive coefficients determined by the raw formulas.
Consequently the compact-frequency constants in (1863)—(1864) obey

ENz < Q:S\(;,)M,E<1 + KJ?/,M% (1892)

and

Lﬁf;w +Lys" < Q:g\},)M,E(l + KN ar)- (1893)

Thus (1868) becomes the finite, directly checkable inequality

1—e R

an—p— > Chys(L+ KR ) + REYy=(1+ KR ) + (0 = DEV (1 + KR ).

(1894)

No unknown square-root coefficient remains in this criterion.

215 What can and cannot be concluded for the raw
decay inequalities

The raw reconstruction error is

Cyi+ Cy.. b3
N% +bnvANCN . + —NON,y +208Vby-VCy. (1895)
N

Ev=0b .

Substituting Ay = Vy—Dn(Vy) and Cy = Vy+ Dy (Vy) makes every coefficient in (1895) an
explicit smooth function of the finite jets of @, Sy, by on a nondegenerate bridge. Applying
EJ,0<j< M, gives

M
Z |E](€N| S 'Pﬁj\/f (JM+2QN,JM+25N,JM+2Z)N,r:l,v:l) . (1896)

J=0
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This closes the finite-jet reduction, but not the exponential decay claim. To obtain (1872)—
(1873) before local conormal entry one still needs a dynamical estimate of the form

Jrr2(Qn, SN, ON)(T) = Jar2(Qn, Svy b ) e (7) = On(e7™7) (1897)

for a principal bridge trajectory. Mere smoothness and boundedness on a finite bridge do not
imply (1897). Therefore it would be circular to infer (1872)—(1873) from the local conormal
estimates that are only available after entry.

There is, however, a useful exact implication. If the normalized inverse estimate (1888)
holds and the raw coefficient jets satisfy

127(Qn = QW+ 17 (Sn — SR + 17 (by — b)) | < Cvare™™ 7, 0 <5 < M+2, (1898)

then (1883), (1895), and tame composition estimates yield

IRW (DI < CRNe™ 7, ny™ > 0. (1899)

Thus the decay problem has been reduced to the raw bridge jet estimate (1898), rather than
an unspecified fractional remainder.

216 Pressure compatibility at the initial section

The pressure requirement (1840) can be formulated without prescribing pressure by hand.

For a smooth periodic divergence-free initial velocity uy(0) and smooth periodic forcing
fn(0), define

V Py (0) = Q[fn(0) — un(0) - Vun(0) — v(=A)"un(0)], (1900)

with the sign adjusted to the manuscript’s convention for moving the pressure term between
the two sides of the momentum equation. Since (—A)® commutes with divergence and
V - un(0) = 0, its contribution has zero gradient projection. Equivalently, after fixing zero
mean,

APy(0) =V - fx(0) = V- (un(0) - Vuy(0)). (1901)

The right-hand side has zero spatial mean on T3, so (1901) has a unique zero-mean periodic
solution. Hence pressure existence at a smooth periodic initial section is not an additional
obstruction once the complete divergence-free raw velocity and forcing have been fixed.

What remains distinct is momentum compatibility: defining Py by (1900) removes the
gradient part, but the solenoidal projection must still equal the prescribed time derivative.
The exact check is

Brun (0) = P[fx(0) — un(0) - Vun(0) — v(—A)*un(0)]. (1902)

Thus (1840) separates into an automatically solvable periodic pressure equation and a non-
trivial solenoidal evolution compatibility condition (1902).
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217 Finite certification theorem and the remaining nor-
malization datum

Theorem 63 (Raw finite-certification reduction). Fiz N < oo and a nondegenerate raw
two-correction bridge. Choose a normalization for the first-order continuity equation (1878)
such that By in (1882) is invertible and satisfies (1888). Then:

1. the actual continuity response is given by (1883) and is order zero by (1889);

2. the compact-frequency constants are bounded explicitly by (1892)-(1893), so the spectral
crossing condition is the finite inequality (1894);

3. if the raw bridge jets satisfy (1898), then the complete differentiated residual satisfies
the exponential estimate (1899), which supplies (1872)-(1873);

4. for smooth periodic divergence-free raw initial data, the zero-mean pressure is uniquely
determined by (1901); the remaining momentum compatibility is (1902).

The theorem is deliberately a reduction rather than an unconditional crossing theorem.
The raw manuscript identity (1878) does not specify, in the displayed reconstruction block,
the normalization needed to select a unique inverse B&l. Consequently a numerical value for
K 5 and hence for the constants in (1892)-(1894), cannot be inferred uniquely from the
currently displayed raw formulas. This is a data-selection issue, not a failure of the principal
fractional sign.
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audit

218 Updated proof ledger after the finite certification

raw continuity response O y:
algebraic derivative Dy y:
order-zero response bound:

compact-frequency constants:

raw spectral crossing inequality:
raw residual finite-jet reduction:
pre-entry exponential residual de-
cay:

pressure existence on T%:

solenoidal momentum compatibil-
ity:

continuity normalization / zero
mode:

unconditional first crossing:

exact implicit formula (1883),
explicit, (1885)—(1886),

follows from the normalized inverse
estimate (1888),

reduced to K JZ\SL u and finite raw jets,
(1892)—(1893),

explicit finite criterion (1894),
closed by (1895)—(1896),

equivalent to the still-needed raw
bridge jet decay (1898),
closed for smooth
divergence-free data by
(1901),

still requires the finite check (1902),

periodic

(1900)-

not specified by (1878) alone; needed

to define By,
not yet established.

(1903)

The remaining task is therefore sharper than at the end of Part 67. One must specify and

audit the actual normalization used to solve the raw continuity equation for Sy, prove the

corresponding inverse estimate (1888), and establish the pre-entry raw jet decay (1898). Once

these are available, (1894) and (1899) are numerical/finite-N checks and the first-crossing
machinery can be invoked without changing reconstruction.

Part 69. Continuity Normalization,
Transport Invertibility, and the
Pre-Entry Jet-Decay Audit

219 The normalization actually supported by the pe-
riodic construction

Part 68 isolated two remaining statements, (1888) and (1898). The first point can now be
sharpened by returning to the periodic reconstruction itself. The continuity equation is

ByL=F,  F=-9, (b—NZ> : (1904)

AN
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and hence

/ Fdxdydz = 0. (1905)
T3

Thus the forcing lies automatically in the zero-mean subspace. The same manuscript ar-
chitecture later inverts a periodic derivative only after fixing a normalization of the kernel
variable; the canonical torus completion of the raw continuity prescription is therefore

/ w12 da dy dz = 0. (1906)
T3

This is the natural zero-mode normalization. It removes the additive constant whenever
constants span the relevant kernel. It must, however, be distinguished from a proof that By
is invertible on the entire zero-mean space.

Write ;
PN = A_];[(l —dyn), gy = 1—dyn, ry=1+dyn. (1907)
N

Then (1882) is exactly

BnY = —0,(pnE) + 0,(qnE) + 0:(rnX). (1908)
Equivalently,
BNE = XNZ+CNZ, XN = —pN8x+qN8y+rN82, (1909)
with
CN = —PNztany + TN (1910)

Therefore the response problem is a first-order transport equation on the torus, not an elliptic
equation.

220 Why the isotropic inverse estimate (1888) is not a
consequence of zero mean

The estimate written in (1888),
1B Fllssrer < K5 g1 F ||,

asserts a full isotropic gain of one derivative. A first-order transport operator does not have
such an estimate merely because its zero mode has been removed.
Indeed freeze the coefficients at a bridge point and write

BY =vy -V +ck, un = (—PN, N, TN)- (1911)

For the Fourier mode ™,

BE(k) = ivy -k + . (1912)
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If ¢t = 0, the normalized inverse multiplier is

1

iUN'k?7

ke 7\ {0}. (1913)

Consequently a bound of the form (1888) would require

inf [ - K]

> 0. 1914
kezi\{oy (k) ( )

In dimension three this is far stronger than nonvanishing of vy. For a generic irrational
direction there are arbitrarily good integer near-resonances, while for a rational direction
there are nonzero integer vectors orthogonal to vy. Hence zero mean alone does not imply
(1914), and therefore does not prove (1888).

If the zeroth-order term in (1912) has a uniform real part,

| > con >0, (1915)
then it removes the exact kernel but still yields only an order-zero bound at frequencies nearly

perpendicular to vy; it does not supply the factor (k)~! required for a full HM — HM+!
gain. Thus the logical status is

’ the zero-mode normalization (1906) is natural, but (1888) is too strong without additional directional structure. (1916)

221 The correct inverse estimate for the raw continuity
response
The continuity response in (1883) contains one derivative on the right-hand side and one

transport inverse. What is actually needed for the order-zero map Z — OxZ is not an
isotropic derivative gain for arbitrary forcing, but a bounded inverse on the specific range

b
Ry = {—&E(—NZ) 7 € HM} : (1917)
An
Accordingly replace (1888) by the range-adapted estimate
-1 bN ran
AN HM ’
Then (1883) gives directly
1- dVvN ran
Ol < ||" =X ke 2] (1919
N oM

This is exactly the order-zero statement used in the compact-frequency spectral argument.
It avoids claiming an elliptic gain that the raw continuity equation does not possess.
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For frozen coefficients, (1918) reduces to the finite multiplier condition

k
sup l—z|fr < 00. (1920)
kez3\{0} ‘Z UN k + Cn

Thus the true arithmetic/geometric issue is explicit: the numerator is only k,, not |k|. In
particular, a sufficient frozen-coefficient condition is the transversality estimate

lon - k| + || > ky|ke| for every k € Z2, (1921)

for some ky > 0. Variable coefficients require the corresponding transport estimate with
commutator control. The manuscript has not yet supplied (1921) for the actual raw bridge,
so K"y remains a finite certification constant rather than a proved number.

The compact-frequency estimates (1892)—(1894) remain valid after the systematic re-
placement

K};M ~ KR (1922)

with the coefficient factor in (1919) absorbed into the finite constants.

222 Audit of the proposed pre-entry raw-jet decay

We next examine (1898). Let

UN = (QN;SN7bN)7 Upr = (QN?SNabN)pD (1923)
and set
WN = UN — U}ifr (1924)
The desired estimate is
W (T) |l 72ss0 < Cne™™7. (1925)

Smoothness of the finite-N reconstructed solution and boundedness of its bridge jets do
not imply (1925). Exponential decay is a dynamical stability statement. Subtracting the
principal bridge equations from the complete raw equations has the schematic exact form

O Wx =Ly(1)Wy + Ny(r, Wy) + FR(7), (1926)

where Ly is the full pre-entry linearization, Ny = O(|Wy|?), and FY° is the defect of the
chosen principal bridge trajectory. A proof of (1925) therefore requires a genuine pre-entry
stability estimate such as

HZ/{N(T? r)‘|~7M+2ﬁ\7M+2 < MNei)\N(Tir)v T2, (1927>

for the evolution family generated by Ly, together with

re —_nFr
TR () sy < Cre” ™. (1928)
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Duhamel then gives

||WN(T> ||JM+2 < MNG_AN(T_TO) ”WN(TO) ||JM+2

T 1929
#ty [N (CHIWN I, + O ar O
70
For a sufficiently small bootstrap radius this yields
Wy (1)lgse < Cxe™™7, 0 <y < min{Ay, ni}, (1930)

which is precisely (1898). But (1927) is not contained in the raw reconstruction identities
themselves. It is the missing pre-entry stability theorem.

223 No circular use of the local conormal spectral gap

The spectral gap already proved after local entry cannot be substituted for (1927): doing
so would assume the trajectory has reached the small shape tube in order to prove that it
reaches that tube. The correct division is

outer bridge: prove (1918)/(1921) and the pre-entry stability estimate (1927),
4
obtain (1930), hence the residual estimate (1899),
) (1931)
verify the finite crossing inequality (1894),
4
enter the local spectral/conormal tube and invoke Parts 60-65.

This keeps the entry proof logically independent of the post-entry contraction theorem.

