THE MODULI SPACE OF QUASIMORPHISMS ON SUBSHIFTS AND ITS
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ABSTRACT. We introduce a metric geometry on the space of positive, linearly growing quasi-
morphisms on a mixing subshift of finite type. Two such quasimorphisms are identified when
their homogenizations agree up to multiplicative scaling. The resulting moduli space carries a
natural symmetrised Thurston-type metric, defined from the extremal ratios of their periodic-
orbit lengths. We prove that this is a genuine metric and determine several global features of
the resulting space: it is unbounded, separable, incomplete, and has geodesics that are canoni-
cally generated by thermodynamic pressure functions. We then describe the endpoints of these
geodesics and develop a boundary theory for our moduli space.

We apply this theory to metric structures on right-angled Artin and Coxeter groups. In
particular we construct isometric embeddings of geometric moduli spaces into our quasimor-
phism moduli spaces. As a consequence, Manhattan curves for metrics on these groups are C?,
with equality cases characterised by rough similarity of the underlying metrics. This provides
insights into Manhattan curves in settings where neither classical thermodynamic formalism
for Holder potentials nor Patterson—Sullivan theory apply. The same construction recovers
the corresponding results for hyperbolic groups and places these examples within a common
dynamical-geometric framework.
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1. INTRODUCTION

A recurring theme in geometry is the construction of moduli spaces whose points encode
geometric structures. Such spaces are themselves often equipped with a metric that measures
the ‘distortion’ required to move from one structure to another. Classical examples include
the Teichmiiller space of a surface and the Culler-Vogtmann Outer space, both of which can
be equipped with Thurston-type metrics; for the latter moduli space we refer to the original
article [20], whereas for the former we recommend the comprehensive introduction supplied in
Farb-Margalit’s monograph [24]). In these settings, the metric on the moduli space is a central
object of study: it reveals dynamical information, rigidity phenomena, and allows one to study
the large-scale geometry of the space.

The purpose of this paper is to develop a geometric moduli space for symbolic dynamical
systems. We construct a moduli space of length functions on subshifts of finite type, repre-
sented by almost additive potentials, and equip it with a natural Thurston-type metric. The
resulting space admits canonical geodesics arising from thermodynamic pressure functions and
is sufficiently flexible that it can be used to encode many geometric moduli spaces. For exam-
ple, we will prove that many well-known geometric moduli spaces, including Teichmiiller space
and Outer space, embed isometrically into our dynamical moduli space (see Remark 6.21), and
thereby we provide a dynamical framework in which we can compare different geometries.

The fundamental objects in our construction are equivalence classes of quasimorphisms on
subshifts of finite type. We now briefly introduce the basic definitions so that we can present
the construction of our symbolic moduli space; see §2.1 for a more extensive discussion of defi-
nitions and results, and §3 for the required preliminaries.

1.1. The symbolic moduli space. Let £ > 1 be an integer, (¥ 4,0) a mixing one-sided
subshift of finite type on the alphabet {1,..., &k} with transition matrix A. We write W for the
collection of all finite non-empty words allowed by A: W = U,,51 W,, where

Wy =A{(z1,...,2n)e{1l,...,k}": Ay, ., =1fori=1,...,n-1}

for all n > 1. Given a word w € W we write |w| for its length, that is, |w|=n if w e W,.

Definition 1.1 (Quasimorphism). A function : W — R is called a quasimorphism if there
exists D > 0 such that

[ (wiws) = Y(wy) =P (we)| < D (1.1)
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for all pairs of words wy,wy € W with wywy € W. The least D realising the property is denoted
by Dy, and is called the defect of 1.

Since Y4 is fixed in what follows, we suppress it from the notation and write Qm for the set
of quasimorphisms on >4, which is naturally endowed with the structure of an R-vector space.

Let Qm™ c Qm denote the collection of quasimorphisms that are bounded below, and define
Qm*™" to be the subset of Qm®* consisting of those quasimorphisms ¥ W — R with linear
growth': there exist C, 7 > 0 such that

U(w) > 7lw| - (1.2)
for all w e W. Equivalently, 1) belongs to Qm™" if and only if {w e W:¢(w) < T} is a finite set
for every T > 0; see Proposition 4.3.

A word w € W is periodic if the product ww belongs to the language W of the subshift. Given
a periodic word w we use {w} to denote the corresponding periodic orbit, by which we mean,
abusing terminology, the multiset that contains all cyclic permutations of w with multiplicity.
If we W, we say that {w} has length n. The set of periodic orbits of length n is denoted by
Per,,, and Per = |,5; Per,, is the collection of all periodic orbits.
The homogeneization of a quasimorphism 1 is defined as the function
Y :Per » R {w}+ lim ——> (w ) (1.3)

n—>0o0

where the limit exists by almost subadditivity (coming from the quasimorphism property). We
use the homogenizations to define the dilation, intuitively the largest stretch factor, between
two quasimorphisms. Given ¢, 1) € Qm™ let

Dil(¢,¢) = sup Z}wi (1.4)

which is well defined since 1 is strictly positive for ¢ € Qm**

Definition 1.2 (Roughly similar quasimorphisms). We say that two quasimorphisms ¢, are
roughly similar, and write ¢ ~ ¢, if there exists C, 7 > 0 such that

[p(w) - Top(w)| < C (1.5)
for all we W.

This clearly defines an equivalence relation on Qm, for which Qm* and Qm™" are saturated
sets. This equivalence relation is natural from the dynamical perspective: it characterises when
1 and ¢ have the same periodic orbit data, see Corollary 4.8. We are now ready to define our
moduli space.

Definition (Moduli space of quasimorphisms). Let (X4,0) be a mixing subshift of finite
type. Define the moduli space of quasimorphisms QM™ to be the space of rough simi-
larity equivalence classes of quasimorphisms in Qm*™. We equip QM™ with the function

Q: OM™ x QM*™ - R defined by
Q([¢], [¢]) = log (Dil(¢, ¥) Dil(¢, 9)) .
Here [¢],[t¢'] denote the equivalence classes of ¢, 1) € Qm™

Remark 1.3. 1) The definition of this space was inspired by the moduli space of hyperbolic
metrics studied by Reyes in [38] and by the first author with Reyes in [12].

2) If ¢z 1/]272 - 1 2 then sz = Tzwu and Dﬂ(¢1a¢2) :;Dll(d]la"vZ)Q) and D11(¢27¢1) =

1t is immediate, by subadditivity and finiteness of the alphabet {1,...,k}, that any quasimorphism ¢ has at
most linear growth: there exist 7/,C’ > 0 such that ¢ (w) < 7'|w|+ C’ for all we W.
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2Dil(¢2,¢1). 1t follows that Q is well defined on rough classes.

3) It is also possible to equip QM** with the asymmetric Thurston metric: Q([¢], [¢]) =
log (Dil(h(¢)p, h(1)1) where h(¢),h(1)) are the growth rates of ¢,v, see (2.2). Most of the
results of this paper carry over to the asymmetric metric (with the appropriate modifications
if necessary).

One of our main results can be loosely stated as follows; see Theorem 2.8 for a more accurate
formulation.

Theorem. The function 9 is a metric on QM™**. Furthermore, the metric space (QM** Q)
is contractible, unbounded, separable and is not complete.

Remark 1.4. 1) To prove this theorem we develop thermodynamic results for quasimorphisms;
see §2.1.

2) We show that the non-completeness occurs due to the defect diverging. If we make restrictions
on the defect, we recover a complete subspace inside QM™™ (see Theorem 2.10).

3) We also show that the subspace of equivalence classes in QM ™" that are naturally associated
to locally constant (or Holder) functions is dense in QM™".

After proving this result we turn to understanding geodesics in the space of quasimorphisms
(QM* Q). For a single quasimorphism v € Qm there is a natural notion of a pressure curve
t — P(ty) associated to 1. Given a pair ¢, € Qm™™; for each ¢ € R the implicit solution in
s to the equation P(t¢ — s1)) = 0 determines the pressure function P(¢,)(t) of the pair ¢,
(cf. Definition 2.1). We show the following:

Theorem (cf. Theorem 2.13). Each pair of points [¢],[¢)] € QM™ can be connected by the
bi-infinite Q geodesic t — [P (v, ¢)(t)p — t)].

We shall make use of this theorem in order to define and study a natural boundary for the
space QM™".

One of the principal motivations for introducing this abstract moduli space (and studying
its geometry) is that it contains concrete geometric examples. In the second part of the paper
we consider metric structures on right-angled Artin groups, right-angled Coxeter groups and
hyperbolic groups (see §1.2). These groups admit natural symbolic codings, and their metric
structures give rise to almost additive potentials on the associated subshifts. The geometric
moduli spaces associated to these groups then admit natural embeddings into the quasimor-
phism moduli space.

More precisely, for the classes of metrics considered below, the embedding is compatible with
the respective equivalence relations. In particular, the metric 9 restricts to the symmetrised
Thurston metric on the geometric moduli space. The coarse geometry then naturally sits within
the pressure geometry of the ambient symbolic moduli space. This point of view also clarifies
the relationship with Manhattan curves. For a pair of geometric metrics in our considered
geometric moduli spaces, their Manhattan curve is in fact the pressure function associated
to the two corresponding quasimorphisms. That is, under the embedding constructed in this
paper, the Manhattan curve becomes precisely a pressure curve in the ambient moduli space.
Thus regularity, convexity, and rigidity properties of Manhattan curves can be understood as
manifestations of the general pressure geometry developed here.

Finally, the same framework yields counting and large-deviation results. For suitable observ-
ables and metrics, the distribution of geometric lengths of group elements is governed by the
pressure function of the associated symbolic system. The corresponding rate functions are ob-
tained from the Fenchel-Legendre transform of the pressure, giving a unified explanation for the
large-deviation phenomena that arise in the geometric group-theoretic setting. See Theorem
4.26.
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We end this section by noting that there are several conceptual consequences of this frame-
work. First, it provides a common language for thermodynamic formalism and geometric
moduli spaces: asymptotic length functions on a symbolic system can be treated as points of a
metric space, rather than merely as observables on a fixed dynamical system. Second, it shows
that pressure has an intrinsic geometric meaning, since its zero sets generate geodesics in the
moduli space. Third, the construction gives a natural setting in which geometric structures on
non-hyperbolic groups can be studied using thermodynamic methods.

Before we state our results precisely, we present the aforementioned applications to metrics
on right-angled Artin/Coxeter groups.

1.2. An application: coarse geometries for RAAGs and RACGs.

1.2.1. Manhattan curves. Suppose that I' is a group and that dy,d, are metrics on I'. There
is a natural curve, called the Manhattan curve, that interpolates between these metrics. It is
obtained as the boundary of the convex set

CM(dl,dg) _ {((I,b) cR2: Z e—adl(o,z)—bdz(o,x) < oo} c R2
zel

(which could be empty). These curves were introduced by Burger [9] for pairs of metrics
coming from actions of a surface group on rank 1 symmetric spaces. Since their conception,
they have proved a useful tool for establishing counting, rigidity and statistical results: we
refer, among others, to the works of Kao [34], Tanaka and the first author [14], [42], Bianchi
and He [4], [7]. Tt is of particular interest to establish good regularity properties of Manhattan
curves as one obtains multiple corollaries from such results. There are two methods that
have been employed to establish regularity of Manhattan curves. The first is thermodynamic
formalism for potentials with sufficiently good (i.e., Holder) regularity [42, 34, 13] and the
second is Patterson-Sullivan theory [14, 39]. We are able to use new thermodynamic results to
establish C'! regularity and rigidity properties of Manhattan curves in settings where neither
thermodynamic formalism for Holder potentials nor Patterson-Sullivan theory are immediately
applicable. For now we present examples for right-angled Artin groups and Coxeter groups.
See §6 for further examples.

Suppose that I' is a right-angled Artin group or right-angled Coxeter group that is not
virtually cyclic and does not split as a direct product. Let d denote the word metric on T"
associated to the standard vertex generating set.

Given a possibly asymmetric, I' invariant metric d, : I'xI" > R, let (+|-)4, denote (the possibly
asymmetric Gromov product)

(aly)a. = 5 (d(.0) + do(0,1) - . (2,)) (1.6

where 2,y € I' and o € I' is the identity. The Gromov product for an arbitrary function
Y :I'x ' > R is defined analogously.

Definition 1.5. Let H¢ denote the collection of (possibly asymmetric) functions ¢ : I'xI' > R
that are I'-invariant and satisfy the following: there exists ¢;, ¢y > 0 such that

[(@|y)y] < ci1(zly)a + 2
for all z,y e . We write D¢ ¢ H¢ for the collection of (possibly asymmetric) metrics in Hg
that are quasi-isometric to d.
Ezample 1.6. The space H& contains many functions of interest. For example it contains:
(1) all quasimorphisms ¢: " > R, i.e. set ¥(z,y) = d(x~1y);
(2) the function #, : I' - R that counts the number of occurrences of a fixed vertex v*! in
the shortest word representation of a group element, i.e. ¥ (x,y) = #,(z"'y); and,
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(3) the action of I' on the contact graph, i.e. if CX is the contact graph with metric d¢ set
W(x,y) =de(x-vo,y-v9) where vy € CX is a fixed base point vertex (see §6.3).

Remark 1.7. When T' is a hyperbolic group and d is a word metric on I'; the collection of
symmetric metrics in D{ is precisely the space DrudyDr: the union of hyperbolic, I-invariant
metrics quasi isometric to a word metric (defined by Furman in [28]) with the Manhattan
boundary OyDr (defined by Reyes and the first author in [12]). Furman initially proved in-
teresting rigidity results for metrics in Dr [28]. The C* regularity and rigidity properties for
Manhattan curves were later established by the first author in joint work with Tanaka [14],
when quasi-isometric to a word metric, and with Reyes [12] for general metrics in this space.
In §6 we show how to use our new theory to recover the results from [28], [14] and [12].

We say that two functions 11,19 € H& are roughly similar if there exists 7,C' > 0 such that

le(x?y) —T¢2(x>y)| <C

for all z,y € T'. Let 2% and 7% denote the rough similarity classes of D& and HE respectively.
We can think of 2 as the collection of genuinely different metrics that fellow travel d. The
collection Z¢ (hence .7#?) is uncountable, see Lemma 6.2. Given two functions 1y, € Hi we
can define the Manhattan curve as above. We can then extend the main results of [14] beyond
the hyperbolic setting to He.

Theorem 1.8. Suppose that two metrics 1,1 € HE have non-empty Manhattan curve Oy, 1, .
Then the Manhattan curve Oy, y, is C' and is a straight line if and only if 11 and 1y are roughly
similar.

We also have the following rigidity result. In the statement, h(d;),h(ds) correspond to the
exponential growth rates of dy, ds respectively:

1
h(d;) =limsup T log#{z el :d;(0o,z) < T}

T—o0

for j=1,2.

Theorem 1.9. Suppose that dy,dy € DE. Then the following limit exists

. 1 d2(07 "E)
dyfdy) =1 250
) = e T di(o,2) < T wha T
satisfies T(dg/dy) > h(dy)[h(d2) and is equal to the derivative of 04,14, at 0. Furthermore, the
following are equivalent:
(1) 7(dz/dy) = h(d1)/h(d2);
(2) dy and dy are roughly similar; and,
(3) 04,74, is a straight line.

Remark 1.10. 1) If dy € DE and 19 € HE then the above limit exists. Furthermore, in this case,
if 1 € H{ is positive and is not bounded, then 7(¢s/d;) is strictly positive.
2) The above two results are inspired by the main results in [14] for hyperbolic groups.

To the authors’ knowledge, these are the first results establishing regularity and rigidity of
Manhattan curves in a setting for which neither Patterson-Sullivan theory nor (classical) ther-
modynamic formalism is available to be applied.

Our methods can also be used to study functions in H{ allowing us to prove precise statistical
results for quasimorphisms on I', see Theorem 6.15.

Again, to the authors’ knowledge, this is the first example of the counting large deviation
theory/principle for quasimorphisms being established outside of the hyperbolic setting.
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1.2.2. Space of metric structures. We can also extend the main results from [12] to RAAGs
and RACGs. That is, we can describe the geometry of the moduli space of metric structures
2¢ equipped with the symmetrised Thurston distance. Let A : 2 x 2¢ — R be defined by

A([d1], [d2]) = log(Dil(dy, d2) Dil(d, d1))
where Dil(dy,ds),Dil(ds,d;) denote the dilations of d; and ds, see §6.1. Then we prove the

following.

Theorem 1.11. The function A determines a metric on D2. Furthermore, given [d;],[dz] €
D¢, for any t € R there exists a metric d; € D& and Cy > 0 such that

|dt(l’,y) - (edz/d1 (t)dl(x7y) + tdg(%, y))' < Ct fOT' all T,y ¢ r
and the curve t — [d;] determines a bi-infinite geodesic in (2%,A). In particular, (22, A) is

unbounded.

