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Abstract

It is a well-known result that a principal divisor on a compact Riemann surface has
degree zero. Except for the Riemann sphere P!, the converse is not true (see the proof
of Corollary 1). For a complex torus, a criterion to a divisor be principal is given based
on the Abel map [2, Theorem V.2.8].

Abel’s Theorem extends this result by constructing the Abel-Jacobi map to a gen-
eral compact Riemann surface X. The proof presented here follows [I] and is based
on a result of functional analysis. After, Abel-Jacobi theorem describes the quotient
of divisors of degree zero modulo principal divisors and a new space associated to X
is constructed. In the end, we return to the case of surfaces with genus one together
with an application. The references are explicitly given along the text.
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Notation

The table below fixes some notations. All the spaces are defined on X. Other objects

are introduced along the work.

X

ka

QO,I

Ql,O

HI,O
HO,l
H,(X,Z)
H;(X,R)
Hi(X,R)
HY(X,C)
Div(X)
DIVO(X)
PDiv(X)
L(D
LY(D)

compact Riemann surface of genus g > 0
space of complex k-forms, k£ =0,1,2

space of (0,1)-forms

space of (1,0)-forms

space of holomorphic 1-forms

coker 0: Q¥ — Q01

homology group

real homology group

real de Rham cohomology group
complexified de Rham cohomology group
group of divisors

subgroup of divisors of degree zero
subgroup of principal divisors

space of meromorphic functions with poles
bounded by D

space of meromorphic 1-forms with poles
bounded by D

1 The Main Theorem and Some Consequences

In this preliminary section a powerful theorem related to existence of solutions to a
special differential equation on Riemann surfaces is introduced. It has important implications
relating the analytical and topological structures of X.

Theorem 1 (Main - [I], Theorem 5). Let p be a 2-form on X. There is a solution f to the
Af = 2i00f = p if and only if [, p =0, and the solution is unique up to the addition of a

constant.

Proof. See [1, Chapter 9] or [J].

]

The next two theorems are direct consequences.

Theorem 2 ([1], Theorem 6).
1. The map

18 an isomorphism.

o HWO — HOT (1)
wr— [w+ o]



2. The bilinear map
B:HY x H" — C (2)
(w, [0]) |—>/ wA0
b's

induces an isomorphism from H%' to (H°)*.

3. Consider the inclusion

i: HY — HL(X,C) (3)
wr— [w]
Then the map
ii HYoHM — HY(X,C) (4)

(w,0) — i(w) +i(c=(0))
18 an isomorphism.

Remark 1. For a complex vector space V., the conjugate space V denotes the complex vector
space where the scalar multiplication is given by

AU =\,
for X\ € C, v e V. This space is naturally isomorphic to V.

We shall describe only the isomorphism of item 2. A complete proof can be found in [9].
If V' is a real vector space of finite dimensional equipped with an inner product (.,.), then
an isomorphism between V' and its dual V* is induced by the map ¢ below:

p:V—V"
vi— (v,.): V—R
w — (v, w)

If V' is a complex vector space of finite dimension equipped with a Hermitian form, a similar
map provides an isomorphism between V' and the conjugate V. Now, from item 3, H*? and
HO! are complex vector spaces of finite dimension. Set

B[g] : Hl’o — C

wl—>/w/\9
X

The composition

Bgoo: HM — C

Elﬁ/@/\@
X



defines an Hermitian form on H%!. Indeed, it is related to the Dirichlet product (see [I,
Subsection 5.3.3]). Define the map

Q: 7_[0,1 N (HLO)* (5)
[9] — B[g]
If 0 € Ker ¢, then By = 0, which implies Bjg o o = 0. Hence 6 € Imd = 0 € H%'. Then the

kernel of ¢ is trivial. From item 1, dim(H%') = dim(#*°) and ¢ is the desired isomorphism.
The next Theorem will be used in the proof of Abel’s result.

Theorem 3. Let w be a smooth (0,1)-form on X. Then, the equation

ou=w

/w/\é’:()
X

Proof. Recall the isomorphism (5). The condition is equivalent to the form By be null. This
implies that w € Im 0 C Q% that is, w = df for some smooth function f which is the desired
solution. Conversely, if the equation has a solution, then du = w. Therefore w € Im 9 and
By =0 e (HYO)~. O

has a smooth solution u if and only if

for all holomorphic 1-forms 6.