224 Result of the normalization and jet-decay audit

The requested two-item certification therefore has a definite outcome. The periodic con-
tinuity equation canonically suggests the zero-mean normalization (1906), consistent with
the manuscript’s later treatment of periodic derivative kernels. However, that normalization
does not prove the isotropic inverse estimate (1888). The correct estimate needed by the
spectral argument is the range-adapted order-zero bound (1918), whose frozen form is the
explicit transversality /small-divisor condition (1920)—(1921).

Likewise, (1898) is not a consequence of finite-N smoothness or coefficient boundedness.
It follows from the Duhamel estimate (1929) once the genuinely pre-entry evolution esti-
mate (1927) and the principal-defect decay (1928) are proved. Therefore the two remaining
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certifications are now

(I) prove the raw range-adapted continuity estimate (1918), equivalently a
variable-coefficient version of the finite transversality condition (1921);
(IT) prove the outer-bridge evolution-family decay (1927) and defect bound (1928).

(1932)
Only after (I)—(II) are certified can (1894) and (1899) be declared verified for the prescribed
complete reconstructed trajectory.

225 Updated proof ledger

periodic forcing zero mode: closed automatically by (1905),

canonical continuity normalization:  zero mean, (1906),

full isotropic inverse estimate not implied by zero mean; generally

(1888): too strong for a transport operator,

correct response estimate: range-adapted  order-zero bound
(1918),

frozen finite certification: transversality /small-divisor  condi-
tion (1920)—(1921),

compact-frequency constants: use K}”\?r}\/[ via (1922),

pre-entry raw-jet decay (1898): follows from (1927)-(1929), not from
smoothness alone,

principal-defect decay: still requires the raw estimate (1928),

post-entry conormal contraction: remains available and must not be
used circularly before crossing,

pressure existence: remains closed as in Part 68,

solenoidal momentum compatibil-  still requires (1902),

ity:

unconditional first crossing: not yet established.

(1933)

The next calculation is therefore more precise than the pair (1888), (1898): compute the

actual transport direction vy = (—pn,qn,7n) on the prescribed finite bridge and test the

range transversality (1921); in parallel, linearize the complete raw bridge dynamics about

Uy and establish the pre-entry evolution estimate (1927). These are the two noncircular
estimates that would turn the finite certification into a first-crossing proof.
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Part 70. Actual Transport Direction
and Complete Outer-Bridge
Linearization Audit

226 The actual raw transport direction is explicit

Part 69 reduced the continuity-response question to the range estimate (1918) and proposed
the frozen transversality test (1921). We now substitute the actual two-correction coefficients
rather than leaving the vector vy abstract. Put

-@N =/ RJQV + SRNVN, 19]\[ = @ (1934)
DN

By (1885)—(1886),

qul—dMNZQ(l—ﬁN), TN:1+dV,N:219N- (1935)
In particular
lan +7n =2 (1936)
The coefficient multiplying the x derivative is
by bn
A% AR

Using Ay = C% /Ry from (1830), this may also be written

(1—dy). (1938)

Therefore the actual first-order transport direction in the linearized raw continuity operator
is

by R,
Cy

(1 —19N),1—19N,19N>. (1939)

un = (—pN,gN,TN) =2 (—

This is the requested substitution. On a nondegenerate finite bridge all three coefficients are
finite, and gy, rny > 0 whenever Ry, Vy > 0 and Yy > Ry.

227 The unrestricted Fourier transversality test (1921)
cannot hold

The substitution (1939) reveals a stronger fact. The sufficient condition (1921), if imposed
on the full periodic Fourier lattice, is not merely unverified: it is impossible for any fixed
finite nonzero vector vy and bounded frozen zeroth-order coefficient.
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Indeed fix one bridge point and freeze py, qn,7n, k. Since gy > 0, for every positive

integer n choose

m,, = nint (p—Nn> : ky := (n,my,,0) € Z3, (1940)
an
where nint denotes a nearest integer. Then
|—pnn + gnmy| < %N (1941)
Consequently
X kn fr 2 fr
o Kl + | an/2+len] (1942)
Thus no xy > 0 can satisfy (1921) for all k € Z?:
-k fr
T N el 5 T (1943)
ke 70 |Ex |

The same conclusion holds if gy = 0 but ry # 0, by using k, = (n,0,nint(pyn/ry)).
Hence the only way an estimate of the form (1921) can survive is after a genuine restriction
of the admissible Fourier support, or after replacing the transport inverse by a different
anisotropic/characteristic estimate. The full-torus multiplier proof of (1918) is therefore
ruled out.

Notice that this does not prove that the actual response ©y is unbounded. It proves only
that the proposed uniform full-lattice transversality mechanism is unavailable. The range in
(1917) has additional structure, and the variable-coefficient equation may be solved along
its characteristics with a normalization adapted to that flow. Such a proof must use that
structure explicitly.

228 Characteristic form of the actual continuity in-
verse

Expanding (1882) gives
BNZ == XNZ—FCNZ, XN = —pN8x+qN8y+rN83, (1944)

with

CN = —OgzPN + ﬁqu + 8ZTN. (1945)

Let ®n(¢; Xo) be the characteristic flow of Xy,
d

@(I)N(f, Xo) = ’UN((I)N(E; X())), @N(O,X()) = X(). (1946)
Along this flow the response equation (1881) becomes the scalar ODE
d
72N (B (6 Xo)) + en (P (6 Xo)) En (B (6 Xo)) = En (P (6 Xo)), (1947)
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where

Fy =—0, (b—NZ) . (1948)
An

Thus, for any section on which one value of ¥y is prescribed, the exact solution is

Sn (P (l; X)) = e NERIT G (X)
Y4
_|_/ e*[CN(é;Xo)fCN(r;Xo)]FN«I)N(T;XO)) dr, (1949)
0
where e
CN(& XO) = / CN((I)N(T; XQ)) dr. (1950)
0

Equation (1949) identifies the correct finite-N inverse problem. A bounded order-zero re-
sponse follows if one proves, on the actual bridge, a global flow-box/return-map estimate
controlling the integral in (1949), the chosen normalization, and the differentiated character-
istic flow through order M. The zero-mean condition alone does not supply those estimates.

Accordingly the corrected replacement for the failed full-lattice test is the finite charac-
teristic certification

, 1¢]
sup || D’ T || poo(my) < 00, sup/ e~ I en(@n(@Xo)da g o (1951)
0<j<M Xo.¢Jo

where Ty denotes the relevant bridge return/section map. With a normalization eliminat-
ing the homogeneous return mode, (1951) yields a finite constant K]C\??\r/[ in the anisotropic
estimate

ONZ|| g < chvh,?\? | Z ]| o (1952)

The raw formulas determine every coefficient entering (1951), but the present source does
not provide the return-map bounds themselves. Therefore (1952) is now a precise finite
characteristic check, not a proved global estimate.

229 Derivation of the complete raw outer-bridge lin-
earization

We next make (1926) explicit at the level supported by the raw equations. The raw scalar
equation is (1824),
Q/

QN by + 2CNG — Ey, (1953)
N

Dnby =
with Ex given by (1825). The reconstruction is constrained by
Ay = A(Vy, Ry), Cn = C(Vn,Ry), VN = Qn + Sk, (1954)
and the continuity equation (1878). Let

Un = (Qn, SN, bn), Uy = (Q%, SN, 0%), Wy =Un—Uy. (1955)
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The algebraic differential is

dAN = (1 —dyn)(6QN + 0SN) + ArNORN, 0Cn = (1+dyn)(0QN +0SN) + Cr nORN,

(1956)
where Ag v, Cr n are obtained by differentiating (1820) with respect to Ry. For the shape
variation used in Parts 67-69, Qn and hence Ry are frozen, and (1956) reduces exactly to
(1880).

Linearizing continuity gives

By 0Sy = —0, by D b—;VaAN + FRI6QnN, 0Ry], (1957)
Ay A2,

where ]:]g’R is the explicit linear forcing obtained by varying the @’y and Dy (Vy, Ry) terms
in (1878). Once the characteristic inverse in (1949) is certified, (1957) expresses dSy as an
order-zero nonlocal response to (dQy,0by) on the bridge.

For the scalar component, write the complete raw right-hand side of (1953) as

I (Q, S, b) = %zﬂ +20(Q, 9)G — En(Q, S, b). (1958)

Subtracting the principal bridge equation and linearizing gives

87-561\] = Lbb,N(SbN + LbQ’N(SQN + LbS,N(SSN + FIS]JCV + M,N(WN), (1959)

where, before the change from physical time to 7 is absorbed into the coefficients,

Dy 0] = 295 b c6b — DyExlot, (1960)
O
DS%N[(SS] = 2G(1 + dV’N)(SS — DSgN[(;S], (1961)
and
Da#i15Q) = 1, Do ({2 ) 0] + 26(1 + dvx)iQ - DatiQ). (1962)

The derivatives of Ey are finite sums of the raw coefficient jets already displayed in (1825)
and (1835). Thus no unspecified reconstruction architecture enters (1959)—(1962).
Eliminating Sy through (1957) yields the reduced outer-bridge linearized system

5bN 5bN

0, (5QN) — Ld(7) <5QN) + R (7) + N (W), (1963)

where every occurrence of the continuity response is through the actual characteristic inverse
of By. Equation (1963) is the complete raw outer-bridge linearization available from the
displayed reconstruction identities.
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230 Why (1927)—(1928) still do not follow from the
displayed raw identities

To prove (1927) one needs a negative growth bound for the evolution family of L4, A
sufficient energy condition is

ROVLE ()W) g0 < MWl A >0, (1964)

throughout the outer bridge. The principal fractional block supplies the positive elliptic
shape term identified in Part 67 after the sign convention of the evolution equation is taken
into account, but the complete matrix also contains the continuity response, transport,
algebraic correction, and @) y-coupling terms in (1957)—(1962). The raw formulas show these
terms are finite; they do not give the sign inequality (1964).

There is a second, more basic data issue. In the displayed raw reconstruction, @)y is
prescribed by the Lambert cascade and Sy is fixed at each time by the continuity constraint.
No independent evolution equation for Sy is present, and the principal bridge trajectory Uk
is not specified with enough data to evaluate its complete defect. Consequently

Y = 0,U% — 9n(U) (1965)

cannot yet be reduced to a numerical function of 7 from the displayed formulas alone.
Therefore the exponential defect estimate (1928) is not yet proved.
The exact finite certifications needed are now

(a) certify the characteristic continuity inverse (1951)—(1952);

b) evaluate the symmetric part of 154 and prove (1964); (1966
N
(c) specify Uy completely and verify ||Fy (1) < Cye ™.

If (1966) holds, the standard evolution-family estimate gives (1927), and Duhamel gives
(1930), hence (1898)—(1899). But none of these implications should be reversed.

231 Result of the two requested checks

The first requested calculation is now complete at the algebraic level: vy is exactly (1939).
Substitution shows that the full-lattice sufficient condition (1921) fails by the elementary
near-resonance construction (1940)—(1943). Therefore the correct continuity certification is
not a uniform isotropic Fourier transversality estimate; it must be a range/characteristic
estimate such as (1951)—(1952), or an explicitly restricted Fourier-space estimate justified by
the construction.

The second requested calculation gives the complete raw linearization in the form (1957)—
(1963). It identifies the exact energy inequality (1964) and principal-defect estimate (1965)
that would imply (1927)-(1928). The current raw source supplies the coefficients but does
not supply the global characteristic inverse bound, the negative symmetric-part estimate, or
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a fully specified principal bridge defect. Hence these are finite- /N certification problems, not
already-proved consequences of smoothness.

actual transport direction vy: explicit, (1939),

identity gy +ry = 2: exact, (1936),

full-lattice transversality (1921): false in general; ruled out by (1940)-
(1943),

continuity inverse: reduced to the characteristic formula
(1949),

correct finite continuity check: return-map/flow estimate (1951),

giving (1952),
complete raw outer-bridge lineariza- derived in (1957)—(1963),

tion:

evolution decay (1927): follows from the still-needed signed
estimate (1964),

defect decay (1928): requires the fully specified principal
bridge and (1965),

pre-entry raw-jet decay (1898): follows after the preceding two certi-
fications,

raw residual decay (1899): then follows as in Part 68,

first crossing: not yet unconditional.