The geodesics constructed in this theorem provide us with a natural notion of a boundary
for 2¢: given [d1],[ds] € Z¢ as in the previous theorem, the limit

o1
1/):&00(‘7:7 y) =+ tl—}gclm ;(edQ/dl (t)dl (ZL’, y) + tdg(l’, y))

for 2,y € I' determines a function in H&. We show that 1., are within uniformly bounded
distance of metrics dio € H{: (see Proposition 6.12). We think of these metrics as the metrics
at infinity of the Manhattan curve joining dy, ds.

Definition 1.12. Define 9y Z¢ c 74 to be the collection of rough similarity classes containing
a metric of the form d.., as constructed above.

We then describe these endpoint metrics up to rough similarity.

Theorem 1.13. The class Oy P2 consists precisely of equivalence classes of metrics that contain
a metric d. € HE that satisfy the following properties:
(1) d, is T-invariant;
(2) there exists ¢1,co >0 such that
(2ly)a. < cr(@ly)a+co
for all z,y eI'; and,

(8) d. is not quasi-isometric to d.

In §6.3 we show that the action of I" on the contact graph induces a point in dy Zg.

These results show that the metric properties of (Zr,A) studied in [12] (see Remark 1.7)
hold for non-hyperbolic groups. In fact we will establish the following embedding theorem that
illustrates how to relate dynamical and geometrical moduli spaces. In the following result, P
denotes the pressure function associated to a pair of quasimorphisms, see §2.2.

Theorem 1.14. Let (28, A) be the space of metrics on T as above. Then there exist a mizing
subshift of finite type X4 and function F : DL - Qm*™ () that descends, via quotienting by the
equivalence relations, to a well-defined, isometric embedding F : (28, A) - (QM*(%),Q), i.e.
I is injective and preserves distances. Furthermore F satisfies

Oayja, (1) = P(F(d2), F(d1))(-1)
for each t e R (where 04,4, is the Manhattan curve) and so

Fltdy +0a,44, (t)dr] = [tF(da) + P(F(d2), F(d1))(~t)F(dy)]

for each t e R.
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This result forms a concrete link between the geometric and dynamical moduli spaces which
we highlight in the following table.

TABLE 1. A dictionary between dynamical and geometric moduli spaces.

Dynamical Geometric

Qm ’Hfﬁ

QM ++ gg

Periodic orbit Conjugacy class in I’

Homogenization ¢ Stable translation length ¢4,
Pressure curve Manhattan curve
Q A

Pressure geodesics Manhattan geodesics

2. STATEMENTS OF RESULTS

2.1. Quasimorphisms and their pressure. We now precisely state our results on the ther-
modynamic formalism of quasimorphisms. For more details on the definitions and the notation
used throughout this introduction, as well as for historical comments about the various notions
we make use of, we refer to §3.

Let (34,0) be a mixing one-sided subshift of finite type, as in the foregoing section; we
retain terminology and notation from the latter. In particular, recall from §1.1 that Qm”"
denotes the collection of quasimorphisms on W that are bounded below, and that Qm™*" is the
subcollection of those which have linear growth; both Qm™* and Qm™ are convex cones in Qm.
The topological pressure of a quasimorphism is defined as the real number

1
P(y) = lim —log ) e¥®),
n—oo n W,
where the limit exists and is finite by a standard argument involving both subadditivity and
superadditivity.

Definition 2.1 (Pressure function). Let ¢ € Qm and ¢ € Qm™. The pressure function
P(¢,%):R — R is defined by setting P(¢,1)(t) to be the unique s € R satisfying

P(tg - sy) =0, (2.1)
for every t € R.

In §3.3 we show that P(¢,v) is C'. Lemma 4.18 gives an equivalent, explicit description of
P(¢,v): for all sufficiently large R >0, depending on ¢ and 1),

1
P(¢7 w)(t) = lim — log Z etd)(w) .
n—oo n weW, |y (w)-n|<R

In §3.3, we will prove that the pressure function is convex and, similarly to [3, Section 4.1],
that it is of class C!; we further develop the theory by establishing the following rigidity and
counting results.

2.2. Rigidity and counting for quasimorphisms. Throughout, the notation |A| stands for
the cardinality of a finite set A. Also, for 1) € Qm™ and T > 0, we set

Wy (T) ={weW:p(w) <T};



THE MODULI SPACE OF QUASIMORPHISMS 9

it is easy to see that the limit
1
h(9)) = lim = log Wy (T)| (2.2)

exists and is strictly positive.

We first establish rigidity and counting results for quasimorphisms that will be crucial in our
study of QM™ . Our first theorem links the asymptotic average of pairs of quasimorphisms
with their growth rates and pressure curve.

Theorem 2.2. For ¢ € Qm and ¢ € Qm™™, the limit

#(0f) = Jim o)

> Wy (D)l oy T

exists and is equal to the derivative of P(¢p,v) at 0. If ¢ € Qm™, then the limit satisfies
(/1Y) 2 h(¥)/h(¢). Furthermore, in the latter case, the following are equivalent:

(1) 7(&/¢) = h(¥)[h();

(2) P(¢,¢) is affine;

(8) P(1, @) is not strictly convexr on R; and,
(4) o~ 1.

As the notation indicates, 7(¢/1) depends only on the quotient function ¢/t; this will become
apparent in Theorem 2.5. Theorem 2.2 can be seen as a symbolic analogue of [14, Theorem
1.2].

We will then establish this result from a more general result that has a large deviation
theorem.

Theorem 2.3. Let (3 4,0) be a mizing subshift of finite type, ¢ € Qm, ¢» € Qm™™. Assume that
¢ s unbounded Then the following are equivalent:

(1) P(¢,1) is not affine;
(2) P(¢p,v) is strictly convex on R; and,
(3) ¥ and ¢ are not equivalent.
Furthermore, the following large deviation bound holds: there exists T(¢/1) € R such that, for

every € > 0,
2 6}

Remark 2.4. The large deviation estimate (2.3) will be strengthened in Theorem 4.26 to a
precise large deviation principle.

lim sup —

e 1°g(\w¢(T>| {wem):

If € Qm™, then 7(¢/1) >0 unless ¢ is bounded.

|¢ w)

) <0. (2.3)

2.2.1. The drift. We further give an interpretation of the quantity 7(¢/1) as drift of ¢ with
respect to 1, in the following sense. Let us denote by M(o) the set of o-invariant Borel
probability measures on ¥ 4. Every quasimorphism :)/ — R determines a distinguished o-
invariant measure p,, on ¥4, called the Gibbs state associated to 1; it is characterized by the
property that
P(y) = huw(a) + Nw(¢) > hu(a) +p(2))

for all ., # e M(o), where h, (o) denotes the Kolmogorov-Sinai entropy of o with respect to
i; we refer to Theorem 3.4 and the surrounding discussion for further details.

Theorem 2.5. Let ¢ € Qm™, p_pey)y the Gibbs state associated to —h()y. For every ¢ €
Qm, the quantity T(¢/v) is the drift of ¢ with respect to 1p: that is, for pi_p(y)e-almost every
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(Tk)k20 € 2a,
QZ)(ZL‘(), . 7ZL'n_1)
w(.’lfo, e ,xn,l)

— 7(0/¢)

as n — oo.

This result establishes positive drift for positive, unbounded quasimorphisms.

2.3. The space of quasimorphisms. We now define our moduli space of quasimorphisms in
greater detail.

Definition 2.6 (Moduli space of quasimorphisms). Let (¥4,0) be a subshift of finite type.
We define the moduli space of quasimorphisms QM™ as the space of equivalence classes of
quasimorphisms in Qm*" for the equivalence relation introduced in Definition 1.2.

Given ¢ € Qm™™", we write [¢] for its class in QM™.

A word w € W is periodic if the product ww belongs to the language W of the subshift;
this clearly implies that w™ € W for all n > 1. Given a periodic word w we use {w} to denote
the corresponding periodic “orbit”, by which we mean the multiset that contains all cyclic
permutations of w with multlpllclty We consider multisets so that, given m,n > 1, {w™} and
{wn} are considered different unless m =n. If w e W, we say that {w} has length n. The set
of periodic orbits of length n is denoted by Per,,, and Per = |,,5; Per,, stands for the collection
of all periodic orbits. For mixing subshifts of finite type, there is an abundance of periodic
o-orbits, and thus of periodic words in the language of the subshift: their exponential growth
rate is known to match the topological entropy of o, which is strictly positive in this case (see
the comprehensive treatment in Lind-Marcus’s textbook [35, Chapter 4]).

Recall that the homogenization of ¥ € Qm is denoted by ¥ : Per - R. By sub/super-

additivity, ¥ is well defined and
")+ D n)-D
Diw) = mfm — qup L) =Dy
n

n>1 n

Remark 2.7. The counting results in Theorem 2.3 and Theorem 2.2 also hold when we count
over Per with respect to the homogenization; see §4.2.

Given ¢,1 € Qm*™" let

o{w}
Dil = su
(¢ w) wePIe)r w{UJ}

which is a strictly positive real number. Observe that
cb{w} P{wy _

Dil(o,¥)Dil(,0) > sup = o

we set

Q([], [¢]) = log (Dil(¢, ¢) Dil(y, 9)) ,

which is easily seen to be well defined. We prove that this assignment defines a distance
function, and explore the metric properties of the resulting metric space.

Theorem 2.8. The function Q is a metric on QM™*™. Further, the metric space (QM** Q)
1s contractible, unbounded, separable and is not complete.

Remark 2.9. To show separability we introduce the notion of a ‘word quasimorphism’ which is
a dynamical analogue of word metrics on groups; see §5.2.
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2.3.1. Subsets in QM™. The non-completeness of (QM™ Q) is caused by the divergence of
the defect; for every real number D > 0, let QM ¢ QM™ denote the subcollection of classes
that contain a quasimorphism ¢ with Dy < D and h(¢) = 1. *

Theorem 2.10. For each D >0 the metric space (QMp, Q) is complete.

Given ¢ € Qm™™" we say that ¢ is twin to a rational valued, locally constant function f :
Y4 = Q if for any periodic {w} € Per,, we have that

Snf(xw) = E{w}
where x,, € 34 is the point obtained from repeating w, ,, = (w,w,...) (see Example 3.1).

Let QMZ'CTQ c OM™™ denote the collection of elements in OM™™ that are twin to a rational
valued, locally constant function.

Theorem 2.11. The class QM. is dense in (QM™,Q).

Remark 2.12. 1) Note that locally constant functions are Holder continuous and so, equivalence
classes that are twins to Holder functions are dense in (QM™ Q).
2) Since QM is countable we deduce that QM™ is separable.

2.3.2. Pressure geodesics. Inspired by [12], we further study the geodesic properties of (QM™, Q).
We prove the following, see

Theorem 2.13. For any [¢],[] € QM™™ andt € R, the function w — 1y (w) = P(¢, ) (t)d(w)-

ty(w) determines a quasimophism 1, € Qm*" . Furthermore, the path
R >t [1h;] € QM™

is a bi-infinite geodesic for the Q metric: that is, for any r,s,t € R with s <r <t we have that

Q([er [wt]) = Q([wr]a [ws]) + Q([wsL [wt])
and limy_,.0o Q([¢0], [¢t]) = o0.

We then study a natural boundary for QM™™: the collection of equivalence classes of quasi-
morphisms that correspond to the endpoints of a pressure geodesics from Theorem 2.13. We
show that this boundary is in fact equal to QM \QM™ : the collection of equivalence classes
of positive quasimorphisms that do not have linear growth. See §5.6 for the precise results.

Before concluding the introduction we make the following remark.

Remark 2.14. By recent results of Cantrell, Martinez-Granado and Reyes [11], the symmetric
reparameterizations of the geodesic flow on a closed, negatively curved Riemannian Manifold,
can be identified with a natural moduli space that embeds in QM™ (X 4) for some subshift
A, see §6.4. This provides motivation for our study of QM™ as the length spectra (i.e. the
periodic orbit data) of such repartameterizations are therefore realised as the periodic data of
quasimorphisms on subshifts.

2.4. Other works. The study of the space of quasimorphisms on a subshift of finite type
was introduced in recent work of the second and fourth authors [17]. There, this framework
is used to describe the space of all (genuine) quasimorphisms of the fundamental group of a
closed hyperbolic manifold and, as a consequence, its second bounded cohomology group. In
that setting, a different notion of equivalence is considered: two quasimorphisms are said to be
cohomologous if they are at bounded distance from each other. It is shown that each cohomology
class admits a unique representative given by a Gibbs measure, which can equivalently be

2The normalization requirement is clearly needed for the definition to be meaningful, since any rescaling of the
quasimorphism does not change the corresponding element of QM™*.
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described by a Livsic cohomology class of a weak Bowen function. In particular, Example 3.1
essentially captures all quasimorphisms.

In the present article, we adopt a different viewpoint. We regard the space of quasimorphisms
of linear growth (modulo the appropriate equivalence relation) as a moduli space, endowed with
a geometry of independent interest.
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3. PRELIMINARIES

3.1. Subshifts of finite type. For the required background in ergodic theory and dynamical
systems, we refer to the textbook [8] by Brin and Stuck; much more specifically geared towards
symbolic dynamics is the book [35] by Lind and Marcus. Let k > 1 be an integer, > = {1,..., k},
endowed with the product of the discrete topologies on each factor. The topology can be induced
by any of the distance functions

dﬁ((SBn)7 (yn)) - Binf{ngo;antyn}

for 0 < 8 < 1. For a real-valued function ¢ defined on a subset of ¥, the notion of Hdélder
continuity, without specification of the exponent, refers to any of the metrics dg, and does not
depend on the particular choice of .

Let A = (A, )1« < be a square matrix of size k with entries in {0,1}. The set

Ya={(zp)ns0€X: A =1 for all n e N}

is a closed subset of 3 which is forward-invariant under the left shift map o : % - X, (2,)ns0 —
(Zns1)ns0; the pair (X4,0), where o is the restriction to 34 of the left shift map, is called the
one-sided subshift of finite type on the alphabet {1,... k} with transition matrix A.

If o is topologically mixing on 34, we say that (X 4,0) is a mixing subshift of finite type. It
is well known that this occurs if and only if A is primitive: there exists an integer N > 1 such
that for all n > N, all entries of A" are strictly positive.

Tn,Tn+1

We view finite words in the alphabet {1,... k} as elements of the free semigroup generated
by {1,...,k}, and employ the notation wjiws for the product of two such words. For every
n>1, let

Wy ={(zo,...,xp1) €{1,...,k}": there is Y= (Yn)ns0 € Xa with yo =20, ..., Yn-1=Tp_1} .

The exponential growth rate of |[W,|, which is well defined by an easy-to-check submultiplica-
tivity, is known to match the topological entropy of o on ¥4, which is strictly positive in the
mixing case. We let then W = | |,,5; W,, be the set of all finite nonempty words appearing as
initial strings of elements of ¥ 4°. We say that a word w € W, has length n. Given two words

3Equivalently, since ¥4 is shift-invariant, W is the set of all finite nonempty words appearing inside elements
of ¥4 in any position.
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Wy = Lo Tp-1 and W = Yo - Ym-1 in W, we say that w, and w, are composable if A, , , =1, or
equivalently, if the product wyw, is an element of W.
Every finite word (xo,..., 2, 1) € W, determines a cylinder

[130, cen ,Infl] = {(yn)n>0 €EXAYo=T0s -, Yn-1 = Inf1} ;

we say in this case that the cylinder has size (or length) n. The set of all cylinders of size n is
denoted by C,,; the collection U,,5; C,, forms a basis of the topology of ¥ 4.
Throughout the paper we fix a subshift of finite type (X4, 0).

3.2. Thermodynamic formalism for a single quasimorphism. The notion of quasimor-
phism on the language of a subshift of finite type, introduced here in Definition 1.1, was recently
studied thoroughly by the second and fourth author in [17, Section 4], where the study of an
associated thermodynamic formalism was developed extensively. Such a notion is a natural
adaptation of the homonymous notion for groups, which made its first appearance in Ulam’s
collection of mathematical problems [44, Chapter VI]*, and attracts nowadays widespread at-
tention for its central role in the theory of bounded cohomology; the interested reader may
consult Frigerio’s monograph [26], in addition to [17]. In our context, a central idea is that
quasimorphisms are equivalent to certain invariant measures for the underlying dynamics, which
in our case is given by the shift map, at least modulo some bounded error; this point of view
was proposed by the second and the fourth author in [17, 18], and gives a convenient framework
to use techniques of thermodynamic formalism for the study of quasimorphisms.

A bounded function W — R is plainly a quasimorphism, and so is any function at bounded
uniform distance from a quasimorphism. Less trivially, Holder-continuous functions on >4 give
rise naturally to quasimorphisms.

Ezample 3.1 (Holder potentials as quasimorphisms). Let 7 : ¥4 — R be a Holder-continuous
function. For every integer n > 1, let

n-1
Syr:Ys—-R, z+ Zroai(g)
i=0

be the n-th Birkhoff sum of r. Define a function ¢,: W — R as follows’: if (zq,...,2n_1) € W,,
choose z,, € ¥4 belonging to the cylinder [z, ..., z,-1] and set

Ur(w) = Snr(z,,)-
A different choice of the elements x,, produces a function within bounded uniform distance of
Y., as can be directly checked from the Holder property of r; using this fact, it is easy to verify
that 1, is a quasimorphism. Observe that, if r takes strictly positive values, then v, belongs
to the cone Qm*™".