2 Abel’s Theorem

The proof of Abel’s Theorem presented here follows [1, Subsection 12.2.1]. Some work
is devoted to show the equivalence of this statement with the most common form of Abel’s
result. Now, note that every divisor D € Divy(X) can be decomposed as

D = Z(—pi + q:),

where p; # g; for each i, with possible repetitions of p;’s or ¢;’s in the sum. The fundamental
result of this section is the following.

Theorem 4. Let D =Y .(—p; + ¢;) € Divo(X). Then, D is a principal divisor if and only
if there are paths ~; from p; to q; such that

> [0 )

for all holomorphic 1-forms w.



Proof. Suppose the existence of paths as in the statement. We will construct smooth maps
F;: X — P! with the desired local behavior. Firstly, we choose local coordinate discs
(Up,s 2p;), (Ug,, 24;) centered at p; and ¢;, respectively. Set

Zg;» on Uy,
Fi=41

Zﬁ’ on Upi

Applying a homotopic transformation on v; N U,, and ~; N U,,, which does not change the
integral, we may assume F; negative on these intersections. Given a cover of v; and consid-
ering yet the homotopical adjusts, the function F; is extendended to a neighborhood U,, of
7v; in such way that (see Figure 1):

F 1 ~00,0] = ;.

)

Ei(7i)
Figure 1: The function F; on a neighbourhood of ~;

Now, using bump functions, F; is smoothly extended to a non-zero constant function on
X. Therefore, we have the following properties for F;:

e A meromorphic function on small discs centered at p; and ¢;;

has a single and unique pole at p; and a single and unique zero at ¢;;

real and negative on ~;;

a smooth map from X to P!;

e a non-zero constant outside a neighborhood U~% of ;.

Let F' =[], F;. Our desired function will be of the form e“F for some smooth function
u. Away from the poles, the function f shall satisfy

af) =0, (7)



DPn

b1 Pj+1

! Yn

q1 .
qi qi+1

dn

Figure 2: The general context in X for possible multiple poles and zeros

since it must be holomorphic away from these points. On the other hand,

0(e"F) = ¢"O(u)F + OFe"
= e"OuF + Z
_ OF.
e N
oo £
Thus, on X \ U;{p;, ¢;} equation (7) is equivalent to

B(u) = =i ®)

F;
7 Fe

where y; = F, '0F;. Since O(F;) vanishes on U,, and U,,, x; extends to a smooth (0,1)-form
on X. Before to apply Theorem 3, we shall relate the functional ), B,, with integrals over

v;. We claim that
/Xxi/\w:%ri/w (9)
-

3

for each ¢ and every holomorphic 1-form w. For this, cut the surface along ;. On this cut
surface X* we can define a branch of log, which is analougous to define this function on the
complex plane excluding the real negative axis. Then x; = d(log F;) and

/ d(log F; - w) = / d(log F;) Aw +/ log F; A dw.
Since log F; and w are holomorphics, dw = 0 and

d(log F;) = d(log F),

(=}



d(log F; - w) = 9(log F; - w).
By Stoke’s Theorem, this implies

/ log F; - w = 5(10gE-w):/ Xi A w.
'Yz:aX* X* *

Recall that F; is real and negative on +;, thus the function log F; is constant and equal to
271 along the this cut. Indeed, this can be seen in the associated Riemann surface, where
the logarithm has a discontinuity of 27 on each level. Finally,

;Bxi(w)—;/%Xi/\w—%m';/%w—(), (10)

and the first part follows from Theorem 3.

Conversely, let f: X — P! be a meromorphic function with divisor D = > (¢ — ps).-
Let y € P! a branch point of f. Consider the local Laurent expansion of f in a coordinate
neighborhood of y. Multiplying, if necessary, the coordinate function by a constant, we may
assume that there are no branch points of f on the real axis. Therefore, f~1[—00,0] is a
union of smooth paths v; from p; to ¢;, after a possible recombination of pairs (p;, ¢;), which
corresponds only to a different decomposition of the divisor D. Consider F' as constructed
above. The function f/F has no zero or pole, and is smooth. Further, the exponential is
surjective, thus there exists a function u satisfying

For each point in X, we can write locally u = log(%) for some branch of log. Hence u is a
smooth fuction. Considering equations (8) and (9), the result follows applying the Theorem
3 again. O

The above theorem can be restated in the following way.