(1967)

The remaining proof task has therefore narrowed again. One should no longer try to

verify (1921) on the full Fourier lattice. Instead, compute the actual characteristic return

map of (1946) on the prescribed finite bridge and certify (1951); then insert that inverse

into (1963), compute the symmetric part of the resulting finite-N linearized operator, and

test (1964) together with the principal-defect bound (1965). Those calculations are the
noncircular route from the raw reconstruction to (1927)—(1928).

Part 71. Slaved-Continuity Reduction
and the Correct Outer-Bridge
Stability Criterion

232 The state space in (1963) is larger than the raw
reconstruction permits

Part 70 wrote the reduced bridge perturbation as (dQy,0by) in (1963). The raw construc-
tion, however, prescribes )x from the finite Lambert cascade; it is not an independently
evolved unknown of the scalar reconstruction. Likewise Sy is selected by continuity once
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Qn and by are fixed. Therefore the dynamical perturbation relevant to the first-crossing
problem is not a free two-component vector. At fixed N and for the prescribed Lambert
coefficient we must impose

6Qn =0, Ry =0.] (1968)
Then (1957) reduces to
8b b
By Sy = =0, ) + 0, —5-(1 —dyn)dSn ) - (1969)
AN AN ’

Equivalently, after collecting the §Sy terms into the same linearized continuity operator used
in (1881)—(1882), there is a slaving operator Sy such that

Sy = Gu[obnl. (1970)

Whenever the characteristic inverse certification (1951) holds,

[&whlle < Kaglhllar, K < oo (1971)

Thus the continuity correction is a slaved order-zero response on the certified bridge. No
separate evolution estimate for Sy is required.

233 Exact scalar reduced linearization

Let sy (Q, S,b) denote the complete raw scalar right-hand side from (1958), with the
physical-to-7 conversion included in the coefficient notation. Since )y is prescribed and
Sy = Sn[@n, by], define the exact one-field reduced vector field

Hn(b) == I (Qn, Sn[Qn, D], b). (1972)
Its Fréchet derivative is
Dy (b)[h] = Dy#y[h] + Ds I [Syh]. (1973)
Using (1960)-(1961),
L%h = 2g§ byh — DyEn[h] (1974)
+2G(1 + dv,n)Snh — DsEn[SNh] + LESA,

where ﬁ%ag denotes the signed linearized fractional block in the 7 evolution. Formula (1974)

is the operator whose symmetric part must be tested. In particular, the free () block in
(1963) must not be included in the stability norm for the prescribed-cascade problem.
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234 Separation of the favorable fractional part and the
finite lower-order budget

The raw two-correction calculation of Part 67 showed that the top-order fractional shape
symbol is universal. On the certified compact-frequency corridor of Parts 64-67, write the
signed fractional contribution in the energy convention as

%<h’£§fﬁgch>‘71\4+2 < _)‘l;{fac||HShh“‘27M+2 - CN,aHHShhH’QH“N? (1975)

with ¢y > 0 and with the amplitude zero mode controlled by the outer-corridor restoring
coefficient A" > 0 from Part 63. Consequently the natural zeroth-order damping margin is

A% i= min{A%T, el > 0, (1976)

All remaining terms in (1974) are finite-order bridge terms. Define their symmetric-part
budget by

R(h, 2ﬁbNh — DyEnlh]
Qn (1977)
+ QG(l + dV,N)eNh - DSgN[GNh]>JA4+2 .

CEYVM = sup sup.ooo
7—6[7—077—6] h#0 || ||\-7]W+2

This constant is finite once (1951) and the raw bridge jet bounds are certified. The signed
stability question is therefore reduced to the single finite inequality

VN < AX- (1978)
Under (1978), (1974)-(1977) give
§R<h7 ‘Cl])Vh>JM+2 < _A?V||h||?7nf+2 - CN@HHShhHg{‘I)‘V? (1979)
where
A=Ay — Ry > 0. (1980)

Thus (1964) is replaced, for the actual prescribed-cascade reconstruction, by the scalar co-
ercivity criterion (1978). This is strictly more faithful to the raw architecture.

235 A canonical principal bridge removes the artificial
Qn defect

The second difficulty in Part 70 was the unspecified vector trajectory Uy . Since Qy is
prescribed exactly, there is no reason to approximate it in the principal bridge. Set

M =Qn, O :=DB.nxs", SV :i=SyQnbY], B=2a-1 (1981)
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The continuity equation is then satisfied exactly by the principal bridge, so its continuity
defect vanishes identically. Its only dynamical defect is the scalar residual

FE = 008 — A (b%). (1982)

Using the exact coefficient matching defining B, y, the Lambert sensitivity expansion, and
the raw reconstruction decomposition, this defect splits algebraically as

Fyy, = Fy™ + Fy° + F5° + FR™. (1983)

The previously established terminal expansions identify the candidate decay rates

F]I\_}am _ ON(e—Q*kNr% F]r\;)c + ij\(f)rc _ ON(€_4O[T/7), (1984)

while the fractional contribution has the positive-power decay proved only on the localized
conormal tube. Therefore (1984) by itself does not prove a pre-entry estimate for F22¢. The
noncircular bridge requirement is precisely

frac,br

[FNT) | 7arsn < C]f\r,m’bre’”N 7 on the outer bridge. (1985)

If (1985) is established from the raw bounded-jet corridor, then

4o

r r —nPTr r . — frac,br
IEN (D 7rss < CRe™ ™7, g = mm{z Ny ’ } > 0. (1986)

Hence the ambiguity in (1965) is removed: the principal bridge can be chosen canonically
by (1981), and the remaining defect is a scalar, explicitly split quantity.

236 Evolution-family estimate after the scalar reduc-
tion

Let wy = by — bY. Taylor expansion of the exact reduced field gives

Orwy = Ly(T)wy + Ny(wy) = FRy(r),  [NR W)l < Cxvarllwl (1987)

If (1978) holds, the linear evolution family satisfies

b (1—r
Hu]lif(7—7 T)HJM+2H\7M+2 < Mpye A )7 TZ>T. (1988)

If in addition (1986) holds and the initial bridge perturbation is within the standard quadratic
stability radius, Duhamel and the usual bootstrap give

lon (Pl gys < Cne™ 7, < min{ Xy, ¥} (1989)

The slaving estimate (1971) then gives the same rate for Sy — S¥, while Qn — Q% =0
exactly. Therefore

|Ux = U llgwsa < Cve ™7 (1990)

This is exactly the raw-jet decay requested in (1898), now derived from the correct con-
strained state space rather than from the overlarge system (1963).
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237 What is proved and what remains finite

The present audit resolves two structural issues. First, the prescribed Lambert variable
must not be varied as an independent dynamical component; therefore the correct stability
operator is the scalar Schur complement (1974). Second, the principal bridge may use the
exact prescribed @)y and the exact continuity solver, so the vector defect (1965) reduces to
the scalar defect (1982)-(1983).

What remains is finite but still substantive. The source does not yet supply a global
return-map estimate proving (1951), so K f, u 1s not yet a certified number. Nor do the
displayed raw formulas alone prove the strict margin (1978) on the whole outer bridge.
Finally, the localized fractional positive-power estimate cannot be reused before entry; the
outer-bridge fractional defect estimate (1985) must be proved independently.

Theorem 64 (Correct constrained reduction of the pre-entry stability problem). Fiz N < oo
and the prescribed finite-N Lambert cascade. Suppose the characteristic continuity inverse
satisfies (1951), the finite symmetric-part margin (1978) holds, and the outer-bridge frac-
tional defect satisfies (1985). Then the canonical principal bridge (1981) has exponentially
decaying defect (1986), its scalar linearization generates the exponentially stable evolution
family (1988), and sufficiently small bridge perturbations satisfy (1989)- (1990). Con-
sequently the pre-entry raw-jet estimate (1898), and hence the complete residual estimate
(1899), follow without invoking post-entry conormal persistence.

free perturbation Q) y: removed; @y is prescribed, (1968),

continuity correction dSy: slaved to dby, (1970)—(1971),

correct linearized stability operator: scalar Schur complement £5;, (1974),

principal fractional sign: favorable as inherited from Parts 67—
68, (1975),

complete finite lower-order budget: Q:IJS,"“’M, (1977),

correct signed stability test: finite margin (1978),

principal bridge: canonically fixed by exact QQn and
continuity, (1981),

principal defect: scalar split (1982)—(1983),

Lambert and reconstruction/forcing positive-power rates in (1984),
decay:

outer-bridge fractional defect: still requires the noncircular estimate
(1985),

evolution decay (1927): follows in the constrained space from
(1978), giving (1988),

principal-defect decay (1928): follows from (1984)—(1985), giving
(1986),

pre-entry raw-jet decay (1898): follows by Duhamel, (1989)-(1990),

first crossing: follows after the three finite certifica-

tions (1951), (1978), (1985).

(1991)
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The next calculation is consequently narrower than (1964). One must certify the char-
acteristic inverse (1951), insert its norm into the explicit lower-order budget (1977), and
verify the strict scalar margin (1978). In parallel one must prove the outer-bridge fractional
defect estimate (1985) without using local conormal smallness. Those three finite estimates
are now the direct noncircular route to (1927)-(1928) for the actual prescribed finite-IN
reconstruction.

Part XV

Characteristic-Inverse Certification
and Outer-Bridge Fractional
Obstruction Audit

238 The finite low-box form of the continuity inverse

We now address the three finite certifications isolated in (1991), without using the post-entry
conormal tube. The first point is that (1951) is a finite-flow statement rather than a Fourier
small-divisor statement. Write

BNE:XNE—{—CNE, XN:’UN'V,

with the actual transport direction vy given by (1939). Let ®y(¢; X() denote the charac-
teristic flow of Xy and let ¥ be the normalization value on a transverse incoming section.
Then the exact variation-of-constants formula is

ZN(CI)N(E; XO)) — e~ foe CN(‘I)N(G;XO))daEi]r\}(XO)
(1992)

l
. / e~ N ev@n(@Xo)da o (@ (1 X)) dr.
0

Fix the actual finite bridge 28y and suppose it is covered by a finite family of flow boxes
iy, whose incoming and outgoing sections are uniformly transverse to vy. Define

Ly :=max sup [lyu(Xo)l,  Cx = llenlroemy)- (1993)
K XoGEij{}’u

For fixed N, smoothness and compactness give finite C%;; finiteness of LY is exactly the

absence of an unnormalized trapped homogeneous orbit in the chosen bridge cover. From
(1992),

1€l
sup/ e~ I en(@n(@Xo)) da g < LI eCR I (1994)
Xo,t J0

Thus the second bound in (1951) is certified on every such finite flow-box bridge.
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239 Differentiated flow and an explicit characteristic

constant
Let .
VN,j = HDJUNHLOQ(‘BN% 1< j <M+1
The first variational equation is

d
@D@N = D’UN(Q)N>D(I)N,

so Gronwall gives

DDy (0)]| < "1l < Vvl (1995)

Higher derivatives satisfy triangular Faa di Bruno variational equations. Inductively there
are explicit universal polynomials P; such that

sup || D@y (0)]] < Py(LY, Vi, .o, Viy) €VWaEh 1< < M 41, (1996)

fl
[€|<Ly

The same estimate applies to the section/return maps provided the section transversality
angle has a positive lower bound 9% > 0. Consequently (1951) holds with a finite constant
depending only on

K = Ry (L, (O8) 7, Ok llewllear, lowlloars) < oo, (1997)

In particular the slaving operator satisfies

||6Nh||JA4+2 < KJ%,MHhHJIWJrQ? K]%/,M < CJ%,M‘Q?V,M—Q—? (1998)

This proves the analytic implication (1951)—(1952) on a finite normalized flow-box bridge.
What must still be checked for the particular prescribed bridge is the geometric input LY, <
oo and 9% > 0; these are finite characteristic quantities, not small-divisor estimates.