More generally, the construction is easily seen to apply to any 3,4 — R with the Bowen
property (cf. [6, Lemma 1.15]): there is C' > 0 such that, for all n > 1 and all z,2" € ¥4 in the
same cylinder [z, ..., T, 1], |Spr(z) = Spr(z)| < C.

Notice that, for a Holder-continuous function r, the resulting quasimorphism ¢, is bounded
if and only if r is a continuous coboundary, namely if and only if there is a continuous function
u: 34 — R such that r = u—uoo; this follows at once from Livsic’s celebrated theorem [36] on the
cohomology of hyperbolic systems. The assignment r + 1), induces thus a linear injective map
from the quotient vector space of Holder-continuous functions ¥4 — R modulo coboundaries to
the quotient vector space of Qm modulo bounded quasimorphisms.

4Ulam’s stability problem famously asks how close are quasimorphisms (with values in arbitrary metric groups)
to genuine group morphisms; for recent developments around this question, the reader is referred to [10, 27, 19].
SHere we abuse notation in that ¢, does not depend just on 7.
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Quasimorphisms also appear in the literature under the guise of locally constant almost
additive sequences of potentials: given a quasimorphism : W — R, the sequence of locally
constant functions (¢, ).s1 defined as ¢, ((xx)rs0) = ¥ (o, ..., 2,-1) is almost additive in the
sense of Barreira [2, Definition 10.1.1], namely there exists C' > 0 such that

Om 00" (x) + () = C < Pnym(T) <o () +pp(x) + C

for all x € ¥4 and all m,n > 1. For almost additive sequences, there has recently been much
interest in developing a non-additive thermodynamic formalism, chiefly with a view towards
potentials arising from matrix cocycles; we refer, for instance, to the works of Cao, Feng
and Huang [16], Barreira and Doutor [3], and Feng [25]. We remark that the pressure of a
quasimorphism, introduced in Definition 2.1, coincides with the topological pressure of the
associated almost additive sequence of locally constant functions. The latter was introduced
by Falconer [23], and then more thoroughly developed by Barreira [1].

Remark 3.2. In [17, Section 6], the notion of pressure for a quasimorphism is defined summing
over the periodic words. Using that the subshift is topologically mixing, it is easy to see that
this notion is equivalent to Definition 2.1; see §3.2.1 below.

We will be interested in the properties of the pressure function. Key technical tools for its
study are the following theorems.
Recall that the Kolmogorov—Sinai entropy of o with respect to a measure € M(o) is

) 1
hu(o) = lim —— 37 pu([w]) log u([w]).
n—oo n, W,
Given 1 € Qm, the sequence with general term a,, = [ ¢, d 1 verifies

VYn,m, |apim — p — am| < C

for some constant C', therefore
n_p.o 1
Jp() =lim 9 i = f W, d p.
non non

Theorem 3.3 (Variational principle). Let ¢: W — R be a quasimorphism. Then
P(6) = sup (o) + () : 11 € ()},

Theorem 3.4. Let ¢:W — R be a quasimorphism. There exists j1, € M(o) with full support
satisfying the following properties:
(1) the measure-preserving system (Xa,0, fuy) has the Bernoulli property, and in particular
[y 15 ergodic for o;
(2) there exists E >0 such that, for every n>1 and w e W,,

E_l\ M¢([1U]) \E' .
S o ((w)-nP(@) < 3
(3) g is the unique element p of M(o) satisfying

P(4) = hu(o) + u() -
If ¢ and i) are two quasimorphisms, then equality iy = p1y holds if and only if the quasimorphism
Y — ¢ is bounded.

We refer to the measure p,; of the theorem as the Gibbs state or Gibbs measure associated
to 1, a nomenclature which in the literature points to the property (3.1), or as the equilibrium
measure or equilibrium state associated to %, a terminology used routinely to refer to the
uniqueness property of Theorem 3.4(3).
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Define for x € ¥, k € Ny

fp ([0 wp-1])
fk(z) =log :
v pg([2125-1])
Theorem 3.5. The sequence (f}), converges both py a.e. and in LP,Vp € [1,+00) to some
function f, € L*(uy). Moreover, there exists C > 0 such that for every n € N and v, almost
every T € X4, it holds

(3.2)

For arbitrary invariant measures we have the following.

Theorem 3.6. Fiz € M(o). Then, there exists f,., € L®(u) so that for p-almost every
point, for every n e N,

| fus (@) = (2o . . 1) < D(V).
See the recent [17] for the proof of these results.

Remark 3.7. 1f f, 4 € L>(p) is as in the previous theorem, then it follows in particular that

p(y) = f fdu.

3.2.1. The equilibrium state and the Gibbs property. Let us give an outline of the construction
of the equilibrium measure referred to in Theorem 3.4. More details can be found in [17, Section
6].

In the following we will write Fix,, for the set of periodic words of length n and use Fix to
denote the collection of all periodic words.

Definition 3.8. For ¢ € Qm set
P,(¢)= > ™ and P, () = Y et

weFix, weWn,

for each n > 1.

Let M > 1 be the mixing constant (that means A* has positive entries, for k& > M) and define

|4 l<ar = max{e(w) : |w| < M}. (3.3)
Clearly, P,(¢) < P,(v)), and for every n > 1,
e—||¢|\sM—Dwﬁn(¢) < ﬁn+M(¢) < elWHsM+Dwﬁn(¢)‘ (3.4)

Lemma 3.9. [Basic relation between P, P]
The following holds for each n > 1:

P () < Pu(w) < el1rsDe Py (1) < 2l 2De B (1)
Proof. For each w; € W,, we can find ws € W) so that wyw, € Fix,,, ;. Therefore

Paon() 3 3 e¥wme) 5 e WlarDu P(y).
wleWn

The other inequality is a consequence of (3.4). O
Lemma 3.10. We have that
Pa() < Pa() < V1200 P (1)
for allm > M.
Proof. Write n = (n— M)+ M and use the previous inequality to get
P, () < el¥lev+Du B (1) < 2I%lm+2Dy P (4))
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Lemma 3.11. For alln,m > M,

o3 tstean) ¢ _Lrem(W) 30y aputenn)
P () P (¥)
The same is true for P (with constant 6 instead of 3).

Proof. For the upper bound notice that
,P,n+m(w) < €D¢]’5n(7/})p’m(w)
For the lower bound
Pa() B () < 2P 00 B0 (4)
< 63Dw+2“¢”<Mﬁn+m(w)

where in the first inequality we use mixing to find, given w; € W,,,wy € W,,, a word w’ € Wy,
with wjw'ws € W (and used the quasimorphism property). This concludes the proof for P and
by Lemma 3.10 the same holds for P. O

We deduce, by subadditivity, that
1 1 ~
P(¢) = lim —log P,,(¢)) = lim —log P,,(¢)) € R

exists.
Now we construct the measure.

Definition 3.12. For N > 1, let

1
N _ eV,
S ENTET)) Z g

where 0., is the Dirac measure based at the periodic orbit z,, = (w,w,...) € ¥4 obtained from
repeating w.

We note that, given wy, € W,, and N > M we have that
Pn+N(7/J)MZ+N[w1] = Z e¥(wiwz) ¢ eDwe¢(w1)ﬁN(¢) < 2Putllamgb(w) py ()

wilw2 EFiX,HN

< 3Dvtlvlaan) ¥ (wi) py ().
Similarly, one can prove
Pn+N(¢)MZ+N[w1] > e 6(Dy=lvlenr) g¥(w1)
Combining the above we get the following.

Lemma 3.13. There exist Cy,Cy > 0 so that the following holds. If v € Qm then, for any
n,wewW, and N > M,

n+N
e~ C1(Dy+[¢l<ar) < M < eCa(Dy+[¢]<ar)
e¥(w)-Pn(¥)

Note that, by the quasimorphism property
sup| P, (v) = nP(¥)] < Dy

So we can alter the above inequality to

n+N
e~ C1(Dy+[¢l<ar) < M < eC2(Dy+[¥l<n)
6¢(w)—nP(1/1)

Then, using the fact that cylinder sets are both open and closed, we have that any accumulation
point of (,uf)f )n verifies the same inequalities. It is possible to prove that such accumulation
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points are ergodic, and since the previous inequality shows that they are absolutely continuous
with respect to each other, there is only one accumulation point g, which thus verifies

oDyl « _ PelW] oDyl
e TS ey ST (3.5)

for all weW.

3.3. The pressure function. We now turn our attention to the pressure function of Defi-

nition 2.1. We propose here to establish that it is convex and of class C' on R, but before

embarking on it, some preliminary comments are in order. The value of the pressure function

at 0 is the solution to the equation P(-s) = 0, which in the case of —1 arising from a Holder-

continuous potential is known in the literature as Bowen’s equation, introduced by Bowen in
=

his seminal work on quasicircles [5] and subsequently proven to yield the Hausdorff dimension
of certain invariant sets in a variety of dynamical situations.

Ezxample 3.14. Define ¢: W — R as ¢¥(w) =n for all w e W, and all n > 1. Then ¢ e Qm™™", and
it is immediate to check that P(¢,v)(t) = P(t¢) for all ¢t € R. In the case of ¢ generated by
a Holder-continuous potential 7 as in Example 3.1, our definition of pressure function recovers
the classical pressure function for r, the study of which is “the main object of thermodynamic
formalism”, to quote Ruelle in the introduction to [41].

When ¢,v are obtained from a Holder function as in Example 3.1, the pressure function
P(¢,1) has been investigated in the monograph [37], where it is proven to be a real analytic
function [37]. There is a rich theory of thermodynamic formalism associated to this case.
More recently, the pressure function has been studied by Barreira and Doutor [3, Section
4.1] as part of their pursuit to establish a conditional variational principle for the dimension
spectra of almost additive sequences. In particular, their setting is at the same time more
general and more restrictive than ours: instead of a single quasimorphism ¢, they deal with an
arbitrary finite collection of almost additive sequences, on the other hand they only contemplate
quasimorphisms 1 arising from Holder-continuous potentials as in our Example 3.1.

Let us prove directly that the pressure curve is C'. First of all, we claim that for every ¢
there is unique value 5(t) so that P(t¢ — 5(t)1)) = 0. Fix ¢t and consider F(s) = P(t¢ - s): F
is continuous. Take s’ > s and compute

F(s)=lim = T o) o fim = F etémsvm) clo-s i)

N W,

1 /
<limsup— ) e Wels=H(nC=n) = p(s) - 7(s' - 5).
n—00 n ’LUEWn
It follows that limg, o F'(s) = +00,lim,, 0 F'(s) = —oo, therefore by continuity and strict
monotonicity, £ has a unique zero s(t) = 5(t).
Next, we use the variational principle. Note that, since 1 € Qm™", for every pu € M(o) we
have

p)=lm = ¥ [

]¢(w) alu?limsmpl > [](TH—C) du

weW,, ¥ [w n—00 WeWn

_limsup =Y S u([w]) =7>0. (3.6)

n—00 weWn,

Applying Theorem 3.3 to the quasimorphism t¢ — 5(t)v), we get
02 hyu(o) + p(to - B(t)) = hu(o) +tu(e) - B(E)u(v)
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from which
5(25) > h#(a) + t/ﬁ(gﬁ)
u(@),
with equality if and only if p = 1, the equilibrium state of t¢ - 5(¢)y. Writing a, = u(¢)/u(v)
and b, = h,(0)/p(v) for all pe M(o), it follows that
B(t) = sup {Au(t) =aut+Db.}, (3.7)
peM(o)

hence ((t) is the supremum of a family affine functions, and is therefore convex.
We fix o and consider 5(tp) = Ay, (to). For every t we get

B(t) 2 Ay, (1) = (E = to)ay, + B(to)

that is, the graph of 8 is over the line t = (¢ -tp)a,, + B(to). From here we deduce that

_ :U‘to((b)
Bto ™ peg ()
derivative of 3 at tg.

Lemma 3.15. It holds §'(to+) = 8'(to~) = au,, -

is a subgradient of § at fo. It is not much work to show that in fact a,, is the

Proof. Let (r,)n c R, and for every n let u, be the equilibrium measure of 5(tg + 7,), thus
ﬂ(to + ’f’n) = A#n (to + Tn). Then, since ﬂ(to) 2 Aun (to)
Bto+rn) = B(to) _ Apn(to+70) = A, (to) _
T ) "
Likewise, 3(to +1n) > Ay, (to+ 1), B(to) = Ay, (to + 1), and

< B(to + 1) = B(to)

Apyy S < ay, -
Tn

Ay, -

It is no loss of generality to assume that (u,), is convergent to some o-invariant measure v.
Note that

(1) M(o) >3 p~ u(v), () are continuous (see Proposition 5.7 in [17]).
(2) M(0) 3 pu+~ h,(0) is upper-semicontinuous (because o is expansive).
Hence, A, (to) > limsup,,_,., 4,, (to). On the other hand we can compute
Aﬂn (to) = Aﬂn(to + 7an) - Tnaﬂn = /B(to + Tn) - rnaﬂn
and since (ay, ), is bounded, we deduce lim,, o A, (to) = lim, e B(to + ) = 5(t9). Hence,
A, (to) 2 B(to)
and by uniqueness of the maximizer, v = y,. We have proved

B(to +1,) = B(to)

"(to+) = 1i
Bltor) = lim =——"

Likewise, 8'(to~) = a,,, - O

=y, -

Observe that 4’ is monotone, and since it has the intermediate value property, it cannot have
jumps. Hence it is continuous and (3 is C'.

Corollary 3.16. The pressure function P(¢p,) is of class Ct. Moreover,

Po.0Y ()= £57

where p; is the equilibrium state of to — P(¢, ) ().

3.4. The cocycle associated to a linear growth quasimorphism. We finish this part
by characterizing the elements in Qm*™". We will establish that these correspond to positive
Bowen functions, which can be thought of as a version of the positive LivSic theorem. Fix
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Y e Qm™ and let 7,C > 0 so that ¢ (w) > 7jw| - C, for every w € W. Fix also a reference
measure m € M(o) and consider f = fi,,: D - R, f e L*(m) as given in Theorem 3.6, where
with no loss of generality we assume that D is o-invariant and |f| < R on D.

Remark 3.17. Note that R only depends on ¢, and not on the chosen invariant measure m.

Recall that, due to (3.6),
inf{u(¢)) : pe M(o)} =7>0.

Lemma 3.18. There exists N so that for every x € D, Sy f(x) > %.

Proof. Assume the contrary: then, for arbitrary large n we can find (") € D so that
Suf (@™) < 3
We want to improve the previous inequality to

max S, f(cfz™) <7/ < 7,
0<k<n

We proceed as follows. Consider
U:D->Q=[-RR]"  U(x)=(f(2),f(ox),)

and equip €2 with the product topology. Let 7:{2 - Q be the shift map, and let X:Q2 - R be
the projection onto the first coordinate, which is continuous. Then, Q; = U(D) is a compact
T-invariant set, and for every x € D,

W(f(ox)) =7(¥(x)).
Denote y(™ = W(z(™) and consider

Vp = — 7—*5 (n) = — 6\1/ gkz(m)))-
B R AR~ i L )
If v is an accumulation point of (v,), then it is 7-invariant, and
1 T
X dv=lim =S, f(z) < <.
J X vl S ) <

With no loss of generality (using the ergodic decomposition), we assume that v is ergodic. Fix
z € Qs a generic point for v: we can then write

STLL(Z):TL/X dv+r, rp=o0(n),
n

and therefore, given n and 0 < k <n,

SnX(O-kg) _ Sn+ch(§) - SkX(g) _ / X dv+ Tn+k — Tk .
n n n

Since
Tntk — Tk

n

max
0<k<n

we finally get
X (ok
max SnX(0"2) [X dusz.
0<k<n n n+>00 2

SnX(ckz) 37
max ———— € —.
0<k<n n 4

and therefore, for n large

Take y(™) € D so that
f (o™ y ™) = 2] < % k=0,....2n.
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Then, for 0 < k <n,

Suf(a*y™)  SuX(r §)+Z<%T<T' (3.8)

n n 8

Next, consider the measures
1 n—-1

k
Hn = - Z U*dy(n)7
" k=0

which are supported on D. Take p an accumulation point of them: p is o-invariant. Also,
1 1 1
“lim — [ dppn =l — [ (@ Suf) dpat— [ Suf du
p(w) = lim — [ dpp = lim = (Gn = Snf) dpm + = [ dp

1
= lim —
neSy n

= & 7T
f Snf dpn =lim—>" S, f(o y™M) < — <,
nes n =0 8
which is a contradiction, due to our assumption. [l

Let N be so that for every x € D, Sy f(x) > 5, and define u: D - R,

u(z) = %Jg(zv C1-k)f(o").