Theorem 5. Let D =) .(—p; + ¢;) € Divo(X). Fiz a point pg € X such that py # pi, q; for
all . Then D s a principal divisor if and only if there are paths oy connecting po to p; and
paths B; connecting po to q; such that

Zfi:(/aiw+/iw>:0 (11)

Proof. Suppose that D is a principal divisor. By Theorem 4 there are paths v; from p; to g;
satisfying (6). For each i, choose paths «; from pg to p; and §; from ¢; to py of the statement
such that

for all holomorphic 1-form w.

o; + B+ = 0V,

for some triangularizable region Y; (see Figure 3).

7
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Figure 3: Regions and curves for the respective pairs

Then, for any holomorphic 1-form w,

[ [ fo= [ o= [ amo
Z(/ICH/W) :_;/%w:o.

Conversely, given the paths «;, §;, we may choose paths 7; in a suitable way as above to
equation (6) be satisfied. Hence, D is a principal divisor and the result follows. O

which implies

We introduce now the Jacobian of X, the Abel-Jacobi map and Abel’s Theorem in its
most common form. The main reference for this part is [2, Section VIII.1].

Recall that the first homology group H}(X, Z) is the quotient of the group of closed chains
modulo the subgroup of boundary chains. Regarding the polygonal model for a compact
Riemann surface X of genus g > 0, the group H'(X,Z) is freely generated by elements
ai,...,aq, b1, ... b, which represent closed paths on X. Therefore

HY (X, Z) ~ 7%.

By Stoke’s theorem, the integral of a closed 1-form w over a boundary chain is zero.
Thus, this integral only depends on the homology class. In particular, a well-defined map

on H'P is obtained:
/ - HY — C.
[c]

These linear functional are called periods and form a subgroup A in the dual space (H°)

*

8



Definition 1. The Jacobian of X is the quoetient group
Jac(X) := ('Hl’o)* JA.

Recall that H'? is a complex vector space of complex dimension g (see Theorem 2).

Hereafter we fix the basis
B = {wl,...,wg}

for H'9. A natural identification is

HWO" — Y
A— (Awr), ..., Awy)).

In particular,

A— C

/[c1 H (/[c](uh)’ h ”/{c}(wg)) '

The next theorem describes the inclusion A C C9 and provides a geometric description of

Jac(X).

Theorem 6. The subgroup of periods A is a lattice in C9. Thefore, the Jacobian Jac(X) is
a 2g-real-dimensional complex torus.

Proof. Consider the isomorphisms in (1) and (4). The composition
ioo: HY@HY — HLY(X,C)
is also an isomorphism. Taking its real part we get the identification
HYY — HY(X,R)
w— (o +af

By Poincaré’s duality, H{(X,R) ~ H;(X,R). Thus (H'")* ~ H;(X,R). Note that if
T: H'YY — C is a linear map, then the real part of T' provides a linear map from H*'*°
to R. In particular, the action of A on holomorphic 1-forms becomes

/[c}wr—>/[d(w—l—w):2/[c]Re(w).

This yields an homomorphism H;(X,Z) — H;(X,R) which is the inclusion induced by
Z C R. Then A is a lattice. The complex vector space structure on (H'?)* induces the
complex structure on Jac(X) and the result follows. [



Fix a base point py € X and define

A X — (HYO)
pr— Alp): HYY — C

w»—)/w
Y

for some path v, from pg to p. If 7, is another path connecting py to p, the functional A(p)
changes by an integration of w over the closed chain v, — ~,. Thus, we get a well-defined
map

A: X — Jac(X)

pr—>A(p):(/ wl,...,/wg> mod A

Tp Tp

This map is called the Abel-Jacobi map. An extension to divisors, also denoted by A, is the
following:

A : Div(X) — Jac(X)

Z npp — Z n,A(p)

Note that A is a homomorphism of abelian groups and depends on the base point. However,

the restriction
Ap : Divy(X) — Jac(X)

is independent of this choice.

Lemma 1 ([2], Lema VIII.2.1). The Abel-Jacobi map Ay is independent of the chosen base
point py on X.

Proof. For two choices of base points py, pj, the functional A(p) differs by

J = (/wl,---/wg> mod A,
v Y

where 7 is a path connecting the points. If D = 3 n,p satisfies > n, = 0, then Ay(D)
changes by Zp npj = J Zp n, = 0, since A is a homomorphism of abelian groups. O]

We are now in conditions to prove Abel’s theorem in your most common form.