240 Insertion into the complete lower-order budget

Define the raw finite coefficient bounds

/
NbN - Dng
N

Y

IM42—Tm+2 (1999)
s
AEV)M ==sup ||2G(1 + dyy) — Dstc/'N||‘7M+2H\7M+2 .

b
ASV?M = sup H2

T

Then Cauchy—Schwarz in (1977), followed by (1998), gives the completely explicit upper
bound

% < APy + AV KN < AV + AR C e ar s (2000)
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Therefore a directly checkable sufficient form of (1978) is

b s
Ag\f?M + AEV,)]MCZ%,M'@?V,M+2 <A} (2001)

This is the requested insertion of the characteristic inverse norm into the signed lower-order
budget. It is important, however, not to confuse the finiteness of every term in (2001) with
its strict sign. The raw identities available in the manuscript do not provide numerical upper
bounds for the left side or a quantitative lower bound for A strong enough to verify (2001).
Hence the strict margin (1978) is reduced to the finite inequality (2001), but is not proved
merely by compactness.

241 Why bounded outer-bridge jets do not imply (1985)

We next audit the independent fractional requirement. The point is subtle: finite-N smooth-
ness and a bounded-jet corridor give tame bounds for the fractional block, but they do not
force its defect from the principal shape to decay in 7.

To see the logical distinction, let §x o]a] denote the normalized fractional product block
evaluated on a bounded shape coefficient a(7,-). Tame pseudodifferential calculus on the
compact bridge gives for bounded a

||SN,Q[G]HJJ\4+2 < CN,M,Ry (2002)

but (2002) contains no positive power of s = e~7. For example a bounded coefficient pertur-
bation

a(t,-) = ap:(-) +esinTY(+) (2003)

remains in a bounded finite-jet corridor for sufficiently small fixed e, while its linearized
fractional defect contains

esin T DF N o [ap:e |2, (2004)

which does not decay as 7 — oo unless the displayed derivative vanishes in that direction.
Thus no estimate of the form (1985) can follow from bounded jets alone.
This yields the following noncircular obstruction statement.

Theorem 65 (Outer-corridor boundedness is insufficient for fractional defect decay). A
uniform finite-N bound on finitely many outer-bridge jets of the raw reconstruction implies
a finite tame bound such as (2002), but does not imply an exponentially decaying defect of
the form (1985). To prove (1985) one needs an additional asymptotic shape statement, or
an exact structural cancellation making the principal fractional defect vanish independently
of shape convergence.

242 The weakest additional hypothesis that actually
proves (1985)

The required extra information can be stated without assuming the full local conormal tube.
Let an(7) collect precisely the normalized raw coefficients entering the fractional product
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block on the principal bridge, and let a}, denote their limiting principal values. Assume only
the outer-bridge coefficient convergence

Jmax B (ay —ai) e < e,y >0, (2005)

This is weaker than conormal closeness of the complete solution: it concerns only the finite
coefficient list entering the fractional block, evaluated on the canonical principal bridge
(1981).

On a compact coefficient set separated from all algebraic denominators, the fractional
product map is C! between the bridge spaces used in Parts 67-68. The fundamental theorem
of calculus therefore gives

F]f\?ac = SN,a [aN] - SN,a[a}kv]
1 i} i} § (2006)
= / D¥nolay + 0(ay — ay)|(ay — a)y) db.
0
Hence (2005) implies
||F]f\l;ac(7)||JA4+2 < C]f\rf?j/’[bre_n?vT' (2007)
Thus (1985) follows with
N = 0 (2008)

No post-entry conormal smallness has been used in this implication. The new question
is whether (2005) follows from the prescribed raw coefficients Qn, Sn[Qn, b}] themselves.
The present source gives positive powers for the Lambert sensitivity and for the reconstruc-
tion/forcing block, but it does not yet give (2005) for the complete fractional coefficient list
on the whole outer bridge.

243 A useful exact special case

There is one situation in which the preceding obstruction disappears. In the strict generalized
affine one-phase architecture, the manuscript already records the exact multiplier identity

(—Ap)*F(sn) = k2 (—0ss)*F(sn),

and, when the same fractional realization is used in the finite- N equation and profile equation,
the corresponding fractional bridge defect is exactly zero. Therefore

Fi**=0 = (1985) holds with arbitrary mff,ac’br > 0. (2009)

But (2009) may be invoked for the present raw two-correction bridge only after proving
that its fractional block remains in that exact strict one-phase subclass. The later raw
reconstruction contains a nontrivial continuity response, so that identification cannot be
made merely from the earlier one-phase formula.
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244 Result of the three requested certifications

The audit therefore gives a mixed conclusion. The characteristic inverse can be certified
analytically on a normalized finite flow-box bridge, with the explicit bound (1997)-(1998).
Its norm enters the complete lower-order budget through (2000), reducing the strict signed
test to the finite numerical inequality (2001). The sign of that inequality is not determined by
the raw bounds presently supplied. Independently, the outer-bridge fractional decay (1985)
does not follow from bounded jets; it follows from the strictly weaker coefficient-convergence
condition (2005), or from an exact one-phase cancellation if that architecture is proved to
apply to the raw bridge.

characteristic formula: exact, (1992),

finite flight-time integral: bounded by (1994),

differentiated flow /return map: bounded by (1995)-(1997) under fi-
nite flow-box transversality,

continuity slaving norm: explicit finite bound (1998),

condition (1951): certified on a normalized finite flow-

box bridge once LY < oo and 9% > 0
are checked,

lower-order budget: bounded by (2000),

strict coercivity (1978): equivalent to the finite sufficient test
(2001); sign not yet certified from
displayed constants,

bounded outer jets = (1985): false in general; obstruction (2003)-
(2004),

noncircular sufficient condition for coefficient convergence (2005), giving

(1985): (2007),

strict one-phase special case: fractional defect vanishes exactly if

the raw bridge is proved to remain in
that subclass, (2009),
first crossing: not yet unconditional.

(2010)

The remaining task is therefore sharper than (1991): compute the actual finite flow-
box quantities LY and 9% and the raw coefficient norms in (1999), so that (2001) can be
decided; independently, prove (2005) for the canonical principal bridge, or prove that the
raw fractional architecture falls under the exact cancellation (2009). Without one of these
two fractional mechanisms, (1985) cannot be obtained from a bounded outer corridor alone.
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Part XVI
Exact Flow-Box Constants and the
Canonical One-Phase Raw Branch

245 The characteristic flight time and section transver-
sality are exact

The quantities left abstract in (1993)—(1997) can be evaluated more sharply for the actual
raw transport field. From (1935)—(1939),

lav +ry =2 (2011)
Introduce on the universal cover of the torus the transverse coordinate

02
Along every characteristic of the continuity transport field X,

dw

Hence the slab 0 < w < 27 is crossed in the exact characteristic flight time

L = (2014)

This conclusion is independent of the x component py and therefore does not require the
false full-lattice transversality condition ruled out in Part 70.
For the section w = const, take the unit normal n, = (0,1,1)/v/2. Then

UN Ty = V2. (2015)

Thus the unnormalized section flux has the exact lower bound /2. If J% denotes the
normalized angle used in the return-map estimate, then

\/§ \/§
,19131‘ — 1 f > s + = o] . 2016
N glN on] = (pﬁ)2+4 Py (F2Na1¥? (BN) ( )

In particular 9% > 0 on every nondegenerate finite bridge. Equations (2014)—(2016) close
the geometric part of (1951) without any Diophantine assumption.
Substitution in (1994) gives the explicit weighted-flight estimate

1| .
sup/ e~ I en(@n(@Xo) da g, < me™Oow, (2017)
Xo,£J0

Consequently one may replace the abstract flow-box constant in (1997) by

+)2
py)? 4
Sy = S (w, 22, O el HUNHCMH) . (2019
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246 What the raw norms in (1999) actually reduce to

The raw reconstruction error is (1825). Therefore its Fréchet derivatives with respect to the
free scalar variable and the slaved continuity variable are finite differential operators whose
coefficients are algebraic combinations of

I = (Qn, Sn, by, AV, CFY Ry 05 2Qp, 0535y, 05 by ) (2019)

More explicitly, tame product and composition estimates give finite constants P](\;’)M and

P](Vé:])\/[, polynomial in the positive bridge gaps and in the displayed jets, such that

Qy ®)
b + Py (T,
QN N CoM+2 N’M( N,M) (2020)

AQM < 201G+ dv)llers + P (I55)-

Ay <2

The characteristic inverse is now completely explicit at the geometric level, so (2001) becomes

/
2 H Ny + PPy + <2HG(1 +dyn) || emee + P}V%) Cyoar R\ e < Ao|  (2021)

QN

cM+2

Here &Y /., is evaluated with (2018).

Equation (2021) is as far as the raw prescribed formulas alone can take the strict margin.
The quantities PJS))M and PJS,SJ)W contain the actual pre-entry jets of the unknown scalar
solution by and of its slaved continuity correction. The source prescribes by (z,0) = 3+sin z,
but does not provide a closed formula for those jets throughout the outer bridge. Therefore
no numerical value of the left side of (2021), and hence no proof of its strict inequality with
A%y, follows from the prescribed data alone. This is not a missing flow-box constant: (2014)-
(2018) have removed that ambiguity. It is a genuine dynamical estimate still required for
the complete lower-order budget.

247 The canonical normalized strict one-phase solu-
tion of raw continuity

The fractional alternative in (2009) can, however, be settled structurally. Use the distin-
guished affine phase already fixed in the manuscript,

01202:0, 03204: 1, £:t—z—0*,N. (2022)

Assume Qn = Qn(§) and Ry = Ry (&), as in the prescribed Lambert cascade. Seek the
normalized continuity correction in the same one-phase class. Since the raw algebraic recon-
struction satisfies

i

= 202
. Ry, (2023)
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the one-phase divergence equation (1877) reduces to

(2021)

Thus Cly is constant along the phase. Write this positive constant as cy. Equations (2023)
and Vy = (Ax + Cy)/2 = Qn + Sy then give

On(E) =en,  An(©) = - Sy(e) = (cN ; %) —Qu(e).|  (2025)

These fields satisfy the raw continuity equation identically and also satisfy the two-correction
algebraic architecture, because (2023) is precisely the algebraic relation equivalent to (1820)
on the positive branch.

Impose the canonical zero-mean normalization used in Part 69, (Sy) = 0. Put

1

an = <R_> ) Q?v = (Qn)- (2026)
N

Then cy is the positive root of

ancy + ey —2¢% =0, (2027)

namely

_ L+ + 8anqy (2028)

1
2(1]\[

CN

whenever ay > 0 and ¢% > 0. Thus the zero-mode prescription selects a unique positive
strict one-phase raw branch.

248 Exact fractional cancellation on the canonical branch

On (2025), every nonconstant velocity factor entering the fractional product block is a func-
tion of the single affine phase &; Cy = cy is constant. The torus fractional Laplacian is
a Fourier multiplier with symbol |k[**. Restricting to the one-dimensional Fourier lattice
generated by the phase vector therefore gives exactly

(—Ags)" () = (—0e)* () (2029)

for the distinguished phase. This is the same exact one-phase reduction used earlier in the
manuscript. The standard Fourier-series definition of the torus fractional Laplacian likewise
confirms that no transverse multiplier remainder is created by this restriction.

If the canonical principal bridge uses the same one-dimensional fractional realization, its
raw fractional bridge defect is therefore

Flae = . (2030)
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frac,br

Consequently (1985) holds identically, with arbitrary positive 1", and coefficient conver-
gence (2005) is unnecessary on this canonical strict one-phase branch.

This conclusion must be kept separate from the general raw solution of the three-
dimensional continuity equation. A different normalized solution Sy (z,y, z,t) with gen-
uine transverse dependence need not satisfy (2030). What has been proved is that the
manuscript’s distinguished affine phase plus the zero-mean normalization admits the ex-
plicit raw two-correction branch (2025)—(2028), and on that branch the exact one-phase
fractional cancellation is valid.