Naturally, u € L= (m), and

1 T
—u=—Snyf>-—.
frueo-u=gnf> o5
Note that %S ~f has the Bowen property. We have proved the following.

Theorem 3.19 (Positive Livsic theorem for Bowen functions). Let ¢ € Qm™ and p € M(o).
Then, there exist g, : D — R e L®(p) with the Bowen property, and E, 7' >0 so that for every
reD,

(1) gliﬂlf(aj) > 7_,;
(2) |Snguw(x) —(zo, ..., 20-1)| < E, for every n > 1.

Corollary 3.20. We have that
Qm™* = { € Qm s inf{u(¥) : p e M(0)} > 0}.

Proof. Indeed, fix u € M(o) of full support and consider g, : D - R given by the theorem
above. D is dense, thus given x € ¥, n > 1 there exists y € D so that xox1---2,-1 = Yoy1--Yn_1. It
follows that

¢($07x17' . 7xn—1) = ,lvz)(y(%yla v ayn—l) 2 Sngu,w(y) -E>nt' - E.

4. RIGIDITY AND COUNTING FOR QUASIMORPHISMS

4.1. Rigidity. In this section we establish Theorems 2.3 and 2.2. Our first result will help
us to characterise the equivalence of quasimorphisms in terms of the measure classes of their
associated Gibbs states.

Proposition 4.1. Take 1, ¢ € Qm then P(1, @) is a strictly convex everywhere if and only if
Y and ¢ are not roughly similar.

Proof. Note that if ¢ and ¢ are equivalent then P(v,¢) is a straight line. Therefore we just
need to show that if P(1, ¢) is not strictly convex everywhere then ¢ ~ ¢.

To that end, suppose that P(v,¢) is not strictly convex everywhere. This implies that
P(1, ¢) contains a straight line segment. That is there exist a,b,u,v € R with u < v such that
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P(w,¢)(t) = at + b for t € [u,v]. Now consider the quasimorphisms

pu=—ut +P(¥,0)(u)d, ¢v=-vip+P(1,9)(v)¢ and @y, =-wip+P(,¢)(w)¢
where w = (u + v)/2. Note that, by assumption,

P(v,0)(u) + P(,0)(v
P 6)(w) - PO P 0)0)
Now let, iy, tty, iy be the Gibbs measures associated to the above quasimorphisms.

For any x € ¥ the Gibbs property implies that

fulTo . uaa]  p[To .. ]
UwlTo - Tno1]  pwl[To- - Tpo1]
is bounded away from 0 and oo for all n > 1.
Then, by [32, Theorem 1.8], this implies that neither u, or u, are mutually singular with
respect to . By ergodicity this implies that ., = t, = p,,. In particular there exists £ > 1
such that

-1 ¢ oy [w]
fo[w]

for any w € Y. This implies, by the Gibbs property, that ¢ ~ ¢. U

IN

We then immediately deduce the following corollary.

Corollary 4.2. The following are equivalent:

(1) P(1,9) is a straight line;
(2) P(1,9) contains a straight line segment; and,
(3) ¥~ .

We now study natural some quantities associated to quasimorphisms. Let us start with their
growth rates (2.2). For ¢ e Qm™ we define

A1) = Jim - Tog]{w € W () < T (4.1)

if [{w e W :¢(w) < T}| is finite for each T'> 0, in which case the limit exists by subadditivity,
and set h(1)) = co otherwise. We can also realise h(1)) as

A() = Jim - Tog#{{w) € Per: F{w) < T);

see Lemma 4.22.
The following proposition shows that finite growth rate is equivalent to linear growth for
quasimorphisms.

Proposition 4.3. For a quasimorphism 1 € Qm* the following are equivalent:
(1) v belolngs to Qm™™;
(2) h(t) < oo;
(3) {weW :¢(w) <T} is finite for each T > 0;
(4) {weW:(w) <T} is finite for some T > D,.

Hence, Qm™ = h71(0,00) and Qm™ ~x Qm™ = h™1({o0}).

Proof. (1) = (2) and (2) = (3) = (4) are simple. We therefore just need to check
the implication (4) = (1).

Suppose (4) holds. Then there exists N > 1 and € > 0 such that w € Wy implies )(w) > Dy, +e.
Given w € W we can write w = wy-wwy,1 where wy, ..., wx € Wy, k = ||w|/N| and |wy1] < N,
i.e. we write w as a product of words of length N with a final remainder word of length less
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than N. Then, by applying the quasimorphism identity k& + 1 times we see that
k
Y(w) > Y (ws) = (k+1)Dy + 1 (wpsr)
j=1

> k(Dy) = (k+1)Dy + (wps1)

=ke— D¢ +¢(U}]€+1) > (|£]\/'| — 1) €— D¢ +¢(wk+1)

and it follows that ¢ € Qm™™. d

Recall the definition of dilation or a pair of quasimorphisms ¢, ¢ € Qm™" given in (1.4):

o Pl
Dil(y, @) = sup = — o)

Note that Dil(#), ¢) is strictly positive and finite. ee that the dilation can be obtain as a largest
stretch factor for the quasimorphisms (opposed to their homogenizations).

Lemma 4.4. We have that

Dil(y, ¢) = hm 5:11/& :ﬁ i and Dil(¢,) ! = 7}1_210 u)1Enfn (;Zg

We leave the details of the proof to the reader.
The following result shows that the dilations are the optimal comparison constants between
two quasimorphisms.

Lemma 4.5. Given ¢, ¢ € Qm™™ there exists C >0 such that

Dil(y, ) ' (w) = C' < ¢(w) < Dil(e, ) (w) + C
for all weW.

Proof. Let M > 1 be the mixing constant of 3. For any word w € W there exists w’ € W), such
that {ww’} € Per. Then

d(w) < p(ww') = dp(w') + Dy < p{ww'} + 2D g — p(w")

<Dil(¢, )¢ {ww'} + 2D ~ p(w")

< Dil(¢, ) (ww') + 2Dy + Dil(¢, ) Dy, — p(w')

< Dil(¢, ¥)(w) + 2Dy + Dil(¢, ) Dy, = ¢(w") + Dil(, )b (w’) + Dy.
The required upper bound then holds with

2D, + Dy + Dil(6,0) (D + [ lcar]) - min ().

For the lower bound
o(w) > (ww') = p(w') = Dy > p{ww'} - d(w') - 2D,

> Dil(¢, ¢) ' {ww'} - p(w') - 2D,

> Dil(h, 6) M (wa’) - 6(w") - 2D, - Dy

> Dil(¢,¢) " (w) - (d(w') +2Dy) - Dil(y, )~ (Dy - ¥(w')) - Dy

and the lower bound holds with constant

2D+ Dy + Dil(,0)” (Dy = min {(w)}) + 0]
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Remark 4.6. Notice that in the above lemma C can be taken to be
2D, + Dy + Dil(,6) (D = min (9(w)}) + [9leas + DILG, ) (D + [ ear) = min o).

Remark 4.7. The same proof shows that for 1) € Qm™" and ¢ € Qm there exists C' > 0 such that

({u‘}ef’erﬁ i)m w)=O<glu)s ({ffi&riiui)“w”c

for all weW.
We note the following immediate corollary.

Corollary 4.8. Suppose that ¢, ¢ € Qm*™. Then, ¥ ~ ¢ if and only if there exists T > 0 such
that Y{w} = 7p{w} for all {w} € Per.

We will need the following simple lemma later.

Lemma 4.9. A quasimorphism 1 € Qm belongs to Qm* if and only if Y{w} >0 for all {w} €
Per.

Proof. The only if statement is easy. To prove the other implication suppose that ¥ {w} > 0
for all {w} € Per. Then, given any w € W we can find w’ € Weys such that {ww’} € Per. Then
P{ww'} >0 and

Plwn’} —(eu)| €Dy and - [ww’) ~ () < Dy + max (w)
where we have used the sub/superadditivity in the first inequality and the quasimorphism
property in the latter. In particular there exists C' > 0 such that ¢(w)+C >0 for all we W. O

Remark 4.10. For {w} € Per denote dy,) € M(0) the o-invariant measure supported on {w}.
Then it is possible to show ([17, Example 5.10]) that

Plw} =6y (V).
Furthermore, by [43], the set {0} : {w} € Per} is dense in M(0). It follows that for ¢ € Qm,
Y eQm*t < p{w} >0 V{w} e Per = pu(¢)) >0 Ve M(o).

The following lemma shows that the dilations can be thought of as the asymptotic gradients
of the pressure functions.

Lemma 4.11. For ¢,¢ € Qm*™" we have that
Dil(6, ) = Jim "D g ity ) =

Proof. Consider ¢t > 0. By Lemma 4.5 there exists C} > 0 such that
Z ete(w) ¢ Z tDU(GB)Y(w)+Cr T, (tnDil($1)+nh(y)
[ (w)-nl<R [ (w)-nl<R

PO
et

for any n > 1. Here C, is a constant depending only on ¢. Taking exponential growth rates of
the above gives

P(¢,)(t) <tDil(¢,¢) + h(1)).
This implies that

Dil(¢,v) > limsup M

Now note that for any e > 0 there are infinitely many w € W for which we have ¢(w) >
Dil(¢,v)(w) - e. In particular there is Cy depending only on ¢ and infinitely many n > 1 for
which

(16w 5 Opnt(Dil6:4)-¢)
[ (w)-nl<R
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Taking exponential growth rates of either side of this equation and using the fact that e is
arbitrary we see that

D16 0) < i P2

Combining this with the other inequality proves that

P t
Dil(6, ) = Jim ")
as required. The other equality follows in the same way. 0

Note that in the above lemma we established the inequality

P(¢,¢)(t) <tDil(¢, ¥) + h(v) (4.2)
when ¢ > 0. We can similarly show that

for t < 0.
Remark 4.12. When 1 € Qm*" and ¢ € Qm the same proof shows that
lim w = sup M and lim w = inf M
t—o0 t {u}ePer w{U} t—>-00 t {u}ePer w{u}
Remark 4.13. By convexity and the previous lemma we have that

P(¢,9)(t) < Dil(¢, )t + P(¢,9)(0)
for all ¢ > 0.

As a corollary we deduce the following.

Lemma 4.14. Given v, ¢ € Qm*™ we have that

~ hy)
Dil(o,9) > 73

and we have equality if and only if ¢ ~ ¢. In particular, 1 ~ ¢ if and only if there exists T € R
such that ¢ = 7¢.

Proof. The inequality follows from convexity of P(¢,%) and the fact that P(¢,v)(0) = h(v))
and P(¢,1)(=h(¢)) =0. The final statement is then a consequence of Corollary 4.2. O

4.1.1. Identifying the drift with the derivative. Suppose that ¢ € Qm™™ and ¢ € Qm. For each
t € R let u; be the equilibrium state for

o, = tﬁb - B(t)d}
where 3(t) = P(¢,v)(t).

Without loss of generality, we will, in this section, make the following standing, normalisation
assumption:
Assumption: P(¢) =0, i.e. h(¢) =1.

Let us record some properties of the family (1)

Lemma 4.15. For each t € R there exists F; > 1 such that for any w e W,

pretelded g (4.4)
exp (P, (w))
Furthermore, each E; can be chosen such that for any closed interval I c R, sup,; Fy < oo.

Proof. This follows directly from equation (3.5) above. O
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Lemma 4.16. Ast -ty we have that i — pu, in the weak * topology.

Proof. Since cylinder sets are both open and closed, any weak * limit of u; as t - ty satisfies
the same Gibbs property. In fact, by Lemma 4.15 the Gibbs constants are uniformly bounded
away from zero and infinity. It is easy to check that any two o-invariant measures satisfying
the Gibbs property for fixed ¢ and with same exponent are mutually absolutely continuous.
Hence, any two limit points for u; must be identical. 0

The following follows easily from the definition of Qm™™.

Lemma 4.17. Fix R>0. Then there exists Cr > 0 depending only on R such that the following
holds: if w=(x1,...,2) € Wy and n > 1 then there are at most Cg values of j such that

|Y(z1,...,2;) —n| < R.

In the following two lemmas we use the notation X to denote that two sequences (in n) have
asymptotically the same growth: two sequences a,, b, satisfy a, < b, if there exists C' > 1 such
that eventually C~'a,, < b, < Ca,. We write a, <b, to denote that there exists L >0 such that
eventually a, < Lb,.

Lemma 4.18. Suppose that ¢ € Qm*™, 1» € Qm and t € R. Then, for any fizved, sufficiently

large R >0,
ptO(w) o PP (S.)(1)

[ (w)-n|<R
as n — oo.

Proof. Note that
etd(w) o onP(6:9)(t) Z eto(w)=P(6,1) ()9 (w)
[ (w)-n|<R [ (w)-n|<R
< P (D) 1a[w]
[ (w)-n|<R
< P (e0)(t)

Where the last inequality follows from Lemma 4.17. U
Before we continue we record the following remarks that will be useful for applications.
Remark 4.19. Since Gibbs measures give positive measure to any cylinder, the same proof as
above can easily be adapted to show that
(10w o onP(6.) (1)
[ (w)—n|<R,welU
as n — oo where U = U;?:l[xj] c ¥ is a finite, non-empty, union of one-cylinders.

Remark 4.20. By the previous lemma, if we fix ¢ €¢ Qm*™* then for every ¢ € Qm,
P(¢,4)(0) = h(v)).
Remark 4.21. Note that by taking the derivative at ¢ =0 we get

= lim ———— M
P(¢,9)(0) = lim Wy (T)] wey%(T) g

Before moving on we note the following lemma, which shows that similar growth estimates as
the ones obtained in 4.18 hold when we count over orbits with respect to the homogenization.

Lemma 4.22. Suppose that 1) € Qm*™, ¢ € Qm and t € R. Then, for any fized, sufficiently
large R > 0 there exists R’ > R such that

1 T Y g

My (w)—n|<R [d{w}-n|<R’
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and )
S Y )
[ {w'}-n|<R [ (w)-n|<R’
as 1n — o0.

Proof. The second estimate is simple. For the first one, given w € W such that [¢(w) —n| < R,
we arbitrarily extend w by some w’ € W¢ys (where M is a number that exists by mixing) so that
ww'ww’ € W and {ww’} € Per. The period of {ww’} is bounded above by Cn for some C' > 0
since ¢ (ww") is approximately n and 1 is linearly comparable to the number of symbols in the
input word. Suppose that we ran the same process with a different @ satisfying [(w) —n|< R
and obtained a periodic point ww’ such that {ww'} = {ww’}. Then we deduce that @ must
correspond to a starting segment of one of the cyclic permutations of ww’. There are at most
Cn permutations of ww’ and for each of these, there are at most Cy initial segments that could
correspond to w by Lemma 4.17. In particular there are at most C’rCn many possible words
that w’ could be. This implies that the map sending w ~ {ww’} is at most Ln to 1 for some
L > 0. Note also that there exists C" > 0 independent of w and its extension ww’ such that
[ih(w) = p{ww’}| < C" and |p(w) — p{ww'}| < C’. Combining these facts gives

[(w)-n|<R [{w}-n|<R+C"
as required. OJ
To simplify notation, for each n > 1, we define ev,, : ¥4 - W, by ev,(z) = (xo, ..., Ty 1).

Proposition 4.23. For each t € R it holds that for p; almost every x € 33,

. oleva(x)) _ :

Proof. Denote f, = ¢poev,,g, = Y oev,, and let f,g € L>(u;) be Bowen functions so that
(|Snf = ful)n and (|Sng = gn|)n are uniformly bounded. In particular (see remark 3.7)),

(@)= [ @)= [gdpm.
Since 1 € QM it follows that lim, S,,g = oo, and hence p;-almost everywhere,
R S [ fdm
noga(x) o Spg(x)  [gdmu

where in the last part we have used Birkhoff’s theorem. Using Corollary 3.16 we conclude that

fn(x) :

py —a.e.(xr), lim

In particular we get the following, that strengthens Theorem 2.5.

Theorem 4.24. Suppose that 1) € Qm™™ and ¢ € Qm™. Then for py almost every x € 3,

jmwz / =f¢d/~00_:7_
i )y = P00 (0) = = m(6/0),

Furthermore, T(¢/1) is strictly positive unless ¢ is bounded.

Proof. The limit exists and equals the derivative of the pressure by the previous Proposition,
together with Theorem 3.16. Due to our positiveness assumptions, 7(¢/¢) > 0. Suppose that
this drift vanishes. Then, since the pressure P(¢,1)(t) is convex (and so its derivative is
increasing), if 7(¢/¢) = 0 then the derivative of P(¢,1)(t) are 0 at every point ¢ < 0. This
implies that P(¢,)(t) is not strictly convex and so, by Theorem 2.3, 1) and ¢ are proportional
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with proportionality constant 7(¢/1) = 0. This means that ¢ = 0, which in turn forces ¢ to be
bounded. 0

Armed with this we can conclude Theorem 2.2: observe that the asymptotic characterization
of the drift was given in Remark 4.21.

Proposition 4.25. If ¢,7 € Qm™™, then 7(¢/v) > h(¢)/h(¢). Moreover, the following are

equivalent:

(1) 7(o[¥) = h(¥)[h(¢);

(2) P(1,9) is affine;

(3) P(1, @) is not strictly convexr on R; and,
(4) &~ .

