MATH 2300: Calculus 2 Arc Length

Arc Length Formula
If a smooth curve with parametric equations = = f(t), y = g(t), a < t < b, is traversed exactly once as t
increases from a to b, then its length is

o= &) (%)

1. Follow the steps below to use the arc length formula to compute the circumference of a circle of radius 7.

(a) Give a parametrization of the circle of radius r centered at the origin.

T =rCcost
y =rsint

0<t<2mw

(b) Check that your parametrization traverses the circle exactly once. What is the starting point of your
parametrization? Which direction does your parametrization go, clockwise or counterclockwise?

x(0) = rcos(0) = r and y(0) = rsin(0) = 0 so the
starting point is (r,0).

(r,0) For a small positive ¢, y = rsint is positive so it
goes counterclockwise from the starting point.

(c) Compute the length of the curve, i.e. the circumference of the circle. Is your answer what you expected?

27
L= V/(=rsint)? 4 (rcost)2 dt
0

27
= \/r2 sin?t + r2 cos2 t dt
0
27
= / \/r2(sin2 t + cos?t)dt
0
27

:/ rdt
0

27
’ = r(21) — 0 = 277

— )],




MATH 2300: Calculus 2 Arc Length

2. (a) Graph the curve y = Inz where 1 < z < 3. Find a parametrization of the curve.

(b) Does your parametrization traverse this curve exactly once? How do you know?

Yes, because y = Inx is a function of x, so every input = has exactly one output y.

When we let = ¢, that means each t in the interval [1,3] corresponds to exactly one point on the
curve.

(¢) Set up an integral that represents the arc length of this curve. You do not have to evaluate the integral.

d d 1
First & =1 and —. Using the arc length formula,

ay _
dt dt t
p= V&Y (W = [ ()
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3. (a) Graph the curve x = y? where —1 < y < 1. Find a parametrization of the curve.

x = t2
1 Y=t

-1<t<1

(b) Does your parametrization traverse this curve exactly once? How do you know?

Yes, because x = y? is a function of y, so every input y has exactly one output .

When we let y = t, that means each ¢ in the interval [—1, 1] corresponds to exactly one point on the
curve.

(c) Set up an integral that represents the arc length of this curve. You do not have to evaluate the integral.

= 1. Using the arc length formula,

L:/_ll\/(ccl;)QJr(f;t/)zdt:/_ll (2t)® + 1t

. dx dy
First — =2t and —
1Irs dt all dt
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4. Think about how you were able to find a parametrization for the curve in problem 2. Can you use that
process to find a parametrization for any curve given as y = f(z) where a < 2 < b? What would the arc
length formula be in that case?

r=1
We can parametrize this as: { where a <t <b.

y=f(t)

d d
Then —? =1 and —= = f/(t). Using the arc length formula,

e [V G = [V oy

Switching ¢ back to z, we get

L= /ab\/1+ (f'(x))* da.

r = g(t)

Similarly, if a curve is given as x = g(y) for ¢ < y < d, we can parametrize this as: { where ¢ <t < d.

d d
Then &% = g'(t) and Y. Using the arc length formula,

d dt
b= V& @) - [ Virwr i

Switching ¢ back to y, we get

L= /Cd V14 (9'(y)° dy.