249 Updated finite certification ledger

flow-box coordinate: w =y + z, exact, (2012),

flight time: LY = 7, exact, (2014),

section flux: vy - N = V2, exact, (2015),

normalized transversality: positive lower bound (2016),

weighted characteristic integral: explicit bound me™~, (2017),

characteristic inverse: geometrically certified by (2018),

raw norms in (1999): reduced to the actual bridge jets by
(2020),

strict lower-order margin (2001): becomes (2021); not numerically cer-

tified because the required pre-entry

solution jets are not supplied by the

prescribed initial datum alone,
canonical zero-mean raw continuity explicit, (2025)—(2028),

branch:

raw fractional architecture on that strict one-phase,

branch:

outer-bridge fractional defect: Firae =0, (2030),

condition (2005): unnecessary on the canonical strict
one-phase branch,

remaining finite certification: prove the dynamical jet bounds en-

tering (2021) and compare the result-
ing number with A%,

first crossing: still conditional on that strict lower-
order margin.

(2031)
The requested calculation therefore closes two of the three pieces exactly: the character-
istic geometry has L% = 7 with uniform transverse section y + z = const, and the canonical
zero-mean two-correction branch is strictly one-phase, so its fractional bridge defect vanishes
exactly. The remaining obstruction is no longer fractional and no longer geometric. It is the
quantitative signed comparison (2021), whose left side depends on the actual pre-entry jets
of the complete scalar solution. Those jets must be bounded dynamically before the strict
coercive margin can be declared.
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Part XVII
Actual Pre-Entry Jet Completion and
the One-Phase Invariance Test

250 Why the final margin must be tested on the actual
reconstructed evolution

Part 73 closed the flow-box geometry exactly and exhibited a canonical strict one-phase
solution of the raw continuity constraint. The final step cannot, however, identify that
auxiliary continuity branch with the actual solution of the complete reconstructed scalar
equation without first checking that the complete evolution preserves the strict one-phase
class. This check is decisive because the prescribed forcing in (1822) is

G(z,y,2) = Ag + (sin x siny sin 2)%. (2032)

It is genuinely three-dimensional. Thus the exact cancellation (2030) is an identity on the
canonical one-phase submanifold, but it is not automatically an identity along the actual
forced trajectory.

251 Direct invariance test at the prescribed initial da-
tum

The prescribed scalar datum is

by(x,y,2,0) =3 +sin 2. (2033)

Assume at the initial instant that the reconstructed coefficients are on the canonical branch
(2025), so in particular Cy = ¢y > 0. The forcing contribution to the scalar equation is
then

Flore(x,y, 2,0) = 2cy [Ap + sin® z sin® y sin® 2] . (2034)

Its transverse derivatives are

amegm = 4en sinz cos z sin? y sin? z,

(2035)

8yFJf\C,’rC = 4ey siny cosy sin? o sin? 2.

These functions are not identically zero on T®. Therefore the complete vector field is not
tangent to the strict one-phase manifold unless the remaining terms of the complete scalar
equation produce an exact pointwise cancellation of (2035).

For the canonical branch, the raw reconstruction error (1825) vanishes because Cy = cy

1s constant:
(20
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Moreover the Lambert coefficient is a function of the distinguished phase only, and the strict
one-phase fractional block has no transverse derivative. Consequently there is no term in
those blocks that cancels the nonzero z- and y-derivatives in (2035). Hence, at generic points,

0,0ibn(0) £0,  9,0;by(0) # 0. (2037)

The actual solution generated by the prescribed complete forcing therefore leaves the strict
one-phase scalar class immediately.

252 Correction to the interpretation of (2030)

Equation (2030) remains mathematically correct on the canonical one-phase branch, but it
cannot be used as the outer-bridge estimate (1985) for the actual prescribed forced solution.
The correct statement is

frac
Fy

=0 on the invariant strict one-phase model only; F]{?ac [b?\?tual] requires a transverse-shape estimate. (2038)

Thus the “fractional bridge obstruction is closed” conclusion of Part 73 must be qualified:
it is closed for the auxiliary canonical branch, not for the actual trajectory driven by (2032).

253 Exact transverse-jet equation

Let
Zx = (Oubn, 0yby) (2039)

and differentiate the complete raw scalar equation (1824). Schematically, but without dis-
carding any term, one obtains

DnZy = Dy by, Sn|Zy + Ds A [by, Sn] 01Sn + Fy, (2040)

where .Z 5 contains the explicit transverse derivative of 2CyG together with commutators
generated by differentiating the transport operator. At the canonical initial state its forcing
component is exactly (2035). In particular

| Z50) [ > 0 (2041)

for every M for which the nonzero trigonometric mode is measured.
If the reduced evolution has damping rate A5, > 0, Duhamel gives the sharp structural
estimate

124 e < Mve SNz + My [ S| 202

70

The second term is the unavoidable forced transverse response. If .Zx merely remains O(1),
(2042) gives an O(1) response, not exponential convergence to the one-phase branch. Expo-
nential transverse convergence requires a genuinely decaying transverse forcing/commutator
or a different principal bridge that incorporates the forced transverse profile.
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254 The apparent circularity in using (2021) to prove
its own jet bounds

The requested final comparison cannot be obtained by first assuming the coercivity generated
by (2021), using that coercivity to bound the actual pre-entry jets, and then inserting those
bounds back into (2021). Such an argument would be circular. To close the margin one needs
an independent absorbing estimate. A sufficient noncircular statement is the following.

Suppose there is a radius R‘}\}”M, obtained directly from the raw finite-N equation before
using (2021), such that

sup [[I ()] < R (2043)

To<T<Te

Define the corresponding completely finite coefficient envelope

/
N

Bya(R) =2 sup On

+ sup Pyh(J)
13I<R

cM+2 |J[I<R

b

(2044)

2| G(1 + dvy)lloarez + sup Py, (3) | CF 1 &8 ar s
ITI<R

_|_

Then the desired strict lower-order margin follows from the genuinely checkable inequality

By (RYh) < AN (2045)

This is the noncircular completion criterion corresponding to (2021).

255 What the raw energy estimate actually supplies

On any finite preterminal interval on which the algebraic gaps Ay, Cy, Ry stay positive,
standard finite-/N quasilinear energy estimates give, for sufficiently large m,

wmta < Cvn(£) (14 (10 (8)][7m) (2046)

d
o @O + 10w (D))

Consequently

Iox (Ol < (I O+ Crl) i) e [ Crlt) ). (2047)

Together with the characteristic inverse for the continuity correction, (2047) yields a finite
R}*\}’jw whenever the coefficient integral is independently bounded. It does not, however, imply
the smallness required by (2045). Finiteness and strict coercive domination are different
claims.
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256 Can the final strict comparison be decided from
the present prescribed data?

The answer supplied by the raw formulas is now definitive. The manuscript contains neither

a numerical lower bound for
A% = min{ A5, Afracl (2048)

nor an independently derived absorbing radius R?\}f% small enough to evaluate (2045). More-
over the actual forcing (2032) immediately generates transverse shape, so the exact one-phase
cancellation cannot be used to remove the fractional defect along the actual trajectory.
Therefore the strict comparison requested after (2021) cannot be proved from the currently
prescribed formulas without an additional quantitative estimate. Declaring it proved would
assume precisely the stability that the comparison is meant to establish.

The remaining alternative is finite and explicit. Either route (A) derives an independent
absorbing bound (2043), evaluates (2044), verifies (2045), and controls the forced transverse
fractional response in (2042); or route (B) replaces the principal bridge by the actual forced
transverse profile and repeats the compact-frequency coercivity test about that profile. In
symbols,

‘ (A): independent absorbing estimate and transverse control or (B): forced-profile bridge. ‘

(2049)
Route (B) avoids demanding convergence to a one-phase profile that the prescribed forcing
does not preserve.
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257 Corrected completion ledger

flow-box geometry: closed exactly by (2012)—(2018),

canonical raw continuity branch: explicit by (2025)—(2028),

one-phase fractional cancellation: exact on that auxiliary branch,
(2030),

invariance under the prescribed forc-  fails generically by (2035)—(2037),

ing:

actual transverse response: governed by the forced Duhamel es-
timate (2042),

raw pre-entry jets: finite under (2046)—(2047), but no in-

dependently proved small absorbing
radius is presently available,

noncircular lower-order test: (2045), with envelope (2044),
strict comparison with \};: not certified by the current data,
first crossing: remains conditional on (2045) plus

control of the forced transverse frac-
tional response,

post-entry conormal propagation: unchanged once entry is actually ob-
tained,

finite-time scalar characteristic law: unchanged conditionally after entry.

(2050)
The final audit therefore resolves the requested “finish” in the strict logical sense: the
remaining margin cannot be promoted to a theorem from the present data, and the reason is
now explicit rather than hidden in an unspecified constant. The prescribed three-dimensional
forcing immediately creates transverse scalar modes, while the available preterminal energy
estimate yields finiteness rather than the smallness needed in (2045). The next theorem-level
closure must control that forced transverse response or use its actual forced profile as the
bridge.
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Part XVIII

Forced-Transverse Principal Bridge
and the Remaining Quantitative
Margin

258 Why the forced-profile route is the correct next
reduction

Part 74 shows that the prescribed forcing does not preserve the strict one-phase submanifold.
The appropriate principal bridge must therefore contain the transverse modes which are
generated at leading order by 2CyG. This section constructs that bridge at the level justified
by the raw equations and isolates the exact finite inequalities which remain.

Write

G=A,+G,, G| =sin®z sin®y sin? 2. (2051)
Using sin® 6 = (1 — cos 20)/2,

G, = é(l —cos2x)(1 — cos 2y) (1 — cos 2z). (2052)

Hence the forcing contains only the finite Fourier set

Kg= {(261,262,283) 1Ej € {—1,0, 1}}7 (2053)

with the zero mode separated into the longitudinal amplitude. In particular, the initially
generated transverse response is finite dimensional.

259 Projection onto longitudinal and forced transverse
sectors

Let II denote the projection onto the distinguished one-phase sector and let

Mg:= Y Th,  Hp:=1-1 - (2054)
kek\{0}

For the scalar field write

by = bl + b5 + b (2055)
At the prescribed initial datum by (0) = 3 4 sin z,

b$(0)=0,  bR(0)=0. (2056)

The first nonzero transverse derivative is therefore produced by the explicit forcing, exactly
as in (2035)—(2037).
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260 Canonical forced transverse principal profile

Let £5%(7) be the reduced scalar linearization already used in (1979)—(1990), evaluated along
the longitudinal principal bridge. Define the forced transverse principal profile B§ as the
solution of

0, B§ = gLy (1)BY + e (2C% G, B$ (1) = 0. (2057)

Thus, whenever the evolution family U§ exists,

BS(r) = / ' U (T, 7 (2C% ()G ) dr. (2058)

70

This definition does not ask the actual solution to converge to a submanifold which the
forcing fails to preserve. The forcing is built into the principal bridge itself.
Define

b =0l + BS,  SEP = Sy[Qn, b5, (2059)

where Sy[@n,b] is the normalized raw continuity solution from Parts 68-73. The corre-
sponding raw velocity coefficients are

Vi© = Qv +8y, AV =Vi¥ = Dy(WW"), G =Vi¥ + Dn(VWy"). (2060)

261 Exact defect after absorbing the forced modes

Let J#y denote the complete reduced raw scalar vector field. The forced-profile defect is

DN 1= 0,6 — Hn(bY). (2061)

By construction, the component which is linear in the explicit transverse forcing cancels in
DY, What remains consists of

N =2 + D% + DN + DI, (2062)

where D! is the error from replacing the actual raw coefficients by the forced-profile coef-
ficients, D% contains quadratic and higher transverse interactions, and D% is the difference
between the complete fractional block and its linearization included in (2057). Thus the
nondecaying source identified in (2042) has been removed from the remainder equation.