Proof. The function P(¢,v)(t) is convex, and P(¢,1)(0) = h(¢),P(¢,¥)(-h(4)) = 0. Since
»€Qm™™, h(¢) >0, and the derivative of the pressure function at zero (7(¢/v)), verifies

r60) > e

In case of equality, the derivative of P(¢,)(t) is constant and equal to 7(¢/1) on the interval
[-h(¢),0], i.e. the pressure curve is a straight line. By Corollary 4.2, we get that ¢ ~ 1. 0

4.2. Large deviations and Theorems 2.3 and 2.2. We are now ready to prove our main
results from Section 2.2.

Proof of Theorem 2.3. The equivalence of (1),(2) and (3) follows from Corollary 4.2. The
furthermore statement (i.e. the large deviation estimate) follows as a corollary of the large
deviation principle below. Lastly, the fact that 7(¢/v) is strictly positive when ¢ is unbounded
follows from Theorem 2.5. 0

In order to state the large deviation principle, some terminology and notation is in order.
We recall that, given a function f:R — R, the Fenchel-Legendre transform of f is defined as
the function

f*R->R, sesupst—f(t).

teR
For ¢ e Qm™, recall the notation Wy (T') = {w e W : ¢(w) < T'} from the introduction. The
finite discrete set Wy, (T') is equipped with the uniform probability measure pr; any function
Ar: Wy (T) - R becomes thus a random variable, which we indicate with

Ar(w), w~pr.
The expected value of Ay with respect to ur is denoted Er.

Theorem 4.26. Suppose that v € Qm™™ and ¢ € Qm. Let I(¢p,1):R - R be the Fenchel-
Legendre transform of the function P(p,v) — h(y). Then the family of random variables

Z0) . we g, T>0 (4.5)

satisfies the large deviation principle with rate function I(¢,): for every open U c R and every
closed V c R with U cV,

_glé]((b,z/;)(s) hm1nf110g(|w (T|H weWy(T): ¢( ) }‘)

< limsup — log(|W ) Hw eWy(R,T): @ € V}D < —i]eaél(qb,@b)(s).

T—oo
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Furthermore, the effective domain {s € R : I(¢p,1)(s) < +oo} of I(¢,) is the closed interval
[Qmin, Qmax ] where

inf = , Sup —
{u}ePer ¢{u} {u}ePer Q/J{U}

on the interior of this interval, I(¢p,1)) is strictly conver and of class C*.

o{u} c_b{u}] ; (4.6)

For a comprehensive introduction to the large deviation principle, we refer to the standard
monograph [22] of Dembo and Zeitouni. Notice that, since P(¢,)(0) - () = 0, the definition
of Fenchel-Legendre transform gives at once that I(¢, 1)) takes values in R, which is consistent
with the fact that it governs a large deviation principle.

Remark 4.27. The effective domain of the rate function I(¢,) is reduced to a singleton pre-
cisely when ¢ ~ 1), as follows from (4.6) and the already established facts in the present section.

Proof. The statement is a consequence of the already established analytic properties of the
pressure function, together with classical large deviation theory and convex analysis; we give
the details.
Define the limiting logarithmic moment-generating function of the family of random variables
in (4.5) as
A:R—-TR, telimsup % log Er[e'] .

T—o0

Unravelling the definition, we have

1 1
A(t) = limsup — log(— @W’(w))
R 7 OB ],

- h() +limsupmlog Y €90 = Jh(y) + P(6,0)(1)
Toeo 1 wWeW,y, (T)

using (4.1), Lemma 4.18 and the fact that, for all sufficiently large R > 0,

lim llog Z e = lim llog Z eto(w)

TN wew, [(w)-nkk T weWy (T)
which is a matter of elementary analytic considerations. We deduce, in particular, that A
takes finite values and is of class C! on R, by the analogous property for the pressure function
established in §3.3. The Gartner-Ellis theorem in large deviation theory, for which we refer
to [22, Theorem 2.3.6], delivers then directly that the family in (4.5) satisfies the large deviation
principle with rate function given by the Fenchel-Legendre transform of A.

The fact that I(¢,p) is strictly convex and of class C! on the interior of its effective domain

follows from the analogous property for A (hence, for P(¢,v)) and classical convex analytic
considerations, for which we refer to Rockafellar’s textbook treatment in [40, §26]. It is also a

well known convex-analytic fact that the effective domain of the Fenchel-Legendre transform
I(¢, ) is the closed interval

[inf A", sup ') = [inf P(9,0)',sup P(6. ') = [ limy P(6, ) (1)1, lim P(6.0)(1)/1]
= [Dil(¢,¢) ™, Dil(¢, )] ,
the last equality being given by Lemma 4.11. This concludes the proof. 0

Remark 4.28. The same large deviation principle holds when

(1) we count over periodic orbits and use the homogenizations of ¢ and ¢,
(2) and when we count over the sets {w e W : |[{p(w) —n| < R}, as n — oo, for all sufficiently
large R > 0.
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Proof of Theorem 2.2. The equivalence statements follow easily from the convexity of P(¢,1))
and the asymptotic average exists the above large deviation principle. U

5. THE SPACE OF QUASIMORPHISMS

In this section we study the metric properties of QM™ equipped with the symmetrized
Thurston distance.

5.1. Basic properties. We begin by verifying that £ is indeed a metric on QM™™.
Lemma 5.1. The function Q: QM™ x QM™ - Ry is a metric on QM™.

Proof. 1t is easy to check that £ is positive and satisfies the triangle inequality. Lastly, by
Lemma 4.5, Q([¢],[¢]) = 0 if and only if Dil(¢, ¢)Dil(¢,) = 1 which occurs if and only if
P(4, ) is a straight line by Lemma 4.11 (since P(v,¢) is convex). Corollary 4.2 shows that
this happens if and only if ¢ ~ ¢, i.e. [¢0] =[¢]. O

We now verify that (QM™ Q) is contractible.
Theorem 5.2. The space (QM™,Q) is contractible. More precisely, given [1g] € QM™ there

18 a continuous homotopy
H: QM x[0,1] — QM™
such that H([¢],0) = [¢] and H([¢],1) = [¢o] for every [¢] € QM™ .
Proof. Fix 1hg € Qm™™" with h(1g) = 1. For [p] € QM™ with h(p) = 1 define
H(lelt) =(A-t)p+ig 0<t<]
Clearly H([¢],t) € QM™ for all t € [0,1]. Also,

H([¢],0) =[] and H([#],1) = [¢].

Therefore, we just need to verify that H is continuous.

We first consider continuity in the first variable. Let [¢], [1/] € QM™ with h(p) = h(¢)) = 1.
Throughout the rest of the proof, given 11,1y € QM™ we write 1), < ¥, if ¥ {w} < P{w} for
all {w} € Per.

Set A = Dil(p,%) and note that, by Lemma 4.14, A > 1. We then see that

Gr=(1-1)P+thy < (1 - t) A + tihg < A(1 = t)1p + Aty = Ay,
Hence Dil(ip;, ;) < Dil(¢, ) and interchanging ¢ and 1) gives Dil(1, ¢;) < Dil(¢), ¢). Therefore
Q([e], [¢]) = log Dil(er, ¥¢) + log Dil(¢y, ¢4)
<log Dil(y, ) +log Dil(¥, ) = Q([e], [¢]).
Thus, for every fixed ¢ € [0, 1],

Q(H([e] 1), H([¥] 1)) < Q[e] [¥]). (5.1)

In particular, the homotopy is 1-Lipschitz in the first variable.
For the continuity in time we begin by setting M = e2([#]l¥o]), For s € [0,1], we have that

7= (- 55+ st (1- )+ 175 = (1-5(1- 57 ) )72 1%
Hence % < M@, and similarly vy < MG;.
Now suppose 0 < s <t < 1. Since
Pi=Ps+(t-5)(Yo-%) and do-P << ME;
we obtain that
Pr<(1+M(t-5s))ps.
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It follows that Dil(¢¢, ps) < 1+ M(t - s). Running the same argument with s and ¢ swapped
gives Dil(ps, 1) <1+ M (s —t). Therefore

Q(Lwe], [ws]) < 2log (1 + Mt = s]) = 21og (1 + XM D]t — 4]), (5.2)

which tends to zero as t — s.
Lastly, for joint continuity we simply note that, by the triangle inequality,

Q(H([w],1), H([],9)) < Q(H([e], 1), H([¥], 1)) + QH([¢],1), H([¢], 5)).
Then, using (5.1) and (5.2) above we have that
Q(H([e] 1), H([¥],5)) <Q([¢], [¥]) + 2log(1 + e o)),
This proves joint continuity of 4 since as t — s and [¢] - [¢] we see that Q(H([¢],t), H([¢], s)
tends to 0. O

5.2. Word quasimorphisms. To prove that the space of quasimorphisms is separable, we
will study a nice class of quasimorphisms which we call word quasimorphsms. Their definition
is inspired by word metrics on groups.

Definition 5.3. A collection of words E c W is called generating if, given any w € W, we can
find eq,...,e, € E such that w =e;---¢.

Definition 5.4. Given generating F c W, define ¢ € Qm™" as follows:
dp(w) =inf{k:w =ey-e, with ey,..., e, € E}.
We call ¢ constructed in this way a word quasimorphism.
It is simple to check that this is indeed a member of Qm™**

Proposition 5.5. The space (QM™ Q) is unbounded.

Proof. Tt suffices to construct a sequence of quasimorphisms 1, € Qm™" with h(4),) = 1 such
that there exists {w} € Per with

U {w} >0
as n — oo. To that end, fix {W} € Per and define, for each n > 1, E, to be the set containing
{w eW,} and the word @". Then set 1, = h(¥g, )g, and note that h(v,) =1, h(g,) < {w €
Wi} + 1 and so

-0

~ (N’“) (@) ({w e Wil + Dk
{w} k1:1—>oo l}l—glo nk S nk
as n — 0o. [l

We now want to show that the collection of equivalence class containing word quasimorphisms
is dense in (QM™*, Q). For this we need a couple of preliminary results.

Lemma 5.6. Take v € Qm™. Then there exists k > 1 such that if w = wiwy or w = wow; for
words wy, we € W with wy € W,.. Then (wy) < (w).

Proof. This follows from the quasimorphism property and the assumption that there exists
7,C > 0 such that ¥ (w) > ™n — C for w e W, for any n > 1. d

We then immediately deduce the following.

Corollary 5.7. Let ¢ e Qm™™ and k be as in Lemma 5.0. Define C' = max{t)(w) : w € Wy }+D,.
Then if Y(w) <n-C and ww' € W with w' € W, then

(w) <p(ww’) <n



THE MODULI SPACE OF QUASIMORPHISMS 31

Proposition 5.8. The collection of equivalence classes in QM™™ than contain a word quasi-
morphism are dense in (QM*™ Q).

Proof. Take ¥ € QM™ and define, for each n > 1, E,, = {fw e W : ¢)(w) < n}. Set ¢, = ¥, for
each n > 1. We will prove that [¢,] - [¢] in the Q metric.

To that end, suppose that w € W has ¢,,(w) = k and that w = wy---w;, where each w; € E,.
Then note that

Y(w) =P(wy--wy) < ;w(wj) +kDy < (n+ Dy)k = (n+ Dy)h,(w).

We now want to obtain a similar lower bound for v in terms of v,,. We will assume that n
is sufficiently large so that We,,. ¢ F, where k is as in Lemma 5.6. Let C' > 0 be the constant
from Corollary 5.7.

We will describe a procedure that finds a nice expression for w € W with ¢, (w) = k > 3
as a product of k words in FE,. Specifically we will show it is possible to find an expression
w = Wy Wy, where W; € E,, for j=1,....,k and n—C < ¢, (@;) <n foreach j=1,.... k-2, ie.
the first k£ — 2 words in the E,, expression for w have length approximately n.

We will describe the procedure first for a word w € W with v, (w) = 3. Suppose ¢, (w) = 3
and that w = wjwows where wy, wq, w3 € E,. Now, if n — C <1, (w;1) <n we are done. Suppose
this is not the case. Now, if wy € W, then write wy = wiw3 where wj € W,. By Lemma 5.6
Uy (w3) < Yp(wq) and ¥, (w1) < Y, (wiwl) <n by Corollary 5.7. In particular w = (wjwd)wiws
is a new length 3 expression for w with words in E,, and ¢, (w1) < ¢, (wjwl) < n. If wy does
not belong to W, then w3 must belong to W,: indeed, if it did not, then wows € Weo, but by
assumption on n this would mean wyws € F,, which contradicts ¢, (w) = 3. Hence w3 = w%wg
and rewriting w = wy (wow} )w3 we are back to the case where the second word in our expression
for w has length at least k. We can the extend w, as before to increase its 1, length. We have
shown that, as long as w = wjwywy where each of the w} € E, and ,(w}) <n-C, we can
find a new 3 product expression for w where the first word has strictly larger v, length. Hence
continuing this process inductively must eventually result with an expression w = w, W93 where
171’1,@'2,{53 € En and n-C < d]n(ﬁjl)

The above procedure shows how to express a word with 4, length 3 in the desired form.
When 9, (w) > 4 we can apply the same process inductively starting with the first word in a
minimal expression for w. That is, if ¢,,(w) =k >4 and w = w;---wy, with the w; € E,,, then we
can apply the above argument to write w = wy-+-w; where w} € E,, and n—C' < Y (wy). We then
apply the procedure to wj ... w; and so on, until we have obtained an expression w = @;---@Wy,
where @; € E,, for j=1,...,k and n-C <,(w;) <n for each j=1,...,k—-2.

Now, given w € W with ¢, (w) = k we can write w = w;---wy, where w; € E,, for j =1,....k
and n— C <, (w;) <n for each j=1,...,k—2. We then have that

B(w) = p(wrwy) > kjfww (i) + o) - kD,

> (n-C)(k-2)-kD,
=k(n-Dy-C)-(n-C)=(n-Dy-C)¢p(w) -2(n-0C).

Combining the above inequalities implies that [¢,] - [¢] in the A metric as n — oo. O

5.3. Completeness with bounded defect. We now turn our attention to understanding the
collection of quasimorphisms with bounded defect.
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Lemma 5.9. Suppose that Vg is a word quasimorphism and B ¢ QM™ a bounded subset (with
respect to Q). Then for any [¢] € B with h(¢)) =1 and Dy, < D, and w € W we have that

Cp(w) - C <p(w) < Cop(w) + C

where C'> 1 is a constant depending only on B and E.

Proof. By Lemma 4.5 and Remark 4.6 we just need to show that Dil(¢,¢) and Dil(¢,v) are
uniformly bounded above in terms of £ and B. To that end note that since h()) = 1 we have
that

. h(%) 1
Dil(¢g, ) > - .
W2 b0y " R
Hence il
LED 2 Dil(, DI, v) > D)
h(¥r)
and Dil(v, ¥ g) is bounded above by a quantity depending only on B and FE.
Similarly
. h(v) 1
Dil(¢g, ) 2 =
W2 40y~ )
and so
Dil(t, )™ <h(vs).
This concludes the proof. U

Recall the following definition from the introduction.

Definition 5.10. Let QM ¢ QM™ be the collection of classes that contain a quasimorphism
¢ with h(¢)) =1 and Dy < D.

Theorem 5.11. We have that (QM},Q) is a complete subset of (QM™ Q).

Proof. Take a Cauchy sequence [¢,] in QM where we assume that h(1),) =1 and Dy, <D
for all n > 1.

By Lemma 5.9 we can extract a subsequence ny, such that ¢, (w) converges as k — oo for
each w € W. Write ¥, (w) for the limits. We first want to show that 1, € QM™. This is easy
to see however as

|1/1°o(w1w2) - ¢oo(w1) - ¢oo(w2)| = ,11_{?0 |¢nk (w1w2) - ¢nk(w1) ~ Yn, (w2)| <D
and
Vo) = Jim iy, (w) > C i (w) = C
for all we W.

We now just need to show that [1,,] converges to [t ] and that [1)s] € QM. To that end,
note that for w e Fix

- l —00 n " -D . -
where we have used that

P{w} = inf

nz1
for ¢y € QM" and any w € Fix. Similarly 1, {w} < liminfj_e 1, {w} and so we deduce that

¥, converges to 1), pointwise as k — oo.
Now note that this convergence implies that

(lim sup Dil(1),, wnk))_l P, {w} < {w} <limsup Dil(¢y,, V) 0, {w} (5.3)
k—o0 k—o0

Y(w) + D
n
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for each n > 1. We also have that

1 <min{Dil(¢y, , ), Dil(¢y, 1, ) } < max{Dil(¢n, , 1), Dil(Y, ¥, ) }
< Dil (U, U ) Dil(hy, 1y, ) = 2P l0n])
for all n,k > 1 since h(¢,) =1 for all n > 1. It follows, since v, is Cauchy, that

lim lim sup Dil(¢, , ¥,)Dil(¢, ¢y, ) = 1.

n—oo I{f—)OO

Along with equation (5.3) this shows that [, ] = [¢e] as n — .