Theorem 7 (Abel - [2], Theorem VII1.2.2). Let D = > .(—p; + ¢;) € Divo(X) € Divy(X).
Then D 1s a principal divisor if and only if

10



Proof. We shall see that the statement is equivalent to Theorems 4 and 5. If D is principal,
for each pair (p;, ¢;), we may choose p; as the base point for Ay(D;), where D; = —p; + ¢;,
and the predicted paths 7; of Theorem 4. Thus, for any holomorphic 1-form w, it holds that

Ag(D)(w) = Z Ao(Di)(w)

Conversely, if Ag(D) = 0 € Jac(X) with base point pg, then Ay(D) = f[c] for some [c] €
HY(X,Z). Choose paths a; from p; to py and 3; from py to ¢; and o connecting p; to a point
q € c. Set a; as the path a; +a+c— a.

X c

Figure 4: Paths connecting py and the points p;,q;

Therefore, considering the independence of paths, for any holomorphic 1-form w we have

w3 ([ o+ )+ -

1>2

X [ )

which implies ), ( fa_ w+ | 5, w) = 0. This is the condition in Theorem 5 to D be a principal
divisor. O

11



Corollary 1 ([4], Corollary II1.6.4.2). Let X be a compact Riemann surface with genus
g > 1. Then A: X — Jac(X) is an injective mapping of X onto a proper submanifold
A(X) C Jac(X).

Proof. Let p,q € X distinct points. If A(p) = A(q), then Ay(D) =0, where D = —p+gq. By
Abel’s Theorem, D is a principal divisor for some function f. In particular, f has a single
pole at p. Since g > 1, this is a contradiction and the map is injective. O

3 The Jacobi Inversion Problem
By Abel’s Theorem, the map Ay can be reduced to
AO: P1C0<X) — JaC(X)

where Picy(X) := Divy(X) / PDiv(X) is called the Picard group. The Jacobi inversion prob-
lem asserts that A, is surjective and hence a new characterization of Jac(X) is obtained.
The main reference for this section is [3, Section 21].

Lemma 2 ([3], Lemma 21.3). There exist g distinct points ps,...,py € X with the following
property: Every holomorphic 1-form w € H'O which vanishes at all the points py,...,p, is
wdentically zero.

Proof. For p € X, let
H, = {w e H" :w(p) =0}.
Then H, = LW (p). If K is a canonical divisor, it holds that LM (p) ~ L(K + p). Further,
HYO = LW(0) ~ L(K). By [2, Lemma 3.15], it follows that H, = H° or has codimension
one.
Let (p,) C X an infinite and non-constant sequence of points in X. Since X is compact,
the set of zeros of a holomorphic 1-form is finite. Thus (), H,, = 0. Moreover, the dimension

of H'0 is g. Therefore, there exist g points pi,...,p, (after a possible reindexation) such
that (7_, H,, = 0. These points satisfy the desired properties of the statement. O

Theorem 8 (Abel-Jacobi - [3], Theorem 21.7). The map

~

Ag: Picy(X) — Jac(X)
18 an isomorphism.

Proof. By Abel’s Theorem we only need to check that the map is surjective. Choose points
P1s.-.,pg as in Lemma 2 and coordinate neighborhoods (Uj, z;) centered at p;, for j =
1,...,g. Define a map

F:U % xU, — C*

12



in the following way. If z = (21,...,2,) € Uy x ...U,, then
F(Z) = (F1(2>, . '7Fg(z))7

where :
Fi(z) = Z/ w;.
j=1 pj

Since U; is simply connected, the integral fpz_j w; is well-defined. Note also that F'(p) = 0.
Let w; = ¢;jdz; on U;. Then F' is smooth and has Jacobian matrix

) = (52) = (el

Consider now the linear map

T: HY — CY
w w
w (dzl(pl)’ 7dzg<pg))
where % are the holomorphic functions which define w on U;. By Lemma 2, Ker(T') = 0

dz;
and T is an isomorphism. Moreover, in the basis B, the matrix of T is

(00) = o).

Therefore, Jr(p) is invertible and we can apply the Inverse Function Theorem for F': There
are V C Uy x --- x Uy and W C CY containing the origin such that F': V. — W is a
diffeomorphism.