262 Remainder equation about the forced profile

Set

wh’ = by — by . (2063)

Taylor expansion of the complete reduced field gives

0wy = L (W’ + N3 (1, wi)) — DY, (2064)
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with

LY (7) = DAn(by (7)), N (T w)llgyee < CnullwllZ,, - (2065)

The theorem-level stability condition is therefore the signed estimate

R(w, LY (T)w) < =\ Nwl%,,.,. AN >0. (2066)

This is the forced-profile replacement for the unavailable one-phase margin (2045).

263 A finite sufficient condition for the forced-profile
margin

Let A%, be the principal positive gap from (2048). Define the forced-profile lower-order budget

Q?VITM = Sup ||D<%/N(bgp(7')) — ‘CN,prin

To<T<Te

(2067)

(T) HJ]M+24>~.7]\4+2 ’

where Ly pin contains the already isolated principal fractional and corridor damping. Then

Chu <Ay = A =Xy -y, >0. (2068)

Unlike (2045), every coefficient in (2067) is evaluated on the explicitly defined forced principal
bridge (2057)-(2060), rather than on the unknown actual solution. This removes the circular
dependence on an absorbing radius for the actual pre-entry jets.

264 Size of the forced transverse profile

If the projected evolution family satisfies

IS (rr) | < MGe R0 \G >0, (2069)
then (2058) gives
G Mﬁ pr
sup || BN (7) |72 < & 8P M (20K (1) G L) 73y (2070)
T>T0 N r>To

Because G| has only the finite Fourier set (2053), its Sobolev norms are explicit finite
constants. Thus the only non-explicit factor in (2070) is the projected bridge stability ratio
M§ /2§ and the already prescribed coefficient C%'.

The forcing is not small merely because it is smooth. Therefore (2070) gives a finite
forced-profile radius, not automatically a perturbatively small one. The inequality (2068)
still has to be checked with that radius.
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265 Fractional block about the forced profile

The exact one-phase cancellation (2030) is no longer invoked. Instead use the smooth finite-
N product identity

b\ b
Vnalb, A) = AL, (Z) + < LaA (2071)

At the forced profile (b7, AYF), the fractional contribution is therefore an explicitly evaluable
smooth periodic function. Its linearization retains the universal order-2a principal symbol
|€|?* established in Part 67; the new transverse Fourier modes modify only the finite compact-
frequency and lower-order coefficients. Hence there is no new principal-symbol obstruction.
The required finite check is precisely their contribution to (’:RP;M in (2067).

266 Conditional closure theorem for the forced-profile
route

Theorem 66 (Forced-profile pre-entry closure). Fiz N < 0o, 1 < a < 144, and a nondegen-
erate raw bridge on which the normalized continuity inverse of Parts 6873 exists. Construct
WP by (2057)-(2060). Assume the projected estimate (2069), the finite strict margin (2068),
and

—_nDPr
1PN (Dl < ONae™™, ny > 0. (2072)

Then, for sufficiently small remainder at Ty,

—nFPr .
Ion (7) = 08 (7)llgasee < Crpge™™ 7,y < min{AY", nyv} (2073)

Consequently the pre-entry jet estimate needed by the first-crossing argument holds relative
to the forced principal bridge.

Proof. Apply Duhamel to (2064), use (2066), (2072), and the quadratic estimate (2065), and
close the standard small bootstrap. No one-phase invariance is used. O

267 What can and cannot be certified from the current
formulas

The forced-profile construction removes the logical obstruction identified in Part 74: the
persistent transverse source is now part of the principal bridge, and the lower-order budget
is evaluated on a prescribed bridge rather than on the unknown actual solution. Nevertheless,
the current manuscript does not supply numerical values for A, M{/\§, or the complete
finite coefficient norm in (2067). It also does not yet prove the decay (2072) of the nonlinear
forced-profile defect. Therefore the strict inequality (2068) cannot honestly be declared
verified from the displayed formulas alone.
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The improvement is that the remaining task is no longer an unknown absorbing estimate
for the actual solution. It is a finite calculation on the explicit forced bridge:

compute B — (A, CtP) — vaf)M —> test vaf)M <%, (2074)
followed by the explicit defect estimate (2072).
268 Updated completion ledger

flow-box geometry:
forced transverse Fourier support:
forced principal bridge:

persistent transverse forcing in the
remainder:

continuity response on the forced
bridge:

fractional principal symbol:
forced-profile lower-order margin:

closed exactly,

explicit finite set (2053),
defined canonically by
(2060),

removed by construction,

(2057)-

inherited from the normalized raw in-
verse,

unchanged, |¢
finite test (2068), not numerically

|2oz7

certified,

forced-profile defect: must satisfy (2072),
pre-entry convergence: follows from (2068), (2069), (2072)

by (2073),
first crossing: conditional on those finite forced-

bridge checks,
post-entry conormal and scalar unchanged conditionally after entry.
characteristic conclusions:

(2075)

The forced-profile route therefore resolves the incompatibility between the three-dimensional
forcing and the one-phase principal bridge. What remains is quantitatively sharp: a finite
projected stability calculation and a finite defect estimate on the explicitly defined forced
bridge. These are strictly weaker logical demands than assuming small raw jets of the un-
known actual solution, but they are still genuine estimates and are not replaced by smooth-
ness alone.
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Part XIX

Spectral Completion of the Forced
Bridge and a Rigorous Finite
Certification Test

269 An exact Fourier norm for the prescribed trans-
verse forcing

The finite Fourier statement in Part 75 can be made quantitative. Write

1 1., 1 ..
9(0) =sin*0 = 5 — 2e’ — 27 Gi(w,y,2) = g(@)g(y)g(2).
If exactly j components of k € Z3 are nonzero, then |k|? = 47, there are (j) 27 such modes,

and the modulus of the corresponding Fourier coefficient is 27377, Consequently, for every
s >0,

= ()
1G Ll = D 55 1+ 49)° (2076)

j=0

After removing the zero mode, the exact transverse norm is

3

Z

(2077)

Thus no unspecified Sobolev constant is needed for the forcing itself.

270 A correction to the finite-mode reduction in Part 75

There is, however, an important distinction between the Fourier support of G, and that of
the actual source 2CY G| . If C% is not spatially constant, multiplication is convolution in
Fourier space:

CRGL(k) = > Cx(k—0G.(0). (2078)

leka

Hence the finite set g in (2053) is the support of G itself, but it is not in general the
complete support of the forced source. The finite-dimensional projected equation (2057) is
therefore exact only when C}; is constant (as on the auxiliary branch of Part 73), or when the
complementary convolution is retained in the principal bridge. This observation is essential
for a nondecaying forcing: the omitted complement cannot be placed in an exponentially
decaying defect merely from smoothness.
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271 The spectrally complete forced principal bridge

The clean correction is to absorb the entire transverse source. Let II, = I —II; and define
By" by

0. BY =1, L5 (T)BSF + 111 (2CFGL),  BJ (m) =0, (2079)
where
b =bly + BS, ST =SwlQn 5], (AT, CFN) = An(Qn, ST).| (2080)

Equation (2079) is a nonlinear fixed-point equation because the raw continuity reconstruction
feeds BSY back into C§Y. Unlike the finite projection (2057), it contains the full persistent
forced transverse response.

Let Uy (7,7) be the evolution family generated by the transverse restriction of the prin-
cipal damped operator. If

||U]¢(T, 7’)HHM+2_>HM+2 < Mﬁe_ﬁf\_’(T_T), )\JLV > 0, (2081)

and the reconstruction map is Lipschitz on a ball of radius R with constant L§ ,,(R), then
Duhamel and the algebra property give

DM
AN

| BSE || oo praese < 1G]l gm+2 (CR + L$ i (R)R). (2082)

A sufficient contraction condition for the complete forced bridge is

DM
Ay

|G L | grarv2 LS (R) < 1, (2083)

with the right side of (2082) not exceeding R. Because the forcing norm in (2083) is given
exactly by (2076), the only remaining quantities are raw finite- NV reconstruction and stability
constants.

272 How )Y, is to be certified rather than guessed

The manuscript defines
AX = min{ A%, A}
Neither term has been assigned a numerical lower bound. The correct finite certification is

a two-scale spectral calculation. Choose a Fourier cutoff K > 1 and let Px project onto
|k| < K. On the finite-dimensional space Pk Jy12 form the Hermitian part

1
HN’K(T) = —§PK (ﬁ]\gprin(T) -+ EN,prin(T)*> Py (2084)
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Then define the computable compact-frequency gap

AVK = nf X (Hy k(7)) (2085)

TE[10,Te]

For |k| > K, the fractional principal symbol supplies the explicit tail coercivity

tail . : 200
AN = 113f |k1|1;fK (v|k| e (1K), (2086)

where ty s is the rigorously bounded lower-order symbol. Thus an actual certified lower
bound is

AN (K) == min{ AP, AF K} (2087)

The statement A% (K) > 0 is a finite matrix eigenvalue check plus an analytic high-frequency
tail estimate. It is stronger and more reproducible than assigning a decimal value to A%
without specifying N, «, the bridge interval, and the coefficient fields.

273 A directly computable replacement for the unre-
solved margin

Evaluate the complete raw linearization on the spectrally complete bridge and write

LY = Ly prin + K. (2088)
For the same cutoff K, define
,CCF ’CCF,*
CVM & = sup || Pg———H— +2 N Pyll,
T (2089)
Qﬁﬁf}“}w,( = sup sup ‘%U(IC]CVF)(T, k;)} )
T |k|>K
The finite-N stability margin is certified if
max{CVh7 s Ciarx b < AN (K). (2090)

This is the rigorous numerical /analytic form of (2068). Every object in (2090) is determined
once N, «, the bridge interval, viscosity, forcing amplitude Ay, and the normalized raw
continuity solution are specified.

274 The complete forced-profile defect

Because (2079) absorbs the full persistent transverse source, the remaining defect contains
only coefficient mismatch, nonlinear Taylor remainder, and principal-profile mismatch. Set

DSF = 0,65 — o (b5F). (2091)
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After cancellation of the complete source in (2079), Taylor’s theorem gives, on a radius-R
bridge,

195 (s < Coone(R) (llaw(r) = aSF () + 1B (DIZ,,..) + DM@ (2092)

This formula exposes a second point that cannot be hidden by the bridge construction: a
bounded nonzero stationary forced response need not have a decaying quadratic remainder.
Therefore exponential defect decay follows only if the complete forced bridge is chosen as an
exact (or asymptotically exact) solution of the leading nonlinear forced equation, or if the
quadratic stationary part is included in the principal bridge by iteration.

Define the Picard-corrected bridge recursively by

bg(\)f] = b|]|\f7 aTbE(fn+1] = %N,prin(b%n+1]) + HJ_e%/N,forc(bK[n])a (2093)

with the same normalized continuity reconstruction at every step. Under the contraction
condition (2083), this converges to a unique complete forced bridge b]FV’* in the radius-R
ball. For that limit the persistent nonlinear transverse terms are part of the bridge, and the
residual reduces to the already decaying Lambert/principal-coefficient mismatch:

* Dx — D=
H@f‘v (T)||JM+2 S CN,MG E (2094)

provided the previously audited Lambert and raw coefficient convergence is uniform on the
chosen bridge. Thus (2072) is not an additional independent assumption once (2083) and
that coefficient convergence are certified for the nonlinear complete bridge.

275 Completion theorem in certifiable form

Theorem 67 (Finite-N forced-bridge certification). Fix all numerical construction data N,
k(N), o, v, Ay and the finite bridge interval. Suppose the normalized raw continuity inverse
satisfies the characteristic estimate of Part 72. If there exist R > 0 and K < oo such that the
complete-bridge contraction (2083) closes in the radius-R ball, the spectral margin (2090) is
strict, and the Lambert/raw coefficient convergence entering (2094) holds, then the nonlinear
complete forced bridge b%* exists and

lox (7) = 0" (Tl 7375 < Cwaare™7 (2095)

for sufficiently small initial bridge mismatch. Consequently the pre-entry jet hypothesis used
by the first-crossing argument is certified for that fized N.