Finally we need to show that [1, ] belongs to QM. To do so it suffices to show that h(1)e,) =
1 since we saw that Dy, < D above. To that end we write 7, = limsupy,_, o, Dil(¢,, , ¥ ) Dil(¥n, ¥, )
and note that, by the above discussion, 7, > 1 as n - oo and

7o 0 {w} <P {w} <mtp, {w}

for all n > 1. This equation implies that

T = h(T 00 (w)) 2 h(Y {w}) > h(Tpthn(w)) = 771
since h(v¢,) =1 for all n > 1. Letting n - oo gives h(1) = 1 as required. 0

5.4. Density of locally constant functions. In this section we prove Theorem 2.11.
Definition 5.12. Given a continuous function F': ¥ - R we say that I is twin to ¢ € Qm*™ if
for any {w} € Per,, and z,, = (w,w,...) €%

SoF(24) = p{w}.
We say that F'is twin to [¢'] € QM™ if F' is a twin to some 1 € [¢'].

Proposition 5.13. Each quasimorphism v € Qm™™ is twin to a continuous function.

Proof. Define the sequence of functions (f,,)ns1, fn: X = R, by f.(z) = ¥(xo,...,2,1). Then
(fn)ns1 is an almost additive function in the sense of [21]. In particular by [21, Theorem 1.2]
there exists a continuous function f: ¥ — R such that

1

as n — oo.
We will verify that f is twin to ¢. To that end, take {w} € Per), and note that

k nk

n—oo  km n—oco n—oo  nk k
where the first and second and fourth equalities follow from the definitions and the third equality
follows from (5.4) above. Hence ¥{w} = Sy f(x,,) for all {w} € Per and we are done. O

We also need the following.

Lemma 5.14. Suppose that 1 € Qm then ¢ belongs to Qm™™ if and only if given any ¢ € Qm™™
there is C'> 0 such that

{w} > Co{w)
for all {w} € Per.

Proof. The forward direction follows from Lemma 4.5. We suppose that we have ¢ € Qm and
C' > 0 such that Y{w} > C ¢p{w} for all w e Per. Now, given w € W there exists w’ € W), where
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M > 1 is the mixing constant such that ww’ is periodic. Then
Y(w) > P(ww') =¢(w') = Dy > Y{ww'} - Dy = p(w') = Dy,
> Co{ww'} —y(w') - 2Dy,
> Cop(ww'") — Dy —p(w') = 2Dy,
> Co(w) - Co(u’) - ¥(w') - (1+C)Dy - 2D,

This implies the lemma as M is independent of w. 0J
We are now ready to prove Theorem 2.11.

Proof of Theorem 2.11. Take [¢] € QM™ . Tt suffices to show that for any € > 0 there is
[¢] € QM™ that is twin to a rational valued, locally constant function and Q([¢],[¢]) <.

Let F:3 - R be a continuous function that represents ¢ coming from Proposition 5.13. Note
that by Lemma 5.14 there exists 7 > 0 such that ¢p{w} > 7|w| for any periodic w.

Then, since rational valued, locally constant functions are dense in the supremum norm in
C(X,R) [37], there exists a locally constant function r : ¥ - R such that |r — F'| < 6 where
0 > 0 is to be chosen later. Define 1), € Qm to be the quasimorphism twin to 7.

We then have that

lp{w} = {w}] = |S\w|r($w) - SIwIF($w)| < Owl
for all {w} € Per. Assuming that § < 7/2 this implies that ¢, {w} > 7|w|/2 for all periodic w.
Thus by Lemma 5.14 1, € Qm*" when § is sufficiently small.
We now note that . . .
‘1 _dwh)_Jotwt —e{wi] Ow] _ 0
o{w} o{w} Tl T

or in other words _ B _
(1=-m¢{w} <y {w}y <(1+n)p{w}
for each {w} € Per where 1 =4/7. This implies that

([, [6]) <1og(1j—j;).

Therefore, for § > 0 sufficiently small we see that 1, € Qm™™ and Q([¢,], [¢]) € € as required. [

Remark 5.15. Note that separability of QM™ follows from Theorem 2.11 since the set of
rational valued, local constant functions on a subshift of finite type are countable.

5.5. Pressure geodesics. In this section we show that the pressure curves form geodesics in

(QM™, Q).

Theorem 5.16. Fix [¢],[¢] € QM™ and set ¢y = P(,0)(t)p — tb for each t € R. Then the
Y € Qm™™ for allt € R and

to [P(y,0)(1)¢ -] =[] e QM™

1s a bi-infinite geodesic for the A metric: that is, for any r,s,t € R with s <r <t we have that

Q(WTL [¢t]) = Q([wr]v [ws]) + Q([wsL [Q/Jt])
and limy_, 0o Q([t0], [14]) = o0.

We will use the following lemma multiple times throughout this section.

Lemma 5.17. For any t > 0 we have that
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Likewise for any any t <0 we have that

P(wa ¢)(t) - tDﬂ(w? ¢)71 >0.

Proof. This is true for ¢ = 0 since P(¢,¢)(0) = h(1)) > 0. Suppose for contradiction that there
exists t > 0 such that P(¢, ¢)(t) — tDil(¢), ¢) = 0. This implies that I(Dil(¢,$)) < 0 where I is
the Fenchel-Legendre transform of P(v,¢)(t). In particular, since I is C, there exists ¢’ > 0
such that I(t") < 0. By the large deviation principle this implies that there exists an open set
U c R such that

1 1 T o(w)
hrllriglfnlog(#{wemxzw(w)<T}#{weF1x.1p(w)<T, T EU})>0

which is absurd. This shows that no such ¢ > 0 can exist. A similar proof shows the same for
t<0. U

The following lemma shows that the curve P (1, ¢)(t)¢ — t) stays inside Qm™".

Lemma 5.18. Fiz 1,¢ € Qm™. For each t € R define 1y = P(1),0)(t)d — typ € Qm. Then )y
belongs to Qm™™ for each t € R.

Proof. Suppose that ¢t >0. Then we have that for any {w} € Per,
f{w} =Py, 9) () d{w} — t{w}
> P(4,0)(t)p{w} ~ tDil(¥, ¢) p{w}
= o{w} (P (v, 9)(t) ~tDil(¥, 9)).
When t <0 we similarly have that for any w € Fix,
Uf{w} = P(y, ¢) () d{w} — tip{w}
> P(,6) (1)d{w} - Dil(, 6) ' B{w)
= B{wh(P(w, 6)(1) - Dil(1,6) ).
We now apply Lemma 5.14 to deduce the conclusion. 0

Combined wit Lemma 4.5 we can show a stronger, quantitative version of this result.

Corollary 5.19. Fiz ¢, ¢ € Qm™ and for each t € R define 1, = P(¢,0)(t)p -ty € Qm.
Then there exists a constant X\ > 0 such that, for all t € R, ¥, + (A[t| + X) is a strictly positive
quasimorphism belonging to Qm™".

Proof. Consider ¢t > 0. Then, in the proof of the previous lemma we saw that

Dil(¢, )™ > P(¥, 9)(t) - tDil (¥, ¢).
Let 74,C, > 0 be the constants such that ¢(w) > T4|lw| - Cy for all w e W. Now, by Lemma 4.5
there exists C; > 0 such that
Ui(w) > o(w)(P (¥, ¢)(t) —tDil(, ¢)) - C;

> (1glw] = C) (P(¢, 9)(¢) — tDil(¢, ¢)) - Cy

> 75(P (¥, 9)(t) —tDil(, @) |w| = Cy (P4, 9)(¢) - tDil(4), ¢)) = Cy.
Now, since 7,(P (¢, ¢)(t) —tDil(y),¢)) > 0 by Lemma 5.17 it suffices to show that there exists
M >0 such that

Co(P(h,0)(t) — tDil(h, 9)) + Cof < MIt| + M. (5.5)

for all t e R.

First note that, by Remark 4.6, the constant C; can be obtained from Remark 4.6 which
can easily be checked to be controlled by ¢/(|P(, ¢)(t)|+ |t|) + ¢’ for some suitably large ¢/ > 0
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independent of t € R. We leave this calculation to the reader. Hence the left-hand side of (5.5)
is bounded above by
L([P(¢, @) ()] + [t]) + L (5.6)
for some L > 0.
Now note that, if £ > 0,

0<P(¥,9)(t) < Dil(¢, 9)t + P(¢,1))
by Remark 4.13 and if £ <0
0>P (v, ¢)(t) <tDil(s, ¢) ™"
by Lemma 5.17. Hence there is M’ > 0 such that [P (v, ¢)(t)| < M'[t|+ M’ for all t € R. Subbing
this into (5.6) implies that there is A > 0 such that
[Co(P(h,9)(t) — tDil(h, 9)) + Cif < Aft] + A

as required. O

5.5.1. Computations. For s,t € R let Dy, = Dil(¢,1,) also, assume that we have fixed ¢, €
OM" and let P denote the pressure P(1), ¢).

Lemma 5.20. When t > -h(¢) we have that
(1) Dy _peyy = () (P(t) Dy, —t); and,
(2) D_pgyye = h(¥)(P() D}, - )71

When t < 0 we have that

(3) Dio=h(¢)""(P(t) — Dy gt); and,
(4) Doy =h(9)(P(t) - D, )"

In the following proof, given 1, » € Qm we write ¢ < ¢ if there exists C' > 0 independent of w
such that ¥ (w) < ¢(w) + C for all we W.

Proof. (1) Note that when t > -h(%), P(¢) >0 and so

e =P()¢ —t) S P(O)Y Dy = b = H()P(P(£) Dy, = )1(1)) .

Hence Dy _peypy < h(¢) (P (t) Dy, —t). For the other inequality note that

P(t)p -t =y S Dy _ppyh ()1
rearranges to

P(t)¢ S (D -nyh(¥) +)1).
This implies that P(¢) Dy < Dy _pepyh(1) +t or equivalently, D; _p(yy 2 h(1) 1 (P(t) Dy — 1)
as required. Statement (2) is proved similarly.
The statements (3) and (4) can either be deduced similarly or by using the fact that the

pressure curves P(v, ¢) and P(¢, 1) are related in the following way

(£, P(¢,9) (1)) = (-P(4, 9)(t), 1)
i.e. P(¢,1) is obtained from reflecting P(1, ¢) in the line y = —x. O

Corollary 5.21. Suppose that r,s,t € R with r < s <t then
Dr,t = Dns Ds,t and Dt,r = Dt,s Ds,r
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Proof. We can easily verify these identities for r = —h(1)) and ¢ = 0:
D-twysDso = () (P(s)Dyy = )" () (P(s) = Dy ys)

o)) (g

= h(¢)'h(¥) Dy = D_py).0-

and
Do,sDs () = M) (P(5) = Dglys)  h(¢) ™ (P(s) Dy~ 5)
_ P(S)D¢ W — S
-0 o) P
P(s)-Djl,s
= h(1) " 1(é) Do,y = Do—n(w)-
For general r, s,t € R we can reparameterise the curve P(¢,). O

We are now ready to prove the main theorem of this section.

proof of Theorem 2.13. Corollary 5.21 and Lemma 5.18 immediately imply that [¢,] determines
a geodesic in QM™". To see that this is a bi-infinite geodesic, we calculate, using Lemma 5.20,

PO _p
lim 2Coled  fiy PO 7 Dusl) (5~ Duo)
t->—oco t=-co (P(t) = D L)t (M _ D@)

t

where we have used that @ - D%ldj as t > —oo by Lemma 4.11. The limit ¢ - oo can be shown
to be oo similarly. O

5.6. The boundary.

Lemma 5.22. Let o, = P(¢,0)(t)p — tvp where 1b,¢ € Qm™. Then, for any w € W, we have
that

fim 4 < DA, )60 - pw) and i P - DR Z00),
Proof. This follows from Lemma 4.11. O

This lemma shows that, given 1, ¢ € Qm"™", there are natural endpoints of the corresponding
Pressure geodesic [1;] at +oo. More precisely, if we let

Voo = Dil(1), ¢)p(w) =¥ (w)  and ¢_o = Dil(¢, ) (w) = p(w)
then we can think of [t ] and [1)_o ] as the endpoints [1)].

Lemma 5.23. The quasimorphisms .., belong to Qm™\Qm™".

Proof. Tt follows easily from Lemma 4.9 that the quasimorphisms belong to Qm™. Now, suppose
that 1), belongs to Qm™™. If this is the case, then for sufficiently small € > 0 we have that

Voo{w} > ep{w}
for any {w} € Per by Lemma 5.14. This rearranges to
Dil(v,6) _ ¥{w)
(1 + E) ¢{w}
which contradicts the definition of Dil(1), ¢). O

Proposition 5.24. Fvery quasimorphism in Qm™\Qm™™ can be realised as the endpoint of a
pressure geodesic for a pair of quasimorphisms in Qm™".
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Proof. Fix 1., € Qm™. We want to construct a pressure geodesic for which the endpoint is in
the class [1o]. To that end, take ¢ € Qm™ and define p = ¢ + V),

Since p > ¢ we have that Dil(¢, p) < 1. Conversely, there exists, by Lemma 4.5, C' > 0 such
that

(1-Dil(¢, p))p(w) < p(w) = p(w) + C < Yoo (w) + C
for all w e W. Tt follows from Lemma 4.5, since ¢, ¢ Qm™" that Dil(¢, p) > 1.
We have show that Dil(¢, p) =1 and so

Yoo = Dil(¢, p)p - ¢
is the endpoint of the pressure geodesic corresponding to p, ¢ € Qm™". O

We can then characterise when a pair of quasimorphisms can be realised as the pair of
endpoints of a pressure geodesic.

Definition 5.25. We say that two quasimorphisms 1,1, € Qm™\Qm"™ are compatible if
Y1+ 1Py € Qm™T

Proposition 5.26. The pair 1, ¢ € Qm™\Qm™" are compatible if and only if there exists a
pressure geodesic [p;] (associated to some pair in Qm™™ ) such that [peo] = [¢] and [p-o] = [&]-

Proof. We start with the reverse implication. Suppose that [p;] is a pressure geodesic for a
pair of quasimorphisms pq, po both with exponential growth rate 1. Then, up to scaling and
uniformly bounded additive error we may assume that

peo = Dil(p1, p2)p2—p1 and  p_oe = Dil(pa, p1)p1 = po.
We then have that

Poo + p-co = (Dil(p2, p1) = 1)p1 + (Dil(p1, p2) = 1) p2.
Since [p1] # [p2] we have that Dil(p1, p2)Dil(ps, p1) > 1. By Lemma 5.1 we also see that both
Dil(p1,p2) > 1 and Dil(ps,p1) > 1. Hence at least one of these is strictly bigger than 1 and
Poo + Povo + Qm™".

Conversely, suppose that ¢ and ¢ are transverse. Then define

pr=2¢+¢ and py=1+2¢

and note that these belong to Qm™™.

We note that

p1=2p2 =3¢
and so Dil(py, p2) < 2. In fact, we must have Dil(p1, p2) = 2 since if 2 - Dil(p1, p2) = a > 0 then
3¢ =2ps = p1 = (Dil(p1, p2) + a)pz = p1 2 aps

contradicting ¢ € Qm™\Qm™". Likewise Dil(pg, p1) = 2.

To conclude the proof we now simply note that

Dil(p1, pa)p2 = p1=2p2 —p1 =3¢ and  Dil(pz, p1)p1 - p2 = 31
O

FExample 5.27. Suppose that ¥ is a full shift over the symbols x4, ...,z and suppose that n < k
and yi,...,Y, € {x1,..., 21} are n fixed disjoint symbols. Let y,.1,...,yr denote the remaining
symbols so that {yi,...,yx} = {z1,...,z%}. Let, for each j = 1,...,k, ¢; denote the counting
quasimorphism that counts the number occurrences of y; in the input word. Then set

n k
p1=>1; and pya= ) ;.
j=1

Jj=n+1
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Note that both of these quasimorphisms belong to Qm™. Furthermore, they are compatible
since p; + p2 outputs the number of symbols in the input word.

5.7. Non-completeness. In this section we show that the space (QM™ Q) is not complete.
We use the notation MC(QM™) to denote the metric completion of (QM™ Q).

Lemma 5.28. Suppose that F,, is a sequence of Holder functions twin to [¢,] € QM™ and
that F,, converges uniformly to F : X — Ryg. Then [v,,] converges to some [¢] € MC(QM™™)
where F' s dual to 1.