Let [g] € Jac(X) represented by ¢ € CY. For sufficient large n € N, y := % € W. Then
there exist ¢ = (¢1,...,¢;) € V such that F'(¢) = y. In particular, if yj is the k-th coordinate

of y, then
qj
j P

Choose a base point py # pj, ¢; in X and paths v;, from p; to ¢; and paths «;, §;, connecting
Do, p; and po, q;, respectively. As in Theorem 5, this choice can be made in such way that
a; +v; — B; is a boundary chain and by Stoke’s theorem

/wk:/wk—/wk.
i J @

g

Yk = Z (—=A(p;) + Algz)) (wr)-

i=1

Substituting in (12), we get

13



Finally, the class of n.D =n3_(p; — ¢;) in Pico(X) satisfies
Ao([n.D]) = n.4g[D] = [
as required. O
A second space associated to a compact Riemann surface of genus g is the g-direct product
X7 =X x---xX.
Choose g arbitrary points p1,...,p, € X and define a map
: X9 — Picg(X)

in the following way. For (xy,...,x,) € X9, set

P(xr, ..., 0y = Z(xj — ;).

Consider the composition J := Ay o ¢:
g g
(Zﬁl,...,ﬂ?g> |—>Z($J—p]) |—>ZAO($j—pj) mod A.
j=1 j=1

The next theorem contrasts with the Corollary 1.
Theorem 9 ([3], Theorem 21.9). With the notation as above, the map
J: X9 — Jac(X)
18 surjective.
Proof. Tt suffices to show that 1: X9 — Picg(X) is surjective. Given [D] € Picg(X), set
Di=D+pi+--+p,.

Since deg(D;) = g, by Riemann-Roch Theorem, it holds that

dim(L(D;)) — dim(K — D;) =1,

which implies dim(L(D;)) > 1. Thus there exists a non-zero meromorphic function f on X
such that div(f) + Dy > 0. Let Dy = div(f) + D;. We may write

D2:$1+...[Eg,

for some points x; with possible repetition. Therefore
Z(% —pi) = D +div(f).
That is,
@ZJ(QTl, e ,l'g) = [D] € PiCQ(X),

as desired. ]

14



4 Curves of Genus One

In this last section we deal with the case g = 1, where Abel’s Theorem shows that such
surfaces are isomorphic to the complex torus. In particular, they have a structure of abelian
group which will be described by the Abel-Jacobi map and has an interesting geometric
description. This section follows [2, Section VIIL.5].

If g =1, the Jacobian Jac(X) is a complex torus and the same argument in the proof of
Corollary 1 shows that A: X — Jac(X) is injective. On the other and, locally A is of the

form
P
e
Po

where w € H'Y, then A is a holomorphic map between two Riemann surfaces. We have
shown

Theorem 10 ([2], Proposition VIIL.5.2). Let X be a compact Riemann surface with genus
one. Then Jac(X) ~ X. In other words, X is isomorphic to a complex torus.

Identifying Jac(X) ~ X, the map A on divisors is simply
A: Div(X) — Jac(X) ~ X

> mpr— Y npp
p p

that is, A sends a formal sum to the sum in the group law of X. The neutral element (also
called the origin) of this sum can be arbitrarily chosen, since it is the base point of A.

By Pliicker’s formula, a smooth projective plane cubic is isomorphic to a complex torus,
so is an abelian group. Let py be the origin. This point corresponds to 0 € Jac(X). We shall
see that this choice determines essentially the group law.

Consider H(X,Y,Z) = aX + bY + ¢Z a homogeneous polynomial. The set H = 0
determines a plane in C3, so is a line in P2, Recall that, informally, the hyperplane divisor
div(H ), which is non-negative, counts the intersections of the line determined by H with X.
Since X is cubic, by Bezout’s theorem,

deg(div(H)) = 3.

Moreover, we may write
diV(H) =p1 + p2+ ps.

Definition 2. Let div(H) = p; + ps + p3 a hyperplane divisor and Ly the line determined
by H = 0.

1. If the p;’s are distinct, Ly is called transverse to X. Otherwise, this line is tangent to

X.

2. If all three points are equal, Ly is called a flexed tangent to X and the point is a flex
point of X.

15



Define yet
E(H) = A(div(H)) = py + po+ps € X.

The next Lemma justifies the nomenclature.

Lemma 3. A line Ly determined by the homogeneous polynomial H is tangent to X at p if
and only if the intersection divisor satisfies

div(H) > 2p.
Proof. This is a particular case of [2, Lemma VII.3.4]. O

Thus the tangent line Ly is tangent to X at the double, or triple, point in the formal
sum py + p2 + p3.