Proof. The contraction estimate (2083) constructs the complete forced bridge. Equation
(2090) gives a positive spectral gap for its linearization. The coefficient convergence gives
(2094). Duhamel and the quadratic remainder estimate then close the standard small boot-
strap and yield (2095). O
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276 What the present manuscript data actually decide

Equations (2076)—(2095) remove two hidden ambiguities from Part 75. First, the product
CnG is not generally supported on the finite set Cg; the complete convolution must be
included. Second, a nondecaying quadratic forced response must be incorporated into the
nonlinear principal bridge rather than placed in the defect.

The current source still does not specify one numerical instance containing all of

N, Ek(N), « v, Ay |[10,7], and the normalized bridge coefficient tables.

Therefore no numerical value of A% (K) or of the left side of (2090) can be extracted honestly
from the manuscript as it stands. What is now complete is the certification problem itself:
after those data are fixed, (2076), (2083), (2085)—(2090), and (2094) are the finite list of
quantities that must be evaluated. No unknown actual-solution absorbing radius and no
false finite-support assumption remains.

277 Updated completion ledger

forcing Sobolev norms: exact formula (2076)—(2077),

finite support of G : exact, but not preserved by multipli-
cation with nonconstant Cy,

complete forced source: incorporated by (2079)-(2080),

complete forced bridge: constructed conditionally by the con-
traction test (2083),

principal spectral gap: reduced to finite matrix plus analytic
tail, (2084)—(2087),

full lower-order margin: certifiable by the explicit test (2090),

forced nonlinear defect: absorbed by the Picard-complete
bridge (2093),

defect decay: follows as (2094) once raw/Lambert
coefficient convergence is certified on
that bridge,

pre-entry raw-jet convergence: follows from the finite certification
theorem, (2095),

first crossing: conditional only on these fixed-N
certification inequalities,

post-entry scalar conclusions: unchanged after certified entry.

(2096)

This closes the structural analysis of the forced bridge. The remaining work is no longer

a missing derivation: it is a numerical/interval-arithmetic certification for a fully specified

finite-N parameter set. Without that parameter set, assigning numerical values to A%, or to
the margin would be unsupported.
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Part XX
Interval-Certification Input Closure

and Reproducible Finite-N Test

278 Why the next step must begin with a parameter
record

Part 76 reduced the pre-entry problem to a finite numerical/analytic certificate, but a cer-
tificate is meaningful only after the finite-N problem has been fixed completely. My work
contains several numerical experiments with different values of N, different cascade depths,
and different regularizations. Those experiments cannot be silently substituted into (2090),
because (2090) refers to the raw spectrally complete forced bridge and its normalized conti-
nuity solution. Accordingly define the certification record

By = (N, kn, a,v, Ag, 70, e, M, K, €5, ™, TH) (2097)

Here M5 records the normalization used for the raw continuity inverse, and TR denotes
the interval-valued coefficient tables for the complete forced bridge. No entry in (2097) may
be inherited from an earlier numerical experiment unless it is verified to belong to the same
reconstruction and regularization.

279 The bridge table that is actually required

Let I; = [15, Tj+1] be a partition of [ry, 7.]. On each interval store outward-rounded enclosures
for

T, = [QN,SE’*,Z)JF\;*,AJF\;*,Cﬁ’*,ﬁ“QN,ﬁ“SJFV’*,a“b%*} . (208)
|l <M+2
The algebraic reconstruction is evaluated interval-wise from
. —-2V+R VR% + 8RNV
AV =Vn—Dy(Vy), O =Vy+ Dy(Vy).
Every interval must certify the nondegeneracy conditions
inf Ry >0, infVy >0, infAY* >0,  infCy* >0. (2100)

These inequalities prevent interval evaluation of the square root, reciprocal reconstruction,
and continuity coefficients from crossing a singular set.
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280 Certified continuity inverse on the same table

Part 73 gives the exact flow-box coordinate w = y+ 2z and LY, = 7. Hence the only nontrivial
interval contribution to the characteristic inverse is the coefficient weight and differentiated
flow. For each bridge cell define

Cy.; = sup |enl, ﬁg\% = "N, (2101)
’ I;xT3 ’

Differentiating the characteristic ODE through order M + 1 and applying interval Gronwall
gives recursively computable constants ﬁg\%) , 1 <m <M+ 1. Set

ﬁ‘?\,’MH =max max ﬁg:,nj) (2102)

Then the range-adapted continuity response of Part 69 has the certified bound

1ONZ | gv < KRl Z ), RS < EVIERY 1raa- (2103)

All factors on the right are interval functions of (2098)-(2100).

281 Interval construction of the complete forced bridge

Let Jy denote the Duhamel/Picard map defined by (2079) and (2093), now evaluated with
outward rounding. For a ball B C L>®HM*2 compute interval bounds

2My ¢
v (R) = =G Ll gme Ly (R), (2104)
N
2My; pr c
'CN(R) = /\—J_HGJ_HHM""Q (CN,O _'_LN,M(R)R) (2105)
N

A machine-checkable existence/uniqueness certificate is

anv(R) <1,  wv(R) <R (2106)

Because ||G | ||m+2 is given exactly by (2076), no quadrature is needed for that factor. Once
(2106) holds, interval Picard iteration produces an enclosure of by* and hence closes the
table (2098).

282 Low-frequency matrix certificate

For every 7-cell form the interval Hermitian matrix

1
Hyxj = —EPK(LN,IDM,j + L}*V,prinﬁj)PK. (2107)
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A rigorous lower eigenvalue bound may be obtained by any verified Hermitian interval
method; for example, after choosing a numerical center matrix Hy x ,

AV = Amin(Hi k) — B — Hy g 4l13 - (2108)

Therefore

AR = i AR (2109

is a rigorous lower bound for (2085). This step is finite dimensional; its validity does not rely
on floating-point eigenvalues being exact because the interval remainder in (2108) absorbs
rounding and coefficient uncertainty.

283 High-frequency analytic certificate

Let the lower-order tail satisfy the verified symbol estimate

J
fevar (1 B) <D Rglk”, py <20 (2110)
j=0
Then for |k| > K + 1,
_ J
AV = (K 41 =) Ry (K + 1) (2111)
j=0

is valid whenever the right-hand side of vr?® — % ; B jrPi is increasing for r > K +1. A
sufficient interval-checkable monotonicity condition is

J
200(K + 1) >3 " p Ry (K +1)»7 (2112)
=0

Thus the certified principal gap is

A% (K) = min{AZE, Ak} (2113)

284 Interval form of the full margin

Evaluate the Hermitian lower-order correction on each compact-frequency cell and its symbol
on the tail. Let

Fx F ok +
comp,+ . KN,]' + KNJ
¢ = max —
NMK

Pk

2 (2114)

tail,+ . F,x +
Chirx = sup sup [Ro(Ky7%)(k)
J |k|>K
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Define the single certificate number

Mk = Ay (K) — max{€Y5PE, €k} (2115)

Then the unresolved strict inequality (2090) is proved exactly when

mih x> 0. (2116)

If the interval in (2115) contains zero, the computation is inconclusive, not negative: one
must refine the 7 partition, increase precision, improve coefficient enclosures, or change K.

285 The raw coefficient-decay certificate

The remaining hypothesis in (2094) can be tested on the same bridge table. Let ay collect
the raw/Lambert coefficients entering the complete bridge and let af\,’* denote their principal
forced-bridge values. Define

e nt m _ o
Oy, ogffgaﬁwfg}?e |IE™ (any —ay )] ay- (2117)

If for some 1 > 0

N == max 0y, < oo, (2118)
J

then

F % D% wcert —nT
DN (M)l 7212 < Cra Ve (2119)

This is the interval-arithmetic realization of (2094). It uses only pre-entry bridge data and
therefore does not invoke the post-entry conormal bootstrap.

286 A complete certificate and its logical consequence

Theorem 68 (Reproducible finite-V interval certificate). Fiz a parameter record By in
(2097). Suppose outward-rounded interval arithmetic verifies (2100), (2106), the differenti-
ated characteristic bounds entering (2102)-(2103), the low-frequency bounds (2108)-(2109),
the high-frequency bounds (2110)-(2112), the strict margin (2116), and the coefficient-decay
estimate (2118). Then the hypotheses of the finite-N forced-bridge certification theorem of
Part 76 hold for that record. In particular, the complete forced bridge exists uniquely in the
certified radius-R ball and

1on (7) = b (T) || 7ars < Crvare™™. (2120)

Consequently the pre-entry jet hypothesis required by the first-crossing argument is certified
for that fixed N.
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Proof. Conditions (2100), (2102)—(2103) certify the raw reconstruction and continuity inverse
on the bridge. Condition (2106) is the contraction criterion (2083), hence constructs the
nonlinear complete forced bridge. Equations (2108)—(2113) give a rigorous lower bound for
the principal gap, while (2114)—(2116) prove the full lower-order margin (2090). Finally,
(2118)—(2119) give the decaying complete-bridge defect (2094). The theorem of Part 76 then
yields (2120). O

287 What can and cannot be filled from the existing
manuscript

The structural entries of the certificate are now fixed: the exact forcing norm, exact flow-box
flight time, exact transverse section, algebraic raw reconstruction, continuity normalization,
compact /tail splitting, and the single margin number (2115). The numerical runs elsewhere
in the manuscript do not supply a complete record (2097) for the present raw forced-bridge
architecture. In particular, a previously used pair such as (IV, ky) does not determine «, v,
Ap, the precise bridge interval, the cutoff K, or the interval coefficient tables required by
(2098).

1 tThelrefore the present analysis reaches the strongest conclusion supported by the available

ata:

’ the finite-N proof is reduced to the sign of the explicitly defined interval quantity m?ir;w K together with (2106) and (2118). (2121)

No numerical sign is asserted until a single complete parameter record is supplied and the
corresponding bridge tables are generated with directed rounding. This is a data requirement,
not a remaining ambiguity in the mathematical statement of the certification problem.
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288 Updated certification ledger

complete parameter record: defined by (2097); numerical entries
still to be fixed,

bridge coefficient table: exact required contents specified in
(2098),

raw nondegeneracy: finite interval test (2100),

flow-box inverse: exact L, = 7 plus interval derivative
bounds (2101)—(2103),

forced-bridge existence: finite contraction/radius test (2106),

compact spectral gap: rigorous interval eigenvalue test
(2107)—-(2109),

high-frequency gap: analytic interval tail test (2110)-
(2113),

full stability margin: single signed certificate (2115)—
(2116),

raw/Lambert defect decay: finite weighted interval test (2117)-
(2119),

pre-entry raw-jet convergence: theorem (2120) once the certificate is
positive,

first crossing: then receives the certified pre-entry
hypothesis.

(2122)

The next computational object is therefore not another formal estimate but a single repro-
ducible certificate file containing By, the outward-rounded tables (2098), and the three final
outputs qn(R), m§'y, x, and 0. A positive certificate can then be checked independently

without reconstructing the preceding proof architecture.

289 Concluding comments

Not yet from

alone do we have the finite time blowup result.
What we can now conclude precisely is:

cert
mN7M7K > O

rigorously establishes the stability inequality (2090). But the manuscript’s own finite-
N certificate theorem also requires the other certified conditions—especially the forced-
bridge contraction (2106), the coefficient-decay estimate (2118), and the raw reconstruc-
tion/continuity bounds. With all of those verified, it proves

HbN(T) - b%*(T)||\7]VI+2 < ON,Me_nNTv
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and therefore supplies the pre-entry hypothesis needed by the first-crossing argument.
Then, if the first-crossing conditions are consequently satisfied, the earlier the-

orem gives entry into the certified terminal corridor in finite logarithmic time. Once the
established terminal persistence theorem supplies the two-sided law

C_S—(Qa—l) < bN7a<S) < C+S_(2a_1),

the exact characteristic equation

§=1—byga

does give finite physical time. Indeed, for sufficiently small s, b > 2, so

Hence
i82a—1 < dt S 38204—1
Cy —ds T c_
Integration to s = 0 gives
T*,N—tvs%‘ < 0

and therefore

2a—1

bN@(t) = (T*JV — t)_ 2 — 00 (t T T*7N).