Proof. Given w = (xq, ..., 2, 1) € Fix, let x,, = (o, ..., Tn_1,To,...) € X be the infinite sequence
obtained from repeating w. Define p,, denote the uniform counting measure
1 k-1
2, 0ai)
7=0

over the orbit of . Note that, if F}, - F uniformly, then, since F' is strictly positive, there
exists € > 0 such that F), > € for all m sufficiently large. Therefore

log(f F,, duw)—log(f Fy dﬂw)
[Fmd:uw_kade §€_1HFm—Fk”m

where we have used the mean value theorem in the first inequality. It follows that [v,,] is
Cauchy and so converges to a limit in MC(QM™™). It is easy to check that F is twin to the
limit. U

llog F () —log FJ} (x,,)] =

-1
<e€

Lemma 5.29. Suppose that F represents [¢] € QM™ . Then, F has a unique Gibb’s state.
Proof. The Gibbs state for F'is p,, and so is unique by ergodicity. OJ
Theorem 5.30. The space (QM™ Q) is not complete.

Proof. Take a continuous function F': ¥ — R that does not have a unique Gibb’s state. Then,
since Holder functions are dense in the uniform topology in the space of continuous functions,
there is a sequence of Holder functions F}, that converge to F uniformly. Let [t,,] € OM™
be the corresponding quasimorphisms that are represented by the F;,. By Lemma 5.28 the
sequence [y, ] converges in MC(QM ™) to some [¢)] that is represented by F. If [¢] belonged
to QM™ then by Lemma 5.29 F would have a single Gibb’s state yet this is not the case. We
conclude that [¢] does not belong to QM™. O

6. APPLICATIONS

6.1. RAAGs and RACGs. Suppose that I' is a right angled Artin group or right angled
Coxeter group that is not virtually cyclic and does not split as a direct product. Let d denote
the word metric on I' associated to the standard vertex generating set.

Given a (possibly asymmetric) T' invariant metric d, : I' x ' - R, let ()4, denote (the
possibly asymmetric) Gromov product

(aly)a. = 5 (d:(2,0) +-(0,9) - du(2.9))

where x,y € I' and o € I' is the identity. The Gromov product for an arbitrary function
Y :T'x "> R is defined analogously.

Definition 6.1. Let H{ denote the collection of (possibly asymmetric) functions ¢ : I'xI' > R
that are I'-invariant and satisfy the following: there exists ¢;, ¢y > 0 such that

[(z|y)y| € c1(z|y)a + 2



40 STEPHEN CANTRELL, PABLO D. CARRASCO, EMILIO CORSO, AND FEDERICO RODRIGUEZ-HERTZ

for all z,y e . We write D& c H¢ for the collection of (possibly asymmetric) metrics in H{.

We say that two functions ¢y, 1, € H{ are roughly similar if there exists 7,C' > 0 such that

W1 (2, y) = Te(z,y)| < C

for all z,y e T'. Let 2% and 7 denote the rough similarity classes of D¢ and H{ respectively.
We can think of Z¢ as the collection of genuinely different metrics that fellow travel d. The
collection Z¢ (hence J4¢) is uncountable.

Lemma 6.2. The space ¢ is uncountable.

Proof. We recall that I" admits a non-trivial morphism to R (and in fact admits many quasi-
morphisms). Now suppose ¢ : I' > R is a a non trivial homomorphism. Now simply note that
for any € > 0 sufficiently small the function

deg(,y) = d(z,y) + eq(z™"y)
is a metric that fellow travels d and is quasi-isometric to d. It is easy to check that d., and
de 4 are not roughly similar unless € = ¢’ U

Remark 6.3. Note that the metrics constructed in the above proof are not symmetric. The
collection of equivalence classes represented by genuine, symmetric metrics in Z¢ is also un-
countable: the same proof as above can be applied by taking d + ede where d¢ is the action of
I' on the contact graph, see Section 6.3.

Given d, € D¢ its stable translation length is

Uy, [x] = lim

n—oo

d.(0,x™)
n

for each conjugacy class [z]. We then define the dilation of a pair of metrics dy,dy € DE to be
: la,[7]
Dil(dy,dy) = sup ———
[e):tal1>0 Lay [ 7]

where the supremum is over all conjugacy classes with strictly positive d (and hence dy,ds)
stable translation length. Using the dilations we set

A([dl], [dg]) = log(Dll(dl, dg) Dll(dg, dl))
for [d1],[d2] € 2. Tt is easy to check that this is well-defined and that A([d1],[d2]) > 0 for all
[d1],[d2] € 2.

6.1.1. Proofs of results for RAAGs/RACGs. We now move on to prove our results for RAAGs
and RACGs from the introduction. We require the following result that associates a subshift
of finite type to a RAAG or RACG.

Theorem 6.4 ([33], [29]). Suppose I' is a RAAG or RACG that does not split as a direct
product and that S is the vertex generating set for I'. Then there exists a pair (G, \) where
(1) G = (V,E,{*1,...,*}) is a finite directed graph with a collection of vertices %1, ..., *y
called the initial states; and,
(2) \:V = S is a labelling such that for a directed edge path (xo,x1,...,2,-1) (where the
x; are vertices) there is an associated path in the Cayley graph Cay(L',S) beginning at
the identity: the path corresponds to

(0, M), M)A (1), .-, AM(xo) " A(Tp1))

that satisfies the following: Let ev denote the map that sends a finite path in G starting in
{*1,..., 2} to the endpoint of the corresponding paths in Cay(I',S), i.e. ev(zg,...,Tp 1) =
Axg)A(xpo1). Then
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(1) for each vertex v eV there exists a directed path from %; to v for each j=1,... k;
(2) for each directed path in G the associated path in Cay(I',S) is a geodesic; and,
(8) the map ev defines a bijection between the set of directed paths starting in {*1,..., %}
m G and .
Furthermore, once the states *1,...,% are removed from G, the resulting graph is a single
component and the subshift of finite type defined over G is mizing.

Remark 6.5. The above theorem is a slight restatement of the cited works [33], [29]. Indeed, in
these works the graph structure has the labelling A defined over directed edges in G opposed to
vertices. We have chosen to use a labelling over vertices however as it makes the above result
more easily applicable in our geometric setting.

Now, let (G, \) be the graph and labelling associated to I' by Theorem 6.4. The graph gives
rise to a subshift of finite type >4 is the obvious way: the vertices v in G are labelled 1,....,n
and the n x n transition matrix A has (7, j)th entry 1 if there is an edge in G from vertex i to
j and is 0 otherwise. Let A’ be the matrix A but with the rows and columns corresponding to
the states {*1,...,*;} removed and write G’ for the graph G with the states *q,..., %, removed.
By Theorem 6.4 A’ is aperiodic and Y4 is mixing. We want to construct quasimorphisms on
Y 4r corresponding to 1) € HL.

To achieve this, define, for each finite word (g, ..., T, 1),

o(xo, .., xn1) =Y(0,ev(zg,...,Tn1)).
The Gromov product condition on 1) guarantees precisely that ¢ belong to Qm(X4). Indeed,
let (zo,...,Tpim-1) be a path in G. Then (xo,...,Zym-1) correspond to a geodesic for d. In
particular, if we set
vl =ev(zo,..., 2, 1) €l and y=ev(z,,...,Tpim1) €T,

then d(o,z71) =n,d(o,y) =m,d(z,y) = d(o,z7'y) =n+m and

(zly)g=n+m-(n+m)=0.
Therefore

[o(@os - -+ Tnam) = @(T0, -+, Tn) = P(Tnsts -+ Toam) | = [(@]y) g, | c1(zly)a + c2 = ¢

where ¢y, co is the constant coming from Definition 6.1. We deduce that both ¢ is a quasimor-
phism Qm(X /).

Definition 6.6. Let F': He - Qm(X 4/) denote the map that sends 1) € HE to p € Qm(Z4).

Note that, if d, € D{ then F(d.) € Qm* (X 4/) since d, is quasi-isometric to d.
We are now ready to establish some of the main theorems from the introduction.

Proof of Theorem 1.8. Let 0y, be the Manhattan curve for ¢, € Hi. Let o1 = F(¢1) and
o = F'(19) where F'is the function defined above. By construction, for each s,t € R,

Z e~st1(ox)—t2(0x) Z e~sP1(w)=tpa(w) _. Q(S,t)

zel’ well
where IT = {w = (2o, ..., 2n1) € W(A) : 29 € {*1,...,%,}}. It is easy to see that, since 1,1
are quasimorphisms and A’ is connected, the two variable series Q(s,t) converges at (s,t) € R?
if and only if the series

Z e~ s¢1(w)—tp2 (w)
weW(A")

converges at (s,t). This shows that the Manhattan curve 6, ,, (¢) is precisely P (2, p1)(-t) for
each t € R over the subshift ¥ 4. The —t comes from the slight difference in parameterizations
in the definitions for the pressure curve and Manhattan curves (we have followed the original
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definitions for both the Manhattan curve and pressure curves). In particular, by Theorem
2.3 we deduce that 6y,,,, is C' and is a straight line if and only if ¢y and ¢,, considered as
quasimorphisms in Qm(X4/), are roughly similar. To conclude the proof we need only show
that 1 ~ @9 if and only if ¢); and 5 are roughly similar. This follows easily however from the
quasimorphism property and the fact that there is a bijection between the paths in G starting
in {*1,..., %} and the group elements in T O

In the above proof we established the following result.

Corollary 6.7. Suppose that two metrics 1,1, € HE have non-empty Manhattan curve O japs -
Then the for each t € R in the domain of Oy, 1, we have that Oy, 1y, (t) = P(F(11), F(¢2))(-1).

We are now ready to prove Theorem 1.9.

Proof of Theorem 1.9. Fix R > 0 and consider the sequence
etwg(o,x)
zel:|Y1 (0,2)-n|<R
for n > 1. Note that, for any fixed symbol zy, we have that
et¥2(02) 5 etz (w)
zel|1 (0,2)-n|<R weW(A"):we[xzo,|p(w)-n|<R
for each n > 1 since each path starting at xy corresponds to a unique group element in I'.
Further, since there is a bijection between elements in I' and paths starting in {*q,..., %}

and by the quasimorphism property for 1,9, there exists C; > 0 depending only on ¢ and
R’ > R such that
et2(0.2) < O, Z et (w)
zely1 (0,2)-nl<R weW(A"):|p(w)-n|<R’
for each n > 1. Combining these two inequalities and applying Lemma 4.18 and Remark 4.19
implies that for any sufficiently large R > 0,
et¥2(02) o onP(p2,01)(t)
zel Yy (0,2)-n|<R

as n — oo. We can then apply the Gartner-Ellis Theorem to deduce that there exists 7(12/1)1)
which is equal to the derivative of P(p2,¢1) at 0 (or minus the derivative of f4,/q4, at 0) such

that
L0yt > e}

grows exponentially slower than [{z € I': [¢)1(0,2) —n| < R}| as n — oo. It is easy to check that
this implies that

{$€F:|w1(o,:p)—n| <R and

1 (0, x)
#{‘r el: 1/}1(07 .’I’) < T} 1 (0,2)<T T (¢2/¢}1)
as T — oo. The inequality 7(t¢2/11) > h(11)/h(1)2) and the equivalence statements now follow

from Theorem 2.3 since the Manhattan curve 6y, (t) can be realised as P(¢2,¢1)(-t) for
teR. U

6.2. Space of metric structures. We now prove our main results concerning the space of

metric structures for RAAGs and RACGs.
Lemma 6.8. Suppose that dy,ds € DE. Then
Dil(dy,dy) = Dil(F(dy), F(dy)).
Furthermore, this fact implies that there exists C' >0 such that
Dil(dy,do) dy(z,y) - C < dy(w,y) < Dil(dy, dy )di (2, y) + C
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forall x,yel.

Proof. Let @1 = F((dy) and ¢o = F'(dz). First note that, by Lemma 4.5 there exists C' > 0 such
that
p1(w) < Dil(p1, p2)p2(w) +C
for all w e W(A’). Since every element in I' can be realised as a finite path in G and, up to
removing an initial state %i,... %, as a finite path in G’, we deduce that there exists C’ > 0
such that
di(o,x) < Dil(p1, p2)d2(0,z) + C" (6.1)

for all x € I'. In particular we deduce that
Dll(@la (102) 2 Dll(dlv d2)
For the opposite inequality note that, by the definition of ¢y, for any {w} € Per(A’) with
T, = ev(w) € I' we have that

() _ . dilo.a1)
n

o {w} = 711_{{}0 L o =Ly, 7]

The same is true for @y. It follows that Dil(y1, p2) < Dil(d;,ds) and the dilations agree.
For the furthermore statement, we simply set Dil(y, p2) = Dil(dy, ds) in (6.1) above. O

n—00

Corollary 6.9. The distance A on D& determines a metric on DE.

Proof. 1t is easy to see that A is symmetric, positive and satisfies the triangle inequality and
so we are left to check that A distinguishes point. However, this follows easily form Lemma
6.8 which implies A([d;],[dz2]) =0 if and only if Dil(d;,d2)Dil(ds, d;) = 1 if and only if d; and
dy are roughly similar, i.e. [d;] = [da]. O

We now want to establish that the Manhattan curve 64,4, for metrics in D determines a
curve in Dg.

Proposition 6.10. Take dy,dy € DE. Then, for each t € R there exists a metric d; € DE and
C, > 0 such that

|dt(w7 y) - (9d2/d1 (t)dl (337 y) + tdg(l‘, y))| < Ct
for all x,y e I". Furthermore, the C; can be chosen so that
Cy <At + A

for some constants A >0 and for all t € R.

Proof. Let (G,)\) be the pair as above and let 1,02 € Qm*™ (X 4) be the quasimorphisms
associated to dy,ds as above. Now consider the quasi-morphism

pr = oo + P02, 01) (=) p1 = to2 + by, ()1

which belongs to Qm™ (X 4/) by Lemma 5.18.

By Corollary 5.19 we have that ¢; € Qm*™ (X 4/) and there exists R; > 0 such that ¢;(w) > - R;
for all we W(A’). Furthermore, we may assume that there is A > 0 such that R, < Alt| + A.

Now define, for x €I,

Yi(o,x) = pr(wy) + Ry

where w, = (zg,...,%,-1) € W(A’) is obtained from unique word (*;, zo, ..., 2,-1) € W(A) such
that ev(x;,20,...,2,-1) = by deleting the initial state. Then define 1, (x,y) = ¢i(w,-1,) + R
for all =,y € I'. By construction ¢;(x,y) >0 for all z,y € I" and

[Ve(2,y) = (Oayya, (D) (2,y) + tda (2, )| < By + C([P (42, 101) ()] + [E]) (6.2)

for some C' > 0 independent of x,y,t.
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Note that
(x|y)¢t = (pt(wm‘l) + (pt(wy) - th(wm‘ly)
for each x,y € I'. Now, since ¢; belongs to Qm* (X /), there exists M > 1 such that, for any

z,y € I' there is w,-1, € W(A )<y such that ¢, (w,-1,) < @ (wp-1w,-1 w,). In particular we
deduce that

(x|y)'¢1t 2 Sot(wx‘l) + SOt(’LUy) - Sot(wx‘lwx‘l,ywy) 2 _(pt(wx‘l,y) - 2D90t

by the quasimorphism property.
In particular if we let C; = 2Dy, +Sup,en(ar).,, ¥:(w) then

Yy, y) + Cy ifr+y
dt(xay) = O lfill'zy

determines a positive function that satisfies the triangle inequality (i.e. is a possibly asymmetric
metric) and that is quasi-isometric to d since ¢; € Qm™ (X /).
Now, from the definition of d; and (6.2) we see that

|de(2,y) = (Oayja, (V) dr (2, y) + tda(2,y))| < Ry + C(IP (P2, 401) (0)] + [t]) + Cr. (6.3)
As in the proof of Corollary 5.19 it is easy to check that there exists A’ > 0 such that
[C (P2, 1) ()] +[E]) + Co < Nt + X

for all ¢t € R. Since |Ry| < Alt| + A, the furthermore statement follows from (6.3).
Lastly, since d;(,y) is within uniformly bounded distance of 04,4, (t)d1(x,y) +tds(x,y) for
each z,y € I' from which we deduce that there is L;, M; > 0 such that

(@ly)a, <10y, (O (@ly)ar + [H(@]y)a, + Le < Mi(ly)a + My

for all =,y € I', where in the last inequality we have used the upper Gromov product bounds
for dy, dy for the Gromov product for d. That is, d; belongs D¢ as required. O

We now prove the following result, from which we can deduce our final results for RRAGs.

Theorem 6.11. Let (Z¢,A) be the space of metrics on T with subshift ¥ and map F : DL —
Qm*(X) as above. Then F descends (via quotienting by the equivalence relations) to a well-
defined, isometric embedding F : (Z¢,A) - (QM*™(X),0Q), i.e. F is injective and preserves
distances. Furthermore F' satisfies

Oa,a, (1) = P(F(dy), F(d1))(=t)

for each t e R (where 04,4, is the Manhattan curve) and so

Fltdy +0ayya,(t)d1] = [tF(d2) + P(F(d2), F'(d1)) (=) F(d1)]
for each t e R.