X

Figure 5: The lines L; and L3 are tangents, L, is transverse. Numbers in red denote
multiplicity

Lemma 4. If H' is any other linear homogeneous polynomial, then {(H) = £(H').

Proof. By [2, Lemma 2.3, V], div(H) and div(H’) are linearly equivalent, that is, div(H) —
div(H') = div(f) for some meromorphic function f. Then

A(div(H)) — A(div(H")) = A(div(f)) = po € X,
by Abel’s theorem. Which implies {(H) = {(H') as points of X. O

This point is denoted only by & and it is called the collinearity point of the plane cubic
X. A characterization of collinarity in terms of divisors is:

16



Three points in X are collinear if they form the intersection divisor of a line with X.
Flex points are of special interest and they exist in a finite number.

Lemma 5 ([2], Lemma VIIL.5.3). There are exactly 9 flex points on a smooth projective
plane cubic curve X, given by the nine solutions to the equation 3p = & in the group law of

X.
Proof. We may suppose X ~ C/T", where I' =7 + Zr. If
p=ar+ 6T and { =g+ (a7
the equation can be rewritten as
3ag —ag + (3p1 — Po)T €T,
where «;, 3; € [0, 1]. Hence

n—+ o m —+
d 2 and § = 362’

for m,n € Z. Each equality above has 3 solutions, then the equation has 9 solutions. Now,
the tangent line L at p has intersection divisor of the form p + p + ¢, for some ¢ € X. Then,
if p satisfies the equation,

o] =

2p+q=§=3p,

which implies p = ¢, so p is a flex point. Conversely, every flex point p form a hyperplane
divisor div(H) and by Lemma 4, 3p = {(H) = ¢.
O

Proposition 1. The collinearity point & is the third point of intersection of the tangent line
at the origin py with the cubic X.

Proof. The intersection divisor of the tangent line at py is of the form py + py + ¢ for some

q € X. Moreover, 2py + g = £. Since py = 0 in the group law, ¢ = £, as stated. ]
9 1
Po S
X

Figure 6: Geometric characterization of the collinearity point

When the origin py is a flex point, we obtain a complete geometric characterization of
the group law.

Proposition 2 ([2], Proposition VIIL.5.4). Let X be a smooth projective plane cubic curve
whose origin po s a flex point.

17



1. Three points are collinear if and only if they sum to zero in the group law.

2. The inverse —p of a point p is the third point of intersection of the line joining py and
p with X.

3. The sum p+ q s the inverse of the third point of intersection of the line joining p and
q with X.

4. The point 2p is the inverse of the third point of intersection of the tangent line to X
at p with X.

Proof.

1. The origin pg satisfies 3py = &, then £ = pg. But three points are collinear if and only
if they sum to & = 0 in the group law.

2. Note that p+ ¢ = 0 if and only if p + ¢ + py = 0, since py = 0. Rewritting,
p+aq+po=¢§
which occurs if and only if p, ¢, and pg are collinear.

3. A point r is the inverse of p + ¢ if and only if p + ¢+ r = £ = 0. This is also the
condition to the points be collinear.

4. The equation 2p + r = £ = 0 implies p and r collinear and the line tangent to p (see
Lemma 3), as desired.

[]

J=r
Figure 7: Geometric characterization of the group law

Indeed, one can construct a group structure for a smooth projective plane cubic directly
in a more complicated way, whithout the use of Abel-Jacobi map [10].

18



5 Further Remarks

To conclude, we list briefly some additional remarks on the subject.

e Starting only with an exact sequence of sheaves, one can obtain an exact sequence of
cohomology groups from which the statement of Abel’s Theorem is obtained. The Jaco-
bian turns out to be isomorphic to the quotient where Oy is the sheave of holomorphic
functions and Z-constant functions [2, p.319].

e Using Abel-Jacobi map, holomorphic line bundles are described in terms of the quotient
Div(X) / PDiv(X), which is also isomorphic to Jac(X) xZ [2, p.357].

e The theory also develops to consider an induced holomorphic map J from Symd(X ) to
Jac(X), where Sym?(X) is the quotient of X9 by the action of the permutation group
[1, Subsection 12.2.2].

e Abel’s Theorem has a generalization to projective algebraic varieties [0].

e The original problem solved by Abel was related to elliptic integrals. We refer to [5]
for a description and development of Abel’s work.
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