That finite-time conversion is already explicitly proved in the manuscript.
So the theorem we may legitimately state is:

For a fixed finite N, suppose the complete interval certificate verifies the raw
nondegeneracy and continuity bounds, the forced-bridge contraction condition
(2106), the strict stability certificate

cert
mN7M7K > O,

and the raw/Lambert coefficient-decay condition (2118). If these certified esti-
mates supply the hypotheses of the finite- N first-crossing and terminal-persistence
theorems, then the corresponding scalar reconstructed quantity by, enters the
terminal regime and blows up at a finite time T, y < oo, with

bN,a(t) = (T*,N — t)_(20l—1)/(2a).

There is one distinction I would preserve very carefully in the manuscript: this estab-

lishes a conditional finite- N scalar blow-up theorem once the complete certificate
is actually positive.
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So I would not change the conclusion to “m®™ > ( alone proves finite-time blow-up.” I

would change it to the stronger and mathematically accurate implication

complete positive finite-N certificate == first crossing = terminal persistence = T, y < o0, by o(t) — oco. ‘

That is now the appropriate finite-N blow-up conclusion supported by the proof archi-
tecture.

290 Conclusion

This work develops a detailed analytical framework for studying finite-time amplification in a
reconstructed scalar quantity associated with the three-dimensional incompressible Navier—
Stokes equations with fractional dissipation on the periodic torus. The central object is the
product

by = ugu,,

whose evolution is obtained directly from the momentum equations rather than introduced
as an independent model. The analysis combines the exact product equation, fractional
product identities, Lambert-WW renormalization, one-phase reductions, Mellin analysis, char-
acteristic dynamics, continuity reconstruction, spectral estimates, and finite-N certification.
A principal purpose of the paper has been to determine which parts of the proposed singu-
lar mechanism are exact consequences of the equations, which are consequences of finite-/N
estimates, and which still require quantitative verification.
For the fractional exponent, the analysis is organized on a small supercritical interval

l<a<14+9.

The similarity exponent arising from the terminal balance is not fixed at a special value but
varies with o according to
re = 2a0 — 1.

This leads naturally to the candidate terminal behavior
bg(S) = 87(20471).

The associated characteristic law
$=1-—"0bs

then provides the mechanism converting a spatial or phase singularity into a finite physical
time singularity. In particular, once two-sided terminal estimates for b3 are established, the
characteristic equation gives

T, —tx< 826“,

and hence
2a—1

by(t) < (T, —t)” 2o .
Thus the finite-time conversion itself is not an additional conjectural step: it follows directly
from the terminal power law and the exact characteristic dynamics.
A substantial part of the paper is devoted to establishing the profile theory that underlies
this terminal regime. After passing to logarithmic coordinates, the fractional profile equation
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is represented through a Mellin multiplier. At the classical anchor a = 1, the profile is
explicit, the linearized equation can be solved exactly, and its two fundamental solutions
can be determined. The apparent Fredholm obstruction that arises from a formal adjoint
calculation disappears once the correct weighted spaces are used: the formal dual zero mode
does not belong to the relevant dual space. The only admissible kernel direction is generated
by translation, and this direction is removed by a phase condition. The resulting phase-fixed
operator possesses an explicit inverse.

The Mellin multiplier is then controlled uniformly for o near 1. Gamma-function and
digamma estimates yield the required operator bounds and differentiability with respect to
«. Introducing a common Mellin graph domain resolves the difficulty caused by the changing
order of the fractional operator. The implicit-function argument can consequently be carried
out on fixed Banach spaces, producing a positive profile branch for all

1 <o <14 dprof

for some Oprof > 0. The endpoint asymptotics and positivity of this branch are inherited
continuously from the explicit anchor. This establishes the profile component of the pro-
posed mechanism on an interval of fractional exponents rather than at a single distinguished
exponent.

The finite- N Lambert construction provides the second major component of the analysis.
The renormalized Lambert cascade is kept on the principal real branch, and its contraction
properties are used to control the logarithmic sensitivity of the coefficients. The analysis dis-
tinguishes carefully between the literal Lambert iteration, the renormalized branch-distance
dynamics, the finite-/N branch layer, and the coupled limits in N, cascade depth, and regu-
larization. This distinction is essential because the different limits need not commute. The
paper therefore avoids identifying a finite-N singular law with a limiting singular solution
without an independent compactness argument.

The reconstruction of the complete velocity field introduces additional geometric and
analytic constraints. Several stages of the paper audit the relation between the scalar variable
b3, the reconstructed components u,, u,, u,, the continuity equation, and the pressure. This
leads to a separation between two reconstruction architectures that had initially been used
interchangeably. The later analysis is therefore performed directly for the raw two-correction
reconstruction

_ by
-5,

uy:ANa uz:CNu Uy

with
Any = Qn + Sy — Dy, Cn =Qn + Sy + Dy.

This removes the architectural ambiguity and permits the fractional and continuity calcula-
tions to be rederived from the actual variables of the construction.
For this raw reconstruction, the viscous product block has the exact form

An(=A)° (Z—f;) + Z—]]VV(—A)O‘AN.

Its normalized linearization has universal principal symbol

€%
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Consequently the leading fractional part is coercive at high frequency. The genuinely difficult
information is contained in the bounded-frequency sector and in the lower-order response
of the continuity reconstruction. This observation converts an initially infinite-dimensional
sign problem into a finite compact-frequency certification supplemented by an analytic high-
frequency estimate.

The continuity equation is likewise treated as part of the dynamics rather than as an
automatically solvable constraint. Linearization produces a first-order transport operator
for the correction Sy. The analysis shows that a zero-mean condition alone does not justify
an isotropic one-derivative inverse estimate. Instead, the correct inverse is obtained through
the characteristic flow of the transport field. For the raw reconstruction, the transverse
combination of the transport coefficients satisfies an exact identity that yields a convenient
flow-box coordinate. On a 27 transverse slab the flight time is

fl
_[/]\/':7"-7

and the chosen transverse section is uniformly noncharacteristic. Thus the geometric part
of the continuity inverse can be controlled by explicit finite- N characteristic constants.

The prescribed forcing introduces an important further refinement. Although the strict
one-phase reconstruction is internally consistent and enjoys exact one-dimensional fractional
reduction, the full forcing contains genuine transverse dependence. The actual forced evolu-
tion therefore cannot in general remain on the strict one-phase manifold. Rather than treat-
ing this as an uncontrolled error, the paper incorporates the persistent transverse forcing
into the principal bridge itself. The resulting forced principal bridge contains the complete
transverse response, while the remainder is required to decay relative to that bridge. This
prevents the terminal argument from assuming convergence toward a manifold that is not
invariant under the prescribed forcing.

The stability problem about this forced bridge is then divided into low and high frequen-
cies. On a finite Fourier block, the Hermitian part of the linearized operator is represented
by a finite matrix whose smallest eigenvalue can be enclosed by interval arithmetic. Outside
that block, the fractional term dominates because its symbol grows like

I/|/€|2a,

whereas all lower-order terms grow with strictly smaller powers of |k|. This gives a rigorous
analytic tail estimate. The two pieces define a certified principal spectral gap

AN (K).

The complete lower-order perturbation is then enclosed independently on the compact and
high-frequency sectors.
These estimates culminate in the certificate quantity

cert _ 10,— comp,+ ptail,+
My v g = Ay (K) — max {CN,M,IO €N,M,K} :

The condition
cert
mN7M7K > O
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is therefore the rigorous finite-N realization of the strict stability margin required in the
bridge argument. It is not based on an unverified numerical eigenvalue: the compact-
frequency part is enclosed by outward-rounded finite-dimensional computations and the tail
is controlled analytically. If an interval enclosure for this quantity contains zero, the result is
simply inconclusive and can be refined by increasing precision, changing the Fourier cutoff,
or sharpening the coefficient enclosures.

The stability margin is one component of the complete finite-N certificate. The con-
struction also requires raw nondegeneracy, the characteristic continuity bounds, existence
of the nonlinear forced bridge through a contraction estimate, and decay of the difference
between the raw coefficients and their forced-bridge counterparts. The latter is encoded in
a weighted coefficient certificate. When these conditions are simultaneously verified for a
single consistent parameter record, the complete forced bridge exists and the actual scalar
trajectory satisfies

F, -
1o8 (7) = b () |7 < O™ ™7
This is precisely the pre-entry jet control required by the first-crossing argument.

The first-crossing analysis then supplies the connection between the prescribed finite-
N dynamics and the terminal profile regime. The normalized scalar equation possesses
a restoring sign on every bounded corridor, while the differentiated shape variables are
controlled by the certified spectral gap. Once the complete bridge estimates hold, the scalar
mismatch and its required Euler derivatives enter the terminal contraction region after a
finite logarithmic time. From that point onward, the terminal bootstrap and invariant-

region argument propagate the profile asymptotics. Thus the proof architecture forms a
continuous chain

finite-N reconstructed data — certified forced bridge — first crossing — terminal persistence — finite-time scalar amplification.

For a fixed finite NV, the resulting conclusion is particularly clear. Suppose a complete,
internally consistent parameter record is chosen and the interval calculations verify the re-
construction and continuity conditions, the forced-bridge contraction, the positive stability
margin

and the required raw/Lambert coefficient decay. The bridge theorem then supplies the pre-
entry estimates, the first-crossing theorem gives entry into the terminal region, and the
persistence argument yields

c_s™ o) < bya(s) < cps el
Since
s=1- bN,aa
the remaining time satisfies
T*JV -t = SQa,

and consequently
2a—1

bna(t) < (Tiny —t) 2@ — 00 ast T T,y < o0.

Accordingly, the paper reduces the finite- N scalar blow-up mechanism to a reproducible col-
lection of finite inequalities rather than leaving the decisive bridge and stability assumptions
as qualitative hypotheses.
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At the same time, the analysis identifies an important boundary on what this conclusion
establishes. Blow-up of the reconstructed scalar by, at a fixed finite NV is not by itself a
proof of finite-time singularity for a limiting three-dimensional Navier—Stokes solution. Pass-
ing from the finite- N scalar construction to such a statement requires control of the complete
reconstructed velocity in the appropriate fixed spatial function spaces, compatibility of all
three momentum equations and the pressure throughout the evolution, sufficient compact-
ness to pass the nonlinear and fractional terms to a limit, and preservation of the required
estimates under the coupled limiting procedure. The paper therefore separates the finite-N
terminal mechanism from the substantially stronger limiting Navier—Stokes assertion.

The overall outcome is thus both constructive and diagnostic. The profile problem near
the classical exponent is placed on a common functional domain and continued to a nonempty
supercritical interval; the terminal exponent and finite-time conversion are determined ex-
plicitly; the Lambert cascade is controlled without confusing distinct limiting regimes; the
raw velocity reconstruction and continuity response are incorporated into the same archi-
tecture; the persistent transverse forcing is absorbed into a forced principal bridge; and the
remaining stability question is reduced to a low-frequency interval matrix calculation to-
gether with an analytic fractional tail. Successive audits remove several assumptions that
would otherwise have entered the argument circularly and replace them by quantities that
can, in principle, be checked independently.

The final mathematical task at the finite-IN level is therefore sharply defined. For a
chosen parameter record, one must construct the outward-rounded bridge tables and verify
the contraction, decay, and positive-margin certificates. A successful certificate establishes
the hypotheses leading from the actual reconstructed finite-N dynamics to the terminal
scalar regime and hence to finite-time divergence of by ,. Any further claim concerning a
genuine singular solution of the full three-dimensional Navier-Stokes system requires the
additional velocity—pressure and limiting arguments described above. In this way, the paper
ends not with an unresolved formal singular ansatz, but with a precise separation between
the analytical mechanism already established, the finite computations required to certify that
mechanism for a specified reconstruction, and the additional compactness and compatibility
questions that must be resolved before a full Navier—Stokes blow-up theorem can be asserted.
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