Proof. To show that F is an isometric embedding it suffices to show that, for any [d,],[ds] €
Qm++ (ZA’ )7
A(ldi], [d2]) = Q([e1], [2])-
where F'(dy) = 1, F(dy) = ¢o2. However, this follows immediately from Lemma 6.8.
The furthermore statement was established in Corollary 6.7 given that, by Proposition 6.10
the combination tds + 04,/a, (t)d1 determines a metric in Dg for each t € R. O

Proof of Theorem 1.11. This now follows immediately from Proposition 6.10 and Theorem 6.11.
O
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We now study the Manhattan boundary 8M.@lﬂi. Given dy, dy € Dr we note that

o1 . P(ds,dy)(-t
i (a2, 0) + Oy, (D (2.)) = () + Jim DIV g

= d2($7 y) - Dll(dlv d2)_1d1(x7 y)

1 .
= m (Dll(dl, dz)dz(ic,y) - dl(x7y))

by Lemma 4.11. Similarly
1 .
=t = (tdy(2,y) + Oaypa ()i (2,y)) = Dil(dy, di)di (2, y) = da(z, y).

Proposition 6.12. There exist constants Cy,Cy > 0 such that the functions

_ Dil(dy, da)dy(x,y) - di(z,y) + C ifr+y
doo(xay)_ O fo:y

and

| Dil(dy, dv)di (z,y) = da(z,y) + Cy ifr+y
d—w(xvy)_ 0 ’Lf!l'zy

determine metrics in HE that are not quasi-isometric to d.

Proof. We prove the assertion from d,, and the same proof works for d_.,. By Proposition 6.10
there is A > 0 and a metric d; € Dl‘i such that

|de(@,y) = (Oayay (1) (2, y) + tda(z,y))| < Alt] + A.
In particular,
lim (15 (2,9) + By, (s (2, 9)) > -
since dy(x,y) >0 for all t e R, x,y e T'. Tt follows that
Dil(dy, ds)do (2, y) — dy (2, y) > ~ADil(dy, ds).

We set Cy = ADil(dy,ds) in the definition of d.,. This then gives that d., is a positive function.
Note that d., satisfies the triangle inequality since it is obtained (up to a constant) as a limit
of the metrics d; which each satisfy the triangle inequality. Hence d., is a metric and it is easy
to check that there are c¢q, ¢y > 0 such that

(2]y)do. <c1(xly)a+co

since both dy, dy satisfy such bounds. This concludes the proof. [l

Definition 6.13. Define 9y, 2¢ c 5% to be the collection of rough similarity classes contain a
metric of the form do, or d_., as constructed above. We call 9y 2 the Manhattan boundary.

We now prove Theorem 1.13 that precisely describes when a metric is in the Manhattan
boundary

Proof of Theorem 1.15. We need to show that any metric d’ € H¢ that satisfies (1), (2) and (3)
from the theorem can be realised as the endpoint of a Manhattan geodesic, i.e. there exists
[d1],[d2] € D{ such that, up to a uniformly bounded constant, d’ is equal to Dil(dy, d2)da(z,y) -

dl (ZL’, y) .
To that end, consider the metrics di = d +d’ and dp = d which it is easy to verify both live in
Dl‘i. Now, since d; > dy we see that Dil(dy,d;) < 1. Then by Lemma 6.8 there is C' > 0 such that

(1-Dil(dy,d1))di(z,y) <di(x,y) - do(z,y) + C <d'(z,y) + C

for all x,y € I'. Since d’ is not quasi-isometric to d we must have Dil(ds,d;) > 1.
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Therefore Dil(dy,d;) =1 and d’' = Dil(dy, dy)d; — d; implying that [d'] is the endopoint of the
Manhattan geodesic connecting [d;] and [ds]. O

FExample 6.14. The function #, : I' > R that counts the number of occurrences of a fixed vertex
v*! in the shortest word representation of a group element (i.e. ¥ (x,y) = #,(x7'y)) belongs to

DL
To conclude this section we prove a precise large deviation theorem.

Theorem 6.15. Let I' be a RAAG or RACG that does not split as a direct product and write
d for the standard vertex generating set. Let ¢ € H, d. € DL and for each T > 0 let By, (T') =
{z el :d.(o,x) <T}. Then there exists a function I :R — R that is finite on a closed interval
[a,b] c R, infinite outside of this interval and C on (a,b) such that the following holds. For
any non-empty open set U c R and closed set V c R with U c V' we have that

{x € By, (T): 1/1(T) H)

{zEBd*(T) MT) H) —inf /(s).

| 1
Tl hﬁi‘fTbg(wd*(T)l

< lim sup

lo
T—o0 g(|der (T)|
Proof. In the proof of Theorem 1.9 we saw that for any sufficiently large R > 0,

(o) o GnP(F(E).F(d))(1)
zel|d« (0,2)—n|<R

as n — oo where F' is as in Definition 6.6. We can then apply the Géartner-Ellis Theorem as in
the proof of Theorem 4.26. O

6.3. The action on the contact graph. Let I' be a right-angled Artin group that is not
virtually cyclic and does not split as a direct product. Its associated contact graph CX is
a hyperbolic graph encoding the large-scale geometry of the universal cover of the Salvetti
complex. The group I' acts naturally on CX by graph automorphisms, providing a useful
perspective on the geometry and dynamics of I" see [31] for a comprehensive account of the
contact graph. Fixing a base vertex vy € CX, this action induces an orbit metric on I' by

de(g,h) =dex(g-vo,h-vg), for g,hel.

Proposition 6.16. The metric dc determines a function in HE, i.e. the map (g,h) ~ de(g,h)
is in HE. In fact, [dc] belongs to Oy DE.

We thank Mark Hagen for suggesting the following proof.

Proof. To avoid introducing too much introductory material, we follow the notation established
n [31] and refer to this reference for definitions and details.

Let (X,d) be the universal cover of the Salvetti complex and d is the piecewise [; metric.
Alternatively, X could be the 0-skeleton, where d restricts to the combinatorial metric. This is
a median metric space and we write m : X3 - X for the median operator. For any hyperplane
h of X, N'(h) is the (closed) carrier of h which consists of the closed cubes intersecting h.

Let CX be the contact graph as above. We let m be the projection that sends each x € X to
the clique in CX corresponding to the set of hyperplanes whose carriers contain x. Let m’ be
the coarse median operator on CX. Then m’ has the property that if a;,as, as are in CX, then
for all distinct pairs a;,a;, any geodesic from a; to a; in CX comes D-close to m/(ay,az,as).
Further, m’ is coarsely characterised by this property.

Claim: There is K > 0 such that
dex(m(m(z,y,2)),m (n(x),n(y),n(2))) <K for all x,y,z corresponding to vertices in X.
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Proof: Let h, and h, be hyperplanes in 7(x) and 7(y) respectively, so by definition, x is
in N (h;) and y is in N'(h,). Points (1) and (2) in Lemma 4.11 from [31] imply there exists
a sequence of hyperplanes h, = hy, ..., hy = hy such that h; and h;,; are CX-adjacent for all ¢,
and the resulting edge path in CX is a geodesic of CX. Call this CX-geodesic A. Points (3)
and (4) from [31, Lemma 4.11] imply that these h; can be chosen with an additional property,
namely that there are paths g; in N'(h;) so that the concatenation g = g gs---g is defined and
is a path from z to y in X, and, moreover, g is a geodesic of x.

Now, if ¢ is a point in g, then ¢ is in some N(h;), so m(t) is a clique in CX containing the
vertex corresponding to h;. Hence, in CX, the set 7(g) is contained in the 1-neighbourhood
of A. Now let ¢ be any other d-geodesic in X from x to y. Then every hyperplane crossing ¢
crosses ¢, and hence crosses some h;. Moreover, each point in ¢ is in N'(h) for some h crossing
q. So w(q) is in, say, the L-neighbourhood of A in CX. We have just shown that if B is
any CX-geodesic from h, to hy,, and ¢ is any X geodesic from z to y, then m(¢) is in the
Ky-neighbourhood of B, where K; just depends on the hyperbolicity constant for CX.

Now let A’ be a CX geodesic from h, to some h, in 7(z), and let A” be a CX geodesic from
h. to h,. Let q,q’,q"” be geodesics in CX with ¢ joining x,y, and ¢’ joining y, z, and ¢” joining
z,x. Choose these geodesics so that they all pass through m = m(z,y,z) . Let A, A", A” be CX
geodesics joining hy, hy, and hy, h,, and h,, h, respectively. Then 7(m) is Ky-close to A in CX,
since m is in ¢. Similarly, m(m) is Ky close to A’ and A”. Hence the point m(m) is uniformly
close to m’(hy, hy, h.), as required.

Now let d’ be the metric on X obtained by coning off the hyperplane carriers; that is, we
join two points by a new edge whenever they are contained in a common hyperplane carrier.
Then X' = (X,d') is quasi-isometric to CX, via a quasi-isometry that sends each x into 7(x)
[30, Section 5.2]. In particular, it is hyperbolic and by abusing notation, we can also let m’
denote the coarse median on X’. Note that by the claim (up to enlarging K if necessary),
d'(m(z,y,z),m'(x,y,2z)) < K. Also, by construction, the identity map X — X' is 1-Lipschitz,
ie. d(z,y)>d(x,y) for all z,ye X.

To conclude, suppose that o,x,y are vertices of X. Then the Gromov product in X is
d(o,m(o,x,y)). In the hyperbolic space X', the Gromov product is, up to uniform additive
error, d'(o,m’,0,z,y)). And d'(o,m/(0,z,y)) <d'(o,m(o,z,y))+K <d(o,m(o,z,y))+ K. Since
quasi-isometries of hyperbolic spaces passes to the Gromov product, there exists A, B > 0 such
that

(zly)ex < A(zly)x + B< A(zly)a+ AK + B.
This shows that dc determines a function in H¢ as required.

Since d¢ is ['-invariant and is not quasi-isometric to d, we deduce that, by Theorem 1.13, d¢

determines a point in dy Z¢. O

Corollary 6.17. The Manhattan curve for the pair d,dc is C* and globally strictly convez.
Remark 6.18. Since dc is not quasi-isometric to d [31], F'(d¢) is a quasimorphism in Qm™\Qm™".

Using our results for quasimorphisms we obtain the following statistical result comparing d
and de.

Theorem 6.19. Suppose that T' is a right angled Artin group that is not virtually cyclic and
does not split as a direct product. Let d be the word metric on I' associated to the canonical
vertex generating set. Write de for the orbit metric on I' coming from the action of I' in the
contact graph. Then, there exists T >0 such that

T2 e} ) <0.

. 1 1 dC(Oug)
1 —1 I':d T -
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This theorem shows that in I' a typical element of d length at most T causes a displacement
of approximately 77" through the action on C(I"). Note that 7 is strictly positive.

6.4. The space Dr for hyperbolic groups. In this section we show how to use our theory
to recover the results of [14], [12]. We follow the notation used in [12] and direct the reader
there for more details on the background material.

Let T" be a non-elementary group. We write Dr for the collection of metrics on I' that are

(1) quasi-isometric to a word metric;
(2) Gromov hyperbolic; and,
(3) left I'-invariant.

We write conj(I') for the collection of non-torsion conjugacy classes in I'. Given d € Dr let
(g : conj(I') — R denote the translation length function
lg[x] = lim d(o,z")
n—oo
where o € I' denotes the identity element. As above, we say that two metrics d,d, € Dr are
roughly similar if there exists 7,C' > 0 such that

sup |d(z,y) - 7d.(2,y)| < C.
z,yel’

Two metrics d, d, € Dr are roughly similar if and only ¢; and ¢4, are proportional.

Let Zr be the quotient of Dr by the equivalence relation of rough similarity. We write
[d] € Zr for the equivalence class containing d € Dr.

We can equip Zr with a symmetrised version of the Thurston metric A: given d,d, € Dr, let

Dil(d,d.) = sup balz]
[2]econj(r) La. [7]
and define
A([d],[d.]) =log (Dil(d,d.) Dil(d.,d)).
We call (2r,A) the space of hyperbolic metric structures on I'. We will show how to recover
the results of [14] and [12] using our machinery of quasimorphisms. All the results will be a
corollary of the following theorem which is an analogue of Theorem 6.11 above.

Theorem 6.20. Let (Yr,A) be the space of hyperbolic metric structures on a non-elementary
hyperbolic group T' as above. Then there exists a subshift of finite type ¥ and a map F :
Dr - Qm™(X) that descends (via quotienting by the equivalence relations) to a well-defined,
isometric embedding F : (Zr,A) - (QM™(X),Q), i.e. F is injective and preserves distances.
Furthermore F satisfies

Oa.ja(t) = P(F(d.), F(d))(-1)
for each t e R (where 04,14 is the Manhattan curve) and so

Fltd. +04,a(t)d] = [-tF(d.) + P(F(d.), F(d))(-t)F(d)]
for each t e R.

Proof. Given I' we need to exhibit a subshift of finite type 3. This subshift will come from the
Cannon coding: a finite graph that codes I' equipped with a generating set. To avoid having
to introduce too much introductory material here, we refer the reader to Section 2 of [15].

Fix a finite generating set S for I' and a Cannon coding for I', S. Let C be a maximal com-
ponent in this coding and write 3 for the subshift defined over this component. Let W(C) be
the collection of words defined over the component C. As for RAAGs and RACGs, the Cannon
coding comes with a labelling map ev: W(C) - T.
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Definition: We define F': Dr - QM™ (X)) in the following way. Given d € Dr, let F(d) =
where given w € W(C),

Y(w) =d(o,g,) where g, €I is the group element corresponding to g: g, = ev(w).

By the Morse Lemma, d is roughly additive along dg geodesic rays. Hence v is a quasi-
morphism and, since d is quasi-isometric to dg, d € Qm*™(X). The map F is then obtained
by taking the quotients by the equivalence relation of quasimorphism equivalence and rough
similarity.

Injective: Suppose that d,d, € Dr satisfy [1q] := F[d] = F[d.] =t [¢a,] where 4,14, €
Qm**(%). Then v, and ¥4, are proportional. But note that, each {w} € Per corresponds to a
conjugacy class [g,] € conj(I") where g, = ev(w). Furthermore, as in the proof of Lemma 6.8
we have that

Ya(w) = lalgw] and ¢q, (w) = la,[gu].
Conversely, by Proposition 3.5 from [15] for any non torsion [¢] € conj(I") there exists w, € Fix
such that w, corresponds to an element in [¢g**]. In particular, the equality [¢4] = [¢4, ] im-
plies that ¢; and ¢4, are proportional. In particular [d] = [d.] by Theorem 1 in [12] and we
have shown that F is injective.

Isometric: Since there exists an integer M > 1 such that for any (non torsion) conjugacy
class [g] € conj(I") there is {w,} € Per corresponding to [¢**], we have that

: laly] va{w)
Dil(d,d.) = sup = sup — = Dil(vg, g, )-
[gleconj’(T) gd* [g] weFix wd* {’U)}

It then follows from the definitions that
A([d], [d.]) = Q([¢al, [¥a.])-

Preserves geodesics: It suffices to show that the Manhattan curve 6y, /4(t) for the pair d,d.
agrees with the pressure curve P (v, ,14)(~t). To do so we follow the method presented in [15,
Section 3]. This uses the fact that hyperbolic groups are growth quasi-tight. In particular if we
let T'¢c denote the collection of group elements that correspond to a path in C, i.e. the collection
of elements in g € I' for which there exists w € W(C) with ev(w) = g. Then there exists a finite
set F'cI' such that FT'¢cF =T [15, Lemma 2.16].
We now note that 6,4, 4(t) is the abscissa of convergence
Z e—td(o,g)—sd*(o,g) — Q(S,t)

gel
as s varies and t is fixed.

Now, fix R > 1. By growth quasi-tightness, there is IV > 1 such that for any g € I" there exists
w, € W(C) such that ev(w,) = a1gay for some ay,as € F'. Furthermore, the association g —» w
is at most |F'|? to 1. The quasimorphism property then implies that there exists a positive real
number Cy; >0 (depending only on s,t) such that

Q(s,t) = Z e~td(0,9)=sds(0,9) ¢ |F|2C's,t Z e~ ta(w)=stba, (w)
xel weW(C)

<IFPC, S S et e @) 2 p (s, 1)
n=1weW(C){ypq(w)-n|<R

when P; converges at (s,t).
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We now note that, since paths in the C are geodesics for S, for any fixed cylinder [x] c X¢,
there exists Cg > 0 depending only on R such that

[ee)

Py(s,t) = E: E: e~ ta(w)=sva, (w) ¢ CrQ(s,t)
n=1 we[zo] [alw)-nl<R
when Q(s,t) converges.

Now, by Lemma 4.18, if R is sufficiently large, the abscissa of convergence of both P (s,t)
and P»(s,t) in s for fixed ¢ is equal to P(tg,,1%4)(~t). It follows that the abscissa of convergence
of Q(s,t) in s for fixed ¢ is precisely P(vq,,%q)(=t). That is, = P(¢q,,%a)(-t) = 04,/a(t) as
required. 0

Remark 6.21. When I' is a surface group. respectively free group, then Teichmiiller space,
respectively Outer space, is a natural subset of Dr. Then Theorem 6.20 justifies our com-
ments made in the introduction: Techmiiller space and Outer space naturally embed into a
quasimorphism moduli space (for an appropriate choice of subshift).
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